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Abstract We consider a D-dimensional Einstein-Gauss-
Bonnet model with a cosmological term A and two non-zero
constants: o] and ap. We restrict the metrics to be diag-
onal ones and study a class of solutions with exponential
time dependence of three scale factors, governed by three
non-coinciding Hubble-like parameters: H # 0, h and A3,
obeying m H 4+ kih1 +kahy # 0 and corresponding to factor
spaces of dimensions m > 1, k; > 1 and k; > 1, respec-
tively (D = 1 + m + k1 + kp). We analyse two cases: 1)
m <k <kyandii) 1 < ky = kp = k, k # m. We show
that in both cases the solutions exist if « = a2 /¢y > 0 and
aA > 0 satisfies certain restrictions, e.g. upper and lower
bounds. In case ii) explicit relations for exact solutions are
found. In both cases the subclasses of stable and non-stable
solutions are singled out. For m > 3 the case i) contains a
subclass of solutions describing an exponential expansion of
3-dimensional subspace with Hubble parameter H > 0 and
zero variation of the effective gravitational constant G. The
case H = 0 is also considered.

1 Introduction

In this paper we consider D-dimensional Einstein-Gauss-
Bonnet (EGB) model with a A-term. To some extent this
model is unique among the other higher-dimensional exten-
sions of General Relativity (GR) with second order in curva-
ture terms. The reason is the following one: the equations of
motion for this model are of the second order (in derivatives)
like it takes place in the Einstein gravity. It is well known that
the so-called Gauss-Bonnet term appeared in (super)string
theory as a first order correction (in ') to the (super)string
effective action (e.g. heterotic one) [1-4].

 e-mail: ivashchuk @mail.ru (corresponding author)

Currently, EGB gravitational model in diverse dimensions
and its modifications, see [5—30] and Refs. therein, are rather
popular objects for studying in cosmology. They are used for
possible explanation of accelerating expansion of the Uni-
verse (i.e. solving the dark energy problem), which follow
from supernova (type Ia) observational data [31-33]. One
may expect that the second order form of the equations of
motion for these models will lead us to solutions which are
in some sense close to those coming from GR and its higher
dimensional extensions (e.g. avoiding the ghosts branches at
least).

The D-dimensional EGB model is a particular case of
the Lovelock model [34]. The equations of motion for the
Lovelock model have also at most second order derivatives
of the metric (as it takes place in GR). We note that at present
there exist several modifications of Einstein and EGB actions
which correspond to F(R), R+ f(G), f(R, G) theories (e.g.
for D = 4), where R is scalar curvature and G is Gauss-
Bonnet term. These modifications are under intensive study-
ing devoted to cosmological, astrophysical and other appli-
cations, see [28-30] and references therein.

In this paper we restrict ourselves to diagonal metrics and
study (mainly) a class of cosmological solutions with expo-
nential time dependence of three scale factors, governed by
three non-coinciding Hubble-like parameters: H # 0, h;
and &5, corresponding to factor spaces of dimensions m > 1,
k1 > 1 and ky > 1, respectively, with a restriction imposed:
Si =mH +kihy +koho Z0,and D = 1 +m + ky + k».
This restriction forbids the solutions with constant volume
factor. We note that in generic anisotropic case with Hubble-
like parameters hp, ..., h, obeying §; = Z?:l hi # 0
(n = D — 1) the number of different real numbers among
hi, ..., h, should not exceed 3 [25].

Here we study two cases: i) m < k1 < kp and ii)
1 < ki = ko = k, kK # m. We show that in both cases
the solutions exist only if « = a2/a; > 0, A > 0 and
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A obeys certain restrictions, e.g. inequalities of the form:
0 < Ae(m, k1, k) < A < Ayi(m, k1, kp). We note that in
superstring inspired models « is positive and corresponds to
Regge slope parameter o’ which is inverse proportional to
the tension of the (super)string; non-zero A-terms appear for
non-critical superstrings.

The solutions under consideration are reduced to solu-
tions of polynomial master equation of fourth order or less,
which may be solved in radicals for all m > 1, k; > 1 and
ko > 1.Inthe caseii) | < kj = ko = k, k # m we present
explicit exact solutions for Hubble-like parameters. Here we
use our previous results from refs. [23,25] in studying the
stability of the solutions under consideration. In Sect. 5 we
single out (for both cases i) and ii)) the subclasses of stable
and non-stable solutions. In Sect. 6 we present as an example
a subclass of solutions (for the case 1)) describing an expo-
nential expansion of 3-dimensional subspace with Hubble
parameter H > 0 and zero variation of the effective gravi-
tational constant G (in Jordan frame) which was obtained in
Ref. [26] for fixed value of A (depending upon m, ki, k> and
o > 0).

We note that earlier Ref. [27] was dealing with exponential
cosmological solutions in the EGB model (with a A-term)
with two non-coinciding Hubble-like parameters H > 0 and
h obeying S1 = mH + lh; # 0 and corresponding to m-
and /-dimensional factor spaces (m > 2, > 2). In this
case there were two sets of solutions obeying: a) @« > 0,
A < aaymDandb) o < 0, A > |a|~'A_(m, 1),
with Ay (m, ) > 0. Thus, the case of two (non-coinciding)
Hubble-like parameters from Ref. [27] drastically differs
from the case of three (non-coinciding) Hubble-like param-
eters which is studied in this paper.

2 The cosmological model

The action of the model reads

S= /M dPz/1gl o1 (RIg] — 2A) + azL[g]), 2.1)

where g = gyndz¥ ® dzV is the metric defined on the
manifold M, dim M = D, |g| = | det(gmn)|, A is the cos-
mological term, R[g] is scalar curvature,

Lalg] = RunpoRYN"C — 4Ry RMY + R?
is the standard Gauss-Bonnet term and «, «p are nonzero
constants.

‘We consider the manifold

M=Rx M| x...x M, 2.2)
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with the metric

g=—drdr+ Z Bie*''dy' @ dy',

2.3)

i=1
where B; > 0 are arbitrary constants, i = 1,...,n, and
M., ..., M, are one-dimensional manifolds (either R or S!)

and n > 3.
The equations of motion for the action (2.1) give us the
set of polynomial equations [23]

E= G;J-vivj +2A — aG,-jklvivjvkv[ =0, 2.4)

4 . "2 ;8
Y= |:2Gijvj — gaGijkw]vkv'] ;Ul - gGijle] + §A =0,

(2.5)

i=1,...,n, where « = a/c. Here

Gij=68j—1,  Giju=0GijGikGiG kGG  (2.6)

are, respectively, the components of two metrics on R”
[16,17]. The first one is a 2-metric and the second one is
a Finslerian 4-metric. For n > 3 we get a set of forth-order
polynomial equations.

We note that for A = 0 and n > 3 the set of equations
(2.4) and (2.5) has an isotropic solution vl=...=v=H
only if @« < 0 [16,17]. This solution was generalized in [19]
to the case A # 0.

It was shown in [16,17] that there are no more than three
different numbers among vl ..., v" when A = 0. This is
valid also for A # 0if Y7, v’ # 0[25].

