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Abstract We provide a tensor calculus for n-number of
N = (1, 0) linear multiplets in six dimensions. The cou-
pling of linear multiplets is encoded in a function F;; that is
subject to certain constraints. We provide various rigid and
local supersymmetric models depending on the choice of the
function F;; and provide an interesting off-diagonal super-
invariant, which leads to an R supergravity upon elimination
of auxiliary fields.
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1 Introduction

Six dimensional supergravity theories [1-7] have been stud-
ied from various perspectives as they can be helpful in our
understanding of the fundamental properties of the nature.
The N = (1, 0) gauged theory, known as the Salam-Sezgin
model [8], spontaneously compactifies on My x S* with
N = 1 supersymmetry, thus becoming a natural starting
point of phenomenological studies with a string theory ori-
gin [9]. When extended with certain higher derivative terms,
six dimensional N = (1, 0) supergravity provides a use-
ful testbed for checking proposals regarding string duality
at higher orders [10-12]. Six dimensional supergravity theo-
ries also found themselves applications in AdS3/C F'T; cor-
respondence [13], thus providing a framework for studying
the superconformal field theory in two dimensions.

Initial works on six-dimensional supergravity were based
on the Noether procedure and the construction of N = (1, 0)
supergravity as well as its matter couplings was put into a
systematic approach using superconformal tensor calculus
in [14]. This approach, which was originally developed in
[15-18], is an off-shell methodology based on enhancing the
symmetries as much as possible which restricts the possible
couplings of fields within a multiplet and ease the construc-
tion of an action principle. In six dimensions, the confor-
mal N' = (1, 0) supergravity is based on the superalgebra
O Sp(6, 2|1) with the generators

Py Ma,, D, Ky, U, QL. S, (1.1)

wherea, b, . .. are the Lorentz indices, « is a spinor index and
i, j = 1,2isan SU(2) index. Here, the first four generators,
{P,, Myp, D, K,} are the generators of conformal algebra.
Ui; is the generator of SU(2) R-symmetry and Qg and Sé(
are the generators of the Q-SUSY and the S-SUSY respec-
tively. In the superconformal approach to supergravity, one
associates a gauge field to each generator and imposes a set of
constraints to relate the gauge theory of O Sp(6, 2|1) super-
algebra to gravity. For six-dimensional N = (1, 0) theory,
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such a set of constraints separates the gauge fields in a depen-
dent and independent set of fields such that the independent
set does not provide an equal number of off-shell bosonic and
fermionic degrees of freedom. This can be cured by adding a
matter content, which is not unique and lead to two different
Weyl multiplets: the standard Weyl multiplet and the dilaton
Weyl multiplet [14]. It is, however, not possible to obtain a
consistent two-derivative supergravity with a standard Weyl
multiplet! but a dilaton Weyl multiplet coupled to a scalar
(hyper) [14,20], or a non-linear [14], or areal O (2n) [21] or
a linear multiplet is necessary [14]. If an off-shell supergrav-
ity is required, then the linear multiplet is the simplest and the
most utilized option whose gauge fixing of redundant super-
conformal symmetries lead to an off-shell six dimensional
N = (1, 0) supergravity.

In [19,22], it was shown that the linear multiplets are
also essential in the construction of higher derivative mod-
els. Thus, following the previous work on four dimensional
tensor multiplets [23] and five dimensional linear multiplets
[24], our aim in this paper is to provide a detailed investiga-
tion of six dimensional N' = (1, 0) linear multiplets, their
rigid and supergravity couplings and their higher derivative
actions. As we will discuss in the next sections, the cou-
plings of n-number of linear multiplets are controlled by a
function F;; which is a function of SU (2) triplet of scalars
L;; of the linear multiplet. The function is not completely
free but constrained by symmetries of the theory, although
the restrictions are quite generic and mild and we provide
various possible choices of F7 .

This paper is organized as follows. In Sect. 2, we first intro-
duce rigid vector and linear multiplet and their supersymmet-
ric coupling. The vector multiplet is an essential element in
the construction of an action principle for the linear multi-
plets and their coupling gives rise to an a rigid linear multiplet
action once we express the elements of the vector multiplet
in terms of a proper combination of the elements of the linear
multiplet. At this step, we introduce the function F;; which
completely determines the interaction of linear multiplets.
Various choices of F; as well as rigid higher derivative
models are discussed. Finally, we provide the dimensional
reduction of vector and linear multiplets to 5D. In Sect. 3,
we introduce local superconformal two-derivative vector and
linear multiplet actions. The linear multiplet action can be
obtained both in the standard and the Weyl multiplet back-
ground. For the vector multiplet, the necessity for a com-
pensating scalar for scaling symmetry implies either the use
of dilaton Weyl multiplet or a linear multiplet. From a more
minimalist approach, we provide a model in a dilaton Weyl
multiplet. Nonetheless, we discussed an ansatz for a confor-
mal vector-linear multiplet action, which we plan to address

1 A consistent model for the standard Weyl multiplet can be achieved
by the addition of higher curvature terms, see [19].
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its details in a future publication. Next, in Sect. 4 we gauge
fix and provide various supergravity models. These mod-
els include off-shell Poincaré supergravity both in Einstein
and Jordan frames, the supersymmetric coupling of linear
multiplets to supergravity and an off-diagonal RY;; invariant
which would lead to an on-shell six dimensional R? super-
gravity upon coupling to an off-shell vector multiplet and
the elimination of auxiliary fields. We give our comments
and conclusions in Sect. 5.

