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Abstract When the different wavelengths of the scalar and
tensor modes of the geometry are all assigned on the same
space-like hypersurface the maximally amplified frequen-
cies of the spectrum remain smaller than the Planck mass
only if the duration of a stage of accelerated expansion and
the corresponding tensor to scalar ratio are severely con-
strained. All the different wavelengths can be initialized on
the same space-like hypersurface at the onset of inflation
but this strategy and the related conclusions are plausible
only for classical inhomogeneities. We argue that a whole
class of potential constraints is easily evaded provided the
different wavelengths of the quantum fields are assigned as
soon as they cross the corresponding Planckian hypersur-
faces. In this case the Cauchy data for the mode functions
depend on the wavenumber so that larger wavelengths start
evolving earlier while shorter wavelengths are assigned later.
Within this strategy the duration of a conventional inflation-
ary phase and the corresponding tensor to scalar ratio are not
constrained but the large-scale power spectra inherit specific
large-scale corrections that remain however unobservable.
We also address the problem of the bouncing dynamics and
show that similar constraints do no not appear at the begin-
ning of the bouncing phase but rather towards its end.

Already after the discovery of black hole evaporation [1,2]
it was noted that the frequencies of massless species along
the paths emerging from the past null infinity and heading
towards I + can experience arbitrarily large redshifts as the
particles pass through the collapsing dust cloud prior to the
formation of the event horizon. The range of frequencies that
can be seen by distant observers at late times would have had
to originate at I − with ultrahigh frequencies including fre-
quencies above the Planck scale. Local Lorentz invariance
would be violated if such frequencies were arbitrarily cut-
off. Many questions have been raised through the years con-
cerning the survival of Hawking radiation in the case of a
breaking of local Lorentz-invariance (see e.g. [3–7]). With
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the purpose of investigating the stability of the process of
black hole evaporation the dispersion relations have been
purposely modified above a (nearly Planckian) energy scale.
Different physical approaches led independently to the con-
clusion that the thermal emission is likely not to be destroyed
by quantum gravitational effect even if the tools employed
to deduce the black hole evaporation may not be valid for
arbitrarily small wavelengths [4,5,7].

The very same objection raised in the case of Hawking
radiation has been subsequently brought up in the discus-
sion of the inflationary power spectra since arbitrarily small
wavelengths may appear when a phase of accelerated expan-
sion is about to start [8–17]. All along the past two decades
these effects have been analyzed [18–23] and there is consen-
sus that physical frequencies larger than a certain reference
energy (be it for instance the Planck or string mass) could
mildly modify the scalar and tensor power spectra at large
scales. However these modifications have not been observed
in spite of the repeated observational scrutiny [22–24] so that
it is fair to say (as in the case of black hole evaporation) that
the discussion of the scalar and tensor power spectra is not
crucially affected by the wavelengths shorter than the Planck
length even if the tools used for the actual derivation could
well be invalid for arbitrarily short wavelengths. In spite of
the latter conclusion it has been recently suggested [25,26]
(see also [27,28]) that frequencies above the Planck energy
scale forbid, in practice, any sufficiently long conventional
stage of inflationary expansion and imply anyway severe
bounds on the tensor to scalar ratio (e.g. rT < O(10−30)).
According to this further reprise of the original theme, if
relic gravitons will ever be observed through a suitable B-
mode polarization [29] they will not come from conventional
inflationary scenarios since the techniques used to derive the
scalar and tensor power spectra are not consistent.

To spell out more clearly the terms of the problem it is
useful to remind that in a conformally flat background of
Friedmann–Robertson–Walker type the physical (i.e. λph)
and the comoving (i.e. λ) wavelengths of the scalar and

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-020-8121-5&domain=pdf
mailto:massimo.giovannini@cern.ch


555 Page 2 of 8 Eur. Phys. J. C (2020) 80 :555

tensor modes of the geometry are notoriously related as
λph(λ, τ ) = λ a(τ ), where a(τ ) is the scale factor and τ

is the conformal time coordinate. As τ → −∞ there are two
extreme physical possibilities:

lim
τ→−∞ λph(λ, τ ) → 0, whenever ȧ > 0, ä > 0,

(1)

lim
τ→−∞ λph(λ, τ ) → ∞, whenever ȧ < 0, ä < 0,

(2)

where the overdot denotes a derivation with respect to the
cosmic time coordinate t which is related to τ as a(τ ) dτ =
d t . In the context of conventional inflationary scenarios the
limit (1) applies since the background is characterized by a
phase of accelerated expansion (i.e. ȧ > 0 and ä > 0) with
mildly decreasing curvature. As an example, for a power-law
inflationary expansion [i.e. a(t) ∼ (t/t1)α with α > 1 and
t > t1] we have a(τ ) ∼ (−τ/τ1)

−β with β = α/(α − 1) so
that the condition (1) is verified. Similarly in the instance of
a power-law contraction a(t) ∼ (−t/t1)γ (with 0 < γ < 1
and t < −t1) the limit of Eq. (2) easily follows. The evolution
equations for the scalar and tensor modes of the geometry
cannot be valid for arbitrarily short wavelengths as it seems
instead implied by Eq. (1): this is the same kind of aporia
appearing in the context of Hawking radiation [3–7].

