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Abstract In this paper, we present the analytical solutions,
based on the Laplace transform method, for the Dokshitzer—
Gribov-Lipatov—Altarelli—Parisi evolution equations of the
photon at the leading order (LO) and next-to-leading order
(NLO) approximations in perturbative QCD. Using these
solutions, we derive the singlet, non-singlet, gluon, and pho-
ton distribution functions of the photon and also the photon
structure function Fzy (x, Q%) at the LO and NLO approxi-
mations. We show that the resulting distribution functions
are in agreement with the results of the parameterization
model formulated by Gluck, Reya, and Vogt (GRV) (Phys
Rev D 46(5):1973, 1992). Moreover, our numerical results
of Fzy (x, Q%) are comparable with the results achieved by
Aurenche, Fontannaz, and Guillet (AFG) (Eur Phys J C Part
Fields 44(3):395-409, 2005) and also with the experimen-
tal data released by the L3, DELPHI, OPAL, ALEPH and
PLUTO collaborations.

1 Introduction

In the electromagnetic (EM) interactions, the photon medi-
ates the EM force between EM charged objects. If the pho-
ton, in these kinds of interactions, fluctuates into a charged
fermion—antifermion pair and one of them interacts with
a gauge boson, then the parton structure of the photon
is revealed. When fermions are a lepton—antilepton pair,
the interaction process can be calculated in the framework
QED, but if they are a quark—antiquark pair, this process is
described in the framework of QCD. The calculations in the
framework of QCD are complicated, because the spectrum of
fluctuations is richer. In the photoproduction process, there-
fore, both the QCD and the QED contributions have to be
taken into account in the calculations. There are two types of
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photons in the interactions: the direct photon and the resolved
photon. The direct photon takes part in hard interactions and
its structure is not revealed, but the resolved photon first fluc-
tuates into a hadronic state and its structure is revealed. The
resolved photon includes two contributions, point-like and
hadronic-like, which must be taken into account in the cal-
culations of the structure function and the cross section [1].
In deep inelastic scattering, the results of the photon structure
function Fzy (x, 0?) have been reported by the large electron—
positron collider (LEP) [2-7] and the electron—proton col-
lider HERA [8-10].

After observing the photon structure function in differ-
ent interactions, theorists have been interested in studying
such a structure function. Since the photoproduction pro-
cesses are susceptible to the properties of the photon itself,
the electron—positron and the electron—proton colliders at low
energy regions can be used as useful tools for probing the pho-
ton structure like that of the proton. On the other hand, there
are many differences between the hadronic structure func-
tion and the photon structure function. For example, at low
Q2, the hadronic structure function decreases but the photon
structure function grows even without considering the QCD
corrections [1,11].

So far, the photon structure function has been suggested
by various theoretical methods: Aurenche et al. [12] obtained
the photon structure function beyond the leading logarithm
approximation. They modified the hadronic component by
taking into account the MS factorization scheme. By fitting
all the available data on the photon structure function, Gordon
and Storrow [ 13] determined the parton distribution functions
of the photon. In fact, they attempted to update these func-
tions by constraining the input gluon distributions through
fitting them to TRISTAN jet data; Vieira and Storrow [14]
obtained the quark distribution functions of the photon and
the photon structure function using the ansatz of Rossi [15]
generating regularized asymptotic solutions to the inhomoge-
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neous Altarelli—Parisi equations; Kolanoski and Zerwas [16]
calculated the total cross section for hadron production by
two photons. They presented the photon structure function
at LO and NLO by the quark parton model and the vector
meson dominance model; Berger [17] calculated the pho-
ton structure function at LO and NLO based on the operator
product expansion and gave a unified picture of the hadronic
and point-like pieces. He obtained the point-like contribution
of the photon structure function in the MS scheme and the
hadronic-like contribution from the vector meson dominance
model.

To obtain the parton distribution functions at higher ener-
gies than the initial scale Q(z), one can use the Dokshitzer—
Gribov-Lipatov—Altarelli—Parisi (DGLAP) evolution equa-
tions [18,19]. The DGLAP evolution equations are a set of
coupled integro-differential equations that give the parton
distribution functions in perturbative QCD.

Recently, the QCD DGLAP evolution equations of the
proton at LO and NLO have been solved by using the Laplace
transform [20-23] and the Mellin transform methods [24,25]
and have consequently yielded the proton structure func-
tion and singlet, non-singlet, and gluon distribution functions
inside the proton. Furthermore, utilizing these methods, one
can solve the QCD®QED DGLAP equations at LO and NLO
[26,27]. In these equations, the QED corrections are consid-
ered in the QCD calculations. Such corrections are critical
and affect the distribution and structure functions and con-
sequently modify the cross section of processes. In Refs.
[26,27], it has been shown that the photon contribution at
high x is comparable with ¢ and b quark contributions in the
proton [26,28].

In this paper, we apply the Laplace transform method to
solve the QCD®QED evolution equations of the photon at
LO and NLO QCD and also at LO QED. On this basis, we
extract the singlet, gluon, and photon distribution functions
of the photon at the scale Q as follows:

F/ (x, Q%) = F(F}(x), Gy (x), My (x), FLy(x)), (1)
G”(x, 0% = g(Fo(x> Gy(x), My (x), F ,(x)),  (2)
MY (x, Q%) = M(F}(x), G} (x), M (x), Fl,(x)), (3

where F))(x), F) (x), G} (x), and M (x) are the singlet,
non-singlet, gluon, and photon distribution functions at the
initial scale Q%, respectively. In the above equations, the
functions F, G and M can be obtained by using the splitting
functions Py, (x, QZ), Pyg(x, Qz), Pgg(x, QZ), Pyy(x, Q2),
Pyy(x, Q2), and P, (x, Q2) and the distribution functions at
the initial scale. Moreover, using the singlet and non-singlet
distribution functions, one can get the photon structure func-
tion at different scales Q2.

The rest of the present paper is organized as follows:
In Sect. 2, we present general solutions for decoupling the
QCD®QED DGLAP evolution equations of the photon at
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LO in both QCD and QED by applying the Laplace trans-
form method. In Sect. 3, we use the same method to calculate
the QCD®QED DGLAP evolution equations at NLO QCD
and LO QED. In Sect. 4, we also present an analytical solu-
tion of the non-singlet sector of the photon structure func-
tion based on the Laplace transform method. In Sect. 5, the
numerical results of the photon structure function, obtained
by the Laplace transform method, are compared with the
available L3 [2,3], OPAL [4,5], DELPHI [6], ALEPH [7]
and PLUTO [29] data as well as the GRV [30] and AFG [31]
results. Also in this section, we compare the results of the
singlet, non-singlet, and gluon distribution functions of the
photon with the GRV results [30]. At the end of this section,
we present the photon distribution function of the photon
and show a comparison of this distribution function with the
s-quark and c-quark distribution functions at NLO adopted
from the GRV results. Appendix A gives a brief explanation
of the Laplace and the Mellin transforms. In Appendix B, we
present the functions of a set of coefficients in the Laplace s
space, which are dependent on the splitting functions.

2 Master formula for the LO corrections

The QCD®QED DGLAP evolution equations of the pho-
ton for the parton density functions of the quark, antiquark,
gluon, and photon obey the following inhomogeneous equa-
tions, respectively [1,32]:

dg) (x, 0?) oes(Q )
alnQ?

