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Abstract In this paper, by defining off-shell amplitudes as
off-shell CHY integrals, and redefining the longitudinal oper-
ator, we demonstrate that the differential operators which link
on-shell amplitudes for a variety of theories together link off-
shell amplitudes in a similar manner. Based on the algebraic
property of the differential operator, we also generalize three
relations among color-ordered on-shell amplitudes, includ-
ing the color-ordered reversed relation, the photon decou-
pling relation, the Kleiss—Kuijf relation, to off-shell ones. The
off-shell CHY integrals are chosen to be in the double-cover
framework, thus, as a by product, our result also provides a
verification for the double-cover construction.

1 Introduction

The Cachazo-He—Yuan (CHY) formalism reveals the mar-
velous unity among on-shell tree-level amplitudes of vari-
ous theories [1-5]. In the CHY formulas, different theories
correspond to different CHY integrands. Through the so-
called dimensional reduction, squeezing, and the generalized
dimensional reduction procedures, on-shell CHY integrands
for a wide range of theories can be generated from the on-
shell CHY integrand for the gravity (GR) theory' [5].

A similar unified set of on-shell tree-level amplitudes of
different theories can be achieved via the differential oper-
ators proposed by Cheung, Shen and Wen. These differen-
tial operators, which act on Lorentz invariant kinematic vari-
ables, transmute the on-shell amplitude of one theory to that
of another theory [6]. By applying these operators, the ampli-
tudes for a variety of theories can be generated from the GR
amplitude. The similarity between two unified sets implies

! In this paper the gravity theory is understood as the Einstein—Hilbert
gravity coupled to a dilaton and two-forms.
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the underlying relationship between the two methods. This
relationship has been spelled out in [7,8], by acting differen-
tial operators on CHY integrals for different theories.

Based on the relations among on-shell amplitudes expressed
by differential operators, several other relations for on-shell
amplitudes can be derived. First, using the algebraic prop-
erty of the differential operator, one can derive the general-
ized color-ordered reversed relation, the generalized photon
decoupling relation, and the generalized Kleiss—Kuijf (KK)
relation, which are valid for all color-ordered on-shell ampli-
tudes [9]. Secondly, a dual version of the unified set, which
reflects the relations among amplitudes by expanding the
amplitude of one theory to amplitudes of another theory, can
be established via the differential operators [9—11]. Notice
that the expansions of the amplitudes have been studied from
various points of view in the literature [ 12-21]. Among these,
the approach used in [9-11] manifests the duality between
the differential operators and the coefficients of the basis in
the expansions.

In this paper, we demonstrate that the differential opera-
tors transmute off-shell amplitudes in a manner similar to that
for on-shell amplitudes. The off-shell tree-level amplitudes
in this paper are defined by off-shell CHY integrals. There
are three motivations for considering off-shell amplitudes in
the CHY framework. First, the massive external momentum
with kf # ( can be treated as a special case of the off-shell
massless momentum; thus, considering off-shell CHY inte-
grals is an effective way to generalize the CHY formula to
massive external states. Secondly, in the double-cover pre-
scription proposed by Gomez, the evaluation of tree-level
amplitudes in the CHY framework can be reduced to lower-
point off-shell amplitudes, due to the factorizations realized
by the double-cover method [22-27]. This is another impor-
tant application of off-shell CHY integrals. Thirdly, from a
theoretical point of view it is interesting to broaden the CHY
formalism to reproduce off-shell tree-level amplitudes, and
for loops to be computed, without a Lagrangian.
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The main method used in this paper is similar to that used
in[7,8], and can be summarized as follows. The off-shell tree-
level amplitude in the CHY formula arises from the integral
over auxiliary coordinates:

A, = /dunICHY. (1)

The measure part du, is universal, while the CHY inte-
grand ZCHY depends on the theory under consideration. All
the operators which will be considered in this paper act on
Lorentz invariants ¢; - €; or €; - k;, where k; and ¢; are the
momentum and the polarization vector of the ith leg, respec-
tively. Thus, these operators will not affect the measure part
which is independent of the polarization vectors. In other
words, differential operators are commutable with the inte-
gral over auxiliary variables. Thus, transmuting an amplitude
is equivalent to transmuting the corresponding CHY inte-
grand. More explicitly, suppose O is a differential operator
satisfying

Ody = O ( / diin ICHY> - / diy (OICHY). )

Thus, if two amplitudes A, and .Ag are related by an operator
O via Ay, = OAg; an analogous relation ZSHY = (’)IEHY
for two integrands must hold, and vice versa. Consequently,
one can derive the unifying relations systematically by apply-
ing differential operators to CHY integrands.

Using the above method, we will show that the unifying
relations provided in [6], which link on-shell amplitudes of
different theories, also hold for off-shell amplitudes defined
by off-shell CHY integrals. There are three types of basic
operators, the trace operator 7 [i, j], the insertion operator
Zikj, and the longitudinal operators £; and £;;, that will
be considered in this paper. The definitions of the opera-
tors 7[i, j] and Z;;; are the same as in [6-8], while the
definitions of the longitudinal operators £; and £;; will
be modified in the off-shell case. By applying the com-
binatory operators constructed by these three basic opera-
tors to the GR CHY integral, one can get the CHY inte-
grals for theories including Einstein—Yang—Mills (EYM) the-
ory, Yang—-Mills (YM) theory, Einstein-Maxwell (EM) the-
ory, Einstein-Maxwell theory with photons carrying flavors
(EMf), Born—Infeld (BI) theory, Yang—Mills-scalar (YMS)
theory, special Yang—Mills-scalar (sYMS) theory, bi-adjoint
scalar (BAS) theory, the non-linear sigma model (NLSM),
¢* theory, Dirac-Born—Infeld (DBI) theory, extended Dirac—
Born-Infeld (exDBI) theory, and special Galileon (SG) the-
ory. Since the unifying relations can be extended to off-
shell amplitudes, the relevant relations among color-ordered
amplitudes, including the generalized color-ordered reversed
relation, the generalized photon decoupling relation, and the
generalized KK relation, can also be generalized to the off-
shell case.

@ Springer

In [7,8], CHY integrals are chosen to be in the original
single-cover version. In this paper, we choose CHY integrals
in the double-cover formulas [22-27]. Since on-shell ampli-
tudes can be regarded as a special case of off-shell ones, if
the unifying relations hold for off-shell amplitudes, they also
hold for on-shell ones. Thus, our result in this paper provides
a verification of the double-cover construction, because we
have shown that the unifying relations for on-shell amplitudes
in the single-cover formulas, which are already proved in
[7,8], are also correct for off-shell amplitudes in the double-
cover framework.