In the context of the conventional inflationary models the
limit τ → −∞ should be handled with some care since an
ever expanding inflationary evolution is not past geodesically
complete [30]. With this caveat, in terms of the physical fre-
quencies the two limits of Eqs. (1) and (2) are interchanged:

lim
τ→−∞ ω(k, τ ) → ∞, whenever ȧ > 0, ä > 0,

(3)

lim
τ→−∞ ω(k, τ ) → 0, whenever ȧ < 0, ä < 0,

(4)

where we used the notation ω(k, τ ) = k/a(τ ) together with
k = 2π/λ. Thus the physical frequencies may become eas-
ily super-Planckian (or trans-Planckian as some like to say)
in the case of conventional inflationary models and sub-
Planckian for bouncing scenarios based on a stage of acceler-
ated contraction. All in all the same class of problems orig-
inally pointed out in the context of black hole evaporation
arise in conventional inflationary scenarios but, apparently,
not in the case of bouncing scenarios, at least in the limit
τ → −∞ [25,26]. To be fair bouncing models are not totally
immune from these potential issues as sometimes affirmed.
In fact Eqs. (1) and (2) should probably be complemented by
two supplementary limits:

lim
τ→0− λph(λ, τ ) → ∞, whenever ȧ > 0, ä > 0,

(5)

lim
τ→0− λph(λ, τ ) → 0, whenever ȧ < 0, ä < 0.

(6)

Equation (5) suggests that the physical wavelengths are nat-
urally larger than the Planck (or string) length-scale close
to the end of the accelerated expansion (i.e. for τ → 0−).
Equation (6) implies instead that the physical wavelengths
may well get shorter than the Planck (or string) length-scale
close to the end of a phase of accelerated contraction: since
a(τ ) shrinks for τ → 0− the wavelengths can easily become
sub-Planckian as the bouncing stage develops. While in the
case of inflationary dynamics the trans-Planckian problem
arise at the onset of the inflationary evolution (as discussed
in Eqs. (1) and (2)), the same kind of ambiguity may also
arise at the end of a bouncing stage. This observation is rel-
evant since there are some claiming that the bouncing mod-
els do not suffer of trans-Planckian problems. In practice
the trans-Planckian problems possibly arising in bouncing
scenarios are also related to the so-called gradient instabil-
ity stipulating that either the scalar or the tensor modes of
the geometry may inherit an imaginary sound speed (see for
instance [31,32]). This phenomenon normally occurs when
the contracting evolution turns into the expanding stage:
since the transition involves either higher derivatives in the
matter fields or higher-order curvature corrections an effec-
tive sound speeds for the scalar and tensor modes develops.
Whenever the sound speed becomes imaginary an instability
of the scalar or tensor modes suddenly develops close to the
end of the bouncing phase.

The implications of Eqs. (1)–(2) and Eqs. (3)–(4) depend
on the initial Cauchy hypersurface that can be assigned in
two complementary ways. According to the first strategy the
various modes are initialized on a given space-like hyper-
surface at the same initial conformal time τi . This approach
is physically meaningful for classical fluctuations that are
assigned, once forever, at the onset of inflation (and subse-
quently ironed provided the inflationary stage is sufficiently
long [33–35]). According to the second strategy the differ-
ent modes of the field are assigned on different space-like
hypersurfaces: in this context we will have that τi = τi (k)
so that the initial normalization depends on the comoving
wavenumber. This second perspective cannot be applied to
classical fluctuations but it is physically meaningful for the
quantum inhomogeneities that keep on reappearing all along
an initial inflationary (or bouncing) stage.1 These two possi-
bilities will now be separately scrutinized and swiftly com-

1 The Hamiltonian is minimized at the initial space-like hypersurface
τi (k) so that the Cauchy data for the evolution of the field operators
in the Heisenberg description are defined at τi (k). Using the same ter-
minology, in the standard approach, the initial conditions for the field
operators are all given at τ∗ for the different wavenumbers so that, for
the standard case, it is somehow true (and potentially confusing) that
all the modes suddenly appear at τ∗.
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pared in the light of the conditions of Eqs. (1)–(2) and (3)–
(4).

