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Abstract We study the quantum gravitational system cou-
pled to a charged scalar, Dirac fermions, and electromag-
netic fields. We use the “exact” or “functional” renormal-
ization group equation to derive the effective action �0 by
integrating the flow equation from the ultraviolet scale down
to k = 0. The resulting effective action consists of local terms
and nonlocal terms with unique coefficients.

1 Introduction

It is one of the most urgent problems in theoretical physics
to understand quantum property of the gravitational system
interacting with various matter fields. The Einstein gravity
is non-renormalizable in perturbation theory. If one believes
that gravity must be described by some quantum theory at
some level, then we are led to expect that the theory will
contain terms quadratic in curvatures which are necessar-
ily generated by quantum effects, with coefficients of order
unity. In fact, we expect to find in the action all possible
diffeomorphism-invariant terms constructed with the metric
and its derivatives. It had been shown long ago that if one
includes such higher derivative terms, then the theory is per-
turbatively renormalizable [1]. The price one must pay is
that perturbative unitarity is lost. The superstring theory is
supposed to circumvent the problem, but it is still difficult
to understand quantum geometric aspects of the spacetime
physics in superstrings.

Another approach to get insight into the quantum effects of
gravity is to use the functional renormalization group (FRG).
It enables us to study the RG flow of infinitely many couplings
as functions of a cutoff k. It has been used to study the ultra-
violet (UV) behavior of gravity and establish the existence
of a nontrivial fixed point (FP) which may be used to define
a continuum limit [2–4]. To formulate this, one defines the
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effective average action (EAA) �k by performing the path
integral over field modes with the momentum scales equal or
bigger than a scale given by a cutoff k [5,6], and following
the usual procedure of defining effective action. This EAA
itself is not the usual effective action and it is still divergent
in general in the UV limit. The k-dependence of the EAA is
described by the FRG equation (FRGE)

∂t�k = 1

2
STr

[(
δ2�k

δφδφ
+ Rk

)−1

∂t Rk

]
, (1.1)

where t = ln k, and Rk is a cutoff kernel which goes to
zero when its argument z is greater than the cutoff scale k2.
Because the FRGE only sees the variation of the EAA, it is
free from the UV divergence and well defined in contrast to
EAA. Technically this comes from the fact that ∂t Rk , which
is inside the trace of FRGE, falls off fast in the UV. This
FRGE describes the flow of the theory when the energy scale
is changed. In this sense, it is also called flow equation.

We can fix initial point for the EAA at some UV scale �

and identify it as the “bare” action of the theory. One can
investigate how the EAA behaves in the limit � → ∞ by
integrating the FRGE in the direction of larger k. If the flow
reaches a FP, we may expect that all physical observables
to be well defined, and the theory is UV-complete. Together
with the assumption of finite dimensionality of the critical
surface on which the putative FP lies, this is what is called
asymptotic safety. There has been considerable evidence that
the nontrivial FP exists in pure gravity with higher order terms
and also gravity theory coupled to matter [7–31].

Most of the work so far focused on the existence of the
UV FP, leading to the scenario of asymptotically safe grav-
ity. There were also some works about the situation in the
infrared (IR) regime [32–34] pertaining to solve the prob-
lems with infrared divergences. We also note that many of the
interesting results amenable to observations happen at finite
energy for which the problems of UV-completion are irrel-
evant provided some form of IR-UV decoupling holds (e.g.
using Appelquist-Carazzone theorem for massive modes).
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It is often considered that the EAA, which is obtained by
integrating over the modes with scale larger than k, describes
physical quantities around the energy scale k. However, there
is a debate if the k-dependent EAA itself has physical mean-
ing since the cutoff k is just a figurative energy scale used to
cut off the path integral [35]. How do we then study physical
aspects of the asymptotically UV-safe gravity? We note that
it is the effective average action at k = 0, which is noth-
ing but the quantum effective action as obtained in the stan-
dard quantum field theory, that contains information on the
quantum effects on the physical quantities such as scattering
amplitudes and transition probabilities at all energy scales.

It is thus significant to compute the effective action. The
FRGE can be used as a tool to calculate the effective action
nonperturbatively. For this purpose, we integrate the FRGE
in the direction of small k and the infrared endpoint of the
flow of EAA gives the quantum effective action �0. We
should mention that this method of obtaining quantum effec-
tive action is not restricted only to asymptotic safe theories,
but is valid for any quantum field theories. The advantage
of this method, compared to calculating directly a functional
integral, is that we never encounter divergences since the
FRGE does not suffer from divergences and is well defined.
Some examples have been discussed in [36,37], in which
gravity theory coupled to a scalar is considered among oth-
ers. Here we would like to extend this calculation to the more
general case of gravity coupled to gauge, Dirac and charged
scalar fields. Integrating the flow, we can derive the nonlo-
cal, finite parts of the effective action up to two powers of the
gauge field strengths and curvatures of the metric. The usual
method to calculate the rhs of the FRGE is to use the asymp-
totic expansion for the trace of the heat kernel coefficients,
which gives only local expressions. To calculate nonlocal,
finite parts of the effective action, we need a more sophisti-
cated one which includes an infinite number of heat kernel
coefficients. This expansion has been developed in [38–41].
An alternative derivation has been given in [42]. We use this
nonlocal heat kernel expansion to calculate not only the local
but also nonlocal parts of the effective action and to check
them against standard computation using local heat kernel
methods. We will see that these nonlocal terms have unique
coefficients, but local terms are subject to renormalization
and have arbitrary coefficients depending on the renormal-
ization conditions. These unique nonlocal terms can be used
to describe physical phenomena and obtain scattering ampli-
tudes. They constitute a piece of generically genuine and uni-
versal information that we can extract in the effective field
theory of gravitational interactions at low energies.

Nonlocal effective actions and their applications have
been discussed in several works in different approaches. The
nonlocal form of the anomaly-induced gravitational action
was first indicated in [43]. The effective action was calcu-
lated perturbatively in the weak field limit using the covariant

nonlocal expansion of the heat kernel in [44–46]. Nonlocal
action from long distance fluctuations of massless particles in
QED and generation of magnetic fields during inflation were
also considered in [47]. In [48,49], it was used to derive trace
anomaly in QED and violation of equivalence principle. Refs.
[50,51] derived it using the Weyl anomaly, and discussed the
generation of cosmological magnetic fields in the universe.
Nonlocal effective gravitational actions have very interesting
cosmological phenomenology such as explaining problems
of dark matter [52], dark energy [52,53] and inflation [54]. It
has quite unusual classical features [55,56]. A comprehen-
sive review of its quantum properties can be found in [57].

The low-energy effective action has been studied in a num-
ber of papers. A nice review of this approach is given in [58].
In this approach, all independent terms compatible with the
symmetries of the theory are written down in the order of
increasing dimension [59]. It is important to sort out which
interactions are important in the low energy. The coefficients
of these terms may be calculated by perturbations on flat
background. On the other hand, our effective action is equiv-
alent to that obtained by integrating out the quantum fluctu-
ations in the path integral on general backgrounds and is not
just valid for low energy but for all energy scale. The one-
loop effective action for pure gravity and gravity coupled to
a scalar field is directly calculated using local and nonlocal
heat kernel expansion [60,61]. Attempt to give the approx-
imate form of the effective action as the sum of Feynman
diagrams is made in [62].

In this paper, we compute the effective action for the grav-
itational system coupled to some matter. In the gravitational
sector, we restrict to a theory described by the Einstein action
(Ricci scalar only) for simplicity, while a gravitational the-
ory with higher derivatives is one of our future goals of an
extension of this project. In the matter sector, we consider the
action consisting of one abelian massless U (1) gauge field,
one charged massive scalar field and a general number NF

of massive Dirac fermions coupled both to electromagnetism
as well as to gravity. This is the simplest but quite general
theory allowing us to see how the final result is affected by
various fields. The reason for inclusion of only one abelian
gauge field is because this is the only vector field that sur-
vives in the IR macroscopic limit (classically observable). On
the other side, we consider an arbitrary number of fermions
since there are plenty of them in Standard Model of parti-
cle physics and extensions thereof. Further generalization to
include gauge fields in non-abelian gauge group, arbitrary
numbers of fermions and scalars in various representations,
and Yukawa interactions is a future goal.

This paper is organized as follows. In the next section,
we first summarize the methodology of nonlocal heat ker-
nel expansion and explain how to incorporate it in our cal-
culation of the FRGE. The result is given in the form of
a master formula. This formula requires the Hessian of the
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action for quantum fields (this is the operator of the second
variational derivative of the action with respect to fluctuating

fields, which we denoted by δ2�k
δφδφ

in (1.1)). In Sect. 3, we cal-
culate the Hessian in a mutually coupled system of Einstein
gravity, electromagnetic (EM) gauge field, Dirac and charged
scalar fields. In Sect. 4, we plug these results into the master
formula to derive the FRGE, and integrate it (over k) from
the UV scale k = � down to k = 0 to obtain the nonlo-
cal terms with definite coefficients in the effective action �0.
Section 5 is devoted to discussions. Some technical details
are relegated to three appendices.

2 Nonlocal heat kernel expansion

Suppose that our Laplacian (or Hessian) takes the form

� = −∇21 + U, (2.1)

where ∇ is a covariant derivative with respect to all back-
ground fields and U is a non-derivative term. The main com-
putation will be performed in a spacetime with Euclidean
signature. We will need the trace of a following expression

hk(�, ω) = ∂t Rk(�)

� + ω + Rk(�)
. (2.2)

In the above formula, ω plays the role of the mass of the
mode and Rk(z) is the cutoff function. The FRGE then has
the form

∂t�k = 1

2
Tr hk(�, ω) , (2.3)

where the functional trace (denoted by Tr) is both with respect
to internal and external indices, so the spacetime dependence
requires here also to take the volume integral. Introducing the
Laplace transform

hk(�, ω) =
∫ ∞

0
ds h̃k(s, ω)e−s�, (2.4)

(2.3) reduces to

∂t�k = 1

2

∫ ∞

0
ds h̃k(s, ω) Tr e−s�. (2.5)

The commutator of the covariant derivatives ∇ gives the
curvature tensor �μν (depending on a specific representation
on which these derivatives act):

[∇μ,∇ν] = �μν . (2.6)

We note that the tensor �μν is antisymmetric and may have
indices in particular matrix representation of internal indices.
From standard (metric) Riemann tensor Rμνρσ using raising
of indices with the inverse metric tensor gμν , we construct
other curvature tensors, such as Ricci tensor Rμν and Ricci
scalar (curvature scalar) R. Together with U and �μν , these
last three tensors constitute a set of generalized curvatures.

The nonlocal heat kernel expansion up to the quadratic
order in generalized curvaturesR = (U,�μν, Rμνρσ , Rμν, R)

is given by [42]

Tr(e−s�) = 1

(4πs)d/2

∫
dd x

√
g tr

{
1 + s

(
1
R

6
− U

)
+s2

[
1Rμν fRic(−s∇2)Rμν

+1R fR(−s∇2)R + R fRU (−s∇2)U

+U fU (−s∇2)U + �μν f�(−s∇2)�μν
]}

,

(2.7)

where the structure functions f ’s are given by

fRic(x) = 1

6x
+ 1

x2 [ f (x) − 1] ∼ 1

60
− x

840
+ x2

15120
+ . . . ,

fR(x) = 1

32
f (x) + 1

8x
f (x) − 7

48x

− 1

8x2 [ f (x) − 1] ∼ 1

120
− x

336
+ 11

30240
x2 + . . . ,

fRU (x) = −1

4
f (x) − 1

2x
[ f (x) − 1] ∼

−1

6
+ x

30
− x2

280
+ . . . ,

fU (x) = 1

2
f (x) ∼ 1

2
− x

12
+ 1

120
x2 + . . . ,

f�(x) = − 1

2x
[ f (x) − 1] ∼ 1

12
− x

120

+ x2

1680
+ . . . . (2.8)

Here the basic structure function (form-factor) f (x) reads

f (x) =
∫ 1

0
dξe−xξ(1−ξ) ∼ 1 − x

6
+ 1

60
x2

− 1

840
x3 + . . . , (2.9)

where we have also displayed the Maclaurin expansions for
small x . The first constant terms in Eqs. (2.8)–(2.9) represent
the local heat kernel expansion coefficients. The full nonlocal
heat kernel has the infinite number of heat kernel coefficients,
which can be collected in the form of nonlocal form-factors
f (x), fRic(x), fR(x), fRU (x), fU (x), f�(x). Substituting
(2.7) into Eq. (2.5), we obtain

∂t�k = 1

2

1

(4π)d/2

∫
dd x

√
g tr

{
1
[∫ ∞

0
dsh̃k(s, ω)s−d/2

]

+
(

1
R

6
− U

)[∫ ∞

0
dsh̃k(s, ω)s−d/2+1

]
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+ 1Rμν

[∫ ∞

0
dsh̃k(s, ω)s−d/2+2 fRic(sz)

]
Rμν

+1R
[∫ ∞

0
dsh̃k(s, ω)s−d/2+2 fR(sz)

]
R

+ R

[∫ ∞

0
dsh̃k(s, ω)s−d/2+2 fRU (sz)

]
U

+U
[∫ ∞

0
dsh̃k(s, ω)s−d/2+2 fU (sz)

]
U

+�μν

[∫ ∞

0
dsh̃k(s, ω)s−d/2+2 f�(sz)

]
�μν

+O(R3)

}
(2.10)

= 1

2

1

(4π)d/2

∫
dd x

√
g tr
{

1Q d
2
[hk]

+
(

1
R

6
− U

)
Q d

2 −1[hk] + 1Rμν gRic R
μν

+1R gRR + R gRU U + UgU U

+�μνg��μν + . . .
}
, (2.11)

which is our master formula to derive the FRGE. In the above,
we have used “small” traces tr(. . .) to denote traces only in the
internal space of indices. Here and in what follows, z = −∇2

and we have defined

gA = gA(z, ω, k) =
∫ ∞

0
ds h̃k(s, ω) f A(sz)s−d/2+2,

(A = Ric, R, RU,U,�), (2.12)

Qn[hk] = 1

�(n)

∫ ∞

0
dx xn−1hk(x). (2.13)

More explicitly, we have

gRic =
∫ ∞

0
dsh̃(s, ω) fRic(sz)s

−d/2+2

= 1

6z
Q d

2 −1[hk] − 1

z2 Q d
2
[hk]

+ 1

z2

∫ 1

0
dξQ d

2
[hzξ(1−ξ)

k ],

gR = − 7

48z
Q d

2 −1[hk] + 1

8z2 Q d
2
[hk]

+1

2

∫ 1

0
dξQ d

2 −2[hzξ(1−ξ)
k ]

+ 1

8z

∫ 1

0
dξQ d

2 −1[hzξ(1−ξ)
k ]

− 1

8z2

∫ 1

0
dξQ d

2
[hzξ(1−ξ)

k ],

gRU = 1

2z
Q d

2 −1[hk] − 1

4

∫ 1

0
dξQ d

2 −2[hzξ(1−ξ)
k ]

− 1

2z

∫ 1

0
dξQ d

2 −1[hzξ(1−ξ)
k ],

gU = 1

2

∫ 1

0
dξQ d

2 −2[hzξ(1−ξ)
k ],

g� = 1

2z
Q d

2 −1[hk] − 1

2z

∫ 1

0
dξQ d

2 −1[hzξ(1−ξ)
k ], (2.14)

where we have defined

Qn[hzξ(1−ξ)
k ] =

∫ ∞

0
dsh̃(s, ω)s−ne−szξ(1−ξ). (2.15)

