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Opava, Czech Republic

2 Department of Mathematics, COMSATS University Islamabad, Lahore Campus, Lahore 54000, Pakistan

Received: 9 September 2019 / Accepted: 29 January 2020 / Published online: 17 February 2020
© The Author(s) 2020

Abstract The study of the quasi-periodic oscillations
(QPOs) of X-ray flux observed in the stellar-mass black hole
(BH) binaries can provide a powerful tool for testing the phe-
nomena occurring in strong gravity regime. We thus present
and apply to three known microquasars the model of epicyclic
oscillations of Keplerian discs orbiting rotating BHs gov-
erned by the modified theory of gravity (MOG). We show
that the standard geodesic models of QPOs can explain the
observationally fixed data from the three microquasars, GRO
1655-40, XTE 1550-564, and GRS 1915+105. We perform a
successful fitting of the high frequency (HF) QPOs observed
in these microquasars, under assumption of MOG BHs, for
epicyclic resonance and its variants, relativistic precession
and its variants, tidal disruption, as well as warped disc mod-
els and discuss the corresponding constraints of parameters
of the model, which are the mass and spin and parameter α

of the BH.

1 Introduction

The mysteries of the Universe have always been a source of
great attractions for physicists. We are living in the Universe
undergoing an accelerating expansion which is considered
due to the presence of a mysterious form of repulsive gravity
named as dark energy. The matter which can only be observed
by its gravitational effects on the visible matter rather than
seeing it directly is called dark matter (DM).

Zwicky [54] deduced that there is an inconsistency
between the luminous mass and the dynamical mass for the
Coma cluster. He proposed that there must exist DM at the
scale of clusters of galaxies. The observations of the rotation
curves of spiral galaxies by Robin and Ford [33] also shows
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that the galaxies need missing mass in the context of New-
tonian gravity. The main paradigm to explain the missing
mass in the universe is the theory of DM, supposing that the
unseen matter accounts for more than 20% of the Universe
matter content. This hypothetical matter is made up of weakly
interacting particles (i.e.,WIMPs) that may only interact with
ordinary matter due to gravity. Experiments have been per-
formed to directly detect DM particles by sensitive particle
physics detectors, but no positive signal has been obtained
until now [1].

An alternative approach to resolve the problem of DM is
to modify the law of gravity. One of the first phenomenolog-
ical efforts to modify the Newtonian gravity was Modified
Newtonian Dynamics (MOND) proposed by Milgrom [22].
This model is based on a non-linear Poisson equation for the
gravitational potential with a characteristic acceleration a0;
Newtonian gravity is modified for particles with accelera-
tion a < a0. The model can successfully explain the rotation
curves of galaxies but it fails to be consistent with the temper-
ature and gas density profiles of clusters of galaxies without
invoking DM [5].

The extension of MOND in the so-called Tensor-vector-
scalar (TeVeS) gravity developed by Bekenstein [8] is the
covariant and relativistic gravitational theory which can be
considered as an alternative to General Relativity (GR) with-
out DM. It produces the MOND in the non-relativistic weak
acceleration limit while its non-relativistic strong accelera-
tion regime is Newtonian. It consists of two metric tensors
(the physical metric g̃σν on which all matter fields propa-
gate, and the Einstein metric gσν which interacts with the
additional fields in the theory), a time-like vector field, and a
non-dynamical auxiliary scalar field. The theory is also asso-
ciated with a free function F, two dimensionless constants,
and a length scale l. TeVeS passes the Solar system tests
of GR, predicts gravitational lensing in agreement with the
observations (without DM), does not exhibit superluminal
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propagation, and provides a specific formalism for construct-
ing cosmological models.

Moffat [23] formulated the modified theory of gravity
(MOG) also known as scalar-tensor-vector gravity (STVG)
which can be considered as another alternative to GR without
DM in the present Universe. This MOG is based on an action
which consists of the usual Einstein–Hilbert term associated
with the metric gμν , massive vector field φμ, and three scalar
fields representing running values of the gravitational con-
stant G, the vector field mass μ, and its coupling strength ω.
The vector field is related with the fifth force charge which
is proportional to mass-energy. This fifth force is repulsive;
for a large source mass, at large distances, gravity is stronger
than that predicted by Einstein or Newton, but at short range,
this stronger gravitational attraction is cancelled by the fifth
force field, leaving only Newtonian gravity. This theory fit the
cluster dynamics, galaxy dynamics and early universe cos-
mology data without detectable DM in the present universe.
In contrast, the MOND is unable to fit the cluster observations
(without DM) or cosmology observations.

