
Eur. Phys. J. C (2020) 80:139
https://doi.org/10.1140/epjc/s10052-020-7652-0

Regular Article - Theoretical Physics

Detecting Primordial Gravitational Waves: a forecast study on
optimizing frequency distribution of next generation
ground-based CMB telescope

Deliang Wu1,2, Hong Li1,a, Shulei Ni1,3, Zheng-Wei Li1, Cong-Zhan Liu1

1 Key Laboratory of Particle Astrophysics, Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100086, China
2 University of Chinese Academy of Sciences, Beijing 100086, China
3 Institute of Astrophysics, Central China Normal University, Wuhan 430079, China

Received: 28 January 2019 / Accepted: 14 January 2020 / Published online: 17 February 2020
© The Author(s) 2020

Abstract Probing primordial gravitational waves is one of
the core scientific objectives of the next generation CMB
polarization experiment. Integrating more detector modules
on the focal plane and performing high accurate observations
are the main directions of the next generation CMB polar-
ization telescope, like CMB S4. Also, multi-band observa-
tion is required by foreground analysis and reduction, as it
is understood that foregrounds have become the main obsta-
cles of CMB polarization measurements. However, ground
observation is limited by the atmospheric window and can
be usually carried out in one or two bands, like what BICEP
or Keck array have done in the south pole. In this paper,
we forecast the sensitivity of tensor-to-scalar ratio r that
may be achieved by a multi-frequency CMB polarization
experiment, basing on which to provide guidance for further
expanding frequency bands and optimize the focal plane of
a telescope. At the same time, the realization of having two
frequency bands in one atmospheric window is discussed.
With fixed number of detectors, the simulation results show
that, in order to get a good limit, more frequency bands are
needed. Better constraints can be obtained when it includes
at least three bands, i.e., one CMB channel (95 GHz) + one
dust channel (high frequency) and one synchrotron channel
(low frequency). For example, 41 + 95 + 220 GHz, which is
better than only focusing around the CMB band, like 85 +
105 + 150 GHz, and 95 + 135 + 155 GHz, and this frequency
combination is even better than the combination of 41 + 95 +
150 + 220 GHz. As CMB S4 plans to consider two frequency
bands in each atmospheric window, and along this way, we
find that one CMB band and more bands in synchrotron and
dust channels are helpful, for example, 2 bands in lower fre-
quency, 30 + 41 GHz, 2 bands in higher frequency, 220 +
270 GHz, i.e. 30 + 41 + 95 + 220 + 270 GHz, can get better
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constraints, and in this case, more detectors are asked to be
assigned in the CMB channel.

1 Introduction

Detection and measurement of primordial gravitational
waves (PGWs) provide a key test of inflation which has
been regarded as a cornerstone of modern cosmology. Some
of its predictions, like the flat universe, the Gaussian, adi-
abatic and nearly scale-invariant initial condition, etc, are
in good agreement with current observational data. CMB
polarization observation has the potential to reveal signatures
of PGWs from inflation. There are two CMB polarization
modes, polarized E-mode and B-mode, and for the primordial
B-mode, which is mainly sourced from tensor perturbations
of inflation on degree-scale, can serve as a unique observa-
tional window for the detection of primordial gravitational
waves [1–4].

CMB study has gained lots of achievements in the past
fifty years. With three generations of space mission, COBE,
WMAP [5,6] and Planck [7,8], the accuracy of CMB mea-
surement has been improved step by step, especially the tem-
perature anisotropy, which has made a great contribution
to pushing the study of modern cosmology into precision
epoch. Now, CMB research is entering a new era, the so-
called stage 3 [9–12], in which more detectors are planned
for improving the sensitivity, and the key scientific goal is
searching for primordial gravitational waves. Also, with the
collaborative efforts of CMB-S4 [13,14], which are focused
on ground-based CMB observations, the detector sensitiv-
ity on CMB will be logically improved ambitiously with at
least ten times more detectors. It will develop larger detector
arrays and carry out joint observation at Antarctica, Atacama
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Desert and maybe also Northern Hemisphere stations, so as
to further enhance statistical samples and improve observa-
tion accuracy.

Despite its significance, in fact, detecting the PGWs is
extremely challenging, not only the signal of primordial B-
mode is very weak, theoretically, it is about at least two
to four orders smaller than CMB temperature anisotropies,
but also the measurement of primordial B-modes is heavily
contaminated by the polarized foreground emission [15,16],
i.e. synchrotron and thermal dust [17–19] from the Milky
Way. In addition, lensing [20–22] B-modes generated from
E-modes and intervening large scale structures will domi-
nate on the sub-degree scale, which also makes obstacles
for the detection. CMB signal itself is frequency indepen-
dent, but the foreground radiation is frequency-dependent,
in order to do foreground component subtraction, it is nec-
essary to carry out observation in several bands to eliminate
frequency-dependent foreground signals.

However, for ground-based CMB experiments [23–28],
the frequency bands that could be observed on earth are
limited to the microwave atmospheric windows. There are
strong absorptions from oxygen and precipitable water vapor
(PWV), also these latter contribute a lot to the brightness
temperature of the detectors loading in the microwave band.
Therefore, ground-based CMB experiments are usually car-
ried out at high altitude with very dry air [29]. Even on high
ridges, subject to the presence of the atmosphere, obser-
vations are usually performed only in a few band win-
dows: below 50 GHz, around 95, 150 GHz and above
200 GHz [29,30]. For example, BICEP1 has observed in two
frequencies of 100 GHz and 150 GHz, BICEP2 in 150GHz,
even for South Pole telescope, a large aperture CMB camera,
hold only three channels of 95, 150 and 220 GHz, centered
around atmospheric windows, far fewer than space projects.
The modularity of the focal plane allowed it to be broken
into many different frequency configurations. Therefore, how
to increase the observation frequency band reasonably in
the limited atmospheric window is very important to carry
out ground-based multi-frequency CMB observation in the
future. Considering that setting two frequency bands in a
wider atmospheric window can effectively increase the num-
ber of observation frequency bands, this can be a way to real-
ize a ground-based CMB observation in multi-frequencies
and could be important to characterize systematic effects.

