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Abstract Motivated by the recent studies of the novel
asymptotically global AdS4 black hole with deformed hori-
zon, we consider the action of Einstein–Maxwell gravity in
AdS spacetime and construct the charged deforming AdS
black holes with differential boundary. In contrast to deform-
ing black hole without charge, there exists at least one value of
horizon for an arbitrary temperature. The extremum of tem-
perature is determined by charge q and divides the range of
temperature into several parts. Moreover, we use an isomet-
ric embedding in the three-dimensional space to investigate
the horizon geometry. The entropy and quasinormal modes
of deforming charged AdS black hole are also studied in this
paper. Due to the existence of charge q, the phase diagram
of entropy is more complicated. We consider two cases of
solutions: (1) fixing the chemical potential μ; (2) changing
the value of μ according to the values of horizon radius and
charge. In the first case, it is interesting to find there exist two
families of black hole solutions with different horizon radii
for a fixed temperature, but these two black holes have same
horizon geometry and entropy. The second case ensures that
deforming charged AdS black hole solutions can reduce to
standard RN–AdS black holes.
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1 Introduction

In classical general relativity, due to the uniqueness theorem
of black holes [1–4], the asymptotically flat charged black
hole solutions with zero angular momentum in four dimen-
sions are named as Reissner–Nordstrom (RN) black holes,
which have two spherical event horizons. In four-dimensional
anti-de Sitter (AdS) spacetime, it is well-known that except
for compact horizons of arbitrary genus, there exist some
solutions with noncompact planar or hyperbolic horizons.
Because of the development of Anti-de Sitter/conformal field
theory (AdS/CFT) correspondence [5–7], it becomes more
important to study physical properties of AdS black holes.

Because the asymptotically AdS black hole has a bound-
ary metric of conformal structure, we could deform the
boundary metric to obtain a family of solutions of black hole
with deformed horizon, whose curvature is not a constant
value. There are many works in this field with both analyt-
ical and numerical methods. For the analytic method, the
authors in [8] constructed a family of black hole solutions
with deformed horizons in four-dimensional spacetime by
using AdS C-metric [9–11]. In addition, a class of solutions
of four-dimensional AdS black holes with noncompact event
horizons of finite area was found in [12,13], and black holes
with bottle-shaped event horizon were founded analytically
in [14]. With numerical methods, the authors in [15] got a
family of deforming solutions including soliton and black
hole with dipolar differential boundary �(θ) = ε cos(θ).
The constant ε is the boundary rotation parameter and θ is
polar angle. When ε > 2, the norm Killing vector ∂t becomes
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spacelike for certain regions which also are called as ergore-
gions, and deforming AdS black holes with ergoregions may
be unstable due to superradiant scattering [16]. Because of
superradiance, both solitons and black holes develop hair at
ε > 2. Motivated by this work, we also studied deforming
solutions with odd multipolar [17] and even multipolar [18]
differential rotation boundary. Furthermore, the authors in
[19] numerically studied a class of vacuum solutions with
a noncompact, differential rotation boundary metric. With
AdS C-metric, the effect of changing boundary metric on
hyperbolic and compact AdS black holes had been studied
in [20]. Considering the matter fields, the authors in [21] con-
structed the deforming black holes in D = 5 minimal gauged
supergravity. Moreover, the authors in [22,23] constructed
new asymptotically locally AdS5 black holes with squashed
boundary in N = 2, D = 5 Fayet–Iliopoulos supergravity
theory, which generalized the minimal gauged supergravity
solutions to the Fayet–Iliopoulos theory with non trivial run-
ning scalars in the supersymmetric case.

Until now, the works of deforming AdS black hole with
differential boundary [15,17,18] were only studied in the
cases without charge. It would be interesting to see whether
there exist the charged deforming AdS black hole solutions in
Einstein–Maxwell–AdS spacetime. In this paper, we would
like to numerically solve coupled Einstein–Maxwell equa-
tions to obtain a family of solutions of charged deforming
black holes. These solutions have the anti-symmetric rota-
tion profile on the equatorial plane, which keeps total angular
momentum of black hole being zero. In contrast to the cases
without charge, there exist some new properties of black
holes due to the existence of charge q. Firstly, there exists at
least one value of horizon for an arbitrary temperature, while
there exists no horizon when T < Tmin for q = 0. Besides,
the extremum of temperature is determined by the charge q
and divide temperature into several parts according to the
the values of charge q. In different regions of temperature,
the number of values for horizon is different. Specifically, in
the region with one value of horizon for a fixed temperature,
there exist two families of solutions with same horizon when
temperature is lower than the minimal extremum of tempera-