Here we consider a class of solutions to the set of equations
(2.4), (2.5) of the following form:

m k1 ko

——— ——
v=(H,...,H,hy,...,h1,hy, ..., 1),

where H is the Hubble-like parameter corresponding to an m-
dimensional factor space with m > 1, h is the Hubble-like
parameter corresponding to an k-dimensional factor space
with k; > 1 and &5 is the Hubble-like parameter correspond-
ing to an k>-dimensional factor space with k, > 1. In Sect. 6
we split the m-dimensional factor space for m > 3 into the
product of two subspaces of dimensions 3 and m — 3, respec-
tively. The first one is identified with “our” 3d space while the
second one is considered as a subspace of (m —3 + k1 +kp)-
dimensional internal space.

2.7)

Remark For H > 0 “our” 3d space expands (isotropically)
with Hubble parameter H and the (m — 3)-dimensional
part of internal space (m > 3) expands (isotropically) with
the same Hubble parameter H too. Moreover, we may deal
with Hubble-like parameters decribing the internal subspaces
which obey h; > H or hy > H (see Sect. 6). To avoid possi-
ble questions with the separation of subspaces, we consider
for physical applications (in our epoch) the internal space
to be compact, i.e. we putin 2.2) My = --- = M, = S!
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and we set the internal scale factors corresponding to the
present time fy: a;(fp) = (Bk)l/zexp(vjto), k=4, ...,n,
(see (2.3)) to be small enough in comparison with the scale
factor of “our” space for t = 1y: a(ty) = Bl/zexp(Hto),
where By = B = B3y =B > 0.

We consider the ansatz (2.7) with three Hubble-like
parameters H, hy and h> which obey the following restric-
tions:

H #hy, H#hy, hi#ha,

St =mH + kihy 4+ kaohy # 0. (2.8)

In Ref. [26] the set of (rn + 1) polynomial equations (2.4),
(2.5) under ansatz (2.7) and restrictions (2.8) imposed was
reduced to a set of three polynomial equations (of fourth,
second and first orders, respectively)

E=0, 2.9)
1
-, 2.10
0 7 (2.10)
L=H-+h +h—S =0. (2.11)
where E is defined in (2.4) and
Q = Qnny, = St — $2 = 281(h1 + ho)
+2(h} + hihy + h3), (2.12)
where here and in what follows
n
Se=Y ). (2.13)
i=1

This reduction is a special case of a more general prescription
(Chirkov-Pavluchenko-Toporensky trick) from Ref. [20].

Moreover, it was shown in Ref. [26] that the following
relations take place

Qnn; = St — S2 — 281(h; + hy)
1
+2(h} + hihj + h3) = 5o

wherei # j;i,j=0,1,2and hg = H.
Due to (2.8) the case H = h| = hy = 0is excluded. First,
we put

(2.14)

H #0. (2.15)
Let us denote
x1=hi/H, x»=hy/H. (2.16)

Then restrictions (2.8) read

x1#1, x2#1, x1#x, m+kix;+kx #0.
2.17)
Equation (2.11) in x-variables reads
m—1+ (ky — Dx; + (kp — Dxp = 0. (2.18)

Here we should exclude from our consideration the case

m=ky = k. (2.19)

Indeed, for m = k1 = ky > 1 we get from restriction (2.17):
14+x1+x2 # 0, while (2.18) gives us the relation 14-x14xp =
0, which is incompatible with the previous one.

We get from (2.10) and (2.12) that

20PH? = —1, (2.20)

where

P = P(x1,x2) = P(x1, x2,m, k1, ka)
= (m + kix1 4 kpxp)? — (m + klx% + kzxg)

—2(m + k1x1 + koxo)(x1 + x2) + 2(x12 + x1x2 + x%)
(2.21)

We note that relation (2.20) is obeyed for P < 0. Let us
prove that

P < 0. (2.22)

Indeed, using relation (2.18), or m+kjx1+koxy = 14+x1+x2,
we get

P=(+x+x2)% = (m+kixi +kox3)
—2(1 + x1 + x2)(x1 + x2) + 2(x7 + x1x2 + X3)
=1—-m+1—k)x}+ (1 —k)x3 <0, (2.23)

form > 1,k; > 1,ky > 1.
Hence, the solutions under consideration take place only
if

a> 0. (2.24)

The calculations gives us the following relation for the
vector v from (2.7)

Gijv'v) = mH?* + kih? + koh3 — (mH + kihy + kaho)?
(2.25)

and

Gijklvivjvkvl =m(m —1)(m —2)(m — 3)H4
+4m(m — 1)(m — 2)H? (kihy + kaho)
+6m(m — 1) H?[ky (ky — 1)h?
+2kikahihy + ka(ky — 1)h3]
+4mH [k (ky — 1)(k; — 2)h? + 3k (k1 — l)kzh%hz
+3k1ka (ky — 1)h1h3 + ka(ka — 1) (ky — 2)h3]
+hi(ky — 1) (ki — 2)(ky — 3)h}
+aki (ki — 1) (ki — 2kahihy
46k (ki — Dka(ky — 1)h3h3
+akiky(ky — 1)(ky — 2)h1h3
+ky(ky — 1)(ka — 2)(ka — 3)h3. (2.26)
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This may be obtained by using the relation from Ref. [17]
Gijiv v/ vf v = St — 6578, + 353 + 85153 — 6S4. (2.27)
Due to (2.4), (2.25) and (2.26), the Eq. (2.9) reads

2A = —Gijvivj +aGijklvivjvkvl
= H?V, + aH*V,, (2.28)
where
Vi = Vi(x1, x2) = Vi(xy, xp, m, ki, ko)
= —m —kix] — kox3 4+ (m + kixg +koxa)®  (2.29)
and
Vo = Va(xy, x2) = Valxy, x2, m, ki, k)
= [m]s + 4[m]3(k1x1 + kox2)
60z ([l Tax + 2kikorixs + [kala3 )
+am ([T} + 3lki ko
—I—3k1[k2]2X1X§ + [k2]3xg>
ki lax] + 4lki13kox7 0 + 6[k1 Lo [kalox?x3
+aky [kal3x1x3 + [kalaxs. (2.30)

Here we use the notation [N]; = N(N — 1)...(N —k + 1).
Using (2.20) we get

Vi 1%

ap TPy

or, equivalently,

Va(x1, x2) — 2P(x1, x2) Vi (x1, x2) — 8(P(x1, x2))*1 = 0.
(2.32)

Thus, we are led to polynomial equation in variables xp, x2
of fourth order or less (depending upon A).

We call relations (2.18), (2.32), as a master equations. The
set of these equations may solved in radicals. Indeed, solving
eq. (2.18)

( ) m—1 k1 —1
X2 =xx)=——— —
S ko —1 ko—1
and substituting into eq. (2.32) we obtain another (master)
equation in x1

Va(x1, x2(x1)) — 2P (x1, x2(x1)) Vi(x1, x2(x1))
—8(P(x1, x2(x1)))*A = 0,

X1 (2.33)

(2.34)

which is of fourth order or less depending upon the value
of A. It may solved in radicals for all m > 1, k; > 1 and
ko > 1. Here we do not try to write the explicit solution for
general setup. It seems more effective for any given dimen-
sions m, k1 and k» to find the solutions just by using Maple
or Mathematica. An example of solution with k1 = k> will
be considered below.

