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Abstract We analyse the Finsler geometries of the kine-
matic space of spinless and spinning electrically charged
particles in an external Rafiada field. We consider the most
general actions that are invariant under the Lorentz, electro-
magnetic gauge and reparametrization transformations. The
Finsler geometries form a set parametrized by the gauge
fields in each case. We give a simple method to calculate
the fundamental objects of the Finsler geometry of the kine-
matic space of a particle in a generic electromagnetic field.
Then we apply this method to calculate the geodesic equa-
tions of the spinless and spinning particles. Also, we show
that the electromagnetic duality in the Rafiada background
induces a simple dual map in the set of Finsler geometries.
The duality map has a simple interpretation in terms of an
electrically charged particle that interacts with the electro-
magnetic potential and a magnetically charged particle that
interacts with the dual magnetoelectric potential. We exem-
plify the action of the duality map by calculating the dual
geodesic equation.

1 Introduction

The study of the topological solutions to Maxwell’s equa-
tions in vacuum, firstly proposed by Trautman and Rafiada
in [1-3], has revealed so far a rich interplay between phys-
ical systems and mathematical structures which was previ-
ously unexpected in the realm of classical electrodynamics
and classical field theory [4]. Since then, the subject of the
topological electromagnetic fields has gain momentum with
very interesting problems investigated recently, such as the
existence of topological solutions of the Einstein—-Maxwell
theory [5—8] and of the non-linear electrodynamics [9—-14].
Also, it has been shown that there are interesting mathemat-
ical structures that can be associated to the physical systems

4 e-mail: adina.crisan @mep.utcluj.ro

b e-mail: ionvancea@ufrrj.br (corresponding author)

with topological electromagnetic fields and play an impor-
tant role in their dynamics, such as twistors [15], fibrations
[16] and rational functions [17,18] (see for recent reviews
[19-21]). Due to the utmost importance of Maxwell’s equa-
tions, it is essential to further investigate the properties of the
topological electromagnetic fields from both physical and
mathematical point of view.

An important mathematical structure that has applications
in the geometrization of the electromagnetism, gravity and
field theory in general is the Finsler space. In the case of the
charged particles in the electromagnetic external field, the
Finsler geometry emerges as a natural structure on the kine-
matic space. The relation between the Finsler geometry and
the particle kinematics has been known for some time [22—
26,28] and it is based on the homogeneity of the Lagrangian
functional which allows one to formulate the particle kine-
matics as a geodesic problem on the Finsler space. In general,
the Finsler metric depends on g/m where g is the electric
charge of the particle and m is its mass. Due to this depen-
dency, different geometries are generated for different types
of particles as well as for different electromagnetic back-
grounds. Another interesting feature of the description of the
electromagnetism in terms of Finsler spaces is the appearance
of alternate gauge conditions for classical charged particles
which are due to general relativistic metrics [27] ( see for
general references [29-31]).

In this paper, we are going to construct the Finsler geome-
tries determined by the topological solutions to Maxwell’s
equations and calculate the main geometrical objects. Our
approach to this problem is different from the literature in
that we are considering here the particle action that is invari-
ant, besides the Lorentz and the electromagnetic gauge trans-
formations, under the world-line reparametrization, too. In
this formulation, the kinematic space forms a set X[x, x; @]
parametrized by the world-line einbein e and the electro-
magnetic potentials A, (x). We denote these variables collec-
tively by ®. Each of these spaces has its own Finsler geometry
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and a particular Finsler geometry can be selected by choosing
the gauge fields. The gauge fixing is useful for analysing the
physical properties of the system. On the other hand, from the
geometrical point of view, it is more interesting to have the
geometry defined generally by leaving the gauge fields arbi-
trary. Thus, the gauge fields can be interpreted as parameters
that enter the Lagrangian of the particle as Lagrange multipli-
ers of the first class constraints. In general, the Lagrangians
of the relativistic systems have singular Hessian matrices.
This property is due to the alternating sign of the pseudo-
riemannian metric. However, the physical kinematics of the
classical massive particles takes place in the future light-cone
defined by the relation n,,x*x" > 0. Since this relation
defines a conical submanifold MY (M) C 7, (M) one can
construct a Finsler space on the physical kinematic space.
We use this generic feature of the particle kinematics to for-
mulate the Finsler geometry of X[x, x; ®] in terms of the
topological electromagnetic field for a spin zero and a spin-
ning relativistic particle [32].