ture for RN–AdS black hole TRN =
√

6
3π

. Furthermore, when
we fix the value of chemical potential μ, in the region with
three values of horizon for a fixed temperature, it is inter-
esting to find that two small branches have same properties
such as horizon geometry, entropy and stability, although
their horizon radii are not equal. If we require the deforming
charged AdS black hole solutions to reduce to standard RN–
AdS black holes with boundary rotation parameter ε = 0,
the black holes with different horizon radii have different
horizon geometry and entropy.

The plan of our work is as follows. In the next section,
we introduce the action and numerical method. In Sect. 3,

we give the numerical model and discuss the effect of the
temperature T and the charge q on solutions. In Sect. 4, we
fix the chemical potential μ and obtain numerical solutions of
charged AdS black hole with differential rotation boundary,
and show more properties of deforming charged AdS black
hole including horizon geometry, entropy and stability. In
Sect. 5, we give an example to show the numerical results
of deforming charged AdS black hole which can reduce to
standard RN–AdS black hole. The conclusions and outlook
are given in the last section.

2 Action and numerical method

We start with Einstein–Maxwell action in four-dimensional
AdS spacetime, whose action is given by

S = 1

16πG

∫
d4x

√−g

(
R − 2� − 1

4
FμνFμν

)
, (2.1)

where G is the gravitational constant, � is cosmological
constant represented by AdS radius L as −3/L2 in four-
dimensional spacetime, g is determinant of metric and R is
Ricci scalar.

The equations of motion of the Einstein and Maxwell
fields which can be derived from the Lagrangian density (2.1)
are as follows

Rμν + 3

L2 gμν −
(

1

2
FμλFν

λ − 1

8
gμνFλρF

λρ

)
= 0,

(2.2a)

∇μF
μν = 0. (2.2b)

The spherically symmetric solution of motion equations
(2.2) is the well-known Reissner–Nordstrom–AdS (RN–
AdS) black hole. The metric of RN–AdS black hole solution
could be written as follows

ds2 = −
(

1 − 2M

r
+ q2

r2 + r2

L2

)
dt2

+
(

1 − 2M

r
+ q2

r2 + r2

L2

)−1

dr2 + r2d�2, (2.3)

and the gauge field is written as

F = d A, A = 2q

r
dt. (2.4)

Here, d�2 represents the standard element on S2, the con-
stant M is the mass of black hole measured from the infinite
boundary, and the constant q is the charge of black hole. The
black hole mass is related to the charge q and horizon radius
r+ by the relation

M = 1

2

(
r+ + q2

r+
+ r3+

L2

)
, (2.5)
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where r+ is the largest root. The Hawking temperature TH
of RN–AdS black hole is given by

TH = 1

4πr+

(
1 + 3r2+

L2 − q2

r2+

)
. (2.6)

At near infinity the metric is asymptotic to the AdS spacetime,
and boundary metric is given by

ds2
∂ = −dt2 + dθ2 + sin2 θdφ2. (2.7)

In order to obtain the new asymptotic AdS solution, the
authors in [15] add differential rotation to the boundary met-
ric, which is given by

ds2
∂ = −dt2 + dθ2 + sin2 θ [dφ + �(θ)dt]2, (2.8)

with a dipolar differential rotation �(θ) = ε cos θ . The con-
stant ε is the amplitude of the boundary rotation. The norm
of Killing vector ∂t is

‖∂t‖2 = −1 + ε2

4
sin2(2θ). (2.9)

From the above equation, we could find that the maximal
value of Killing vector appears at θ = π

4 . We will take the
same dipolar differential rotation boundary (2.8).

In order to get a set of charged deforming black hole solu-
tions, we would like to use DeTurck method [24–26] to solve
equations of motion (2.2). By adding a gauge fixing term, we
change equations (2.2a) to elliptic equations:

Rμν + 3

L2 gμν −
(

1

2
FμλFν

λ − 1

8
gμνFλρF

λρ

)

−∇(μξν) = 0, (2.10)

where the DeTurck vector ξμ = gνρ(
μ
νρ[g] − 

μ
νρ [g̃]) is

related to reference metric g̃. It is notable that the reference
metric g̃ should be chosen to have the same boundary and
horizon structure with g. Using this method to solve equa-
tions (2.2b) and (2.10), we could obtain a family of charged
AdS black hole solutions.