Both TeVeS and STVG seem to be good candidates for a
new gravity theory. They both propose vectorial manifesta-
tions of the gravitational field and have many differences. In
contrast with the TeVeS bimetric theory, MOG has only one
metric gμν . In the case of MOG, both gravitons and photons
move along the same null geodesic paths, as in GR, and will
arrive at the destination at the same time. Since this theory
is based on an action principle, the field equations are gener-
ally covariant and the MOG vector field φμ is not a classical
time-like vector as in TeVeS type theories [14].

Moffat [24] derived the non-rotating and rotating BHs
in this gravity named as Schwarzschild-MOG and Kerr-
MOG BHs, respectively. Particle dynamics, thermodynam-
ics epicyclic frequencies an energy extraction as well as
the shadow for these MOG BHs has been discussed in
[25,28,29,38,39].

The optical phenomena around MOG Kerr BHs can be
to some extend related to those of the Kerr–Newman BHs
[34–36]. The test particle motion could be also related to the
motion around Kerr–Newmann or magnetized BHs [6,16,
17,46,47]. Of special interests are phenomena that could be
directly tested due to observations of microquasars, namely
those corresponding profiled lines and QPOs, observed in
the X-ray spectra that could be related to oscillations in some
regions of accretion disks. The profiled spectral lines or QPOs
observed in the X-ray spectra are considered as one of the
most efficient tests of strong gravity models.

Microquasars are binary systems composed of a BH and a
companion (donor) star; matter floating from the companion
star onto the BH forms an accretion disk and relativistic jets
- bipolar outflow of matter along the BH - accretion disk
rotation axis. Due to friction, matter of the accretion disk

becomes to be hot and emits electromagnetic radiation, also
in X-rays in vicinity of the BH horizon.

Applying the methods of spectroscopy (frequency distri-
bution of photons) and timing (photon number time depen-
dence) for particular microquasars, one can extract a useful
information regarding the range of parameters of the system
[31]. In this connection, the binary systems containing BHs,
being compared to neutron star systems, seem to be promis-
ing due to the reason that any astrophysical BH is thought
to be a Kerr BH (corresponding to the unique solution of
general relativity in 4D for uncharged BHs which does not
violate the no hair theorem and the weak cosmic censorship
conjecture) that is determined by only two parameters: the
BH mass M and the dimensionless spin |a| ≤ 1.

However, alternative gravity theories predicts small devia-
tions of the Kerr metric that can be tested due to observations
of physical phenomena arising in strong gravity near the BH.
For various ways of explaining the observed HF QPOs see
[31].

One of the promising tools to probe the phenomena occur-
ring in the field of the BH candidates is the study of the QPOs
of the X-ray power density observed in microquasars. The
current technical possibilities to measure the frequencies of
QPOs with high precision allow us to get useful knowledge
about the central object and its background. According to
the observed frequencies of QPOs, which cover the range
from few mHz up to 0.5 kHz, different types of QPOs were
distinguished. Mainly, these are the HF and low frequency
(LF) QPOs with frequencies up to 500 Hz and up to 30 Hz,
respectively. The HF QPOs in BH microquasars are usu-
ally detected with the twin peaks which have frequency ratio
close to 3:2. This is the case of the Galactic BH microquasars
GRS 1915+105, XTE 1550-564 and GRO J1655-40 that we
consider here.