The paper is organized as follows. In Sect. 2, we give
the Finsler geometry of the kinematic space for a relativistic
particle in an arbitrary external electromagnetic field. We use
the most general particle action in which all symmetries are
manifest, i. e. the Lorentz symmetry, electromagnetic gauge
and world-line reparametrization [33-35]. The main prob-
lem here is to find the fundamental geometrical objects such
as the Finsler metric, the inverse metric, the angular metric
tensor and the Cartan metric. We give a simple method to
find these objects which are in general non-linear and non-
polynomial in all variables. In Sect. 3, we apply the results
from the previous section to determine the Finsler geometry
for the particular case of an electrically charged particle in a
topological solution to Maxwell’s equations. These type of
solutions, which we call Rafiada fields, are parametrized in
terms of two complex scalar fields associated to the electric
and magnetic field lines, respectively. Here, we calculate the
fundamental objects of the Finsler geometries as functions
of the complex scalar fields. We find that there is a duality
map between the Finsler geometries induced by the electro-
magnetic duality of Maxwell’s equations in vacuum. In Sect.
4, we formulate the Finsler geometry of the kinematic space
of the spinning particle. In this case, the kinematic space is
7, graded due to the supersymmetry of the model. However,
the Finsler geometry is defined with respect to the commuta-
tive variables only. We apply the same method from Sect. 2
to calculate the geometrical objects of the Finsler geometry.
We conclude the paper in the last section. To make this paper
self-consistent, we collect the basic concepts of the Finsler
geometry that we are using throughout it in the Appendix A.
In the Appendix B we give the formulas for the angular met-
ric tensor and the Finsler geodesic equation for the spinless
particle. In the Appendix C, we give the same formulas for the
spinning particle. Also, we present the geodesic Finsler equa-
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tion in the dual geometry calculated from the duality map.
The main source of Finsler geometry that we use throughout
the paper are the references [29-31]. We use the natural units
h=c=1.

2 Finsler geometry of kinematic space

In this section, we formulate the Finsler geometry of the kine-
matic space X[x, x; ®] associated to a particle that moves in
an external electromagnetic field. As mentioned in the intro-
duction, the connection between the Finsler geometry and the
particle kinematics is known for some time [22,23]. The nov-
elty here is that we construct the Finsler geometry for the most
general particle Lagrangian that is invariant under all space-
time and gauge transformations and give a simple method
to calculate the fundamental objects whose definitions and
properties can be found in e. g. [29,30]. For convenience, we
have listed these definitions in the Appendix.

2.1 Calculation of the fundamental objects

The kinematic space of the relativistic particle denoted by
X[x, x; @] is the space of all positions and velocities asso-
ciated to the particle world-line that, at its turn, is an equiv-
alence class in the set of curves connecting two events from
space-time x : [11, T2] — R'3. Here, we designate by @ all
other variables of the system which are usually associated to
the gauge symmetries, the classical spin degrees of freedom
and the external fields. In our case, these variables depend
only on the world-line coordinate with the only exception of
the electromagnetic potentials that depend on position. Some
of the parameters from & that are related to the gauge sym-
metries can be interpreted as Lagrange multipliers for the
constraints of the system. In the case of the classical parti-
cle, which is our object of study here, the curves x*(7) are
smooth.

The most general formulation of the spin-0 particle in
the external electromagnetic potential A, (x) is given in
terms of an action functional that is manifestly invariant
under the Lorentz group SO(1, 3), the U(1) group of the
electromagnetic gauge transformations and the world-line
reparametrization, and it has the following form [33,34]

S[x,x;e, Al = /dtL[x,)‘c;e, Al
/Qd e+ Sem? 4 g A (0t
= T| — X7Xx —em X)X .
o 20 MY 2 a4
(D

Here, m and g are the mass and electric charge of the particle.
For simplicity of notation, let us drop off formulas the argu-
ments of functions unless they are necessary. The dynamics
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of the particle is obtained by applying the variational princi-
ple to the action (1). The equations of motion are

dp .
— — a9 A" =0, )
%2 )
— —m° = 0, 3)
e
where
oL 1.
pﬂ = 337 = z.x”, +un . (4)

For the spin-0 particle, the set of extra variables is & =
{e, A}, where ¢ = e(7r) is an auxiliary scalar function
(einbein) that makes the reparametrization invariance mani-
fest. By introducing it, the action of the relativistic particle
is simultaneously polynomial in the coordinates and non-
singular for massless particles. Also, e determines the Hes-
sian matrix of the Lagrangian which is non-null and non-
singular for an arbitrary non-vanishing einbein

3*L[x, %, e; A 1

det| ———— | =——. 4)
|: IXHIXY i| et

Note that, once the equations of motion are imposed on the

coordinates and fields, the Hessian given by the Eq. (5) is

formally undetermined since the particles that travel with
the speed of light are massless.