3 Numerical model

To obtain solutions of charged deforming AdS black hole,
we start with this ansätze of metric,

ds2 = L2

(1 − y2)2

{
− y2�̃(y)U1dt2 + 4 y2+U2 dy2

�̃(y)

+y2+
[

4U3

2 − x2

(
dx + x

√
2 − x2 y U4 dy

)2

+(1 − x2)2U5

(
dφ + y2x

√
2 − x2 U6 dt

)2
]}

,

(3.1a)

with

�(y) = −q2(1 − y2)3

L2y2+
+ (1 − y2)2 + y2+(3 − 3y2 + y4),

and

�̃(y) = �(y)δ + y2+(1 − δ), (3.1b)

where the functions Ui , i ∈ (1, . . . , 6) depend on x and
y, the parameter q is the charge of black hole, and y+ is
horizon radius. Here, y is related to radial coordinate r with
r = Ly+/(1 − y2), and x represents polar angle on S2 with
sin θ = 1 − x2. When U1 = U2 = U3 = U5 = δ = 1 and
U4 = U6 = 0, the line element (3.1) can reduce to RN–AdS
black hole, and it is also the reference metric g̃ for DeTurck
method in this model.

Considering an axial symmetry system, we have polar
angle reflection symmetry θ → π − θ on the equatorial
plane, and thus it is convenient to consider the coordinate
range θ ∈ [0, π/2], i.e x ∈ [0, 1]. We require the functions
to satisfy the Neumann boundary conditions at y = 0 and
the equatorial plane x = 0

∂yUi (x, 0) = ∂xUi (0, y) = 0, i = 1, 2, 3, 4, 5, 6, (3.2)

and set axis boundary conditions at x = 1, where regularity
must be imposed Dirichlet boundary conditions on U4 and
Neumann boundary conditions on the other functions

U4(1, y) = 0, (3.3)

and

∂xU1(1, y) = ∂xU2(1, y) = ∂xU3(1, y)

= ∂xU5(1, y) = ∂xU6(1, y) = 0. (3.4)

At y = 1, we set U4 = 0, U6 = ε and U1 = U2 = U3 =
U5 = 1. Moreover, expanding the equations of motion near
x = 1 gives U3(1, y) = U5(1, y).

In order to ensure that the number of unsolved functions
is the same as that of equations in Deturck method, we intro-
duce the component Aφ in gauge potential and choose the
following form

A = Atdt + Aφdφ, (3.5)

where At and Aφ are all real functions of x and y. As for
the boundary conditions of vector field, we set At (x, 1) = μ

and Ax (x, 1) = 0, where the constant μ is chemical potential
which represents the asymptotic behavior of Maxwell field at
infinity. At x = 1, we choose At (1, y) = 0 and Ax (1, y) = 0.

The Hawking temperature of charged deforming black
hole under ans ätze (3.1) takes the following form:

T = 1

4π

√
−gtt gMN ∂Mgtt∂N gtt |r=r+

= y4+ + δ(−q2 + y2+(1 + 2y2+))

4πy3+
. (3.6)
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When the charge q = 0, the formula (3.6) can reduce to the
temperature of Schwarzschild–AdS black hole which was
also given in [15]. For δ = 1, the extremums of temperature
T depend on the value of charge q:

• q = 0: There is only a local minimum Tmin = TS =
√

3
2π

,
which is the minimal temperature of Schwarzschild–AdS
black hole.

• 0 < q < 1/6: There are two extremums of temperature.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tmin =
3
√

3
2

(
−q2 + 1

12

(√
1 − 36q2 + 1

)2 + 1
6

(√
1 − 36q2 + 1

))

π
(√

1 − 36q2 + 1
)3/2 ,

Tmax =
3
√

3
2

(
−q2 + 1

12

(
1 − √

1 − 36q2
)2 + 1

6

(
1 − √

1 − 36q2
))

π
(

1 − √
1 − 36q2

)3/2 .

(3.7)

• q = 1/6: Tmax = Tmin = TRN =
√

6
3π

, which is the
minimal extremum of temperature for RN–AdS black
hole.

• q > 1/6: There exists no extremum of temperature.