@ Springer

In what follows we use the identity
—(ky — D)P(xy, x2(x1))
= (ki = D(ki + k2 — 2)xf
+2(m — 1)(ky — Dxy + (m — 1)(m + kp — 2), (2.35)
following from (2.23) and (2.33).

3 The case kg # kj

Here we put the following restriction k1 # k. We write
relation (2.31) as
Vi(xr, x2(x1)) Va(x1, x2(x1))
4P(x1, x2(x1))  8(P(x1, x2(x1))?
Using relation (2.33) we rewrite the restrictions (2.17)
(respectively) as follows

b= ) =~ G-1

x1 # X1, x1# Xo, x1# X3, x1 # Xa, (3.2)

where

X =1, (3.3)

m—+ky —2

Xy=—— 2> = 3.4

2 o (3.4)
m—1

X3 = —— — 3.5
3 Py (3.5)

x,= "k (3.6)
Tk '

3.1 Extremum points

The calculations give us

df _Cm, ki, ko)1 —X1) (1 — Xo) (x1 —X3) (x1 —X4) 3.7)

dx; 3
(— (k2 — 1)7’(X1,X2(X1))>

where

C(m, ki, k2) = (m — D)(ky — 1)*(ka — k1) (kg + ko — 2)
(3.8)

and X1, X», X3, X4 are defined in (3.3)—(3.6). Thus, the

points of extremum of the function f(x) are excluded from
our consideration due to restrictions (2.8).

For the values A; = f(X;),i =1,2,3,4, we get
u(knr, m+kp)

8+ ki +ky —3)(m + kj —2)(ky — 1
u(ky, m+ ko)

8(m 4k +hky —3)m+ky —2)(ky — 1)’

A =Ap(m, ky, k) =

3 (3.9)

Ay = Ao(m, ki, ko) =

(3.10)
_ _ u(m, ky +kp)
= hslm . ko) = g — Dm tk tha = 3)
(3.11)
kp, k
Ay = rg(m, ki, ko) = E;;((”rlni]llzz)), (3.12)
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where

w(m, 1) = Im*> + (1> — 81 + 8ym + 1(1 — 1),
v(m, 1, k) = (k + Dm> + (m + DK> + (m + k)I* — 6mlk,
(3.14)
wm, 1,k) = (k+1—2)m*> 4+ (m +1 —2)k> + (m + k — 2)I°

(3.13)

+2ml + 2mk + 21k — 6mlk. (3.15)
We note that
Ai =Xri(m, k1, k) >0 (3.16)
forallm > 1,k; > 1,kr > 1,i =1,2,3,4.
Fori =1, 2, 3 this relation follows from the
u(m,l) >0 (3.17)

form > 1 and ! > 1. Indeed, form > 4,1 > 4 we get
um, ) =ml(m+1—8)+8m+I1>—1 > Oand u(4, 3) = 26,
u3,4) = 24, u3,3) = 12, u(3,2) = 8, u(2,3) = 4,
u(2,2) = 2. For i = 4 the relation (3.16) follows from the
inequalities

v(im, [, k) > 0,
w(m,l, k) >0,

(3.18)
(3.19)
which are valid for natural numbers m, [, k obeying: m > 1,
!l > 1,k > 1 and either m # [, orm # k, orl # k. This is
proved in “Appendix”.

We also note that the following symmetry identities take
place for the functions A; (m, k1, k2),i = 1,2, 3,
A(m, ki, ko) = da(m, ko, ki) = A3(ka, m, k1),
Az(m, ki, ko) = A3(m, ka, ky).

(3.20)
(3.21)

The function A4(m, ki, k2) is symmetric with respect to
variables since the functions v(m, ki, k2) and w(m, ki, kp)

are symmetric.
For x; — 400 we get

hoo = lim_ f(x1)
X1 —>00

B (k1 + ko — O)kiky + k3 + k3 + ki + ko

(3.22)
8(k1 — D(ka — (k1 + k2 —2)
It may be readily verified that
hoo = Aoo(ki, k2) = Aoo(k2, k1) > 0, (3.23)

forall k; > 1 and k» > 1. Indeed, (ki + k2 — 6)k1kz + k% +
K3 +ki+ka = (ki + ko — Dkika + (k1 —k2)? +ki +ka > 0
for ki > 2 and kp > 2.

The points of extremum obey the following relations

m+ky+ky—3

X - Xi=— 3.24
2 1 1 (3.24)
k kr—3
Xy— X, = Mrhre=d (3.25)
ki +ky—2

m+ki +ky—3)ky—1)

X3 — Xo = , 3.26

T T Ttk =2k — 1) (:20)
m+ky — 2k

X4 —Xj=—"—"-—"—=, 3.27

4 1 ks (3.27)
— 2k ko) (kp — 1

X4— Xo = (m 1+ k2) (k2 )’ (3.28)
(k1 — 1) (k2 — k1)
2m —ky — ky)(kp — 1

X4—X3=(m 1 —k2) (k2 — 1) (3.29)

(ki +ky —2) (ko — k1)

It follows from definitions of X; and (3.24), (3.25), (3.26)
that

X <X3<0< X =1 (3.30)
forallm > 1,k; > land kp > 1.
The corresponding relations for A; — A j have the following

form
(m — 1) (ko — k1)(m 4 ki 4+ ko — 3)

R T T e TR e TR

= (ki — D)(ky —m)(m + k) + ko — 3) (3.32)

T T A — Dk — D(m + k1 — 2) (k1 + k2 —2)° :
= Dk —m)(m + ki + k2 —3)

B Dl - Dt b= D e =2 )
_ (m — D)(ky — 1)(2ky — ki —m)?

MM = el = D = Dtk k= D’ (3.34)
_ (m — D) (ky — )2k —m — ky)*

M = e — D = Dtk T ke = Bw’ (3.33)

3
ha—ha = (ky — D (k2 — 1)(2m — k1 — k2) (3.36)

4(ky + ko —2)(m — D(m + k1 +ky — 3w’

where w = w(m, k1, k») is defined in (3.15).
Here and in what follows up to the Sect. 4 we put that

1l <m<k <k (3.37)
Using (3.31), (3.33) and (3.37) we get

0< X <Xy <Aj3. (3.38)
Analogously, using (3.34), (3.36) and (3.37) we get

0 <X <Ay <Aj3. (3.39)

It follows from (3.28), (3.35) and (3.37) that

(Ay) X4 < Xo, Mg > Ao, for 2k —m —ky > 0,
(3.40)

(AL) Xg4> Xo, A <Ay, for 2kt —m —ky <O,
(3.41)

and

(Ag) X4=Xo, Xg=xrp, for 2kj —m —kr, =0.

