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Abstract A connection between the deformed Duffin—
Kemmer—Petiau (DKP) algebra and an extended system of
the parafermion trilinear commutation relations for the cre-
ation and annihilation operators aki and for an additional
operator ag obeying para-Fermi statistics of order 2 based on
the Lie algebraso(2M +2) is established. An appropriate sys-
tem of the parafermion coherent states as functions of para-
Grassmann numbers is introduced. The representation for the
operator agp in terms of generators of the orthogonal group
SO (2M) correctly reproducing action of this operator on the
state vectors of Fock space is obtained. A connection of the
Geyer operator a(z) with the operator of so-called G-parity and
with the C PT - operator 75 of the DKP-theory is established.
In a para-Grassmann algebra a noncommutative, associative
star product * (the Moyal product) as a direct generalization
of the star product in the algebra of Grassmann numbers is
introduced. Two independent approaches to the calculation
of the Moyal product * are considered. It is shown that in
calculating the matrix elements in the basis of parafermion
coherent states of various operator expressions it should be
taken into account constantly that we work in the so-called
Ohnuki and Kamefuchi’s generalized state-vector space i ¢,
whose state vectors include para-Grassmann numbers & in
their definition, instead of the standard state-vector space 44
(the Fock space).

1 Introduction

The principal purpose of the present paper is to study a con-
nection between para-Fermi quantization based on the Lie
algebra of the orthogonal group SO(2M + 2), the Duffin—
Kemmer—Petiau algebra with a deformation, and a para-
Grassmann algebra. Note that an analysis of this connection
is of particular mathematical interest without an application
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to a specific physical problem, since the connection repre-
sents nontrivial synthesis of various subjects such as algebra,
the theory of classical Lie groups and theoretical aspects of
Green’s parafields quantization.

There is a large number of papers devoted to various
aspects of the DKP-formalism. Below we will mention just
a few of them, which are concerned to the object of the given
research.

The DKP-formalism describes spin-0 and spin-1 par-
ticles. The equation of motion represents the first order
matrix-differential equation looking very similar to the Dirac
equation. Analogue of Dirac’s y-matrices are so-called 8-
matrices obeying a more complicated trilinear relation [1—
4]. Mathematical aspects of the DKP-algebra were studied
in greater detail in the fundamental works by Kemmer [5],
Harish-Chandra [6], Fujiwara [ 7], Tokuoka and Tanaka [8,9],
Chernikov [10], Fischbach et al. [11, 12], Filippov et al. [13],
Isaev [14] etc. In particular, it was shown that the classifica-
tion of representations of the DKP-algebra can be reduced
to the classification of irreducible representations of the Lie
algebra s0(2M + 1) of the orthogonal group SO(2M + 1).
This DKP-algebra for physically more important case M = 2
has 126 independent elements and admits the irreducible
matrix representations of dimensions of 1 (trivial case), 5
and 10. Umezawa [15] has constructed the expressions for
the projection operators on the sectors with spins 0 and 1.
Finally, it was shown that the DKP-algebra admits super-
symmetric generalization [16].

Further, the Duffin—~Kemmer—Petiau algebra is closely
related to an entirely different branch of theoretical physics,
namely, the theory of parastatistics, more exactly, to the para-
Fermi statistics of order p = 2. This nontrivial fact was noted
for the first time in the papers by Volkov [17], Chernikov [10]
and independently by Ryan and Sudarshan [18]. This con-
nection provided an opportunity to present the DKP-algebra
within the framework of an operator formalism (see Sect. 4)
in the form of parafermion algebra of order p = 2 and to
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realize a spin space of vector particle as a Fock space for a
system of para-Fermi operators [19].

However, a preliminary analysis [20] has shown that the
use of parafermion algebra in the standard form is insufficient
for solving some applied problems, for example in the con-
struction of the path integral representation in parasuperspace
for the Green’s function of a spin-1 massive particle in exter-
nal Maxwell’s field, and here, a generalization of this algebra
would be required. As is well known, trilinear commutation
relations for the para-Fermi statistics generate algebra which
isisomorphic to the Lie algebraso(2M +1) [21]. Geyer in the
paper [22] has suggested to extend this isomorphism to the
Lie algebra so(2M 4 2). The extension is of great value for
us, since in the corresponding algebra of para-Fermi opera-
tors an additional operator ag arises. This operator in the case
of parastatistics of order 2 can be related to within a sign to
the Schrodinger “pseudomatrix” w [23] playing a key role in
constructing the divisor for the first order DKP-operator of
a vector particle in an external gauge field [24]. This divisor
allowed us in particular, to write an operator expression for
the inverse propagator of a vector particle in the form of the
Fock-Schwinger proper parasupertime representation. The
Fock-Schwinger representation can be adopted as an initial
expression for constructing the path-integral representation
of the inverse propagator of the massive vector particle with
the use of corresponding system of the para-Fermi coherent
states.

In the construction of the necessary para-Fermi states the
papers by Omote and Kamefuchi [25] and Ohnuki and Kame-
fuchi [26] are of particular interest for us. For a generaliza-
tion of the notion of path integral to the case of parafermion
variables in these papers the first step was to suggest an gen-
eralization of the well-known Grassmann algebra to the so-
called para-Grassmann algebra [27]. This generalization is
a direct analogue of generalization of the Fermi operators
to the case of the para-Fermi operators in parastatistics. The
authors have introduced the definition of the para-Grassmann
algebra of arbitrary order p, the notions of integration and dif-
ferentiation in this algebra, change of variables in integrals,
Fourier transformation and so on. They also have defined the
notions of coherent states for the para-Fermi operators and
written out the formula of resolution of the identity (the com-
pleteness relation). Essentially all the mathematical appara-
tus constructed by these authors will be actively used in the
suggested research.

In addition to the known results in the present work we
would like to consider one more aspect of algebra of para-
Grassmann numbers. In a para-Grassmann algebra for the
first time we enter noncommutative and associative star prod-
uct * (the Moyal product), which in fact represents an integral
convolution of a certain type of two para-Grassmann—valued
functions. This is a straightforward generalization of a sim-
ilar product in Grassmann algebra (see, for example, Bayen
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et al. [28], Tyutin [29], Smilga [30], Hirshfeld and Henselder
[31], Daoud [32]). This product in our case arises naturally
in calculating the matrix elements of a product of various
operator expressions in the basis of parafermion coherent
states. Moreover, the star product enables us to have a better
understanding of a connection between the algebra of cre-
ation and annihilation operators aki of para-Fermi particles
and the para-Grassmann algebra equipped with the product
* making them in fact isomorphic as it takes place for the
usual fermionic operators and Grassmann variables [32].

For calculating the star product operation we will use two
different approaches. The first of them has somewhat heuris-
tic character. It consists in separation by hands from various
contributions to the integral only those which give nontrivial
result after an integration. For separating these contributions
we make use of a simple fact that the integral with respect to
para-Grassmann variable u of order p is not vanishing only
when the integrand contains this para-Grassmann variable
exactly to the power of p [26]. Another way was suggested
in the paper by Omote and Kamefuchi [25]. The idea of this
approach consists in reducing the integration over the para-
Grassmann variables to calculating certain operator expres-
sions averaged over the vacuum state. Here, ultimately, the
calculation boils down to shift of the annihilation operators
a; to the right until the vacuum conditions can be employed.
Here, the rearrangement rules are defined by the algebra of
operators aki obeying the para-Fermi statistics of the spe-
cial order p. Two independent approaches to calculating the
product x allows one to verify independently the results of
calculations.

Itis possible to make one more remark concerning algebra
of the para-Grassmann variables. The para-Grassmann alge-
bra of order p = 2 in the spirit of the paper by Omote and
Kamefuchi [25] is still quite visible at concrete calculations.
However we can use another variant of the generalization
of Grassmann variables also widely adopted (see, for exam-
ple, Kwasniewski [33], Baulieu and Floratos [34], Fleury and
Rausch de Traubenberg [35,36], Fillipov et al. [37-40]; Isaev
[14]). These generalized Grassmann variables obey bilinear
g-commutation relations, where ¢ is a primitive nth root of
unity. The bilinear relations are simpler in comparison with
the trilinear commutation relations for para-Grassmann vari-
ables and this significantly simplifies calculations with an
increase of order p. In principle, the use of the general-
ized Grassmann algebra with the corresponding system of
parafermion coherent states, the rules of integration and dif-
ferentiation can be considered as an alternative to approach
which is used in the present paper. It can be very important
upon transition, for example, from the para-Grassmann alge-
bra of order p = 2 to significantly more difficult and more
tangled algebra of order p = 3. The latter is required for the
description of particles with the spin 3/2 as it was shown in
one of our works [41].
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One of the most interesting features of the approach devel-
oped in the present paper is the necessity of introduction
instead of the standard Fock space il an enlarged Fock space
i1 ¢, whose state vectors can also include the para-Grassmann
numbers &. The need for such a generalization was first noted
by Ohnuki and Kamefuchi [26] and it is connected with that
the para-Fermi operators akjE and the para-Grassmann num-
bers & are not (anti)commutative for parastatistics of order
p > 2. As a consequence, the parafermion coherent state (in
the form which we use throughout this work) could not be
represented in the form of an expansion in states with a cer-
tain number of para-Fermi particles. We discuss briefly this
fact in Sect. 9. Careful consideration of this circumstance is
required at all stages of calculations, or otherwise this leads
to contradictions of various kinds. The necessity of consider-
ing Ohnuki and Kamefuchi’s generalized state-vector space
inevitably leads us to the need to introduce the quadratic
Casimir operators C, and é’é of the Lie algebras so(2M)
and s0(2M + 1), correspondingly. In our specific case, when
p = 2 these operators are closely related to elements of the
center of the Duffin—Kemmer—Petiau algebra as they were
defined by Harish-Chandra [6]. In our derivation we use the
representation of the quadratic Casimir operators in terms of
the creation and annihilation operators aki of parafermions
from the papers by Omote et al. [42] and by Bracken and
Green [43] (see also Gould and Paldus [44]).