Next, we will analyze how the charge q and temperature
T determine the number of values of horizon. In Fig. 1, we
show the temperature T as functions of horizon y+ at δ = 1
for several values of charge q. The black, blue, orange and
green lines represent q = 0, 1

9 , 1
6 and 1

4 , respectively. For
q = 1

6 , the intersection of the black horizontal and the vertical

dashed lines indicates horizon y+ = 1√
6

and TRN =
√

6
3π

. For
q = 0, the intersection of the red horizontal and the vertical

dashed lines indicates horizon y+ = 1√
3

and TS =
√

3
2π

. The
number of values of horizon depends on different ranges of
temperature T and charge q:

1. q = 0:

(a) T < TS : There exists no horizon.
(b) T = TS : There are two equal values of horizon y+ =

1√
3

.
(c) T > TS : There are two different values of horizon.

2. 0 < q < 1/6:

(a) T < Tmin orT > Tmax : There is one value of horizon.
(b) T = Tmin or T = Tmax : There are three values of

horizon and two of them are equal.
(c) Tmin < T < Tmax : There are three different values

of horizon.

3. q = 1/6:

(a) T = TRN : There are three equal values of horizon
y+ = 1√

6
.

(b) T �= TRN : There is only one value of horizon.

4. q > 1/6: There is only one value of horizon.

In the following part of this section, we will discuss how
these deforming charged AdS black hole solutions can reduce
to standard RN–AdS black holes. As we mentioned above, for
the line element (3.1), when U1 = U2 = U3 = U5 = δ = 1
and U4 = U6 = 0, it can reduce to RN–AdS black hole as
the following form.

Fig. 1 The temperature T as
functions of y+ for δ=1. From
top to bottom, the black, blue,
red and green lines describe
charge q = 0, 1

9 , 1
6 and 1

4 ,
respectively. The red and black
horizontal dashed lines
represent TS =

√
3

2π
and

TRN =
√

6
3π

. The red and black
vertical lines represent y+ = 1√

3

and y+ = 1√
6
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ds2 = L2

(1 − y2)2

{
− y2�(y)dt2

+4 y2+ dy2

�(y)
+ y2+

×
[

4

2 − x2 dx2 + (1 − x2)2 dφ2
]}

, (3.8a)

with

�(y) = −q2(1 − y2)3

L2y2+
+ (1 − y2)2 + y2+(3 − 3y2 + y4),

(3.8b)

and the gauge filed component At should be

At = −μy2, (3.9)

with μ = ±2q
y+ . But when δ < 1, there exists no proportional

relation between μ and q when the boundary rotation param-
eter ε = 0, and it means the deforming charged AdS black
hole solutions for δ < 1 can not reduce to standard RN–AdS
black hole. Actually, there exist coordinate transformations
between this kind of non-standard RN–AdS black hole solu-
tions and standard RN–AdS black holes. For convenience,
we can fix the value of μ to obtain black hole solutions in
this case.

By regulating parameter δ, we can also get three values
of horizon below the local minimal temperature Tmin . For
simplify, we set the AdS radius L = 1 in our numeral calcu-
lations.

We employ finite element methods in the integration
region 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1 defined on non-uniform
grids, allowing the grids to be more finer grid points near
the boundary of y = 1. Our iterative process is the Newton–
Raphson method. The relative error for the numerical solu-
tions in this work is estimated to be below 10−5. In order
to keep good agreement with the aforementioned error, the
grid size has to be increased and typically a 120 × 200 to
120 × 250 grid was used.

4 Black hole solutions with fixed value of µ

Considering there exists no proportional relation between μ

and q when δ < 1, we set μ = 0.5 in this section. There exist
coordinate transformations between this kind of deforming
charged AdS black hole solutions and standard RN–AdS
black holes. We must point out that in this case, the black
hole solutions with different horizon radii reduce to differ-
ent non-standard RN–AdS black holes when ε = 0. The
numerical results can be seen as being obtained in different
coordinate systems.

In Fig. 2, we give the plots of U4 as functions of x and
y for T = 0.42, ε = 1.6 and δ = 1. When fixing q =

0.07057 < 1
6 , we can obtain three values of horizon. The

distributions ofU4 for two small branches with y+ = 0.0992
(left) and y+ = 0.1773 (right) are given in the top of Fig. 2.
The left of bottom is the distributions of U4 for large branch
y+ = 1.5438. To understand how the charge q influences
the function U4, we also plot U4 as functions of y at the
equatorial plane x = 1 for several values of q. From top to
bottom, the plots of function U4 with charge q = 0, 1.7068,
2.2684, 3.4299 are represented by black, red, blue, green and
pink lines, respectively. Due to the existence of relation (3.6),
the horizon radius y+ increases with the increasing of charge
q for a fixed temperature.