In addition, based on current technology, the noise level of
a single quantum sensor has almost reached the limit of pho-
ton noise [31–33]. In order to further improve the detection
accuracy, the next generation of telescopes will continue to
increase the number of integrated detectors on the focal plane
to more than 10,000 [34–38]. Such a large array of detectors
provides a precondition for multi-band observation, thus how
to optimize the number of detectors distributed in each fre-
quency channel becomes an unavoidable question.

In this paper, we plan to do such kind of estimation. As
the crucial parameter for characterizing PGWs is tensor-to-
scalar ratio r , its uncertainty σr from measurement should
quantify the sensitivity of a CMB polarization experiment
[14,39,40] to the detection of PGWs. We do forecast on σr
by adopting Fisher information matrix approach [41–46] for
different design of the focal plane so as to make the compar-
ison. The frequencies we consider include 30 GHz, 41 GHz,
95 GHz, 150 GHz, 220 GHz and 270 GHz. Additionally, in
order to add in more frequency bands to get better constraints,
we also consider the bands of 85 GHz, 105 GHz, 135 GHz
and so on. These bands can be realized by antenna-coupled
filters. Finally, by comparing the achieved σr we estimate the
detection sensitivity for each focal plane model and obtain
the optimal solution for the frequency channels distribution.
In the literature, there are lots of studies in this aspect and
they show useful and interesting results [39,47,48].

This paper is organized as follows. In Sect. 2 we quantify
polarized foreground components, synchrotron and thermal
dust, and instrumental noise, they are frequency-dependent
and contribute to the sensitivity of r . In fact, it is the bal-
ance between these components as well as weak gravitational
lensing B-mode that will determine the final sensitivity of r
detection. In Sect. 3, we briefly introduce atmospheric win-
dows that limit ground-based CMB observation experiments.
In Sect. 4, we introduce the Fisher matrix method for the pre-
diction of σr on the tensor-to-ration r in detail. We summarize
the results and give a detailed analysis of the optimization of
the focal plane in Sects. 5 and 6. Finally, we briefly conclude
in Sect. 7.

2 Foreground models and instrumental noise

In fact, all polarization signals observed by CMB telescope
include what we usually call foreground, i.e. radiation from
the Milky Way itself, the atmospheric emission, telescope
instrument radiation and so on, will be included in the obser-
vation data. Foreground radiation, such as Galactic syn-
chrotron radiation, thermal dust radiation can dominate at
a certain range of frequency channels and will interfere with
CMB polarization observation. The effects can be mitigated
by foregrounds reduction treatment and the efficiency will
greatly affect CMB signal detection. In the study of this
paper, we mainly consider the thermal dust and synchrotron
as these two components are very strong in the process of
polarization observation [41,49,50]. Foreground simulation
and reduction have been extensively studied in the literature
(e.g., [44,51]).

The noise, generated by atmosphere and instrument, is
also the item that must be controlled to improve the constraint
on r . This section mainly gives a detailed description of the
foreground and noise.
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2.1 Synchrotron and thermal dust

Synchrotron is a significant component in the polarized fore-
ground emission and mainly dominates at low frequency
[5,52,53]. Synchrotron emission is sourced by relativistic
cosmic ray electrons spiraling in the Galactic magnetic field,
and it contributes to both temperature and polarization mea-
surements. The intensity and power spectrum of synchrotron
rely on cosmic ray density and magnetic field strength [52].
Therefore, the spectral index of synchrotron changes with
the observed position and frequency, e.g., βs ≈ −2.7 around
1 GHz while it is close to −3 at higher frequencies given
by the recent Planck results [54,55]. Fortunately, both the-
ory and experiment indicate that the synchrotron spectrum
is approximate to the power-law spectrum at the frequencies
above 20 GHz [56,57]. Therefore the synchrotron spectrum
is usually parameterized as
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with reference frequency νs = 30 GHz and reference multi-
pole �s = 80. Where superscript ‘p’ stands for polarization.
The reference frequency νs can also be taken as 0.408 GHz,
see the study in reference [40,58]. As the power spectrum is
a region-dependent quantity, the result from different region
statistics will also be different. We will consider two cases
of a large sky coverage with fsky = 0.7 and a small sky cov-
erage with fsky = 0.05, the parameters of synchrotron and
thermal dust are summarized in Table 1.

Thermal dust is another non-negligible foreground polar-
ization emission, which mainly contributes at high frequen-
cies [16]. We adopt a Modified Black Body for dust polar-
ization spectra following Planck Collaboration at Td = 19.6
K [59]
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where �d = 80, νd = 353 GHz and Bν(T ) represents Planck
function, which is given by

Bν(T ) = 2hν3c−2/(ehν/kT − 1). (3)

Note that, it is more common to use antenna temperature
for describing foregrounds and hence one needs to convert
the unit from antenna to thermodynamic temperature by gν =
x2ex/(ex − 1)2, where x = hν/(kTCMB), TCMB = 2.73K .
Therefore, substituting gν into Eqs. (1) and (2), finally we
get
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Table 1 Foreground model parameters. Here only polarized BB spec-
tral parameters are considered

Parameters Synchrotron Thermal dust

A(μK 2
CMB, fsky = 0.7) 0.91 0.53 × 315

A(μK 2
CMB, fsky = 0.05) 0.081 0.53 × 20

ν (GHz) 30 353

� 80 80

α −2.6 −2.54

β −3.14 1.53

Td (K ) – 19.6
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(5)

where Bν (T ) = ehν/kT − 1.
Since our goal is to estimate the uncertainty on r by Fisher

information matrix, the temperature spectra are not within
our consideration.

2.2 Instrumental noise

In addition to foregrounds, instrumental noise is another non-
negligible contamination in the measurement of primordial
polarized B-modes. Instrumental noise is usually assumed
to be white and Gaussian, for a multi-frequency experiment
with m frequencies, its total noise power spectra read as [39,
60]:

NXX,inst
� =

(∑
m

1

NXX,inst
�,m

)−1

, (6)

where NXX,inst
�,m denotes the instrumental noise power spec-

trum with mth frequency of X = E, B given by:

NXX,inst
�,m =

[
wX,mexp

(
−� (� + 1)

θ2
FWHM,m

8ln2

)]−1

. (7)

The subscript m in w and θ2 indicate that they are frequency-
dependent. In addition, the expression of w is

w−1/2 [μK.rad] =
NET

[
μK.