(3.42)

The graphical representations of the function A = f(x1)
for (m, k1, k) = (4,6,7),(4,5,7),(4,5,6) are given at
Figs. 1, 2 and 3, respectively. These three sets obey the
inequalities (3.40), (3.41) and (3.42), respectively.

@ Springer
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For A; — Ao We obtain

(m —1)z;

P 4
Mmoo = G T Ak =Dk =2+ ke —=3) (3:43)
(m—1zp
Ay —hoo = 44
2707 Ly — Dk +ka — )+ ky — 2)(m + k| +ka —3) (3.44)
3= hoo = 0T D(ky — D(ky — 1)k + ko —2)(m +ky +ky —3)° (3.45)
B _ (m — 1)z4
MR = G T Dt — Dk k2 — D (3.46)
where
21 = Qkj —ky — Dym — 2kiky — 4k + Sko — k3 + 2k, (3.47)
720 = (kg — ki — 1)m — 2k kp — dkp + 5ky —k%+2k§, (3.48)
23 = —(ki — kp)?m?* — ((k} — 6k + 6)ky + (k3 — 6ka + 6)k>
+(ky + ko)k1ky — 4)m —2(k1 + k)
+(12 — 6k — 6k + (k| + k2)*)k1ko, (3.49)
24 = —(ko—k)? (k1 +ka — 2)m+(ky —ko) > ki —2k1ka+k).  (3.50)

It follows from (3.43), (3.45) and inequalities z; < O,
z3 > 0, proved in Appendix, that

M < Aoo < A3. (3.51)
For our restriction (3.37) we obtain from (3.8)
C(m, ki, ky) > 0. (3.52)

In what follows we use the relation (3.7) and inequalities
(2.22) and (3.52).

We find that (in all cases) the function A = f(x;) is
monotonically increasing in the interval (X = 1, 400) from
A1 to Aoo and it is monotonically decreasing in the interval
(X3, X1) from A3 to Aj.

In the case (A ) the function A = f(x) is monotonically
increasing in the intervals (—oo, X4) and (X»>, X3) from Ao
to A4 and from A, to A3, respectively, while it is monotonically
decreasing in the interval (X4, X») from A4 to A> (see Fig. 1).
In this case the points X1 and X are points of local minimum
and points X3 and X4 are points of local maximum.

For the case (A_) the function A = f(x1) is monotoni-
cally increasing in the intervals (—oo, X») and (X4, X3) from
Aoo 10 A7 and from A4 to A3, respectively, while it is monoton-
ically decreasing in the interval (X», X4) from A, to A4 (see
Fig. 2). The points X1 and X4 are points of local minimum
and points X and X3 are points of local maximum. In this
case Ay > Aco.

In the case (Ag) the function A = f(x1) is monotonically
increasing in the intervals (—oo, X3) from Ao, to A3, respec-
tively (see Fig. 3). For this case the point X is the point of
local minimum, the point X3 is a point of local maximum
and the point X» = X4 is a point of inflection.

Using the inequalities (3.38), (3.39) and (3.51) we get
from the behaviour of the function f(x;) mentioned above
that X3 is the point of absolute maximum and X is the point
of absolute minimum, i.e.

A=A =f(x1) <23 (3.53)
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A=f(xy)

-10 5 Xe X2 /| X4 5 10

Fig. 1 The function A = f(x)) form =4,ky =6,kr =7

A=f(x1)

Fig. 2 The function A = f(x;) form =4,k; =5,ka =7

for all x; € R. Due to (3.2) the points X1, X», X3, X4 are
forbidden for our consideration. We get

A< A= f(x1) <23 (3.54)
for all x; # X1, X2, X3, X4. Let us denote the set of defi-
nition of the fuction f for our consideration (—o0, 00), =
{x|x e R, x # X1, X2, X3, X4}. Since the function f(x1) is
continuous one the image of the function f (due to interme-



Eur. Phys. J. C (2020) 80:543

Page 70f 15 543

A= f(xy)
2
A
1
1
!
0.163
1
i
A =12, '
A, 0155
o A
| 1
[
Co
-10 -5 x_:)@/ X, 5 10
X3
Fig. 3 The function A = f(x;) form =4,k; =5,kp =6
diate value theorem) is
f (=00, 00)4) = (A1, A3). (3.55)

Thus, we a led the following proposition.

Proposition 1 The solutions to equations (2.4), (2.5) for
ansatz (2.7) with 1 < m < ki < kp obeying the inequal-
ities H # 0, H # hy, H # hy, h1 # hy and S1 =
mH + kihy + kaohy # 0 do exist if and only if « > 0 and

0 <Al <aA < A3, (3.56)

where A and A3 are defined in (3.9) and (3.11), respectively.
In this case x1 = h1/H # X1, X2, X3, X4 (see (3.3), (3.4),
(3.5), (3.6)), xo = hy/H = x2(x1) is given by (2.33), x1
obeys the polynomial master equation (2.34) (of fourth order
or less) and H? is given by (2.20) and (2.21).

The case H = 0. It may verified that in the case H = 0
the solutions under consideration take place only if &« > 0,
and

ki4ko — 6)kika k3 k3 ki 4k
aA:Aoo(lq,kz)z(l 2 — 6)kiko+ky+ky+ki+ka

8(ki — (ko — (k1 + k2 —2)
where k1 # k. Indeed (2.11) is equivalent to (k; — 1)h; +
(ko — Dhy = 0, while (2.10) reads as (k1 — 1)(h1)% + (ko —
1)(h2)2 = 1/(2a). These relations imply o > 0 and

>0, (3.57)

hi = + kr —1 1/2
' <2Ol(k1 — k) +ky — 2)) ) (3.58)
ki —1 1/2
=T (2Ol(k2 — D(ky + kp — 2)> : 3.59)

The substitution of these values of 41 and sy, and H = 0
into equation (2.9) gives us (due to (2.25) and (2.26)) relation
(3.57).

4 The case k1 =k

Here we consider the case m > 1, ki = kp = k > 1 and
H # 0. We get from (2.18)

m—1+k—1)(x; +x2)=0. 4.1)
In this case relation (2.23) implies
7>=1—m+(1—k)(x12+x§). (4.2)

The solutions under consideration take place for
m#k 4.3)
and o > 0 (see Sect. 2).

Let us denote
X =aH?, (4.4)
o > 0. It follows from (2.20)

1

XP = -5 4.5)
Due to (4.4) we have
H =¢go/ X/, & = =*l. (4.6)

The substitution of relations (4.1), (4.2) into formulae
(2.29), (2.30) gives us

Vi = [(m — 1)(m — k) + Pk(k — 1)]/(k — 1), 4.7)

Vo=[-(m—1)(m —k)(m +k —2)(m + 2k — 3)
+3P%(k — 1)%k]/(k — 1)>. (4.8)

Using (4.5) we rewrite relation (2.31) as

20 =2aA = XV + X*Vs. (4.9)

This relation may be written as quadratic relation

AX?>+ BX+C =0, (4.10)

where

A=m—1)m—k)(m+k—2)(m+ 2k —3), 4.11)

B=—m—1)(m-—k)k—1), (4.12)

1
C=—k(k— D? 420k — 1)°. (4.13)

Due to (4.3) A # 0. The discriminant D = B> — 4AC has
the folowing form

D=m-—1)m—k)kk — 1)2(F — 81f), (4.14)
where
F=F(m,k)=m—1)(m—k)

+(m+k—2)(m + 2k — 3)k, (4.15)

f=fmk)y=m+k—2)m+2k—-3)(k—1)>0
(4.16)
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Lemma F = F(m, k) > Oforallm > 1,k > landk # m.