4.1 Horizon geometry

In this subsection, we will study how the black hole hori-
zon geometry behaves with the increase of boundary rota-
tion parameters ε and charge q. We could use an isometric
embedding in the three-dimensional space [27–31] to inves-
tigate the horizon geometry of a two-dimensional surface in
a curved space [15,32]. With the method provided by [15],
the horizon of black hole is embedded into hyperbolic H3

space in global coordinates:

ds2
H3 = dR2

1 + R2/ l2
+ R2

[
dX2

1 − X2 + (1 − X2)dφ2
]

,

(4.1.1)

where l is the radius of the hyperbolic space and we fix
l = 0.73 in our whole calculation. The induce metric of
the horizon of black hole is the following form:

ds2
H = L2

[
4y2+U3(x, 0)

2 − x2 dx2 + y2+(1 − x2)2U5(x, 0)dφ2

]
,

(4.1.2)

which can be obtained from the ansätze (3.1). The embedding
is given by a curve with two parameters {R(x), X (x)} and
written by:

ds2
pb =

⎡
⎣ R′(x)2

1 + R(x)2

l2

+ R(x)2X ′(x)2

1 − X (x)2

]
dx2 + R(x)2(1 − X (x)2)dφ2.

(4.1.3)

Equating this line element with induce metric (4.1.2), we can
get the following first order differential equation:

0 = 4H(x)P(x)(X (x)2 − 1)2[P(x) − l2(X (x)2 − 1)]
+ 4l2P(x)X (x)(X (x)2 − 1)P ′(x)X ′(x)
− (X (x)2 − 1)2l2P ′(x)2 − 4P(x)2(l2 + P(x))X ′(x)2

(4.1.4)
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Fig. 2 Top: the plots of U4 as functions of x and y of two small
branches for y+ = 0.0992 (left) and y+ = 0.1773 (right). Bottom left:
the plots of U4 as functions of x and y for large branch y+ = 1.5438.
The three solutions of U4 are given with T = 0.42, ε = 1.6, δ = 1
and q = 0.07057. Bottom right: the plots of U4 as functions of y at the

equatorial plane x = 1 for several values of charge q with T = 0.42
and ε = 1.6. From top to bottom, the black, red, blue, green and pink
lines describe the charge q = 0, 1.7068, 2.2684, 2.8363 and 3.4299,
respectively

where H(x) = (2 − x2)−1(4y2+U3(X, 0)) and P(X) =
y2+(1 − x2)2U5(x, 0).

In Fig. 3, we show the hyperbolic embedding of the cross
section of the large black hole horizon for different values
of ε with the charge q = 0.07057 and the temperature T =
0.42 ≥ Tmin = 0.2325. From inner to outer, the black, red,
green, orange and blue lines describe the boundary rotation
parameter ε=0.6, 1.2 ,1.6, 1.8 and 1.9, respectively. It is clear
that the horizon deforms more dramatically with the increase
of boundary rotation parameter ε.

Considering there is only one horizon radius when T <

Tmin with δ = 1, we adjust δ < 1 to get three values of
horizon and study the deformation of horizon for a fixed low
temperature. In Fig. 4, we present hyperbolic embedding of
the cross section of three black hole horizons for different
values of ε with T = 0.2585 and q = 0.07057. In the left
panel, we show large black hole solutions for y+ = 0.9152
and find that the size of the deformation of horizon cross sec-

Fig. 3 Hyperbolic embedding of the cross section of the large black
hole horizon for different values of ε with T = 0.42 and q = 0.07057

123
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Fig. 4 Hyperbolic embedding of the cross section of three black hole horizons for different values of ε at T = 0.2585 and q = 0.07057. Left: the
horizon geometry of large branch for y+ = 0.9152. Right: the horizon geometry of two small branches for y+ = 0.3110 (lines) and y+ = 0.0859
(dots)

Fig. 5 Hyperbolic embedding
of the cross section of the large
black hole horizon for different
values of charge q with
y+ = 1.5 and ε = 1.6

tion increases as ε increases, which is similar to the results
in Fig. 3. In the right panel, we show the result of two small
branches for y+ = 0.3110 (lines) and y+ = 0.0859 (dots).
It is different from the left panel that the size of the deforma-
tion of horizon is a decreasing function of boundary rotation
parameters ε. For the two small branches with different hori-
zon radii, the horizon radius of the bigger one is nearly four
times as that of the smaller one, but it is interesting to find
that the two small branches have same embedding graphs of
horizon geometry.