In order to construct the Finsler geometry of the kinematic
space, we recall that the points from R'3 that are causally
connected satisfy the relation n,,,X*x" > 0. That shows that
the light-cone at x € R!3 defines a conical region of the
tangent space at x, namely

MY®R') = 6) e TFRY it > 0] ©)

The determinant of the Hessian matrix of Lz[x, Xx; e, A] can
be written as

2L aL

4
det [HMV] = — (7) (1 —+ %p2> s DPu = Py . (7)

From that, we can see that the Hessian is non-singular unless

2
2 4 3geAi + 2P A% + %nﬂ —0. 8)

The above equation defines a surface in ’Tx*(Rl’3) which
depends on the world-line parametrization and on the elec-
tromagnetic field through e and A,. However, this surface
does not always intersect the set of the causally connected
physical events or the world-line. A counterexample is given

by the particle in the proper time parametrization and in the
absence of the electromagnetic field for which

x2——l<o 9)
=3 )

In what follows, we consider only admissible Lagrangians for
which the Hessians of Lz[x, X; e, A] are non-singular. Then
the triplet {R1’3, M}/(Rl'3), L[x, x; e, A]} defines a four-
dimensional Finsler space. This induces a Finsler structure
on X[x, x; e, A] which contains points from the tangent space
at x together with the values of e and A. Thus, the geometries
on X[x, x; e, A] are parametrized by the einbein e(t) and the
four-vector potential A, (x), hence the notation.

The main geometrical objects of the Finsler geometries
are defined by the relations reviewed in the Appendix which
are proved in e. g. [29]. Our main task here is to determine
the formulas of the fundamental tensors and the geodesic
equations for the geometries of X[x, x; e, A]. In order to
do that, the primary problem to be solved is to invert the
Finsler metric. Here, we give a simple procedure to obtain the
inverse metric as a non-linear and non-polynomial function
on variables and parameters as follows. By definition, the
fundamental metric tensor g, [x, X; e, A] can be written as

R EA
S = 5 ko

9L 9L 92L
— L

. 10
axXH axV axHoxV (19)

Then, by using the action (1), we can write the Eq. (10) as
follows

L e

8uv = z |:77;w + zpupu] . (1D

We look for the inverse metric g"¥ of the following form

g % [an’” + %ﬁ (p’l)ﬂ (pl)v} :

_n\*  p*
(p 1) = pr=n0""pupy, (12)

where o and B are real functions. For the inverse metric to
exists, it is necessary that

pr#0, (13)

where p* is given by the Eq. (4). From this definition, we
can see that the presence of the electromagnetic field lifts
in general the singularity in momenta. After some simple
algebra, one arrives at the following coefficients « and g

_ e
p= L(1+L) (o

@ Springer
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Then by plugging the coefficients from the Eq. (14) into the
inverse metric from the Eq. (12) we obtain the following
expression

e p/LpU
g = -S| (15)
L[ Pt

Again, in order for g"" to exist, the following condition must
be satisfied

, L
PP+~ #0. (16)

This condition is in general valid. Next, we calculate the
Finsler—Christoffel symbols by plugging the Egs. (12) and
(15) into the definition (A.4). The results is the following
formula

e N pHp* 1
I, = 30 (,,u _ o ﬁ) [; (m28pL + npady L — 1y, L)
+ ap (pvpr) + 9y (Ppp)») — 0y (.DUPP)] : (17)

With these relations at hand, we can write down the Finsler
geodesic equation defined by the Eq. (A.5). Before presenting
it, it is useful to introduce the following shorthand notations
in which the equations have a more compact form

9 =x"9,, V=xtv,, (18)
where V), (x) is an arbitrary four-vector. Also, we recall that
the variables x* and x* are independent on each other and
that the indices are raised and lowered with the inverse and the
direct Minkowski metric, i. e. V# = n*VV,,, etc. With these

notations, the Finsler geodesic equation takes the following
form

d>x* e ptp¥ 1
iy PV ~(2 8L—'28L)
dr2+2L<" P+ L [e(x“ i

0 @p) — 0, ()] = 4 (e (19)

For completeness, we give here the angular metric tensor and
the Cartan tensor. From the definition (A.1) we can immedi-
ately write

XXy

. 20)

L e
hyuy = ; I:U;/_v + zpupv] -

Also, from the definition (A.2) we obtain the following result

1 oL 1

C/wp = Erhwax_.p + ;‘sp(upv) . (21)
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We remark that the fundamental objects of the Finsler geom-
etry obtained above are in general non-linear and non-
polynomial in the variables x* and x*. This is due to the
fact that the inverse metric contains negative powers of these
variables.

The fundamental tensors and the Finsler geodesic equa-
tion are parametrized by e and A, (the potential vector is
implicit in L). Therefore, to each set of functions e and A,
corresponds a geometry. This observation is important if we
recall that by choosing particular values for e and A, one
fixes the reparametrization and the electromagnetic gauge
symmetries, respectively. In the classical theory, e can have
certain values even if the reparametrization symmetry does
not allow these values [35]. However, in the quantum theory
the gauge structure must be respected.