Let us therefore consider a stage of accelerated expansion
and assume that all the k-modes are assigned at the same time
τi . The only way to prevent the presence of super-Planckian
frequencies is to demand that ω(k, τi ) ≤ M for all the dif-
ferent k-modes at the same time τi ; more precisely

ω(k, τi ) = k

a(τi )
≤ M < MP ,

H a = − 1

(1 − ε)τ
,

ε = −Ḣ/H2, (7)

where M is a given physical scale that does not exceed, by
construction, the Planck (or string) energy scale; ε is the
standard slow-roll parameter. The condition (7) is valid for
all the modes of the spectrum provided it is verified for the
maximally amplified wavenumber kmax . For the sake of con-
creteness we can consider the case of the curvature inhomo-
geneities and the tensor modes induced by a single scalar
field ϕ where z = aϕ′/H and H = a′/a ≡ a H ; in this
situation the maximal wavenumbers for the scalar and ten-
sor modes (i.e. ks max and kt max ) are determined from the
following pair of conditions:

k2
s max = z′′

z

∣
∣
∣
∣
τ=τ f

, k2
t max = a′′

a

∣
∣
∣
∣
τ=τ f

,

ε(τ f ) 	 η(τ f ) = O(1), (8)

where the two expressions at the right-hand side of both equa-
tions are evaluated at the time τ f that conventionally defines
the final stage of the inflationary expansion; around τ f the
slow-roll parameters (i.e. ε and η) are all O(1). Neglecting
the minor differences induced in Eq. (8) by the slow-roll
parameters we will have that2

ks max 	 kt max = a f H f

[

1 + O(ε f ) + O(η f )

]

, (9)

so that the common values of ks max and kt max can be approx-
imately estimated by kmax 	 a f H f 	 a f H where H
denotes the Hubble rate during inflation. Equations (8) and
(9) imply that the condition of Eq. (7), if applied to kmax ,
leads to the following chain of inequalities:

kmax

a(τi )
≤ M ⇒ H

(
a f

ai

)

≤ M �⇒ eN ≤ M

H
, (10)

where N = ln (a f /ai ) denotes throughout the total num-
ber of inflationary e-folds. The last inequality of Eq. (10)

2 The slow-roll parameters are defined, in what follows, as ε =
−Ḣ/H2 (already introduced in Eq. (7)), η = ϕ̈/(H ϕ̇) and η =
(ε − η) ≡ M

2
P (W ϕϕ/W ), where MP = MP/

√
8π and W denotes

the inflaton potential.

demands an upper limit on the total number of inflation-
ary e-folds. For actual estimates we shall always choose
M = O(MP ) (even if we shall insist later on that M < MP

); in this case Eq. (10) suggests that N < − ln (H/MP ).
Assuming the temperature correlations from the Cosmic
Microwave Background are due to the curvature inhomo-
geneities amplified during inflation we have that the inflation-
ary curvature scale is given by H/MP = √

π rT AR where
AR = O(2.4) × 10−9 is the amplitude of the scalar modes
and rT is the tensor to scalar ratio3. Equation (10) implies
that N can be at most O(14) supposing rT = O(0.01). This
result has been interpreted in Refs. [25,26] as a prohibitive
condition forbidding, in practice, the existence of sufficiently
long inflationary phases. The results of Eqs. (7), (8)–(9) and
(10) demonstrate that these severe constraints follow from
the assumption that all the different wavelengths of the scalar
and tensor mode of the geometry are assigned on the same
Cauchy hypersurface. It might be useful to remark that in
Refs. [25,26] the condition (10) has been simply assumed as
a conjecture with the purpose of deriving a certain number of
restrictions on the properties of inflationary potentials. In the
present approach the condition (10) is not a conjecture but
rather a result that only follows by assigning all the modes
of the quantum fields at the same initial time τi . Even if the
two viewpoints are formally different they are in practice
complementary and this is the reason why it seems useful to
investigate how the condition (10) can be evaded or super-
seded.