Z[P,qk(m ® g} (x, Q)

k=1

+ Py () ® G (x, Q)]+ Pyg(x) ® g7 (x, QZ)}

“eéf ) 2P, () @y (x, 02,

“

37 (x, 07 o, (0?) &
ot = 2n | ®a (0

+P5,(0) ® G (x, 0] + Pe(x) ® g" (x, Q2)}

“e(f ) 2P, () ®y (x. 07, )

ag” (x, 02 L(0Y) [
gal(ITQ% T ;S ) [Z[quk(x) ® g} (x, 0%)

k=1
+ Py (1G] (x, 0D)] + Pop(x) ® g(x, QZ)}

+ae(Q2)

o Par @y, 0%, (©6)
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AyY (x, 0%)
31n Q2

Y € IPyg (x) ® gf (x, 0°)

k=1

_ ozc(Qz) {

+ Py (¥) ® G (x, 0N+ Pyy ® g7 (x, Qz)}

A%
2

These equations include the QCD corrections in the QED
calculations. In the above equations, qiy , (jl?/ ,gV,and yY rep-
resent the quark, antiquark, gluon, and photon parton den-
sity functions of the photon, respectively. The P; j(x) are
the Altarelli—Parisi splitting kernels at one loop correction,
which are defined as follows:

Py, (x) @y (x, Q7). (7

4 14 x2
PLO — — "= 19251 —x),
g 3(1—x)++ (I=x)

1
PLO = <x2+(l—x)2>,

849

2
PLO_il(l—f-(l—x)z)
s\

X
1—x X
PLo =6 1-
s (x Taoo, T x))
(U Y s -,
— - = —x
2
LO LO LO LO LO
PLO = pLO pLO _ pLO_ pI
_PqLVO’ PLOZPLOZO
LO LO LO —1 pLO LO
PLO = Cy'PLO, PLO =T 'pLO. P
=-3 Zefa(l —x), ®)
i

where n f denotes the number of active massless flavors,
Crp = 3,and Tg = % It should be noted that, at LO,
Py, = Py ¢ = 0 due to the missing photon—gluon coupling,
but these splitting functions at NLO are not zero [33]. By
summing Egs. (4) and (5) and using Fzy = (ez)FSy + FY,
we can write

Mg =5 rrwe e

+2n7 PE? ® G7 (x, 07))

otL(Q )ZAPLO( )® MY (x, 0%), (9)
) o

+PLO ® G (x, Qz)}, (10)
aztéyh(lx,QZQZ) _ oee;fz) {Pw( ) ® [(e2)FY (x, 0%)

+F+ PR @M 00 aD

where F! = szlx (q,i/ +c},1/), GV = xg¥, MV = xy?,
and Fl, = Zfl ( 2 (62)> x (gx + gx) are the singlet,
gluon, non-singlet, and photon distribution functions, respec-
tively. Here, A = Y,/ €2 and (¢?) = Lf Sl €2, InEgs.
(9)—(11), the symbol ® represents the convolution integral
given in Appendix A.

Equations (9)—(11) have the same structure as those men-
tioned in Ref. [26]. However, in the present paper, there are
three main differences between our calculations and those
done in Ref. [26]: First, in our work, the contributions of ﬁqq
and ﬁqq are zero in the evolution functions of the photon.
Second, the non-singlet contribution of the photon structure
function is considered here in solving these equations, while
it has not been included in Ref. [26]. Third, in Ref. [26], the
proton structure function has been obtained only at high Q>
and x smaller than 0.1, whereas, here, the photon structure
function is computable for all of x and Q? ranges.

As shown in Refs. [20-22], the Laplace transform £ of
the convolution factors is simply the ordinary product of the
Laplace space of the factors. Thus, in order to make Egs.
(9)—(11) easily solvable, we transform these equations to the
Laplace space. To do this, we apply the variable changes
x=exp(—v) and y=exp(—w) together with the Laplace
transform (a brief explanation of this transform and its reverse
is given in Appendix A), as a result of which we have

76, 0% = L[ w025 = [T B w00 an,
0
865, 0% = L[ 67w, 0%:5],
m(s, Q%) = L[ 117 (v, 0%:s].
fasts. @1 = L] FLw, 0D:5]. (12)
where we used the following notations:

F(v, 0%) = F/(e7, 0%), G(v, 0*) =G (e7", 0?),
M(v, Q%) = MY (e7", 0%), Fyus(v, Q%) = Fli(e™", 0%,
(13)

and then the Laplace transform converts Egs. (9)—(11) into
three coupled ordinary first-order differential equations in s
space which can be written as

af . al90?

oz 9= T 4

x [0506) (5, 03 + 050 ()85, 01|

+a‘(Q )QLO(s)m(s 02, (14)
LO
agy ~ (99 0%
91ln QZ( 0% = 4
al0(0?)

= OL%(s)f(s. 07, (15)

L0 (5)g(s. %)

@ Springer



319 Page 4 of 27

Eur. Phys. J. C (2020) 80:319

Table 1 The percentage relative errors of exact and approximate values of Eqs. (26)—(28)

3<0%<20 20 < 0% <200 200 < 0% < 1000 1000 < 02 < 8000GeV?
‘z"égzé —ajo—ary exp(b117)
T x 100 1.71% 1.73% 0.32% 0.48%
L0
,\72(0Q2)2 —axo—az1 exp(b21 7)
a8 x 100 2.15% 0.85% 0.40% 0.41%
%{VZO(Qz)
(e S —by1)
ﬂ‘;fo(“;;f“’ 101 % 100 1.89% 0.35% 0.32% 0.53%
: 4
Ole(Q ) LO 2 Ole(QZ) LO
QZ( 0% = [Qy (s)m(s, Q7) +W9f (s)m(s, 1), (23)
+TL0 (5)f(s, 0%) dg Lo Lo
a—(s, T) = @ 7 (5)8(s, T) + O, (s) f (s, T), (24)
Y5 ) fus (s, 03], (1e)  °f
2
am (5.7) = % (Q7)
ot al0(0?)
where the coefficients @£, WLO QLO and YLO are the Lo Lo
LO splitting functions in the Laplace space s [22]: x (Qm (©m(s, ) + 71,7 () f (s, 7)
YL (5.0)) (25)

@LO()_4 §<;+;+2(1/f(s+1)+)/5)>

+1 " s+2
17
Lo, 2 2
o7 (S)_znf<s+1 s+2+s+3>’ (18)
0 S Lo
(s) = 24¢> (s),
O(s) = i@;o OF (19)
nf
33 —2n;
a0 (g = 222
+12(1— 2 !
s s+1 s+2
1
) - yE) 0)
Lo _§<%_ 2 1 )
O (S)_S s s+1+s+2 ’ @h
A
Q%0 (s) = ;(9]%0 OF
LO __ﬁ LO 3{e ) LO
Q7 (s) = 3 1,7 (s) = 4® (s),
Tr (5) = 3®L0(s) (22)

where ¥ is the digamma function and yg is the Euler con-
stant. By introducing the new variable t as ;lrn(_sz) = %gz),
the coupled first-order differential Eqs. (14)—(16) in s space
can be rewritten as

8 (5, 7) = %0 () f (s, ) + ©7% (9)g(s, )
T

@ Springer

To make calculations easier at the LO and NLO approxi-
mations, we consider the following expressions [20,26]:

e (0%)
aSLeo(Qz) ~ aio +arexp(bi7), (26)
e (0%)
angO(Qz) ~ ay + ax exp(ba 7), 27)
NLO (2
o 47[(Q ) ~ azg + az1 exp(—b317), (28)

where the constants a;; and b;; can be obtained by the fitting
functions [26]. The percentage relative errors of Egs. (26)—
(28) are given in Table 1. As can be seen, the maximum value
of these percentages is less than 2.5%. The coefficients a;;
and b;; in Egs. (26)—(28) are determined within a few percent
accuracy.