The remainder of this paper is organized as follows. In
Sect. 2, we give a brief introduction of the off-shell CHY
formalism, and the double-cover prescription, which are nec-
essary for subsequent discussions. In Sect. 3, we study the
effects of three basic operators when applying them to build-
ing blocks of CHY integrands. In Sect. 4 we consider the
effects of combinatory operators constructed by these basic
operators. The relations among amplitudes, based on the pre-
vious preparations, are presented in Sect. 5. Finally, we end
with a brief discussion in Sect. 6.

2 Background

For the reader’s convenience, in this section we briefly review
the off-shell CHY formalism, and the double-cover prescrip-
tion.

2.1 Off-shell CHY formalism

The off-shell CHY formalism bears a strong similarity with
the on-shell one, except the correction elements A;; and n;; in
scattering equations and matrix elements. In this subsection,
we only introduce the off-shell CHY formalism. The on-shell
one can be reproduced by taking A;; — 0, n;; — 0.

In the off-shell CHY formula, the tree-level amplitude for
n massless particles arises from a multi-dimensional contour
integral over the moduli space of genus zero Riemann surface
with n punctures, My 5. It can be expressed as

Ay = / dpin To (ks €5 2D TR((kis & i), 3)

which possesses the Mobius SL(2, C) invariance. Here k;,
€; (or €;) and z; are the momentum, polarization vector, and
puncture location for the i external leg, respectively. The
measure is defined as

d"z [pqr|
vol SL(2, ©) ]

dptn ek “

n
i=li#pgr
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The factor | pgr|is given by | pgr| = zpg2qrzrp, Where z;; =
z; — 2. The off-shell scattering equations are given as? [28-
30]

2k; ~kj + ZA,']'
Zij

&i(z) =
jell2, i)

=0. 4)
These scattering equations satisfy the condition

n
Y @& =0, m=0,1.2, ®)
i=1
which protects the SL(2, C) invariance. This requirement
imposes the constraint ) ; A;; = k? on the elements A;;.
For example, when n > 5, one can choose

L2 2
Ajix1 = +§(k,- + ki),
_lk.z

2"
Ajj =0 otherwise. @)

Ajz1ixl =

Here the cyclic symmetry of external legs has been used, for
instance when i = 1 we have A; ;1 = Ay, Ai—1,i+1 =
Ay.2, and so on. Under the above choice, the scattering equa-
tions yield correct propagators in the Feynman gauge. The
(n—3) independent scattering equations define the map from
the space of kinematic variables to My ,, and fully local-
ize the integral on their solutions. After fixing the SL(2, C)
gauge, the measure part is changed to

(=1 s d25) IparP?
H?:l,i;ép,q,r gi (Z)

The integrand in (3) depends on the theory under consid-
eration. For any theory known to have a CHY representation,
the corresponding integrand can be factorized into two parts
7I1 and Zg, as can be seen in (3). Either of them are weight-2
for each puncture coordinate z; under the SL(2, C) transfor-
mation. In Table 1, we list integrands for theories which will
be considered in this paper” [5].

‘We now explain each building block in turn. There are five
kinds of n x n matrices, which are defined through

dpp = ®)

k,’-kj-ﬁ—A,',‘ . .
_t 1 s
Ay =1 i 7
0 i=],
€i€j . .
pLAAYA i ,
Bjj =1 *V 7
0 i=j
ki‘Ej-l—n,'j . .
VALY i ,
=22l =],

2 In this paper, we choose 2k; - k j rather than s;; to define the scattering
equations. Two choices are un-equivalent for off-shell momenta.

3 For theories contain gauge or flavor groups, we only show the inte-
grands for color-ordered partial amplitudes instead of full ones.

Table 1 Integrands for various theories

Theory Tr ki, €, zi}) Tr(ki. €. zi})
GR Pf'w Pf'w
EYM  Cr -+ Cm, Yy Py lm)  PPW
YM Cn(o) Pf'y
EM Pf/[\I/]n,zm’zm;n,zmpf[X]zm Pf'v
EMf P (V]2 2m:n—2m PE[X 12m Pf'w
BI (Pf'A)? Pf'Ww
YMS Cryy -+ Cr,, Z(i,j},P{i-j](n’ 1,m) Cn(o)
sYMS P (W12 2m:n—2m PE[X T2m Cu(0)
BAS Cn () Cn(o)
NLSM  (Pf'A)? Cn(o)
o Pf’' A PE[X], Cu(0)
exDBI Crry -+ C1vy 2oy Pri jy 00, 1, m) (Pf'A)?
DBI P (V]2 2m:n—2m PE[X T2m (Pf'A)?
SG (Pf'A)? (Pf'A)?
and
. . Ll .
O P e TS
0 i=], 0 i=].
The elements 7;; are given as [29]
1
MjElj = 5€j “kj,
nij =0, otherwise, (11)
satisfy
n
Z 77ij=€j'kj- (12)
i#ji=1

They render Cj; to weight-2 under the SL(2, C) transfor-
mation, and therefore keep the SL(2, C) invariance of the
whole theory. 8%/ is the Kronecker symbol, which forbids
the interaction between particles with different flavors /; and
I;. When the dimension of a matrix needs to be made explicit,
we often denote the n x n matrix S as [S],,. The 2n x 2n anti-
symmetric matrix W can be constructed from the matrices A,
B and C, in the following form:

A C
v = . 13
(<ert5) (13)
The reduced Pfaffian of W is defined as Pf' ¥ = PZ)—iHPf \I/l’]] ,
i

where the notation \Illljj means the ith and jth rows and
columns in the matrix ¥ have been removed (with 1 <i <
j < n). An analogous notation holds for Pf’A.

Itis worth to emphasize the definition of Pfaffian, sinceitis
crucial for the work in this paper. For a 2n x 2n antisymmetric
matrix S, the Pfaffian is defined as

@ Springer
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1 n
PIS = > sgn@) [ [ Soi-n.oai (14)

o€SH, i=1

where Sy, denotes permutations of 2n elements and sgn (o)
is the signature of o. More explicitly, let IT be the set of all

partitions of {1, 2, ..., 2n} into pairs without regarding the

order. An element « in IT can be written as

a = {(i1, j1), (2, j2), -+, (ns )} (15)

with iy < jrandiy <ip < --- < i,. Now let

7Ta=< 1 2’3.4’-~-2n.—12.n> (16)
I Jir 2 j2 -+ In Jn

be the corresponding permutation of the partition «. If we
define

Sor = g0 (Ta) Siy jy Sizjo *** Sinjus (17)

then the Pfaffian of the matrix § is given as

PES =) S (18)
aell

From the definition (18), one can observe that, in every term
Sy of the Pfaffian, each number in the set {1, 2, ..., 2n},
which serves as the subscript of the matrix element, will
appear once and only once. This simple observation indicates
that each polarization vector €; appears once and only once
in each term of the reduced Pfaffian Pf’W. This conclusion
is important for the later discussions.