After the first detection of QPOs, there were various
attempts to fit the observed QPOs, and different models have
been proposed, such as the disko-seismic models, hot-spot
models, warped disk model and many versions of resonance
models, developed in the framework of general relativity or
alternative theories of gravity. The most extended are thus the
so called geodesic oscillatory models where the observed fre-
quencies are related to the frequencies of the geodesic orbital
and epicyclic motion. It is particularly interesting that the
characteristic frequencies of HF QPOs are close to the values
of the frequencies of test particle, geodesic epicyclic oscil-
lations in the regions near the innermost stable circular orbit
(ISCO) which makes it reasonable to construct the model
involving the frequencies of oscillations associated with the
orbital motion around Kerr BHs [49]. However, until now, the
exact physical mechanism of the generation of HF QPOs is
not known, since none of the models can fit the observational
data from different sources [12].
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In the present paper, we consider the orbital and epicyclic
motion of neutral test particles around a Kerr-MOG BH.
We look especially for the existence and properties of the
harmonic or quasi-harmonic oscillations of neutral particle
in the background of Kerr-MOG BH. The quasi-harmonic
oscillations around a stable equilibrium location and the fre-
quencies of these oscillations are then compared with the
frequencies of the HF and LF QPOs observed in the three
particular microquasars GRS 1915+105, XTE 1550-564, and
GRO 1655-40 [21,51].

Throughout the present paper, we use the spacelike signa-
ture (−,+,+,+). Greek indices are taken to run from 0 to
3. However, for expressions having astrophysical relevance
we use the physical constants explicitly.

2 Kerr-MOG black hole

The Kerr-MOG BH is a stationary, axially symmetric and
asymptotically flat solution of MOG field equations. The
geometry of Kerr-MOG BH can be described by the line
element [24]

ds2 = gttdt
2 + grrdr2 + gθθdθ2 + gφφdφ2 + 2gtφdtdφ,

(1)

with the nonzero components of the metric tensor gμν taking
in the standard Boyer–Lindquist coordinates the form

gtt = −
(

Δ − a2 sin2 θ

Σ

)
, grr = Σ

Δ
, gθθ = Σ,

gφφ = sin2 θ

Σ

[
(r2 + a2)2 − Δa2 sin2 θ

]
,

gtφ = a sin2 θ

Σ

[
Δ − (r2 + a2)

]
, (2)

where

Δ = r2 − 2GMr + a2 + αGNGM2,

Σ = r2 + a2 cos2 θ. (3)

whereG = GN(1+α) is the enhanced gravitational constant.
The source mass M form MOG modified Newtonian accel-
eration law [25,26] must be distinguished from the so-called
Arnowitt–Deser–Misner (ADM) mass M = M(1 + α), see
[40].

The dimensionless parameter α determines the gravita-
tional field strength. For α = 0 and a = 0, the Kerr-MOG
BH reduces to the Kerr and Schwarzschild-MOG BH, respec-
tively. Moreover, α = a = 0, leads to the Schwarzschild BH.
It is worthy to mention that the gravitational source charge
Q of the MOG vector field is related with the mass M of the
source by the relation

Q = √
αGNM. (4)

The metric for Kerr-MOG BH is identical to the Kerr–
Newman metric with the replacement of α by q2, where q is
the electric charge of Kerr–Newman BH. Using the value of
G, the expression for Δ can be written as

Δ = r2 − 2GN (1 + α)Mr + a2 + αG2
N(1 + α)M2. (5)

In the following calculations we will chose gravitational
constant in such a way GN = 1. We can also express
all coordinates and parameters using dimensions quantities
r → r/M, a → a/M , such setup is equivalent to the
setting M = 1 in all following equations, for example the
expression for Δ can be rewritten as

Δ = r2 − 2(1 + α)r + a2 + α(1 + α). (6)

The outer horizon is situated at

r+ = M(1 + α) +
√
M2(1 + α) − a2. (7)

The event horizon exists provided that M2(1 + α) > a2

M2

(1 + α)
> a2. (8)

It is worthwhile to note that for the positiveness of radicand
of Eqs. (4) and (7), the physical bounds of parameter α should
be

0 ≤ α ≤ M2

a2 − 1. (9)

The constraint on the parameter α from the Solar system
observation is [20,23]

α� < 1.5 · 105 cm · c2

GN

1

M�
∼ 1. (10)

The geometrical structure of horizon of Kerr-MOG BH for
different values of a and α is shown in Fig. 1. It is observed
that radius of horizon increases as parameter α increases but
when BH rotates rapidly, its horizon decreases. The Kerr-
MOG BH has greater horizon in comparison with the Kerr
BH.