Proof For m > k we have a sum of two positive terms in
(4.15) and hence F > 0 in this case. For k > m, we denote
k=m+ p, p > 0. We obtain

F=m-1)(—p)+QCm+p-—2)
Bm +2p —3)(m+ p) =
=m—-1)(=p)+Q2>m—1)+ p)
Bm —1)+2p)(m+ p) =
=2p+Om —Np>+m—1D)(13m —T)p

+6m(m — 1) 4.17)

Duetom > 1 and p > 0 we have a sum of three positive
terms in (4.17) and hence F > 0 for k > m. m]

The solution to eq. (4.10) reads
X = (=B +&+vD)/(24), & = +1. (4.18)
We are seeking real soutions which obey two restrictions

D >0,
X > 0.

(4.19)
(4.20)

Here the case D = (O is excluded from the consideration since
as it will be shown later it implies either x; = 1 or x» = 1,
which contradict restrictions (2.17).

The inequality (4.19) may be rewritten as

A < Ay form >k, 4.21)
A > A form <k, (4.22)
where

A= Ai(m, k, k) = F(m, k)/Bf(m, k)). (4.23)

For definition of A{(m, k, [) see (3.9).
The set of two equations (4.1) and (4.2) have the following
solutions

x1 = —(e2vVE +m —1)/(2k — 2), (4.24)
x = —(—eaVE +m —1)/(2k — 2), (4.25)
where 7 = 1 and
E=—(m—1)(m+2k—3)—2Pk—1)

=(k— DX~ (m—1)(m+2k - 3). (4.26)
Here we put
E>0 (4.27)

since E = 0 implies the identity x; = x; which is excluded
by restrictions (2.17). The relations (4.20) and (4.27) may be
written as

k—1

0< X< .
(m—1)(m + 2k —3)

(4.28)
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Now we explain why the case D = 0 was excluded from
our consideration. Let us put D = 0. Then we get from (4.18)

X = (=B)/A) = (k = 1)/Q2(m +k - 2)

x(m + 2k — 3)) (4.29)
and hence
E = (m+ 2k —3)%, (4.30)
which implies either x; = 1 for ¢o = 1 or x; = 1 for
&y = —1. But this is forbiden by first two inequalities in

(2.17).

Moreover, it is not difficult to verify that relations (4.24),
(4.25) and (4.28) imply all four inequalities in (2.17). Indeed,
the violation of first two inequalities in (2.17) lead us either to
x1 = 1 or xo = 1 which may be valid only for E from (4.30)
and &0 = —1 or &, = 1, respectively. But due to definition
(4.26), relation (4.30) implies (4.29) and hence D = 0, which
contradict torelations (4.24), (4.25). The violation of the third
inequality gives us x; = xp which imply E = 0, but this is
forbidden by (4.28). Now, let us verify the last inequality in
(2.17). In our case it reads

m
xl—l—xz;é—;. 4.31)
From (4.24), (4.25) we obtain

m—1
X]+xp2 = _kT]. (432)

The relation is (4.31) is satisfied due to (4.32) and m # k.
Now we analyse the inequalities in (4.28). We introduce
new parameter

&1 = gysign(m — k). (4.33)
Then relation (4.18) reads as follows
X:2(m+k—k2)(nl1+2k—3)+81;|/AB|’ (4.34)
g1 = =%1.

Let us consider the case 1 = —1. The second inequality
in(4.28) X < (H)’;n;izm is obeyed since 2(m +k —2) >
m — 1. Now we consider the first inequality X > 0. We get
0<~D < (m—1)|m—k|(k—1). (4.35)
Using the definition of D in (4.14) we obtain
0 < (m—1)(m—k)(k — D*(F — 81f)

< (m—1%m—k|*k — 1. (4.36)

Relations (4.36) read as follows
F_ <8Af < F, form >k, (4.37)

F < 8Af < F_, form < k, (4.38)
where
F_=F—(m—1)(m—k). (4.39)
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It may be verified that
Kk _
8f 8k-—1)
where Ao (k, 1) is defined in (3.22). Using (4.23) and (4.40)
we rewrite relations (4.37), (4.38) as follows

Ao = Aoo(k, k), (4.40)

Ao < A < Ay, form > k, 4.41)

AM <A< Ao, form < k. (4.42)

Now, we put &1 = 1. The inequality X > 0 is satisfied in

this case. We should treat the inequality X < W

‘We obtain
0 <D < |m—kl(m+2k—3)k—1), (4.43)
or

0 < (m—1)(m—k)(F —8Arf) < |m —k|*(m + 2k — 3)%.

(4.44)

Relations (4.44) read as follows

Fy <8Af < F, form > k, (4.45)

F < 8Af < Fy, form < k, (4.46)
where
Fr=F—(m—1) "' m—k)(m+ 2k —3)%. (4.47)

It may be verified that

B s = aam kb, (4.48)
8f

where A3(m, k, [)is definedin (3.11). Using (4.23) and (4.48)
we rewrite relations (4.45), (4.46) as follows

A3 < A < Aq, form >k, (4.49)
A < A< A3z, form < k. (4.50)
We note that that
M <Aoo < A3 4.51)
for m < k (it proved in the previous section), while
A <Aoo < Al (4.52)

for k < m. The inequalities in (4.52) follow from F <
F_ < Ffork <m.

Proposition 2 The solutions to equations (2.4), (2.5) for
ansatz Q7Y with 1 < m, 1 < k1 = ko =k, m # k, obey-
ing the inequalities H # 0, H # hy, H # hy, h1 # ha,
S1 =mH + khy + khy # 0 do exist if and only if « > 0,

AM<A=aA <3 (4.53)
form < k and
M <A=aA <A, (4.54)

where L1 = M (k, k), A3 = A3(k, k) are defined in (3.9) and
(3.11). In this case H obeys the relation (4.6) with X from
(4.34), x1 = h1/H and x = hy/H are given by relations
(4.24) and (4.25), A obeys (4.41), (4.42) for e1 = —1 and
(4.49), (4.50) for &1 = 1 with koo = ﬁ

The restrictions on XA for our solution may be explained
just graphically as it was done in the previous section for
k1 # k. Indeed, for ky = kp = k # m, H # 0 we have the
same relation (3.1) A = f(x1), where now

daf _ C(m, k)(x1 — X1)(x1 — X2)(x1 — X3)

(4.55)
dxi 3
<— (k = DP(xy, Xz(xl)))
with
C(m, k) =2(m — 1)k — D)3k — m). (4.56)
Here x> (x1) = —’,fT_ll — x1 and restrictions (2.17) reads as
follows
m+k—2
xn#EX1=1, x #Xzz—kT,
Lxy= ] (4.57)
-xl 3 - Zk _ 27 .

see (3.3)-(3.5). The fourth inequality in (2.17) is obeyed iden-
tically (it was checked above).