The definition of W can be generalized to the (2a + b) x
(2a + b) matrix [V]; p.q as

A(a+b)><(a+h) |C(a+h)><a> (19)

T
_Ca><(a+h) Bixa

[\I"]a,b:a - <

here Aisa (a + b) x (a + b) matrix, Cisa (a + b) X a
matrix, and B is a a x a matrix. The definitions of elements
in A, B and C are the same as in (9). The reduced Pfaffian
Pf'[W], b can be defined in the same manner.
Starting from the matrix [W]; .4, the polynomial

Pii,jy(n, 1, m) is defined by
Pii,jy(n, L,m) = sgn({i, j) Ziy ji *** Zigyjm

PE (Y —ti) 1 osim, jin—

= —sgn({i, j}) ziyjy = L1

PEWTn—1,i1, 1.t jinin—1s (20)

where iy < ji € Try and Try are m sets satisfying4

TriUTroU---UTr,, ={n—-I01+1,n—-1014+2,...,n}
(2D

In the notation [Wl,—y i\ ji.....im, jmn—1> W€ €xplicitly write
down {i1, j1,...,im, jm} instead of 2m, to emphasize

4 Each set has at least two elements, so in general we have [ > 2m.

@ Springer

the locations of these 2m rows and 2m columns in the
original matrix W. The two signatures sgn({i, j}) and
sgn({i, j}) correspond to partitions {(i1, j1), ..., (im, jm)}
and {(i1, j1), ..., (Gm=1, jm—1)}, respectively, and one can
verify sgn({i, j}) = sgn({i, j}"). In the second line of (20),
the reduced Pfaffian is calculated by removing rows and
columns i,, and j,,,. Based on the definition of Py; j(n, [, m)
in the second line of (20), the polynomial ) i, j}/P{,-, jy(m, 1, m)
is defined as

Z/'P{i,j}(n,l,m) = Z

{i,j} i1<j1€Tr

P jy(n,1,m),  (22)

im—1<jm—1€Trm—_1

where the sum is over all possible choices of pairs in
each trace-subset Try. In the on-shell case, the polynomial
2ol }’77{,-, jy(n, I, m) defined above equals the reduced Pfaf-
fian of the matrix Il, which is constructed from V¥ via the
squeezing procedure [5]. In this paper, we will not use the
matrix IT. The advantage of this choice is that the polynomial
> iy Puijy(n, 1, m) defined in (22) is manifestly weight-2
under the SL(2, C) transformation, while the reduced Pfaf-
fian of IT does not have a manifest weight.

Finally, the Parke—Taylor factor for the ordering o is given
by

1

Cn(o) = . (23)

Zo102%0203 * * " Lop_10p 20,01

It indicates the color-ordering (o1, 072, .
n external legs.

With the ingredients introduced above, off-shell CHY
integrands for various theories can be defined as in Table 1.
Some remarks are in order. First, the SL(2, C) symmetry
plays the central role in the construction of off-shell CHY
integrals. From on-shell integrals to off-shell ones, all correc-
tions A;; and n;; are required by the SL(2, C) invariance. Itis
straightforward to see that both Z; and 7y defined in Table 1
are weight-2 under the SL(2, C) transformation, guarantee
the SL(2, C) invariance of the whole integral. Secondly, all
the reduced Pfaffians appear in off-shell CHY integrands in
Table 1 are independent of the removed rows and columns,
similar to those in on-shell integrands. One can follow the
method used in [2], and use

..,0p—1, 0y) among

n n
Z ki-kj+ Aij =0, Z ki-€j+mnij =0,
i=Li#j i=Li#j
(24)

as well as scattering equations to prove this. Thirdly, the
gauge invariance no longer exists in general. For example,
under the replacement ¢; — k;, we do not have Pf'¥ = 0
anymore, unless we take all A;; and »;; to be 0. Butitis quite
natural that the off-shell or massive external states violate
gauge invariance.
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2.2 Double-cover prescription

In the following sections, all CHY integrals under considera-
tion are in the double-cover formalism. In this subsection, we
describe how to reformulate the single-cover CHY integral
defined in (3) into the double-cover one.

The double-cover prescription of CHY construction is
given as a contour integral on n-punctured double-covered
Riemann spheres [22-27]. Restricted to the curves 0 =
Ci = y? —o? + A? fori € {1,2,...,n}, the pairs
1, 01), (2,02), ..., (yn, 0,) serve as coordinates. Then
all % in the single-covered formula (3) are replaced by

L (yityj+oiy) 1
=1 <L> L (25)
i 0ij
Especially, the scattering equations are turned to
0=E= > Qki-kj+2A;)T;. (26)

Je(l.2,....n ]\ (i}

The amplitudes in such a framework are expressed as the
contour integral
T} (o1, yi- ki, €) IR (01, yi, kis €)

A”l = dl"’rll\ L gr ’
m

27)
where the measure dpu’ is defined through

d//L;/l\ _ ;CH\ 1—[ vidy;idoi qur )
volGL(2,C) A C [lizpqgrm€;

(28)

with Ay, = (T474rTrp) "' Correspondingly, the contour
is determined by the poles A = 0, C; = 0, and by 5’ =0
holding for j # p, q, r, m. Eliminating the GL(2, C) gauge
redundancy turns the measure to

1 dA [ & yidy; do;
A _ | I Yiadyi Jj
dup = 22 A ( C; ) ( H £t )qurA qrim:

J#p.q.rom ]
(29)

where

Apgrim = 0pAgrm — 0gDrmp + 0 Dimpg — om A pgr. (30)

Then we consider Z7j (07, y;, ki, €;) and Zy (o7, y;i, ki, €),
which are obtained from Z; (z;, k;, €;) and Zg(z;, k;, €;) in
Table 1 via the replacement % — 1;;. To obtain the double-
cover form of the integrand, which is more convenient for
our consideration, we rewrite 7;; as

(yo)i 1
(yo)i — (yo);’

Tij = Tij = (€29)

Yi Yi

on the support C; = C; = 0. The advantage of this reformu-
lation is that 7;; has algebraic properties similar to %, such
as antisymmetry, and
Ti Tk
Tji ’

Tip — Tjx = (32)

This similarity allows us to use a lot of technics for single-
cover CHY integrals. Under the replacement (31), we have’

Iz(aiv yivkl'séi) = <1_[ (ya) )IL (Tl]’kl’el)

i=1 i

n

~ (yo)i ~

Ty (0. yi- ki, &) = (]‘[ . ) IR (T ki €. (33)
i=1 7!

For example, the Parke—Taylor factor becomes

Cl(o) = (]‘[ (yy) )cA< )

i=1 !