3 Circular obits around Kerr-MOG BH

The Hamiltonian for the neutral particle motion can be writ-
ten as

H = 1

2
gμν pμ pν + 1

2
m2, (11)

where uμ = dxμ

dτ
denotes the four-velocity, τ is the proper

time, and pμ = muμ is the four-momentum of the parti-
cle with mass m. The Hamilton equations of motion can be
written as

dxν

dζ
≡ muν = ∂H

∂pν

,
dpν

dζ
= − ∂H

∂xν
, (12)
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Fig. 1 Position of ISCO and horizon in Ker-MOG BH. The first row is plotted for different values of α while second row is plotted for different
values of rotation parameter a

where ζ = τ/m is the affine parameter. Using the Hamilto-
nian formalism, one can find the equations of motion. Due
to the symmetries of the BH geometry, components of the
four-velocity remain conserved and can be expressed as

− E = pt
m

= gtt u
t + gtφu

φ, (13)

L = pφ

m
= gφφu

φ + gtφu
t , (14)

where E = E/m and L = L/m are interpreted as the spe-
cific energy and specific angular momentum of the particle,
respectively. The quasi-periodic oscillations are allowed only
around the stable circular orbits. Due to the hidden symme-
tries of the Kerr-MOG spaceimes, the equations of motion
in r − θ plane can be separated and integrated to the form
[13,47]

dθ

dλ
= 0, (15)

r2 dr

dλ
= ±√

R(r), (16)

r2 dφ

dλ
= − (aE − L) + aP(r)

Δ
, (17)

r2 dt

dλ
= −a (aE − L) +

(
r2 + a2

)
P(r)

Δ
, (18)

where

P(r) = E
(
r2 + a2

)
− La, (19)

R(r) = P(r)2 − Δ
[
m2r2 + (aE − L)2

]
. (20)

The circular orbits are given by simultaneous conditions

R(r) = 0, dR/dr = 0, (21)

their specific energy and specific angular momentum are
given by relations [47]

E = r2 − 2Mr + χ ± a
√Mr − χ

r(r2 − 3Mr + 2χ ± 2a
√Mr − χ)1/2

, (22)

L = ±
√Mr − χ

(
r2 + a2 ∓ 2a

√Mr − χ
) ∓ aχ

r
(
r2 − 3Mr + 2χ ± 2a

√Mr − χ
)1/2 , (23)

where M = M(1 + α) and χ = Mα. The innermost stable
circular orbit (ISCO) has d2R/dr2 = 0 and the position
of ISCO is illustrated in Fig. 1. Counter-rotating particles of
ISCO shift away from the BH horizon with increasing values
of BH spin a, while the co-rotating particles shift towards the
BH horizon. While for increasing values of parameter α, both
counter-rotating as well as co-rotating particles of ISCO shift
away from the BH horizon. In the case of Kerr-MOG BH, the
radius of ISCO is greater in comparison with the Kerr BH.
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Fig. 2 Estimation of BH rotation parameter a for different values of
Kerr-MOG parameter α. Spectral continuum fitting for three micro-
quasars restrict allowed regions (gray) of BH spin a and α parameter by
energy condition (22), dashed line separate BH and naked singularity
spacetime

The neutral particle dynamics around Kerr-MOG BH can
be tested on Galactic Low Mass X-Ray Binaries (LMXB)
containing neutron stars [7] or BHs [10,30]. We have selected
three microquasars, GRO 1655-40, XTE 1550-564 and GRS
1915+105, where the central object is a BH candidate and
for which the masses M and spins a can be estimated by
the observation of companion star dynamic and by the spec-
tral continuum fitting [31,37]. Crucial for spectral contin-
uum fitting method is the location of accretion disk inner
edge - how deep can disk go into BH gravitational potential,
or more specifically the particle energy on the ISCO. For
Kerr-MOG BH we must modify BHs spin estimations since
energy at ISCO is depending on Kerr-MOG α parameter,
see Fig. 2. Allowed regions of BH spin a and α parameter

are given by energy condition (22) for every three micro-
quasars. The restrictions on Kerr-MOG BH spin a for given
specific values of α ∈ {0, 0.2, 0.5, 1} parameter are summa-
rized in Table 1; for Kerr-MOG BH we can have spin parame-
tera > 1, see condition (9). As it can be seen from Fig. 2 there
exist maximal value of Kerr-MOG parameter given by ener-
getic restriction from spectral continuum fitting method, see
Table 1.