2.2 Action of gauge symmetries on Finsler geometries

The gauge transformations of the action from the Eq. (1)
induce transformations among the Finsler geometries in the
parameters e and A. A finite world-line reparametrization is
defined by the following transformations

U= fO, M@ =x"(f(0), edt=Cdf(r), (22)

where f is an arbitrary smooth function that has the following
properties

df(7)
dt

>0, f(t)=0, f(n)=1I. (23)

One can easily verify that the fundamental metric tensor, the
angular metric tensor and the Cartan tensor transform under
the transformations (23) as follows

/ af

Sy = 8uvs My =huy, g = ECWP. (24)

The Finsler geodesic equation F* = 0 is rescaled as

2
Fl = (%) F'* =0, 25)

which for arbitrary f implies that F'* = 0. The infinitesimal
reparametrizations form an infinite dimensional continuous
group that can be interpreted as a gauge group. The corre-
sponding transformations can be obtained from the finite ones
by setting f(t) =1+ €(7), l[e(r)| K 1 forall T € [7q, 12].

The action (1) is invariant under the electromagnetic gauge
transformations of the following form

Al (@) = Ap(x) + 8, A () | (26)
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where A (x) is a smooth but arbitrary function on x*’s only.
The Lagrangian is invariant under the transformations (26)
up to a surface term

L' =L+qdA. 27)

One can easily verify that the Finsler metric tensor, angular
metric tensor and Cartan tensor transform as follows under
the gauge transformations

8y = 8uv + 7 [2Au0u) A + 9, Ad, A
q .
+ e [nlWaPA + 277,0(,uav)A] x*, (28)
Ry =Ry + q7 [2A300) A + 0, A0, A

+ % [0y A + 21y A] 7

..
XpXy q n
S
n=1
e q q 0
wvp = Lpvp + an}apA + Zﬂp(ua\))A . (30)

The above transformations establish a relationship among
different Finsler geometries that can be associated to the
same physical system. As in the case of the world-line
reparametrization, by fixing a gauge one fixes the Finsler
geometry on the kinematic space. This is important if one
wishes to quantize the system by using the Finsler space
structure.

We recall that the gauge symmetry leaves the electromag-
netic field invariant, thus inducing an equivalence relation
among electromagnetic potentials on physical grounds. By
using the same argument, we can define and equivalence rela-
tion among the Finsler geometries if the fundamental tensor
objects are related as in the Eqgs. (28-29). The practical appli-
cation of this definition is that it guarantees the equivalence of
the classical physics among all Finsler geometries connected
by gauge transformations.

2.3 Dual Finsler geometries from Rafiada fields

In this section, we will apply the results obtained previously
to the relativistic particle that moves in a topological electro-
magnetic field which is a solution to Maxwell’s equations in
vacuum. The most general form of a topological electromag-
netic field was given by Rafiada in [2,3] and in what follows
we will focus on the Rafiada fields.!

! The physics of a relativistic particle moving in a particular type of
topological electromagnetic field was discussed previously in [36] but
without any reference to the associated Finsler space.

The dynamics of the electromagnetic field in vacuum is
given by the well-known homogeneous Maxwell equations

I F" =0, 31)
PG oy =0, (32)

where F,, = 9,A, — 9,A,,. The most general topological
solutions of Maxwell’s equations (31) and (32) are given by
the Rafiada fields which are parametrized by two smooth
complex scalar fields ¢ : R} — Cand 6 : R"3 — C and
have the following form [2,3]

_ Na 3,93¢ — 3,63,9

= , 33
7 omi (14 1912 (33)

_— Ja 8,00,0 — 8,09,0 (34)
o (1410122

where a is a positive real constant and *F),, = %ewpg Fre
The fields ¢ and 6 describe the electric and magnetic lines
through the equations ¢ (x) = constant and 6 (x) = constant,
respectively. Thus, the Rafiada fields (33) and (34) are ade-
quate to describe the topological and geometrical properties
of the electromagnetic field in terms of its integral lines.

Let us determine the Finsler structures of the kinematic
space of the charged particle in the Rafiada field given by the
Eqs. (33) and (34) above. The electromagnetic potentials A,
and C,, of the fields F,, and *F,,, are given by the following
relations

_ \/C_Z ¢_)3M¢ B ¢3u¢3

A"_4m'< [+19P ) &)
_ Ja (00,0 —60,0

Cu= i (W) - (56)

Since Maxwell’s equations in vacuum are invariant under the
electromagnetic duality transformations, the scalars ¢ and 6
are not independent on each other. The constraints imposed
by the duality on ¢ and 6 are given by the following non-
linear equations [2,3]

S€ijk0i99;6 = 306,60 — a"eaké) ,

- ;(
(1+192) (1+1012)

(37)
0°Gikg — 1°p3i) .
(38)

2€ijk8i9_aj0 =

(1+161%) (1+1612)° (

The Egs. (35) and (36) show that we can define two
Finsler metric structures with the fundamental metric tensors
guvlx, X, e; Aland g,,[y, y; f, C] associated to the Finsler
spaces X[x, x; e, A] and Y[y, y; f, C]. We call these dual

@ Springer
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Finsler geometries since the scalar fields ¢ and 0 are dual to
each other according to the Eqs. (37) and (38).