L (o)
= (l—[ : ! ) ng2 Tt7203 e T%m-

i=1 Vi

(34)

Thus, starting from an integrand in the single-cover version,
one can firstreplace all -~ by 7; j»and then multiply the result-
Zij

n ya),

ing formula by the factor (]_[l-= 1 = ) Letus take Pf "W as

the example, the reduced Pfaffian with new coordinates y;
and oj is given by

PIUT = <]_[ (ny)’> (=) T, PE(W )
i=1 !

(35)

where the matrix W is obtained from W via the replacement
L T;j.

Zij

3 Effects of basic operators

As discussed in Sect. 1, we are interested in acting differen-
tial operators on off-shell CHY integrals in the double-cover
version. To achieve this goal, itis sufficient to apply the differ-
ential operators to II“\(Tij, ki, €;) and IQ(T,-]-, ki, €;), since
the operators under consideration will not affect both the
measure and the factor 22k U)’ . In this section, we will con-
sider the effects of applymg three basic differential oper-
ators to the elementary building blocks of IA(Tl- i ki, €;)
and I (Tij, ki, €), such as | 4 VA Pf’[\ll]a b:g @nd Zii’j}
7){1, i (n, 1, m). Among the operators which will be discussed
in this section, the trace and insertion operators are the same

3> Maybe the notations IZ (Tij, ki, €;) and I1€ (T;j, ki, €) are more suit-
able. However, when encountering matrices, notations such as wl AT
will cause some ambiguity, since we always use 7 to denote the trans-
pose of the matrix. Thus we choose the superscript to be A rather than
T.

@ Springer
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as those defined in [6], while the definition of the longitudinal
operators will be modified.

3.1 Trace operator
The trace operator 7 [i, j] is defined as [6]

0
T, jl= e .Ej). (36)
If one applies 7[i, j] to the reduced Pfaffian Pf’W*, only
terms containing the factor (¢; - €;) (i.e., the elements
“I’iA+n, j ) provide non-vanishing contributions. Since €; and
€; appear once and only once in each term of the reduced
Pfaffian, performing the operator 7 [i, j] is equivalent to the

replacement

€-€,—~>1, ¢- V>0, ¢ -V—>0, 37

where V denotes vectors k; or €+ ;. This manipulation is
equivalent to the dimensional reduction procedure in [5].

Then we arrive at a new matrix U2, satisfying
T;; PEWA = PFUA, (38)

Without loss of generality, we may assume {i, j} = {n —
1, n}.° then the new matrix ¥ is given by

A;?xn Cé\x(n—z) 0
T A A
e = _(CA)(n72)><n B(an)X(an) 0
0 0 Xé\x2
_ ([\Ij]r[z\2,2:n2| 0 ) (39)
0 [xg)

where the matrices [‘~IJ],‘I\_212:n_2 and [ X ]ﬁ\ are obtained from
[W],-2.2:n—2 and [X]> through the replacement % — Tjj.
The reduced Pfaffian of the matrix U2 can be calculated
straightforwardly to be

PEUA = PEWIL . L PRIX]S. (40)
Thus, we find
Tli, j]Pt'wh = PE[W]), ., ,PI[X]S. (41)

Applying a similar procedure to the matrix [\If],‘1\_2’2:n_2
gives

Tli, jIPf [\Il]n 20m—2 = =Pf [\If]a 44— 4Pf[X]2 (42)

By repeating the manipulation, we find that the multiple
action of trace operators gives the following recursive pat-
tern:

© This assumption can be realized by moving lows and columns. Since
the (n + i)th row and column will be moved simultaneously while
moving the ith ones, the possible minus sign will be canceled.

@ Springer

Tliv, jilT lia, jo] PEWA
= Pf’[LIJ]n 44— 4Pf[X1] Pf[Xz]z,

Tlit, 11T lia, jol- - Tlim, jm] PEOD

=PIV, on o PEIX 112 PE[X21S - - PR[X,, 15
=(= )m(TllleJlll)( Ty jy Thhin) - (i i T
X P{i’j}(n, 2m, m), (43)
where the polynomial Pﬁl/}(n,l,m) is obtained from
Pyi,jy(n, 1, m) in (20) via the replacement % — T;j, and
we have arranged elements as
0 |T;;

[Xel5 = <ij ’g’k) : (44)

We want to point out that the factor (7;;T;;) appearing in
(43) is the simplest Parke—Taylor factor Cf‘ defined in (34),
which indicates the simplest color-ordering (i, j). More gen-
eral color-orderings can be generated from it by inserting
other elements.

3.2 Insertion operator

The insertion operator is defined by [6]

0 0
Tij = - . 45
N0k e ok e (4

In this subsection, we discuss the effect of acting this oper-
ator on the polynomial Z{i’j}/P{’l\.’j}(n,l,m). As will be
seen immediately, the most important effect is replacing
T;j in the Parke-Taylor factor by T;;Tj;. In other words,
this operator transmutes the color-ordering (..., i, j,...) to
(... ik, j,...). To show this, one needs to assume that
the ith and jth legs belong to the same trace subset, i.e.,
i, j € Try. For simplicity, we assume i, j € Tr,,, and we take
the expansion (20) where rows and columns im, jm € Trpy
have been removed (with replacmg - by T;;). Since in the
off-shell case the reduced Pfaffian is also independent of the
choice of removed rows and columns, as pointed out in the
previous section, assuming i and j belong to any other Try
will not change the conclusion, although the calculation will
be more complicated.

Letus consider the polynomial Pf[W]%

n—=L,i1, j1,esim—1, jm—1:0—=1°
which is given as
Pf[lp]n L, i, /1 lmfl»./'mfl:n_l
— A A A
B Z Sgn(na)[\lj]a]bl [\Ij]azbz o [\Ij]a(nurm/)b(n“rm/)’
aell
(46)

where the definition of Pfaffian in (18) has been used. The ele-
ment [V] fl\ by is at the a;th row and b; th column in the matrix

[wA and we have definedn’ =n — 1,

n=L,i1, j1,esim—1, jm—1:n—1°
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m’ = m — 1. Since we have chosen i, j € Try,, it is straight-
forward to see that k; - €, appears only in C,ﬁ\k. Thus, when
applying % to (46), only terms containing the element
[\Il],‘{\) A2k (see the formula (19)) can survive. For such
a term, the remaining part after eliminating [\IJ],‘(\’n