2 Rigid linear multiplet couplings

The six dimensional AV = (1, 0) linear multiplets can be
realized off-shell in a general superconformal background.
In this section, we focus on its rigid supersymmetric real-
ization on flat Minkowski background. The linear multiplet
consists of an SU(2) triplet of scalars L;;, a tensor gauge
field E,,, and an SU (2) Majorana spinor @' of negative chi-
rality. The supersymmetry transformation rules (') can be
given as follows? [14,25]

SLYV = g(i(pj)’
. 1 .. 1 .
S9! = JdLYe; — L Ee,
SE, = €yuno, 2.1

where the Q-supersymmetry parameter, €', is of positive chi-
rality. Furthermore, E,, is a constrained vector, 0" E,, = 0,
and is related to the tensor gauge field £, via

E" =3,E"". 2.2)

2.1 Composite vector multiplets

Supersymmetric two-derivative actions for linear multiplets
can be constructed by using vector multiplets as compos-
ite multiplets. The vector multiplet consists of a vector field
Wy, an SU(2) Majorana spinor of positive chirality Q' and
a triplet of scalar fields Y*/. The supersymmetry transforma-
tions are given as [14,25]

SW, = —&y, 9,
1 1
rid Fe' — EY'fej,
sYU = —eigal),

sQ

(2.3)

where F, = 9, W, — 3, W,. The key point in the construc-
tion of linear multiplet actions is that the supersymmetric

2 We use the conventions of [25]. In particular, the spacetime signature
is (—, +,+,+,+,+) and wiy(n)xj = tnxjy(,,)wi where tg = t3 =
t4y = —landt; = tp = hs = t¢ = 1. When SU (2) indices on spinors
are omitted, northwest -southeast contraction is understood.



Eur. Phys. J. C (2020) 80:1199

Page 3 of 14 1199

coupling of a linear multiplet to a vector multiplet takes the
following form [14,25]

L 1
L= Y,'le] +2Q¢p + ZF;WEMV- 2.4)

As was already demonstrated in four [23] and five dimen-
sions [24], such auxiliary expressions can be used to derive
supersymmetric Lagrangians for n-linear (or vector) multi-
plets. Such a construction is based on the observation that it
is possible to construct composite expressions from the ele-
ments of the linear (or vector) multiplet that precisely trans-
form as a vector (or linear) multiplet. Once such an expres-
sion is obtained, it can be used in the auxiliary action (2.4)
to construct a supersymmetric linear (or vector) multiplet
action.

To construct an interacting n-linear multiplets, we follow
the footsteps of [23,24] and introduce a real function Fj ; (L)
which is a function of the linear multiplet scalars L;;. Note
that the index 1, J = 1, 2, ..., n label the number of linear
multiplets. A reasonable guess would be to start the construc-
t10n by setting the lowest element of the vector multiplet as

= Fr;d¢'", however, if F;; # 817, then such a start-
mg point does not have the transformation structure given by
(2.3). A starting point that gives rise to the correct structure
is

A . N 1 N
Q= Fryde” + Froxpd LV otK — Ef]JKl]ElgDJK

1
+6-7'-IJKLUHV”¢]J(PKV¢1¢’1 ; (2.5)
where
0F1y NI
Frikij = SL0K" and  FrykLijki = Py LS (2.6)

The necessity that composite expression for Q’] transforms
like the fermionic component of the vector multiplet implies
three important constraints on F;; and its descendants

Frk" =Fruy”, Frkigo = 0. 2.7

Upon varying the composite expression (2.5) and insisting
on the transformation rules (2.3), we obtain the following
composite expressions for Yl.ll. and F!

Yy = —F 0L — Fpygud. L™ 9e LK

(iaaLj)k.] EaK _

1 y
—Frikk Z]:IJKU EJE

1 o o
—ZfIJK”(P]aﬂDK — 2F 16" @ dp K
—fIJKquk(ia L8 vk
+= fIJKLk(”)lf/J viol Ey

1

——F
12 I1JKLM

Fupr = =20, (f[/Eé) + 2F1jkjka[aL'/”8b]LlKk

+20[4 (]:IJKij@iJ J/b]‘P/K) :

kmn g o gl y oM

2.8)

Before we proceed to the actual construction of the action, a
couple of remarks on these composite formulae are in order.
First of all, these composite expressions match with the ones
in[14,25] if only a single linear multiplet is chosen. In term of
JFr7 such a choice would correspond to setting F1; = Lt
In the same spirit, an n-number of non-interacting linear mul-
tiplets can be obtained by setting F;; = 87, (L' )_1 where
(LNH? = L’ ij1 [23] Second, we note that although F,; is

closed, i.e. 8 ] = 0, it is not exact [23]. Consequently,
the present form of the vector-linear action (2.4) is essential
to us although its last term can be written as A, E/ by means
of an integration by parts. Finally, it is important to note that
the index [ is fixed while the index J is being summed over.
This is also reflected by the fact that F;; has no particular
symmetry in the (/J) indices. This was first noted in [24] and
it was shown that a non-symmetric choice plays an important
role in the construction of higher derivative superinvariants.
It is also possible to construct vector multiplet actions
using the auxiliary action (2.4) as well as a composite linear
multiplet that is constructed from the elements of the vector
multiplet.
Lij=Yij, ¢ =—4Q, E*=0,F". (2.9)
The vector multiplet action will be of particular use in con-
structing higher derivative actions for linear multiplets.

2.2 Supersymmetric linear and vector multiplet actions

With the composite fields in hand, we now proceed to give the
rigid supersymmetric linear multiplet action. Substituting the
composite formulae (2.5) and (2.8) into the auxiliary action
(2.4) we obtain

Ly =—FyL;0L7 — J-‘”Kk,L{jaaL"“a“Lf’K

—Friki L 8aL/kJEaK f[JEaIEl{

1
—Z}—”KULI EJEK 4 .7‘-111( "E“”’a Lf”abL,

ij*~a
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——qu”L,,wJa@
—2fIJKk'L,,<Pk]3§0]K +2F1,¢" e’

+- fIJKLk”lL,jfpk EloX + Frik ¢ EJQD,K

+§-7:11Kij<f),~JE1§0J — 2F 1 ykjk @l AL oMK
+Frk P L g ILY o)

1
—E-FIJKLlel%IVa@]J(pk Va9l

1

——F
12 I1JKLM

l]k[an (210)

1](pk Va(P[ ¢zny (pn ’
up to partial integrations. Once again, we remind the reader
that the index [ is fixed and not being summed over. However,
if we choose to sum over the [ index as well, then the linear
multiplet action can be written as