To solve the QCD®QED evolution equations at LO, we
need to transform Egs. (23)—(25) a second time, this time
from t space to u space. Therefore, in u space and s space,
we have

uF(s, 1) = fo(s) = @50 (5)F (s, 1) + ©F (5)G(s, u)
+Q79(5) (@ioM(s, ) + aiiM(s, u — bin) (29)
uG(s, u) = go(s) = P ($)G(s. u)
+OLC ()F (s, u), (30)
uM(s, u) — yo(s) = QL9 (s)

(@10M(s, 1) + antM(s, u — bi1)) + 15 (s)
(a10F (s, u) + a1 F(s,u — b1y))
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Y59 () (@i0Fns (s, w) + aniFus(s,u = b11)) . (1)
where the Laplace transforms are as follows:

H(s, u) = L[h(s, 7); ul,
HGs,u—c¢) =L [h(s, 7) exp(cT); u] ,
H(s, u + ¢) = L [h(s, T) exp(—cT); u] . (32)

To solve Egs. (29)—(31), we consider the parameter app
as an expansion parameter. On this basis, the solutions of
Egs. (29)—(31) can be obtained as three power series of the
parameter a1;1. Since this parameter is much smaller than
one, we use these power series only up to the second sen-
tence. For example, in the interval 3 < Q2 < 20, we
have ay; = 0.0109. Then the second sentence is about two
orders of magnitude larger than the third sentence. By set-
ting aj; = 01in Egs. (29)-(31), the first approximation of the

2. (0%

ALY leads to

function

(n = @52@) Fi(s,w) — 02 (5)G s,

—Q%0 (5)a1oMi (s, 1) = fo(s), (33)
(u — ®§0(s)) Gi(s, un)
+05 % ()F1(s, u) = go(s), (34)

(“ - Q}EO(S)alo) Mi (s, u)
=YLCaioF (s, u)
_Tangalans(S, u) = yo(s). (35)

One can easily solve Egs. (33)—(35) and obtain the functions
Fi, Gy, and M; as follows:

FEO (s, u) = ALO fo(s) + A5 O go(s)

+A % mo(s) + ALO Fus(s, w), (36)
GO, u) = BFO fo(s) + BE%g0(s)

+BEOmo(s) + BEC Fos(s, u), (37)
M{9 (s, u) = C1© fols) + C5%go(s)

+CE%mo(s) + CEO Fu (s, w), (38)

where the coefficients A;, B;, and C; (withi = 1...4) are the
functions of s and u given in Appendix B. Equations (36)—
(38) are not the final solutions of the QCD®QED evolution
equations at LO. In fact, they are just used in the second
approximation. We resolve Egs. (29)—(31) to obtain the sec-
ond approximation (aj; # 0) of the F, G, and M functions.
Then, by repeating the above processes, we have

(u . qnjé‘)(s)) Fa(s, u) — ©L()Ga(s. u)

—Q50 (5)a10Ma(s, ) = fo'(s), (39)
(u _ q>§0(s)) G (s, 1)
—OL(5)Fa(s, u) = go(s). (40)

(M - Q}EO(S)am) Mz (s, u)
=1L %a10Fa(s. u)
Y59 a10F g (s, 1) = my(s), 41)

where Fy, Gy, and M, are the distribution functions of the
photon in s and u spaces at LO in the second approximation.
Also, fo’ and mq’ are

fo'(s) = fo(s) +an Q52 ($IMi(s, u — bi), 42)
m'(s) = mo(s) +an (25 M, u —bn)
+YL 9 (s)F1(s, u — biy)
T 40 () (s, = b)) 43)

Similar to the first approximation (a1 = 0), the functions
F», G, and M; are easily obtained as follows:

FLO(s,u) = AT fos) + A’y go(s) + A5 mo(s)

FAEOFS (s uy + A'EOF (s u — byy), (44)
GLO(s,u) = B'T? fo(s) + B'Y % go(s) + B’y “mo(s)

+B'5CF" (s,u) + B'YO F™ (s, u — byy), (45)
ML (s, u) = €' fols) + €5 go(s) + C'5 O mo(s)

+CEOF™S (s, u) + C'YOF™ (s, u — byy), (46)

where A’;, B';,and C'; (withi = 1...5) are given in Appendix
B.

3 Master formula for the NLO corrections

In this section, we intend to extend our calculations to the
NLO approximation for the distribution functions of the pho-
ton. The QCD®QED evolution equations of the photon at
NLO QCD can be written as

IF) (x, 0%  alVE9(0%
alnQ2 2

NLO 2
x [ (Pqﬁ,o (r)+ &) P;;w(x))

2w
®F (x, Q%) +2n f(PngO (x)

NLO 2
$ &) P;gw(x))cy(x, QZ)}
@ (0%
2
IG” (x, 01 aN0(0?)
alnQ? 2
NLO 2
. [ (ngqO w+ B )P;j,wm)

+

[ZAPquO (x) ® M (x, Q2)}, (47)
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®F] (x, 0%) + (Pz,,i,o (x)

NLO 2
+°‘S—(Q)PNL0<x>>GV<x, Qz)] 48)
27 88
IMY (x, 0% a.(Q%)
alnQ2 = 2=&

x [Pqu" 0 ® [(F] (x, 0% + Fli(x, 07)]
+PLC @ MY (x, QQ)]. (49)

To solve Egs. (47)—(49), again we need the Laplace trans-

2
form from v (=In 1) and 7 (= - fQQg as(0"*)d 1In(Q"%))
to the s and u spaces, respectively. In this regard, the solu-

tions of the evolution equations of the photon at NLO can be
converted to

uF(s, u) — fo(s) = ©§O(S)F(S, u)

+077(5)G(s, u) + L0 (s)

x (a3oF (s, u) +az31F(s, u + b31))

+OYE9 () (az0G(s, u) + a31Gls, u + b31))

+Q%9(s) (a20M(s, ) + anM(s, u — ba)) , (50)
uG(s, u) — go(s) = ®L2()G(s, u) + O ()F (s, u)

+OY0 (s)(azoF (s, u) + a3 F(s, u + b3)))

+@Y0 () (az0G(s, u) + az1G(s, u + b31)) (51)
uM(s, u) — mo(s) = Q)L,O(s)

X (a20M(s, u) + a2iM(s, u — b21))

+1 9 (5) (a20F (s, u) + anF(s, u — b))

+Y59 () (a20Fus (s, u) + aniFog(s,u — ba1)) . (52)

where the coefficients <I>§YLO, ®1va0’ ¢QLO, and @gLO are

the NLO splitting functions in the Laplace space s derived
in Ref. [34]. Since a| and a3; are smaller than one, they
can be used as expansion parameters. Therefore, by setting
az1 = 0 and a3; = 0 in Egs. (50)—(52), these equations can
be rewritten at NLO as follows:

(= 52) = a0 @Y 0 () Fi(s.w)

— (05(5) +ax00L0(5)) Ga s, w

—axn Q5% (OMi(s, u) = fols), (53)
(n = L) = az0®) 0 () Gi (5. )

— (0£2(5) + ax®) L0 () ) Fi(s,w) = gos),  (54)

(u —~ aon,EO(S)) M (s, u)
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—ax YL OF (s, u) — ax Vp Fus (s, u) = mo(s).  (55)

By solving Egs. (53)—(55), one can obtain the gluon Gy,
singlet Fy, and photon M distribution functions in the first
approximation at NLO:

FNEO (s, u) = AVEC fo(s) + AYEO go(s)

+AYEOmo(s) + AYEOF (s, w), (56)
GYE9 (s, u) = BYEO fo(s) + BYH9 go(s)

+BYE%mo(s) + BYOF (s, u0), (57)
MYEO (s, 1) = CVE9 fo(s) + €00 (s)

+CVE%mo(s) + CYEOF 5 (s, w0, (58)

where the coefficients A,NLO, B[.NLO, and Cl.NLO (withi =
1...4) are given in Appendix B. At this stage, it is not neces-
sary to invert Egs. (56)—(58) to v and t spaces. In fact, they
are just used in the second approximation as an initial func-
tion. To obtain the next approximation (az; # 0, az; # 0) of
the functions F, G, and M, we use the transforms F; — F»,
G; — Gy, and M; — M, and also replace fy, go, and my
with fy', go, and mg’ in Egs. (53)—(55), respectively. Thus,
we have
(= @50s) = a3 @Y 0 ()) Fas, w)
— (052) + a2 00 (5)) Gats, )
—a0 Q%0 ($)Ma(s, u) = fo'(s), (59)
(4= @£ ) = a0 @y 0 (s)) G5 )
— (0£2(5) + a2y -0 (5)) Fals, u) = g0'(s).  (60)
(u - aon}fO(S)) Ma (s, u)

—a YL OFa(s, u) — ax X pFus (s, u) = mo/(s),

nsy

(61)
where

fo'(s.u) = fo(s) + an Q5% ()M (s, u — ba1)

tayt (OYLOF (5, + bar)

+OY0 ()G (5, 1+ ba) ) (62)
80'(s, u) = go(s) +azi (OFEOF (s, u + b))

+}0(5)G1 (s, u + b)) (63)
mo (s, u) = mo(s) + az (2L Mi(s, u = ban)

+Y 0 ()Fi (s, u — bay)

F T () (s, = b)) (64)
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Fig. 1 A comparison of the singlet distribution function of the photon extracted by Eq. (68) in scales 0% = 10.8, 12, 15.3, 76.4, 120, and 780

GeV? at the LO and NLO approximations with the GRV results

By solving Egs. (59)—(61), one can obtain the functions F,
G», and M, as follows:

FYEO s ) = AT fots) + Y go(s)
+A Y mo(s) + A FOF (s, u)
+AYEOF, (s, u — bay), (65)
GYEO (s, u) = B fo(s) + B'Y " go(s)

+B Y % mo(s) + By FOF (s, u)

+B' Y OF (s, u — bay),
MYLO (s, u) = C'YEO fols) + €5 H0 go(s)
+C Y mo(s) + C'Y FOF (s, u)

+ FnS(Ssu_bzl)v

/INLO

INLO
Cs

(66)

(67)
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where the coefficients AN 9, BN and ¢'VEO (withi =
1...5) are given in Appendix B.