√
sec

] ×
√

4π fsky
[
rad2

]
√
Ndet × Y × 	T [sec]

,

(8)

where Y refers to detector efficiency. In our study, we assume
an ideal case where yield Y = 1. Finally, we calculate the
value of the Noise Equivalent Temperature (NET) which is
frequency-dependent as we will see below.
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2.3 Noise equivalent temperature

In general, the sensitivity of the detector is normally quoted
as NET. In order to calculate the spectrum of instrumental
noise in Eq. (7), we need to calculate the NET first (with
units μK

√
s). For CMB experiments, using Planck black-

body equation:

B(ν, T ) = 2hν3

c2

1

exp (hν/(kT )) − 1
, (9)

NET which is related to the optical transfer function τ(ν)

and the atmospheric opacity ε(ν) can be finally expressed
as [33,61]:

NETCMB = NEP√
2

∫
dν

dB(ν,TCMB)
dTCMB

c2

ν2 τ(ν) (1 − ε (ν))
, (10)

where NEP (with units WHz−1/2) is defined at the level of
absorbed power, and

NEP2 = NEP2
photon + NEP2

phonon + NEP2
other, (11)

where NEPphoton and NEPphonon represent photon noise and
phonon noise, respectively. Since noise is mainly dominated
by the former, only photon noise will be considered below
and it can be written approximately as [62]

NEP2
photon ≈ 2hνPload + 2P2

load

	ν
, (12)

where Pload is the power in a band of width 	ν, and it is
directly related to the optical efficiency η, the effective band-
width 	ν, as well as the internal power of instrument

Pload = 2ηkBTRJ	ν + Pinternal. (13)

Finally, for our cases, the NET for each frequency are shown
in Table 2.

2.4 Angular power spectra

In this section, we will visually display the spectra through
the figure. We have shown the angular power spectra
� (� + 1)CBB

� /2π of foregrounds, primordial B-modes, lens-
ing and instrumental noise in Fig. 1. For comparison, we
plot the spectra of 41 GHz, 95 GHz and 150 GHz in Fig. 1,
where the latest results of Planck are used for the foreground
spectra [59]. Picture (a), (c) and (e) represent the angular
power spectra for sky coverage of 5% and picture (b), (d)
and (f) represent the angular power spectra for sky coverage
of 70%. Comparing the synchrotron and thermal dust, the fig-
ure shows that the synchrotron dominates at 41 GHz while
the dust dominates at 95 GHz and 150 GHz. Moreover, the
instrumental noise increases exponentially at high-multipole
as shown in Eq. (7).

3 Atmospheric windows

CMB ground-based experiments are sensitive to the atmo-
sphere, which is a significant factor when determining the
site of such experiments. On the one hand, the atmosphere
absorbs CMB photons, which will reduce the CMB signal.
On the other hand, atmospheric molecules can radiate pho-
tons at millimeter and sub-millimeter wavelengths to increase
photon noise. In order to give a more intuitive description of
the atmospheric window, we use the am code [63] to plot
the curve of the atmospheric transmittance versus frequency
shown in Fig. 2. The atmospheric window is divided into
4 parts by strong oxygen absorption lines around 60 GHz
and 120 GHz and water vapor lines at 183 GHz as shown
in the figure: 41 GHz band, 95 GHz band, 150 GHz band
and a high-frequency band 220 GHz. In addition, the figure
shows that the atmospheric transmittance decreases with the
increase of precipitable water vapor (PWV). From these win-
dows, in the following section, we will discuss the effect of
adding more bands in one atmospheric window to constrain
r . Moreover, we also plot the curve of the brightness tem-
perature versus frequency at various values of PWV shown
in Fig. 3. As we can see, the atmospheric brightness tempera-
ture is sensitive to PWV, especially the frequency above 150
GHz, and it increases with the increase of PWV.

4 Forecasting method

4.1 The Fisher matrix formalism

The Fisher matrix formalism is generally considered as a
relatively simple method to forecast the error in constraining
parameters for future experiments, which is widely used in
constraining cosmological parameters from data sets. In this
section, the Fisher matrix approach is adopted for forecast-
ing the uncertainty on the tensor-to-scalar ratio r . Assuming
that the probability distribution of parameter x to be Gaus-
sian, so the likelihood function for the n-dimensional random
variable with mean vector μ is

L(x1, x2 . . . xn) = 1

(2π)n/2(detC)1/2

exp

{
−1

2
(x − μ)TC−1(x − μ)

}
,

(14)

where C is the covariance and which can be expressed as
[64].

C =
〈
(x − μ) (x − μ)T

〉
(15)

Fisher matrix is the second-order term of likelihood function
L which peaks at the fiducial value

−→
θ =

−→
θ fid after Taylor
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Table 2 Summary of NET per
detector for 1.0 mm PWV

Frequency (GHz) TRJ ε(ν) Beam FWHM (arcmin) NET (μK
√
s)

30 6 0.05 59.9 474

41 7 0.05 43.8 388

85 9 0.05 22.2 308

95 8 0.05 19.2 279

105 9 0.05 17.4 301

135 9 0.06 14.4 320

145 8 0.07 12.6 309

150 8 0.07 12.0 315

155 8 0.08 11.4 326

220 10 0.1 8.4 575

270 16.5 0.15 6.65 1318

expansion and it is defined as

Fi j = −
〈

∂2lnL
∂θi∂θ j

〉 ∣∣∣∣−→
θ =−→

θ fid

, (16)

where θi denotes i th parameter of parameter set θ . For CMB
spectra, Fi j can be expressed as [41,43]
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)
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where fsky represents the sky coverage fraction and ‘tr’
denotes the trace of matrix. By definition, the conditional
errors of cosmological parameters are given by the inverse
of the Fisher matrix

σ 2
i j ≥

(
F−1

)
i j

, (18)

and the marginalized error on parameter θi following from
the Cramer–Rao inequality is given by [65]

σ 2
i i =

(
F−1

)
i i

. (19)

Now, let us try to illustrate the structure of covariance
matrix C�. As usual, we assume the covariance among theo-
retical CMB, foregrounds and instrumental noise are uncor-
related. Therefore, the covariance matrixC� can be expressed
as 〈a�mat�m〉, where a�m is a vector, a�m = (

aT , aE , aB
)
�m .