An important problem about the dual Finsler geometries
given above is whether there is any relationship between
them. Instead of addressing this problem by tempting to find a
solution to the Egs. (37) and (38) which are non-linear, we are
going to solve it by noting that while the space X[x, x; e, A]is
again the kinematic space of the electrically charged particle
thatinteracts with the topological field F,,, the interpretation
of the second space Q)[y, y; f, C] is not so straightforward.
If we stick to the representation of the Finsler geometry as
a structure of a kinematic space, then the most natural inter-
pretation that can be given to [y, y; f, C] is in terms of a
charged particle that would move itself in the dual field * F,,
according to the formal action

- 72 1
Sly; . Cl = fde[y,y'; 15 C1 =/ dt [ﬁnuu&“y'v

1 ) "
+EfM +kCp(x)y i| ’ (39)

where by analogy to the action from the Eq. (1), M is the mass
of the particle and k is its charge. In this interpretation, it is
tempting to formally identify the (M, k) dual particle with
the magnetic monopole of magnetic charge k and C, (x) with
an external magnetoelectric potential. Indeed, the magnetic
monopole cannot be the source of the Rafiada field as it would
introduce a Dirac string related to the singularity of A, (x)
that would be the result of the violation of the corresponding
Bianchi identity.

By using the Egs. (35) and (36) into the Eq. (11), we can
write down immediately the fundamental metric tensors of
X[x, x; e, Aland Y[y, y; f, C] and we obtain the following
relations

guvlx, x; e, A]
_m? 4’ ($0up — 9 (anm - d»auqS)
2 MY 1en2 1+ [¢]2 1+ o2
n q | Tuy (d_)apd’ - ¢8p4_5) + an(u (‘Z’avﬂ’ - d’av)d_’) &P
e 1+ |g)?
+ [ 242 xﬂxa] (40)
22 Nuv NupNve s
guvly, y; f. C]
_ M? KPa (63,6 —00,60 <9‘ave - eavé)
T T e\ 02 1+ 162

AR (0060 — 00,0) + 21 (60,0 — 09,,)0) y
f 1+101%

1 .2 r
+ﬁ[7]uvy +277u.p77vaypya] . (41)

The introduction of the formal kinematic space for the dual
particle exploits the similarity between the solutions (33)

@ Springer

and (34). Beside that, it allows one to establish the sought for
map between the dual Finsler geometries by observing that
the fundamental metric tensor g, [x, x; e, A] is mapped into
gwly, y; f, C] by the following mapping

gp_v[x,)'f, e; Al = guwly, y, f: Cl
={x—>y,e—> f, 0> -0, m—>M,q— —k}.
(42)

The above relation represents the duality mapping of the dual
Finsler geometries and it is obviously invertible. It can be
applied to derive other fundamental objects on X[x, x; e, A]
and Y[y, y; f, C] from each other. Its simplicity is due to
the introduction of the formal action (39) which provides the
Finsler metric function f,[ v, y; f, C] and allows one to inter-
pret the second Finsler space as a formal kinematic space for
the movement of a magnetically charged dual particle in the
dual field. The Lagrangians L[x, x; e, A] and I:[y, v; f, C]
can also be mapped into each other by the relations (42).
If one does not use the dual particle interpretation of the
second Finsler geometry, it is non-trivial to determine a rela-
tionship between the dual Finsler geometries corresponding
to the Rafada fields since the Eqs. (37) and (38) that relate
the complex fields to each other are non-linear. We note that
there is a relationship between the duality map (42) and the
electromagnetic duality of Maxwell’s equations with sources
which end up producing the same terms in the Lagrangians.
However, the magnetically charged particle described by
L[y, y, f; C] should be formal rather than physical since
it must preserve the Bianchi identities for the electromag-
netic and magnetoelectric potentials, respectively, which are
key to constructing the Rafiada fields.

To illustrate the importance of the knowledge of the
duality map between the dual Finsler geometries, we con-
sider the Finsler geodesic equation in X[x, x; e, A] which is
obtained by using the Rafiada potentials from the Egs. (35)
and (19). The results is a non-linear equation that involves
non-polynomial terms. The geodesic equation on the dual
space Y[y, y; f, C] can be obtained either by direct calcu-
lations or by applying the duality map (42) to the geodesic
equation on X[x, x; e, A]. Since the results are given by large
formulas, they are presented in the Appendix B.

For completeness, we give here the Cartan tensor in the
field A,

C},Ll)p[xvxv e; A]

_ +g Nuv (‘Z’ap(p - ¢'apq_j) + 27],0(# ((]331,)(]5 - ‘pav)‘lg)
e L+ g2
1
+ 2 [Thwnpo + NppNve + 77;1.0’71},0]550 s 43)

The angular metric tensor has a more extended formula which
is presented in the Appendix B. The duality map (42) pro-
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vides the corresponding tensor objects in the C, field. Since
its application is very simple, we leave it as an exercise to
the reader.