The functions obtained in Eqgs. (44)—(46) and Egs. (65)—
(67) are in the Laplace spaces s and u. To get the final equa-
tions, we have to return them to the usual spaces, namely
the v and t spaces. For this purpose, we use the Laplace
inverse transform and the convolution integral (see Appendix
A). Therefore, the distribution functions are obtained as
follows:

v
F'Mv,t) = / K:ﬁl (v, w, T) ngn (w) dw
0
v A
+/ K’ (v, w,7) Gy (w) dw
o

v
+/ Kl (v, w, Oy MY (w)dw
0
+K;lf4 (U, t) ’ (68)

v
G (v, 1) = / Ky (v, w, 7) F (w) dw
0

v
+/0 2 (0w, 7) G (w) dw

@ Springer

v
+/0 Ky (v, w, 1) M§" (w) dw
+Kg4 (v, 1), (69)
v
M'(v,t) = /0 K)’jl (v, w, T) F(;;n (w) dw
v
+[0 ng (v, w, 1) ég” (w) dw
v A
+/0 Ky, w, 7) My" (w) dw
+Ky,(v,7), n=LOorNLO, (70)

where the kernels K;; (withi = f, g,y and j =1,2,3,4)
in 7 and v spaces are

K, r) = £7 [ 5w 0]
Ky (. 1) = By (s, u); T3 v],

K?-4(v, 7) =

! [

K;k(v, )= L1 [Ck/"(s, u); T; v] ,
L1 [A4mF"S(s, u) + ASMF"S(S, u—"by);t; v] ,
fom [

Ky, 1) = L7 [ B4 F" (5, ) + B F" s, = ba)s 5 0]
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results

Klyw.1) =L [04/"F”S(s, )

+C5"" F"S (s, u — bay); T; v] ,

k=1,2,3 and n=LO or NLO. 71)

To get the numerical results of Egs. (68)—(70), we need to
know the distribution functions at the initial scale. For this
aim, we use the fitted results of GRV [30] at the initial scale
Q(z) = 1GeV? for FO}; and Gg. On the other hand, since
o ul (x)dx = 0.65, [ d (x)dx = 0.52,and [, s} (x)dx =
0.11, in a good approximation, we take the photon starting
distributions as in the following equation:

(0%
y(x, 0 = 222
4 (05\ , .1 (903 ,
X §ln m_g uo(x)+§ln m—czi dy (x)
_ _ 2
®M. (72)

X

Note that the above equation for the photon distribution
function of the photon is similar to the photon distribution
function of the proton which is obtained in Ref. [28].

4 The non-singlet sector

In this section, we provide the solution of the non-singlet dis-
tribution function by using the Laplace transform method at
LO QED and LO QCD as well as at LO QED and NLO QCD.
The QED®QCD evolution equation for the non-singlet den-
sity function of the photon is as follows [32]:

95 00 _ w0 5
om0z~ ax G
2
+%}?)qu1’” (X) ® qi]:zs(x’ Q2)1 (73)
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where the kernel P, is the non-singlet splitting function

and a(x) describes the y — ¢g splitting. By using Fl; =
nf ( 2 _ <€2>
k=1

Eq. (73), one can write the non-singlet distribution functions

at LO and NLO as follows:

X [gr + gi], asintroduced in Ref. [1] and

dn_9F" (0% _ (@)
as(Qz) 91n Q2 Ofs(Qz) ns(X)
+PLO (1) ® Fi" (x, 02), (74)
dn by 7w 0Y) (@)
@) amQr a0y Y
LO O[A(Q ) NLO
+ | Pygns () + PEO (x)
®Fn" %7 (x, 0%, (75)
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1.3

12 Q*=20GeV?
111 o

1.0 —=

0.9+
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1E- 5 1E-4 1E-3 0.01 0.1 1

Q*=1000GeV? B

0.9 -

0.8 -

1E-5 1E-4 1E-3 0.01 0.1 1

where the kernel Z,,;(x) is

Zusx) = Y268 (€2, — (1) PEO ). (76)
k=1

: on on 010D _

Using the convolution integral, the relation an0h =

%gz) and also the change variables x = exp(—v) and

y = exp(—w), we can convert Egs. (74) and (75) as follows:

AEEOY (v, 1) Ole(T) )
ot s( ) nS 0
+/ Pqugs (v — w)ﬁanOV(w’ 7) exp(w — vdw, (77
0
9ENLOY (4 1) ae(f) ®
ot as( ) Zns

+ /0 ' (p;qgs(v w4 B prog, w)>
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Fig. 5 A comparison of the non-singlet distribution function F; of the photon at LO and NLO with the GRYV results

ﬁ,ﬁLOy(w, 7)exp(w — v)dw. (78)

To solve Eqgs. (77) and (78), we need to use the Laplace
transform from the v and 7 spaces to the s and u spaces,
respectively. On this basis, Eq. (77) is converted to a first-
order differential equation, whose solution is as follows:

FLO(s,u) = kEQ (s, u) £ (s) + k50 (s, u)z(s). (79)

Similarly, Eq. (78) is also converted to an ordinary first-

order differential equation, whose solution in the first approx-
LO

N 2
imation %27 (43, = 0) is

2
—byiu
FNLOI , _ u ns
O S b — 95, —an e Y
axou + axju — axob
(a0 21 20b21) 2(5) (80)

u(u — b)) — OLO - — a3 ®NLO)

and in the second approximation

FNLO2 (5 u)y = kNEO (s, u) £ (5)

HINEO (5, u) 175 (5)2(s). 1)

Note that to obtain Egs. (80) and (81), we use Eq. (28).
Taking all the above into consideration, the non-singlet dis-
tribution function F)); (v, t) at LO and NLO can be obtained:

(w)dw

. v L
oo = [ Ky oo £
0
v s A
+/ Kéns (v, w, T) Zps (w) dw,
0
i=LOorNLO, (82)
where the kernel K

1| p=1|pi A
s = L [E [k’jns(s, u); I] ; v]
and the kernels k;ns (s, T) are presented in Appendix B.
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For the numerical investigation of Eq. (82), we apply the
non-singlet distribution of the photon at the initial scale,
Flo(x, Q%), which is obtained from the fitted results of
GRV [30]. Finally, recalling that v In(1/x) and t

1 r0? 2 2

In sz os(Q'7)d In(Q’7), one can convert Egs. (68)—(70)
0

and Eq. (82) back into the usual spaces, i.e. the Bjorken-x

and virtuality Q2.