Since foregrounds are considered, for each TT, EE, BB
modes, there are three components in a�m . For example, the
harmonic coefficients of a CMB TT map can be written as
(see for example [66] Appendix B)

aT�m = aT,th
�m + aT, f g

�m + aT,n
�m , (20)

where aT,th
�m refers to the sum of primary CMB signal and

lensing, while aT, f g
�m and aT,n

�m refer to the foregrounds and
instrumental noise, respectively. For multi-frequency exper-
iments, it is worthwhile to note that, in general, the angu-
lar power spectrum of instrumental noise is considered to

be uncorrelated among different frequency channels, i.e.,
〈aX,n,ν

�m aX ′,n,ν′
�′m′ 〉 = N XX,ννδ��′δmm′δνν′δXX ′ , where N XX,νν

represents the frequency-dependent angular power spectrum
of instrumental noise for X = T, E, B. Since the CMB sig-
nals, foregrounds and instrumental noise are assumed to be
uncorrelated, we can get the expression for any frequency
channels i and j〈
aT,th
i,�m a

T, f g
j,�m

〉
=

〈
aT,th
i,�m a

T,n
j,�m

〉
=

〈
aT, f g
i,�m aT,n

j,�m

〉
= 0 (21)

Finally, based on the above assumptions, the covariance
matrix C� = 〈a�maT�m〉 can be written as [43]

C� =
⎛
⎜⎝

CTT,th
� + CTT, f g

� + NTT
� CT E,th

� + CT E, f g
� 0

CT E,th
� + CT E, f g

� CEE,th
� + CEE, f g

� + NEE
� 0

0 0 CBB,th
� + CBB, f g

� + N BB
�

⎞
⎟⎠

(22)

If only BB power spectra are considered, for two frequency
channels νi and ν j

C� =
(
CBB,th

� + CBB, f g,νi×νi
� + N BB,νi×νi

� CBB,th
� + C

BB, f g,νi×ν j
�

CBB,th
� + C

BB, f g,ν j×νi
� CBB,th

� + C
BB, f g,ν j×ν j
� + N

BB,ν j×ν j
�

)

(23)

Specifically, as only two foreground polarization components
(i.e., synchrotron and thermal dust) are concerned in our
study. Therefore, CBB, f g

� = CBB,S
� + CBB,D

� in Eq. (23).
So far, we can obtain the error of r and foreground parame-
ters by using Eqs. (17), (19) and (23).

Parameters in Fisher calculation are summarized in the
following:

Foreground parameters: {Ap
s , αs, βs, A

p
d , αd , βd}, we

take them to be free parameters when performing error esti-
mation through Fisher matrix approach.

CMBparameters: {r} and standard cosmological model.
Priors: we adopt the following priors on parameters of

foreground components given by Planck publication [59]
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(a) Small sky coverage (41 GHz) (b) Large sky coverage (41 GHz)

(c) Small sky coverage (95 GHz) (d) Large sky coverage (95 GHz)

(e) Small sky coverage (150 GHz) (f) Large sky coverage (150 GHz)

Fig. 1 Angular power spectra of thermal dust, synchrotron, primordial
tensor B-mode, lensing B-mode and instrumental noise versus multipole
�. The green, blue and yellow lines indicate the power spectra of thermal
dust, synchrotron and instrumental noise, respectively. The red solid line
and red dot-dashed line show the primordial B-mode power spectrum

and lensing B-mode power spectrum for r = 0.01, respectively. Left:
angular power spectra of small sky coverage with fsky = 0.05. Right:
angular power spectra of large sky coverage with fsky = 0.7. In this
figure, the number of detectors is fixed to 10,000. The first, second and
third rows are fixed at 41 GHz, 95 GHz and 150 GHz, respectively
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Fig. 2 Atmospheric
transmittance with the zenith
angle held at 0 degrees for
different amounts of PWV using
the am Atmospheric Model
program (Paine, S. 2018). The
absorption from oxygen and
atmosphere makes the window
divided into 4 parts, which are
labeled as windows of 41 GHz,
95 GHz, 150 GHz and 220 GHz

Fig. 3 Atmospheric brightness
temperature (TRJ) versus
frequency at different PWV
values. A dry (0 mm PWV) and
other brightness temperature
profiles responding to different
PWV levels are shown. The
atmospheric brightness
temperature increases with the
increase of PWV

σ(Ap
s )

Ap
s

= 0.17, σ (βs) = 0.17,

σ (Ap
d )

Ap
d

= 0.015, σ (βd) = 0.02 (24)

With the priors, we then can represent them with a diag-
onal covariance matrix and invert this matrix into a Fisher
matrix as follows [67,68]⎛
⎜⎜⎝

1/σ 2(Ap
s ) 0 0 0

0 1/σ 2(βs) 0 0
0 0 1/σ 2(Ap

d ) 0
0 0 0 1/σ 2(βd)

⎞
⎟⎟⎠ (25)

and finally we add each diagonal element of this matrix into
the appropriate diagonal element of the original Fisher matrix
in Eq. (17).

4.2 Multipoles �

Let’s estimate the approximate range of multipoles � first
in this section before the numerical calculation of σr . The

primordial CMB temperature anisotropy has been well mea-
sured to multipoles � ≈ 3000 at current stage [13], but the
polarization anisotropy measurements are nowhere near as
good as that of the temperature. However, due to high angu-
lar resolution and sensitivity of detectors, the scientific goals
have set to �P ≈ 5000 in the CMB-S4 for CMB polarization
anisotropy. For �, there’s a minimum limit for a ground-based
CMB experiment due to the presence of atmosphere, and also
as the experiments on the ground cannot realize a full sky
observation like satellite experiments, and therefore we take
�min = 50 in our study. On the other hand, we can calculate
�max by

∑�=�max
�=0 (2� + 1) = Npix. For example, consider a

full sky experiment with an angular resolution of 10 arcmin,
which will give us about 1.5 million independent pixels, and
we finally get �max 	 1200. However, for constraining r
we do not have to set �max to be a quite large number. For a
full sky coverage experiment if only lensing contamination is
considered, then the multipoles greater than 150 will not con-
tribute to the constraints on r [69]. When we take foregrounds
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Fig. 4 Constraints on r(rfid = 0.01) including lensing, instrumen-
tal noise and foreground contamination. We consider the case of two
frequency bands, 95 + 150 GHz, in the figure. Blue and red curves cor-
responding to the conditions where �′ < �max and �′ > �min are used,
respectively. Both curves are plotted with fsky = 0.7 and observation
time 	T = 3 years. The curves show that the constraints on r mainly
come from � < 600

and instrumental noise into account, as shown in Fig. 4 that
means we only need to expand multipoles up to 600.