1 T
L = _EF,,aaL{ja“LW + ZF,,E;’E“J

1 .
_ IJKjkEablaaL]ljabL]fla

5 @2.11)

up to an overall minus sign and partial integrations. Here we
only provide the bosonic part and made use of the following
definitions [23]

=2Fun + Frrs" L,/,

Frox% =3Fai0 + FrigLE, (2.12)
and heavily used the following SU (2) identities [23]
K L'* + K/* Ly = 8] Ky L™, (2.13)

KijLi — KiiLij = eixe™" (KimLnj + K jmKni) 1, jyk.)-

At this stage, a brief discussion on various choice of Fj; is
in order

(i) Fry = 81: For this choice, F7 is independent of L;;
and all descendants of F; vanish. The map between
the vector and the linear multiplets significantly sim-
plifies, i.e. for a single linear multiplet we have

Q =o', YV =-0LY, Fu=—20Ep, (2.14)
and the linear multiplet action is given by

arij 1 a =
L) = —0,L;j0 LY + EEaE —2pde. (2.15)

up to an overall minus sign and boundary terms. The
map (2.14) and the action (2.15) will be particularly
useful in the construction of higher derivative linear
and vector multiplet actions.

@ Springer

(ii) Fry = 8;7(LT)~!: This choice is particularly relevant
to the construction of superconformal linear multiplet
actions. In this case, we have

—(LHBLI Fryg UM = (L)
.. . 2 . .
<3L’/1L1k1+<L1) s’%’)f). (2.16)

Frig" =

For a single linear multiplet, the bosonic part of
Lagrangian that corresponds to this choice is

1 .
Lep = —EL’IBaL,-jB“L” + ZL”EQE”

1
+§L_3E“”le8aLk1’3bL1p, (2.17)

up to an overall minus sign and boundary terms.

We may also use the composite expressions for the com-
ponents of the linear multiplet (2.9) to construct a vector
multiplet action

Ly = _21; wF —2QiQ + Yy, (2.18)
As with the linear multiplet action, the composite formulae
(2.9) as well as the vector multiplet action (2.18) are use-
ful in the construction of higher derivative linear and vector
multiplet actions.

When coupled to supergravity, N = (1, 0) higher deriva-
tive vector and linear multiplet actions are known to give
rise to higher curvature superinvariants [19,22]. In the case
of rigid supersymmetry, we may obtain a higher derivative
linear multiplet action by employing the composite vector
multiplet fields (2.9) in the vector multiplet action (2.18)

L = 0Ly 0L — 814y EY) + 2Dgaa¢) (2.19)

i
where M is some mass parameter. We may follow a similar
procedure for the vector multiplets and use the composite
linear multiplet (2.14) into the linear multiplet action (2.15)

1

Ly = e

1
( 9, Y:ij0°Y Y 4 5 Ly FP0C Fyp — 2D<pa<p>
(2.20)

One may alternatively wish to use the linear multiplet action
(2.17), however, this Lagrangian involved inverse powers of
L. To construct a higher derivative vector multiplet action in
such a fashion, we first need to consider two distinct linear
multiplets represented by (L;;, ¢;, E,) and (L;j, ¢!, E;) and



Eur. Phys. J. C (2020) 80:1199

Page 5 of 14 1199

choose Fj; as
Fp=L"" Fy= —L_3L§jLij, Fu=Fi2=0. (221)

As noted in [24], such a choice is not symmetric in (7,2)
indices and satisfies all properties associated with F;;. In
this case, we may use the primed multiplet as a composite
vector multiplet to obtain a higher derivative vector multiplet
action. However, such an action also includes the fields of the
unprimed linear multiplets.

2.3 Reduction to five dimensions

The rigid supersymmetric actions for five dimensional N' =
2 vector and linear multiplet actions has already been estab-
lished for single and multiple number of multiplets [26-28].
As these multiplets and models can be obtained from a six
dimensional A/ = (1, 0) theory by a circle reduction, a brief
discussion on this issue would be in order before we end our
discussion on the rigid six dimensional vector and linear mul-
tiplets. The components of the vector multiplet decomposes
according to

(Wao 2 vy) = (Wae W52 3). (222)
and the linear multiplet decomposes according to
(Lij’¢i7Ea> - (Lij,(;?)i»E&,ES), (2.23)

where E4 is the four-dimensional divergence-free vector
field, i.e. 9“E; = 0. To be more precise, let us introduce
our convention for gamma-matrices, supersymmetry param-
eter € and Dirac conjugated spinors [29]

Ve =135, e=¢, € =iels. (2.24)
We now make the following ansatz for the fields of the five
dimensional A = 2 vector multiplet [29]

Wo=A4; Ws=p, Yij=-YVj,

1
Q=—=A 2.25
3 (2.25)

and obtain the supersymmetry transformation rules as
1. 1_
6p=§18A, 3A; =§8Fﬁ)\.,

i1

, 1 . .. .. 1 .. .
Shi=— JT-Fel — Zidpe! = Yej. Y=~ Zelifa?

(2.26)

These transformation rules precisely match with the ones
given in [27]. For the fields of the linear multiplet, we make
the following ansatz

Lij=Lij, ¢' =Ts5¢', E, =—2Eg, Es=—2N, (2.27)

which gives rise to the following supersymmetry transforma-
tion rules

3y . ; | 1o
SLi =i§(l¢”, 8@1 = — EiaLUSj — EiEé‘l,
1 - 1
0B = — iEl;;0°p. N =2Edg. (2.28)

These transformation rules precisely match with [27] and its
application to supersymmetric linear multiplet Lagrangian
(2.10) reproduces the five dimensional linear multiplet
actions [24].