5 Results and conclusion

In the previous sections, we obtained the singlet, non-singlet,
gluon, and photon distribution functions of the photon at the
LO and NLO approximations by using the Laplace transform
method. In this section, we shall present the numerical results
which can be extracted from these functions. For the verifi-
cation of our solutions, we compare our numerical results
of the photon structure function with L3, OPAL, DELPHI,
PLUTO, and ALEPH data and also our numerical results of

@ Springer

the different kinds of distribution functions of the photon at
the arbitrary scale Q° with those from the GRV results.
The results of Eq. (68) are depicted in Fig. 1. It indicates
the evolution of the singlet distribution function of the photon
at scales 0 = 10.8, 12, 15.3, 76.4, 120, and 780 GeV>. In
this figure, the solid and dash lines present the solution which
is resulted from the Laplace transform method at NLO and
LO, respectively, and also the dot lines show the GRV results
[30] at LO and NLO. In order for the difference between our
results and the GRV results to be more visible, we display

F/ (GRV) . .
77 Theory) for different scales at LO and NLO in

Fig. 2. As can be seen in this figure, the maximum ratio at
high x is about 20%. Note that all the figures discussed in
this section, the colored bands represent the error caused by
Eqgs. (26)—(28).

Figure 3 shows the results of the gluon distribution func-
tion G(x, Q2) = xg(x, Q2) of the photon and their com-
parison with the LO and NLO analyses of the GRV results
[30] at scales Q%> = 10,20, 100, and 1000 GeV?>. Fig-

ure 4 displays the ratio % for different scales.

the ratio



Eur. Phys. J. C (2020) 80:319

Page 13 of 27 319

,,,,, Lo m L3 ® DELPHI " L3
asl * GRV(LO) A2 OPAL ol A OPAL sl Q’=15.3GeV’
NLO Q’=10.8GeV* - Q’=12GeV* ’
« « GRV(NLO)
08 L 08 08 |
0.7 | 0.7 0.7
* .
.
. . .
& 06 | . * . o 06| . . o 06 2 ..
= . 3 Gl 3 "
[l o ° —_ .
& g = & S N & 0 .
T os| f TN T osh O o5l L .,
- - . o . & \
X s u X et \ k3 o[ \
= - . .
LLN é?s_< \., E-N . ‘, oo ELN . . \
04 1 o \ 04 = . 04 o ° o
S 1 _
grs % 1L - . i i
3 e e - .
7l L@ k o
0.3 Fa \ 03 | o 03 F 4
3 :
- 3
¢
02 02| 02
0.1 | 0.1 | 0.1
0.0 1 L 1 L 1 1 0.0 1 1 1 0.0 1 L 1 L 1 L 1 L
0.2 04 0.6 0.8 1.0 0.2 0.6 0.8 1.0 02 04 0.6 0.8 1.0
X X X
20 20 20
A OPAL [ " L3 L A OPAL
18l Q’=76.4GeV’ 18l Q’=120GeV” 18l Q*=780GeV”
16 | 16 16
14 L 14 + 14 +
. .
\312? 60:12? &° 12 ,"; e o .
o E\ {‘\_\ % .
] . \,
g 10 |- S 4ol T 1ol R . .
X x N X — o
= - .. = Q o oA ‘
B +
08 AR S 08| B [ 08| e | .
- N e ®
2 o A . . /__.,.-; .
e \J L e o
06 L el o 06 1 e ] 06 ..
r 7o . g Lo
. © e o -
04 b \0 04 F 04
\J .
02 b v 02 02
0.0 1 n 1 n 1 n 1 n 0.0 1 n 1 1 n 1 n 0.0 L L L L 1 L 1 L
0.2 04 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
X X X

Fig. 7 A comparison of the photon structure function Fzy at LO and NLO with L3, DLPHI, and OPAL data as well as with the GRV results

As can be seen in this figure, this rate has a more incre-
mental slope at NLO than LO. Despite this fact, at both
approximations, the maximum ratio in this figure is about
25%.

In Fig. 5, a detailed comparison is shown for the non-
singlet distribution function of the photon at LO and NLO,
extracted by Eq. (82). Indeed, in this figure, our analyti-
cal solution based on the Laplace transform method is pre-
sented for the non-singlet sector and compared with the GRV
results [30] at scales Q2 = 10.8, 12, 15.3,76.4, 120, and
780 GeV?2. We depicted the ratio % in Fig. 6. The
maximum ratio in this figure is about 18%.

From Figs. 1,2, 3,4, 5 and 6, the results of analytical solu-
tions for all the singlet, non-singlet, and gluon distribution

functions clearly show agreement over a wide range of x and
02 variables with the GRV results.

As a numerical illustration for our analytical approach
to the study of the photon structure function Fzy (x, 0%) at
the LO and NLO approximations, we compared our results
with the photon structure function obtained from GRV and
depicted them in Fig. 7. Also, a comparison with the LEP-
L3 data [2,3] at Q% = 10.8, 15.3, and 120 GeV? has been
shown there. In the LEP-L3 data, the total systematic error
is calculated from the quadratic sum of the systematic error
and the additional systematic error due to the dependence on
the Monte Carlo model. Moreover, in Fig. 7, we showed a
comparison of the photon structure function with the LEP-
OPAL data [4,5] at scales Q2 = 10.8, 12,76.4, and 780
GeV?2. Note that the OPAL data is only calculated with the
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Fig. 8 A comparison of the photon structure function FZV at different initial scales Q(z) = 1GeV? and Q(Z) = 0.3GeVZ in LO and NLO with PLUTO,
L3, and ALEPH data as well as with the AFG results at Q% = 1GeV?in NLO

systematic error. Finally, in this figure, our findings are com-
pared with the LEP-DELPHI data [6] at scale Q2 =12
GeV?, in which the total error has been calculated from
the quadratic sum of the statistical error and the system-
atic error. At the end of the presentation of the results for
the photon structure function, in Fig. 8, we presented the
results of the photon structure function at different initial
scales Q(z) = 0.3 and 1 GeV? and compared them with
the PLUTO [29], L3 [3], and ALEPH [7] data as well as
with the AFG results [31] at the initial scale Q% =1
GeV?. It is also noteworthy that the photon structure func-
tion increases by decreasing the initial scale, as shown in
Fig. 8. For comparison, in Ref. [31], this increase at the peak
of the figures is about 20%, but in our results, it is around
25%.

In Fig. 9, we plotted the photon distribution function
obtained from Eq. (70) at LO and NLO in energy scales

@ Springer

0?% =5, 10, 20, 50, 100 and 1000 GeV?. Knowing that the
photon distribution function has not been presented in the
new data, we compared it with the s-quark and c-quark distri-
bution functions of the photon at NLO provided by the GRV
results. This distribution of the photon can be presented as a
prediction of the DGLAP evolution equations.

In Tables 2 and 3, we presented our results, with nota-
tion “Our”, of Xz-Values, derived from our calculations and
the experimental data and compared them with the resulting
X2-Values of GRV and AFG. As can be seen in Table 2, our
results at LO are in better agreement with experimental data
than those obtained by GRV. However, at NLO, our results
are only in agreement with the L3 and DELPHI data, which
are again better than the GRV results achieved through the
parametrization model. On the other hand, Table 3 shows
the x2-values of our results and the AFG results. Indeed, as
shown, there is not much difference between these two results
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Fig. 9 The photon distribution function at scales Q% = 5, 10, 20, 50, 100, and 1000 GeV? in LO and NLO in comparison with the ¢-quark and
s-quark distribution functions of the photon at NLO provided by the GRV results

except for the experimental data released by the ALEPH col- In conclusion, in this paper, we utilized the Laplace trans-
laboration. Asillustrated, our analytical solutions for the pho- form method for decoupling of the QCD®QED DGLAP evo-
ton structure function over a wide range of x and Q? values  lution equations and extracted the singlet F} (x, Q?), non-
are in good agreement, especially at LO, with the experi- singlet Fl (x, 0?%), gluon G7 (x, 0?),and photon MY (x, 0?%)
mental data provided by L3, OPAL, DELPHI, and PLUTO distribution functions of the photon. The calculations are
collaborations. done in the LO QED and the LO and NLO QCD approxima-

tions. These functions are general and require only knowl-
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Table 2 x2-values for Our results and the GRV results

2

g GRV (NLO) Our (NLO) GRV (LO) Our (LO)
L3 (10.8GeV?) 1.680 1.118 1.700 0.699
OPAL (10.8 GeV?) 5.838 10.31 4.988 3.124
DELPHI (12 GeV?) 4.073 1.545 3.506 1.545
OPAL (12 GeV?)  5.614 10.00 2.598 2.598
L3 (15.3 GeV?) 4.340 1.824 3.993 2.927
OPAL (76.4 GeV?) 31.85 67.77 79.11 13.49
L3 (120 GeV?) 9.211 5.934 9.676 7.470
OPAL (780 GeV?) 5.015 8.478 4.267 4798
Table 3 y2-values for Our results and the AFG results
X2