The paper is organized as follows. In Sect. 2, a brief review
of Geyer’s work [22] devoted to deriving the generalization of
canonical commutation relations with respect to the orthogo-
nal group SO (n) in even dimensions, is presented. In Sect. 3,
we give some formulas of the Duffin—Kemmer—Petiau the-
ory: the trilinear relations for the f,,-matrices, the definition
of Schrodinger’s pseudomatrix @ and a cubic root of the unit
matrix in term of the w. In Sect. 4, we provide all neces-
sary formulas of operator formalism: the trilinear relations
to which the second order parafermionic creation and anni-
hilation operators obey, the basis of parafermion coherent
states in the spin-1 space H, the normalization and complete-
ness relations for the coherent states and so on. Section 5
is devoted to the calculation of the matrix element for the
Geyer operator a(z), an analysis of its structure and derivation
of its more compact and visual representation. In this section
we have defined the resolvent operator R of the ag on the
basis of which an integral representation of the operator ag
from the Lie algebra so(2M + 2) is written out. In Sect. 6
we have shown that this integral representation of the oper-
ator ag incorrectly reproduces action of this operator on the
state vectors of the Fock space. In the same section another
representation for the operator ag in terms of the generators
of the group SO(2M) correctly reproducing action on the
state vectors is suggested. A connection of this operator with
the pseudoscalar DKP-operator @ is obtained. Section 7 is
concerned with the calculation of the matrix element for the

operator ag in the basis of parafermion coherent states. At the
end of this section a proof of the operator relation a(3) = ao
in terms of the matrix elements is given. In Sect. 8 a connec-
tion between the Harish-Chandra operator &> and the Geyer
operator ag is analyzed. As a secondary result the connection
between the pseudoscalar DKP-operator @ and the so-called
C PT-operator 75 in the DKP theory is obtained.

Section 9 is devoted to establishing a connection between
the Geyer operator a(z) and operator of so-called G-parity
(the operator of parafermion parity (—1)", where n is the
parafermion number operator). In the same section, a brief
analysis of a connection between two approaches in con-
structing the Lie algebra of the group SO (2M + 2), namely,
an approach of Geyer [22] and an approach of Fukutome [45],
is performed. At the end of this section a feature of struc-
ture of Omote and Kamefuchi’s definition for the para-Fermi
coherent states is briefly discussed. Section 10 is devoted to
the calculation of the matrix elements of the products Aani
and of the commutators [a , a,jf] and [a(z), a,jf], where A =
aexp(—i Z ag). Two different forms of representation for
the matrix elements of the commutators [a(z) , a,jf] are consid-
ered. In Sect. 11 a similar calculation of the matrix elements
of the product A [ay, a1, is performed. The most compact
representations for these matrix elements are defined. Sec-
tions 12 and 13 are devoted to the establishment of the relation
between the functions Q (€7, &) and Q(&/, €), which are the
matrix elements of the operator a¢ and of the Geyer operator
ag in the basis of parafermion coherent states. In Sect. 14 an
important notion of the star product % within the framework
of the algebra of para-Grassmann numbers is introduced. In
Sect. 15 the triple star product €2 * 2 * € of the function
Q = Q(&’,£) and the star exponential exp*(—i ZT” Q) are
considered. In this section we have concluded ultimately that
it is impossible to present the function Q (&7, £) as the star
product of two functions Q(£', £), i.e. Q #= Q% Q.

In Sect. 16 to overcome a contradiction of the previous
section, an analysis of the connection between the Harish-
Chandra operator ®2 and the Geyer operator a% is performed
again and a more exact relation between these operators (in
comparison with a similar relation obtained in Sect. 8) is
derived. In Sect. 17 the quadratic Casimir operators C> and
6'2/ of the groups SO(2M) and SO (2M + 1) are taken into
consideration that enables one, in particular, to make a form
of the connection between the operators &> and a% more
compact and explicit. The action rules of the Casimir opera-
tors on the state vectors, an explicit form of the matrix ele-
ments of these operators, and their representations through
the operator A= Zizl{a:, a; } are defined. Section 18
is devoted to discussion of the so-called generalized state-
vector space i g as it was defined by Ohnuki and Kame-
fuchi [26], whose state vectors include the para-Grassmann
numbers &. Here we also briefly discuss a possibility of
alternative definition of the parafermionic coherent states,
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which in principle allows to avoid introduction of the gener-
alized state-vector space. In Sect. 19 the representation for
the Harish-Chandra operator ¢? in terms of the operator Ais
written out. In the same section it is proved that by using the
refined connection between the operators &2 and a(z), we cor-
rectly reproduce the star product of three functions €2, namely
Q% Q% Q = Q. In Sect. 20 the expressions for the commu-
tators [A, aki] and [A, lag., aki]], are calculated. It is shown
that the expressions obtained in calculating their matrix ele-
ments in the basis of the parafermion coherent states are
contradictory with one another. It is pointed out that a rea-
son of this contradiction is the use of trilinear commutation
relation including two operators a, and one of the operators
aki in the form as it was defined in the original paper by
Geyer [22]. The most general form of this trilinear relation
including the Casimir operator 6‘2’ is derived. The extended
trilinear relation allows one to obtain finally the consis-
tent expressions for the commutators [A , aki] and

[A, lay, aki]]. In the concluding Sect. 21 the key points of
our work are specified.

In Appendix A all of the necessary formulas of algebra of
the matrices w and B, are listed. Appendix B is devoted to
the formulation of the definition of a para-Grassmann algebra
in a spirit of the paper by Omote and Kamefuchi [25]. The
trilinear relations between the para-Grassmann numbers &
of order 2 and the creation and annihilation para-Fermi oper-
ators a,f of parastatistics of order p = 2 are also written out.
In Appendix C the formulas of differentiation with respect to
the para-Grassmann variables used in the text of our paper are
given. In Appendix D all of the necessary formulas of inte-
gration with respect to a para-Grassmann variable p of order
2 are given. In Appendix E a list of the commutation rela-
tions between the generators Ly;, My; and Ny; of the group
SO (2M) and between these generators and the operators aff
are written out.

In Appendix F we prove the validity of the operator rela-
tion (—1)"ay = ag based on an analysis of its matrix ele-
ment or in other words we show that the matrix element of
the operator ap in a basis of parafermion coherent states is
even function with respect to change of the sign of para-
Grassmann variables &, and &, (or 51’ and éé) entering into
the definition of the coherent states. In Appendix G we give a
proof of turning into identity the commutation relations from
Sect. 2 containing the operator ag, when the latter is written in
terms of the generators Ly, My; and Ny;. In Appendix H the
derivation of the formula (68) given in the paper by Harish-
Chandra [6] is considered again and its corrected expression
is obtained. Finally, Appendix I is devoted to the proof of the
relation [ag, A] = 0. In particular, it is shown that in contrast
to the relation {ayg, f\} = 8ay, this operator relation does not
fall into a sum of two independent relations [ay, f\i] =0,
where [\i = {al.+, a; },i=1,2.

@ Springer

2 Review of the Geyer work [22]

A basis of an operator realization of the Lie algebra of the
orthogonal group SO (2M 4 2) is given by the set of Hermi-
tian operators

I/,w = _IU/L5

where the indices w, v, ... run values 1,2, ...,2M + 2.
These operators satisfy the commutation relations

[I;un IAJ] = 8vkluo + 3;;0111)» - SMAIUU - 51101//.)w
We introduce a new set of operators 8, by setting!
B =—ilomyo.

Here the index p runs values 1, 2, ..., 2M+1. The quantities
B, are Hermitian

Bl = Bu

and obey the commutation relations
[,B;Ls ,Bv] = I;w,

(B Bvl, Brl = Budvr — Bvdun-

The property (2.1) enables us to introduce the Hermitian con-
jugate operators

2.1)

af = Bk — i ak—1,

a = By + By

2.2)

where k = 1,2, ..., M, and in addition to the af, a further
operator is defined as

ap = Bom+1 (= —i bhp+12m+2). (2.3)

The commutation relations between the operators a;t are

laf, [af, af1] =28, aF, (2.4)
laf, [at,af11=0, (2.5)
laf. [af. af1] = 28, a7 —28,,a; (2.6)

and the commutation relations involving the operator ag are:

[ [ag,, ag 11 = 28,40, @.7)
laf. (@, ay1]1=0, 2.8)
lay. [ay. ai 1] = aff, (2.9)
lay. [aF.af11 =0, (2.10)
lay, [af, a1 =0. @.11)

' We have redefined the operators By from [22] for our case as follows:

By — 2B, for p=1,2,...,2M +1.
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Further, the uniqueness conditions of vacuum state |0) in
the parastatistics of order p are [46]:

a; 10y =0, forall k (2.12)
and

ag a0y = pé,,10), forall k, L. (2.13)
The relation

ao|0)=i%P|0) (2.14)

is a consequence of requiring the uniqueness of the vacuum
state. Note that the sign on the right-hand side of (2.14) may
be chosen arbitrarily. Action of the operator ag on an arbitrary
state vector

. _ o+ o+ +
lijk...rs)=a;a’a ..

i a; .ataf)0)

is defined by the following formula:
1
aolijk...rs) =:|:§p|ijk...rs)
:|:<|jk...rsi)~|—|ik...rsj)+

+|ijk...sr)+|ijk~~rs)>.