3 Finsler geometries from spin-% particle in Rafiada
background

In this section, we will generalized the construction pre-
sented above to the classical spinning particle of one-half
spin. The kinematic space of the free spinning particle
%(%)[x, X, Y, w e, x, A] is constructed over the functions

{(xH, % Y " s, e, x} on the particle world-line. The
variables {x"} are bosonic and {y/*, s} are fermionic. The
variables {y/*, ¥/5} are introduced to define the spin in the
classical model. By definition, they satisfy the following Clif-
ford algebra relations

W], =n" . [Usiws), =1, [ 0s], =0, (44)
where the brackets are anti-commutators. The most general
action of the free spinning particle that is invariant under
the supersymmetry and reparametrization transformation is
obtained by integrating the following Lagrangian [34]

2

o L, ]
Lo[x,x,w,w,e,x;A]zz—ean '+ Sem

+’5 (U0 — rsyrs) — zl—exdwé“ +imyys.

The functions e and x are Lagrange multipliers of the two first
class constraints that must be introduced into the action. The
electromagnetic potential A, (x) plays the role of an external
field as in the case of the spin-0 particle. The interaction
between the spinning particle and the electromagnetic field
is expressed by the following Lagrangian

. . X i
Linglx. 5. .. e, X: A]=qAMx“+7“’erw“w“ (5

Then the total Lagrangian of the spin—% particle in the elec-
tromagnetic field has the form

Loyl &9, e x: Al

1 Lo 1 i, . .
= mexﬂxv + Eemz + E (Wm”“ - I/ISI/fS)
i ity :
—wax +imxys

1
FqA 4 gemww” . (46)

We note that L(l)[x, X, ¥, w e, x; A] is invariant under the
2

super-reparametrization and electromagnetic gauge transfor-

mations (see for details [34]).

The kinematic space %(%)[x, X, v, 1/}, e, x; Al is Zyp-
graded as it contains both bosonic and fermionic variables

Xle. 4, ¥ e, x, Al = Xolx, 45 e, Al @ X[y, ¥: x].
(47)

The space Xo[x, x; e, A] is associated to the particle world-
line as in the spin-0 case and one can try to give it a Finsler
space structure in terms of the bosonic coordinates. However,
we expect that the corresponding Finsler fundamental tensor
depend on the anti-commutative variables as well due to the
interaction with the electromagnetic field. In what follows
we will drop off the arguments of the functions in formulas.
The determinant of the Hessian matrix of L 1 with respect
to the bosonic variables x** is

9%L 1
o |1
det [axuaxV} == (48)

2
H

As in the case of the spinning particle, the Hessian of L

is zero only if

3
2+ 9geAx + 362q2A2 + Emze2 —3iex (Yx + qgeAy —mys)

i 3
+ Ele (Y — Prsvrs) + qust -0, (49)

where we have suppressed the summation indices. In the
absence of the external field, the real part of equation (49)
does respect the classical causality.

We define the Finsler space of the spinning particle as in
the spin-0 case by the triple {S'-3, MZ(SM), L(%)} where
S1-3 is the superspace associated to the R!:3 such that the
coordinates of each point P € S'3 are {x*, y*}. The con-
ical region MY (S'3) is defined with respect to the bosonic
coordinates by the Minkowski metric. The induced Finsler
structure on the kinematic space .’{( 1 )[x, X, ¥, 1&; e, x,Al
has the same form as the general kinematic space X[x, x; ®],
therefore we can apply the same method to calculate the fun-
damental objects.

The Finsler metric is defined with respect to the bosonic
variables x* and it has the following form

S = T g

& m? q*a ($oup — ddud <<ﬁau¢ - ¢aua‘>>
1+ |2 1+ |g]?
n q Nuv (q33p¢ - ¢3p¢3) + 277/)(;1 (éavﬂ’ - ¢av)(£) P
e 1+ 192

1 . . i . .
+ 202 [Wuvxz + zﬂupﬂvaxpxa] + E’?uv (prp - WSWS)
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b [ﬁe (‘l’w‘/’aw"’ - ‘/’(“M”d)) +nuy (Vpif — 2’"‘/’5)}

2% | 2mi 1+ g2
Q\/E ap‘l;aa(l5 - ap(lbaall_5 po
+ Nuv i (] Fyy ) SPE. (50)

One can generalize the duality among the Finsler geome-
tries from the spin-0 particle to the spin—% particle as follows

. p E ) P

guv [x, X, ¥, Ve, x, Al = guv [, 9. £, &; f.k, C -

x—>y,e>f¥v>C¢, x>k, 0> —0,m—>M,q— —k}.
(51

These maps leave the Lagrangian invariant but change the
description of the spinning particle in the electromagnetic
field A, to a formally magnetic charged spinning particle in
the dual field C,,.