For a successful inflationary evolution we must fit the
event horizon at the onset of inflation within the present
size of the Hubble radius. Since the typical size of the event
horizon at τi is O(H−1) we should require that (a0/ai ) =
(H/H0) where a0 and H0 denote the scale factor and the
Hubble rate at the present epoch while ai is the scale factor
at the onset of inflation4. This requirement can be made more
explicit:

H0

H
= √

2 �R0 e
−2N , eN 	 MP

H
, (11)

where �R0 is the critical fraction of the energy density
attributed to massless species in the concordance paradigm
(i.e. h2

0 �R0 = 4.15 × 10−5). The second relation in Eq.
(11) gives the maximum number of e-folds compatible with
Eq. (10); if the two expressions in Eq. (11) are combined
and solved with respect to N we get a critical number of
e-folds, i.e. Nc = O(45.3). Thus we must have rT <

16/(π AR)e−2Nc , i.e. rT < 9.5 × 10−31. According to this
estimate any tensor mode potentially detected through the

3 We shall be assuming throughout the validity of the consistency rela-
tions stipulating that 16ε = rT = −8nT where nT is the tensor spectral
index [29]. If the consistency relations are not assumed some of the
constraints discussed below could be probably relaxed.
4 We are assuming here that inflation starts on a time scale O(τi ).
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B-mode autocorrelations should not be attributed to a con-
ventional inflationary stage (see e.g. [29]).

The prohibitive limits explored in the two previous para-
graphs ultimately follow from Eqs. (7) and (9) suggesting
that all the different k-modes should be assigned on the same
space-like hypersurface. If this strategy is adopted the max-
imal amplified frequency exceeds the Planck scale at τi for
any sound duration of inflation given the current observa-
tional bounds on the tensor to scalar ratio. According to the
viewpoint conveyed here, the approach leading to Eqs. (10)
and (11) is reasonable in the case of classical fluctuations.
Conversely there is no compelling reason why all the wave-
lengths of the scalar and tensor modes of the geometry should
be assigned on the same space-like hypersurface when the
inhomogeneities are generated quantum mechanically. This
observation is not new and has be been discussed, with differ-
ent techniques and motivations, in Refs. [10,11,13–15] and
it responds to the logic of effective theories [37]. The differ-
ent k-modes are then assigned as soon as the corresponding
physical frequencies “cross” the scale M :

ω(k, τi (k)) = k

a[τi (k)] = M < MP . (12)

The condition (12) defines, in practice, what we could call
Planckian hypersurface even if different nomenclatures exist
in the literature and they reflect slightly different physical
interpretations. It is important to appreciate that while in Eq.
(7) τi is the same for different k-modes, in Eq. (12) τi =
τi (k) and the specific k-dependence is ultimately dictated by
the dynamics of the background. For a phase of accelerated
expansion we have:5

τi (k) = −τ f

(
M

k

)1−ε

⇒ xi (k) = k τi (k)

= (−k τ f )
ε

(
M

H

)1−ε

 1. (13)

Equation (13) requires that long wavelengths (i.e. small
k-modes) are normalized ealrier while short wavelengths
(i.e. large k-modes) are normalized later. If τ∗ convention-
ally marks the onset of inflation, the smallest wavenum-
ber of the spectrum (i.e. k∗ 	 τ−1∗ ) will be assigned at
|τi (k∗)|  |τi (kmax )| where τi (kmax ) denotes instead the
time at which the largest mode of the spectrum is initialized
(see Eqs. (8)–(9) for the definition of kmax ). Note that in the
limit ε → 0 (which is mathematically convenient for order of
magnitude estimates) we have that |τi (k∗)| 	 eN |τi (kmax )|
where N is the total number of e-folds. Let us finally consider
a phase of accelerated contraction where the scale factor can
be parametrized, in cosmic time, as a(t) = (−t/t1)γ with

5 In Eq. (13) we introduced, for later convenience, the notation xi (k) =
k τi (k). We also stress that in Eq. (13) the slow-roll parameter has been
assumed to be constant, for the sake of simplicity.

0 < γ < 1 and t < −t1. The condition (12) implies, in this
case,

τi (k) = −τ1

(
k

M

)−1+1/γ

⇒ xi (k) = k τi (k)

= (−kτ1)
1/γ

(
H1

M

)−1+1/γ

, (14)

where H1 < MP represents the maximal curvature scale
for t = O(t1) and |kτ1| < 1. The condition (14) does not
guarantee that the physical frequencies will remain smaller
than the Planck mass towards the end of the bouncing phase,
as already stressed by Eqs. (5) and (6) in the case of the
corresponding wavelengths.