In particular, this implies in addition to (2.14)

aolr) = i% (p=2)|r),
aolkr) = i% (p = 2)|kr) F |rk),
aol jkr) = i% (p—2)1jkr) F (1jrk) + |krj)),
aolijkr) = i% (p=2D)ijkr)

F (lijrk) + likrj) + | jkri)). (2.15)

In the paper [22] a general relation for arbitrary values p
and M, which connects the operator ap with the operators
Ny, ..., Ny is also given (without a proof), where

1
+ -
Nkzi[ak,ak ].

Let us write out the explicit form of the relations for the first
three values p in the case when M = 2:

p=1: a=2N1 Ny, (2.16)
1
p=2: da} =2 {1 + [2(N1)2—1][2(N2)2—1]}, (2.17)
7 1
p=3: aj — J0="7 NiN2[4(N)? = 1T]
[4(N2)? = 17].

3 Duffin—-Kemmer—Petiau formalism

In the Duffin—-Kemmer—Petiau theory the matrices B, obey
the following trilinear relation:

IBMIBV.BA + ,3)»/31),3# = SMU,BA + Skvﬂu- 3.1

Let us now introduce the matrix o setting by the definition
in the even-dimension D = 2M Euclidean space-time

1

(M)2 € on Pt Bus - - - Buow - 3.2)

This matrix plays an important part in further consideration.
For the case when M = 2 it was introduced into DKP the-
ory for the first time by Schrodinger [23]. Here, we follow
the notation used in the works by Harish-Chandra [6,47,48],
where the properties of the w matrix were studied in detail.
Let us note only that the matrix w is identically zero for the
spin 0, i.e. for the 5-dimensional irreducible representation
of the DKP-algebra in the case of M = 2. Therefore only the
10-row representation need be considered. In Appendix A all
of the necessary formulas of algebra of the matrices w and
B are listed.

In the paper [24] we have introduced a matrix A in the
form of the expansion in powers of w:

A=al +Bw+ywo’, (3.3)
where the coefficients are
i3 3 1
IB — i_ o, '}/ = —— |, (XS = —, (34)
2 2 m

and / is the unit matrix. The matrix A meets the condition

1
A =—1

m
Thus the matrix A/« is a cubic root of the unit matrix. In the
expansion (3.3) the property (A.1) was taken into account.
Here, in addition we would like to give once more representa-
tion of the matrix (3.3), which sometimes is more convenient
in concrete calculations. It is easy to show by using the prop-
erty (A.1) that the following formula:
e — [ +isintw+ (cost — 1) w?
where ¢ is an arbitrary real number, holds. In particular, for

t = 27 we have
el 27w _ (3.5)

We are mainly interested in two important special cases:

1. in the case when t = 27 /3, we have

i3 3 2) A, (3.6)

.2
lTa)z I VS _ -
oe o + ) w 2a)

@ Springer
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2. in the case when t = 4 /3, we have

4 The operator formalism

Let us pass to an operator formulation of the DKP formal-
ism. Instead of the 8, matrices we enter operators f,,. The
operators Bu acts on the space H of the representation of the
algebra

5#3\)3\)\. + ,é)n/év,éu = Suv/ék + 8}\\)3#' 4.1

The matrices f,, are matrix elements of the operators f,, in
the matrix basis {|«); « = 1,2, ..., 10} in H:

Buap = (| Bul B).

For the case when M = 2 within the framework of the oper-
ator formalism, instead of the general formula (3.2), we have
R 1 A A A A
® = 7 €uvio BuPoPrbo. (4.2)
We will need a basis of coherent states in the spin-1 space
‘H. In H, the representation space of the Duffin—~Kemmer—
Petiau operator algebra (4.1), in accordance with (2.2) we
introduce the parafermion creation and annihilation operators

ai =B, FiB,, a4 =B, Fib;s. 43)

These operators by virtue of (4.1) obey the following algebra:

+ F

afafar +atfaFal =268,at +28 aF, (4.4)
Cllzctal:':an:'; + aial:Faki e 281{] a,:,'lzv (45)
afatfar +afataf =0, kil,m=1,2 (4.6)

and the space H can be realized as a finite Fock space for the
para-Fermi operators (ali, a2i).

As coherent states of the para-Fermi operators we take the
coherent states as they were defined by Omote and Kame-
fuchi [25]. For parastatistics p = 2 they have the form (in
the case when M = 2):

1 2
[(€)2) = exp (—52[5, ,a,+]> 10),

=1
_ 1<
(€l = (0]exp (5 Z[s/,a,]) ,
=1

so that

%))

a 1)) =&l &), (EN2lal = ((EN]E,

@ Springer

where & and é,i, k = 1,2, are para-Grassmann numbers
obeying algebra (B.2). In Appendices B, C and D the for-
mulation of the definition of a para-Grassmann algebra, the
formulas for integration and differentiation with respect to a
para-Grassmann variable of order 2 in a spirit of Omote and
Kamefuchi [25] are given. For brevity sometimes we will
write

2

2
Dol af1=16,a), Y . g1=1E¢€]

=1 =1

and, moreover, since we are interested only in the case paras-
tatistics of order 2, then we will omit the symbol 2 in the
notation of the parafermion coherent states, i.e.

1) =18),  (ENal= ("I

The overlap function and completeness relation for the coher-
ent states (4.7) are given by

_ 1 -
(816) = exp{ S 18”61}, (48)

_ 1 r& _ R
f/|s><s|e*5Ef](dé)z(ds» ~1,

where the measures of integration are defined by

(d&)y = d’6d%€), (d€)y = d*E1d%E,.

(4.9)

The transition from the matrix elements in the coherent basis
to the representation in which the DKP matrices 8, have a
specific form is realized as follows:

1 r57 &/ _
(@] ...|B) =//e‘i[S & ](ds’)z(dé’)z

1 r& _
xe 2188 (g, (dE)y (o) £)
x (E']...|E)(E|B).

The calculation of the explicit form of the transition func-
tions (| &) and (£ | B) represents the nontrivial mathemati-
cal problem. This will be discussed elsewhere. Here we only
point out that for this purpose the system of 20 algebraic equa-
tions should be written out and solved (for the case of spin
1/2 the number of such equations equals 8, see e.g. [49]). The
coefficients of this system represent para-Grassmann num-
bers of order 2.

(4.10)

5 Matrix element of the operator ag

Our immediate task is the analysis of a connection between
operators @ and ag, as they are defined by the equations
(4.2) and (2.3), correspondingly. However as the first step
we determine the matrix element for the operator ag in the
basis of parafermion coherent states (4.7). The explicit form
of this operator is given by Eq.(2.17). If one introduces the
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para-Fermi number operator of the k state (for parastatistics
p=2)

1
ni :z[a,j,ak—Hl:NkH, (5.1

then the expression (2.17) can be presented in the following

equivalent form:

af =1—{n — D>+ (n2 - ?}
+2(n1 — 1)%(na — 12 (5.2)

Let us determine action of the operator a% on the coherent
state | £). For this purpose, we find a rule of action of the
para-Fermi number operator ny on | §):

nl &) = me—3 iléa )
[, o3 Lilé a1

x |0) +e—% 2l ’al-‘r]nk|0).

Here, the last term vanishes by virtue of the definition of
vacuum state. The commutator in the first term is easily cal-
culated by using the operator identity

X —-X 1

1
+§[X, (X, [X, Y]]+ --- (5.3)

and commutation relations (B.3) and (B.4). This commutator
equals % [a,j', &, 1 and thus we have

1
ngl &) = (5 laf, & 1)|§>. (5.4)

Recall that there is no summation over repeated Latin indices.
Similar calculation for n,% gives

1 1 2
n%|§>={§[a,f,§k]+(§ laf, & ]) }IE)- (5.5)

In view of the definition (5.2), it follows from (5.4) and (5.5)
that
2

1 z
ag| §) = {1 ‘ZKE lag & ]) -5 lal .5 ]+1]

k=1
2r/1 2
+2/£[1[(§ la . &, 1) -5 gl & 1+ 1“|s>,

and thus the required matrix element has the form

_ 2 /1 - 2
<s’|a§|s>={1—2[<5 [sk’,sk]> —E[Sk’,sklﬂ}
k=1
2r/1 - 2
w2 | (3 8 81) -5 s+ ]}
k=1
x (E']€). (5.6)

We analyze the structure of this expression in more detail.
For the sake of convenience of further reasoning we introduce
the notations:

1, 1,
X = E ["31:51]’ y = 5 [%-2352]' (57)

These variables by the algebra of para-Grassmann numbers
(B.2) satisfy the following relations:

x3 =0, y3 =0, xy=yx. (5.8)

In terms of x and y, the matrix element (5.6) is written out
in the form of a polynomial in x and y:

(E'lag1§)
=[1— G+ +E"+y)+2xy -2y +xy%)
+2:2 2 J(516). (5.9)
Here, we state the problem of representation of the expres-

sion in the square brackets in the form of the exponential of

some function ¢, which we present as

U=Ux,y) =alx+y)+ B0+ +yxy
+8(y 4+ y70) + px?y?, (5.10)

where «, B, y ... are unknown coefficients. By virtue of
algebra (5.8) we have

1 1 1
u _ 942 243 944
=1+t + U+ U+ Jut, (.11

i.e. the power series exactly terminates with the fourth-
order term. Let us substitute (5.10) into the right-hand side
of (5.11), raise to the corresponding power with allowance
for (5.8) and collect similar terms. Equating such obtained
expression to the expression in the square brackets in (5.9),
we get an algebraic system for the unknown coefficients:

1, 2
oa=—1, ,3—}—505 =1, y+a° =2,
1
8+a(ﬂ+y)+§oc3=—2,
1 2 2 2 b,
p+2(2ﬂ +y 4+4ad)+a (,3+y)+4a =2.