2.4 Superconformal vector and linear multiplets

So far we only considered vector and linear multiplets that
are representation of six-dimensional N = (1, 0) super-
Poincaré algebra. However, these multiplets can be assigned
full N = (1, 0) superconformal symmetry in which case the
fields pick up additional dilatation (A p) and special super-
symmetry (1) transformations. For the linear multiplet, the
transformation rules are given by

SLU = &gl £ 4NpLY,

A 1, . y 9 4
3 l:— LIJE'—— 61—4Ll‘l i —A l,
@ 2«71 j 4E nj+5Ap¢

8Eq = &yapd’@ — 5iiyap + SApEa, (2.29)

and for the vector multiplet, the transformation rules are

SWH = _EV;LQ’
l)’ - Fe' — 1Y"je + EADQi

8 ) ’
5YU = —&lgQh) +270Q) 4 2A Y.

sQ

(2.30)

These additional symmetries have immediate implications
on the function Fj;. First of all, the scaling dimension of
JFr7 must be —4 in order to match the scaling dimension of
both sides in the composite formulae (2.5) and (2.8)

SpFrj(L) = —4ApFry(L). (2.31)
As a result, the choice F;; = §;; no longer holds in
the superconformal case, F;; = 8;;(L' )~! or the non-

symmetric choice (2.21) are still valid. Next, we turn to the

special supersymmetry transformations of the fields. As

is S-SUSY invariant, 7 ; must satisfy
. 1

FrixilVE = —3 8 Fuy. (2.32)

We may multiply this identity with L/ and obtain a useful
result [23]

FrrkijL, L% = —Fi L, (2.33)
which further implies that
FryLj;L" = Fr;L; LY. (2.34)

@ Springer
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To summarize, the conformal F;; needs to satisfy the fol-
lowing four identities

Frik’ = FrurY, Frikitjxu =0,

. 1.
SpFrs =—4ApFrs(L), FroxalK = —3 8! Fi.
(2.35)

While the composite superconformal vector multiplet can
be achieved by the proper choice of F; y, the composite linear
multiplet (2.9) immediately fails due to the scaling dimen-
sion of the fields. However, one may push the idea that a
superconformal composite linear multiplet can be obtained
by mapping a vector as well as a compensating linear multi-
plet. For instance, one can start with the following ansatz for
the SU (2) scalar of a primed vector multiplet L] ;
Lij; = MY + Misgra @™ ), (2.36)
where M is a function of L;; i.e. M;; = My (L). By
demanding proper dilatation, S- and Q-SUSY transforma-
tions, it is possible to push this ansatz to all fields and find the
constraints that the function Mj; should satisfy. However,
as we will see in the next section, there is a simpler possi-
bility to achieve a superconformal composite linear multi-
plet when we couple to conformal supergravity. The “dila-
ton Weyl multiplet” of AV = (1, 0) superconformal theory
includes a dilaton field o and a dilatino field v that we can
use to compensate the dilatation and S-SUSY transforma-
tions of the superconformal completion of the map (2.9).

3 Conformal supergravity

In the previous section, we discussed the superconformal
transformations of linear and vector multiplets that are
defined in flat space where we dealt with space-time indepen-
dent transformation parameters. In a superconformal back-
ground, where the rigid parameters are replaced by space-
time ones, the transformation rules contain the gauge fields
of the superconformal theory. In general, however, the gauge
fields do not have the right counting to form a closed back-
ground “Weyl” multiplet but the inclusion of matter fields is
necessary. For the six dimensional N' = (1, 0) theory there
are two sets of possible matter fields, one leading to the so-
called standard Weyl multiplet and the other leading to the
dilaton Weyl multiplet. We defer the details of these multi-
plets to the Appendix A. The Q— and S—supersymmetry
transformation rules for the linear multiplet are given by
[14,25]

SLYV = g(i(pj)’

A 1. y
S¢' = E]DLl/ej — ZEGI —4LYn;,

@ Springer

_ 1 _ _
8E, = eyayDlo + 23ra- T

L _
—3€vax’Lij = 5iva9, (3.1)

where the superconformal covariant derivatives are defined
as

Dy LY =0, LY —4b, LY + 2V, L% — o)),
. .9 . y 1 ,
Du(pl = au(pl — Ebﬂ(pl — V;ngoj — E,DL” I//Mj

1 . .
+3 BV, 4L 0;. (3.2)

As in the rigid case, the algebra closes if E, satisfies [14,25]

1
DYE, — 5@( =0, 3.3)
where the superconformal covariant derivative of E, is
defined as

DuE, =0, E, —5b, E, + wuabEb - &/LVabDb‘p
I .
—ﬁ%m/ T

+§w,;yaxJLi,» + 56, 7a9- (3.4)
Note that the constraint equation (3.3) requires an additional
@ x term in order to maintain the Q— and S—invariance of
the constraint. The constraint on E, allow us to define a four-
form gauge field £, which can be dualized to a two-form
gauge field E,,, that is defined via

E® = ¢,"D,E"", (3.5)

where the supersymmetry transformation rule for £, is
given by

SEuy = €V + @ Vuvpe LY. (3.6)

The gauge fields of the Weyl multiplets that appear here are
the sechsbein e, “, the spin-connection wuab , the dilatation
gauge field b, the SU(2) R-symmetry gauge field Vi , and
the Q— and the S— supersymmetry gauge fields ], and ¢},
As the matter multiplets are inert under special conformal
symmetry, its corresponding gauge field f,,“ does not appear
in the transformation rules. The set of fields (w““b s S qu)
are not independent but can be expressed in terms of the inde-
pendent fields (e, by, V;{ , 1//L). Transformation rules also
consist of a real scalar field D, an antisymmetric tensor of
negative duality 7, . and an SU (2) Majorana-Weyl spinor of
negative chirality x'. These matter fields are the fundamental
fields of the standard Weyl multiplet but can be expressed in
terms of a dilaton Weyl multiplet coupled to a tensor multi-
plet. For the vector multiplet, the Q — and S— transformation
rules are given by [14,25]

SW, = —ey,,
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e
— . €
gV

SYU = —

8Q! — %Y"fej,

eipQl) +270Q0, 3.7)

where the superconformal field strength FMV(W) and the
supercovariant derivative DMQi are defined as

Fn(W) = 20, W) + 29172,

. .3 | A D
D@ = 9,9 = Sb, Q' + Zwﬂabyabsz' = V'
ISP B
—§V~F¢M+§Y V- (3.8)