Similarly, the calculation of the Cartan tensor produces
the following result

(l
C

) _ +z Uy (¢330¢ - ¢ap¢_’) + 2'7,0(/}. (d_’au)d’ - ¢3u)(5)
P e 1+ )2

i

> (52)

1 .
+ 87 [mw Npo + NupMvo + Nuo va] x7 XW/pr .
We can see that the above relations reduce to their spin-0 par-
ticle counterparts in the absence of the spinning variables and

can be simplified by choosing convenient reparametrizations

of the world-line. For example, the metric g;(é;) from the Eq.
(50) simplifies considerably in the proper-time gauge, that is
fore = 1/m and x = 0. Other gauges are possible, and they
are obtained by using the equations of motion.

The angular metric tensor and the Finsler geodesic equa-
tions of motion in the Rafiada background can be computed
from their respective definitions. The corresponding relations
show that the dependency of these objects on the topological
data of the background field, encoded by the function ¢, is
highly nonlinear. Since the formulas are quite large, they are
presented in the Appendix C.

4 Conclusions

In summary, we have constructed the Finsler geometries and
calculated the fundamental objects for the kinematic spaces
of the spin-0 and spin-% particles in an arbitrary electromag-
netic field in the most general formulation of the particle
action in which all symmetries are manifest. We have given
a simple method to calculate the metric tensor, the angu-
lar metric tensor, the Cartan tensor and the geodesic equa-
tions that are all parametrized by the world-sheet einbein and
its supersymmetric partner that are associated to the gauge
reparametrization transformations and to the electromagnetic

@ Springer

potentials. Due to this parametrization, the Finsler structure
is actually a set of Finsler spaces. Our calculations show that,
in general, the inverse metric and the objects derived from it
are non-polynomial and non-linear in all variables. Next, we
have applied this method to calculate the fundamental ten-
sors of the Finsler geometry for the particle in motion in the
topological Rafada field. Here, we have showed that there is
a duality map among Finsler geometries induced by the elec-
tromagnetic duality. We have given a simple interpretation of
this map as a transformation between the original particle in
the electromagnetic field and a formal magnetically charged
particle moving in the dual field and we have exemplified its
application by calculating the geodesic equation in the dual
Finsler geometry in the spin-0 case.

Working with the full symmetries of the particle action
is important for determining the full set of Finsler spaces as
the gauge fixed actions, e. g. the proper-time action, misses
spaces from this set. However, for practical applications such
as solving the geodesic equation and quantization, it is nec-
essary to fix the reparametrization and the electromagnetic
gauges by which a particular Finsler geometry is also selected
from the set of allowed geometries. Nevertheless, even if
the gauge symmetries are fixed, it is difficult to solve the
geodesic equation due to the non-polynomial and non-linear
terms present in it.

The results obtained here open up a rich set of research
lines for future investigations. One interesting problem is
whether the dual map between the Finsler geometries has
generators and, more generally, the structure of the duali-
ties among the geometries and their relation with physics.
Another problem is to study the Finsler geometries corre-
sponding to the polynomial action which implies including
the constraints in the fundamental Finsler function. New gen-
eralizations of the Rafiada fields have been presented recently
in the literature, see e. g. [5—8] for topological solutions in
the presence of the gravitational field and [9-14] for general-
ization to the non-linear electrodynamics. It should be inter-
esting to generalize the construction presented in this paper
to determine the Finsler geometries associated to these sys-
tems. In particular, it would be interesting to see whether any
of these solutions can be connected to the b-Finsler geometry
[39—41]. While the results presented here have been obtained
by applying classical analytic methods of differential geome-
try, itis certainly interesting to implement a computer assisted
algorithm for investigating the aforementioned problems and
other. For example, the geodesic equations obtained in this
paper are highly non-linear. Therefore, from the point of view
of the applications of these results, it is important to investi-
gate the solubility of the geodesic equations and their solu-
tions either analytically as well as numerically.
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Appendix A: basic concepts of Finsler geometry

In this Appendix, we review some basic concepts and rela-
tions of Finsler geometry that have been used above. For
more details we refer to [29].

Let M be a real manifold of dimension n endowed with a
real scalar function F[x, y] where x € M and y € 7,(M)
which is the tangent space at x. The function F[x, y], called
the fundamental function of the Finsler space or the Finsler
metric function, is required to have the following local prop-
erties:

(i) F[x, y]is smooth with respect to x and y.

(ii) There is a conical submanifold MY (M) C T;(M)
such that:
Flx,y] > 0 and det [8y2.y F?[x, y]] # O forany y €
Ve (M).

(iii) F[x,y] is homogeneous of degree one in y, i. e.
F(x,Ay) = AF[x,y] forany A > 0 and any y €
MY (M).