4 Harmonic oscillations as perturbation of circular
orbits

In order to study the oscillatory motion of neutral particle we
use the perturbation of equations of motion around the sta-
ble circular orbits. If a test particle is slightly displaced from
the equilibrium state corresponding to a stable circular orbit
situated in an equatorial plane, the particle will start to oscil-
late around the stable orbit realizing thus epicyclic motion
governed by linear harmonic oscillations. The stability of the
circular orbits against vertical (latitudinal) perturbation can
be inferred from [11]. Locally measured radial (ωr ), latitudi-
nal (ωθ ) and orbital or axial (ωφ) frequencies of the harmonic
oscillations of neutral particle are given by (for details see
[47])

ω2
r = 8aρ

1
2 δ

3
2 − 4α2M4 + βρ2 + γρ

2αM2r4ρ + r5(r − 3M)ρ2 + 2ar4ρ
3
2 δ

1
2

, (24)

ω2
θ = r2δ + a2Mσ + 2aM(Mα − 2rρ)δ

1
2 ρ− 1

2

r4(2αM2 + r(r − 3M)ρ + 2aρ
1
2 δ

1
2 )

, (25)

ω2
φ = M(−αM + αr + r)

r2(2αM2 + r(r − 3M)ρ + 2aρ
1
2 δ

1
2 )

, (26)

Table 1 Observed twin HF QPO data for three microquasars and the
restrictions on mass and spin of the BHs located in them, based on
measurements independent of the HF QPO measurements given by the
optical measerument for mass estimates and by the spectral contin-
uum fitting for spin estimates [31,37]. For Kerr-MOG BH we modified

spin estimation with dependence on parameter α (second part of the
table). Note that in the GRS 1915+105 microquasar more HF QPOs
are observed [9]. Here we concentrate attention to the pair of HF QPOs
demonstrating the frequency ratio 3:2, common with those observed in
other two microquasars

Source GRO 1655-40 XTE 1550-564 GRS 1915+105

M/M� 6.03–6.57 8.5–9.7 9.6–18.4

EISCO 0.903–0.889 0.931–0.916 0.766–0.577

fU (Hz) 447–453 273–279 165–171

fL (Hz) 295–305 179–189 108–118

a

α = 0.0 0.65–0.75 0.29–0.52 0.98–1.00

α = 0.2 0.71–0.83 0.28–0.55 1.04–1.10

α = 0.5 0.85–1.14 0.30–0.65 �

α = 1.0 � 0.45–1.19 �

αMAX 0.71 1.39 0.26
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where the introduced coefficients read

β = Mr
(
r(r − 6M) − 3a2

)
,

γ = αM2
(

4a2 + 9Mr
)

,

ρ = (1 + α),

δ = M(−αM + rρ),

σ = (3ρr − 2αM). (27)

The locally measured angular frequencies are related with
the angular frequencies measured by static distant observer
(Ω), by the gravitational redshift transformation. If the fre-
quencies of small harmonic oscillations measured by distant
observer are expressed in physical units, one need to extend
the corresponding dimensionless form by the factor c3/GM .
Thus the frequencies of neutral particle measured by distant
observer are given by

ν j = 1

2π

c3

GM
Ω j (Hz), (28)

where j ∈ {r, θ, φ}. The dimensionless radial (Ωr ), latitudi-
nal (Ωθ ) and axial (Ωφ) angular frequencies measured by a
distant observer for a neutral particle harmonic oscillations
around a Kerr-MOG BH are given by (see also similar results
of [19,47])

Ω2
r = 8aρ

1
2 δ

3
2 − 4α2M4 + βρ2 + γρ

r2ρ(r2ρ
1
2 + aδ

1
2 )2

, (29)

Ω2
θ = r2δ + a2Mσ + 2aM(Mα − 2rρ)δ

1
2 ρ− 1

2

(r3ρ
1
2 + arδ

1
2 )2

, (30)