With the supersymmetry transformation rules in hand, we are
now in a position to generalize rigid composite vector mul-
tiplet (2.5) and (2.8) and to construct local linear and vector
multiplet actions. The starting point of an action principle
is the generalization of rigid auxiliary action (2.4) with the
inclusion of the Weyl multiplet fields [14,25]

- _ . 1
e_lﬁ‘/L = Y“Lij +2Q¢p — L,‘jl//L)/”’Qj + ZFI“)EIW'
3.9
Given the properties (2.31) and (2.35), the composite vector
multiplet is given by
2 .
Q= FryPe" + Frixjx DLV oK gfIJLUJXj
+E~7:ijl/ T ¢ — —fIJKijEjfﬂjK

ijkl ,a J =

1
+-Frik’" v e; P vagl >

6
Yll] — _fIJDCLijJ o fIJKlealeJDaleK
—Frixie "D LM EK Z]:I]KU E]E“K,
1 . 1 o
—gfleUJD + 6.7:11)2(1(/)/)‘]

4 N
+§fIJKk('L])”Xk<P1 + I
1 o - .
—ZfIJKuﬁﬂjp‘PK —2F 1k gl PPk

—fIJKquk(iDaLkaDKVafﬂ,f

27:IJK”<PV T ¢

1 .
+§-7:IJKLk(U)l(/) yiof EL
1
—E}—IJKLMUklmnﬁok a0l omyion.

)

Fapr = —2Dy, (fIJE[!> + ZfIJLijjﬁabij W)
+2F 11k * Do L/ Dy LE + F1Rap(Q)g’

+2Dy, (qu @ e ). (3.10)

where R, lwij (V) and R, ,wi (Q) are the superconformal covari-
ant curvatures of the gauge fields V,,"/ and v/, respectively,
see Appendix A. The superconformal d’ Alembertian DCLI.I ;

is defined as

oLy = (o

i Dk
+2vHED, LY —

—5p% wbba) DaLl[/ _ SfaaLllj

o N N
Jiphe) — cVur" xLy

1-,. . 1-.. )
eV Y AL+ Y O L

214<o§ y T y")) = @) v'e)). 3.11)
As mentioned in the previous section, it is not possible to con-
struct a conformal action for the vector multiplet unless we
use a compensating multiplet. The compensating multiplet
can be chosen as a linear multiplet, however, a local vector
multiplet action then contains the fields of vector, linear as
well as a Weyl multiplet. From a more minimalist approach,
it is possible to use the dilaton Weyl multiplet to compensate
the conformal symmetries. In that case, the correct transfor-
mation rule for a composite L;; can be obtained by using
the scalar field of the dilaton Weyl multiplet o as well as the

dilatino field 1//i as extra fields [14]

LV = oY 4240Q0. (3.12)

The rest of the composite linear multiplet can then be
obtained by the Q-variation of the composite L'/, which is
given by [14]

) | . 1
1 — Ql _ Ql _ H Ql
@ oD 2@0 24)/
1 = ij
+o7 Fvi vy,
1
Ey = —0F,, — ZEWWBP” F*

+2QY ¥ + QY Y, (3.13)

where H),,,, is the field strength of two-form gauge field B ,,,
which is one of the matter fields in the dilaton Weyl multiplet

_ 3 _
Hyp = 301 Bup) + 3V 1uvvp ¥ + EU‘/f[quwp]- (3.14)

With the composite multiplets and the action principle (3.9) it
is possible to construct local superconformal actions for vec-
tor and linear multiplets. For the linear multiplet, the action
contains a Ricci scalar term via the composite Y;; due to
superconformal d’ Alembertial of L;;. This action can there-
fore be used to express an off-shell Poincaré supergravity
after gauge fixing. Noticing that the bosonic part of compos-
ite ﬁab 7 can be written as

Fant = =200 (F1s Efy = 271, L, V')

+2—7:I]Kj L] 3b]le, (3.15)

we give the bosonic part of the linear multiplet action for
n-number of linear multiplets as

e_IEL = —fIJLi{/DcLijl — f[ijlLi[jDaLikJDaLﬂK
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—Frskx' LDy LM E4K
1 .. 1 ..
—Zf,,K’fL{jEjE“K — 5;E,,Ll.’jL’ND

1 .
_Ef[anIE‘{ + f[JEaILl‘-]jVZJJ

1 )
+§fIJKjkEablaaLj”3bLlli, (3.16)
where the SU (2) covariant derivative is defined as
DLV =9, L"7 + 2V, L)k, (3.17)

As before, there is no sum in the / index and no particular
symmetry in (/, J) indices. However, if we choose to sum
over the index /, then the bosonic part of the supersymmetric
action considerably simplifies

2 . 2 .
eilﬁL,SW = - ]JLl-Ile]JR — EF[]L[IJ-L”JD (3.18)

5
1 o1
—EF”D(,L{jD“L”J + ZF,,E;E‘”,

+F EYTL V- % 1k EPT0, LI 9, L
where F7; and its descendants are as defined (2.12) and R is
the Ricci scalar. There are three notable features of this action.
First, as the linear multiplet is inert under special conformal
transformations, b,,, the gauge field of dilatations, is the only
independent field that transforms non-trivially under special
conformal symmetry. As a result, all b, terms cancel each
other out and the action does not contain a b, term. Second,
the scalar field D imposes a severe constraint on the scalars of
the linear multiplet, i.e. F;;L! : LYY Such a constraint also
annihilates the pre-factor of the Ricci scalar, not allowing us
to obtain off-shell Einstein—Hilbert supergravity after gauge
fixing. Third, as can be seen from the composite formulate
(3.10), the field equation for 7, . imposes a constraint on the
fermionic fields. Thus, we use the map between the standard
and the dilaton Weyl multiplets, see Appendix A, and estab-
lish the linear multiplet action in a dilaton Weyl multiplet
background

_ | . 1 N
e 1£L,DW=§ IJL,'IjLUJR—EG "L LY Do

1 .
_ﬁU—ZFIJLlI]Ll']JHabCHabC

1 1
—EFIJDaLinD“L”J + ZF”EéE‘”
+F E LIV

1 .
—EFIJKjkE““E)aLf”abLIS. (3.19)