An n-dimensional Finsler space is a triple (M, MY (M),
F[x, y]) with the properties (i)—(iii) above. From these prop-
erties, one can readily write the fundamental objects of the
Finsler geometry in local coordinates {xi}, where i = 1,n
on M. The first such objects are the Finsler metric tensor
gijlx, yl, the unit tangent vector I; and the angular metric
tensor h;j[x, y] defined by the following relations

oyl i L 92 F[x, y]
ijlx,yl = - ——7—7—
8ijlx, y 2 dyiay)

hijlx, y] = gijlx, y] = Li[x, yll;[x, y].

Vi

, Lilx,yl = m

(A1)

The Cartan tensor can also be expressed in terms of the
fundamental function as follows

10gij[x,y]  19°F?[x, y]
2 ayk T 49yiayiayk

Cijklx, y]:= (A2)

Of interest in the Finsler geometry of the kinematic space
of a physical particle is the Finsler geodesic equation as the
variational problem of the equation of motion can be reduced
to the geodesic problem [29]. By generalizing the definition
from the Riemann geometry, the Finsler geodesic is defined
as the stationary solution to the variational problem

SI1y1 :5/ F(x,y =dx) =0, (A3)
Y

where y [t1,2] € R — M is a smooth curve
parametrized by t with fixed endpoints x; = y (1) and
x2 = y(12). The Finsler geodesic equation takes a similar
form to the geodesic equation from the Riemann geometry
when expressed in terms of the Finsler-Christoffel symbols
defined by the usual relations

1 . (0gk , 08  08jk
28 (axj + axk  axr )

== (A.4)
Then, the variational problem (A.3) generates the Finsler
geodesic equation

g dxldet dxt d [I(FY] = 0
ar dr T dt dt -

d’x'

- A.S
172 (A.5)
As is well known, the similarity between the Riemann geom-
etry and the Finsler geometry is not accidental. The Riemann
geometry is a particular case of the Finsler geometry for the
metric tensor g[x, y] independent on y which implies that
Cijx =0.

Appendix B: dual geodesic equations

Here, we present the angular metric tensor and the Finsler
geodesic equation for the spinless particle in the Rafiada
background. The angular metric tensor has the following
form

hulx, %, e; Al
_m* g% (ém - ¢au¢‘>) (&am - ¢au¢3)
BT =0 G P Y 1+ 1912
q | nuv ($3p6 — 99p0) + 2n,p(u (6309 — $30)9) | .,
+ = xr,
e I+1gP
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(B.1)

One can calculate the Finsler geodesic equations in the
spaces X[x, x; e, A] and [y, y; f, C]. The first equation is
obtained from the Eqgs. (35) and (19) and has the following
form

"zi+g{[ix <1 +M(M)]}

-1

dr? 2 2" T 4 1+ ¢
X {n;w _ |: xp, v CI\/> |:(¢aﬂ¢ - ¢3#¢>xv
2 4m 1+ ]¢/?

39" —03"P\ .,
+( [+ 167 )x ]]
1., 5]\/5 éapd’_ﬁbapd_) .
X[?x T omi ( T+ 9P >xﬂ
_ qa (a‘bapzﬁ f¢ap¢3> (éa% —¢aﬂ¢'>)
1672 1+ 92 1+¢)?
- - -1
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X

The geodesic equation is non-linear and non-polynomial
in all its variables. The geodesic equation can be calculated
in two ways, either from its definition or by applying the
duality map (42) to the geodesic equation (B.2). The result
is the following equation

-1
dzy“

FIT1 ., 1, 5, kJa (éape—aapé> )
E B I S Y 2907 T 7OP7 Y e
a? T2 2fy M e )Y
y# , k[ (0940 —00md .
Iz dri 1+ 162

79°0 — 09°0
( 467 )y]]
[ 0390 — 08,0 K*a
[7 2m< 1+ 102 )y 1672
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(B.3)

Since the duality map only requires a simple substitu-
tion of variables, it is provides a faster way to construct the
geometrical objects from the dual geometry. The geodesic
equations from above illustrate the advantage of knowing the
duality map from the computational point of view. Since the
system formed by the electrically and magnetically charged
particles support the two dual geometries, the physical con-
tent is unchanged by performing the dual transformations
between these geometries, which is the content of the equiv-
alence of the geometries under the duality map.

Appendix C: Angular metric and geodesic equation for
spinning particle

Here, we present the angular metric tensor and the Finsler
geodesic equation on the space %(%)[x, X, ¥, 1/}; e, x, Al

The field angular metric tensor for the spinning particle
in the field A, has been calculated from its definition. After
some simplifications, it can be put under the following com-
pact form

A _m o g (éa,ias —w,té) (&w —¢9V¢3>
N NT ) 1+ 1+ g2
[nw (636 — $3,®) + 21p(u ($B1)p — M;)d))}
+= 3
e 1+ 9*

1 . i’ . .
+ 22 [’Iuvxz +277;Lprlvaxp)(0] + me (pr‘//p - 1‘[/S‘PS)
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