Ω2
φ = M(−αM + αr + r)

(r2ρ
1
2 + aδ

1
2 )2

, (31)

The radial profiles of the frequencies ν j of small harmonic
oscillations of neutral particle measured by a distant static
observer are shown in Fig. 3, for different values of spin a
and dimensionless parameter α. In the case of non-rotating
BHs (Schwarzschild and Schwarzschild-MOG), radial (νr )
and latitudinal (νθ ) frequencies coincide, but for rotating BHs
(Kerr and Kerr-MOG), νr and νθ can be observed with differ-
ent profiles. The presence of α contributes to lowering down
the peaks of all the frequencies νr , νθ and νφ . The greatest
change can be observed for large value of α. It is also noted
that radial profiles of frequencies shift towards the BH with
the increase of the rotation parameter a of the BH but for
increasing values of α, radial profiles moves away from the
BH. In the case of Kerr-MOG BH, the peaks of the radial
profiles of frequencies are lower as compared to the case of
the Kerr BH. The profiles can be observed at small radial
distance r for Kerr BH in comparison with the Kerr-MOG
BH.

5 Quasi-periodic oscillations models

The neutral particle oscillations around circular orbits, stud-
ied in the previous section, suggest interesting astrophys-
ical application, related to HF QPOs observed in selected
three microquasars, GRO 1655-40, XTE 1550-564 and GRS
1915+105. In the following subsection, we discuss the gen-
eral constraint methods of BH parameters from QPOs on the
predictions of the rotation and mass parameters of BHs. In the
later subsections we describe the general technique useful for
the QPO fittings and consider different QPO models, namely:
epicyclic resonance (ER) model and its variants (ER1, ER2,
ER3, ER4, ER5), relativistic precession (RP) model and its
variants (RP1, RP2), tidal disruption (TD) model and warped
disc (WD) model.

5.1 General properties of QPOs and constraints of black
hole parameters

The twin peaks of the HF QPOs with upper fU and lower
fL frequencies are sometimes observed in the Fourier power
spectra. In the microquasars, i.e., LMXB systems contain-
ing a BH, the twin HF QPOs appear at the fixed fre-
quencies that usually have nearly exact 3:2 ratio [21]. The
observed high frequencies are close to the orbital frequency
of the marginally stable circular orbit representing the inner
edge of the accretion disks orbiting BHs; therefore, the strong
gravity effects are believed to be relevant for the explanation
of HF QPOs [51].

The models of twin HF QPOs involving the orbital motion
of matter around BH can be generally separated into four
classes: the hot spot models (the relativistic precession model
and its variations [41,49], the tidal precession model [18]),
resonance models [48,50,51] and disk oscillation (diskoseis-
mic) models [27,32]. These models were applied to match
the twin HF QPOs and the LF QPO for the microquasar GRO
J1655-40 in [45]. Of course, the models can be applied also
for intermediate massive BHs [43].

Unfortunately, none of the models recently discussed in
literature, based on the frequencies of the harmonic geodesic
epicyclic motion, is able to explain the HF QPOs in all
three microquasars simultaneously, assuming that their cen-
tral attractor is a BH [52].

One way of explaining these QPO phenomena in the
microquasars is formation of the oscillatory particle motion
around magnetized BHs [16,17,53] or around tidally charged
BHs [4,19,47]. Here we discuss the other modification of the
strong gravity due to the MOG BHs.

5.2 Tested HF QPOs models

The hot spot models assume radiating spots in thin accretion
discs following nearly circular geodesic trajectories. In the
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Fig. 3 Radial profiles of frequencies of small harmonic oscillations νr , νθ and νφ of neutral particle around Kerr-MOG black hole having mass
M = 10M� measured by static distant observer

standard RP model [42], the upper of the twin frequencies is
identified with the orbital (azimuthal) frequency, νU = νφ ,
while the lower one is identified with the periastron preces-
sion frequency, νL = νφ − νr. The radial profile of the fre-
quencies νU and νL of the RP model is presented in Fig. 4.
From the variants of the RP model [49], we select the RP1
model introduced in [12], where νU = νθ and νL = νφ − νr,
and the “total precession model” RP2 introduced in [49],
where νU = νφ and νL = νθ − νr (see Table 2). Both the
RP1 and RP2 models predict frequencies νU and νL close to
those of the RP model.