'+2m’+k
corresponds to a partition of the set {1, 2, ...,2(n" +m’)}\
{k, n' +2m’ + k}, which has the length 2(n’ +m’ — 1). Such

a term appears in the Pf[\Il]n =100 jtosime et i1
welghted by a new signature sgn(g), where the new matrix
[\Il]n -1, /1 et tn—I—1 is obtained from the origi-

nal one [W]A it n—l by removing the kth and

n—L,iy, ji,.
(n'+2m’ +k)th rows and columns, and sgn(7z) corresponds
to the partition of the length-2(n" +m’ — 1) set. Comparing
two special partitions, where one corresponds to the original

matrix, the other one corresponds to the new matrix,

a = {(a1,b1), (@2, b2), ..., (k,n' +2m" 4 k),

- (a(n/+m/)» b(n/+m/))},
= {(a1, b1), (a2, b2), ..., @@/ +m'—1), D +m'—1))}s

(47)

one can find sgn(ry) = (—)”/_1
contributions gives

sgn(mz). Thus, summing all

d
ml’f[‘l’]n Lit, fiseemim 1 jmtn =
_( )n lY}ka[\Il]n I=1i1,j1seesim—1, jm—1:n—1—1" (48)
Applying the above result to (20), we get
"pA
PRl m)
{i.J}
!/
= ()" (T = Ti) | D PR jy(n, L+ 1,m)
{i.J}
Tir T
= (NP L 1m) | (49)
i\
where the definition
T;j = ! (50)
o) = (o),

has been used. The factor % in the result (49) indicates
that the insertion operator trangmutes T;; in the Parke-Taylor
factor to T;; Ty;; thus it inserts the kth external leg between
ith and jth legs in the color-ordering.

3.3 Longitudinal operator

For on-shell amplitudes, the longitudinal operators are
defined via [6]

d
L= ki - kj)———— 51
=2k D3 o) (51)
J#
and
(ki - kj) ? (52)
T e €
For the off-shell case, they should be modified to
0
Li=> (ki kj+ Aij)— (53)
k- €)
J#i
and
—(ki - kj+ Ajj) ——— 9 (54)
i = Vo€

The reason for the above modifications will be seen in the
next section. We now discuss the effects of acting them on
the reduced Pfaffian Pf'/[W]2

a,b:a’
We first consider the operator £;;. It turns (¢; - €;) to
(ki - kj + A;j), and annihilates all other (¢; - V), (¢; - V).

Using the observation that €; and €; appear once and only
once, respectively, one can conclude that £;; transmutes the
reduced Pfaffian of the matrix [\IJ] biq A8 follows:

A A
Copf A(a+b)><(a+b) |Clasbixa
ij —(C ) BA

ax(a+b) | axa

A
/ A([c\z+b)x(a+b) C(Ic\1+b)><(a—2) 0
=PI | —(C )(a —2)x(a+b) | Bla=2)x@=2| O
0 0 —AS

(55)
Then we consider the operator £;. It is straightforward to
see
a ..
Al [ (56)
akj - €)

thus the operator £; transmutes every (k; - €; +nj;) to (k; -
ki + A;j). Under such a replacement, the diagonal elements
of the matrix C* are transmuted to

n
Ch—>—= > (u-ki+A)T, (57)
=1, 1i

vanishing due to the scattering equations

n
0=& = Y @k kj+2A;)1,

j=1j#i
(yo)i
== Y (ki -k;+24i)Ti;. (58)
i o~
J=Lj#

@ Springer
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Thus, the operator £; has the following effect:

A c?
+b) x (a-+b +b
C; Pf’ ( (a ){f (a+b) | (atb)xa )

A
)ax(a+b)| Ba><a
A A A
A(jz\t+1§)><(u+b) C([é\l+b)><(a*2) A(a+b)><2
7

= Pf —(C )A(a—2)><(a+b) B(G—Z)X(a—Z) 0

A2><(a+b) 0 0
(59)

The results (55) and (59) are crucial for generating the ingre-
dient (Pf’A)2.

4 Effects of combinatory operators

The combinatory operators are constructed by three types of
basic operators. In this section, by using the results obtained
in the previous section, we will consider three kinds of combi-
natory operators, especially their action on the reduced Pfaf-
fian Pf’W4, which is the fundamental building block for the
GR integrand.

4.1 Operator 7 [«]

The general trace operator 7 [«] for an ordered length-m set

o = {ay, a2, ..., Q) is defined as’ [6]
m—1
Tla]l = Tlay, am] - 1—[ Ia,-,lot,-ozm- (60)

i=2

As discussed before, when acting on Pf’ WA the opera-
tor 7 [ay, oy, ] creates the Parke—Taylor factor Ty, g, Tu,,o) -
On the other hand, the insertion operator Zy, 4;q,, trans-
mutes Ty, o, 10 To; jo; Twjar,- Thus, we can expect that
the operator 7 [«] will create the Parke-Taylor factor
T Ty Tamar » Which indicates the color-ordering
(a1, 00, ..., 0).

To verify this expectation, let us compute the result of
applying the operator 7 [a] to Pf’W™ . At the first step, per-
forming 7 [ay, oy, ] gives

Tlar, an] PEWD =T, 4 PEWIA

n—2,01,0,:n—2

= TO{|O(,11 Tan1aIPf[\IJ]}11\—25n—2’ (61)

where the result (41) has been used. Then one can act Zy ¢, ,,
on the resulting object, and use (49) to get

Toyanan T Loy, am] Pyt

T T
wPf[‘I’]ﬁ—3:n—3

o0y

_ n—2
- (_) Talam Tamal

7 We adopt the convention in [6] that the product of two operators
O1-O7 acts on an amplitude as (O1-O2) A = 0201 A, i.e., the operator
O is performed at first, and O, secondly.

@ Springer

= (_)n_2 TD‘] (%) Ta2am TOlth] Pf[w]lfl\—3ln—3 N (62)
A similar manipulation gives

Za2a3otmIa1a2am Tloy, o] Pf'wh
— (_)n—Z(_)n—3 Tal“Z TC{ZO(m Tamal Ta2a3 T‘x3am

Tora
xPEWIN 4,y
— (_)(n—2)+(n—3) T

oo Ta2a3 Toz3am Tamal

xPEW]S (63)

and the recursive pattern can be observed. Repeating the
above procedure, one will arrive at

2n—m—1)(m=2)
— 2

T[] PEUA = (—)
X Toyar Tonas ** * Ty Tamalpf[‘p]A

n—m:mn—m
Qn—m—1)(m—2) /
=(=)" 2 “Cﬁz Pﬁj}(n,m,l).
{i.J}
(64)
Especially, when m = n, we have
(=D (n=2)
Tlar, a2, ..., 0| PEWH = () 2
(n—1)(n—2) A
Totlccz Ta2a3 e Toz,l,lot,, TO[,,O{] = (_) 2 Cn . (65)
The procedure of generating the color-ordering (¢, . . .

s )
can be understood as follows. At the first step, two reference
points 1 and o, are created by the operator 7 [«1, &y, ]. Then
the other legs in the set « are inserted between o1 and «,,, via
the insertion operators. This interpretation allows the trace
operator 7 [«] to have a variety of equivalent expressions,
since different legs can be inserted by a variety of equiva-
lent ways. As an example, let us consider the color-ordering
(1,2,3,4,5). To generate it, the first step can be creating two
reference points 1 and 5 via the trace operator 7 [1, 5]. Then
one can insert the other legs between 1 and 5 in the following
order:

e inserts 2 between 1 and 5,
e inserts 3 between 2 and 5,
e inserts 4 between 3 and 5.