AFG (NLO)  Our (NLO)  Our (LO)
PLUTO (5.3 GeV?) 26.72 33.51 15.30
L3 (10.7 GeV?) 1.002 1.118 0.699
L3 (15.3 GeV?) 1.303 1.824 2.927
ALEPH (173 GeV?)  3.852 28.48 7.151

edge of FJE) G;/O, Fn’/s0 and MAS/O at the starting value Q%
for the evolution. In the present paper, we also calculated
the photon structure function Fzy (x, 0?) using the Laplace
transform method at the different values of QZ, derived from
singlet FY (x, Qz) and non-singlet Fl(x, Q2) distribution
functions. The solutions seem to be right, because the distri-
bution functions of the photon and the photon structure func-
tion are in agreement with those from the available experi-
mental data as well as with other parameterization models.
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Appendix A

The Laplace integral is a powerful tool, formulated like the
power series and Fourier series, to solve a wide variety of ini-
tial value problems. This integral was originally investigated
in the pursuit of purely mathematical aims. The strategy is
to transform the difficult differential equations into simple
algebra problems (for a comprehensive discussion, see Ref.
[35]). For a function F(x) defined on 0 < x < oo, the cor-
responding Laplace transform f(s) can be obtained by the
following integral:
o

f(s) = L{F(x); s} = / e Y F(x)dx, (A.1)

0
where the parameter s may be real-valued or complex-valued
and L is called the Laplace transform operator. The sufficient
conditions for the existence of a Laplace transform of F(x)
to f(s), forall s > a, are

(1) F(x) be piecewise continuous in every finite interval 0 <
x < N forany N > 0,

(2) |F(x)] < Ke* when x > M, for any real constant
aeR,K>0,and M > 0.

Furthermore, the inverse Laplace transform of a function
f(s) is defined as follows:

1 o+ioo
FOo) = L7 (f(s)ix) = —— f Feer, (A2)

271 Jo—ioo
where £~ is called the inverse Laplace transform operator
and o is areal number so that the contour path of the integra-
tion is in the region of convergence of f (s). The conditions
for the existence of an inverse Laplace transform of f(s) to
F (x) are as follows:

(D limg 0 f(s) =0
(2) limy_, o0 sf(s) = finite.

The Mellin transform is a basic tool for analyzing the
behavior of a function because of its scale invariance prop-
erty. Indeed, this scale invariance property is analogous to the
Fourier transform’s shift-invariance property (for a compre-
hensive discussion, see Ref. [36]). The Mellin transform of
an integrable function F(x) on (0, co) is defined as follows:

o0
f(n) = M{F(x);n} = / F(x)x"'dx, (A3)
0

where M is called the Mellin transform operator. This integral
exists for all cases of complex n in the open strip (a, b) =
{n:n=o0+iu:a < o < b}. By substituting x = ¢~/
in Eq. (A.3), a two-sided or two one-sided Laplace integrals
are created as follows:
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oo
f(n) = / F(e e Mds +®§0(s)u]/H1,
—0o0
o0 o
- /O F(e ")edt + /0 Fehe T™dr. (A4 BLO(s,u) = [_ QL0 (s)aio 1L (s)
: : : LO LO _olo
Also, the inverse Mellin transform is defined as —l—QV (s)CDf (8)aio Qy ($)ajou
. 1 c+ioco —n _(DLO )
Fx)=M"{f(n);x} = 5— fm)x—", (A.5) o Sut+ut|/Hy,
270 Je—ioo ’
where ¢ € (a, b) is any real number and M~ is called the Bé"oo(s, u) = |:QI;‘O(S)®5I;O(S)a10i|/H1’
inverse Mellin transform operator. This integral exists when: ‘
. . S BEO (s, u) = [Q?O(s)(aéo(s)afo“f,fs? (s):|/H1, (B.2)
(1) f(n) is regular in the infinite strip a < o < b and, for
any arbitrary small positive €, f(n) — 0 in the strip LO _| _a&rLo0 LO
a+e<o<b+easu— *oo. Crots,u) = Dy ($)ar, 7 (s)
2) ffooo f(o +iw)dp for each value of o € (a, b) is con- I
vergent and integrable. +arou, 7 (s )i|/ Hi,
. . . LO _ [ LO LO
In this paper, we used the following property in our calcula- Cy"(s,u)=|0 7 (s)aioY,, (S)i| /Hu,
tions to simplify the equations: -
v C59(s,u) = | @49 (5) @5 (5) — 70 (s)u
L f H(x)B(y — x)dx; s L
0
= L{H(x) ® B(x); 5} —0L%()u — 0% ()05 % (s) + uz]/Hl,
= L{Hx); s} L{B(y); s}, (A.6) r
. . Ci0G.u) = | 252 () DL ()ai0 LS (5)
where H(x) and B(x) are arbitrary functions and H(x) ® L
B(x) is known as the convolution integral of H (x) and B(x). _q>?0 (S)GIOMT,{}g (s) — q;é;O (S)GIOMT,{}g (s)
—052()0,%($)a Y5 ()
Appendix B +6110M2T,1Ls()2 (s)i|/H1, (B.3)
InEgs. (36)-(38), the coefficients A7 ¥, BF?,and C}© (with

i=1...4)are

AFO (s, u) = [Qﬁo(s)cbg"(s)am — @L%(s)arou

as follows:

—@Z{,‘O(s)u + u2:|/H1,

A9 (s,u) = _ QL2079 (s)aio
+®;0(s>u_/H1,

A0 ) = | Q5% ()% ($)ao
+Qlj0(s)a10ui|/H1,

AEO (s, u) = [ QL0 ()0 ()afo T (s)
+sz§0(s)a%0w,fs§(s)}/ﬂl,

BEO(s,u) = [ QL2 ()05 (5)aio

Hy = [Q;O(s)q>§0(s)a%01r;0(s)

—Q5%(s)afour O (s)

~2, ()57 ()% (5)a0
+25,0 ()@ (s)arou

+QL0 ()25 (s)ajou
+Q592()0%9 ()05 (s)ai0
—QL%()arou® + 40 ()DL (s)u

—CID?O (sHu® — GDSI;O (s)u®

—052 (0L (s)u + u3:|.

In Eqs. (44)—(46), the coefficients A’*C, B’E9 and ¢’°

(withi = 1...5) are as follows:

AT (s, 1) = [ — Q5% ()@ % (s)aroan 11 (s)

Aq(s,u — b11)
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+Q%%(9)ar0al 1u 2 () A1 (s, u — bi1)
—Q50 ()@ (s)anuC O (s,u = biy)
+Q50 ()anu’CLO (s, u — biy)

+QL2 ()00 ()aro

_Qﬁo(s)alou — CI>§0(s)u + u2i|/H2,

A7 (s, 1) = [ — QL0 (5)®L0 (s)aroan YL (s)
azi[u — byl
+Q%%(9)aroanu ) (s)azilu — bi1l
-5 ()20 (5)an1uCyO (s.u — biy)
+Q59 (s)anu’Cy % (s, u — biy)
Q% ()0% (s)aio

+®§0(s>u}/H2,

A3 ) = [ - 2§ (0L ©)awan 1)
AL (s, u — byy)
+Q59 ()aroanu ) () A5 (s,u — biy)
Q70 ()5 (s)a11uCy 9 (s, u — biy)

+Q59 (s)anu*Cy O (s, u — biy)

—Q5% ()L (s)aro
+Q§0(S)alou}/H2»
) _
A’i (s,u)=| — Q?O(S)quQO(S)a%OTrﬁsg(s)

+sz§0(s)a%0uTL0<s>}/Hz,

nsy

A0 (s u) =

aroan Yy 9 (s)

+AL9 (5.1 = bR (s)aroanuy % (s)
—CH1Q50 ()09 ()anu + C41sz§.0(s)a11u2
—Q7% ()@ ()aroan 7 (s)

nsy

+Q50 (s)aoanu,9 (s)]/Hz,

BT (s, u) = [ - 25292

®§0(s)aloaan0(s, u—biy)