If the different k-modes are assigned as in Eq. (13) the con-
straint of Eq. (10) does not arise. More specifically, the total
duration of the inflationary phase is not constrained since the
maximal frequency coincides with M and it is always smaller
than MP by construction:

kmax

a[τi (kmax )] = M ≤ MP . (15)

The approach based on Eq. (15) leads to the correct form of
the scalar and tensor power spectra together with a series of
oscillating corrections controlled, for each k-mode, by the
dimensionless parameter xi (k) introduced in Eqs. (13)–(14).
The oscillating contributions however, do not solely depend
on Eqs. (12) and (13) but also on the way the initial vac-
uum state is defined, i.e. on which Hamiltonian is minimized
[14,15] at τi (k). Since the problem depends upon time, there
is always the possibility of performing a time-dependent
canonical transformation that changes the explicit form of
the Hamiltonian without affecting the classical evolution.
The different Hamiltonians will be minimized by different
vacua at τi (k) and this will ultimately lead to the different
corrections of the corresponding power spectra.

To illustrate the different forms of the power spectra fol-
lowing from the minimization of the various Hamiltonians
on the Planckian hypersurfaces it is practical to consider the
scalar modes of the geometry:

H (1)(τ ) = 1

2

∫

d3x

[
2

z2 + z2 ∂kR ∂kR
]

,

 = z2 ∂τR. (16)

where R denotes the curvature perturbation on comoving
orthogonal hypersurfaces and  is the conjugate momen-
tum.6 If the classical fields are promoted to the status of

6 An analog form of the Hamiltonian can be discussed in the case of
the tensor modes but, for the sake of conciseness, we shall limit the
attention to the scalar case which is also the one more relevant for the
observations of the temperature and polarization anisotropies.
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quantum operators and subsequently represented in Fourier
space, the Hamiltonian operator corresponding to Eq. (16) is

Ĥ (1)(τ ) = 1

2

∫

d3k

[
1

z2 ̂
†
�k̂�k + k2 z2 R̂†

�k R̂�k
]

, (17)

where the Fourier amplitudes of the quantum fields and of
the canonical momenta are defined by:

R̂(�x, τ ) = 1

(2π)3/2

∫

d3k R̂�k e
−i �k·�x ,

̂(�x, τ ) = 1

(2π)3/2

∫

d3k ̂�k e
−i �k·�x . (18)

The Hermiticity of the fields and of the momenta in real
space obviously implies that R̂ †

�k = R̂−�k and ̂
†
�k = ̂−�k .

The Hamiltonian (17) can be diagonalized at the initial time
τi (k) in terms of the operator Q̂�k and Q̂−�k defined as:

Q̂�k = 1√
2k

{
̂�k[τi (k)]
zi (k)

− i zi (k) k R̂�k[τi (k)]
}

, (19)

where zi (k) = z[τi (k)]; the canonical commutation relations
between conjugate field operators demand from Eq. (19) that
[Q̂�k, Q̂

†
�p] = δ(3)(�k − �p). The diagonal form of the Hamilto-

nian (17) is finally given by:

Ĥ(τi ) = 1

4

∫

d3k k

[

Q̂†
�k Q̂�k + Q̂�k Q̂

†
�k + Q̂†

−�k Q̂−�k

+Q̂−�k Q̂
†
−�k

]

. (20)

The state minimizing the Hamiltonian (20) at τi (k) is defined
by Q̂�k |0(1)〉 = 0 and Q̂−�k |0(1)〉 = 0; these two conditions
provide the Cauchy data for the evolution equations in the
Heisenberg description so that the scalar power spectrum is

〈0(1), τi (k)|R̂�k(τ ) R̂ �p(τ )|τi (k), 0(1)〉

= 2π2

k3 P(1)

R (k, τi )δ
(3)(�k + �p). (21)

The explicit form of the power spectrum P(1)

R (k, τi ) contains
a leading term (which is the standard scalar power spectrum
typical of single-field inflationary models) and a series of
corrections in the inverse of kτi (k). More specifically we
will have that

P(1)

R (k, τi )

= PR(k)

[

1 + c(s)
1 (ε, η)

sin [2xi + c(s)
0 (ε, η)π ]

xi

+O
(

1

x2
i

)]

c(s)
0 (ε, η)

= c(s)
1 (ε, η) = 1 + 2ε − η

1 − ε
, PR(k) = 8

3 M4
P

(
W

ε

)

(22)

where, as before, W denotes the inflaton potential. Since
ε and η are both much smaller than one when the largest
wavelengths exit the Hubble radius during inflation the first
oscillating correction goes as x−1

i 	 (H/M).
If we now perform a canonical transformation with

the appropriate generating functional, the Hamiltonian (16)
changes its form even if the evolution remains the same. Let
us consider for instance the transformation [14]:

R̂ → q̂ = z R̂, ̂ → π̂ = q̂ ′ − z′

z
q̂. (23)

In this case the Hamiltonian (16) changes its form and the
final result will be

H (1)(τ ) → H (2)(τ ) = 1

2

∫

d3x

[

π2 + 2π q + (∂kq)2
]

.