An unique solution of this system has the form

and thus

1 1
— ) 5 G YD) oy — Sty

u

T Y R S
=—x+y 2 x+y B x4y
If we remember the expression for the overlap function

Ele) =2 ZIE G Zex +Y, (5.12)
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then matrix element (5.9) goes into

1 2 _ 1 4
£ .2 Uz 5 (x + G
(E'1a1§) = et (E/1g) =e2 TV (AW
In spite of a more compact form in comparison with the initial
expression (5.6), this formula is not convenient in concrete
calculations by virtue of nonlinear character in x and y of the
argument in the exponential. The form of the matrix element

(&'] a§| &) can be further simplified if we note that

Y- H e+ !

1 1
=1+ 5 @+ + 5+ y)* = cosh +y),

then finally we find

(&'lag &) —cosh( Z[&@)

We return to the operator a% and analyze some of its prop-
erties. By analogy with (5.7) we introduce the notations

. 1 —1
xzz[a;r’a]]a y=§

(5.13)

la), a5 1. (5.14)

Instead of algebra (5.8), now we have the operator algebra

B=% PP=39, 2y=9i (5.15)

In terms of (5.14) the operator aé takes the form

af =1— (&% +3%) + 28737

Note that this operator is self-adjoint. Taking into account
(5.15), it is not difficult to see that

(@p)® = ag (=P,

i.e. the operator has the property of a projector. Another pro-

jector orthogonal to Py has the obvious form

Pr=1-d. (5.16)

It is worth pointing out that there exist one more structure
orthogonal to P;, namely,

43— @+ 397,
which, however, doesn’t possess the property of a projector.
Now we consider the problem of defining an explicit form

of the resolvent of the operator a(z), i.e. of the operator (a% —
A)~!. For this purpose, we analyze the following equation:

@-nU+w =1, (5.17)

where v is unknown constant, and operator U is defined by
expression (5.10) with the replacements x — X, y — J.
Equation (5.17) with algebra (5.15) results in a simple system
of algebraic equations for the unknown coefficients in (5.10)
a+8(1-21)=0, p+28+2u—rp=0,

@ Springer

whose solution is

_ 1 2
F=1"0 P=7na=n "~ ra=n"

a=8§=y =0.

Hence, the resolvent of the operator a% has the form

1
Ry, = 1_)\{l——(l—ao)}
The resolvent is defined for all values of the parameter
A with the exception of two points: 0 and 1, i.e. the spec-
trum is o (ao) {0, 1}. In particular, it immediately follows
that the operator a% is irreversible. Further, we can define an
arbitrary analytic function of a(% using for this purpose the
representation [50]
() Ry (ag) d,

2
ay) =
v(ap) 27i Jr,
“0

where the contour I, 2 surrounds the spectrum o (a ). We are
interested in the specml case of choosing the function ¢

o) = Vi,
then
1 Vi
=g § 7oz |I-z 0B w
a0

i.e. formally we have the expression for the operator ag,
which enters into the commutation relations (2.7)—(2.11) and
in the condition (2.14) on the vacuum state vector | 0). By the
spectral mapping theorem [50] the spectrum of this operator
is o (a) = [0 (ag)]'* = {0, £1}.

Let us rewrite expression (5.18) in a somewhat different
form

1 dx ;
a=5—¢ —F=
27i Jr , V/a
aH
1 d 1 VA d
+{__.?§ o —}ag. (5.19)
27i FZ\/_ 2ri 1‘*2)\.—1
a9 a

In the next section we examine the question of action of the
operator ag on state vectors of the system under considera-
tion. Here, we consider only action on the ground state. It
follows from the expression (5.2) that

ag|0) = 10), (5.20)
and the condition (2.14) for p = 2 yields
ap|0) = £]0). (5.21)
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On the other hand from the representation (5.19) by virtue of
(5.20) it follows that

1 AdA
aol0) = == Ll [0).
2mi 1-2)‘_1
0

Hence, uncertainty in the sign in the condition (5.21) is con-
nected with twovaluedness of the function A!/2 in the domain
of 0 < [A] < oo. Indeed, let us consider the contour I 2
consisting of the circle [A| = 2 and the segments [—2, O(i
and [0, —2], which lie on the upper and lower banks, respec-
tively. The function +/A splits in the domain into two regular
branches, g1(}) and g»(A). This means that the integrand
splits into two regular branches, f1(A) = g1(A)/(A — 1) and
() = ga(A)/(A—1).Let g1 (1) be the branch of the root on
which g1 (1) = 1, then g2(1) = —1. Each function fj 2(}) is
regular in the domain being considered except at point A = 1,
which is a simple pole. By the residue theorem we have

1 AdA
VA ==+l

2mi 1'*2)»—1
40

(5.22)

6 Operator ag

We turn now to the to construction of an explicit form of the
operator ag in terms of the parafermion creation and annihi-
lation operators aki. For convenience of further reference we
write out all independent state vectors spanned by the oper-
ators aki. In our case, when M = 2 according to Chernikov
[10] the number of these state vectors equals C 52 = 10, and
the number of para-Fermi particles in each state is

ng=CICY=1, nj=CiCYy=2, ny=CyCs =4,
n3=C3Ci =2, ny=C3C3=1.
These states are

[0),

1) = a;|0),

|11) = (a;")?]0),

|12) = a;fas]0),

|112) = (a])%a; |0),
11122) = (a;)%(a3)?]0).

12) = a3 |0),

122) = (a3)?]0),
121) = a5 a{]0),
1221) = (a5)%a; |0),

6.1)

All the remaining states are a consequence of (6.1) by virtue
of algebra2 (4.4)—(4.6). The states (6.1) can be written in so-
called standard form [51-54] (see also [55]), however, we
will not do so. We restrict oneself to consideration of the

2 1n particular, one has

[121) = |212) =0, [211) = —|112),
[2211) = | 1122) = —|2112) = —|1221).

[221) = —|122),

simple representation (6.1) of the parastatistical Fock space.
In addition, we write out the norms of the state vectors

010y =1, (llk) =26u,
(Ikk | kkl) = 23(1 — 8k)),

(Ik|mn) = 2% 81,
(1kk |kkIl) = 2*(1 — 8k)).

By virtue of the definition (5.2) we immediately obtain

at10) = |0), allk) =0,
ajlkky = |kk),  a}|kkl) =0,

(6.2)
al|kl) = |kl),

ad|kkIly = |kkil), k #1, k,1=1, 2,

i.e. the operator aé turns into zero the states with an odd
number of parafermions.

Further we define the rules of an action of the operator ag
on the state vectors (6.1). For definiteness we fix the positive

sign in formula (2.14), i.e. we set
ap|0) = |0). (6.3)

Then from general relations (2.15) with allowance for the
algebra (4.4)—(4.6) it follows that

ap|1) = apl|2) =0, (6.4)
aol11) = —|11), ap|22) = —|22), (6.5)
ap|12) = —|21), ap|21) = —|12), (6.6)
ao| 112) = ag|221) = 0, 6.7)
ao 1122) = |1122). (6.8)

The operator ag similar to the operator ag turns into zero
states with an odd number of parafermions. The signs on the
right-hand side (6.5), (6.6) and (6.8) are connected with a
choice of the sign in (2.14). The relations (6.6) are of special
interest. Two different states |12) and |21) are orthogonal
to each other and contain the same number of parafermions
of sorts 1 and 2, i.e. the two-particle system has a two-fold
degeneracy. The operator ag correct to a sign changes one
state to another.

From the other hand, if we act by the operator ag in the
representation (5.19) on the state vectors (6.1), then in view
of (6.2) for the states with an odd number of paraparticles we
have

1 di
aplk) = 2_m Fzm |k),
(LO
1 dr
aolkkl) = 2_m rzm |kkl), k #1
(LO

and for states with an even number of paraparticles we get

1 A2 an
aplkk) = —f |kk),
2 T, A —1
0
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1 A2 dn
ao| ki) = —.f ki),
27'[1 T, )L—l
ap

1 A2 an
aolkkll) = (2—% 1 >|kkll).
Tl JT 5 —
0

If we fix the positive branch in the integral (5.22)

1 A2 dn
=41

2mi T, A—1
“0

for consistency with our choice of the sign in (6.3), and
besides simply set for the second? integral

17{ di
— ¢ 5 =0,
i Jr, W2

a4

then we reproduce relations (6.3), (6.4), (6.7) and (6.8). How-
ever, differences in the signs for (6.5), and most importantly,
complete disagreement with (6.6), take place. The possible
reason for this lies in the fact that the expression for the oper-
ator ag, Eq. (5.2), suggested by Geyer [22] is not likely to be
the square of the operator ay, i.e. in other words,

@)'? # ay,

and thus the representation (5.18) is not correct. This delicate
matter will be discussed in detail in the subsequent sections.