To evaluate this, we first recall that

hk(x, ω) =
∫ ∞

0
dsh̃(s, ω)e−sx . (2.16)

From this, we find∫ ∞

0
dxxn−1hk(x + zξ(1 − ξ), ω)

=
∫ ∞

0
dxxn−1

∫ ∞

0
dsh̃(s, ω)e−sx−szξ(1−ξ)

= �(n)Qn[hzξ(1−ξ)
k ]. (2.17)

Using the definition (2.2) and the optimized cutoff [63]

Rk(z) = (k2 − z)θ(k2 − z), (2.18)

in the first expression of (2.17), we find

Qn[hk] = 2k2n

�(n + 1)

1

1 + ω̃
, (2.19)

Qn[hzξ(1−ξ)
k ] = 1

�(n + 1)

2

1 + ω̃

[k2 − zξ(1 − ξ)]nθ [k2 − zξ(1 − ξ)],
(2.20)

where ω̃ = ω/k2. We then obtain

∫ 1

0
dξQ0[hzξ(1−ξ)

k ]

= 2

1 + ω̃

[
1 −

√
1 − 4

z̃
θ(z̃ − 4)

]
,

∫ 1

0
dξQ1[hzξ(1−ξ)

k ]

= 2k2

1 + ω̃

[
1 − z̃

6
+ z̃

6

√
1 − 4

z̃
θ(z̃ − 4)

]
,

∫ 1

0
dξQ2[hzξ(1−ξ)

k ]

= k4

1 + ω̃

[
1 − z̃

3
+ z̃2

30
− z̃2

30

(
1 − 4

z̃

) 5
2

θ(z̃ − 4)

]
,

(2.21)
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with z̃ = z/k2. Substituting these into (2.14), we obtain

gRic = 1

30

1

1 + ω̃

⎡
⎣1 −

(
1 − 4k2

z

) 5
2

θ(z − 4k2)

⎤
⎦ ,

gR = 1

1 + ω̃

⎡
⎣ 1

60
− 1

16

(
1 − 4k2

z

) 1
2

θ(z − 4k2)

+ 1

24

(
1 − 4k2

z

) 3
2

θ(z − 4k2)

+ 1

240

(
1 − 4k2

z

) 5
2

θ(z − 4k2)

⎤
⎦ ,

gRU = 1

1 + ω̃

⎡
⎣−1

3
+ 1

2

(
1 − 4k2

z

) 1
2

θ(z − 4k2)

−1

6

(
1 − 4k2

z

) 3
2

θ(z − 4k2)

⎤
⎦ ,

gU = 1

1 + ω̃

⎡
⎣1 −

(
1 − 4k2

z

) 1
2

θ(z − 4k2)

⎤
⎦ ,

g� = 1

6(1 + ω̃)

⎡
⎣1 −

(
1 − 4k2

z

) 3
2

θ(z − 4k2)

⎤
⎦ . (2.22)

We will use these results to derive the flow equation.
We note that the intermediate results of the RG flow

depend slightly on the choice of the cutoff kernel function
Rk(z). However, as discussed in [2,3,14,64], the evidences
for existence of FPs (realizing the idea of asymptotic safety
in the UV) are independent of this choice and the scheme of
regularization and renormalization. The same is also true in
the k → 0 limit of the EAA, while the interpolating effec-
tive action �k at finite k > 0 shows a bit of dependence. On
the other hand, the nonlocal terms in the effective action �0

are universal and unambiguous and they do not rely on such
details as the choice of the IR cutoff function. Here we chose
the optimized cutoff function in (2.18) in order to have an
analytic control over all functions and integrals involved in
the process of taking functional traces in (2.3) and to have
compact form for all intermediate expressions of the RG flow
also in the case of finite k.

3 Hessian for gravity coupled to EM, Dirac and charged
scalar fields

We consider the total action ST of the system consisting of
gravity coupled to EM (gauge), Dirac and charged scalar
fields:

ST = SH [g] + SV [g, Vμ] + S f [g, ψ] + SS[g, φ], (3.1)

where SH , SV , S f and SS are the actions for the (Einstein)
gravity, EM field Vμ, Dirac fermion ψ and a charged scalar
field φ. Their explicit forms are given below.

To calculate the flow equation, we have to derive the Hes-
sian in each sector, to which we now turn.

3.1 Hessian for graviton

Let us first consider the Einstein action (Ricci scalar of the
metric g) together with the gauge fixing:

SH [g] = − 1

κ2

∫
dd x

√
g R(g) + 1

2

∫
dd x

√
g fμ f μ, (3.2)

with g = det(gμν) and where fμ is the gauge-fixing function

fμ = ∇̄νhμν − 1

2
∇̄μh. (3.3)

The quantum fluctuations are defined by

gμν = ḡμν + hμν and h = ḡμνhμν . (3.4)

For simplicity, we set κ = 1 and consider d = 4 space-
time dimensions in what follows. Background quantities are
denoted by bars over them. Separating the background and
quantum fields (3.4), we find the Hessian HG in the follow-
ing expression from the expansion of the action (3.2) to the
second order in fluctuations hμν :

1

2

∫
d4x
√
ḡ hμνHG,μναβh

αβ, (3.5)

where

HG = K(−∇̄2) + U, (3.6)

and where

Kμναβ = 1

4
(ḡμα ḡνβ + ḡμβ ḡνα − ḡμν ḡαβ), (3.7)

Uμναβ = R̄Kμναβ − ḡ(μ(α R̄β)ν) − R̄μ(ανβ)

+1

2
(ḡμν R̄αβ + ḡαβ R̄μν). (3.8)

Here the bracket on indices means symmetrization within
the pairs of indices (μ, ν) and (α, β) in the second term and
within the pair (α, β) in the third term in (3.8) (with the factor
1
2 included).

The diffeomorphism ghost action corresponding to the
gauge fixing in (3.3) is

Sgh[h, C̄,C, ḡ] =
∫

dd x
√
ḡC̄μ(−∇̄2δμ

ν − R̄μ
ν )Cν . (3.9)

Hence we can calculate the ghost contribution to the flow
equation with the vector-like Hessian (�gh)μν = −ḡμν∇̄2 −
R̄μν .
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3.2 Gauge fields

The action for the gauge field is

SV [Vμ] =
∫

d4x
√
g

1

4
gμαgνβFμνFαβ, (3.10)

where the U (1) (abelian) gauge field strength is given by

Fμν = ∇̄μVν − ∇̄νVμ . (3.11)

We note that the Christoffel symbols drop out from the anti-
symmetrized field strength, but it is convenient to recover the
classical part when the derivatives acts on the gauge fields.
The quantum fluctuations are defined as

Vμ = Āμ + Aμ, (3.12)

and then the resulting perturbation of the field strength is

Fμν = F̄μν + ∇̄μAν − ∇̄ν Aμ . (3.13)

The part quadratic in the fluctuations (hμν, Aμ) of the
action (3.10) under the volume integral is given by

1

4

√
ḡ
[
hμν
{
ḡμα F̄ρν F̄

ρ
β + F̄μα F̄νβ + ḡνβ F̄μρ F̄α

ρ

−1

2
ḡμν F̄ρα F̄

ρ
β − 1

2
ḡαβ F̄μρ F̄ν

ρ

+1

8
F̄2

ρλ(ḡμν ḡαβ − ḡμα ḡνβ − ḡμβ ḡνα)
}
hαβ

+2hμν
{
2F̄(μ

ρ ḡν)α∇̄ρ + 2F̄α(μ∇̄ν) + ḡμν F̄ρα∇̄ρ
}
Aα

+2Aμ
{
−ḡμν∇̄2 + ∇̄μ∇̄ν + R̄μν

}
Aν
]
. (3.14)

We introduce the gauge fixing term

1

2α
(∇̄μA

μ)2, (3.15)

which contributes to the Hessian

− 1

2α
Aμ∇̄μ∇̄ν A

ν . (3.16)

In what follows, we set α = 1. Collecting (3.14) and (3.16),
we find that the gauge and gravitational contributions to the
quadratic part of the action (3.10) is

1

2

∫
d4x
√
ḡ(hμν, Aμ)HV

(
hαβ

Aα

)
, (3.17)

where

HV = KV (−∇̄2) + 2Vδ
V ∇̄δ + UV , (3.18)

with

KV =
(

0 0
0 ḡμα

)
, (3.19)

Vδ
V =

(
0 Kμνλα F̄

λδ − 1
2 δμν

λδ F̄λα

−Kαβλμ F̄λδ + 1
2 δαβ

λδ F̄λμ 0

)
,

(3.20)

UV =
(

2Kμναλ F̄
ρλ F̄ρβ + 1

2 F̄μα F̄νβ − 1
4 Kμναβ F̄

2
ρλ 0

−2Kαβλμ(∇̄ρ F̄λρ) + δαβ
λρ(∇̄ρ F̄λμ) R̄μα

)
,

(3.21)

where

δμν
γ δ = 1

2
(δγ

μδδ
ν + δδ

μδγ
ν ), (3.22)

is the unit matrix on the symmetric tensor with two indices.
In various components of HV in Eqs. (3.19)–(3.21), sym-
metrization μ ↔ ν, α ↔ β and (μ, ν) ↔ (α, β) should
be understood. Note that UV is not symmetric (as a matrix).
Naively one would expect that U should be symmetric, but
it is then not self-adjoint. Here we have chosen such that the
Hessian is self-adjoint (as the operator acting between fluc-
tuations and with a proper Hermitian complex scalar product
in the field space). See Appendix A for more details.

The gauge ghost contribution to the Hessian consistent
with the gauge fixing (3.16) is given by �G

gh = −∇̄2. This is
a scalar operator.

3.3 Dirac fields

The action we consider for Dirac fermions is

S f =
∫

d4x
√
g

1

2

(
ψ̄γ μDμψ − Dμψ̄γ μψ + 2mF ψ̄ψ

)
,

(3.23)

where the covariant derivatives acting on spinors are

Dμψ = (∂μ − ieF Aμ)ψ + 1

2
ωμab J

abψ, (3.24)

Dμψ̄ = (∂μ + ieF Aμ)ψ̄ − 1

2
ωμabψ̄ Jab, (3.25)

with ωμab being spin-connection coefficients and Jab =
1
4 [γ a, γ b] the O(4) generators. From the action (3.23) and
the definitions of covariant derivatives (3.25), one sees that
the massive Dirac fermion (with mass mF ) is coupled min-
imally both to the gravitational and EM fields (via the
fermionic electric charge eF ). We consider NF fermions, but
we can calculate the contribution for a single Dirac field and
multiply it by NF in the end.

We first show that we can express the fluctuation of the
vierbein eaμ in terms of that of the metric gμν in (3.4). From
the soldering relation gμν = eaμe

b
νηab, we find that we can

choose [65]

eaμ = ēaμ + 1

2
haμ − 1

8
hμρh

ρa + . . . , (3.26)

where we denote

haμ = hν
μē

a
ν , etc. (3.27)

The inverse vierbein eμ
a and its expansion is given by

123



Eur. Phys. J. C (2020) 80 :877 Page 7 of 31 877

eμ
a = ēμ

a − 1

2
hμ
a + 3

8
hμ

ν h
ν
a + . . . . (3.28)

By the tetrad postulate

ωμ
a
b = eaρ�ρ

μσ e
σ
b + eaρ∂μe

ρ
b , (3.29)

we can calculate the expansion of the spin-connection:

ωμ
ab = ω̄μ

ab + ωμ
ab (1) + ωμ

ab (2), (3.30)

where

ωμ
ab (1) = 1

2

(∇̄βhα
μ − ∇̄αhβ

μ

)
ēaα ē

b
β, (3.31)

ωμ
ab (2) = 1

8

(
4hαρ∇̄ρh

β
μ − 4hαρ∇̄βhμρ

−hαρ∇̄μh
β
ρ + hβρ∇̄μh

α
ρ

)
ēaα ē

b
β. (3.32)

The Dirac field is decomposed as ψ ⇒ ψ + χ . (Here exclu-
sively by bars over the spinorial quantities, we denote the
Dirac conjugate of the spinors, not the background spinors).
In this way, we can express the expansion of the Dirac action
(3.23) to the quadratic order in fluctuations by only the vari-
ations of the covariant metric tensor hμν , gauge potential Aμ

and the Dirac field χ . We thus see that while we need to use
vierbeins and spin-connections for the explicit construction
of the action (3.23), we do not have to use the variation of
eaμ nor ωab

μ in the expansion since all fluctuations there are
given in terms of the metric variations hμν .

We then find that the Dirac action (3.23) to the quadratic
order in fluctuations (hμν, Aμ, χ ) is given under spacetime
integral as

√
ḡ

2

[
χ̄γ μ D̄μχ − D̄μχ̄γ μχ + 2mF χ̄χ

−2ieF Aμ(ψ̄γ μχ + χ̄γ μψ) + 1

8
hαρ∇̄βhμ

ρ ψ̄γαβμψ

+1

2
(hḡμν − hμν)(ψ̄γμ D̄νχ + χ̄γμ D̄νψ

−D̄νψ̄γμχ − D̄νχ̄γμψ − 2ieF Aμψ̄γνψ)

+1

4
hμν∇̄ρhβ

μψ̄γρβνψ + mh(ψ̄χ + χ̄ψ)

+1

8
(3hμ

ρ h
ρ
ν − 2hhμ

ν )(ψ̄γ ν D̄μψ − D̄μψ̄γ νψ)

+1

8
(h2 − 2h2

σλ)
(
ψ̄γ μ D̄μψ − D̄μψ̄γ μψ + 2mF ψ̄ψ

) ]
,

(3.33)

where D̄μ is the covariant derivative defined in (3.25) and
restricted to the gravitational background ḡμν and EM fields
Āμ, and γαβμ is the antisymmetric product of Dirac gamma
matrices. When we deal with neutral objects (not charged
under EM group), we use only spacetime covariant back-
ground derivatives ∇̄μ.

In the Hessian (3.33), we have terms with fermion–
fermion (χ̄-χ ), boson-boson (h-h) and mixed (χ -h with
background ψ) fluctuations. Here we drop the mixed terms

since they are intractable by the present methods of com-
putation and moreover lead to highly nonlocal terms in the
effective action. Let us then first discuss the fermion-fermion
terms, and then come back to the boson–boson terms. The
integration over Dirac field χ in this sector yields the contri-
bution to the effective action

�Dirac = −Tr log
[
D̄/ + mF

]
. (3.34)

Noting that Tr log
[
D̄/ + mF

] = Tr log
[
D̄/ − mF

]
, the for-

mula (3.34) can be rewritten as

�Dirac = −1

2
Tr log

[
−D̄/

2 + m2
F

]
. (3.35)

Now consider

D̄/
2
ψ = γ aγ beμ

a e
ν
b D̄μ D̄νψ

=
(

1

2
{γ a, γ b} + 1

2
[γ a, γ b]

)
eμ
a e

ν
b D̄μ D̄νψ

=
(
D̄2

μ + γ ab

2
eμ
a e

ν
b[D̄μ, D̄ν]

)
ψ

=
(
D̄2

μ + γ ab

2
eμ
a e

ν
b

(
−ieF F̄μν + 1

4
R̄μν

cdγcγd

))
ψ.