(24)

The Hamiltonian (24) can be minimized by following a pro-
cedure similar to the one examined above. The power spec-
trum will be given this time

〈0(2), τi (k)|R̂�k(τ ) R̂ �p(τ )|τi (k), 0(2)〉

= 2π2

k3 P(2)

R (k, τi )δ
(3)(�k + �p), (25)

where |τi (k), 0(2)〉 now denotes the state minimizing the
Hamiltonian (24) and P(2)

R (k, τi ) will now be given by [14]:

P(2)

R (k, τi ) = PR(k)

[

1 + c(s)
2 (ε, η)

cos [2xi + c0(ε, η)π ]
x2
i

+O
(

1

x3
i

)]

, (26)

where, this time, c(s)
2 (ε, η) = −c(s)

0 (ε, η)/2. A further
Hamiltonian canonically related to the one of Eq. (24) is

H (3)(τ ) = 1

2

∫

d3x

[

π̃2 + (∂kq)2 − z′′

z
q2

]

, π̃ = q ′.

(27)

The transformations H (1)(τ ) → H (2)(τ ) and H (2)(τ ) →
H (3)(τ ) are both canonical; for instance H (2)(τ ) → H (3)(τ )

corresponds to a generating functional that depends on the
old fields q, on the new momenta π̃ and on the background
evolution

G(q, π̃ , τ ) =
∫

d3x

(

qπ̃ − z′

2 z
q2

)

. (28)

By differentiating the generating functional, we obtain the
relation between the old momenta (i.e. π ) and the new ones,
as well as a change in the Hamiltonian

π → π̃ = π + z′

z
q, H (2)(q, π, τ ) → H (3)(q, π̃ , q)

= H (2)(q, π, τ ) + ∂G
∂τ

. (29)
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Bearing in mind Eq. (28) the right-hand side of Eq. (29)
leads exactly to Eq. (27). With similar considerations, all
the Hamiltonians (16)–(29) can be related to one another by
suitable canonical transformations. Denoting by |τi (k), 0(3)〉
the state minimizing the quantum version of the Hamilto-
nian H (3)(τ ), the corresponding power spectrum will now
be given by:

P(3)

R (k, τi )

= PR(k)

[

1 + c(s)
3 (ε, η)

sin [2xi + c(s)
0 (ε, η)π ]

x3
i

+O
(

1

x4
i

)]

,

c(s)
3 (ε, η)

= − (1 + 2ε − η)(2 + ε − η)

2(1 − ε)2 . (30)

The comparison of Eqs. (22), (26) and (30) demonstrates that
the leading term of the spectrum is the same in the three cases
even if the corrections are sharply different. The correction
to the power spectrum goes as 1/x2

i in the case of (26); this
figure is much smaller than the one appearing in (22). For
instance assuming M ∼ MP the correction will beO(10−12),
i.e. six orders of magnitude smaller than in the case of (22).
In Eq. (30) the correction arising from the initial state goes
instead as 1/x3

i and, again, if M ∼ MP it is O(10−18), i.e. 12
orders of magnitude smaller than in the case discussed in Eq.
(22). Similar figures arise in the case of the tensor modes but
will not be specifically discussed here (see [14,15] for further
details on this point). The corrections of the scalar power
spectra are correlated with the rate at which the pump fields of
each Hamiltonian go to zero in the limit τ → −∞: the faster
the free Hamiltonian is recovered in the limit τ → −∞ the
smaller is the correction to the power spectrum. This degree
of adiabaticity is also correlated with the backreaction effects
of the initial vacuum state which are negligible in the case of
Eqs. (26) and (30) but not in the case of Eq. (22) [14].

So far all the discussion has been conducted in the Ein-
stein frame. The same conclusions can be however reached
in any conformally related frame and, in particular, in the
string frame. In the string frame the string mass is constant
while the Planck mass depends on the value of the dilaton
coupling eϕ/2 according to a relation that can be parametrized
at low energies as Ms = eϕ/2MP . Recalling that the relation
between the metric tensors in the Einstein and in the string
frames can be written, in four dimensions, as g(e)

μν = e−ϕg(s)
μν

(with ϕs = ϕe = ϕ), the connection between the scale factors
in the two frames will be given by as = eϕ/2ae. Assuming for
simplicity M = MP we have, for instance, that the condition
(12) is the same in both frames:

ωe(k, τ ) = k

ae(τ )
< MP ⇒ ωs(k, τ ) = k

as(τ )
< Ms

Ms = eϕ/2MP , (31)

where the first equation is the same as Eq. (12) while the
second relation is its analog in the string frame. The metric
fluctuations of the geometry in the two frames are in principle
different however the curvature perturbations on comoving
orthogonal hypersurfaces are the same in the two frames,
Rs = Re = R; a similar property holds for the tensor modes
of the geometry [32].