5 Forecast r and optimizing focal plane

The tensor-to-scalar ratio is a key parameter to characterize
the primordial gravitational waves, and its uncertainty, σr ,
given by data can be a sensitivity benchmark of a CMB polar-
ization experiment. Therefore, we can optimize the detector
distribution of the focal plane in the frequency-band by com-
paring the σr that can be given by different focal plane detec-
tor integration schemes. Here, we consider a telescope with
10,000 detectors on the focal plane as a representative of the
next generation ground-based CMB polarization telescope
to study its band combination scheme and optimization of
the number of detectors in each band distribution. It is worth
noting that for space missions, the weight/size of detectors
may be an important parameter because it varies for different
frequency bands, whereas for ground-based experiments, it
is not an important factor. For simplicity, we do not consider
this factor in this paper.

The method of optimizing focal plane is based on the esti-
mation of σr for each model, since the smaller the σr , the
higher the detection sensitivity, thus the model which can
provide the minimum σr will be the best scheme. We con-
sider two, three, four and five frequency bands on the focal
plane models respectively, and we loop the detector numbers
in each frequency channel while keeping the total detector
number equal to Ntotal = 10,000 when estimating the per-
formance of the model.

In evaluating σr , it is actually the process of converting
the uncertainty of foreground, CMB lensing and instrumental
noise into σr . Foreground components are region dependent
quantity, so they are related to the choice of fsky, like the
description of dust power spectra listed in table 1 of [59],
the amplitude of the power spectra will change for different
fsky. Here, we consider two cases of fsky selection: a large
sky coverage with fsky = 0.7 and a small sky coverage with
fsky = 0.05.

Two different fiducial values of r (0.01 and 0) are con-
sidered, with which we simulate the power spectra for the
Fisher matrix. We will start from a two-frequency model
which contains 95 GHz and 150 GHz as our basic model,
Case 0. Further, we will consider the combination with more
frequency bands, such as three-frequency models: Case 1,
Case 1*, Case 1**, Case 3 and Case 3*, four-frequency mod-
els: Case 2, Case 4 and Case 4* and five-frequency models:
Case II and Case IV.

5.1 Results for large sky observation

In this section, we present the results, which include the fol-
lowing cases of focal plane schemes:

Case 0: two frequency bands of 95 GHz and 150 GHz.
Case 1, three frequency bands of 41 + 95 + 150 GHz, in

which we include 41 GHz band in the synchrotron channel
(low frequency) based on Case 0.

Case 1*: three frequency bands of 95 + 150 + 220 GHz,
in which we include 220 GHz band in the dust channel (high
frequency).

Case 1**: three frequency bands of 41 + 95 + 220 GHz,
in which we include a low band 41 GHz in the synchrotron
channel and a high band 220 GHz in the dust channel simul-
taneously.

Case 2: four frequency bands of 41 + 95 + 150 + 220 GHz.
While optimizing these focal plane models, we cycle the

detector numbers N fi for each frequency band in the range

of (0, 10,000), with the condition that
∑ fi

i=1 N fi = 10,000
and step size of 200 to get the minimum σr for each case.

We summarize the numerical results in Table 3. The first
column shows the fiducial value of r while the second col-
umn shows the minimum σr and the rest of the columns refer
to the number distribution of detectors for each channel cor-
responding to the minimum σr .

In Case 0, taking an example of r = 0.01, the optimal
configuration of detector distribution is N95 = 7400 and
N150 = 2600, which means that we can obtain a minimum
σr = 0.01431 if N95 = 7400 and N150 = 2600. This con-
clusion is also shown in (a) of Fig. 5, illustrating that as the
increase of N95, σr gradually decreases and until N95 is close
to 7400, σr reaches the minimum value of 0.01431. Case 0
also shows that more detectors are needed to be assigned to
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Table 3 Values of the minimum σr on different fiducial r and the detec-
tor distributions corresponding to various frequency combinations with
step size of 200. Here, we set fsky = 0.7

Case 0: 95+150
r σr N95 N150

0 0.01422 7400 2600

0.01 0.01431 7400 2600

Case 1: 41+95+150
r σr N41 N95 N150

0 0.00877 600 6800 2600

0.01 0.00893 600 6800 2600

Case 1*: 95+150+220
r σr N95 N150 N220

0 0.00765 4200 3000 2800

0.01 0.00778 4200 3000 2800

Case 1**: 41+95+220
r σr N41 N95 N220

0 0.00405 800 7200 2000

0.01 0.00422 800 7200 2000

Case 2: 41+95+150+220
r σr N41 N95 N150 N220

0 0.00411 800 7000 200 2000

0.01 0.00428 800 7000 200 2000

95 GHz channel in order to get a smaller σr . The main rea-
son is that the distribution of foreground contamination (dust
plus synchrotron) and NET are relatively low around 95 GHz
[48].