In the remainder of this section we consider approach to
defining an explicit form of the operator @ based on making
use of the generators Ly;, My; and Ny; of the group SO (2M)
as they are defined in Appendix E, Eq. (E.1). In the special
case M = 2 we have the following components of these
generators different from zero:

1
+
L12=_ alvaz ]7

—_

M12 =3 [afv a;]’

Nip==laf,a51, No==laf, a7, (6.9)

B ST
ol SRR

Ni =3 lafa], No=3la),a;]
and the general commutation relations (E.2) take a simple
form

3 This integral is badly defined since one of points of the spectrum
U(a(%) is the branch point for the function A!/2. It can be trivially esti-
mated as follows. As the contour 1"“3 we take the circle Cg: [A| = R.
Further, we set A = Re'? and therefore di = iRe'?dg, A2 =
RYZeie/2tinn . — 1. Purely formal calculation results in the
expression

2w
% dx _ i\/}/ew/zﬂ'nnd(‘o = —4J/ReiTn,
|
0

A=r A2

which vanishes only in the limit R — 0.

@ Springer

[Ni2, N21] = Ny — N»,

[L12, M12] = —(N1 + N2), (6.10)
[L12, Ni2l = [Li2, M21]1 =0,

[Mi2, Ni2]l = [N12, M21] =0,

[Li2, Nil=—=L1a, [L12, N2]=—Lya,

[Mi2, Ni] = M2, [M12, N2l = M2,

[Ni2, Ni]=—=Ni2,  [Ni2, N2] = Ny,

[N21, Ni]=—N21,  [Nai, N2l = Noy. (6.11)

By using the definition (6.9) and the algebra (4.4)—(4.6) it is
easy to check the validity of the following relations:

LipMi2|12) = M2L13]12) = |21) — |12),
LioMi2|21) = M1pL12]21) = |12) —|21)

and, correspondingly,

Ni2N2i|12) = Ny Nip|12) = [12) + |21),
N1 N12|21) = Ni2Nap|21) = [12) +|21).

If one accepts that the operator ag has the following structure:

1
a~ —7 ({L12, M2} + {N12, Na1}), (6.12)
then we obtain
aol12) = —|21), ag|21) = —|12). (6.13)

By doing so, we reproduce equality (6.6). However, the action
of the operator (6.12) on vacuum state vector gives us

1
apl0) = 5 [0) (6.14)

that is in contradiction with (6.3). To determine the action
of the operator (6.12) on the other state vectors, we need the
rules of commutation of the group generators (6.9) with the
operators aki. These rules follow from general relations (E.3)
for M = 2:

- 81{20?_, [ak_’ Mi2] =0,
- 8](2“1_’ [a]j_’ Li2]1=0,

lag . L] = 5klaz+
[alj_’ M) =6 a5

lag s Nial = 8 ay [alj_’ Nyl = _51(2“?’

lag . Na1] = bpp0ay [“lijz ]:_skla;’

la, , Ni1=8,a;, la), N, 1= —8,,a;".
(6.15)

Based on these relations and the rules of action on the vacuum
state (6.14), it is not difficult to obtain for (6.12)

ag|112) = 0,
ag|221) = 0,

apl1) = apl2) =0,

1
ao|11) = =5 [11), (6.16)

1
a|22) = —7122).  ao|1122) = 7 [1122).

Here, we also observe appearance of undesirable factor % on
the right-hand side as it takes place in (6.14).
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Let us take, instead of (6.12), the operator

1
ao = =7 ({L12, Mi2} + {Niz, Na1}) + U (N1, No).

We choose an operator function U (N1, Np) = U(n1—1, no—
1) so that the operator ag would reproduce correctly relations
(6.14) and (6.16), while retaining (6.13). As a general expres-
sion for U one takes (5.10) with the replacements x — n—1
and y — ny — 1. We obtain the following system of linear
algebraic equations for the unknown coefficients in (5.10):

10): UL - = 2a+2p+y =25+ p =3,
1), 12): U, —1) =U(-1,0) = —a+§ =0,
[11), 22): U(l,—l):U(—l,l):2f}—y+p=—%,
[12), |21): U(0,0) =0,

|112), |1221): U1,0)=U@0,1)=a+ =0,

11122): UaJ):uH4ﬁ+y+m+p:%_

The solution of this system is
p=34 0 !

o = = = =0, = -,
P y=s3

and therefore, the desired operator function U has the form
1 1
U(N1, Ny) = 5 NN, = Z{Nl, No}.

Thus, the operator ag as a function of the generators (6.9),
correctly reproducing the relations (6.3)—(6.8), is of the fol-
lowing final structure:

ap = —— ({L12, M2} + {N12, No1} — {N1, N2}).  (6.17)

1
4
In closing this section let us define a connection between
the operators ag and @. We rewrite the expression for @,

Eq.(4.2), in an equivalent form:

1\ A A A A
b= (Z) evir s Bl B

1 2 5 ) A A A ~ N
=17 ({[ﬁl,ﬁz], (B3, Bal} + [B1. Bal. [ B2, B3}
—[B1, 31, [32,;34]})

Further, we write down the expression in the last two lines in
terms of the creation and annihilation operators by using the
connection (4.3) and the definitions (6.9). It is easy to show
that the following relations hold:

(B, B2l =iNy, (B3, Pal=iNy,

PN 1
(B, Bal = 5 [(L12 — M12) = (N12 4+ Nap)],

(6.18)

AoA 1
[B2, B3] = % [(L12 — M12) + (N12 + Nap)].
A A 1
[/31,/33]=5[(L12+M12)+(N12—N21)],
PO 1
[B2, Ba]l = —5 [(L12 4+ M12) — (Ni2 — Nob)).

Substituting these expressions into (6.18), we obtain an
explicit form of the operator ® in terms of generators of the
orthogonal group SO (4)

. 1

o = Z({LD’MIZ}"‘{N]Z, Na1} — {N1, N2}). (6.19)
Comparing (6.19) with (6.17), we get the desired relation
between the operators @ and ag

& = —ap. (6.20)

The minus sign on the right-hand side is caused by the choice
of the sign in (2.14). Let us make a comment with regard to
an arbitrariness of a sign on the right-hand side of the relation
(2.14). In the paper by Kemmer [5] the complete list of the
algebraically inequivalent irreducible matrix representations
of the DKP-algebra (3.1) for the case of an arbitrary number
of elements f,, is established and ranks of the representations
is defined (see also Fujiwara [7]). An interesting feature for
the case of an odd number of the B, is appearing so-called
twin representations. In more exact terms, for any odd num-
ber 2M +- 1 of the elements B, there are two representations
of the same rank as the highest ranked representation for 2.
As the matrix Bap+1 of the DKP-algebra with odd number
of elements B, one takes matrix By 41 = £ w, where  is
defined by expression (3.2). Therefore, we have two alterna-
tives that are algebraically inequivalent. In the case M = 2,
which is interesting from the physical point of view, in the
situation when we have five elements §,,, the twin represen-
tations consist of the matrices of the representation of rank
10 for u = 1, 2, 3, 4 and the fifth matrix S5 equals

Bs =t o, (6.21)

where now the matrix w is defined by the expression (6.18).
Thus, by virtue of the relation (6.20), uncertainty in a sign
in (2.14) for the particular case p = 2 and M = 2 in view
of (6.21) can be associated with the existence of the twin
representations of rank 10 in the DKP-algebra.

Further, the relation (2.14) is true for an arbitrary order
of parastatistics p that hint at the fact that the twin repre-
sentations could exist not only in the DKP-algebra but also
in the higher-order algebras describing the particles with the
spin greater than 1. The Bhabha—Madhavarao algebras for
the spins 3/2 and 2 [41,56,57] could serve as an example of
such algebras.

Now we can extend the algebra (4.4)—(4.6) for the para-
Fermi operators aki of order p = 2 by incorporating the
operator ag. From the relations (A.1)-(A.5) in view of the
relationship (6.20) we have

a3 = ay, (6.22a)
agaita, =0, (6.22b)
aéa,ﬁc + a,ica% = aki, (6.22¢)
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akianfao +aq, a,,faki =26, » (6.22d)
akia,jn:ao +a, a,,ﬁ;aki =0, (6.22¢)
aifayar +atayaf =0, (6.22f)
a,ﬁtao a} +aja, aki =0. (6.22g)

Nevertheless, we note that with respect to the operator rela-
tion (6.22¢) in Sect. 20 as well as with respect to the matrix
relation (A.3) we will have an important refinement.

7 Matrix element of the operator a

Given an explicit form of the operator ag, Eq.(6.17), we
can define its matrix element in the basis of the para-Fermi
coherent states. We need this matrix element, in particular
for determining the matrix element of the operator A, which
we present in two forms:

A:a[i—(%)ao—;ao], (7.1a)
A:o{[A—(%)ao—%(ao)z] (7.1b)

Here, from the original matrix definition (3.3) we have passed
to the operator formulation and then, in accordance with
(6.20), we have perform the replacement @ — —ag. We
note that in the second expression (7.1b) we write exactly
(ao)2 = ay-ao to distinguish it from the symbol a(z), which we
keep for the notation of Geyer’s operator (2.17), and which
is used in the first expression (7.1a).