(3.36)

Using the identity

γ μγ νγ ρ = γ μνρ + ḡμνγ ρ + ḡνργ μ − ḡμργ ν, (3.37)

and Bianchi identity for the Riemann tensor, we find

D̄/
2
ψ =

(
D̄2

μ − ieF
γ μν

2
F̄μν − 1

4
R̄

)
ψ. (3.38)

In this way, we have derived the so-called Lichnerowicz for-
mula relating the square of the gauge-covariant Dirac oper-
ator acting on spinors to standard Bochner Laplacian acting
on spinors treated as spacetime scalars shifted by various
curvatures (in the internal and external spaces).

Hence the contribution (3.35) from fermion–fermion sec-
tor to the effective action turns out to be

�Dirac = −1

2
Tr log

[
−D̄2

μ + ieF
2

γ μν F̄μν + 1

4
R̄ + m2

F

]
.

(3.39)

We define

� ≡ −D̄2
μ + ieF

2
γ μν F̄μν + 1

4
R̄ + m2

F , (3.40)

U = ieF
2

γ μν F̄μν + 1

4
R̄ + m2

F , (3.41)

and use the regulator (2.18):

Rk(�) = (−� + k2)θ(k2 − �). (3.42)

123
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Then we have the contribution from Dirac fields to the FRG
flow of the effective action

∂t�
Dirac = −1

2
Tr

∂t Rk(�)

� + Rk(�)
. (3.43)

We can now use the technique of nonlocal heat kernel
as described before. Noting that �μν = [D̄μ, D̄ν] =
−ieF F̄μν + 1

4 R̄μν
cdγcγd , (3.43) is cast into

∂t�
Dirac = −1

2

∫ ∞

0

ds

(4πs)2 h̃k(s)
∫

d4x
√
g
[
4

−
(

1

3
R̄ + 4m2

F

)
s + s2

{
4R̄μν fRic(sz)R̄

μν

+4R̄ fR(sz)R̄ + R̄ fRU (sz)tr (U)

+tr (U fU (sz)U)

+tr (�μν f�(sz)�μν)
}]

, (3.44)

with z = −D̄2
μ. Internal traces that we will need are

tr (U) = tr 1
(

1

4
R̄ + m2

F

)
= R̄ + 4m2

F , (3.45)

tr (U2) = tr

(
1

4
R̄ + m2

F + 1

2
ieFγ μν F̄μν

)2

= 1

4
R̄2 + 4m4

F + 2R̄m2
F + 2e2

F F̄
2
μν, (3.46)

tr
(
�μν�

μν
) = tr

[(
1

4
R̄μνρσ γ ρσ − ieF F̄μν

)
(

1

4
R̄μνκλγ

κλ − ieF F̄μν

)]

= −1

2
R̄2

μνρσ − 4e2
F F̄

2
μν. (3.47)

We then find for (3.44)

∂t�
Dirac = −1

2

∫
d4x

(4π)2
√
g
[
4Q2[hk ]

−
(

1

3
R̄ + 4m2

F

)
Q1[hk ] + 2m2

F (2gRU + gU )R̄

+4R̄μν gRic R̄
μν + 4m2

F gUm2
F

+R̄

(
4gR + gRU + 1

4
gU

)
R̄ − 1

2
R̄μνρλ g� R̄μνρλ

+2e2
F F̄μν(gU − 2g�)F̄μν

]
, (3.48)

where gRic, gR, gRU , gU and g� are given in (2.14). We note
that the term 4m2

FgUm
2
F gives a constant under the volume

integral in (3.48), but we keep it for completeness in our
expression.

It should be noticed that by choosing the form of the kinetic
operator � and U as in (3.41), we treated the mass term as
an interaction. In this way we can parallel the treatment with
the other massless gauge fields in the derivation of the effec-
tive action. This choice of the leading operator as z = −D̄2

μ

changes slightly the shape of the cutoff function Rk(z) and

the actual form of the flow at intermediate energy scales k.
It corresponds to the choice of the cutoff of type I in grav-
itational theories [2,14], and amounts to taking the mass-
less propagator for fermions. This is a well-developed tech-
nique in renormalization theory and it is used, in particular,
in QCD as mass-independent renormalization. In this case,
quark mass is scheme-dependent quantity and it is then the
most appropriate scheme. An alternative choice would be to
take z = −D̄2

μ + m2
F (realizing the cutoff of type II). When

the mass interaction is fully resummed, the two schemes do
agree. However, we find it better suited to use the massless
scheme for fermions. For the effective action, the differences
between two schemes are immaterial. The difference only
shows up in the local terms. The reason for this is that nonlo-
cal logarithmic universal terms in the effective action �0 are
related to the expressions for the perturbative one-loop beta
functions, and these beta functions in the UV limit are com-
pletely insensitive to mass terms. The fermionic contribution
to the gravity is cosnsitent with [18].

We then come to the boson–boson terms in Eq. (3.33):

�S =
∫

d4x
√
ḡ

1

2

[1

8
hαρ ∇̄βhμ

ρ ψ̄γαβμψ

−ie(hḡμν − hμν)Aμψ̄γνψ

+1

4
hμν ∇̄ρhβ

μψ̄γρβνψ

+1

8
(3hμ

ρ h
ρ
ν − 2hhμ

ν )(ψ̄γ ν D̄μψ − D̄μψ̄γ νψ)

+1

8
(h2 − 2h2

σλ)
(
ψ̄γ μ D̄μψ − D̄μψ̄γ μψ + 2mF ψ̄ψ

) ]
,

(3.49)

which should be written in a self-adjoint form. For this pur-
pose, we check how terms behave under exchange of left and
right fields and integration by parts under volume integral
(cf. with Appendix A). The first term in (3.49) is transformed
under the integration by parts as

1

8
hαρ∇βhμ

ρψ̄γαβμψ = 1

16
hαρ∇βhμ

ρψ̄γαβμψ

− 1

16
hμ

ρ∇β
(
hαρψ̄γαβμψ

)
= 1

16
hαρ∇βhμ

ρψ̄γαβμψ

− 1

16
hμ

ρ∇βhαρψ̄γαβμψ, (3.50)

due to complete antisymmetry of the product γαβμ. No sur-
face term is generated under the partial integration, and then it
is clear that (3.50) is self-adjoint by itself under the exchange
of fields and doing integration by parts.

We then put the quadratized action in (3.49) in the form:

�S =
∫

d4x
√
ḡ

1

2
(hμν, Aμ)HD

(
hαβ

Aα

)
, (3.51)

123
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where the Hessian in the matrix form is

HD = 2Vδ
D D̄δ + UD. (3.52)

These terms should be combined with other terms from grav-
ity and gauge theory, and integrated over the fluctuation fields
hμν and gauge fields Aμ. We remark that in the bosonic terms
in (3.49) fermionic fields appear only as backgrounds.

Explicitly the components of objects in (3.52) are given
by

Vδ
D =

(− 1
16 ḡμαψ̄γνβ

δψ 0
0 0

)
, (3.53)

UD =
(
Uhh

μναβ UhA
μν,α

U Ah
μ,αβ 0

)
, (3.54)

where

Uhh
μναβ = 3

8
ḡαμ

(
ψ̄γ(ν D̄β)ψ − D̄(νψ̄ · γβ)ψ

)
−1

8
ḡμν

(
ψ̄γα D̄βψ − D̄αψ̄ · γβψ

)
−1

8
ḡαβ

(
ψ̄γμ D̄νψ − D̄μψ̄ · γνψ

)
−1

2
Kμναβ

(
ψ̄γ ρ D̄ρψ − D̄ρψ̄ · γ ρψ + 2mF ψ̄ψ

)
,

UhA
μν,α = −1

2
ieF

(
ḡμνψ̄γαψ − ḡα(μψ̄γν)ψ

)
,

U Ah
μ,αβ = −1

2
ieF

(
ḡαβψ̄γμψ − ḡμ(αψ̄γβ)ψ

)
. (3.55)

In the above, the symmetrization within each pair of indices
(μ, ν) and (α, β) is understood but not marked. Here we
have also imposed self-adjointness, which is discussed in
Appendix A.

3.4 Charged scalar

We consider charged scalar whose action is

SS =
∫

d4x
√
g
[
gμν(DS

μφ∗)(DS
ν φ) + V (|φ|2)

]
, (3.56)

where the covariant derivative on the scalar is

Dμφ = (∇μ − ieS Aμ)φ, Dμφ∗ = (∇μ + ieS Aμ)φ∗

(3.57)

and where the invariant complex square of the field we write
as |φ|2 = φ∗φ. (By star in superscript, we denote complex
conjugation of field.) It should be understood that when the
covariant derivative in (3.57) acts on fields without charge, it
is simply the gravitational covariant derivative ∇μ. When the
derivative acts on a scalar quantity as here, it is simply a par-
tial derivative (without spacetime connection coefficients).

Let us write the field as φ = φ̄ + ϕ, the former being
the background and the latter being a fluctuation. Then the
quadratic action is

SS =
∫

d4x
√
g

[
h2 − 2(hρλ)2

8

{
(D̄μφ̄∗)(D̄μφ̄) + V (|φ̄|2)

}

+
(
hμ
ρ h

ρν − 1

2
hhμν

)
(D̄μφ̄∗)(D̄ν φ̄)

+1

2
h
{
(D̄μφ̄∗)(D̄μϕ) + (D̄μφ̄)(D̄μϕ∗)

−ieS[φ̄(D̄μφ̄∗) − φ̄∗(D̄μφ̄)]Aμ
}

−hμν
{
(D̄μφ̄∗)(D̄νϕ) + (D̄μφ̄)(D̄νϕ∗)

−ieS[φ̄(D̄μφ̄∗) − φ̄∗(D̄μφ̄)]Aν

}
+(D̄μϕ∗)(D̄μϕ) + ieS Aμφ̄∗(D̄μϕ)

−ieS A
μφ̄(D̄μϕ∗) + e2

S |φ̄|2AμAμ

−ieS(D̄μφ̄∗)Aμϕ + ieS(D̄μφ̄)Aμϕ∗ + V ′(|φ̄|2)ϕϕ∗

+1

2
V ′′(|φ̄|2)(φ̄∗2ϕ2 + 2|φ̄|2ϕϕ∗ + φ̄2ϕ∗2)

+1

2
hV ′(|φ̄|2)(φ̄∗ϕ + φ̄ϕ∗)

]
, (3.58)

where bars on the covariant derivatives mean that they are
made of background fields and the prime is the derivative
with respect to |φ|2 (not with respect to just φ). This is put
in the form

1

2

∫
d4x

√
g(hμν, Aμ, ϕ∗, ϕ)HS

⎛
⎜⎜⎝
hαβ

Aα

ϕ

ϕ∗

⎞
⎟⎟⎠ , (3.59)

where the Hessian HS has the following expansion in order
of derivatives

HS = KS(−D̄2) + 2Vδ
S D̄δ + US . (3.60)

Here we use the “complex” basis discussed in the Appendix B.
We find

KS =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ , (3.61)

Vδ
S =

⎛
⎜⎜⎝

0 0 −Kμν
λδ(D̄λφ̄

∗) −Kμν
λδ(D̄λφ̄)

0 0 ieS
2 φ̄∗ ḡμ

δ − ieS
2 φ̄ḡμ

δ

Kαβ
λδ(D̄λφ̄)

ieS
2 φ̄ḡα

δ 0 0
Kαβ

λδ(D̄λφ̄
∗) − ieS

2 φ̄∗ ḡα
δ 0 0

⎞
⎟⎟⎠ ,

(3.62)
and

US =

⎛
⎜⎜⎜⎜⎝
Uhh

μν,αβ UhA
μν,α Uhϕ

μν Uhϕ∗
μν

U Ah
μ,αβ U AA

μα U Aϕ
μ U Aϕ∗

μ

Uϕ∗h
αβ Uϕ∗A

α Uϕ∗ϕ Uϕ∗ϕ∗

Uϕh
αβ UϕA

α Uϕϕ Uϕϕ∗

⎞
⎟⎟⎟⎟⎠ (3.63)
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where the various components of the US tensor are given
below

Uhh
μν,αβ = −Kμναβ

[
(D̄ρφ̄∗)(D̄ρφ̄) + V (|φ̄|2)

]
+2Kμνλα(D̄λφ̄∗)(D̄βφ̄) + 2Kαβλμ(D̄λφ̄∗)(D̄ν φ̄),

UhA
μν,α = 2ieSKμνα

λ
[
φ̄(D̄λφ̄∗) − φ̄∗(D̄λφ̄)

]
,

U Ah
μ,αβ = 2ieSKαβμ

λ
[
φ̄(D̄λφ̄∗) − φ̄∗(D̄λφ̄)

]
,

Uhϕ
μν = 1

2
ḡμνV

′φ̄∗,

Uϕh
αβ = 2Kαβ

ρλ(D̄ρ D̄λφ̄∗) + 1

2
ḡαβV

′φ̄∗,

Uhϕ∗
μν = 1

2
ḡμνV

′φ̄,

Uϕ∗h
αβ = 2Kαβ

ρλ(D̄ρ D̄λφ̄) + 1

2
ḡαβV

′φ̄,

U AA
μα = 2e2

S |φ̄|2 ḡμα, U Aϕ
μ = −ieS(D̄μφ̄∗),

UϕA
α = −2ieS(D̄αφ̄∗),

U Aϕ∗
μ = ieS(D̄μφ̄), Uϕ∗A

α = 2ieS(D̄αφ̄),

Uϕ∗ϕ = Uϕϕ∗ = V ′ + V ′′|φ̄|2, Uϕϕ = V ′′φ̄∗2,

Uϕ∗ϕ∗ = V ′′φ̄2. (3.64)

We note that similarly to the case of Dirac fermion, here
we treat the mass of the scalar field (included in the scalar
potential V = V (|φ|2)) as an interaction. In this way we
realize cutoff of type I. For the scalar fluctuations, we are able
to deal with all terms including mixed terms in (3.60)), hence
our nonlocal contribution to the effective action is complete.
In the next section, we show how to deal with all fluctuations
in the scalar sector within nonlocal heat kernel technique.