The approach pursued in the present Letter can be corrob-
orated by a conceptually different viewpoint that has been
already mentioned earlier on. It was actually noticed in Ref.
[11] that as long as the WKB condition is not violated at
super-high frequencies, the predictions for the scalar and ten-
sor power spectra remain unchanged. To briefly account for
this perspective we define a rescaled wavenumber k̃ = k/a.
Within these notations the validity of the WKB approxima-
tion for the evolution of the mode functions stipulates that

ω̇ < ω2 ⇒
(
H

M

)∣
∣
∣
∣

d

d ln k̃

(
M

ω(̃k)

)∣
∣
∣
∣
� 1, k̃ = k/a,

(32)

where, as usual, the overdot denotes a derivation with respect
to the cosmic time coordinate. Equation (32) has been pur-
posely written in terms of a putative scale M and it shows the
WKB condition is verified also in the limit ω > M provided
H < M and as long as the dispersion relations ω = ω(̃k)
do not vanish; different explicit proposals can be consid-
ered starting from the ones already used in the context of
black-hole physics [4]. All in all Eq. (32) is stronger than the
conditions of Eqs. (7) and (12) insofar as it suggests that the
approximation scheme used to derive the scalar and tensor
power spectra remains valid for arbitrarily large frequencies
under the plausible condition (32). The results of Eq. (32) also
answer some of the potential questions related to the validity
of the effective approach in the context of conventional (and
unconventional) inflationary models (see e.g. [37]). There
might actually be some who object that when nonlinear inter-
actions are taken into account the different modes may mix
so that if the Planckian (i.e. ω > M) fluctuations are not
defined these interactions cannot be included. This objec-
tion implicitly rejects the logic of the effective theory which
seems instead pretty reasonable in the present as well as in
other contexts. Even if the validity of an effective description
is rejected, the result of Eq. (32) demonstrates that the WKB
approximation is still valid for the trans-Planckian modes.

It is also useful to remind that the concept of Planckian
hypersurface used here has also been adopted in Ref. [38]
in connection with the possibility of the trans-Planckian cre-
ation of massive particle and it has been dubbed new-physics
hypersurface following the earlier terminology employed in

123



Eur. Phys. J. C (2020) 80 :555 Page 7 of 8 555

Refs. [14,15]. The main idea, in this context, is that the num-
ber of created particles above a certain cut-off (i.e. M in
our notations) is not exponentially suppressed but just power
suppressed. The authors of [38] assume a phenomenologi-
cal parametrization that could be written, within the present
notations, as nk = b(Hk/M)γ where b and γ are two con-
stants. The modification of the dispersion relations above the
putative scale M may also have relevant effects at the present
time both for massive and for massless particles [39,40]. The
implications of this interesting observation in the case of ultra
high-energy cosmic rays has been studied in Refs. [39,40].
These problems are potentially relevant also in the present
context but they are beyond the scopes of this investigation.

Before concluding the discussion we wish to stress two
final themes that might clarify the perspective of the present
investigation. Since the Hamiltonians of the scalar and ten-
sor modes of the geometry have been minimized at τi (k) (see
Eqs. (13) and (14)), there might be some wandering how the
evolution between τ∗ and τi (k) should be interpreted. The
answer to this question strongly depends on the dynamics and
it is different if we either consider an inflationary or a bounc-
ing evolution (i.e. Eqs. (1)–(2) and (5)–(6)). In the case of
accelerated expansion the physical wavelengths can become
smaller than the Planck length close to the onset of inflation
but the same issue occurs at the end of a phase of acceler-
ated contraction so that the answer to the above question is
trivial in the bouncing case. In the case of the inflationary
dynamics the answer to the above question has been already
presented after Eq. (13) but it is useful to phrase it in an even
more elementary form. Let us start with the mode τ∗ 	 k−1∗ .
When does it start the evolution of this mode? At τi (k∗) where
τi (k) is given by Eq. (13). Let us then consider a second mode
|τ2| 	 k−1