+Q7° ()05 ()anuC?(s,u — biy)

Q7% ()0F % (s)ao + ®§0<s)u]/Hz,
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— AFO (s, u = b1)QEC (5)DF0 (s)

(B.4)

B3 (s, w) = [ - 2252

0L ()aan Cy (s.u — biy)
+Q5% ()05 ()anuCy®(s,u —bn)
—Q5%(s)ajo YL (s)

+QL2 ()% ()aro
—QL%(s)arou — @50 (s)u + u2:|/H2,

B/go(s, u) = [— Q?O(S)Q}I}O(S)

®§0(S)010011C3,L0(S, u—bip)

+Q52(9)0L% (9)anuCi (s, u — bn)]/Hz,

B'5C (s, u) = [9?%)
05 (9)ajy T (S)]/Hz,

B’SLO(s, u) = [— QJLcO(S)Q}eo(S)

®§O(S)a10allcfo(& u—bip)

+Q59 ()05 % ()anuCy® (s, u — bn)]/Hz, (B.5)

'O u) = [ — Qk0(5)@L0 (s)aroar

Yy )CHO (s, u = bi)
+Q59 ()aroau )% ($)CTO (s, u — bi)

@52 ()a 1L (s)

+alourﬁo(s>}/Hz,

'3 (s,u) = [ - Q% )09 (s)aroan

Y0 )C5O (s, u—by)

+91j0 (s)aroar uT,fO ()CEO (s, u — b1y)
+®§0(s)a10Tyw(s)} /Ha,

'O s.u) = [ — QL0 (5)®L0 (s)arpary

YL ()C5O (s, u—bip)

+Q§O(S)a1oa11uT,f0(S)C3LO(S, u— bn)}/Hz,

'y (s, u) = [q>;0(s)d>§0(s)aloT,ﬁ?(s)
_CID?O (s)alouTrﬁg (s)
—CI>§0 (s)alou’Y‘ang (s)
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~07% ()0, (a5 (s)

nsy

+aiou* S (S)}/Hz,
5% u) = [ - Q4%()0L % (s)aroan
Y0 )CiO (s, u—b)

+Q59 ()aroanur ) (5)Ci O (s, u — bu)}/Hz, (B.6)
where
H, = [Q?O(s)ééo(s)a%OTf;o(s)

—Q50 ()ajour O (s)

—QL%(9)%% ()% (9)aio

+Q5 ()% (s)arou

+QL2 ()L ()arou + QL2 ()04 ()05 (s)ai0
—Q}I;O (s)a]ou2

+@50 ()05 (9)u — D50 (s)u?
—0L(s)u* — 050 ()OL (s)u + u3].
In Egs. (56)—(58), the coefficients A,NLO, BI.NLO, and CiNLO
(withi = 1...4) are as follows:
AVEO (5, u) = [Qﬁ%)@bﬁ L9 (s)axazo

+QLO ()DL (s)az0

—Q5 % ()agou — 01O (s)azou
~ L0 (s)u + uz]/H3,
AVEO (5, u) = [ - Q}eo(s)@]}’LO(S)azo%o
—;% ()05 (9)ax
+®{fYL0(Av)a30u + @?0@)14]/113,
AYEO (s, u) = [ - cho(S)%VLO(S)azoazo
—Q5% ()95 (5)az
+Q§O(S)azou]/H3,
AYEO (s.u) = [ — Q00 (5)a35a30 T (9)
—Q50 (9059 ()azg T (s)

+Q50 (a5 (s)] /Hs, (B.7)

BYEO (s, u) = [— QL0 (9)0N10 (s)axaz

—QL0 ()09 (5)az0 + OF O (s)azou + @éo(s)u]/H3,
BYVLO (s, u) = [_ Q50 (5)a3p 10 )

+Q59 ()@Y (s)aoaso

+Q7 ()07 (9)ag — @7 @ ()azou

—d>yl“0(s)a30u - q>]€0(s)u + u2:|H3,
BéVLO(S, u) = |:Q.Lf0(s)®é.w“0(5)azoa30
+9§0<s)®§0<s>azo]H3,
BA{VLO(S, u) = |:S2§?0(s)®§/LO(s)a%Oa3oT,{‘sg (s)

nsy

+QJLc0(s)®§0(s)a%OTLO(s)]/H3, (B.8)

— 0L ()an L0 )
+a20uT)€0(s)i|/H3’
+®?0(s)a20T}£‘0(5)i|/H37
—0N 250 0 (a3,

+040 ()@ (5)az0
+¢?L0(s)<1>§0(S)a30
_cpl}”‘o(s)ay)u - CI)QILO(S)%O“
~0420) % (s)ax

—0Y 0 (9059 (s)azo
+040 (5) 050 (5)

—q>]€0(s)u — L0 (s)u

~049 ()05 (s) + u2]/H3,

CYEO (s, u) = [q,z}/ LO ()@ EO (5)az0a3) TE (5)

—0N2 ()00 (s)axazy i ()
+0%2 ()0 F0 ()axazo Y5 ()
+q>1fV Lo (s)cbgo (s)azoasoT,ﬁ‘; ()
— N0 (9)azpazour i (s)
—cbé,VLo (S)azoasouTan;O/ ()

~052($)0) 10 (s)axa30 115 (5)

nsy
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—0N1 25059 (Daxnaz Ty ()
+@%0 ()0 O (s)ax T (5)

nsy

—<I>?O (s)arou T,ﬁg (s)
—q>§0 (s)azow,fg (s)

~0%5%$)05 % (9)ax T ()

nsy

+azou® Y19 (s)] /Hz, (B.9)
where
Hs = I:cho(s)cbé,VLO(s)agoamT)fo(s)

—QL% ()07 (5) 31 (s)azoaszo
+Q52 ()00 ()05 (s)aaz
-5 ()@ ()@ (s)axaz
+Q592(5)0%9 ()0 L (s)azoazo
L0 (s)u* — oL (s)u + (— @Y ()
x DNLO ()aroa?

g 30
+OY2(9)0) 9 (s)axaz) QL (5)
+(— Y0 (5)azo — DY (s)azo)u®
+(@YEO ()Y 0 ()a3,
—@yLO(s)Gé,VLO(s)ago)u +u’
+(¢?L0(S)azoa30
+<I>£,VL0(S)azoa3o)Q£0(S)u
+Q52(9) 0L ()azy YL (s)
—Q50 (5)azgur O (s)
—QL2 ()27 (5) @5 O (9)azo + QL ()% (s)azou
+QL2 ()0 (s)axu + Q50 ()05 (s)
x 059 (s)ax + %0 ()@ (s)azou
+@Y 0 ()L (s)azou
—04% ()0 ()azu — O ()0 (s)azou
QL9 (s)axu® + 70 ()5 (s)u
—®;O(S)®§0(s)u]
Moreover, in Egs. (65)—(67), the coefficients A’ ,N LO,
B/ZNLO, and C’ZNLO (withi =1...5) are as follows:

o
AT s u) = [Qﬁo(smgw(s)azoam

+OY 0 (s)aziu’ B (s, u + bar)
+Q§.0(s)a21u2c{“0(s, u—by)