3.5 Total Hessian

Collecting all the results for the Hessian (written in (3.5)–
(3.8), (3.17)–(3.21), (3.52)–(3.55) and (3.59)–(3.64)), we get
the bosonic part of the quadratic action of the total system.
We can write it as

1

2

∫
d4x

√
g(hμν, Aμ, ϕ∗, ϕ)HT

⎛
⎜⎜⎝
hαβ

Aα

ϕ

ϕ∗

⎞
⎟⎟⎠ , (3.65)

where we have expressed the bosonic fluctuations of quantum
fields in a multiplet (hμν, Aμ, ϕ∗, ϕ), and

HT = KT (−D̄2) + 2Vδ
T D̄δ + UT . (3.66)

The components of the Hessian HT in derivative expansion
are given as

KT =

⎛
⎜⎜⎝

Kμναβ 0 0 0
0 ḡμα 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ , (3.67)

Vδ
T =

⎛
⎜⎜⎝

− 1
32

(
ḡμαψ̄γνβ

δψ + ḡνβψ̄γμα
δψ
)
Kμνλα F̄λδ − 1

2δμν
λδ F̄λα −Kμν

λδ(D̄λφ̄
∗) −Kμν

λδ(D̄λφ̄)

−Kαβλμ F̄λδ + 1
2δαβ

λδ F̄λμ 0 ieS
2 φ̄∗ḡμ

δ − ieS
2 φ̄ḡμ

δ

Kαβ
λδ(D̄λφ̄)

ieS
2 φ̄ḡα

δ 0 0
Kαβ

λδ(D̄λφ̄
∗) − ieS

2 φ̄∗ḡα
δ 0 0

⎞
⎟⎟⎠ ,

and (3.68)

UT =

⎛
⎜⎜⎜⎜⎝
Uhh

μν,αβ UhA
μν,α Uhϕ

μν Uhϕ∗
μν

U Ah
μ,αβ U AA

μα U Aϕ
μ U Aϕ∗

μ

Uϕ∗h
αβ Uϕ∗A

α Uϕ∗ϕ Uϕ∗ϕ∗

Uϕh
αβ UϕA

α Uϕϕ Uϕϕ∗

⎞
⎟⎟⎟⎟⎠ , (3.69)
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where the components of the UT tensor are

Uhh
μν,αβ =

[
R̄ − 1

4
F̄2

ρλ − (D̄ρφ̄∗)(D̄ρφ̄) − V (|φ̄|2) − 1

2
(ψ̄γ ρ D̄ρψ − D̄ρψ̄ · γ ρψ + 2mF ψ̄ψ)

]
Kμν,αβ

−ḡ(μ(α R̄β)ν) − R̄μ(ανβ) + 1

2
(ḡμν R̄αβ + ḡαβ R̄μν) + Kμνλ(α F̄ρβ) F̄

ρλ + K λ
αβ(μ F̄

ρ
ν) F̄ρλ

+1

2
F̄μα F̄νβ + 3

16
ḡ(μ(α(ψ̄γβ) D̄ν)ψ − D̄ν)ψ̄ · γβ)ψ) + 3

16
ḡ(α(μ(ψ̄γν) D̄β)ψ − D̄β)ψ̄ · γν)ψ)

−1

8
ḡμν(ψ̄γ(α D̄β)ψ − D̄(βψ̄ · γα)ψ) − 1

8
ḡαβ(ψ̄γμ D̄νψ − D̄νψ̄ · γμψ)

+2Kμν
λ
(α(D̄λφ̄

∗)(D̄β)φ̄) + 2Kαβλμ(D̄λφ̄∗)(D̄νφ̄),

UhA
μν,α = 2ieSKμνα

λ
[
φ̄(D̄λφ̄

∗) − φ̄∗(D̄λφ̄)
]− ieF

2
(ḡμνψ̄γαψ − ḡμαψ̄γνψ),

U Ah
μ,αβ = −2Kαβλμ(∇̄ρ F̄

λρ) + δαβ
λρ(∇̄ρ F̄λμ) + 2ieSKαβμ

λ
[
φ̄(D̄λφ̄

∗) − φ̄∗(D̄λφ̄)
]

− ieF
2

(ḡαβψ̄γμψ − ḡαμψ̄γβψ),

Uhϕ
μν = 1

2
ḡμνV

′φ̄∗, Uϕh
αβ = 2Kαβ

ρλ(D̄ρ D̄λφ̄
∗) + 1

2
ḡαβV

′φ̄∗,

Uhϕ∗
μν = 1

2
ḡμνV

′φ̄, Uϕ∗h
αβ = 2Kαβ

ρλ(D̄ρ D̄λφ̄) + 1

2
ḡαβV

′φ̄,

U AA
μα = R̄μα + 2e2

S|φ̄|2 ḡμα, U Aϕ
μ = −ieS(D̄μφ̄∗), UϕA

α = −2ieS(D̄αφ̄∗),

U Aϕ∗
μ = ieS(D̄μφ̄), Uϕ∗A

α = 2ieS(D̄αφ̄),

Uϕ∗ϕ = Uϕϕ∗ = V ′ + V ′′|φ̄|2, Uϕϕ = V ′′φ̄∗2, Uϕ∗ϕ∗ = V ′′φ̄2. (3.70)

Here symmetrization μ ↔ ν, α ↔ β and (μ, ν) ↔ (α, β), if appropriate, should be understood.
It is convenient to extract an overall factor of KT (3.67) from the full Hessian HT and write it as

HT = KT� ≡ KT (−D̄21 + 2Yδ D̄δ + W). (3.71)

Using

K−1
μν

αβ = 2δμν
αβ − ḡμν ḡ

αβ, (3.72)

which is the generalization of the gravitational DeWitt metric in field space, we find

Yδ =

⎛
⎜⎜⎜⎝

− 1
8 ḡ

(α
(μψ̄γν)

β)δψ 2Kμνλ
α F̄λδ − δμν

λδ F̄λ
α −δμν

λδ(D̄λφ̄
∗) −δμν

λδ(D̄λφ̄)

−K αβ
λμ F̄λδ + 1

2δαβ,λδ F̄λμ 0 ieS
2 φ̄∗ḡμ

δ − ieS
2 φ̄ḡμ

δ

K αβ,λδ(D̄λφ̄)
ieS
2 φ̄ḡαδ 0 0

K αβ,λδ(D̄λφ̄
∗) − ieS

2 φ̄∗ḡαδ 0 0

⎞
⎟⎟⎟⎠ ,

and (3.73)

W =

⎛
⎜⎜⎜⎜⎝
Whh

μν,αβ WhA
μν,α Whϕ

μν Whϕ∗
μν

W Ah
μ,αβ W AA

μα W Aϕ
μ W Aϕ∗

μ

Wϕ∗h
αβ Wϕ∗A

α Wϕ∗ϕ Wϕ∗ϕ∗

Wϕh
αβ WϕA

α Wϕϕ Wϕϕ∗

⎞
⎟⎟⎟⎟⎠ . (3.74)

In principle, in the tensors Y and W the indices are in natural matrix position (one index down – one index up) letting to
perform traces (hence contractions) very naturally without usage of any metric tensor. In particular, all indices α and β should
be in superscripts. However, for notational simplicity, from displaying the matrix of W tensor in (3.74) we do not write them
in upper position, hoping that this will not lead to any confusion.
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The explicit components of the W tensor read

Whh
μν,αβ = 2Uhh

μν,αβ − 1

2
ḡμν

[
F̄αρ F̄β

ρ −
(

1

4
F̄2

ρλ − V − mF ψ̄ψ

)
ḡαβ − 1

4
(ψ̄γ(α D̄β)ψ − D̄(αψ̄γβ)ψ)

+1

4
(ψ̄γρ D̄

ρψ − D̄ργ ρψ)ḡαβ

]
,

WhA
μν,α = 2UhA

μν,α + i

2
ḡμν[2eS(φ̄ D̄αφ̄∗ − φ̄∗ D̄αφ̄) + 3eF ψ̄γαψ],

Whϕ∗
μν = −ḡμνV

′φ̄,

Whϕ
μν = −ḡμνV

′φ̄∗, (3.75)

and other components of the W tensor are the same as the corresponding components in UT .
We next eliminate the first order term Yδ D̄δ in (3.71) by writing D̃μ = 1D̄μ − Yμ following [37,66]. Then � in (3.71) is

rewritten as

� = −D̃2
μ + W̃, (3.76)

where

W̃ = W − D̄δYδ + YδYδ. (3.77)

Here

D̄δYδ =

⎛
⎜⎜⎜⎜⎝

− 1
8 ḡαμ D̄δ

(
ψ̄γνβδψ

)
2Kμνλα∇̄δ F̄λ

δ − ∇̄μ F̄να −D̄μ D̄νφ̄
∗ −D̄μ D̄νφ̄

−Kαβλμ∇̄δ F̄λ
δ + 1

2 ∇̄α F̄βμ 0 ieS
2 D̄μφ̄∗ − ieS

2 D̄μφ̄

Kαβ
λδ D̄δ D̄λφ̄

ieS
2 D̄αφ̄ 0 0

Kαβ
λδ D̄δ D̄λφ̄

∗ − ieS
2 D̄αφ̄∗ 0 0

⎞
⎟⎟⎟⎟⎠ , (3.78)

and

YδYδ =

⎛
⎜⎜⎜⎜⎜⎜⎝

Y 2,hh
μν,αβ Y 2,hA

μν,α Y 2,hϕ
μν Y 2,hϕ∗

μν

Y 2,Ah
μ,αβ Y 2,AA

μ,α Y 2,Aϕ
μ Y 2,Aϕ∗

μ

Y 2,ϕ∗h
αβ Y 2,ϕ∗A

α Y 2,ϕ∗ϕ Y 2,ϕ∗ϕ∗

Y 2,ϕh
αβ Y 2,ϕA

α Y 2,ϕϕ Y 2,ϕϕ∗

⎞
⎟⎟⎟⎟⎟⎟⎠

. (3.79)

The explicit forms of the above components of the YδYδ are given in Appendix C.1.
We note that the gauge- and spacetime-covariant shifted derivative D̃μ is matrix-valued and constructed with backgrounds

of the gauge and gravitational fields. By shifting the covariant derivative D̄μ to the new one D̃μ, we reduce the differential
operator in (3.71) to the minimal form with leading symbol with two derivatives. The leading term with two derivatives is a
square of the new covariant derivative D̃μ, the term with one derivative less is absent and finally all the other non-derivative
operators (endomorphisms of the internal vector bundle) are collected in the operator W̃. Now the kinetic operator in (3.76)
has precisely the form elucidated in (2.1), so the standard method of heat kernel technique can be applied here to take its
functional trace.

For the components of the W̃ tensor, using (3.77) and (3.79), we find

W̃ hh
μν,αβ =

(
2R̄ − 1

2
F̄2

ρλ − 2D̄ρφ̄∗ D̄ρφ̄
)
Kμναβ − ḡμα ḡνβ

[
V + 1

2

(
ψ̄γρ D̄

ρψ − D̄ρψ̄γ ρψ

+2mF ψ̄ψ
)]

+ 1

8
ḡμν ḡαβ

(
ψ̄γρ D̄

ρψ − D̄ρψ̄γρψ
)− 2ḡαμ R̄βν − 2R̄μανβ

+ḡμν R̄αβ + ḡαβ R̄μν + 2Kμνλα F̄
ρλ F̄ρβ + 3

8
ḡαμ

(
ψ̄γβ D̄νψ − D̄νψ̄γβψ

)
+3

8
ḡαμ

(
ψ̄γν D̄βψ − D̄βψ̄γνψ

)− 1

8
ḡμν

(
ψ̄γα D̄βψ − D̄βψ̄γαψ

)
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−1

4
ḡαβ

(
ψ̄γμ D̄νψ − D̄νψ̄γμψ

)+ 1

8
ḡαμ D̄

δ
(
ψ̄γνβδψ

)− 1

128
ḡμαψ̄γνλδψψ̄γβ

λδψ

+ 1

128
ψ̄γμαδψψ̄γνβ

δψ + 3

2
ḡαμ D̄νφ̄

∗ D̄βφ̄ + 3

2
ḡαμ D̄βφ̄∗ D̄νφ̄ − ḡμν D̄αφ̄∗ D̄βφ̄

−1

2
ḡαβ D̄μφ̄∗ D̄νφ̄,

W̃ hA
μν,α = 3

2
ieS ḡμα

(
φ̄ D̄νφ̄

∗ − φ̄∗ D̄νφ̄
)+ ieS

2
ḡμνψ̄γαψ + ieS ḡμαψ̄γνψ − 2Kμνλα∇̄δ F̄

λδ

+∇̄μ F̄να − 1

16
ψ̄γμαδψ F̄ν

δ − 1

16
ḡμαψ̄γνλδψ F̄λδ,

W̃ hϕ
μν = −ḡμνV

′φ̄∗ + D̄μ D̄νφ̄
∗,

W̃ hϕ∗
μν = −ḡμνV

′φ̄ + D̄μ D̄νφ̄,

W̃ Ah
μ,αβ = −Kαβλμ∇̄ρ F̄

λρ + 1

2
∇̄α F̄βμ + 3

2
ieSKαβμλ

(
D̄λφ̄∗φ̄ − φ̄∗ D̄λφ̄

)
− ieS

2

(
ḡαβψ̄γμψ − ḡαμψ̄γβψ

)+ 1

32
F̄αδψ̄γμβ

δψ − 1

32
ḡαμ F̄

λδψ̄γβλδψ,

W̃ AA
μα = R̄μα + 3

2
e2
S ḡμα|φ̄|2 − 1

2
F̄μλ F̄α

λ − 1

4
ḡμα F̄

2
ρλ,

W̃ Aϕ
μ = −3

2
ieS D̄μφ̄∗ − 3

4
F̄λμ D̄

λφ̄∗,

W̃ Aϕ∗
μ = 3

2
ieS D̄μφ̄ − 3

4
F̄λμ D̄

λφ̄,

W̃ϕ∗h
αβ = Kαβρλ D̄

ρ D̄λφ̄ + 1

2
ḡαβV

′φ̄,

W̃ϕ∗A
α = 3

2
ieS D̄αφ̄ − 3

4
D̄λφ̄ F̄λα,

W̃ϕ∗ϕ = V ′ +
(
V ′′ − e2

S

)
|φ̄|2 − D̄λφ̄

∗ D̄λφ̄,

W̃ϕ∗ϕ∗ =
(
V ′′ + e2

S

)
φ̄2 − D̄λφ̄ D̄

λφ̄,

W̃ϕh
αβ = Kαβρλ D̄

ρ D̄λφ̄∗ + 1

2
ḡαβV

′φ̄∗,

W̃ϕA
α = −3

2
ieS D̄αφ̄∗ − 3

4
D̄λφ̄∗ F̄λα,

W̃ϕϕ =
(
V ′′ + e2

S

)
φ̄∗2 − D̄λφ̄

∗ D̄λφ̄∗,

W̃ϕϕ∗ = V ′ +
(
V ′′ − e2

S

)
|φ̄|2 − D̄λφ̄

∗ D̄λφ̄. (3.80)

Now we wish to calculate the commutator of the shifted covariant derivatives D̃μ. For this purpose the commutator of
gauge-covariant derivatives D̄μ has to be found first. We give it in a matrix form using the general vector of bosonic fluctuations
� = (hαβ, Aα, ϕ, ϕ∗)T :

�†�ρσ � = ( hμν Aμ ϕ∗ ϕ
)
�ρσ

⎛
⎜⎜⎝
hαβ

Aα

ϕ

ϕ∗

⎞
⎟⎟⎠

= �† [D̄ρ, D̄σ

]
�. (3.81)
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Using the commutation relations on particular types of fluctuations[∇̄ρ, ∇̄σ

]
hμν = 2R̄ρσ(μ

κhν)κ = 2ḡ(μ
α R̄ρσν)

βhαβ, (3.82)[∇̄ρ, ∇̄σ

]
Aμ = R̄ρσμ

αAα, (3.83)[
D̄ρ, D̄σ

]
φ̄ = 2D̄[ρ D̄σ ]φ̄ = −2ieS∇̄[ρ Aσ ]φ̄

= −ieS F̄ρσ φ̄, (3.84)

we find

�ρσ = [D̄ρ, D̄σ

]

=

⎛
⎜⎜⎝

2ḡμα R̄ρσνβ 0 0 0
0 R̄ρσμα 0 0
0 0 −ieS F̄ρσ 0
0 0 0 ieS F̄ρσ

⎞
⎟⎟⎠ . (3.85)

We have the general formula for the commutator �̃ρσ of shifted covariant derivatives D̃μ:

�̃ρσ =
[
D̃ρ, D̃σ

]
= �ρσ − 2D̄[ρYσ ] + 2Y[ρYσ ] (3.86)

and in particular for various tensors appearing above

Yσ =

⎛
⎜⎜⎝

− 1
8 ḡαμψ̄γνβσ ψ 2Kμνλα F̄λ

σ − δμν,λσ F̄λ
α −δμν,λσ D̄λφ̄∗ −δμν,λσ D̄λφ̄

−Kαβλμ F̄λ
σ + 1

2δαβ,λσ F̄λ
μ 0 ieS

2 ḡμσ φ̄∗ − ieS
2 ḡμσ φ̄

Kαβλσ D̄λφ̄
ieS
2 ḡασ φ̄ 0 0

Kαβλσ D̄λφ̄∗ − ieS
2 ḡασ φ̄∗ 0 0

⎞
⎟⎟⎠ , (3.87)

and

D̄[ρYσ ] =
⎛
⎜⎝

− 1
8 ḡαμ D̄[ρ

(
ψ̄γνβσ ]ψ

) 1
2 ḡνα D̄μ F̄ρσ − 1

4 ḡμν D̄α F̄ρσ + ḡμ[ρ D̄σ ] F̄να

− 1
4 ḡαμ D̄β F̄ρσ + 1

8 ḡαβ D̄μ F̄ρσ − 1
2 ḡα[ρ D̄σ ] F̄βμ 0

− 1
2 ḡβ[ρ D̄σ ] D̄αφ̄ + ieS

8 ḡαβ F̄ρσ φ̄ − ieS
2 ḡα[ρ D̄σ ]φ̄

− 1
2 ḡβ[ρ D̄σ ] D̄αφ̄∗ − ieS

8 ḡαβ F̄ρσ φ̄∗ ieS
2 ḡα[ρ D̄σ ]φ̄∗

ḡμ[ρ D̄σ ] D̄ν φ̄
∗ ḡμ[ρ D̄σ ] D̄ν φ̄

− ieS
2 ḡμ[ρ D̄σ ]φ̄∗ ieS

2 ḡμ[ρ D̄σ ]φ̄
0 0
0 0

⎞
⎟⎠,

(3.88)

where we also used the Bianchi identity

2∇̄[ρ F̄βσ ] = ∇̄ρ F̄βσ − ∇̄σ F̄βρ = ∇̄β F̄ρσ . (3.89)

Finally, we write the components of the �̃ρσ tensor in a matrix form

�̃ρσ =

⎛
⎜⎜⎜⎜⎝

�̃
h,h
μν,αβ,ρσ �̃h,A

μν,α,ρσ �̃
h,ϕ
μν,ρσ �̃

h,ϕ∗
μν,ρσ

�̃
A,h
μ,αβ,ρσ �̃A,A

μ,α,ρσ �̃
A,ϕ
μ,ρσ �̃

A,ϕ∗
μ,ρσ

�̃
ϕ∗,h
αβ,ρσ �̃

ϕ∗,A
α,ρσ �̃

ϕ∗,ϕ
ρσ �̃

ϕ∗,ϕ∗
ρσ

�̃
ϕ,h
αβ,ρσ �̃

ϕ,A
α,ρσ �̃

ϕ,ϕ
ρσ �̃

ϕ,ϕ∗
ρσ

⎞
⎟⎟⎟⎟⎠ , (3.90)

with the explicit formulas for all components given in Appendix C.2.
Since the Hessian HT of the total system has now the minimal form (2.1), we can use our master formula for FRGE (2.11)

with identifications: U = W̃ and �ρσ = �̃ρσ . For this we need to evaluate several traces in the internal spaces of fluctuations,

while the functional traces were already done in formula (2.11). Therefore we need the traces of W̃, W̃2 and �̃
2 = �̃ρσ �̃

ρσ
.

The results for them are summarized in Appendix C.3.
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4 Effective action

Now we are ready to derive the flow equation based on Eq.
(2.11). In this section, we drop bars on the fields since all
quantities considered are built out of background field values
and we will not need any field fluctuation.

We have one graviton, one real vector and one complex
scalar (cf. (3.81) and above it), so in d = 4

tr (1) = 10 + 4 + 2 = 16. (4.1)

From our master formula (2.11), we get

∂t�k = 1

2

1

(4π)2

∫
d4x

√
g
{

16 Q2[hk]

+
(8

3
R − tr (W̃)

)
Q1[hk] + 16Rμν gRic R

μν

+16R gRR

+ R gRU tr (W̃) + gU tr (W̃2) + g� tr (�̃
2
) + . . .

}
.

(4.2)

In addition, we have the contributions from the coordinate
reparametrization (gravitational) and gauge ghosts. The first
one, based on (3.9), adds to (4.2)

1

2

1

(4π)2

∫
d4x

√
g
{

− 8Q2[hk] − 10

3
Q1[hk]R

−2Rμν (4gRic + gU − 4g�) Rμν

−2R (4gR − gRU + g�)R
}
. (4.3)

The gauge ghost contributes

1

2

1

(4π)2

∫
d4x

√
g
{

− 2Q2[hk] − 1

3
Q1[hk]R

−2Rμν gRic R
μν − 2R gRR

}
. (4.4)

Finally we have a contribution from fermions in (3.48). All
these contribute to the FRGE flow of the bosonic effective
action ∂t�

1−loop
k .

Plugging the results of the traces of W̃, W̃2 and �̃
2

in
Eqs. (C.5), (C.6) and (C.7) from Appendix C.3 into (4.2) and
collecting all these contributions (4.2)–(4.4) and (3.48), we
get the flow equation of the effective action

∂t�
1−loop
k = ∂t (�

gem
k + �scalar

k + �
f ermion
k ), (4.5)

where �
gem
k , �scalar

k and �
f ermion
k are scale-dependent effec-

tive actions involving gravity and EM fields, scalars and
fermions, respectively. Explicitly the flow of them is given

by

∂t�
gem
k = 1

32π2

∫
d4x

√
g {(6 − 4NF )Q2[hk]

+
[(

−8 + NF

3

)
R + 4NFm

2
F + 3

2
F2

μν

]
Q1[hk]

+2m2
Fg1R + m2

Fg2m
2
F + Fμνg3F

μν

+FμνFρσ g4
(
FμρFνσ

)+ FμνF
μρg5

(
Fνσ Fρσ

)
+FμνFρσ g6

(
FμνFρσ

)+ F2
μνg7F

2
ρσ

+Rμνg8R
μν + Rg9R + Rμνρσ g10R

μνρσ

+FμνF
μ

ρg11R
νρ + F2

μνg12R

+∇μF
μ

νg13∇ρF
νρ + ∇μFνρg14∇μFνρ

}
, (4.6)

where the structure functions gi (for i = 1, . . . , 14) read

g1 = −NF (2gRU + gU ), g2 = −4NFgU ,

g3 = −2e2
Sg� − 2NFe

2
F (gU − 2g�), g4 = 6g�,

g5 = 3

4
gU + 5

2
g�, g6 = −9

2
g�, g7 = 3

8
gU − g�,

g8 = (6 − 4NF )gRic − 7gU + 8g�,

g9 =
(

5 − 1

4
NF

)
gU + (9 − NF )gRU − 2g�

+(6 − 4NF )gR,

g10 = 3gU − (7 − NF

2
)g�, g11 = −gU + 2g�,

g12 = −1

2
gU − 3

2
gRU + g�,

g13 = −1

2
gU − g�, g14 = 3

4
gU − 9

2
g�, (4.7)

and for the flow of the action with scalars

∂t�
scalar
k = 1

32π2

∫
d4x

√
g
{[

10V + 4(Dμφ∗)(Dμφ)

−4e2
S |φ|2 − 2V ′ − 2|φ|2V ′′]Q1[hk ]

+DμDνφ
∗g15D

μDνφ + e2
S Fμνφ

∗g16
(
φFμν

)
+e2

S |φ|2g17F
2
μν + D2

μφ∗g18D
2
νφ

+Dμφ∗Dνφg19
(
Dμφ∗Dνφ

)
+Dμφ∗Dνφg20

(
Dνφ∗Dμφ

)
+2
(
Dμφ∗)2 gU (Dνφ)2

+Dμφ∗Dμφg21
(
Dνφ

∗Dνφ
)

−2e2
S(Dμφ)2gUφ∗2 − 2e2

S(Dμφ∗)2gUφ2

+4e2
S Dμφ∗DμφgU |φ|2

+e2
Sφ

∗Dμφg22
(
φ∗Dμφ

)
+e2

SφDμφ∗g22
(
φDμφ∗)

+e2
Sφ

∗Dμφg23
(
φDμφ∗)

+e2
SφDμφ∗g23

(
φ∗Dμφ

)
+e4

S |φ|2g24|φ|2 + 2e4
Sφ

2gUφ∗2

+2V ′gU V ′ + 10VgUV

+2φV ′gU D2
μφ∗ + 2φ∗V ′gU D2

μφ

123
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−8φV ′gU
(
φ∗V ′)− 4e2

S |φ|2gU V ′

−4e2
S |φ|2V ′′gU |φ|2

+2e2
Sφ

2V ′′gUφ∗2 + 2e2
Sφ

2gU
(
φ∗2V ′′)

+2|φ|2V ′′gU
(|φ|2V ′′)+ 2φ2V ′′gU

(
φ∗2V ′′)

+4|φ|2V ′′gU V ′ − 2(Dμφ)2gU
(
φ∗2V ′′)

−2(Dμφ∗)2gU
(
φ2V ′′)− 4Dμφ∗DμφgU

(|φ|2V ′′)
+4Dμφ∗DμφgU V − 4Dμφ∗DμφgU V ′

+e2
S |φ|2g25R + Vg26R + 2V ′gRU R

+2|φ|2V ′′gRU R + Dμφ∗Dμφg27R

+4Dμφ∗Dνφg�Rμν + ieSφDμφ∗g17∇νF
μν

−ieSφ
∗Dμφg17∇νF

μν + 4ieS Dμφ∗Dνφg�Fμν

−ieS DμφFμνg17Dνφ
∗

+ieS Dμφ∗Fμνg17Dνφ + Dμφ∗Dμφg28F
2
νρ

−3Dμφ∗Fνρg�

(
DμφFνρ

)
+5Dμφ∗DνφgU

(
Fμ

ρF
νρ
)

+6DμφFνρg�

(
Dνφ∗Fμρ

)
+DμφFμ

νg29
(
Dρφ∗Fνρ

)}
, (4.8)

where the structure functions gi (for i = 15, . . . , 29) read

g15 = 2gU − 8g�, g16 = −1

2
gU + g�,

g17 = −9

2
gU − 3g�, g18 = −gU + 2g�,

g19 = 17

4
gU − 3

2
g�, g20 = 17

4
gU − 7

2
g�,

g21 = 1

2
gU − g�, g22 = −9

2
gU + 3g�,

g23 = 9gU − 6g�, g24 = 11gU − 6g�,

g25 = 3gU + 2g� + 4gRU , g26 = −12gU − 10gRU ,

g27 = −3gU + 2g� − 4gRU , g28 = −5

4
gU − 3

2
g�,

g29 = −9

4
gU + 3

2
g�, (4.9)

and the fermionic terms are

∂t�
f ermion
k = 1

32π2

∫
d4x

√
g
{[

3ψ̄γμD
μψ

−3Dμψ̄γ μψ + 10mF ψ̄ψ

+ 3

128
ψ̄γμνρψψ̄γ μνρψ

]
Q1[hk ]

+25

32

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
gU(

ψ̄γνD
νψ − Dνψ̄γ νψ

)
+6mF

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
gU
(
ψ̄ψ
)

+10m2
F

(
ψ̄ψ
)
gU
(
ψ̄ψ
)

+ 21

1024

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
gU(

ψ̄γνρσ ψψ̄γ νρσ ψ
)

+ 3

64
mF ψ̄ψgU

(
ψ̄γμνρψ

)2
− 3

128

(
ψ̄γμDνψ − Dνψ̄γμψ

)
gU

(
ψ̄γ μ

ρσ ψψ̄γ νρσ ψ
)

+ψ̄γμνρψψ̄γ μ
σκψg30

(
ψ̄γ νσ

λψψ̄γ ρκλψ
)

+ψ̄γμνρψψ̄γ μ
σκψg31

(
ψ̄γ νρ

λψψ̄γ σκλψ
)

+ 5

32768
ψ̄γμνρψψ̄γ μν

σ ψgU
(
ψ̄γ ρ

κλψψ̄γ σκλψ
)

+ 1

65536
ψ̄γμνρψψ̄γ μνρψgU

(
ψ̄γσκλψ

)2
+17

64

(
ψ̄γμDνψ − Dνψ̄γμψ

)
gU(

ψ̄γ μDνψ − Dνψ̄γ μψ

+ψ̄γ νDμψ − Dμψ̄γ νψ
)

− 7

16

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
gU F2

νρ

+(ψ̄γμνρψ)2g32F
2
σκ

− 1

32
ψ̄γμρσ ψψ̄γν

ρσ ψgU
(
Fμ

κ F
νκ
)

+7

4

(
ψ̄γμDνψ − Dνψ̄γμψ

)
gU
(
Fμ

ρF
νρ
)

+ 1

32
ψ̄γμρκψψ̄γνσ

κψg�

(
FμνFρσ

)
− 1

64
ψ̄γμνρψψ̄γ ρ

σκψg�

(
FμνFσκ

)
− 3

256
ψ̄γμνρψFσκg�

(
ψ̄γ μνρψFσκ

)
+ 1

128
ψ̄γμνρψFσκg�

(
ψ̄γ μνσ ψFρκ

)
+ψ̄γμνρψFρκg33

(
ψ̄γ μνσ ψFσκ

)
+ 5

256
ψ̄γμνρψFσκg�

(
ψ̄γ ρσκψFμν

)
+ψ̄γμνρψFμσ g34

(
ψ̄γ ρ

σκψFνκ
)

+ψ̄γμνρψFμνg35
(
ψ̄γ ρ

σκψFσκ
)

−3

8
ieF ψ̄γμψgU

(
ψ̄γ μ

νρψFνρ
)

+ 3

64
ψ̄γμνρψψ̄γ μν

σ ψgU Rρσ

+ (ψ̄γμD
μψ − Dμψ̄γ μψ

)
g36R

+mF (ψ̄ψ)g37R + (ψ̄γμνρψ)2g38R

+ψ̄γμνρψψ̄γ μ
σκψg39R

νρσκ

+6
(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
gU V

+20mF ψ̄ψgU V

+ 3

64
(ψ̄γμνρψ)2gU V

+ψ̄γμνρψFμ
σ g40∇σ Fνρ

+9

2
eFeSφ

∗DμφgU
(
ψ̄γ μψ

)
−9

2
eFeSφDμφ∗gU

(
ψ̄γ μψ

)
+ieSφ

∗Dμφg41
(
ψ̄γ μνρψFνρ

)
−ieSφDμφ∗g41

(
ψ̄γ μ

νρψFνρ
)

+1

8

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
gU
(
Dνφ

∗Dνφ
)

+4mF ψ̄ψgU
(
Dμφ∗Dμφ

)
+(ψ̄γμνρψ)2g42

(
Dσ φ∗Dσ φ

)
− 1

64
Dμφ∗ψ̄γνρσ ψg�

(
Dμφψ̄γ νρσ ψ

)