To show the effect of charge q on the deformation of hori-
zon, we give hyperbolic embedding of the cross section of
the large black hole horizon for different values of charge q
with y+ = 1.5 and ε = 1.6 in Fig. 5. Due to the existence of
relation (3.6), the temperature decreases with the increasing
of charge q for a fixed horizon radius. From outer to inner,
the red, black, orange and blue lines represent q = 0, 1.6104,
2.1712 and 2.6143 respectively. The deformation of horizon
becomes smaller as the charge q increases.

4.2 Entropy

In this subsection, we will discuss the entropy of deforming
charged black hole. The formula of entropy of black hole is
written as

S = A

4GN
= 2πy2+L2

GN

∫ 1

0
dx

1 − x2

√
2 − x2

√
U3(x, 0)U5(x, 0).

(4.2.1)

In Fig. 6, we show the entropy against boundary rotation
parameter ε with T = 0.42 and q = 0.07057. The entropy
of large black hole with y+ = 1.5438 is shown in the left
panel, while in the right panel, two small branches with y+ =
0.1773 and y+ = 0.0992 are represented by red line and
black dots respectively. For the large black hole, the entropy is
an increasing function of boundary rotation parameter ε and
approaches infinity as ε → 2. Similar to the case without
charge in [15], the Kretschmann curvature of large branch
goes to infinity when ε → 2, which means the formation of

123



599 Page 8 of 12 Eur. Phys. J. C (2020) 80 :599

Fig. 6 The entropy as functions of boundary rotation parameter ε for
the temperature T = 0.42 and the chargeq = 0.07057. Left: the entropy
against boundary rotation parameter ε for the large branch of black hole
solutions y+ = 1.5438. Right: the entropy against boundary rotation

parameter ε for two small branches of black hole y+ = 0.1773 (red
line) and y+ = 0.0992 (black dots). The vertical red and black dot lines
represent ε = 2 and ε = 2.57 respectively

Fig. 7 The entropy as functions of boundary rotation parameter ε for
different values of temperature T with δ = 1. Left: for q = 0.07057,
local maximum and minimum of temperature T are equal to 0.4635
and 0.2735 represented by red and green lines respectively. The two

extremums divide the phase diagram of entropy into three regions.
Right: for q = 1.7068, there is always one solution without extremum
of temperature T . The vertical red dot lines represent ε = 2

singularity. So the scalar invariants such as entropy would
also goes to infinite when ε → 2 and we could not find
charged deforming black hole solutions when ε > 2. As
for two small branches with a fixed temperature, the entropy
decreases with the increase of boundary rotation parameter
ε, and there still exist solutions when ε > 2. Furthermore, we
also find another family of small black hole solutions, and in
these solutions, the entropy increases with the increase of ε.

To obtain the complete phase diagram of entropy for δ =
1, we investigate the whole region of temperature in terms
of entropy. The entropy as functions of boundary rotation
parameter ε for different values of temperature T with δ = 1

is shown in Fig. 7. In the left panel, when we fix q = 0.07057,
there are two local extremums Tmax = 0.4635 and Tmin =
0.2735, the entropy of which are represented by red and green
lines respectively. The two extremums divide the temperature
into three regions:

• Region A with T > Tmax : There is only one value of
horizon for a fixed temperature and the entropy increases
with the increasing of boundary rotation parameter ε. The
region A is indicated by the red area.

• Region B with Tmin < T < Tmax : There are three values
of horizon for a fixed temperature. For the large branch
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of black hole, the entropy increases with ε. Although
these two small branches have different black hole hori-
zon radii, they have same entropy which is a decreasing
function of boundary rotation parameter ε.

• Region C with T < Tmin : There is only one horizon,
but we could find two branches of entropy. The entropy
increases with rotation parameter ε at one branch, while
it is a decreasing function of ε in another branch. It is
notable that when T ≤ TRN ≈ 0.2599, the two branches
of entropy for one temperature join up. The region C is
indicated by the blue area.

In the right panel of Fig. 7, we fix q = 1.7068 > 1
6 .

There only exists one value of horizon for any temperature,
but we could obtain two branches of entropy. The entropy
increases with rotation parameter ε at one branch, while it is
a decreasing function of ε in another branch. It is notable that
when T ≤ TRN , the two branches of entropy could connect,
which is similar to the region C in left panel.