As we will discuss in detail, the presence of two scalar fields,
o and L;;, allow us two distinct gauge fixing possibilities, one
giving rise to an off-shell supergravity in the Jordan frame

and the other in Einstein frame. Deferring this discussion to
the next section, we give the bosonic part of the conformal

@ Springer

vector multiplet action

1 1
e Ly = _ZGFabFab - ReathefB“vadFef

+o Yy, (3.20)
where we use the composite linear multiplet (3.12) and (3.13)
as well as the local vector-linear action (3.9). Finally, for
future reference, we take the vector multiplet in the local
vector-linear action and the composite linear multiplet to be
different, which gives rise to a vector multiplet action for two
vector multiplets

_ 1 1
e 'Lyy = —ZaF“bF;,, - Ee“bfdefBahchFgf

+oYiy]

i (3.21)

where the second multiplet is expressed by the primed quan-
tities (27, W;L, Yl./j).

4 Off-shell supergravity models with multiple linear
multiplets

In this section, we take advantage of the conformal linear
and vector multiplet actions to construct various off-shell
supergravity models. First, we use the superconformal linear
multiplet action in the dilaton Weyl multiplet background
(3.19) to obtain an off-shell description of six dimensional
N = (1, 0) supergravity. This can be achieved in two ways,
one giving rise to Einstein-frame model and the other giving
rise to a Jordan-frame model, depending on the gauge fixing
condition. Next, we eliminate the auxiliary fields and present
the on-shell supergravity coupled to n-number of linear mul-
tiplets. Finally, we discuss higher derivative models where
the leading terms are not higher-order curvature terms but
curvature terms coupled to auxiliary fields. When coupled
to Poincaré supergravity, off-diagonal invariants give rise to
on-shell higher curvature supergravity models after the elim-
ination of auxiliary fields.

4.1 Poincaré supergravity

An off-shell Poincaré supergravity can be obtained from the
conformal linear multiplet action (3.19) by gauge fixing the
redundant dilatation, special conformal and special super-
symmetry transformation, see Table 1. It is also possible to
break the SU (2) R-symmetry to a U (1) subgroup.

Einstein-frame off-shell supergravity

If we consider a single linear multiplet coupled to dilaton
Weyl multiplet, which corresponds to setting F1; = L~ in
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(3.19), we may adopt the following gauge fixing conditions

1
bM = 0, Ll] = ESZ]L,
where the first choice fixes special conformal symmetry, the
second one breaks the SU (2) R-symmetry to U (1), the third
breaks the dilatation symmetry and the last one fixes the
special supersymmetry. As a result, we obtain an off-shell
Poincaré supergravity in Einstein frame [14,25]
-1 ! L pa vy L payyis
e EIER—ZE Ea+Vm~jVa +EE Va (SU

l _2 1 )
—50 8M08“0—ﬂ0 HypHM'?,

L=1, ¢ =0, 4.1

4.2)

where we only provide the bosonic part. Due to our gauge
choice that breaks the SU(2) R-symmetry, we also decom-
pose the SU (2) R-symmetry gauge field V;; into its trace and
traceless part
y y o1

Va=Va"8ij, VT =V = S8V 5. (43)
When n-linear multiplet coupling is considered, we may
adopt the following gauge fixing conditions to obtain the
supergravity coupling of (n — 1)-linear multiplets to off-shell
supergravity in Einstein frame

KLI Lmnl

bMZO’ F[]Lileijjzl, FIJKijgoj mn

+2F11Lij1g0; =0. 4.4)

where the second choice fixes the dilatation symmetry while
the last one fixes the special supersymmetry. As a result, we
obtain an off-shell action for linear multiplets

1 1 1
e 'L = ER — 50‘723M0'3M0’ — ﬁasz,pr‘“’p

1 I nayij
—— jJ
FIJDaL,'jD L

1 .
+ZF,JE§E‘” + F”E“’L,{,v;’

1 .
—5 Fryx E® 0,17 8y L,

5 4.5)

where the scalars Ll.l . and the fermions ¢’ are restricted by
the Eq. (4.4).

Jordan-frame off-shell supergravity

We may use the scalar of the dilaton Weyl multiplet o to fix
the dilatation symmetry. In this case, the consistent set of
gauge fixing condition is given by [30]

y' =0,

where the first choice fixes special conformal symmetry, the
second one fixes the dilatations and the third one fixes special

b, =0, o=1, (4.6)

supersymmetry. In this case, the off-shell supersymmetric
action is given by

1 1 1
e L=gLn|zR

1 1 ijJ
SR- ﬂHM)HW) ~ 5 F11DaLi; D" LY

1
+-Fy E EY

4
o1 .
+F EY LV - EF,,Kj"E"“aaL/”a,,L,S, 4.7
where the potential g7, (L) = gLin is defined by
gLin = FryL; LY. (4.8)

4.2 Off-diagonal RY;; invariant and R? supergravity

When higher curvature supergravity models are needed, the
most straightforward strategy is to construct off-shell mod-
els, if possible, then add the off-shell higher curvature mod-
els to the off-shell Poincaré supergravity and perturbatively
eliminate the auxiliary fields order by order in the small
perturbation parameter, see i.e. [19,22,31] for six and five
dimensional examples. This approach has been widely used
in various dimensions for a various number of supercharges.
The supersymmetric higher curvature models usually include
coupling between the auxiliary field of the off-shell Poincaré
supergravity and the curvature terms. Then, the elimination of
auxiliary fields leads to gravitational higher derivative terms,
spoiling the particular combination one is after. Off-diagonal
invariants are supersymmetric off-shell models where the
leading terms are not higher-order curvature terms but curva-
ture terms coupled to auxiliary fields. Previously, these mod-
els have been used to eliminate such undesired couplings
[32-34]. Here, we aim to construct an off-diagonal invariant
that leads to an on-shell R2-supergravity (with a coupling to
vector multiplet) which can be compared with [19,22].

We start with a composite superconformal vector multiplet
that is achieved according to a single conformal truncation,
i.e.