If we add a lower channel on the basis of Case 0, taking
41 GHz as an example in Case 1, the optimal configuration
is N41 = 600, N95 = 6800, N150 = 2600. It is clear that σr
has been significantly improved after adding 41 GHz. Tak-
ing r = 0.01 as an example, the limitation of σr is decreased
from 0.01431 to 0.00893 with an decrease rate of 38%. The
reason is that when a low frequency is added, the parameters
of synchrotron can be better constrained so that we can get
a better result. As can be seen from Fig. 1, thermal dust has
a large amount of contamination over a wide range of fre-
quencies, especially at high frequencies. Therefore, adding a
high-frequency channel to constrain the parameters of ther-
mal dust should also be very helpful for improving σr . In Case
1*, we add a high band, 220 GHz, which indeed decreases
the σr from 0.01431 to 0.00778 for the case of r = 0.01,
with an decrease rate of 46% and the optimal configuration
changes to N95 = 4200, N150 = 3000, N220 = 2800 at
the same time. Comparing Case 0 (95 + 150), Case 1 (41 +
95 + 150) and Case 1* (95 + 150 + 220), the results show
that it is better to add a high-frequency channel like 220 GHz

Table 4 As Table 3 but replacing 95 and 150 GHz by two frequency
bands, i.e., {85, 105} GHz and {135, 155} GHz. This means that two
frequency bands are included within one atmospheric window

Case 3: 85+105+150
r σr N85 N105 N150

0 0.01481 1600 5600 2800

0.01 0.01492 1600 5600 2800

Case 3*: 95+135+155
r σr N95 N135 N155

0 0.01356 7200 200 2600

0.01 0.01365 7200 200 2600

Case 4: 85+105+135+155
r σr N85 N105 N135 N155

0 0.01384 1000 6000 200 2800

0.01 0.01396 1000 6000 200 2800

Case 4*: 41+85+105+150
r σr N41 N85 N105 N150

0 0.00839 800 7000 200 2000

0.01 0.00855 800 7000 200 2000

instead of a low channel like 41 GHz if one wants only to
add an extra band based on Case 0. In Case 1**, we add both
a high band, 220 GHz and a low band, 41 GHz, which gives
us better results. σr has a 71% improvement by comparing
with Case 0. That is because both synchrotron and dust are
well constrained simultaneously.

For Case 2, we have 4 bands, 41, 95, 150 and 220 GHz.
There is a great improvement compared to Case 0 as well
while no improvement compared to Case 1**. Besides, since
the step size is set to 200, this means the minimum number of
detectors is 200 instead of 0 for each band. As Case 2 shows
that N150 is equal to 200, it indicates that the results may be
improved if we remove 150 GHz and the results are shown
in Case 1** which do have a little improvement. This means
that we indeed should assign more detectors at 95 GHz and
remove the band of 150 GHz to better constrain r when the
total number of detectors is fixed. Finally, in order to compare
these cases more intuitively, we show the results in bar chart
(a) of Fig. 6. The chart shows clearly that the combination
{41 + 95 + 220} GHz can give us the best limitation on r .

5.1.1 Adding more frequency channels within one
atmospheric window

The design of the antenna-coupled filter can effectively
realize the observation of two or more frequency bands
in the same atmospheric window. The number of bands
depends on the bandwidth design of the filter. This will help
ground-based CMB telescope to achieve multi-band observa-
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Fig. 5 The variation of σr with
the number of detectors at 95
GHz for Case 0. The red dots
represent the position of
minimum σr . The curve a
represents the case of fsky = 0.7
while b represents the case of
fsky = 0.05

(a) 95+150 GHz, fsky = 0.7 (b) 95+150 GHz, fsky = 0.05

tion. Current ground-based observation experiments usually
choose the central frequency band of the atmospheric win-
dow to observe, for example, 95 GHz and 150 GHz. Here, we
try to increase the frequency bands within one atmospheric
window. For example, we replace the 95 GHz band with a
slightly lower frequency, 85 GHz, and a slightly higher fre-
quency, 105 GHz, which belongs to the same atmospheric
window shown in Fig. 2, to increase the frequency bands.
Similarly, we can also use 135 GHz and 155 GHz to replace
150 GHz. Based on these considerations, we further simulate
the observations with more frequency bands, as listed in the
following of Case 3, 3*, 4, 4*, and analyze their observa-
tional sensitivity.

Case 3: 85 + 105 + 150 GHz, in this case, we replace 95
GHz by 85 and 105 GHz.

Case 3*: 95 + 135 + 155 GHz, 150 GHz is replaced by
135 and 155 GHz.

Case 4: 85 + 105 + 135 + 155 GHz, we replace 95 and 150
GHz by {85, 105} GHz and {135, 155} GHz, respectively.

Case 4*: 41 + 85 + 105 + 150 GHz, we keep 41 and 150
GHz unchanged but replace 95 GHz by 85 and 105 GHz.

Now, let us calculate whether it is helpful to improve
the detection sensitivity σr after considering two bands in
the same atmospheric window. The results are summarized
in Table 4 and visualized in bar chart (b) of Fig. 6. Compar-
ing the cases in Table 4 with Case 0 (95 + 150) in Table 3, it
can be seen that there is no improvement for Case 3 while for
Case 3*,4 and 4*, σr are improved by 4.6%, 2.4% and 40.3%
for fiducial r = 0.01, respectively. The results also indicate
that it is advantageous to increase the frequency bands both
at low and high frequencies. For example, comparing Case
4* (41 + 85 + 105 + 150) with Case 3 (85 + 105 + 150), σr is
decreased from 0.01492 to 0.00855 with an decrease around
43%. Meanwhile, the chart (b) also indicates that setting two
bands within 95 GHz window or 150 GHz window is not
very helpful (i.e., 85 and 105 GHz in 95 GHz window and
135, 155 GHz in 150 GHz window), which is much less than
adding bands at both low and high frequencies, (e.g., {41
+ 95 + 220} GHz). Again, the reason is that we can better

constrain foreground parameters by observing at both lower
and higher frequency bands.

5.2 Results for small sky observation

In this section, we will focus on a small sky coverage with sky
fraction fsky = 0.05. As shown in Table 1, compared to the
large sky coverage, small sky area has a smaller amplitude
of foreground polarization contamination. In addition, the
instrumental noise will also vary with the size of the sky
coverage since it is the function of fsky (see Eq. 8). As we
will show below, the conclusions in this section are basically
the same as the previous section.