Similar to Sect. 4.1, we adjust δ < 1 to get three values
of horizon and study the entropy for a fixed low tempera-
ture. In Fig. 8, we exhibit entropy as functions of boundary
rotation parameter ε for different values of temperature T
at q = 0.07057. The minimal temperature T = 0.2735 for
δ = 1 is represented by black lines. For a fixed tempera-
ture T ≤ Tmin ≈ 0.2599, the large branch join up with two
small branches, which form a set of lines. At each set, the
line showing that entropy increases with the increasing of ε

describes large branch and corresponding solid line and dot
line describe two small branches. From left to right, these
sets of lines indicate T = 0.2599, 0.2492, 0.2325, 0.2257
and 0.2104, respectively. Similar to above results in the
right panel of Fig. 6, the two small branches have same
entropy. When the temperature T is lower than Tmin , the
large branches also have solutions with ε > 2. The entropy
become infinity when ε approaches to a maximum value of
solutions.

4.3 Stability

In this section, we study the stability of deforming charged
black hole solutions. Following the method provided in
[15,33,34], we consider a free, massless and neutral scalar
field perturbation to background and solve the Klein–Gordon
equation

�� = 0, (4.3.1)

and we could decompose the scalar field as the following
standard form

� = �̂ω,m(x, y)e−iωt+imφ, (4.3.2)

where the constant ω is the frequency of the complex scalar
field and m is the azimuthal harmonic index. Considering

Fig. 8 The entropy as functions of boundary rotation parameter ε for
T ≤ Tmin = 0.2735 with q = 0.07057. The black lines indicates
T = Tmin and the red vertical dash line indicates the ε = 2

Fig. 9 The real part of frequencies ω against the rotation parameter ε

of two small branches for different value of angular quantum number
m at T = 0.42 and q = 0.07057. The black horizontal line represents
Re ω = 0. The black vertical line represents ε = 2

the ingoing Eddington–Finkelstein coordinates [35,36], the
scalar field with the ansätze of the black hole metric (3.1)
could be decomposed into

�(t, x, y, φ) = e−iωt eiωφ y
−i

2ωy+
1+3y2+

(1 − y2)3(1 − x2)|m|ψ(x, y), (4.3.3)

where the powers of x and y are chosen to make function
ψ(x, y) regular at the origin. The boundary conditions are
imposed as follow:
⎧⎪⎨
⎪⎩

∂xψ(x, y) = 0, x = ±1,

∂yψ(x, y) = 0, y = 0,

− 2iy+ωψ(x, y) + (1 + 3y2+)∂yψ(x, y) = 0, y = 1.

(4.3.4)

123



599 Page 10 of 12 Eur. Phys. J. C (2020) 80 :599

In Fig. 9, we give the real part of quasinormal frequencies
ω against the rotation parameter ε of two small branches
for different values of angular quantum number m. From
top to bottom, these dot lines represent m = 5, 8, 10, 13
and 16 respectively. Similar to the above results of horizon
geometric and entropy, these two small branches have equal
quasinormal frequencies though the horizon radius of the
bigger one is nearly twice as that of the smaller one. The real
part of frequencies Re ω is always positive when m < 13.
When m ≥ 13, Re ω would appear a negative value with
the increase of rotation parameter ε, which means we could
obtain a stable deforming charged black hole solution with
scalar condensation.

5 Black hole solutions with µ = 2q
y+

In the right panel of Fig. 6 in Sec. 4, the entropy of two small
branches are equal to about 0.1275 when ε = 0. For the
standard RN–AdS black hole, the entropy is equal to πr2+, so
the entropy of two small branches should be equal to 0.0988
and 0.0309 respectively. The reason of the inconsistency is
that we fix chemical potential μ in our calculation. In this
section, we would choose μ = 2q

y+ according to different
values of horizon radii, which ensures the deforming charged
AdS black hole solutions can reduce to standard RN–AdS
black holes when ε = 0.