In Sect. 5 we have defined action of the operator n; =
Ny + 1 on the parafermion coherent state, Eq. (5.4). Hence it
follows that
Nk|‘§>:(nk_1)|§>:<% [a,j,ék]—1>lé“)- (7.2)
Let us consider action of the product N> N1 on the coherent
state

1
NaNi|§) = (n2 — 1)(5 laf . & 1— 1>|E)
1 1
=5 [m,laf". £ 11€) + (5 la)". &1~ 1)
1
X (5 lay . &1— 1)|$>-
By using the commutation rules (2.4) and (B.3) it is not dif-

ficult to show that the double commutator on the right-hand
side vanishes, and consequently we have

(N1, N}l &) = {(% laf 1= 1).(5 e &1 1)}
1£),
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and matrix element for the anticommutator is

_ 1 - | R
(E'[{N1, N2} &) = 2<§ (&, 61— 1)<5 (&, 61— 1)
x (E']€).

Further we consider the operator expression {L12, M12},
which with the help of the second expression in (6.10), can
be presented as

(7.3)

{L12, M12} =2L12M12 + N1+ Na.

Recalling the definition of the operators Li» and Mja,
Eq.(6.9), taking into account the relation (7.2), it is easy
to obtain the matrix element for the first anticommutator in
(6.17)

(E'1{L12. M12}| &)
1 - - 1 1 -
= {2<§ [S]/’EZI]>(§ [51»52]) + <§ [6/.61— 1)
| | =,
+(5[52,52]— )}(5 18).

It remains for us only to define matrix element for the
anticommutator {N12, Na1}. Action of the generator N>; on
the coherent state is defined as

(7.4)

Nat &) = [Nar. =2 L6 -a 170y o= 2 16 0Dy, o))

By virtue of the uniqueness conditions for the vacuum state
(2.12) and (2.13) we have N3 | 0) = 0 and therefore here, the
last term vanishes. Taking into account the operator identity
(5.3) and commutation rule (B.3), we obtain for the first term

_1 + _1 +
[N21,e 2[E’a ]]z[a;:sl]e z[é’a ]
and thus we have

1 +
Nyl &) = (5 [02,51 ])|§>,

1
Npp|&) = (— [af, ¢, J)|s>. (7.5)

2

Hence we get

1
NiaNy|§) = 3 [Ni2, [a). & 1]1€)

(5 1638 )Nuls).

Here, for computing the double commutator we use the
Jacobi identity and commutation rules (2.4), (B.3):

1
[Ni2, [a5, &, 11 = 3 [la), a1, [a), & 1]

1
= —5 [a;, [él B [aii»9 a;]]]

1
_5 [E] ’ [[arvaz_]’ a;_]]

=—[&,a] 1,
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and therefore

NiaNop| €)

1 1 1
= {(5 [af, & 1)(5 [af, &, 1) + (5 la], & 1)}|s>.

By analogy, we have

Ny N12| &)

1 1 1
= {(5 [af,s*z])(E [af &, ]) + (5 lay ., &, ])}m.

Using the expressions obtained, we define the matrix element
for the anticommutator { N, N1 }:

(E'|{N12, Na1}| &)
- {2(% [é{,sz]x% 8.6, ]) T (% (8. ¢, ])
+<% [, m)} (El¢).
With allowance made for the expressions (7.3), (7.4) and

(7.6), the desired matrix element of the operator ag takes the
following form:

-, 1 | 1
(§'aol &) = _5 {(5 [épéz])(z [Epfz])
1 -, I -,
1 -, |
- (5 [51»51])(5 [5%52])

I - 1 £/ £/
+2(§ [E{,S]]+§ (65,861 — 1)}(%‘ 1§).

(7.6)

(7.7)

This matrix element along with the matrix element for the
operator a(z), Eq.(5.6), enables us to fully define the matrix
element of the operator A as it was defined by the expression
(7.1a).

In closing this section let us consider an indirect proof
of the operator relation (6.22a) for our presentation (6.17).
Matrix element of this relation can be presented as follows:

(E'lagl&) = (€'|ag | &)
:f<§’|ao|:><5|a§|s>

1> _
x e 2188 ar), @iy, (7.8)

Here, we have used the completeness relation (4.9). For the
matrix element of the operator a% it is convenient to use the
representation (5.13), then

|%—>e_%[g’ é‘]
(e%[é,s—;]ﬂ—%[é,su])

(=] 8}

(Cla

N =

Substituting the last expression into (7.8) and taking into
account the definition of the para-Grassmann delta-function

lr7 _
/ei[g’é_g](dé“)z:S(é—i), (7.9)
where for the special case, p = 2,
2
sE -0 =[]8¢ -,
j=1
1
8 =) = 755, & = )%, (7.10)

instead of (7.8), we obtain

_ 1r - _
(E1aol€) = 5 [ (E1a0l€) + (E' a0l —£) -

Thereby, in order that the preceding expression turns into
identity, the following equality must be true

(§'laol —&) = (§"laol§).

By virtue of (7.7), the matrix element on the left-hand side
has the following form:

=, _ 1 I -, -, 1
(§'ag| &) = _5 {(E [51,52]>(§ [51752])
1 - 1 -
+ (5 [51/,52]><5 [Szlvgl])
| 1 -,
(L)
1 =/ l =/
—2(5 [$1a§1]+§ [§2s$2]+1>}

x (E'|=§).

We see that the sign of terms linear in commutators and in the
overlap function, has changed. It is not at all obvious that the
equality (7.11) will take place. The proof of (7.11) is given
in the Appendix F.

(7.11)

8 Connection between the operators &> and ag

In Sect. 6 we have defined a connection between the operators
@ and ag. Recall that the first of these operators arises nat-
urally within the framework of the Duffin—-Kemmer—Petiau
formalism, whereas the second one enters into a generating
set of the orthogonal group SO (2M 4 2). In this section, we
would like to analyse independently a connection between
the operators &> and a%. According to conclusions of Sect. 6
the operator a(z) introduced by Geyer [22] generally speaking,
is not the square of the operator ag at least in the form given
by expression (6.17).

In view of the general formula (67) from Harish-Chandra’s
paper [6] for M = 2 we have the representation for the

@ Springer
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squared matrix w?:
1
2 _ 2 2 2 2
W =3 2 BB = )1 = B,
(P)

where the indices w1, (2, u3 and g are all different and
Z(p) denotes a sum over all permutations (1, 2, 3, 4). Let
us rewrite this expression in terms of Kemmer’s matrices
(2,5]

nu =26 — 1 (8.1)
possessing the properties

My =1, Ny =miu, (8.2)
then

1
0 = 5D (L 0u) 4 0) (1= 1) (1= ). (83)
(P)

In view of (8.2), the sum on the right-hand side of (8.3) can
be presented in the following form:
A +n5) = 800y My + My Ny + Ny Ny
Flua s + Mg + Mg = 41+ s)

4[4 = Oy + My + s + 100 ], 8.4)
where
N5 = N1N2n3N4 (8.5)
with the property
N5 = Nuns-

On the other hand, for the square of the sum 7, in (8.4), by
virtue of the definition (8.1), we obtain

4 2 4 2
(Znu,) = (22133,. —4) = (2B —4)?
i=1 i=1

=2-20")% =401 - ). (8.6)

Here, we have used the definition of the matrix B in
Appendix A, the formula (A.6) for M = 2, and the prop-
erty (A.1).
Substituting (8.6) into (8.4) and further into (8.3), we

obtain finally

, 1
“ 72
It must be especially noted that we have not seen anywhere in
literature such simple relation between the matrices w and 5.
The most intriguing thing here is that two quantities entering
into the relation have a rather different physical meaning.
This difference has so clearly underlined in the paper by
Krajcik and Nieto [58]. The matrix

(1+mns). 8.7)

1
w = Z euvkaﬁuﬂvﬁkﬁo

@ Springer

plays a role of the “pseudoscalar operator” used in pseu-
doscalar coupling (in the Dirac theory analog of this matrix is
(1/4) €yvro Yuvv va. Vo) while the matrix ns, Eq. (8.5), plays a
role of C PT operator in the DKP theory (in the Dirac theory
its analog is the matrix y5 = y1y2y3v4). In the Dirac case the
pseudoscalar and C PT operators are the same operator ys by
virtue of the purely algebraic peculiarities of the y-matrices.
However, in the DKP theory w # ns, and the relation (8.7)
shows us how these two different operators correlate among
themselves.

Note, moreover, that relation (8.7) correctly reproduces
formula (A.3) by virtue of the property {ns, 8,} = 0.

Now we turn to the consideration of the operator a% as it
was defined by Geyer. Here, we give once again its explicit
form

a3 =1—[(ND>+ (N)?] +2(ND2 (V)2 (8.8)

where, we recall that N, = % [a,j', a; 1. Letus rewrite the
operator ag in terms of the operators 7),, as they follows from
the matrix definition (8.1). By virtue of the representation
(4.3), we have

laf ay 1= =2i[B1, Bol,  [af,ay1=—=2i[B3 ]

and therefore, due to the DKP operator algebra (4.1) and the
properties (8.2), we derive

(ND?=—[B1. Fa)? = (1 = B2 + (1 — B2 B3

1 ~ ~ ~ ~
=7 [A =)0 +7) + 1 =71 +7)]

1 ~
=5 (I=7nm) (8.9)
and similar we get
21 ~ ~
(M2)” = 3 (I =n374). (8.10)

Substituting the obtained expressions (8.9) and (8.10) into
(8.8), we define a connection between the operators a(z) and

75

1 ~
ag = 5 (L+1705). (8.11)

Comparing this expression with (8.7), we can conclude that
&% =aj. (8.12)

However, as it will be shown further, the operator relation
(8.12) is true only in a some limited sense, and within the
framework of our problem it is not correct and requires a
principle improvement that will be done in Sect. 16. For
ease of reading, hereafter the operator &> will be named the
Harish-Chandra operator and the operator a(z) will the Geyer
operator.
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9 Another representation for the Geyer operator a%

In this section we establish a connection between the operator
aé and the parafermion number counter (—1)", where

n=ni+nj. ©.1)

We begin our consideration with a reminder of how a similar
connection arises for parastatistics p = 1, i.e. in the Dirac
theory and then we extend it to the case p = 2. In usual
Fermi statistics the operator Ny = % [a,j, a, ] satisfies the
condition

9.2)

by virtue of {a,j', a, } =1and (aki)2 = 0. Further we intro-
duce the operator

(_])N1+N2 im (N1+N3)

=¢
=1 +in (N, + No)

1

+EWWM+Mf

1
+§am%w+mf+m. (9.3)

By straightforward calculation using the condition (9.2), it is

not difficult to verify a validity of the relations
(N1 + No))* ' = Ny + N,

s=0,1,2, ...