123
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−3ieF ψ̄γμψgU∇νF
μν

+19

8

(
ψ̄γμDνψ − Dνψ̄γμψ

)
gU(

Dμφ∗Dνφ + DμφDνφ∗)
+ψ̄γμνρψψ̄γ μν

σ ψg43
(
Dρφ∗Dσ φ

)
− 1

64
Dμφψ̄γνρσ ψg�

(
Dνφ∗ψ̄γ μρσ ψ

)
− 1

16
Dμφψ̄γ μ

νρψg�

(
Dσ φ∗ψ̄γ νρσ ψ

)
+ψ̄γμνρψFμνg44∇σ F

ρσ

+3

8
ieS Fμνφ

∗g�

(
Dρφψ̄γ μνρψ

)
−3

8
ieS Fμνφ g�

(
Dρφ∗ψ̄γ μνρψ

)
−3

4
∇μ

(
ψ̄γνρσ ψ

)
g�

(
FμνFρσ

)
− 3

128
∇μ

(
ψ̄γ μ

νρψ
)
gU∇σ

(
ψ̄γ νρσ ψ

)
−3

2
∇μ

(
ψ̄γνρσ ψ

)
g�Rμνρσ

+ 3

64
∇μ

(
ψ̄γνρσ ψ

)
g�∇ν

(
ψ̄γ μρσ ψ

)
− 3

64
∇μ

(
ψ̄γνρσ ψ

)
g�∇μ

(
ψ̄γ νρσ ψ

)
+ψ̄γμνρψFμ

σ g45∇νFρσ

− 3

256
ψ̄γμνρψψ̄γ μ

σκψg�∇ν
(
ψ̄γ ρσκψ

)}
, (4.10)

where the structure functions gi (for i = 30, . . . , 45) read

g30 = 1

32768
gU + 3

16384
g�,

g31 = 1

32768
gU − 3

16384
g�,

g32 = 1

128
gU − 1

256
g�,

g33 = 1

512
gU − 13

256
g�,

g34 = 1

512
gU + 13

256
g�,

g35 = 7

512
gU + 1

128
g�,

g36 = −15

4
gU − 3gRU ,

g37 = −12gU − 10gRU ,

g38 = − 5

128
gU − 3

128
gRU ,

g39 = − 3

128
gU + 3

64
g�,

g40 = 1

16
gU + 1

8
g�,

g41 = 9

16
gU + 3

8
g�,

g42 = 9

256
gU − 1

128
g�,

g43 = − 3

32
gU − 1

64
g�,

g44 = 5

16
gU − 1

8
g�,

g45 = − 1

16
gU − 1

8
g� . (4.11)

In deriving these results, we have to be careful in making
partial integration because nonlocal operators are inserted
between the factors in each of the terms above. To know pre-
cise positions, where to insert nonlocal operators in the form
of functions gi , one must distinguish between left and right

tensors, that is one needs to perform traces: tr
(

W̃LW̃R

)
and

tr
(
�̃Lρσ �̃

ρσ

R

)
. Subsequently, one inserts gi factors acting

on a bracket collecting product of all right fields. The dis-
tinction between left and right fields here is symmetric and
their roles can be reversed. This is reflected by performing
integration by parts under spacetime volume integral and the
fact that form-factors gi are functions of the integration by
parts-invariant gauge-covariant operator z = −D2

μ. We have
also used Bianchi identities for the gauge field strengths and
Riemann curvatures to simplify some terms.

Now our task is to integrate the flow equation (4.5) from
the UV scale � down to zero. We first note that the ga func-
tions have the general form

ga = Aa +
(

−Aa + Ba

z̃
+ Ca

z̃2

)√
1 − 4

z̃
θ(z̃ − 4),

(a = U, RU,�, 1, 2, . . . , 45), (4.12)

and the coefficients are given in Table 1. As we will see in
a moment, to obtain the effective action �0, it is enough to
focus only on Aa coefficients. We can drop the term with the
structure function g2 since it gives a constant after spacetime
integration.

We can integrate the flow equation for ga over k from
k = 0 to k = � to obtain∫ �

0
ga(z̃)

dk

k
≡ Ga,�(z) − Ga,0(z), (4.13)

where

Ga,�(z) − Ga,0(z) = Aa

2
log

�2

z
+ Aa + Ba

12
+ Ca

120
.(4.14)

We find for large �, for gravity and electromagnetism (cf.
(4.6))

�
gem
� = 1

32π2

∫
d4x

√
g

{
(3 − 2NF )

�4

2

+
[(

−8 + NF

3

)
R + 4NFm

2
F + 3

2
F2
μν

]
�2

+1

2

[2NF

3
m2
F R + 4NFm

4
F − e2

S + 4e2
F NF

3
F2
μν

+13

6
FμνF

μρFνσ Fρσ − 13

24
(F2

μν)2

123
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Table 1 Coefficients Aa , Ba
and Ca in ga in (4.12) for
a = U, RU, �, 1, 2, . . . , 45

a Aa Ba Ca a Aa Ba Ca a Aa Ba Ca

U 1 0 0 14 0 −3 0 30 1
16384

1
8192 0

RU − 1
3

2
3 0 15 2

3 − 16
3 0 31 0 − 1

8192 0

� 1
6

2
3 0 16 − 1

3
2
3 0 32 11

1536 − 1
384 0

1 − NF
3 − 4

3 NF 0 17 −5 −2 0 33 − 5
768 − 13

384 0

2 −4NF 0 0 18 − 2
3

4
3 0 34 1

96
13

384 0

3 − e2
S+4e2

F NF
3

−4e2
S+8e2

F NF
3 0 19 4 −1 0 35 23

1536
1

192 0

4 1 4 0 20 11
3 − 7

3 0 36 − 11
4 −2 0

5 7
6

5
3 0 21 1

3 − 2
3 0 37 − 26

3 − 20
3 0

6 − 3
4 −3 0 22 −4 2 0 38 − 1

32 − 1
64 0

7 5
24 − 2

3 0 23 8 −4 0 39 − 1
64

1
32 0

8 − 82+2NF
15

104−16NF
15

−48+32NF
15 24 10 −4 0 40 1

12
1

12 0

9 106+NF
60

52+2NF
15

6−4NF
15 25 2 4 0 41 5

8
1
4 0

10 22+NF
12

−14+NF
3 0 26 − 26

3 − 20
3 0 42 13

384 − 1
192 0

11 − 2
3

4
3 0 27 − 4

3 − 4
3 0 43 − 37

384 − 1
96 0

12 1
6 − 1

3 0 28 − 3
2 −1 0 44 7

24 − 1
12 0

13 − 2
3 − 2

3 0 29 −2 1 0 45 − 1
12 − 1

12 0

−82 + 2NF

15
R2

μν + 106 + NF

60
R2 + 22 + NF

12
R2

μνρσ

−2

3
FμνF

μ
ρ R

νρ

+1

6
F2
μν R − 2

3
∇μFμ

ν∇ρF
νρ
]

log

(
�2

μ2

)}
, (4.15)

for scalar sector (cf. (4.8))

�scalar
� = 1

32π2

∫
d4x

√
g
{[

10V + 4(Dμφ∗)(Dμφ)

−4e2
S|φ|2 − 2V ′ − 2|φ|2V ′′]�2

+1

2

[2

3
DμDνφ

∗DμDνφ − 16

3
e2
S|φ|2F2

μν

−2

3
D2

μφ∗D2
νφ + 6(Dμφ∗)2(Dνφ)2

+4Dμφ∗Dμφ
(
Dνφ

∗Dνφ
)− 6e2

Sφ
∗2(Dμφ)2

−6e2
Sφ

2(Dμφ∗)2 + 12e2
S|φ|2Dμφ∗Dμφ

+8e2
SDμφ∗Dμφ + 12e4

S|φ|4 + 2(V ′)2 + 10V 2

+2φV ′D2
μφ∗ + 2φ∗V ′D2

μφ

−8|φ|2(V ′)2 − 4e2
S|φ|2V ′ + 4|φ|4(V ′′)2

+4|φ|2V ′′V ′ − 2φ∗2(Dμφ)2V ′′

−2φ2(Dμφ∗)2V ′′ − 4|φ|2Dμφ∗DμφV ′′

+4Dμφ∗Dμφ(V − V ′) + 2e2
S|φ|2R

−26

3
V R − 2

3
V ′R − 2

3
|φ|2V ′′R

−4

3
Dμφ∗DμφR + 2

3
Dμφ∗DνφRμν

−5ieSφDμφ∗∇νF
μν + 5ieSφ

∗Dμφ∇νF
μν

−28

3
ieSDμφ∗DνφF

μν

−2Dμφ∗DμφF2
νρ

+8Dμφ∗Dνφ
(
Fμ

ρF
νρ
) ]

log

(
�2

μ2

)}
, (4.16)

and for fermionic sector (cf. (4.10))

�
f ermion
� = 1

32π2

∫
d4x

√
g
{[

3ψ̄γμD
μψ − 3Dμψ̄γ μψ

+10mF ψ̄ψ + 3

128
ψ̄γμνρψψ̄γ μνρψ

]
�2

+1

2

[25

32

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)2

+6mF
(
ψ̄γμD

μψ − Dμψ̄γ μψ
) (

ψ̄ψ
)+ 10m2

F

(
ψ̄ψ
)2

+ 21

1024

(
ψ̄γμD

μψ − Dμψ̄γ μψ
) (

ψ̄γνρσ ψψ̄γ νρσ ψ
)

+ 3

64
mF ψ̄ψ

(
ψ̄γμνρψ

)2
− 3

128

(
ψ̄γμDνψ − Dνψ̄γμψ

) (
ψ̄γ μ

ρσ ψψ̄γ νρσ ψ
)

+ 1

16384
ψ̄γμνρψψ̄γ μ

σκψ
(
ψ̄γ νσ

λψψ̄γ ρκλψ
)

+ 5

32768
ψ̄γμνρψψ̄γ μν

σ ψ
(
ψ̄γ ρ

κλψψ̄γ σκλψ
)

+ 1

65536
(ψ̄γμνρψ)2 (ψ̄γσκλψ

)2
+17

64

(
ψ̄γμDνψ − Dνψ̄γμψ

)2
+17

64

(
ψ̄γμDνψ − Dνψ̄γμψ

)
(
ψ̄γ νDμψ − Dμψ̄γ νψ

)
− 7

16

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
F2

νρ

123
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+ 1

192
ψ̄γμνρψψ̄γ μνρψF2

σκ

− 7

192
ψ̄γμρσ ψψ̄γν

ρσ ψ
(
Fμ

κ F
νκ
)

+7

4

(
ψ̄γμDνψ − Dνψ̄γμψ

) (
Fμ

ρF
νρ
)

+ 1

64
ψ̄γμρκψψ̄γνσ

κψ
(
FμνFρσ

)
+ 1

64
ψ̄γμνρψψ̄γ μ

σκψ
(
FνρFσκ

)
−3

8
ieF ψ̄γμψ

(
ψ̄γ μ

νρψFνρ
)

+ 3

64
ψ̄γμνρψψ̄γ μν

σ ψRρσ

−11

4

(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
R

−26

3
mF ψ̄ψR

− 1

32
ψ̄γμνρψψ̄γ μνρψR

− 1

64
ψ̄γμνρψψ̄γ μ

σκψRνρσκ

+6
(
ψ̄γμD

μψ − Dμψ̄γ μψ
)
V + 20mF ψ̄ψV

+ 3

64
(ψ̄γμνρψ)2V

+ 1

12
ψ̄γμνρψFμ

σ ∇σ Fνρ

+9

2
eFeSφ

∗Dμφ
(
ψ̄γ μψ

)
−9

2
eFeSφDμφ∗ (ψ̄γ μψ

)
+11

16
ieSφ

∗Dμφ
(
ψ̄γ μνρψFνρ

)
−11

16
ieSφDμφ∗ (ψ̄γ μνρψFνρ

)
+1

8

(
ψ̄γμD

μψ − Dμψ̄γ μψ
) (

Dνφ
∗Dνφ

)
+4mF ψ̄ψ

(
Dμφ∗Dμφ

)
+ 1

32
ψ̄γμνρψψ̄γ μνρψ

(
Dσ φ∗Dσ φ

)
−3ieF ψ̄γμψ∇νF

μν

+19

8

(
ψ̄γμDνψ − Dνψ̄γμψ

) (
Dμφ∗Dνφ

)
+19

8

(
ψ̄γμDνψ − Dνψ̄γμψ

) (
Dνφ∗Dμφ

)
− 7

64
ψ̄γμνρψψ̄γ μν

σ ψ
(
Dρφ∗Dσ φ

)
+ 7

24
ψ̄γμνρψFμν∇σ F

ρσ

−1

8
∇μ

(
ψ̄γνρσ ψ

) (
FμνFρσ

)
− 3

128
∇μ

(
ψ̄γ μ

νρψ
)∇σ

(
ψ̄γ νρσ ψ

)
−1

4
∇μ

(
ψ̄γνρσ ψ

)
Rμνρσ

+ 1

128
∇μ

(
ψ̄γνρσ ψ

)∇ν
(
ψ̄γ μρσ ψ

)
− 1

128
∇μ

(
ψ̄γνρσ ψ

)∇μ
(
ψ̄γ νρσ ψ

)

− 1

12
ψ̄γμνρψFμ

σ ∇νFρσ

− 1

512
ψ̄γμνρψψ̄γ μ

σκψ∇ν
(
ψ̄γ ρσκψ

) ]
log

(
�2

μ2

)}
,

(4.17)

where we have introduced an arbitrary renormalization scale
μ. These UV-divergences (when � → ∞) can be subtracted
by choosing Ga,� in (4.13) to eliminate the �-dependence.
We set

Ga,� = Aa

2
log

(
�2

μ2

)
+ γa, (4.18)

where γa are arbitrary constants. Then the form-factors in
(4.14) are

Ga,0 = Aa

2
log

(
z

μ2

)
+ γa

−
(
Aa + Ba

12
+ Ca

120

)
. (4.19)

Thus the effective action has the local parts (4.15), (4.16) and
(4.17) with the divergent coefficients replaced by arbitrary
constants, and the following nonlocal parts with definite and
universal coefficients:

�0 = �
gem
0 + �scalar

0 + �
f ermion

0 . (4.20)

We find the following three pieces of the effective action:

�
gem
0 = 1

32π2

∫
d4x

√
g

{
− e2

S + 4e2
F NF

6
Fμν log

(−∇2

μ2

)
Fμν

+1

2
FμνFρσ log

(−∇2

μ2

) (
FμρFνσ

)

+ 7

12
FμνF

μρ log

(−∇2

μ2

) (
Fνσ Fρσ

)

−3

8
FμνFρσ log

(−∇2

μ2

) (
FμνFρσ

)

+ 5

48
F2

μν log

(−∇2

μ2

)
F2

μν

−41 + NF

15
Rμν log

(−∇2

μ2

)
Rμν
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, (4.21)
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. (4.23)

In preparing the above results (4.21)–(4.23), we used
extensively commutation of covariant derivatives (3.82)–
(3.84), Bianchi identities for Riemann and field strength
tensors and the antisymmetric property of the product of
three Dirac gamma matrices γμνρ . We also integrated by
parts (where it was possible) to put the terms in the most

symmetric form. (The operator log
(−D2

μ2

)
is always invari-

ant under integration by parts.) Finally, in the scalar and
fermionic sectors, we used the square of the gauge-covariant
background derivative Dμ as the argument of the loga-
rithmic form-factors. This is certainly correct. However, in
some cases when the operator acts on the fields in a right
bracket, which all together are electromagnetically neutral,
the EM background connection Aμ completely drops out
from D2

μ and it is also fine to substitute ∇2
μ. This was already

done for all terms in (4.21) which from construction are
uncharged.

The results (4.21)–(4.23) for the quantum effective action
are written to the quadratic order in “generalized curvatures”
R. These generalized curvatures are matrices W̃, �̃μν and
the Riemann tensor Rμνρσ and its contractions. All terms in
all components of W̃, �̃μν counts as one unit of generalized
curvature.