Fu = L_l, flllij =—L73L1, 4.9)

Upon gauge fixing (4.6), the composite off-shell vector mul-
tiplet, (€2}, W;/v Yi/j), is given by

i
YW = 17 'pap,Li + %L_lLin - %L_lLinabcH“bc
+L 3Ly Dy L* DL
+L3E LU DL + iL‘3LijE“Ea,
Fip = =20 (L7 Epy =207 LV V)
—2L73L Koy, LI gy L. (4.10)
where

D*D,LY = (3% + wp")D, LY + 2V D, L%, (4.11)

@ Springer
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Note that we only present the bosonic fields here and the
fermionic fields can be read from (3.10) given the single
multiplet truncation condition (4.9). This composite vector
multiplet can be used in the two vector multipletaction (3.21),
which takes the following form after gauge fixing (4.6)

- 1 1 )
e lﬁvv/ = _ZFabF(;b — 1—6€ab6defBabFCd e/f

+Yily!.

i 4.12)

and the resulting off-diagonal action, which we refer to as
RY;; action, is given by
| .
e 'Lry, = —L7"Y;;D*D,LY + 5L—lYijL'fR
1

_ﬁLflLl] Y[J Hab{,‘HuhC

+L73Y Ly D, L*D L' + L3 EY;; Ly D, LY
1 ..

+ZL_3Y,']-L‘-’E"E¢,,
1 N

5 F (8 (L7"Ep =207 L3017

+L7L 0, By L )
1 e ’
g€l By Feg (2 (L7"Ey =227 LyvY)

+L—3L,-"aeLﬂafL,k) : (4.13)
With this off-diagonal action in hand we can obtain an R>
extended Einstein-Maxwell supergravity by considering the
following action

L=Lgu+ Ly + Lry; +8LvL, (4.14)

where Ly refers to the off-shell Poincaré supergravity in
Jordan frame (4.7), Ly, refers to the vector-linear coupling
(3.9), Ly refers to the off-shell vector multiplet action

1 1 de
671£V — _ZFleFab _ 1_66abcd(,fBabFCdFef
+YVy;;, (4.15)

and Lgy, i is the off-diagonal RY;; action (4.13). Uponimpos-
ing the field equation for ¥;;, which solves Y;; as

o o y 1 y .
yii — EL_ID”DHL” - zL‘lLUR + @L_IL”HahCH“”‘
1 . o1 . .
—EL*LHDQL"‘D“U’ - 5L*3E“Lk(’ D, L

—lL_3L’7E”Ea - lgL"J', (4.16)
8 2
we obtain R? action via Y/ Y; ;j term in the vector multiplet
action. As shown in [30], an off-shell version of the Salam—
Sezgin model [8] can be obtained by a combination of a
single linear multiplet truncation of the off-shell Poincaré
supergravity in Jordan frame (4.7), the off-shell vector mul-
tiplet action (4.15) and a local vector-linear multiplet action
(3.9). With the off-diagonal RY;; action, one may improve
off-shell Salam—Sezgin model of [30] with RY;; action, in

which case the elimination of the auxiliary field ¥;; would
lead to an R? extension of Salam - Sezgin model.

5 Discussion

In this paper, we provide a systematic analysis of linear mul-
tiplets of six dimensional N = (1, 0) supergravity, which has
been shown to be crucial in the construction of higher curva-
ture models [19,22]. Our analysis start with an investigation
of rigid linear multiplets, in which case the couplings of linear
multiplets are determined by a function F; ; (L) thatis subject
to two mild constraints (2.7). After establishing the relation
between the five dimensional N' = 2 and six dimensional
N = (1, 0) rigid linear multiplets, we repeat our analysis for
the case of full V' = (1, 0) superconformal symmetry which
paves the way for the local supersymmetric couplings of lin-
ear multiplets. For the local superconformal models, we work
in a dilaton Weyl multiplet background and use superconfor-
mal tensor calculus to provide a superconformal linear mul-
tiplet action for n-number of linear multiplets. For this case,
the function Fj;(L) picks up two more constraints which
are imposed due to dilatation and S-supersymmetry invari-
ance (2.35). These constraints are also mild and we provide
various examples of F; for the superconformal scenario.
Finally, we discussed various gauge fixing procedures and
off-shell supergravity models. In particular, we discussed an
off-diagonal invariant, which we refer to as the RY;; invari-
ant (4.13), which leads to an R2-extended Einstein—Maxwell
supergravity upon imposing the field equations.

There are various directions to pursue following our work.
First, it would be interesting to investigate the supersymmetry
solutions of an R?-extended Einstein—-Maxwell supergravity.
The off-shell model that we have in mind here is given by the
equation (4.14). Note that there is also an off-shell R? model
constructed in [19,22] which can be added to the combination
that we discussed in (4.14). It remains to be checked whether
these two different paths to improve the Salam—Sezgin model
with an R? term lead to the same physical theory. Second,
noticing that a composite superconformal linear multiplet
contain a constrained vector E), given by (3.13)

E, =D"0Fp) +---, (5.1)

where we remind the reader that E,,, is related to E, via
E? = ¢,“D, E*". Therefore, a linear multiplet action that
contains an E“E, term would produce a higher derivative
vector multiplet action with an FOF term. Such a model
can easily be obtained with a non-symmetric choice of Fj
given in (2.21) where the unprimed multiplet can be used as a
compensating multiplet and the primed multiplet can be used
as a composite linear multiplet. Note that as F» = L~! for
the non-symmetric choice, an action for such an F;; would
contain a term L™ E/ E" due to F;; EL E%/ in (3.16). Thus,
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upon using the composite expression for £, in (5.1) one
would obtain the desired higher derivative vector multiplet
action. This result should be compared with [36,37]. Finally,
it would be interesting to see if other off-diagonal invariants
can be constructed and if they can have interesting physical
implications in higher derivative extended supersymmetric
models.
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Appendix A: Weyl multiplets of D = 6, N = (1,0)
supergravity

In this section, we briefly review the elements of six dimen-
sional superconformal tensor calculus. We refer [14,25,35]
to readers interested in a more detailed treatment. The six
dimensional A" = (1, 0) conformal tensor calculus is based
on the exceptional superalgebra O Sp(6, 2|1) with the gen-
erators

Py, Map. D, Ko, Uij, QL. S, (A.1)
with the corresponding gauge fields

en®s 0 by [ VU W ¢ (A2)
where a, b, . .. are the Lorentz indices w, v ... are the world
vector indices, « is a spinor index and i, j = 1,2 is an

SU (2) index. In the set of generators of the superconformal

@ Springer

algebra, {P,, Myp, D, K,} represent the generators of the
conformal algebra.For the remaining generators, U;; is the
SU(2) generator and Qfx and S(’;l are the generators of the
Q-SUSY and the S-SUSY respectively.