We would show the numerical results of two small
branches for T = 0.42 and q = 0.07057. In Fig. 10, we
show the entropy against boundary rotation parameter ε and

hyperbolic embedding of the cross section of horizon for
two small branches. The real part of frequencies ω against
the rotation parameter ε of two small branches is shown in
Fig. 11. In each figure, the red line represents y+ = 0.0992
and black dots represent y+ = 0.1773, and the correspond-
ing values of μ are equal to 1.423 and 0.796 respectively,
which ensure that the solutions can reduce to standard RN–
AdS black holes. Form the left panel of Fig. 10, we could find
that the entropy of two small branches are equal to 0.099 and

Fig. 11 The real part of frequencies ω against the rotation parameter
ε of two small branches when choosing μ = 2q

y+ . The values of μ are
equal to 0.796 and 1.423 for y+ = 0.1773 and y+ = 1.423 respectively.
The red vertical line represents ε = 2

Fig. 10 Numerical results of two small branches for T = 0.42
and q = 0.07057 when choosing μ = 2q

y+ . The values of μ are
equal to 0.796 and 1.423 for y+ = 0.1773 and y+ = 1.423
respectively. Left: the entropy of two small branches as functions

of boundary rotation parameter ε. The vertical red and black dot
lines represent ε = 2 and ε = 2.57 respectively. Right: hyper-
bolic embedding of the cross section of two small black hole
horizons
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0.031 when the boundary rotation ε → 0, which is consistent
with the result of standard RN–AdS black hole. It is notable
that the branch with larger horizon radius still has the sec-
ond family of solutions, while the entropy of the branch with
smaller horizon radius decreases to 0 as the increasing of ε.
For the horizon geometry shown in the right panel of Fig. 10,
it is clear that the branch with larger horizon radius is in the
outer of smaller branch. In Fig. 11, we find that these two
small branches have equal quasinormal frequencies, which
is similar to the results given in Fig. 9. Since quasinormal
frequency is a physical property of black hole, it does not
depend on different values of μ.

6 Conclusions and outlook

In this paper, we studied the conformal boundary of four-
dimensional static asymptotically AdS solutions in Einstein–
Maxwell gravity and constructed solutions of deforming
charged AdS black hole. In contrast with the cases without
charge, the charge q could influence the extremums of tem-
perature T which divide the range of temperature into differ-
ent regions according to the value of the charge q. The num-
ber of horizons depends on the different regions of temper-
ature T . Moreover, there exists no horizon when T < Tmin

for q = 0, but there is at least one value of horizon for a fixed
temperature when we take the charge q �= 0.

We also investigated physical properties for charged
deforming AdS black holes, including the deformation of
horizon, entropy and stability.

• Deformation of horizon: In the region with three val-
ues of horizon for a fixed temperature, the deformation
of horizon for large branch increases with the increas-
ing of boundary rotation parameter ε, while that of small
branches is a decreasing function of ε, which shows very
similar results to the cases without charge. We also stud-
ied how the horizon deforms against the charge q and
found that the deformation of horizon became smaller as
the charge q increases.

• Entropy: In the region with three values of horizon for
a fixed temperature, with the increase of ε, the entropy
of large branches increases, while that of small branches
decreases. There also exist another set of unstable solu-
tions of small branches, where the entropy increases with
the increasing of ε. The entropy of large branch and small
branches for a fixed temperature join up when tempera-
ture T is lower than TRN . It is worth noting that in the
region with one value of horizon for a fixed temperature,
we could find two families of solutions with same hori-
zon radius, and they have different properties of entropy
when the temperature T < TRN .

• Stability: We have studied the stability of scalar fields in
the background of deforming charged AdS black holes,
and found that when angular quantum number m ≥ 13,
the real part of frequencies begins to appear negative val-
ues, which means scalar condensation.

The most interesting finding in our research is that when
we fix the value of chemical potential μ, in the region
with three values of horizon at one temperature, the two
small branches for a fixed temperature have same numerical
results, including deformation of horizon, entropy and stabil-
ity though their horizon radii might vary many times. When
we take μ = 2q

y+ to require the deforming charged AdS black
hole solutions to reduce to standard RN–AdS black holes
with boundary rotation parameter ε = 0, the black holes
with different horizon radii have different horizon geometry
and entropy.

It is still unclear why these two small branches with dif-
ferent horizon radii for a fixed temperature have the same
horizon geometry and entropy. It is worth studying in our
future work. At present, we have studied the horizon geom-
etry, entropy and stability of charged AdS black hole with
differential rotation boundary. But the angular momentum,
energy densities and thermodynamic relation of deforming
charged black hole have not been studied, and we hope to
investigate these in our future work. Besides, we are plan-
ning to study the deforming charged black holes in f (R)

gravity and nonlinear electrodynamics.
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