The epicyclic resonance (ER) models [2,51] consider a
resonance of axisymmetric oscillation modes of accretion
discs. Frequencies of the disc oscillations are related to the

orbital and epicyclic frequencies of the circular geodesic
motion. The radial profile of the frequencies νU and νL of
the ER model is presented in Fig. 4. In the ER model that has
axisymmetric oscillatory modes with frequencies νθ and νr ,
the oscillating torus (or circle) is assumed to be radiating uni-
formly. A sufficiently large inhomogeneity on the radiating
torus, which orbits with the frequency νφ , enables the intro-
duction of the nodal frequency related to this inhomogeneity
[44,45].

The tidal disruption TD model, where νU = νφ + νr and
νL = νφ , could resemble to some degree the hot spot models
as numerical simulations of disruption of inhomogeneities
(e.g., asteroids) by the BH tidal forces demonstrate existence
of an orbiting radiating core in the created ring-like struc-
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Fig. 4 Radial profiles of lower νL(r) and upper νU(r) frequencies for
various HF QPOs models, see Sect. 5.2. The frequencies are plotted for
classical Kerr BH (α = 0) as gray curves, while as black curves for

Kerr-MOG BH with α = 1 parameter. Black hole spin is taken to be
a = 0.7 in all cases. The position of νU : νL = 3 : 2 resonance radii
r3:2 is also plotted

ture [18]. The warped disc WD oscillation model of twin
HF QPOs assumes non-axisymmetric oscillatory modes of a
thin disc [15], for the WD model with frequencies presented

in Table 2, we have to introduce the vertical oscillatory fre-
quency νθ by assumption of vertical axisymmetric oscilla-
tions of the thin disc.
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Table 2 Restrictions on the Kerr-MOG BH α parameter given by
observed HF QPOs frequencies and BH spin a for all the three micro-
quasars GRO 1655-40, XTE 1550-564 and GRS 1915+105. Restriction
on Kerr-MOG BH spin a are changing according to Kerr-MOG BH α

parameter. The symbol � is when the fitting with the QPO model is not
possible, or maximal α parameter for given source has been reach, see
Table 1

Model νU νL XTE 1550-564 GRO 1655-40 GRS 1915+105

RP0 νφ νφ − νr 0–0.27 0.19–0.57 �

RP1 νθ νφ − νr 0–0.07 0–0.10 0.13–0.15

RP2 νφ νθ − νr 0–0.46 0.48–0.49 �

ER νθ νr � � 0–0.26

ER1 νθ νθ − νr 0–0.18 0.07–0.49 �

ER2 νθ − νr νr � � 0–0.15

ER3 νθ + νr νθ 0–0.50 0.34–0.65 �

ER4 νθ + νr νθ − νr 0.14–1.04 � �

ER5 νr νθ − νr � � 0–0.15

TD νφ + νr νφ 0–0.49 0.32–0.66 �

WD 2νφ − νr 2(νφ − νr ) 0–0.50 0.32–0.66 �

5.3 Resonant radii and the fitting technique

The HF QPOs come in pair of two peaks with upper fU and
lower fL frequencies in the timing spectra. For the QPOs
from BH microquasars given in Table 1, the frequency ratios
fU : fL are very close to the fraction 3:2. Observation of this
effect in different non-linear systems indicates the existence
of the resonances between two modes of oscillations. In case
of geodesic QPO models, the observed frequencies are asso-
ciated with linear combinations of the particle fundamental
frequencies νr , νθ and νφ . In the case of Kerr-MOG BH, the
upper and lower frequencies of HF QPOs for a neutral par-
ticle are the functions of dimensionless parameter α, spin a,
BH mass M , and the resonance position r ,

νU = νU(r, M, a, α), νL = νL(r, M, a, α). (32)

It is worth to note that the frequencies νU and νL are inversely
proportional to the mass M of a BH, while the dependence
of frequencies on the spin a and parameter α is more compli-
cated and hidden inside Ωr ,Ωθ ,Ωφ functions, as given by
Eq. (28). The resonant models of the twin HF QPOs assume
a particular parametric or non-linear forced resonance of the
oscillatory modes of the accretion disk [3]. In order to fit the
frequencies observed in HF QPOs with the BH parameters,
one needs first to calculate the so called resonant radii r3:2