This order yields the operator
T(1,2,3,4,51 =T[1,5] - T12s - I35 - T34, (66)
coinciding with the initial definition (60). However, one can

also choose other equivalent orders, for instance:

e inserts 3 between 1 and 5,
e inserts 2 between 1 and 3,
e inserts 4 between 3 and 5,
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and arrive at the operator
T'(1,2,3,4,5] = T[1,5] - Ty35 - T123 - Tass. (67)

When applying to Pf’'WA | the two operators 71, 2,3, 4, 5]
and 7'[1, 2, 3, 4, 5] are equivalent, as can be verified by the
techniques from (61) to (64).

Furthermore, based on the cyclic symmetry of the color-
ordering, one can choose two arbitrary points «, and «;, as
reference points, then insert &y 41, . . . , ®p—1 between o, and
op, and insert op41, . . ., ®q—1 between oy, and ¢, . For exam-
ple, one can also choose the trace operator to be

Tla] = Tlaz, otp—1] 'Ioszlamaz : Iocmal(xz

m—2
: (H I) : (68)
=3

The previous result in the current subsection can be gen-
eralized to multi-trace cases 7 [« ]- 7 [a2] - - -, with the con-
straint [e;] N [a;] = ¥ for arbitrary i and j. Let us consider,
for example,

m—1
Tlo] T[IBJ = (T[al, Q] - l_[ Iaila,-a,,,)
i=2

-1
: (7[,31, Bil- HIﬁilﬁiﬁ,)
i=2
m—1
=Tlay, apm] - T[,B], Bil- (1_[ Ia,-m,-oc,,,)
i=2

-1
’ <l_[ Iﬂi—lﬂiﬂl) : (69)
i=2

From the first line to the second line, the commutativity of
the operators has been used. First, we apply the operators
Tlai, an]and T[B1, Bi] to Pf'WA . Using (43), we obtain
TB1. BT (a1, o] PE U
= (_Tﬁlﬁz Tﬂ/ﬂl) (_Talam Tamal)
/
x Y Pp;(n.4.2), (70)
{i,j}
where
/
> Piijyn4.2)
{i,j}

-1
=Pl (n,4,2) = —PEWIA 4 5 ooy
{i.j} Tp,p n—4,61.p:n

_ ! Pr[w]A (71)

T n—4,a1,0,:n—4"
A1

Secondly, we use (49) to get

7

A —20m—10m *

X (_Tmam Tamm) Z/Pﬁj}(n, 4, 2)
{i.j}

! ’Iazvtsolmzmazam

_ n—4+1
- (_) Z-Olm—ZO‘m—IOlm T z-0‘20130‘/11

/
X (Ta1a2 T, a,, Totmoq) Z P{[[\’/}(ns 5,2)
{i,j}
@n=5-m)(m=2) /
=) 2 ey Pl ym24m2).  (72)
{i,j}
Thirdly, we use (49) again to obtain
L s0yr0r " Lpops i Lpi oy
/
x (_TﬁlﬁlTﬁzﬁl) Z ,P{/l\lj}(n’ 2+m,2)
{i,J}
Q2n—2m—I-1)(I-2) /
=) 2 TRy PR l+m ). (73)
{i,j}
Combining (70), (72) and (73) together, we get

Tlo]- T[] PE WA = (_)WHCA%\

/
XZ Pyl +m.2). (74)
i j}

o

The most general formula is given by
Tlen]- Tlaal - - - Tlax] PE WA
Qn=2k=)" |ej |[+1) (X |erj [—2k)
=) : *(TTea)

<Y PR 0D il ), (75)
i)

where |o;| denotes the length of the set «;. It can be obtained
recursively, by applying an extremely similar technique.

4.2 Operators 7 [a, b] - £ and T [a, b] - L

The operator L is defined through the longitudinal operators
as [0]

£5H£i=Z+"',WichE Z 1_[ ‘Cikjk' (76)

i PEPAIL i, jk€P

Here the set of pairs {(i1, j1), (i2, j2), ..., (im, jm)} 1S @
partition of I with conditions i1 < iy < --- < i, and
iy < Jji, Vt. At the algebraic level, two operators £ and L
are not equivalent to each other. However, for on-shell inte-
grands, if we apply the combinatory operators 7 [a, b] - £
and 7 [a, b] - L to Pf'WA with even number of external legs,
and let subscripts of £; and £;; run through all nodes in
{1,2,...,n}\{a, b}, the two operators have the same effect
[6-8], with

Tla,b] - LPE'WD = Tla,b]- LPEUA = PFAMZ, (77)

@ Springer
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up to an overall sign. We now show that Eq. (77) also holds
for off-shell integrands.

We first consider the effect of the manipulation 7 [a, b] -
LPE'WA . Acting 7[a, b] on PE'U2 gives (41), which is the
reduced Pfaffian of the matrix (39). Using the previous result
(59), it is straightforward to see that £ transmutes the matrix
(39) to

AN 0 0
vr= 0 [-Al .. O | (78)
0 0 X2,
The Pfaffian of the matrix
A
<—A(n—2)><(n—2)| 9\ ) (79)
0 |X2><2

is just —Pf'(—A%) = (=) 7Pf’ A, thus
Tla, b]- LPFWA = PO = (—)5 (PFA%)”. (80)

Then we consider the effect of acting £ on 7 [a, b] Pf' WA,
Using (59) we know the operator £ transmutes the matrix
(39) to

A A
A ann Anx(an) 0
"
v = A(n—2)><n 0 1(3 ’ 81)
0 0 X5\

thus the reduced Pfaffian Pf' W is turned to

Pf'w’ = Pf'AN PE[X]), (82)
where
A A
XA = fnxn |Anx(n—2) ) (83)
A(n72)><n| 0

For simplicity, we choose the ath and bth rows and columns
to be removed when evaluating the reduced Pfaffian of A™.
Then we need to compute

(AA )ab |(AA )ab
Pf( nxn’ab nxn’ab . (84)
(An)ap |0

Using the definition of Pfaffian (18), one can find that the
non-vanishing contributions for (84) come from rows i €
{1,...,n—2}and columns j € {n — 1, ...,2n — 4}, which
give rise to the determinant of the matrix (AA)%. Thus the
reduced Pfaffian of A2 can be obtained:

(1=2)(n=3)

PfAN = (=) 2
= ()2

T pdet(A%)?
1 2
— (PF'A%)”, (85)
T, Pra’)
(1=2)(n-3) n=2
where we have used (—) 2 = (=) 7, due to the fact

that n is even. Putting it back to (82), we obtain

Tla, b]- LPEWA = PP = (0)% (PP AN . (86)

@ Springer

The above calculations show that
Tla,b]- LPE'WA = Tla,b] - LPF WA
= (—)} (PrA%)”. (87)

It is worth to notice that this result is independent of the
choice of @ and b.