1
UW+MW=§+2MM, (9.4)

and therefore we can write
(—1)N1+N2=1+<in+%(iﬂ)3+-~>(N1+N2)
1 . 2.1 V!
+(5(m) +Z(m) +>
(% +2N1N2> =1+isin7 (N, + Ny)

1
+(cosm — 1)<§ + 2N1N2)
= —4N{Nr» = —2ay.

Here, at the last step we have taken into account the relation
(2.16). On the other hand, for p = 1 we have

2a0 = Ps = i D1 )2 D3 Pa

If we introduce the fermion number operators for particles
of the kind k

1
nk=Nk+§,

then in terms of (9.1) we derive finally

(=" =2ap = (2n; — DR2ny — 1). 9.5)

By doing so we reproduce the expression given in the paper
by Dilkes, McKeon and Schubert [59] (see also D’Hoker and
Gagné [60]).

Now we turn to the case of parastatistics p = 2. Here,
instead of the condition (9.2) we have

N} = N 9.6)

As in the case of (9.4), we perform an analysis separately for
even and odd powers of the sum N| + N;. By using (9.6) it is
easy to obtain the explicit expressions for the first few even
powers, which we write as follows:

(N1 + No)* = N{ + Nj —2N{N3 +2 (N N> + N{N3),

(N1 + No)* = N{ + Nj — 2N{N3 + 8(Ni N> + NEN3),

(N1 + N»)® = N{ + Nj —2NINF + 32 (N1 N2 + N{N3),
(N1 + N2)¥ = N2 + N7 —2N2NF + 128 (N1 N> + NZNF).
It is not difficult to define a general form of the coefficient of

the last term on the right-hand side if one notes that for the
power 4 we have

1
Yot =ci+ ¢ =3,
k=0

for the power 6 we have
2
Yot =ci+ i =3
k=0
etc. Here C¥ are the binomial coefficients. By this means we
have
(N} + N2)*" = N} + N} —2N2N;
n—1
+ <Z c22,f+1> (NiN2 + NENG), (9.7

k=0

where n = 1,2, 3, .... By using formula for the sum of the
binomial coefficients from Prudnikov et al. [61], finally we
define

n—1

2k+1 _ H2n—1
Yoottt =2l
k=0

Now we consider odd powers. The first three nontrivial
terms can be reduced to the following form:

9.8)

(N1 + Np)* = Ny +N2+3(N12N2 +N1N22),
(N1 4 N2)> = N1+ N2 + 15(N{ N2 + N1 N3 ),
(N1 4 N2)” = N1+ Ny +63(N Ny + N1 N3).

9.9)

The coefficient before the last term on the right-hand side for
an arbitrary odd power 2n 4 1 equals a sum of all binomial
coefficients (with the exception of the first and the last those)

@ Springer
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divided by 2, i.e.

2n+1
2 1 2
(z Chn - q:;) P

It is easy to check that this formula correctly reproduces the
coefficients in (9.9) and thus we get

0
Congr — n=1

=N +N2+(22n -1
(N{N> + N1 N3).

(N] + N2)2n+1
(9.10)

We turn to the general expansion (9.3), which can be
rewritten for the case under consideration as follows:

(_1)N1+N2 — T (N1+MN2)
= cos[n(N1 + Nz)] +1i sin[n(Nl + Nz)]

(1)”
- X G

[ (N1 + N2) ]

o0

(=D"
2 G|

N] +N )]2n+l.

©.11)

Let us substitute the above expressions (9.7), (9.8) and (9.10)
into (9.11). Then for the sum of even powers we obtain

1+ (N2 + N7 —2NEN3) ( > ((;’11;7 7'(2”)

1
+(N1 N2 + N? N2)2 (Z ((Zni' )2 )

=1+ (N} +Ni —2N{N3)(cos — 1)
+(Ni N2 + NEN$)(cos 2 — 1)
=1-2(N{+ Nj —2N{N3)

and we get a similar expression for the sum of odd powers:

= (=D
(N1 + N, (Z Qn+ 1)!

1 — 2n+1
X{2<Z()(2n+1)! (2m) )
_ i (_l)n n2n+l

2 2t 1)!

= (N1 + Nz) sinm + (N12N2 + N N22) (% sin2mw — sinrr)

2”“) + (NZN2 + N1 N3)

=0.

Certainly, vanishing the contribution with odd powers is a
consequence of evenness of the initial expression (—1)M1+V2
with respect to the sum of operators N1 + N;. Verifying this
fact by a direct calculation serves to show consistency of the
calculation scheme.

@ Springer

Thus, from (9.11) it follows that

(—)MHN2 — | _2(N] + N} —2N2ND). (9.12)
The final step is to pass on the left-hand side of (9.12) to the

parafermion number operators ny = Ny + 1 such that
Ni+No=ny+ny—2=n-2,

and for the right-hand side we recall the definition of the
operator ag, Eq.(8.8). As aresult, instead of (9.12), we obtain

(=" =243 — 1
or

=—[1+( D"1. 9.13)

This expression is an immediate generalization of formula
(9.5) to the case of parastatistics p = 2. It is interesting to
note that the operator a(z) in the representation (9.13) coincides
in its structure with the Gliozzi, Scherk and Olive operator
[62] (the GSO projection), which projects onto states of even
(para)fermion number.

A few consequences of the relation (9.13) can be obtained.
Let us consider the matrix element of the operator ag, then
due to (9.13) we have

(E'lag|€) = % {(E'1&) + (E"1(=D"18)

= cosh (% XZ: (£, s,]> . (9.14)
Here, we have taken into account the equality
(=D"[§) =|-§) 9.15)

and therefore the overlap function is

_ 1 _
('] —§) =exp <_§Z[§/’$’]> -
1

Thus we reproduce the simple formula (5.13) obtained in

Sect. 5 on the basis of completely different considerations.
Further, we consider the matrix element (£ | [aé, a,j'] |&).

Taking into account that

{(=D",

al} =0, (9.16)
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we get

1 -
aZ]IE):—(é/l[(—l)",a+]|§)
= — (&'l (-D"|§)
=—&/ (E'|-¢)
:—é‘k/e_ZI[él’El/](é/|§) 9.17)

__ ALY [5@’]) £/
= 2(3&6 e Sl ) e g)

——<@><§/|E>
— \9& '

Here, we have used the differentiation rules (C.1), (C.2) and
the definition of the function Q2:

G = % (1 +e_21[51"§/]).

We would like to draw some parallel between Geyer [22]
and Fukutome’s [45] approaches. In the latter the problem of
the construction of the algebra so(2M + 2) from the algebra
50(2M + 1) was considered. For this purpose Fukutome has
introduced the projectors

('] [ad,

9.18)

1
i=§[1ﬂ:(—l)"]

with the properties Pi = Py, Py P_ = 0. By virtue of the
relations (9.13) and (5.16), in our notations these projectors
have the form:

P+=Cl(2), ,=1—a8.

The Lie algebra so(2M + 1) in [45] consists of the elements
{a say s Ej k , Ex, EX }, which correspond to the generators4
(E.1)

EY =Ny, Ex=My. E"=Ly, E" =N

For an extension of the algebra so(2M + 1) to the alge-
bra so(2M + 2) Fukutome added new elements {Eg , E’g,
E®, Eyo}, where

E00=%(P_+P+)=%—a§,

E =a P =P a, E% =a P =P a,
EN = —a+P+ = —P_a,j, E% = — KO,
Ewo=a, P. =P a, Eox = —Exo.

(9.19)

By this means, he constructed the algebra so(2M 4-2) simply
adding “by hand” new generating elements to the algebra
50(2M + 1), whereas Geyer [22] immediately considered the

4 Note that in the construction of the Lie algebraso(2M + 1) Fukutome
has used usual fermion creation and annihilation operators. In the case
of para-Fermi statistics, we use the definition of the generator of algebra
50(2M + 1) following the paper Bracken and Green [43].

algebra so(2M +2), in which there is already a new element
Bom+1 = ao, Eq.(2.3), and this element in principle is not
reduced to one of the elements (9.19). Therefore, in spite of
some similarity of two approaches in the determination of the
algebra so(2M + 2), one can state that they do not coincide
literally.

The requirement of consistency of the representation
(9.13) and the property ag = ap, Eq.(6.22a), lead us to the
relations

[(=D" a0l =0,
(—=D"ag = ay. (9.20)
The commutativity of the operators (—1)" and ag is a simple
consequence of the representation (6.17), the property (9.16)
and of the operator identity

[A, BC]={A, B}C — B{A, C}.