Another remark is that according to the discussion in
Sects. 2 and 3.5 , the argument of the logarithm in Eqs. (4.21)–
(4.23) should be the two-derivative operator z = −D̃2

μ, which
is common for all fluctuations, divided by μ2. The nonlocal
part of the effective action (4.19) have the same structure
as in the local UV-divergences in (4.15), (4.16) and (4.17),

with the factors of log
(

�2

μ2

)
replaced by log

(−D2

μ2

)
. We

also see that the nonlocal logarithmic pieces of the effec-
tive action depend only on Aa coefficients in structure func-
tions ga for each term counted by a different value of the
index a. If one looks for a shortcut to get quickly the non-
local terms in the effective action �0, then one can con-
centrate on Aa coefficients in the structure functions. One
also notes that terms proportional to Q2 and Q1 in (4.2)
do not contribute at all to nonlocal logarithmic terms of the
effective action �0. Local operators in the effective action
in (4.15), (4.16) and (4.17) are subject to renormalization
and the coefficients of independent operators are arbitrary
since they depend on the renormalization conditions. In con-
trast, the coefficients of the nonlocal terms are uniquely
determined.
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The effective action with the local and nonlocal terms is
the main result of this paper.

5 Discussion

In this paper we have calculated the effective action in the
gravity theory coupled to gauge, Dirac and charged scalar
fields. In particular we have obtained its nonlocal part unam-
biguously. Most of the work so far on asymptotically safe
gravity focused on the existence proof that there are UV FPs.
However, the object directly connected to most important
physical quantities is the effective action �0 (effective aver-
age action at k = 0). We have used the FRGE and integrate it
from high energy scale down to k = 0 to obtain the effective
action. The nice property of this method is that there are no
divergences in contrast to computing the functional integrals.
We have shown that the resulting effective action has non-
local terms with definite coefficients. The physical effects
corresponding to nonlocal terms in the effective action are
non-analytic in momentum, which are different from those
generated by the local and analytic divergent terms. The local
terms are affected by divergences and must be renormalized
so that their coefficients depend on the renormalization con-
ditions. The result on nonlocal terms can be used to calculate
gravitational scattering amplitudes without ambiguity [67–
69] and these predictions can be tested experimentally.

One could also evaluate the effective action perturbatively
in the weak field limit using the covariant nonlocal expan-
sion of the heat kernel in [44,45]. The effective action in this
framework was worked out in [46]. Similar results have been
obtained in [48,49] using Feynman diagrams. This result
may be used to try to generate cosmological magnetic fields.
This primordial magnetogenesis from anomalies relies on the
effective action derived in the weak field approximation [47].
The result is valid in the regime in which the curvature satis-
fies the condition R2 � ∇2R. During the slow-roll inflation,
the geometric curvature satisfies ∇2R � R2, while during
matter domination we have ∇2R ∼ R2. So to study primor-
dial magnetogenesis reliably over a long range of cosmolog-
ical evolution, it is necessary to go beyond the weak field
approximation. The results in this case have been obtained
for the effective action from the Weyl anomaly in the theory
of gauge bosons interacting with Dirac fermion in curved
backgrounds [50]. However, there the metric was assumed
to be conformally flat. While this restriction has no prob-
lem in the application to Friedmann–Lemaître–Robertson–
Walker metric, our result is valid for arbitrary backgrounds
and quantum effects from gravity are also taken into account.
The magnetogenesis has been discussed in [51] with nega-
tive conclusion. Our effective action has nonlocal terms with
a similar structure, and could be used to see if the magnetic
fields can be generated. It would be very interesting to study

this problem with the effective action derived here which
includes the quantum gravity effects.

Some comments are in order on the results for �0 in
Eqs. (4.20)–(4.23). We have found so many terms in the
total expression for the effective action, in comparison with
quite a small number of terms present in the original action
of the total system (in Sect. 3.5). We started out with Ein-
steinian gravitation and renormalizable matter models (of
abelian gauge fields, fermions and scalars). There are many
virtual processes that contribute to scattering amplitudes,
which gives all possible terms. The only restriction is the
reparametrization and gauge invariance. If this condition is
satisfied, nothing forbids the invariant operators and the cor-
responding processes appear. This is true even if one starts
with renormalizable or nonrenormalizable theories. The only
difference between these theories is whether we would have
divergent coefficients beyond those operators already present
in the bare action.

It is known that in the perturbative framework (using for
example Feynman diagrams as in [48,49,58,59]), one gets
the similar expression for the effective action of the model
at the one-loop level. However, the procedure is different.
There one isolates the perturbative UV-divergences, finds
corresponding beta functions and renormalizes the theory by
introducing an arbitrary energy scale of the renormalization
point μ. Then the couplings of the theory are promoted from
constants to scale-dependent one, the scale being represented
by μ. But in the full effective action we have implicit inde-
pendence on this μ parameter, because the quantum effective
action is RG transformation invariant. When the logarithmic
UV-divergences are taken into consideration, the RG running
of dimensionless couplings is logarithmic with the energy
scale μ. The above-mentioned RG-invariance of the effec-
tive action is only achieved if we have very special nonlocal
terms in the effective action built with the logarithm of the
momentum. In covariant language, these nonlocal universal
terms take the form with the insertion of nonlocal logarith-
mic form-factor of the gauge- and GR-covariant operator

log
(−D2

μ2

)
. In our case the terms under consideration are of

the quadratic order in “generalized curvatures” R, and the

insertion of the nonlocal operator log
(−D2

μ2

)
is unambigu-

ous. This is in accordance with the fact that we used nonlocal
heat kernel expansion to the second order in curvatures R in
Eq. (2.11); in the flow equations (4.6), (4.8) and (4.10), terms
quadratic in R were multiplied by the functional Q0[hk],
which is a dimensionless numerical constant, and in the Eqs.
(4.15)–(4.17), the terms quadratic in curvatures R were all

proportional to log
(

�2

μ2

)
. It is consistent that perturbatively

we would consider logarithmic UV-divergences in the Eqs.
(4.15)–(4.17) related to local terms quadratic in curvatures.
The form of the universal quadratic in curvatures R part of
the nonlocal effective action is dictated by RG-invariance
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and should be read together with the scale-dependence (RG
running) of couplings. Difference between one-loop effec-
tive action obtained by perturbation and that obtained from
the FRGE is also discussed in [70,71].

We emphasize that the main novelty of this work is the
computation of nonlocal universal terms in the effective
action �0 of the total system in Sect. 3.5 using the FRGE
methods and integration of the RG flow equation. These
results can be also viewed as listing of all one-loop UV-
divergences for our total quantum system. These divergences
are encoded in terms, which are at most quadratic in gener-
alized curvatures R.

Our results for the effective action �0 should be under-
stood in certain expansion schemes. Let us concentrate on
nonlocal universal terms which contain logarithmic form-
factor of the covariant operator D2. Besides these terms,
there are also some local higher curvature terms with uni-
versal (RG-independent) coefficients and local terms with
coefficients dependent on the renormalization conditions. We
performed a “generalized curvature” expansion coinciding
with the scheme of heat kernel expansion. Our results are
to the second order and we expect that higher orders in R
exist too and they could be relevant for computation of var-
ious physical observables. For example, from the quadratic
terms in R in �0, we can unambiguously derive the quan-
tum finite corrections to the graviton polarization functions,
but to know a precise form of 4-gravitons scattering ampli-
tudes around flat spacetime, we would need to possess the
knowledge of �0 to order quartic in curvatures R. The curva-
ture expansion is different from derivative expansion which
is however a common practice for the effective field theory
approaches. In our terms we have collected all powers of
energy/momentum into covariant logarithmic form-factors
of the operator D2. Within these approximation schemes and
limitations, the results in (4.20)–(4.23) are complete in the
sense that there are no other terms except those written and
with the precise coefficients that we have determined. It is
also an important problem which kind of terms may be gen-
erated at two-loop and beyond.

One can also ask a question about a possible extension
of this type of computation for a model of renormalizable
gravity in d = 4 spacetime dimensions by including higher
curvature terms. Such terms may be relevant operators, so it is
important to study the role of these terms in general RG flows.
The first renormalizable model is due to Stelle [1] and con-
tains generally covariant terms with R2 and R2

μν (the R2
μνρσ

term can be easily eliminated by using the Gauss-Bonnet
identity valid in d = 4). However, due to the higher deriva-
tive nature of operators in the gravitational sector, there is an
issue with unitarity. Leaving this problem aside, we may still
analyze beta functions of the couplings. Due to the renormal-
izability of this model of gravity coupled to matter [72–74],
the number of UV-divergent terms is smaller. We note that in

gravitational models, in which there are no perturbative UV-
divergences (and they are UV-finite [75,76]) by the above
argumentation we will not find any logarithmic term in the
effective action �0.

We have not included Yukawa couplings between fermions
and scalar in our study. The reason is that the gauge invari-
ance forbids Yukawa interactions between our scalar field
and fermions because the charges do not match. However
in more general situation, the Yukawa couplings may play
significant role in the flow of the gravitational coupling and
a scalar potential V (φ) [65]. So it should be significant to
extend our work in this direction. Other interesting subjects
include studying quantum effects in other physical processes.
For example, it would be of interest to use the quantum effec-
tive action to study if the quantum effects may tame the singu-
larities in the blackholes and in the early universe, if they can
be a rescue for the information paradox in the Hawking radi-
ation process or whether there is any physical consequence
in the observed gravitational waves.

We hope to return to these important subjects in the future.
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A Self-adjointness of the Hessian

When there are first derivative terms in the Hessian and the
coefficients depend on the coordinates, there is an ambiguity
in how to write the Hessian in the matrix form. We remove
this ambiguity by imposing the self-adjointness condition. If
we use the metric G in field space, the self-adjointness of the
kinetic operator � means that

G(ψ ′,�ψ) = G(ψ,�ψ ′). (A.1)
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In the usual case without first derivative terms, this require-
ment simply gives the symmetric matrix for �, but this is not
true when there are first derivative terms.

We illustrate this by consideration of some simple exam-
ples. In the action (3.14), we have the terms with first deriva-
tive:

hμν

{
F̄(μ

ρ ḡν)α∇̄ρ + F̄α(μ∇̄ν) + 1

2
ḡμν F̄ρα∇̄ρ

}
Aα

= hμν[2Kμνλα F̄
λρ∇̄ρ − δμν

λρ F̄λα∇̄ρ]Aα. (A.2)

To clearly formulate this, it is necessary to distinguish the
unprimed (left) and primed (right) fields. We rewrite this as

hμν ′
[
Kμνλα F̄

λρ∇̄ρ − 1

2
δμν

λρ F̄λα∇̄ρ

]
Aα

−Aα ′
[
Kμνλα F̄

λρ∇̄ρ − 1

2
δμν

λρ F̄λα∇̄ρ

]
hμν

−Aα ′
[
Kμνλα(∇̄ρ F̄

λρ) − 1

2
δμν

λρ(∇̄ρ F̄λα)

]
hμν. (A.3)

Here, in the second line of (A.3), we added the surface terms
after the partial integration. This is the same as (A.2) if we
identify the fields with and without prime upon partial inte-
gration. We get rid of the derivatives on the unprimed fields
by partial integration and then what we get is

−Aα

[
Kμνλα F̄

λρ∇̄ρ − 1

2
δμν

λρ F̄λα∇̄ρ

]
hμν ′

−Aα

[
Kμνλα(∇̄ρ F̄

λρ) − 1

2
δμν

λρ(∇̄ρ F̄λα)

]
hμν ′

+hμν

[
Kμνλα F̄

λρ∇̄ρ − 1

2
δμν

λρ F̄λα∇̄ρ

]
Aα ′, (A.4)

which is the same as (A.3) in which fields with and without
primes are interchanged. Eq. (A.3) is written in the matrix
form as in (3.18)–(3.21), which is therefore self-adjoint even
though it does not look symmetric. It is important that in the
process we use only integration by parts and do not exchange
fields unawarely.

Another example is the h − ϕ mixing term in the
action (3.58):

∫
d4x

√
g

[
1

2
h
{
(D̄μφ̄∗)(D̄μϕ) + (D̄μφ̄)(D̄μϕ∗)

}
−hμν

{
(D̄μφ̄∗)(D̄νϕ) + (D̄μφ̄)(D̄νϕ

∗)
}

+1

2
hV ′(φ̄∗ϕ + φ̄ϕ∗)

]

=
∫

d4x
√
g
[−2hμνKμνρλ

{
(D̄ρφ̄∗)D̄λϕ

+(D̄ρφ̄)D̄λϕ∗}+ 1

2
hV ′(φ̄∗ϕ + φ̄ϕ∗)

]
. (A.5)

Let us rewrite (A.5) as∫
d4x

√
g
[−hμν ′Kμνρλ

{
(D̄ρφ̄∗)D̄λϕ + (D̄ρφ̄)D̄λϕ∗}

+Kαβρλ

{
ϕ′(D̄ρφ̄∗) + ϕ′∗(D̄ρφ̄)

}
D̄λhαβ

+Kαβρλ

{
ϕ′(D̄ρ D̄λφ̄∗) + ϕ′∗(D̄ρ D̄λφ̄)

}
hαβ

+1

4
h′V ′(φ̄∗ϕ + φ̄ϕ∗) + 1

4
hV ′(φ̄∗ϕ′ + φ̄ϕ′∗)

]
. (A.6)

This is the same as (A.5) if we identify the fields with and
without prime upon integration by parts. Upon this, we get∫

d4x
√
g
[
Kμνρλ

{
ϕ(D̄ρφ̄∗) + ϕ∗(D̄ρφ̄)

}
D̄λhμν ′

−hαβKαβρλ

{
(D̄ρφ̄∗)D̄λϕ′ + (D̄ρφ̄)D̄λϕ′∗}

+Kμνρλ

{
ϕ′(D̄ρ D̄λφ̄∗) + ϕ′∗(D̄ρ D̄λφ̄)

}
hμν

+1

4
h′V ′(φ̄∗ϕ + φ̄ϕ∗) + 1

4
hV ′(φ̄∗ϕ′ + φ̄ϕ′∗)

]
. (A.7)

This is the same expression as (A.6) in which fields with and
without primes are interchanged. Eq. (A.6) is written in the
matrix form as in (3.60), which is again self-adjoint. Other
terms are similar.

B Scalar basis

When we have a complex scalar φ, we have two different
ways to represent it. One is to decompose the scalar field
into two real fields

φ = φ1 + iφ2√
2

. (B.1)

Suppose we have the action in terms of the real fields:

S =
∫

d4x(φ1, φ2)M

(
φ1

φ2

)
. (B.2)

The path integrals over the complex scalar field φ and its
conjugate φ∗ produce the factor (det M)−1/2. Note that this
matrix is of the size 2 × 2.

Now noting that(
φ1

φ2

)
= 1√

2

(
1 1
−i i

)(
φ

φ∗
)

≡ N

(
φ

φ∗
)

, (B.3)

then (B.2) can be rewritten as

S =
∫

d4x (φ∗, φ)N †MN

(
φ

φ∗
)

≡
∫

d4x ψ†N †MNψ. (B.4)

Though we have a “complex” field here, ψ† and ψ are not
independent (φ and φ∗ are independent). So the path integral
over ψ yields

(det N †MN )−1/2 = (det M)−1/2, (B.5)
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the same as the real field basis. We can use either basis
whichever convenient. If the action has only φ∗-φ terms, we
may simply use action of the form φ∗Mφ, but this is not the
case with our action in section 3.4. In the text, we employ
the “complex” basis.

C Explicit forms of tensors and their traces

C.1 Scalar Y2

Here we collect the explicit form of components of Y2 in
(3.79).