Although Eq. (77) for on-shell amplitudes also holds for
off-shell ones, we must emphasize that the definitions of the
operators £ and £ are different for the on-shell and off-shell
cases, since for the off-shell case, corrections A;; are intro-
duced when defining longitudinal operators £; and £;;. We
have shown that, with the redefined £; and £;;, one can
transmute Pf'WA to (Pf’A%)2, which serves as a building
block for the BI, DBI, exDBI, NLSM and SG integrands,
and therefore lead to a meaningful interpretation. If we insist
on the original definition, the resulting final object cannot be
interpreted physically.

4.3 Operators Tx,, and Ty,

In this subsection, we consider the combinatory operators
Tx,,, and Ty, , which generate Pf[X ]é\m and Pf[X ]é\m from
Pf' WA respectively.

For a given length-2m set I, the operator T, is defined
as

T, = . [ Tlix k). (88)
PEPAIr i, jkEP

The notation Y i [ [;, ;<) 18 explained after (76). Using
the result in (43) and the definition of Pfaffian (18), one can
find that the operator Ty,, transmutes U to a new matrix

A AVIE\X" Cr/l\x (n—2m) 0

STES ANT A

v - _(C )(11—2m)><n B(n—2m)><(n2—m) AO ’

0 0 X2m x2m

(89)

so that

TXZm Pf/\IJA = Pf/{i;*A = Pf/["Ij]r[l\—Zm,2m:n—2mPf[X]é\m7
(90)

therefore providing the building block Pf[ X ]é\m.
The operator Ty, is defined in a similar form:

Tvy, =y [ 8" Tlix, jtl, o1
PEDAIT ik, jkEP

where 8%i-Tic forbids the interaction between particles with
different flavors. These 8%l turn the matrix [X ]é\m to
[X15,. Thus, we have

T, PEWA = PEW]2

n—2m,2m:n—2m

Pf[X]5,, (92)

which gives the building block Pf[X]5}, .
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5 Relations among amplitudes

With the preparations in the previous sections, we are ready
to exhibit relations among different off-shell amplitudes. We
will re-establish the unified set in [6] for off-shell ampli-
tudes. Then we will claim that the three important rela-
tions among color-ordered on-shell amplitudes, including the
color-ordered reversed relation, the photon decoupling rela-
tion, and the KK relation, can be generalized to the off-shell
case.

5.1 Transmuting amplitudes by differential operators

In this subsection, we will show that the combinatory dif-
ferential operators discussed in Sect. 4 transmute the GR
amplitude to amplitudes of a variety of other theories. It is
quite natural to take the GR amplitude whose external states
carry the highest spins as the starting point, since all operators
decrease the spins of the external legs. The GR integrand in
the single-cover formula is shown in the first line of Table 1.
To obtain the double-cover expression, we can get Iﬁ‘ and

II[€\ from Z; and Zg, via the replacement % — Tjj, then
multiplying both of them by the factor (]_[l'.':l (ny)’) Thus,
we have
RN
AGr = / dub (]‘[ £> Pf'wAPE TN (93)
: Yi
i=1

We will consider the effect of applying differential opera-
tors to the above GR CHY integral. As introduced in Sect. 1,
the key point is that the differential operators are commutable
with the integral over auxiliary coordinates; thus, transmut-
ing an amplitude is equivalent to transmuting the correspond-
ing CHY integrand. Furthermore, since differential operators
do not affect the factor (yy”)" , transmuting Z] or Z} is equiv-

i

alent to transmuting Z;* or Z4 . In summary, we have

n

2
OA = (9/ du? (1—[ (yf)i) A7

i=1 !

. 2
_ / du (1‘[ ﬂ) (OTATD). (94)

i=1 Vi

In the GR integrand, two parts 7 i‘ and 7 j% depend on two
independent sets of polarization vectors {¢; } and {€; }, respec-
tively. It means that we can define two independent sets of
differential operators, through two sets of polarization vec-
tors. The operators defined via {¢; } only act on Z2, while the
operators defined via {€;} only act on Z 1‘-}. This property pro-
tects the manifest double copy structure of CHY integrands.
Without loss of generality, we can restrict our consideration
to the effect of operators on the Ii\ part, by defining them
via {€;}.

Performing operators on the 7 i\ part and using (43), (65),
(75), (87), (90), and (92), after comparing with the middle
column of Table 1, we get the following relations:

Agym = T[Tr1] - - T[Trm] Acr.,
Aym = Tliy -+ in] Acr,
Agm = Tx,,, AcRr,

Aemt = Tx,,, Acrs

Apr = Tla, b] - L Acr, (95)
up to an overall sign.

Similarly, applying operators to the pure YM integrand,
we obtain the relations

Ayms = T[Tri]- - T[Trm] Aym,
Asyms = T, AyMms

Apas = Tli1 -+ in] Aym,
Ancsm = Tla, b] - £ Aym,

Ayt = Tx, Avm, (96)
up to an overall sign. Notice that the amplitude of ¢* theory
is generated via the particular entity 7y, with 2m = n.

Applying operators to the BI integrand, we get the rela-
tions
Aexppr = 7 [Try] - - T[Trp] Asr,

Apsi = Tx,,, Asls
Ancsm = Tliy -+ - in] Al

Asc = Tla, b]- L Ay, o7

up to an overall sign.

The relations presented in (95), (96) and (97) can be orga-
nized as

Aother = O - OF ASF, (98)

where O¢ and OF denote operators which are defined through
{e;} and {€;}, respectively. The corresponding operators O¢
and OF for different theories are listed in Table 2.

In this table, I denotes the identical operator. As pointed
out before, because of the manifest double copy structure of
the CHY integrands, O¢ and O act on two pieces indepen-
dently at the integrand-level.

From the relations mentioned in Table 2, various other
relations can be extracted. For example, substituting

€€ = TCTr ] T[Tr, ] ASS (99)
into
ms = (TCITri]- - T Try])
T, ... inlAGg. (100)
we get
Ams = T<lirs - .