+OYEO (s)az1u” AV (s, u + bay) + u?
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+QL2 ()DL (s)az — QL (s)azou
—@y 0 ()azou + @0 ()05 (5)
xa31uBlNL0(s, u+ b3p) + G)chO(Av)@gLo(s)amu
ANEO (5 u 4 byy)
— YO0y O ()asiuAY O (s, u+ byp) — ¢ (s)
xONLO ($)az1uBNEO (s, u + b3y)
f 1 ’
Q50 ()5 2 ()anuC O (s, u — bay)
—QL2 ()@Y ()05 (s)azazi
xBYEO (s, u 4 b31) — Q0 (5070 ()0, (s)axazi
AVEO (s, u + b31)
+ON0 ()0 (s)azoaziuAY O (s, u + b31)
+@N 0 ()OO (s)azoaziuB O (s, u + b31)
+QL0 ()L ()0 (s)aas B O (s, u + b31)
QL0 ()OO (s)axaz uBY O (s, u + b31)
+Q7% )27 () (s)azoaz €1 (s, u — bar)
f Y
xaxauCy' 0 (s, u — by) — Y0 (5)OF (5)
azoaz uBYO (s, u + byy)
—Q% ()00 ()ariazouC O (s, u — bay)
—YE0 ()10 (s)azoaz uAY O (s, u + b31)
+QL ()@ () 0L (5)azoazt AYEO (s, u + bay)
Y f
xazazuANEO (s, u + b3y)
+QL2 ()@Y ()@ 1 (s)axazoaz
ANEO (s, u + bay)
—QL%()0Y ()0 9 (s)
xazoazoazt AYEO (s, u + bs)
-2 ()@Y ()0 (s)azazoas
BN (s, u + bay)
+Q5% ()@ ()07 (s)
xazazoaz BIEO (s, u + bs)
+Q52()QL ()2 “ (s)azaniaz

CVEC (s, u — bay)

—cbgo(sw]/m,

+OY 0 (s)azu® BYO (s, u + bar)
+Q59()anu* 3" (s, u — bar)
+®]}1L0(s)a31u2a£“0(s, u + b3y)
QL% ()04 (s)axn

+OY (9)azou + Y0 ()04 (s)aziu
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BYLO (s, u + b3y)

+052(9)0) % (s)aziuay O (s, u + b31)

—YEO () L0 (s)aziuay “O (s, u + ba1)
—¢£L,0(s)®yL0(s)a31uBéVLO(s, u + bsp)

Q50 ()@ ()anuCy "0 (s, u — by)
—Q;eo(S)q>yw(5)6?0(5)02061313%“0(3, u+b3p)
_QJEO(J)@?O(S)@Q/LO(S)

xazoaz1ay Lo (s, u + bs1) + ®¥L0(s)®lng(s)
a30a31uaévL0(s, u+ bzy)

+ N0 (5)ONLO (s)azpaz uBYLO (s, u + ba1)

+QL2 ()@Y ()05 ()azoaziar O (s, u + b31)
QL0 ()@Y O (s)axaziuay O (s, u + bay)

+QL2 ()25 ()07 (s)

xazoaz1 BYO (s, u + bay) — Q50 ()0 (s)azoaziu
BYEO (s, u + b3y)

+Q50()QL0 ()DL ()axaz €)' H0 (s, u — byy)
Q50 ()R ()ananuCy O (s, u — by)

010 ()OO (s)azoaz uBY O (s, u + b3))

-5 ()09 (s)azazou

XCYEO (s, u — byy) — DYEO ()@Y L0 (5)az0as u
aéVLO(s, u + bap)
+Q52()Q5% ()2 M (s)azanazn €3O (s, u — bay)
+QL0 ()@Y L0 () 0O ()axazoaziay O (s, u + b31)
_Q;L/O(S)@yw(s)@gw(S)azoa3oa3laévw(s, u+ b3p)
—Q5%(s)

><¢yLO(S)®9{LO(S)a20a30031Bévw(S, u+ bs3p)

+QL0 ()@ ()0 (s)azoazoazt BY M (s, u + bar)

+®_1f0 (s)u]/H4,

A/éVLO(S, u) = [@yLO(S)ayuzAéVLo(s, u—+ bsp)

+(~)’}’L0(s)a31u23;“0(s, u+b3)
+Q59()anu* 0 (s, u — br)
+@Y0 ()07 (s)az1uBy O (s, u + b31)
+05%()0) % (9)azuAY " (s, u + bar)
—Qf0 () @L% (9)anuCy O (s,u — by)
—oY0 ()DL ()aziuAy " (s, u + b31)
~ 0207 (5)azuBY O (s u+ bay)
—QL2 ()@} ()05 (s)azazi
xBYO (s, u + b31) — QL9 (s)

042 ()03 (5)azoaz1 AV (s, u + b31)

+<D1}[L0(s)@?l‘o(s)amanuBéVLO(s, u+b3)

+OY 0 ()0 (s)azoazs uAY O (s, u + b31)

+QL2 ()P0 ()DL (5)azoazt AYHO (s, u + b31)
_Q]eo(s)q,yLo(s)

xazaz1uAYEO (s, u + b3y)
+Q£O(S)CI’gO(S)(”)yLO(S)azoaslBévw(s, u+ b3)
_Q{}O(S)@?’LO(S)azoayuBéVLO(s, u+ b3p)
+Q?O(S)Q;€O(S)q’§0(S)azoazlcﬁ\’LO(s, u—byy)
Q50 ()59 ()axanuCy™ O (s, u — by)
_qD?ILO(S)(Dg,VLO(s)

xazoaziuAYEO (s, u + b3y)
_CDQLO(S)@;YLO(S)a306131uB§VLO(s, u+ b3p)

-5 ()0 0 ()azazouCy O (s, u — bar)
+Qf‘0(S)Queo(S)¢§L0(S)a20a21030C§VL0(s, u—by)
—950(s)@)?“)(s)@gLO(s)a20a3oa31A§’L0(s, i+ b3p)
_Q;eo(S)CDyLO(S)@yLO(S)azo%oamBé\”“o(s, u+ b3p)
+91L/0(S)CDI}]LO(S)‘DQILO(S)dzoasoamAéVLO(s, u+ b3p)

+Q5 ()@ ()0 (s)azazoas

BYEO (s, u +b31>]/H4,

NLO
AL u) = [— 9;0(s)q>;“0(s)a§0a3or,ﬁ,§ (s)

QL0 ()L ()azy LS (5)

nsy

+Q50 ()azu L (s)]/H4,

AT (s, u) = [Q?O(smio(s>d>g“0(s>azoama30
CYE0 (s u— b))
+Q52 ()L ()05 (5)az0a21 C4™ (s, u — bar)
—Q%0 ()L (s)axanuCy O (s, u — ba)
Q%0 ()"0 ()aziazouCy O (s, u — bay)

Q5% )05 % (9)anuC O (s,u = bay)

+Q?0(S)021M2CA{VLO(S, u— b21)}/H4,

NLO

Alg ™ (s.u) = [Qfo(s)cbl}[w(S)<I>§VLO(S)a20a3oa31
AYEO (s u +b31)
QL0 ()@Y 0 ()@ (s)

ax0a3pasi

x B0 (s, u 4 b31) + L% ()0 0 ()00 (s)
asoazoazt BYEO (s, u + b3y)

QL% (5O ()01 (s)azazaz

xAYEO (s, u+b31) + QL0 ()@Y (5)

d’éo(s)azoamf\f;uo(s, u+ b3p)
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QL0 (5)@Y0 ()05 (s)azoaz1 By O (s, u + bay) —ax @0 ()az1 BYLO (s, u + b3)QLO (s)u
—QL0 ()00 (s)axazuAy O (s, u + ba) ~a3) YEO(5)ONLO (9)azt AYO (s, u + b31)QEO (5)
+QL2 ()L 2 ()09 (s)azoazi By (s, u + by) +QL2 (5)OVL (5)az1a30u 0 (5, u — bay)
QL% ()05 ()0 (s)azoaz1 AYHO (s, u + b31) +ONLO (5)ONLO (5)azpaz uBNLO (s, u + b31)
—QL%()0Y 9 (s)azaziuBy O (s, u + bay) —Q5%()QL° ()8 %(s)

— oYL ()OO (s)asoaz u ALY O (s, u + bar) a20a21a30C N 0 (s, 1 — byy)

+ONL0 (5)ONEO (s)aspaz uBY O (s, u + bay) —QL0 ()00 ()0 0 (s)

010 ()OO (s)azoaz uBY O (s, u + b31) axnasoas BV (s, u + b3l)i|/H4,

+ONLO (5)ONLO (s)azpaz uAY O (s, u + bap)

NLO NLO NLO 2
—oY ()L ()aziuAy " (s, u + b3)) By (s u) = [®g ($)asi Ay =" (s, u + b3u

+0Y10 ()04 (s)azuBY "0 (s, u + byy) +@YE0 (5)az BYHO (s, u + b’
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