We summarize the results in Table 5 for Case 0, 1, 1*, 1**
and Case 2 and list the minimum σr as well as the number
distribution of detectors. Moreover, the visualization of the
table is available in Fig. 7. As shown in the table, for example,
for r = 0.01, in order to obtain a minimum σr in small
sky area, the optimal combination in Case 0 is N95 = 7400
and N150 = 2600, which also requires more detectors to
be assigned to 95 GHz channel like large sky coverage we
discussed before. In addition, we can see that compared to
Case 0 if a lower band like 41 GHz (Case 1) or a higher
band like 220 GHz (Case 1*) is included, σr will have an
improvement of 10% (Case 1) or 23% (Case 1*) on r = 0.01.
Similarly, if both high and low bands are considered, there
will be a higher improvement such as Case 1** (41 + 95 +
220) and Case 2 (41 + 95 + 150 + 220). The reason is also
that the foregrounds can be better limited after observing
both high and low bands simultaneously. In addition, the bar
chart (a) in Fig. 7 shows that adding 220 GHz is better than
adding 41 GHz when expanding 2 bands (Case 0) to 3 bands
(Case 1, 1*). Finally, we plot the curve of σr with N95 in (b)
of Fig. 5 for Case 0, which indicates that σr will decrease
with the increase of N95 and it will reach a minimum value
of 0.00467 when N95 is equal to 7400.
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Fig. 6 The comparison of σr
for different frequency
combination models:
two-frequency model,
three-frequency model and
four-frequency model for
fiducial r = 0 and r = 0.01,
respectively. The bar chart a is
the visualization of Table 3,
which does not include the case
where more than one bands are
contained in one atmospheric
window shown in Fig. 2 while b
considers this case (a) (b)

Table 5 As Table 3 but for small sky coverage with fsky = 0.05

Case 0: 95+150
r σr N95 N150

0 0.00412 7400 2600

0.01 0.00467 7400 2600

Case 1: 41+95+150
r σr N41 N95 N150

0 0.00360 400 7000 2600

0.01 0.00420 400 7000 2600

Case 1*: 95+150+220
r σr N95 N150 N220

0 0.00304 7000 1000 2000

0.01 0.00361 7000 1000 2000

Case 1**: 41+95+220
r σr N41 N95 N220

0 0.00256 600 7400 2000

0.01 0.00319 600 7400 2000

Case 2: 41+95+150+220
r σr N41 N95 N150 N220

0 0.00257 600 7200 200 2000

0.01 0.00321 600 7200 200 2000

5.2.1 Adding more frequency channels within one
atmospheric window

As large sky coverage, we try to add more bands within one
atmospheric window in this section for small sky coverage
with fsky = 0.05. As we will show below, the 95 GHz band
and 150 GHz band will be replaced by {85+105} GHz and
{135+155} GHz, respectively. As before, the cases in this
section are:

Case 3: 85+105+150 GHz
Case 3*: 95+135+155 GHz
Case 4: 85+105+135+155 GHz
Case 4*: 41+85+105+150 GHz

Table 6 As Table 4 but for small sky coverage with fsky = 0.05

Case 3: 85+105+150
r σr N85 N105 N150

0 0.00412 8000 200 1800

0.01 0.00465 8000 200 1800

Case 3*: 95+135+155
r σr N95 N135 N155

0 0.00398 7400 200 2400

0.01 0.00454 7400 200 2400

Case 4: 85+105+135+155
r σr N85 N105 N135 N155

0 0.00403 7200 800 200 1800

0.01 0.00456 7400 600 200 1800

Case 4*: 41+85+105+150
r σr N41 N85 N105 N150

0 0.00353 600 7200 200 2000

0.01 0.00412 600 7400 200 1800

The results are summarized in Table 6. Comparing Case 0
(95 + 150) to Case 3 (85 + 105 + 150) and Case 3* (95 + 135
+ 155), there is not much improvement on σr by replacing
95 GHz with {85,105} GHz while a slight improvement to
replace 150 GHz with {135,155} GHz. In addition, compar-
ing Case 0 (95 + 150) to Case 4 (85 + 105 + 135 + 155),
σr is decreased from 0.00467 to 0.00456 with only 2.4%
improvement, which again indicates that adding more fre-
quency bands around 95 GHz and 150 GHz is not efficient for
improving the constraint on r . The main reason is that in Case
4 there is not enough foreground information from the lower
and higher frequency bands. As shown in (b) of Fig. 7, the
combination {41+95+220} is still the best choice to improve
σr for small sky region.
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Fig. 7 As Fig. 6 but for small
sky coverage with fsky = 0.05

(a) (b)

Table 7 The 68% limits on
foreground parameters with
fsky = 0.7 (top) and 0.05
(bottom) for different frequency
combinations, where fiducial
r = 0.01 and the number of
detectors in each frequency
band is shown
in Tables 3, 4, 5, 6 and 8

fsky Parameter As αs βs Ad αd βd

0.7 95 + 150 0.15302 0.86156 0.16135 2.09115 0.01381 0.00763

41 + 95 + 150 0.05307 0.16478 0.06017 2.08459 0.01368 0.00726

95 + 150 + 220 0.14988 0.85729 0.14835 1.66287 0.00820 0.00435

41 + 95 + 220 0.04459 0.14222 0.04750 1.71500 0.00951 0.00438

85 + 105 + 135 + 155 0.15213 0.95646 0.16026 2.06439 0.01259 0.00756

30 + 41 + 95 + 220 + 270 0.02361 0.10210 0.02811 1.69276 0.00956 0.00389

0.05 95 + 150 0.01376 2.67571 0.16888 0.15542 0.06039 0.01736

41 + 95 + 150 0.01106 0.63622 0.14091 0.15542 0.06028 0.01726

95 + 150 + 220 0.01375 2.87681 0.16882 0.15302 0.02900 0.01609

41 + 95 + 220 0.01015 0.55569 0.13791 0.15309 0.02964 0.01626

85 + 105 + 135 + 155 0.01372 1.81090 0.16765 0.15545 0.06238 0.01746

30 + 41 + 95 + 220 + 270 0.00716 0.40267 0.11439 0.15292 0.02867 0.01577

6 Discussion

6.1 Further improvement

In the CMB S4 experiments, four atmospheric windows will
contain eight frequency bands, each window contains two
frequency bands. We have found that adding a low band (41
GHz) or a high band (220 GHz) can obviously improve σr .
Since it is very helpful for limiting the contamination from
synchrotron and thermal dust. Therefore, in this section, we
will discuss the effect of further adding channels in lower
frequency bands and higher frequency bands. As the calcu-
lation above shows that the channel with {41 + 95 + 220}
GHz can give us an optimal σr . We therefore further consider
the case where the windows of 41 GHz and 220 GHz contain
two frequency bands simultaneously, i.e., {30 + 41 + 95 +
220 + 270} GHz. Since we have obtained the number dis-
tribution of detectors for {41 + 95 + 220} GHz previously,
this time we keep the number of detectors observed at 95
GHz unchanged and evenly divide the number of detectors
at 41 GHz and 220 GHz into two equal parts. As shown
in Table 8, the top tables represent the case of fsky = 0.7
and the bottom tables represent the case of fsky = 0.05,
where Case I and Case III are the aforementioned Case 1**