LinlASE (101)
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Table 2 Unifying relations

Amplitude (o8 o

ASS T[Tr ] T¢[Trp] 1

Alm TClit, s in] I

Anm Tom I

AIEI\?/II' T I

Ag; L - T¢[ab] 1

A%(MS Te[ir, ..., 1] TE[Tr1]- - T¢[Trm]
Alyms T¢liy, ..., in] ’T;M

Apas Tlit, ... in] Telif, ..oy if)
ANLSM Tlit, ..., inl g?yfb,

Ags Tlir, ... in] T

A per L -T[ab] TE[Try] -+ T¢[Trp]
Al L€ - T¢[ab) T,

AsG L€ - T¢[ab] 25 Ta' V]

Differential operators connect not only amplitudes of dif-
ferent theories, but also amplitudes of the same theory. For
example, using Eq. (49) one can get

E,Z -h .h .& .8 .8 .8 .8

SNAVLC L e 11 S - S SR -

_ € € €,€ .h -h 4 -8

—/Tilizjzlz}liljzAEYM({llv---’lm}HJ]v---an)-
(102)

The notation ({i{', R i,hn}||j1g, ..., j%) means there is no
color-ordering among elements in the set {i{’, e, ir’jl }, while
the elements ( jlg, ..., j¥) are color-ordered. The insertion
operators turn gravitons i {' and ig to gluons, and insert them

between gluons j and j5 in the color-ordering (j¥, ..., j).
H H € €

Consequently, the insertion ogerators ’Z;l ir o le i trans-

mute the EYM amplitude Agyy, (i, ... i }1iE, . ... i)

to the EYM amplitude
g
L) Jn )

€€ (i:h hyy:8 8 -8 8
eym U3 i Uy i 85 gy

5.2 Three generalized relations for color-ordered
amplitudes

In this subsection, we demonstrate that the three generalized
relations for on-shell color-ordered amplitudes also hold for
off-shell amplitudes. From Table 2, one can see that each
color-ordered amplitude can be generated by applying the
general trace operator 7 [«], formally expressed as

Ay, ..oy in) = Tlit, .., ig] A (103)

Thus, we will derive three relations by using the algebraic
property of the general trace operator.

The first relation is the generalized color-ordered reversed
relation for off-shell color-ordered amplitudes:

A,2,...,n) = () "An,n—1,...,1). (104)
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The color-ordering (1,2, ...,n;...) can be created by the
general trace operator

T11,2,....,0]=T[1,n]- L2y - Io3n - - - L(n—2)(n=1)n-
(105)

Using 7[1,n] = T[n, 1] and Z;xj = —Z;, we have
TIL,2,....n] = (=" 2T, 11- Tt - Zun2 -+ Tn(u—1)(n—2)
= () "Tnh,n—-1,...,1], (106)

which immediately gives rise to (104).

The second relation is the generalized photon decoupling
relation. Using the definition of the insertion operators, one
can decompose Z1p, as

Tipn =Tinz +Dops + - + Zin—1yin» (107)
therefore
i +Tops + -+ Zi—tyhn + Zinn = 0. (108)
This algebraic relation indicates that

(109)

> A1 hW{2, ... n}) =0.
L

The shuffling of two ordered sets « LUl 8 is a permutation of
the set « U B8 while preserving the ordering of o and S. For
instance,

Z{l, 2} wi{3,4} ={1,2,3,4} +{1,3,2,4} +{1,3,4, 2}

+{3,1,2,4}+{3,1,4,2} + {3,4, 1, 2}. (110)

The third relation is the generalized Kleiss—Kuijf (KK)
relation

Al a.n, B) =Y (PLA1 a7 ), (111)
L

where o and B are two ordered sets, and 87 is obtained from
B by reversing the ordering of elements. To derive it, let us

reformulate the trace operator 7 [ay, ..., a,] as
n—1
Tlai,....ay]l = Tlay, anl - HIa,-_la,-a,,
i=2

k
= Tlai, an] - < Iai—laian)
i=1
n—1

(_)”_k_l 1_[ Za,,ajaj_l

j=k+1

(112)

The operator 7lay, ay] - (Hf:ll—ai—laian) generates the
color-ordering (ay, az, ..., ak, a,), which is equivalent to
(an,ay, ..., ax), due to the cyclic symmetry. The operator
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—k—1 n—1 . .
((—)” [Tk Ia,,ajaj,l) can be interpreted as insert-
ing {a,—1, an—2, ..., ax4+1} between a, and a;. More explic-
itly, using the definition of the insertion operator we know
that

Likj = ity + Ly - (113)

Repeating this decomposition, we find that the operator
Taparsra; gives rise to

> Alapfar, ... a1} Was1, ap). (114)
L

Applying a similar procedure recursively, it is easy to see that
the operator ((—)”_k_1 H?;;H Zanaja;_, ) leads to

D Alan{ar, a1y u{an1, . ag b @), (115)
L

Using the above conclusion, and setting a, = 1, ax = n,
{ar, ..., ax—1} = o, {ak+1, ..., an—1} = B, the KK relation
(111) can be observed to hold directly.

6 Discussion

By modifying the definition of the longitudinal operators, we
have generalized various relations for on-shell amplitudes to
off-shell ones. The CHY formalism serves as a powerful tool
for this work. As explained in Sect. 1, our result also provides
a verification for the double-cover construction.

At the end of the paper, we want to point out three issues.

First, the expansions of on-shell amplitudes, which can be
derived via relations in Table 2, cannot be generalized to the
off-shell case, since in the derivation proposed in [9-11], the
gauge invariance is a necessary tool. As mentioned in Sect. 2,
for the off-shell case, the gauge invariance is lost. For some
special cases, for example the GR amplitude including two
massive external legs with the same mass (a special case
of the off-shell external massless states), one can avoid the
appearing of corrections A;; and »;; by choosing the removed
rows and columns in the reduced matrix to be two massive
ones, and obtain a reduced matrix that is totally the same as
that for the massless on-shell amplitude. Then one can claim
that the expansion of the on-shell massless GR amplitude to
BAS amplitudes also holds for this massive (or off-shell) GR
amplitude, since from the CHY point of view, this expansion
is just expanding Pf’W* to Parke—Taylor factors C;,\ (o). But
this manipulation cannot be generalized to general off-shell
amplitudes.

Secondly, the differential operators discussed in this paper
will not affect any kl2 This fact has a physical meaning when
treating amplitudes with massive external states as off-shell
CHY integrals. Thus, for the massive amplitudes of differ-
ent theories related by differential operators, the mass for a

particular external state is unique, due to the invariance of
kl-z. For example, suppose the leg 1 is a vector particle in the
amplitude A;, and is a scalar particle in the amplitude Aj;.
If A; and A are related by a differential operator, then the
vector particle and the scalar particle denoted by 1 have the
same mass.

Thirdly, in the literature [6], the gauge invariance is one of
the conditions for constructing differential operators. In the
off-shell case, the gauge invariance is lost. However, differ-
ential operators transmute off-shell amplitudes in the same
manner as transmuting on-shell ones. It implies that maybe
it is not suitable to regard the gauge invariance as the funda-
mental principle for constructing differential operators. The
underlying principle which determines differential operators
discussed in this paper is an interesting question.
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