The points X1, X», X3 are points of extremum of the func-
tion f(x1). They are excluded from our consideration due to
restrictions (4.57). The function f(x1) tends to Ao as xp
tends to =o0.

Using relations (4.55), (4.56) and P(x1, x2(x1)) < 0 we
get two cases.

For 1 < m < k the function has two points of minimum
at X1 and X with A1 = f(X1) = f(X2) = A2 < Aoo, and
the point of maximum at X3 with A3 = f(X3) > Ax. See
graphical representation of f(x;) form = 4 and k = 5 at
Fig. 4.

For 1 < k < m the function has two points of maximum
at X1 and X, with A1 = f(X1) = f(X2) = A2 > Ao, and
one point of minimum at X3 with A3 = f(X3) < As. The
graphical representation of f(x;) form = 5 and k = 4 is
depicted at Fig. 5.

We note that special solutions (e.g. stable ones) with
(m, ki, k) = (3,4,4), (2,3, 3), (4, 3,3) were considered
earlier in [35].

The case H = 0. Fork; = ko, = k > 1 and H = 0 the
solutions under consideration obeying restrictions (2.8) are
absent. Indeed, using relations (2.9), (2.10) and (2.11), we
get (see (3.57), (3.58) and (3.59)) @ > 0,

k

A= —— =
8k — 1)

Aoos (4.58)

@ Springer
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A=f(x)

0.160

|
|
1
]
. |
-10 -5 X X;3| X, 5 10

Fig. 5 The function A = f(x)) form =5,kj =k, =4

and
hi = —hy =+ ! (4.59)
TR T k=) '

We obtain S| = kihy + kphy = 0, which is in contradiction
with our restriction S; # 0. Nevertheless, it may be verified
that the Hubble-like parameters H = 0 and hy, hy from
(4.59) obey the equations of motion (2.4), (2.5) for « > 0
and A from (4.58). This means that we are led to a special
solution, belonging to a subclass of solutions obeying S; = 0,
which is out consideration in this paper.

@ Springer

5 The analysis of stability

Here we study the stability of the solutions under considera-
tion by using the results of refs. [23,25,26].
We put the restriction

det(L;;(v)) # 0 (5.1
on the matrix
L = (Lij(v)) = 2G;j — 4aG;jisv*v"). (5.2)

We remind that for general cosmological setup with the
metric

n
g=—dt®dt+ Zeml(’)dyi ®dy',

i=1

(5.3)

we have the set of equations [23]

E = Gijh'h! +2A — aGjjiuh’ W h* R =0, (5.4)

dL; ¢ j 2 spi
Y=t ;h L,-—§<sth h —4A) —0,
(5.5)
where bl = ,3",
.4 .
L; = Li(h) = 2G,;h’ — gaGijklh/h"h’, (5.6)

i=1,...,n.

Due to results of Ref. [25] a fixed point solution (h (1)) =
WG =1,...,n;n > 3)toeqs. (5.4), (5.5) obeying restric-
tions (5.1) is stable under perturbations

hi(t) = v +8h' (1), (5.7)
i=1,...,n,ast - 400, if (and only if)
n
S1(v) = Z v >0 (5.8)
i=1
and it is unstable if (and only if)
n
Siw)y =Y v <0. (5.9)
i=1

In order to study the stability of solutions we should verify
the relation (5.1) for the solutions under consideration. This
verification was done (in fact) in Ref. [26]. The proof of Ref.
[26] is based on first three relations in (2.8) and inequalities
ki > 1,kr > 1 and m > 1. We note the relation (2.14) was
also used in this proof.

Thus, the any solution under consideration is stable when
relation (5.8) is obeyed while it is unstable when relation
(5.9) is satified.
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Let us consider the case 1 < m < k; < k. For H > 0
the relation (5.8) reads as

m+kixi +koxo=14+x1+x >0 (5.10)
or, equivalently,
x,= "k (5.11)
X1 > = . .
1 4 o

Here the equation (2.18) was used. For H < 0 the stability
condition (5.8) reads as

m+kixi+kaxo=1+x1+x <0, (5.12)
or, equivalently, as
x1 < Xa. (5.13)

The non-stability condition (5.9) reads as (5.13) for H > 0
and as (5.11) for H < 0.

Proposition 3 The solution to equations (2.4), (2.5) for
ansatz (2.7) with 1 < k1 < kp, obeying the inequalities H #
0, H# hy, H# hy, hy # hy, St =mH +kihy+kayhy #0
is stable if and only if H(x1 — X4) > 0 (X4 = ﬁ) and it
is unstable if and only if H(x1 — X4) < O.

Now we consider the case H # 0,1 < m, 1 < k; =
ko = k, m # k. The exact solutions obtained in this section
obey first three relations in (2.8) (since x; # 1, xo # 1 and
X1 # x2) and hence the key restriction (5.1) is satisfied.

The stability condition (5.8) in this case reads as,

H@m + kixy + koxz) = H(1 + x1 + x2)

=H (1 — m_—l) > 0, (5.14)
k—1
see (4.32), or, equivalently,
H(k —m) > 0. (5.15)
The non-stability condition (5.9) reads as
H(k —m) < 0. (5.16)

Thus, we are led to the proposition.

Proposition 4 The solution to equations (2.4), (2.5) for
ansatz QT7) with 1 < m, 1 < ki = kp = k, m # k,
obeying the inequalities H # 0, H # hy, H # hy,
hy # hy, St = mH +khy + khy # 0 is stable if and only if
H (k—m) > 0anditis unstable if and only if H(k —m) < 0.

For H > 0 (or eg = 1, see (4.6)) our special solutions are
stable for k > m and they are unstable fork < m.For H < 0
(or g = —1) the solutions are stable for k < m and they are
unstable for k > m.

The case H = 0. Let us consider the solutions with H = 0
and hy, hyp from (3.58), (3.59), which are valid for k; # k»,

a > 0 and A from (3.57). Here ki > 1 and kp > 1. We
obtain

S1 =kihy +kaohy = £(ky — k1)

x Qa(ky — Dko — (k1 + ko —2)" 2, (5.17)

where =+ is sign parameter in (3.58), (3.59). It follows from
our analysis above that the solution with +(k» — k1) > 0
is stable. This takes place when either k» > k; and the sign
“+” is chosen in (3.58) and (3.59), orif k» < k1 and the sign
“—""is selected. For £(kp — k1) < O the solution is unstable.
Here the restriction m > 1 (which is used for the proof of

(5.1)) is also assumed.