2 with a(τ2) > a(τ∗). When does it start the evo-
lution of this mode? At τi (k2); the time elapsed from τ∗ to
τ2 can be computed from the number of e-folds between a∗
and a2. A further question could be, at this point: what is the
evolution of the mode function corresponding to k2 between
τ∗ and τi (k2)? The answer is that there is no evolution since
the mode k2 is normalized (and starts evolving) as soon as
it crosses the Planckian hypersurface k2/a(τ ) = M < MP :
this is exactly the condition defining τi (k2). The implications
of this approach are potentially observable and have been dis-
cussed in Eqs. (22), (26) and (30). However the corrections to
the scalar and tensor power spectra depend on which Hamil-
tonian in minimized on the Planckian hypersurface and in
the case of adiabatic Hamiltonians the resulting corrections
are, in practice, unobservable. In a complementary perspec-
tive, since the WKB condition of Eq. (32) is not violated, it
is also possible to follow the modes between τ∗ and τ2 and
this aspect has already been discussed above in connection
with Refs. [11,38–40].

The second possible question could be: which is the quan-
tum gravity underlying the present discussion? The ideas

conveyed here do not require a specific theory of quantum
gravity as it has been instead argued, in a related context, by
Refs. [25,26] where the authors suggested that quantum grav-
ity in general (and string theory in particular) demands a set
of very restrictive conditions on the inflationary dynamics.
In practice a sufficiently long stage of accelerated expansion
should be obliterated (or strongly constrained) by quantum
gravitational effects exactly because the tools employed in
the analysis are not valid for arbitrarily small wavelengths.
The present considerations show indeed the opposite, i.e.
that a detailed theory of quantum gravity is not mandatory
to give a sensible discussion of the scalar and tensor modes
of the geometry either during a phase of accelerated expan-
sion or during a stage of accelerated contraction. Indeed, the
aporia discussed in the present Letter originates from the
observation that the evolution equations for the scalar and
tensor modes of the geometry cannot be valid for arbitrarily
short wavelengths: this is the same kind of problem appear-
ing in the context of Hawking radiation [3–7] and the answer
obtained here is, in a sense, similar. If the largest ampli-
fied wavenumber is always smaller than a certain reference
scale M none of the wavelengths gets shorter than the Planck
length throughout the inflationary evolution but this require-
ment is sufficient, not necessary. In this Letter we gave an
explicit example where none of the restrictive conditions of
Eqs. (10) and (11) arise while none of the wavelengths of
scalar and tensor modes of the geometry becomes shorter
than the Planck or string lengths. The conditions of Eqs.
(10) and (11) coincide indeed with some recent conjectures
proposed in Refs. [25,26] on the basis of string theoretical
considerations. The conclusions of the present investigation
show instead that these string theoretical conjectures may be
viewed as a consequence of a much more mundane assump-
tion stipulating that the maximal amplified wavenumber of
the inflationary power spectra should never exceed the Planck
or string mass. Since this condition is however only sufficient
(and may be evaded) it is fair to conclude that the conjectures
proposed in Refs. [25,26] are sufficient but not necessary. In
other words it can well happen that the maximal amplified
wavenumber does not exceed the Planck or string scale with-
out implying either a very short phase of accelerated expan-
sion or even a vanishing tensor to scalar ratio.

Since the quantum mechanical fluctuations are continu-
ously generated during a primeval inflationary (or bouncing)
stage, all the different wavelengths of the scalar and tensor
modes of the geometry do not have to be assigned on the
same space-like hypersurface. We showed that some pro-
hibitive constraints either on the total number of inflationary
e-folds or on the tensor to scalar ratio can be evaded if the
various wavelengths are assigned as soon as their associated
physical frequency is still smaller than the Planck (or string)
scale. According to this strategy the initial Cauchy data for
the mode functions effectively depend on the wavenumber so
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that larger wavelengths start their evolution earlier than those
that are comparatively shorter. The same problems in con-
ventional inflationary scenarios also occurs in the context of
backgrounds with different kinematical properties (e.g. con-
tracting stages): while in the case of an accelerated expan-
sion the physical wavelengths get potentially shorter than
the Planck length at the onset of inflation, for a phase of
accelerated contraction the physical wavelengths suffer the
same problem but at the end of the bouncing regime (when
the scale factor shrinks and the absolute value of the curva-
ture increases). The oscillating contributions arising in the
large-scale power spectra as a result of the normalization on
the Planckian hypersurfaces turn out to be arbitrarily small.
The present results suggest that the duration of a conven-
tional inflationary phase and the tensor to scalar ratio remain
unconstrained if the quantum inhomogeneities are appropri-
ately assigned on the Planckian hypersurfaces.
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