Y 2,hh
μν,αβ = − 1

128
ḡμαψ̄γνλδψψ̄γβ

λδψ

+ 1

128
ψ̄γμαδψψ̄γνβ

δψ − F̄μα F̄νβ

+1

2
ḡμν F̄αλ F̄βλ

+1

2
ḡαβ F̄μλ F̄ν

λ − ḡμα F̄νλ F̄β
λ

−1

8
ḡμν ḡαβ F̄

2
ρλ − Kαβμρ D̄ν φ̄∗ D̄ρφ̄

−Kαβμρ D̄ν φ̄ D̄ρφ̄∗,

Y 2,hA
μν,α = − 1

16
ψ̄γμαδψ F̄ν

δ

− 1

16
ḡμαψ̄γνλδψ F̄λ

δ − ieS
2

ḡμαφ̄ D̄ν φ̄∗

+ ieS
2

ḡμαφ̄∗ D̄ν φ̄,

Y 2,hϕ
μν =

(
−1

8
ḡαμψ̄γνβδψ

)(
−δαβ,δρ D̄ρφ̄∗)

+
(

2Kμν
λα F̄λδ − δμν,λδ F̄

λα
)( ieS

2
ḡα

δφ̄∗
)

= 0,

Y 2,hϕ∗
μν =

(
−1

8
ḡαμψ̄γνβδψ

)(
−δαβ,δρ D̄ρφ̄

)

+
(

2Kμνλ
α F̄λδ − δμν,λδ F̄λα

)(
− ieS

2
ḡαδφ̄

)
= 0,

Y 2,AA
μ,α = −1

2
F̄μλ F̄α

λ − 1

4
ḡμα F̄

2
ρλ

− e2
S
2
ḡμα |φ̄|2,

Y 2,Ah
μ,αβ = 1

32
F̄αδψ̄γμβ

δψ

− 1

32
ḡαμ F̄λδψ̄γβλ

δψ

+ ieS
2

Kαβμ
ρφ̄∗ D̄ρφ̄ − ieS

2
Kαβμ

ρ D̄ρφ̄∗φ̄,

Y 2,Aϕ
μ =

(
−Kαβλμ F̄λδ + 1

2
δαβ

λδ F̄λμ

)(
−δαβρ

δ D̄ρφ̄∗)

= −3

4
F̄λ

μ D̄λφ̄∗,

Y 2,Aϕ∗
μ =

(
−Kαβλμ F̄λδ + 1

2
δαβ,λ

δ F̄λ
μ

)(
−δαβ

ρδ D̄ρφ̄
)

= −3

4
F̄λ

μ D̄λφ̄,

Y 2,ϕ∗h
αβ =

(
Kρσλδ D̄λφ̄

)(
−1

8
ḡα(ρψ̄γσ)βδψ

)

+
(
ieS
2

ḡρδφ̄

)(
−Kαβρ

λ F̄λδ + 1

2
δαβ,δ

λ F̄λρ

)
= 0,

Y 2,ϕ∗A
α =

(
Kρσλδ D̄λφ̄

) (
2Kρσα

β F̄βδ − δρσ,δ
β F̄βα

)
= −3

4
D̄λφ̄ F̄λα,

Y 2,ϕ∗ϕ =
(
Kαβ

λδ D̄λφ̄
) (

−δαβ
ρδ D̄

ρφ̄∗)
+
(
ieS
2

ḡαδφ̄

)(
ieS
2

ḡαδφ̄
∗
)

= −D̄λφ̄ D̄λφ̄∗ − e2
S |φ̄|2,

Y 2,ϕ∗ϕ∗

=
(
Kρσ

λδ D̄λφ̄
) (−δρσ

αδ D̄
αφ̄
)

+
(
ieS
2

ḡρδφ̄

)(
− ieS

2
ḡρδφ̄

)

= −D̄λφ̄ D̄λφ̄ + e2
S φ̄

2,

Y 2,ϕh
αβ =

(
Kρσλδ D̄λφ̄∗)(−1

8
ḡα(ρψ̄γσ)βδψ

)

+
(

− ieS
2

ḡρδφ̄∗
)(

−Kαβρλ F̄
λ
δ

+1

2
δαβ,δλ F̄

λ
ρ

)
= 0,

Y 2,ϕA
α =

(
Kρσλδ D̄λφ̄∗) (2Kρσβα F̄

β
δ − δρσ,βδ F̄

β
α

)
= −3

4
D̄λφ̄∗ F̄λα,

Y 2,ϕϕ =
(
Kαβλδ D̄λφ̄∗) (−δαβρδ D̄

ρφ̄∗)
+
(

− ieS
2

ḡαδφ̄∗
)(

ieS
2

ḡαδφ̄
∗
)

= −D̄λφ̄∗ D̄λφ̄∗ + e2
S φ̄

∗2,

Y 2,ϕϕ∗ =
(
Kαβλδ D̄λφ̄∗) (−δαβρδ D̄

ρφ̄
)

+
(

− ieS
2

ḡαδφ̄∗
)(

− ieS
2

ḡαδφ̄

)

= −D̄λφ̄∗ D̄λφ̄ − e2
S |φ̄|2.

(C.1)

C.2 Tensor �̃ρσ

The components of �̃ρσ in (3.90) are

�̃
h,h
μν,αβ,ρσ = 2ḡμα R̄ρσνβ + 1

4
ḡαμ D̄[ρ

(
ψ̄γνβσ ]ψ

)
− 1

64
ḡμαψ̄γν[ρκψψ̄γβσ ]κψ + ḡμ[ρ F̄να F̄βσ ]

−ḡμα F̄ν[ρ F̄βσ ] + ḡα[ρ F̄μβ F̄νσ ]

−1

2
ḡμν ḡα[ρ F̄β

κ F̄σ ]κ
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+1

2
ḡαβ ḡμ[ρ F̄ν

κ F̄σ ]κ

−ḡμ[ρ ḡασ ] F̄νκ F̄β
κ − ḡμ[ρ ḡασ ] D̄νφ̄

∗ D̄βφ̄

+1

2
ḡμ[ρ ḡαβ D̄νφ̄

∗ D̄σ ]φ̄

−ḡμ[ρ ḡασ ] D̄βφ̄∗ D̄νφ̄

+1

2
ḡμ[ρ ḡαβ D̄σ ]φ̄∗ D̄νφ̄,

�̃h,A
μν,α,ρσ = −1

8
ψ̄γμα[ρψ F̄νσ ]

−1

8
ψ̄γμρσ ψ F̄να

−1

8
ḡμαψ̄γνκ[ρψ F̄κ

σ ]

−1

8
ḡμ[ρψ̄γνσ ]κψ F̄α

κ

−ieS ḡμ[ρ ḡσ ]α(φ̄ D̄νφ̄
∗ − φ̄∗ D̄νφ̄)

−2ḡμα∇̄[σ F̄ρ]ν + ḡμν∇̄[σ F̄ρ]α
−2ḡμ[ρ∇̄σ ] F̄να,

�̃h,ϕ
μν,ρσ = 1

8
ḡμ[ρψ̄γνσ ]κψ D̄κ φ̄∗

−1

8
ψ̄γμρσ ψ D̄νφ̄

∗ − 2ḡμ[ρ D̄ν D̄σ ]φ̄∗

+ ieS
2

ḡμνφ̄
∗ F̄ρσ ,

�̃h,ϕ∗
μν,ρσ = 1

8
ḡμ[ρψ̄γνσ ]κψ D̄κ φ̄

−1

8
ψ̄γμρσ ψ D̄νφ̄ − 2ḡμ[ρ D̄ν D̄σ ]φ̄

− ieS
2

ḡμνφ̄ F̄ρσ ,

�̃
A,h
μ,αβ,ρσ = − 1

16
ψ̄γμα[ρψ F̄βσ ]

+ 1

16
ψ̄γαρσ ψ F̄βμ − 1

16
ḡαμψ̄γκβ[ρψ F̄κ

σ ]

− 1

16
ḡα[ρψ̄γ κ

βσ ]ψ F̄κμ

+ ieS
2

ḡμ[ρ ḡσ ]α(φ̄∗ D̄βφ̄ − φ̄ D̄βφ̄∗)

− ieS
4

ḡαβ ḡμ[ρ(φ̄∗ D̄σ ]φ̄ − φ̄ D̄σ ]φ̄∗)

−ḡαμ∇̄[σ F̄βρ] − 1

2
ḡαβ∇̄[σ F̄ρ]μ

+ḡα[ρ∇̄σ ] F̄βμ,

�̃A,A
μ,α,ρσ = R̄ρσμα − F̄μα F̄ρσ − 2F̄μ[ρ F̄σ ]α

−1

2
ḡμ[ρ F̄α

κ F̄σ ]κ + 1

2
ḡα[ρ F̄μ

κ F̄σ ]κ

−e2
S ḡμ[ρ ḡασ ]φ̄∗φ̄,

�̃A,ϕ
μ,ρσ = −1

2
D̄μφ̄∗ F̄ρσ − 1

2
ḡ[ρμ D̄

κ φ̄∗ F̄κσ ]

+D̄[ρφ̄∗ F̄μσ ] + ieS ḡμ[ρ D̄σ ]φ̄∗,

�̃A,ϕ∗
μ,ρσ = −1

2
D̄μφ̄ F̄ρσ − 1

2
ḡ[ρμ D̄

κ φ̄ F̄κσ ]

+D̄[ρφ̄ F̄μσ ] − ieS ḡμ[ρ D̄σ ]φ̄,

�̃
ϕ∗,h
αβ,ρσ = 1

16
D̄αφ̄ψ̄γβρσ ψ

− 1

16
ḡα[ρ D̄κ φ̄ψ̄γβσ ]κψ + ḡα[ρ D̄β D̄σ ]φ̄,

�̃ϕ∗,A
α,ρσ = 1

2
ḡα[ρ D̄κ φ̄ F̄κσ ] + 1

2
D̄αφ̄ F̄ρσ

+D̄[ρφ̄ F̄σ ]α + ieS ḡα[ρ D̄σ ]φ̄,

�̃ϕ∗,ϕ
ρσ = −ieS F̄ρσ − D̄[ρφ̄∗ D̄σ ]φ̄,

�̃ϕ∗,ϕ∗
ρσ = 0,

�̃
ϕ,h
αβ,ρσ = 1

16
D̄αφ̄∗ψ̄γβρσ ψ

− 1

16
ḡα[ρ D̄κ φ̄∗ψ̄γβσ ]κψ + ḡα[ρ D̄β D̄σ ]φ̄∗,

�̃ϕ,A
α,ρσ = 1

2
ḡα[ρ D̄κ φ̄∗ F̄κσ ] + 1

2
D̄αφ̄∗ F̄ρσ

+D̄[ρφ̄∗ F̄σ ]α − ieS ḡα[ρ D̄σ ]φ̄∗,
�̃ϕ,ϕ

ρσ = 0,

�̃ϕ,ϕ∗
ρσ = ieS F̄ρσ + D̄[ρφ̄∗ D̄σ ]φ̄. (C.2)

Here it is understood that the antisymmetrization is made
only for the indices ρ and σ and it has the weight 1/2. We
have also used the relations

ieS ḡα[ρφ̄∗ F̄βσ ] + ḡα[ρ D̄σ ] D̄βφ̄∗ = ḡα[ρ D̄β D̄σ ]φ̄∗, (C.3)[
D̄ρ, D̄σ

]
φ̄∗ = ieS F̄ρσ φ̄∗. (C.4)

C.3 Traces of various tensors

In this part we collect internal traces of various tensors, which
we needed in Sect. 4. In particular, they are essential infor-
mation to compute explicitly results in formula (4.2).

We find that the trace of W̃ is

tr (W̃) = 7R̄ − 10V − 4D̄μφ̄∗ D̄μφ̄

−3

2
F̄2

μν + 4e2
S|φ̄|2 + 2V ′ + 2|φ̄|2V ′′

−3ψ̄γμ D̄
μψ + 3D̄μψ̄γ μψ − 10mF ψ̄ψ

− 3

128
ψ̄γμνρψψ̄γ μνρψ. (C.5)

The trace of W̃2 is

tr (W̃2) = 5R̄2 − 12R̄V + 10V 2 − 1

2
∇̄μ F̄μ

ν ∇̄ρ F̄
νρ

+3

4
∇̄μ F̄νρ ∇̄μ F̄νρ

+9

2
ieS φ̄

∗ D̄μφ̄∇̄ν F̄
μν − 9

2
ieS D̄μφ̄∗φ̄∇̄ν F̄

μν

+19

4
(D̄μφ̄∗ D̄μφ̄)2 + 25

4
(D̄μφ̄∗)2(D̄μφ̄)2

+2D̄μ D̄ν φ̄∗ D̄μ D̄ν φ̄ − D̄2
μφ̄∗ D̄2

μφ̄
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−9ieS D̄μφ̄∗ D̄ν φ̄ F̄μν + 29

4
D̄μφ̄∗ D̄ν φ̄ F̄μ

ρ F̄
νρ

+3

4
F̄μν F̄

μ
ρ F̄

ν
σ F̄

ρσ + 3

8
(F̄2

μν)2

−F̄μν F̄
μ

ρ R̄
νρ − 5R̄2

μν + 3R̄2
μνρσ + 3e2

S |φ̄|2 R̄
+13e4

S |φ̄|4 − 5

4
D̄μφ̄∗ D̄μφ̄ F̄2

μν − 5e2
S |φ̄|2 F̄2

μν

−1

2
F̄2
μν R̄ + 2φ̄∗ D̄2

μφ̄V ′ + 2D̄2
μφ̄∗φ̄V ′

+2V ′2 − 8|φ̄|2V ′2 + 4|φ̄|2V ′V ′′ + 4|φ̄|4V ′′2

−2(D̄μφ̄∗)2φ̄2V ′′ − 2φ̄∗2(D̄μφ̄)2V ′′

−13

2
e2
S(D̄μφ̄∗)2φ̄2 − 13

2
e2
S φ̄

∗2(D̄μφ̄)2

−4e2
S |φ̄|2V ′ + 4D̄μφ̄∗ D̄μφ̄V − 3D̄μφ̄∗ D̄μφ̄ R̄

+9e2
S D̄μφ̄∗ D̄μφ̄ + 13e2

S |φ̄|2 D̄μφ̄∗ D̄μφ̄

−4D̄μφ̄∗ D̄μφ̄V ′ − 4|φ̄|2 D̄μφ̄∗ D̄μφ̄V ′′

+25

32

(
ψ̄γμ D̄μψ − D̄μψ̄γ μψ

)2
+6mF

(
ψ̄γμ D̄μψ − D̄μψ̄γ μψ

)
ψ̄ψ

+10m2
F
(
ψ̄ψ
)2

+17

64

(
ψ̄γμ D̄νψ − D̄νψ̄γμψ

)2
−17

64

(
ψ̄γμ D̄νψ − D̄νψ̄γμψ

)
(
ψ̄γ ν D̄μψ − D̄μψ̄γ νψ

)
+ 21

1024

(
ψ̄γμ D̄μψ − D̄μψ̄γ μψ

)
ψ̄γμνρψψ̄γ μνρψ

+ 3

64
mF ψ̄ψψ̄γμνρψψ̄γ μνρψ

− 3

128

(
ψ̄γμ D̄νψ − D̄νψ̄γμψ

)
ψ̄γ μ

ρσ ψψ̄γ νρσ ψ

+ 1

32768
ψ̄γμνρψψ̄γ μ

σκψψ̄γ νσ
λψψ̄γ ρκλψ

+ 3

16384
ψ̄γμνρψψ̄γ μν

σ ψψ̄γ ρ
κλψψ̄γ σκλψ

+ 1

65536
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