A set of constraints, known as the conventional con-
straints, can be applied to the set of gauge fields (A.2),
which leaves (e, , by, V', 1%) as independent fields and
(0, fu4, ¢L) becomes dependent. However, a simple
counting argument shows that the number of bosonic and
fermionic degrees of freedom do not match and one needs
to include matter fields to form a Weyl multiplet. One pos-
sible choice, leading to the standard Weyl multiplet, is the
inclusion of a real scalar field D, an antisymmetric tensor of
negative duality 7, and an SU(2) Majorana-Weyl spinor
of negative chirality x‘. The Q-SUSY, S-SUSY and special
conformal transformation rules are given by [14,25]

1
Se,t = ey Y,
2
(SwI’L = €' + Eb“El + Z")Ma Yab€' + V' j€’
1 B . .
to7 T Y€ +yun',
1._ 1 1
3b, = _Eefpu BV €yux + nllfﬂ —2AK s

sV =2elp)) + 270y ) + gé(iyux”,

_ 1 7
8T e = —561’ “Vabe Rae(Q) — 65Vach’
: 1 .3 .
8x' = g(Duy - T7)y"e — 2y - RIV)e

Ao Ly ey
f— 6 —_ . .
4 2V

8D =ey"Dyx —27x ., (A.3)
where the covariant curvatures are given by
DuT pe = 0uTope — 3w, 1T, betd ~ OnTape
+3—21}m/de)/abcRde(Q) + %lﬁm/abcx,
Duxi = (BM — %bM + %wu“byaoxi + Vuijxj
—%(Dvy T )y v+ %y CRY (V)Y
——Dw ly T~ ¢}, (A4)
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and the relevant modified group theoretical curvatures are

Rﬂva(P) = 28[#&,]‘1 + 2b[ueu]“ + 2w[ﬂabev]b

l - a
_El/f,u)/ Yy,
Ryy™ (M) = 20),0)"" + 200, wy).”
_Sf[ﬂ[aeu]b] + W[uyab‘f’u]
_ 1 -
Py “RyP(Q) + Eww/v]R“b(Q)
1 i} 1- -
—ge[u[“%]yblx - zl/fuyc‘ﬁuT abc’
R (V) =20, V0" = 20,5V — 49, Yy
1 - . ,
—gl/f[u(’ yorx?,
) 1 1 . o
Ru'(Q) = 2(3[u + 200+ Zw[u”byab)%] +2V vy,

1 .
—v-T" V[ku] V[v¢,l”~ (A.5)

12

Within the standard Weyl multiplet, the dependent fields are
given by

wﬂab = 28”[“8[Mev]b] — ep[“eb]celfapeaC

1, - -
+Z(2‘/’M)’[awb] + Py ) + 2e, 1967,

1 1
T T—acd + _e

constraints [14,25]

0 =Dy’ —lax —iy Ty,

12
1 1
0=0% —-Do+-F" - T~ + =3,
76773 + 6”’

_ 1_
0="D(F}.—20T,.) — Ra(Q)¥ — gxyabiﬂ, (A9)
where the relevant covariant curvatures are defined as

i 5 1 a i i j 1 i
Duy' = (3u - Ebu + el hVah)w +WVu' v — L F+¢u
1 . .
—Z’Dm/f,i + 0¢’L,
Dyo = (3, —2by)o — Y. (A.10)

These constraints can be solved to relate the fields of standard
Weyl multiplet to the dilaton Weyl multiplet. As we mostly
worked out the bosonic part of supersymmetric actions, here
we will present the bosonic part of the map between the
multiplets and the full supersymmetric map can be found in
[25] in our conventions

1 1
flla = 8( /a(M) - _eﬂaR (M)) ped 240 D’
) 1 3 1
¢, = 16(1/ Vi = Svur "R, (Q) — yux , (A.6)
Here, the primed quantities are defined as
p=S0106 3Ry Zh,, e
RV (M) = Ry ™ (M) + 8 e, =72 — g R g Huwe HET
R, (Q) = R™(Q) +2y1¢),). (A7) Fl,+20T,,, = Hyuyp, (A.11)

The definitions of the dependent fields are equivalent to
imposing the following set of constraints on the group theo-
retical curvatures

0= Ry (P),

1
0= e"p Ry (M) — T, T~ + D

0= VMRMV(Q)+éVUXl' (A.8)
Alternatively, one may consider to add a dilaton field o,
a dilatino field ¥ and a two-form gauge field By, to the
content of gauge fields to match the bosonic and fermionic
degrees of freedom. This is most straightforwardly obtained
by coupling the standard Weyl multiplet to a tensor multiplet
which consists of a dilaton field o, a dilatino field ¥/ and a
self-dual antisymmetric tensor field F, . The closure of the

abc
superconformal algebra on these fields imposes the following

where R is the Ricci scalar. Finally, the Q-SUSY S-SUSY
and special conformal transformation rules for the dilaton
Weyl multiplet are

1

zgya‘(pu s

a

dey,

. . 1 . 1 . P
O, = e’ + b€’ + Za)u"byabe’ +V, el

MRS
480

__G‘PM

Y- Hl/uéi + Vu’?i,

2AK us

1
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— 9z i) G )) 4 Zz )
8V, =2&"¢; +2'71¢,J1 + 661)/”)(] ,
do = €y,
0By = —€yi¥ — aéyuwv] ,

: 1
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