νU(r3:2) : νL(r3:2) = 3 : 2 (33)

Resonant radii r3:2 in general case are given as the numerical
solution of higher order polynomial in r , for given values
of spin a. Since the Eq. (33) is independent of the BH mass
explicitly, the resonant radius solution also has no explicit
dependence on the BH mass and techniques introduced in
[49] can be used. Substituting the resonance radius into the

Eq. (32), we get the frequencies νU and νL in terms of the
BH mass, spin and parameter α.

Now we can compare calculated frequencies νU and νL

with observed HF QPOs frequenies fU and fL, see Table 1.
If one assume that observed frequencies are exactly in 3:2
ratio, fU : fL = 3 : 2, then the following equations

fU = νU(r, M, a, α), fL = νL(r, M, a, α), (34)

are equivalent with

fU = νU(r3:2, M, a, α), (35)

where in the second case we have only one equation due to
use of resonant radii r3:2. Solving the Eq. (34) using BH spin
and mass data from Table 1 for each of the three microquasar,
one can get restriction on the free Kerr-MOG parameter α.
Observed frequency fits for various QPO models has been
done in Fig. 5 for α values (0, 0.5, 1, 2), and the exact esti-
mations of α parameter is given in Table 2 for every one of
the three microquasar sources.

6 Discussion and conclusions

We have explored the QPOs of neutral particle orbiting Kerr-
MOG BH and examined the influence of the MOG α param-
eter. The position of ISCO and horizon for Kerr-MOG BH
has been discussed. It is noted that the parameter α has great
influence of the characteristics of Kerr-MOG BH. The hori-
zon radius of the BH increases as the parameter α increases.
The particles revolving in the ISCO shift away from the BH
for increasing α. Particle energy at ISCO obtained by spec-
tral continuum fitting method can restrict maximal value of
parameter α.
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Fig. 5 Fitting of three microquasar sources with different HF QPOs
models. On the horizontal axis the BH spin a/M is given, while on
the vertical axis we give BH mass M divided by observed upper HF
QPOs frequency μU. Gray boxes are the values of BH mass M and spin

a estimated from the observations, see Table 1. Black lines are upper
test particle frequency at r3:2 resonresonat radii fU = νr (r3:2, a, α) as
function of BH spin a for different values of Kerr-MOG parameter α

We have obtained the expressions for fundamental fre-
quencies of small harmonic oscillations. It is observed that
radial profiles of frequencies shift towards the BH as the

rotation of BH increases, but the maxima of the radial pro-
files shift away from the BH as parameter α increases. It
is worthy to mention that for Kerr-MOG BH, the peaks of
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radial profiles of frequencies are lower as compared to the
Kerr BH.

We have explored the radial profiles of lower νL(r) and
upper νU(r) frequencies for various HF QPOs models (RP,
RP1, ER0, ER1, ER2, ER3, ER4, ER5, TD and WD) and
examined the position of νU : νL = 3 : 2 resonance radii
r3:2. It is interesting to note that for all models, in the case of
Kerr-MOG BH, the resonance radii are larger as compared
to the classical Kerr BH and the position of resonance radii
is shifted away from the BH as parameter α increases. We
observe that the resonance radius for the ER0 model can be
observed at the largest radial distance from BH horizon, while
the ER4 model has the smallest resonance radius among all
the models. Using the geodesic fundamental frequencies, we
have investigated the range of parameter α fitting different
models for all the three microquasars GRO 1655-40, XTE
1550-564 and GRS 1915+105. We observed that ER3, ER4,
TD and WD models fit all three microquasars while ER0,
ER2 and ER5 models does not fit GRO 1655-40, XTE 1550-
564 . Moreover, RP and RP2 models completely fit XTE
1550-564 and GRS 1915+105 microquasars but partially fit
GRO 1655-40. Also, RP2 model fit GRS 1915+105 micro-
quasar but partially fit GRO 1655-40, XTE 1550-564 micro-
quasars.
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