in Tables 3 and 5, respectively, and they have been renamed
here for convenience. Comparing Case I with Case II, σr is
decreased from 0.00422 to 0.00361 for r = 0.01 with an
improvement of 14.5%, while comparing Case III with Case
IV, σr is decreased from 0.00319 to 0.00308 with an improve-
ment of 3.4%. To be more intuitive, we visualize the results
in Fig. 8 as well. In the bar chart of Fig. 8, we compare Case
0 (95 + 150) of Tables 3 and 5 with the case of (41 + 95 +
220) and (30 + 41 + 95 + 220 + 270), it clearly shows that
it is crucial to contain both lower (41 GHz) and higher (220
GHz) bands and it is helpful to split them into 2 bands, {30,
41} GHz and {220, 270} GHz. Finally, it is worth noting that
our conclusions are obtained by only considering two main
Galactic components, thermal dust and synchrotron.

6.2 Constraints on foreground parameters

In this section, we discuss the constraints on foreground
parameters and their correlation with r . The results of 68%
limits with a fiducial model of r = 0.01 are summarized
in Table 7. It shows that the parameters of foreground can
get better constraints when the lower and higher frequency
channels are taken into account, in detail, synchrotron can
be further limited when adding a low frequency, 41 GHz,
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Fig. 8 The visualization
of Table 8. The bar chart a and b
represent the case of fsky = 0.7
and fsky = 0.05, respectively.
Comparing the three Cases in
the figure, the combination
{30+41+95+220+270} can give
us the optimal σr

(a) (b)

Table 8 It is helpful to include {30 + 41} GHz and {220 + 270} GHz
in the window of 41 GHz and 220 GHz, respectively. Taking a look
at the case of r = 0.01, by comparing the left and right tables, σr is
increased by 14.5% and 3.4% for large sky observation (top) and small
sky observation (bottom), respectively

Case I, fsky = 0.7
r σr N41 N95 N220

0 0.00405 800 7200 2000

0.01 0.00422 800 7200 2000

Case II, fsky = 0.7
r σr N30 N41 N95 N220 N270

0 0.00343 400 400 7200 1000 1000

0.01 0.00361 400 400 7200 1000 1000

Case III, fsky = 0.05
r σr N41 N95 N220

0 0.00256 600 7400 2000

0.01 0.00319 600 7400 2000

Case IV, fsky = 0.05
r σr N30 N41 N95 N220 N270

0 0.00242 300 300 7400 1000 1000

0.01 0.00308 300 300 7400 1000 1000

to the combination {95 + 150} GHz, and thermal dust can
get better constraints if higher frequency band such as 220
GHz is added. Therefore, in case of {41 + 95 + 220}, the
foreground parameters can be better limited comparing to
{95 + 150}. In addition, the results show that splitting the
atmospheric window of 95 GHz and 150 GHz into the near
frequency channels, for example, {85 + 105} GHz and {135
+ 155} GHz, the improvements on tightening the constraints
are limited. We find that the case of {30 + 41 + 95 + 220 +
270} GHz can get better constraints.

Moreover, our results show that the correlation between r
and the foreground parameters can not be neglected, as shown
in Fig. 9, we plot the contours of foreground parameters for
the frequency combination of {95 + 150} GHz and {41 + 95

+ 220} GHz. We have noticed that the correlation is related
to fsky and the number of frequency bands.

7 Summary

Galactic polarization emission from the Milky Way, such as
synchrotron and thermal dust, is one of the main sources
of pollution in CMB polarization measurements. Obtaining
more information about foreground polarization radiation is
very important for foreground reduction, so as to detect pri-
mordial B-modes. In this paper, we mainly study how to
optimize the frequency band distribution and the number of
detectors of each band for CMB polarization observation in
the future.

The Fisher matrix method is adopted to simulate the sen-
sitivity of a focal plane system with ten-thousand level detec-
tors, and to judge the detection efficiency of the focal plane.
First of all, the focal plane models with different frequency
bands are calculated where the total number of detectors is
fixed, such as the two-frequency model (95 + 150 GHz),
the three-frequency model (41 + 95 + 220 GHz), the four-
frequency model (41 + 95 + 150 + 220 GHz) and five-
frequency model (30 + 41 + 95 + 220 + 270 GHz), the
corresponding sensitivity are calculated.

The numerical results show that the combination {41 +
95 + 220} GHz is always the best to limit r when only con-
sidering three-frequency model, even better than {40 + 95
+ 150 + 220} GHz. When we add more frequency bands in
synchrotron channel (low frequency) and dust channel (high
frequency), σr can be further improved, e.g., {30 + 41 + 95
+ 220 + 270} GHz, which is better than only focusing more
on the CMB channel, like {85+105+150} GHz, {95 + 135 +
155} GHz and {85 + 105 + 135 + 155} GHz. This is because
synchrotron can be better constrained by the observation at
low frequency and thermal dust at high frequency. There-
fore, the detection accuracy of r can be improved after better
limiting foregrounds. Moreover, we found that in order to
obtain better constraints on r , more detectors are needed to
be assigned around CMB channel, as shown in the case of
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(a) 95+150

(b) 41+95+220

Fig. 9 The contours and the likelihood distributions for the foreground
parameters and r at 68%, 95% and 99% CL of {95+150} GHz (a) and
{41+95+220} (b) with fsky = 0.7 and fiducial r = 0.01

{41 + 95 + 220} GHz, more than 7000 detectors are asked
to observe at 95 GHz.
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