6 Solutions corresponding to zero variation of G

Here we consider the special solutions to equations (2.9),
(2.10), Q.11 with H > 0,3 < m < ki < kp [26] (for
m = 3 see [36])

m+ 2k, — 3 m+2k; —3

hf=——" "H hy=—— "H. 6.1
1 ok 2 s (6.1)
Here

H = |k; — ka|(=2aP)™ /2, (6.2)

o >0,

P=P@m, ki, k) =—m+k +ky—3)(mky + ko —2)
+k1(2ky —5) + ko (2k1 —5)+6) < 0, (6.3)

6 and

A = A(m, ki, k), (6.4)

where
1
A(m,kl,kz) = W(m +kl +k2 b 3)

x[(k1 + k) (k1 + ko — 2)m?

(K + 1+ 11 (ke + kik3) — 19(Kk} + &3)

—22kiky + 18(k1 + ka))m?

—(8((k} +K3) — 63(ky + k2)* — 8k (k1 — 1 D)k

—8K3 (ky — 11)ky) — 32k3K3 + 54(k) + ka))m

—(9(k] +k3) +45(k7 +k3) — 54(k1 + k2)

+8(k? + k3)k1ka

—16(k; +ka—10)kTk3 —9(21k; +21ky —26)k1 k2) ].
(6.5)

These solutions describe accelerated exponential expan-
sion of “our” 3d subspace and constant internal space volume
factor, or zero variation of the effective gravitational constant
(in Jordan frame) obeying the most stringent limitation on
G-dot obtained by the set of ephemerides [37], when the fol-
lowing splitting of the Hubble-like parameters is keeping in
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mind:
m—3 ki ko
— —— ——
v=(H,H H,H,...,H hy,...,hy,hy,...,h). (6.6)
———
“our” space internal space

It follows from Proposition 1 that A(m, ki, k2) > O.
Moreover, in this case we have
m+2ky; — 3
X =—
ko — kq
Due to graphical analysis from Sect. 3 we get from (6.7) the
following bounds

> 1. (6.7)

0 < Ar(m, ki, k) < A(m, ki, ko) < Aoo(m, k1, kz) (6.8)

forall3 <m < k; < k».

Remark It may be also shown that the effective gravitational
constant G (in Jordan frame), calculated for our solutions,
obeys the limitation on G-dot from Ref. [37], when A belongs
to some vicinity of A(m, k1, kp),1.e. |A — A(m, k1, k)| <8
for some (small enough) § > 0.

7 Hubble-like parameters vs. constants of the model

The initial contants of the model are o # 0, o % 0 and A.
The solutions for Hubble-like parameters H # 0, ki and h»,
which were analyzed above, depend upon o = as/a; > 0
and A = Ac. In this section we consider for simplicity the
generic case H # 0. The parameter « has the dimension of
L? (L is a length), while A is dimensionless one.

Here we discuss the existence of certain combinations of
Hubble-like parameters, which either do not depend upon
the parameters (or constants) of the model, i.e. & and A, or
depend only upon one of these constants. Such combinations
(or functions) of H # 0, k1 and hj do exist.

Indeed, it follows from (2.11) that the Hubble-like param-
eters for the solutions under consideration obey the following
identity

1(H, hy, hy) = (m — D)H + (ki — Dhy + (k2 — Dh
=0, (7.1
m > 1,k; > 1 and ko > 1. This is the first basic relation (of

this section). By using (2.20) and (2.23) we get the second
basic relation

¢2(H, hi,h2) = (m — DH? + (ki = Dhi + (ky — Dh3
1
= —. 7.2
Yw (7.2)
The third basic relation is just (3.1) which we rewrite here as
@3(H, hy, hy) = f(h1/H) = &,

where f(x1) is the rational function defined in (3.1).

(7.3)
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Fig. 6 The graphical representation (in Hubble-like variables
H, hy, hy) of intersection of plane (see (7.1)) and ellipsoid (see (7.2))
form =3,ki =4,k =5anda =1

In the 3d space of Hubble-like parameters H, hy, h»,
relation (7.1) describes a plane while (7.2) corresponds
to an ellipsoid. The intersection of this plane and ellip-
soid gives us an ellipse £&. For m = 3, ki = 4,
ko = 5 and ¢ = 1 this intersection is depicted at
Fig. 6. For H # 0 and m < k; < ky the solu-
tions for (H, hy, hy) are described by 1-dimensional mani-
fold &1 = E\{N, S, Y1, Y2, Y3, Yy, =Y, =Y, —Y3, —Y4},
where points N, S correspondto H = 0, points Yy, Y2, Y3, Y4
correspond to H > 0 and relations h1/H = X1, ho/H =
X>, h3/H3 = X3, ha/Hys = X4, respectively (see
(3.3), (3.4), (3.5), (3.6)). Thus, the manifold &, is an 1-
dimensional manifold, which is obtained from the ellipse £
by deleting 10 points. It is a disjoint union of ten arcs. Any
of these arcs is parametrized by the pair (A, s), where s is the
number of the arc and A is local coordinate given by (7.3).

Analogous consideration may be done for the case m #*
k1 = kp: in this case one should delete 8 points from £ to
obtain &;,;.

It should be noted that (7.1) implies the following identity
for scale factors a; (t) = exp(hit+pi),i =0,1,2,(ho = H)

(ao))™ a1 ()N ax (1))~ = const, (7.4)
or
(1) = (ap(1)™ (a1 ())! (a2 (1))

= const X ag(t)a(t)ar(t). (7.5)

Here v(t) = exp(ZiZzo(h,'t + Bi)) is volume scale factor
which is (exponentiallly) increasing in time for stable solu-
tions (with H + hy + hy > 0) and decreasing in time for
unstable ones (with H 4+ h| 4+ hy < 0).
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8 Conclusions

We have considered the D-dimensional Einstein-Gauss-
Bonnet (EGB) model with a A-term (or EGB A model) and
two (non-zero) constants ¢« and «y. The metric was cho-
sen to be diagonal “cosmological” one. Here we were deal-
ing (mainly) with a class of solutions with exponential time
dependence of three scale factors, governed by three non-
coinciding Hubble-like parameters H # 0, k1 and h», corre-
sponding to factor spaces of dimensions m > 1, k; > 1
and k» > 1, respectively, with the restriction imposed:
Si =mH +kihy +kyhy #0,and D = 1 +m + k1 + k».

We have studied the solutionsintwo cases:i)m < k; < kp
and ii) 1 < k1 = ko = k # m. (The solutions under consid-
eration with k; = kp = m are absent.) We have shown that
in both cases the solutions exist only if: « = ap/a; > O,
A = aA > 0 and the dimensionless parameter of the model
A obeys certain restrictions, e.g. upper and lower bounds
depending upon m, k1 and k3 (see Proposition 1). In the case
ii) we have found explicit exact solutions (see Proposition
2).

Our consideration used the so-called Chirkov-Pavluchenko-
Toporensky splitting trick from Ref. [20] (see also [26])
which allowed us to reduce the problem under consideration
to master equation A = f(x1) (2.31), where x; = hy/H.
This master equation is equivalent to polynomial equation
(2.34) for x; which is of fourth order (in generic case) or
less depending upon A. Thus, the master equation may be
solved in radicals for all m > 1, k; > 1 and kp > 1. Our
restrictions on A were obtained by analysing the equation
A = f(x1) with the use of the formulas for the derivative
df/dxy,i.e.(3.7)and (4.55) in cases i) and ii), respectively. In
the case i) m < k; < kj the extremum points of the function
f(x1) are just four non-coinciding points: X1, X2, X3, X4
(see (3.3), (3.4), (3.5), (3.6)) which are exactly four values
of x1 forbidden by restrictions H # hy, H # ho, h1 # ha,
S1 = mH + kihy + kyhy # 0, respectively. In the case
i) 1 < ki = ko # m we have three forbidden points:
X1, X2, X3.

The stability of the solutions (as ¢t — +00) in a class
of cosmological solutions with diagonal metrics was ana-
lyzed for both cases ((i) and (ii)) and subclasses of stable
and non-stable solutions were singled out. We have proved
that in the case i) the solutions with H > 0 are stable for
x1=hi/H > X4 = Z:’,?l and unstable for x| < X4 (see
Proposition 3). It was proved that in the case ii) the solutions
with H > 0 are stable for k > m and unstable for k < m (see
Proposition 4). The stability conditions for H < 0 are equiv-
alent to instability conditions for H > 0 and vice versa. The
solutions of first class i) contains a subclass of stable solu-
tions describing an exponential expansion of 3-dimensional
subspace with Hubble-like parameter H > 0 and zero vari-

ation of the effective gravitational constant G (in the Jordan
frame) [26] (see Sect. 6).

Some of the results obtained in this paper may be con-
sidered as non-trivial and unexpected ones. Indeed, let us
compare the solutions governed by three different Hubble-
like parameters H > 0, h1, hy with the solutions from Ref.
[27] obtained for two non-coinciding Hubble-like parameters
H > 0 and h corresponding to factor spaces of dimensions
m > 2and ! > 2 with mH + [h # 0. Here we have found
that our solutions take place only foro > Oand A > 0, while
in the case of Ref. [27] we have two branches with (a) @ > 0,
—00 < Ao < Ay(m,l)and (b) ¢ < 0, Ale| > A_(m, 1),
where A (m, ) > 0.The solutions from Ref. [27] witha > 0
exist for any A € (—o0, 0], while in our case such solutions
are absent. We note that the absence of solutions for A = 0
may be considered as a special non-trivial result. For two
different Hubble parameters such solutions (with A = 0 and
o > 0) were described in Ref. [38]. As it is proved here, in
the case of three Hubble-like parameters (with the restric-
tions imposed above) the allowed gap for A is bounded (at
the top and the bottom).

Here we have also considered (for a completeness) the
case H = 0 and have found that the solutions exist only for
k1 # ko, o > 0 and fixed value of A > 0 from (3.57). In this
case we have two opposite in sign solutions for (h1, i) with
one solution being stable and the second one - unstable.

For possible physical (e.g. cosmological) applications one
may keep in mind a dimensional reduction of the model
under consideration to d = 4 which lead us to 4d Horn-
deski type model with a set of scalar fields. In this case one
will obtain (1 4 3)-dimensional inflationary (cosmological)
solution with Hubble parameter H > 0 and several scalar
fields (coming from scale factors) with linear dependence
upon the time variable (governed by % and h;). The effec-
tive cosmological term Ag = 3H? will have a nontrivial
dependence upon the “bare” multidimensional cosmological
constant A, the dimensions of factor spaces m, k1 and k> and
the parameter « (for any root of polynomial equation for x1).
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A Appendix

Here we prove several technical lemmas.

Lemma 1 Let

v(m, 1, k) = (k + Dm> + (m + Dk> + (m + k)I> — 6mlk,
(A1)

where m, 1, k are natural numbers. Then v(m, 1, k) = 0 only
ifm =1 = k; in other cases v(m, 1, k) > 0.

Proof Since the v(m, [, k) is symmetric in variables we put
without loss of generalitym > [ > k. Wehavem = k+p+q,
| =k + p, where p > 0 and g > 0. We get

v=1uv(m,1,k) = Q2p* +2qp +2¢P)k + 2p* + 3qp* + pq*.

(A2)

Forp=q=0(m =k =1)wehave v =0. For p > 0,
qg>0wehavev >0.If p=0(k =10 andg > 0(m > 1)
we get v = 2g%k > Ofork > 1. Forqg = 0 (m = [) and
p>0( > k)we find v = 2p%k +2p> > 0. The lemma is
proved. O

Lemma 2 Let

wim, 1,k) = (k+1—2)m> + (m+1— k> + (m + k — 2)I*
+2km + 2km + 21k — 6mlk, (A.3)

where m, L, k are natural numbers non equal to 1. Then
w(m,l,k) = 0 only if m = | = k. In other cases
w(m,l, k) > 0.

Proof Since the w(m, [, k) is symmetric in variables we put
without loss of generalitym > [ > k. Wehavem = k+p+q,
| =k + p,where p > 0and g > 0. We get

w=w(m,l k)= Q2p>+2qp+2¢>)k — 1)

—|-2p3 —l—3qp2 +q2p. (A.4)

Forp =q¢q =0(@m =k = 1) we have w = 0. For p > 0,
g > 0wehavew > 0 (forallk).If p=0(k =1[)andg > 0
(m > 1) we get w =2¢%(k —1) > 0fork > 1.Forqg =0
(m=0Dandp >0( > k)wefindw =2p*(k—1)+2p> >
0. The lemma is proved. O

@ Springer

Lemma3 Foralll <m <k <ky

71 = k1 — ky — D)m — 2k1ko — 4k

+5ky — k3 4 2k3 < 0. (A.5)
Proof Let us denote
ki=m+1+y, ko =k + 1+ y. (A.6)

Due tom < k1 < ky we get y; > 0 and y, > 0. The
substitution of (A.5) into z; gives us

21 = —y3 + (—4y1 —5m — D)yy — y? + (—=m — 5)y;

—6m < —6m < 0. (A.7)

The lemma is proved.

Lemmad4 Foralll <m <k| <k

23 = —(ky — k2)?*m? — (k3 — 6k1 + 6)k; + (k3 — 6ka + 6)k2
+(k1 + ko)k1ko — dym — 2(k1 + kp)

+(12 — 6k| — 6ky + (k1 + k2)?)k1ky > 0. (A.8)

Proof Substituting (A.6) into z3 we obtain

23 = (1 4 Dy3 + (5y7 + (6m +T)y; + 6m +2)y5 +
x (87 + (18m + 16)yf + (12m* + 24m + 1)y,
+2m3 4 6m® 4+ 12m + l)yz
+ay} + (12m + 12)y] + (12m% +30m + 1)y} +
><(4m3 +24m? + 18m + S)y1 + 6m> + 6m> + 6m >
x6m> 4+ 6m? + 6m > 0, (A.9)

since y; > 0 and y, > 0. The lemma is proved. O
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