A proof of the relation (9.20) is much more nontrivial. We
consider it only in terms of the matrix elements.

In Sect. 6 we written out the rules of action of the operator
ap on the state vectors. The operator (—1)" changes a sign
for the states with the odd number of para-Fermi particles.
However, as we see from the formulas (6.4) and (6.7), it is
these states that vanish zero under the action of the operator
ap. In this sense the operator ag and the product (—1)"ag are
equivalent within the framework of the usual Fock space of
the system under consideration. The situation changes dras-
tically, when we use the para-Fermi coherent state | £) in the
form of (4.7). The fact is that this definition of the coherent
state in principle does not admit an expansion in the number
basis
@H"@H™oy, i, j=12 nm=<2.

9.21)

Indeed, let us write the coherent state | £) in the form of an
expansion in powers of ), [£; , al+ I:

|s>—e‘%zl[fl’“l+]|0>

= (——)Z[s,, 110)
+5(—5> (Xt .a1) 10

For the second term on the right-hand side we get
Yle e > (a1 -10a),

i
where we have taken into account that

110) =

£10) =10)§&.
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Here, the expansion in the basis (9.21) takes place. Further,
for the third term in the expansion we have

Dol af g af 110y =18 a1 (&1~ 11)8r)
L

L
Eaf &) =gl & —a g |1 )é,/)

=Y (sr&u) -

L

We see that it is impossible to present the second and fourth
terms in the above expression in the form (9.21) multiplied by
para-Grassmann numbers as is the case of the first and third
terms. This is a consequence of the fact that for parastatistics
p = 2 only trilinear relations of the form (B.6)—(B.8) are
hold and therefore we have

alicsn #énaki'

The equality takes place (with an accuracy of the factor (—1))
only for p = 1, i.e. for the usual Fermi statistics and Grass-
mann numbers. By doing so, there is no the decomposition
of | &) in the Fock space and ipso facto we come to a con-
ception of the generalized state-vector space [26] including
as well &,’s para-Grassmann numbers. We will discuss this
question in more detail in the subsequent sections. Here, we
only conclude that action of the operator a( on the coherent
state | £) is not reduced to operations (6.3)—(6.8) and there-
fore a validity of the relation (9.20) is far from obvious in
the generalized state-vector space. The proof of the relation
(9.20) in basis of the coherent states comes down to the proof
of the relation (7.11) (see Appendix F).

10 Matrix elements of the products Aa,ﬂf and of the
commutators [a,, a¥] and [a}, aF]

In this section we calculate in an explicit form the matrix ele-
ments of the products Aa;, £ and of the commutators lag . ajl' ]

and [ao, . +1. Let us con51der the product Aa

(E'|Aa;|g) = (E'] A1£)E, .

A similar term with the creation operator a, has somewhat
a more complicated structure, since

(10.1)

Aa; =a:[A+[A,a,J[]
and therefore we can write
(§'|Aa] &)
5,{(5 |A1E) — B(E ay . a) 11&)
v (§'I1ag, ay 11€).
Here, we have taken into account the representation of the
operator A in the first form (7.1a). Therefore, we are con-
fronted by the task of deriving matrix elements of the com-

mutators [a, , a, ] and [a3, a;} 1. Let us consider the first of
them.

(10.2)
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By virtue of the representation of the operator ag,
Eq.(6.17), we have
lag . a1

1
=——([{L12,M12},a,'f]+ {N12, N1}, af ]

—2[N\Na.a} ]). (10.3)
By using the operator identity
[{A, B}, C1=A{A,[B,C]} +{B,[A,Cl} (10.4)

and commutation rules (6.15), it is not difficult to obtain a
more simple form of the commutators on the right-hand side
(10.3). We write them in two representations: the first of them
is

[{L12, M12}, a; ] = 8ua{L12, a7 } — 8p1 {L12, a5 },

[{N12, Nat}, a1 = 8n2{Nat, af} + 8u1 {N12, a5}, (10.5)
[N1 N2, a)f 1 = 8uaad Nt + 8p1af Na
and the second one is
[{L12, M12},a; 1=2L12(8,,a; —$8,,a5)
+ (8,00 +38,,a;)),
[{Ni2. Not}h a)f 1= 28,0a] Noy + 28,105 Nio (10.6)

+ (8n2a;_ + anlar)’
[N1 N2, a)f 1 = 8u2ad Nt + 8p1af Na.

In Appendix G we use the first representation in the proof
of turning into identity the commutation relations includ-
ing the operator ag, Eqgs.(2.7)—(2.11). The second one is
more convenient for deriving the required matrix element
(§'lay ,a;f11€) (and also (§'| Alao, a; 1| €), see the next
section).

We need the matrix elements of the generators L,

M, ..., which can be easily obtained from their definitions
(6.9):

<§’|le|s>=(l [é{,éﬁ)@/m

(E'| Ml §) = 2[sl,sz)s|s
51,521) E'e),

(E'| Na|§) = ;[52 3 ) (E'€),

<§’|N1|s>={( [5&&) }EIE)

(E'|N2| &) = {(5 [ézﬂsz]) - 1}<§/|s>.

Substituting (10.6) into (10.3) and taking into account (10.7),
we obtain the desired matrix element

(10.7)

_ 1
(E'|N2|&) = (
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(E'llay . ay11&)
1

1 =1 £/
=3 {(5 [51,52]>(3n251 —38,182)
(1 _ - (1 -
B (5 1B 8) + 0,08 (5 1.6
=/ l =/ =/ l =/

~8,08] (5 .5 J) i (5 [527521)

+2(8,08; + 6n1§]’)}<§’| £). (10.8)
The expression can be presented in a more compact and

visual form. For this purpose we write the matrix element of
operator ag in the following form:

(E'laol &) = Q(E'| &), (10.9)
where in accordance with (7.7) we have
Q=QE" %)
o fr oo, 1
=-3 {(5 [51»52])(5 [51752])
1 -, 1 -,
+ <§ (&1, 52])(5 (5, 51]) (10.10)

1 -, 1 -,
1 -, 1 -,
+2 3 [Sl,él]JrE [55,861—1)¢.
Let us take the derivative of the function €2 with respect to &,
by making use of the rules of differentiation (C.1) and (C.2)
0 1 1 -, -,
i R CACHCE) [CAER D
1 -, -
-3 £ €], (8,15 —8,,&D]
1 - -
+§ /&), (8,16 — 8,61

—2(3n1§1’+8n2§2’)}. (10.11)

Comparing the last expression with (10.8), we obtain that

, IR\ -
<E’|[ao,a,,+]|5)=—<—>(§’IS>- (10.12)

d&n

Similar reasoning for the commutator [q, a, ] leads us to
the representation of the corresponding matrix element

. _ QN -,

(') Lag, 0 11€) =—<3§,)<s 5. 10.13)
where

a2 1 -, _, (1

oE/ =73 {(5;1152 _5n251)<§ [5p-’§2]>

1 _ _
- z [(anl $2/ - 8712‘%_1/)’ 52]‘51

1 _ _
3 (8,16 —8,,80). 615,

+2(8,,& + 3n252)}. (10.14)

Now we turn to an analysis of the matrix element
(€] [ag, a,f]lé). By virtue of Geyer’s representation (8.8)
we have the starting expression

(&'|lag.aF11€) = —(E'|[N{. aF11&) — (E'|[N3.a; 1| &)
+2(E'|[NIN3. a; 1|€). (10.15)

By using the last two formulas in the commutation rules
(6.15), we obtain

[NZ,a ] = 8ima, + 28wma, Ny.
Matrix element of this commutator equals

(E'|[NZ.a;11€)
_ _ 1 - _
= {akns,;makns,;(z (5, 61— 1>}<s’|s>.

Further, the commutator with the product N 12 N22 in (10.15)
has the form

[NIN?, af ] = 8uaaf (N} +2NoNE)
+8n1a; (N3 +2N1N3)
+8n18n2a, (14 2N)(1 4 2N,).

The last term here vanishes for M = 2. We need a matrix

element of operator N ,(2 It can easily be obtained from the
formulas (5.4) and (5.5) with regard to the definition (5.1)

_ 1 - 2 1 -
<§/|Nk2|$) = {(5 [‘Ek/?‘i:k]> - <5 [51</v"§k])+1}

x(E'|€). (10.16)

As a consequence of commutativity of the operators N1 and
N> we have

_ 1
(E'IN2NTI§) = <§ [&. 61— 1)

1, N (1
X{(E [51@‘1]) —<§ [51,51]>+1}

x(€'1€)

and a similar expression for the product N; N22 with the
replacement 1 <= 2. Substituting the obtained expressions
into (10.15), we derive the explicit form of the desired matrix
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element

(&'|lag. a7 11 &)
=/ 1 =/
=& on{-1-2( a0 1)
U, N (1.,
2|:<§ [$2,€2]> - <§ [$2a52]>+1i|
., 1, 2
4(5 [51’51]—1)[<§ [52@2])
1 -
—(5[52’,52]>+1]}+(1:2)}

x (§'1§).

This expression can be given in a more visual form if one
takes into account the fact that

1 -, N (1 L 1
<§ [Sk’sk]> —<§ [Sk,ék]>+ =7 _ )
(5 [&wék]) +1

k=1,2.

(10.17)

The relation holds by virtue of algebra (5.8). Then by using
the notations x and y introduced in Sect. 5, Eq. (5.7), instead
of (10.17), we have

(&'|lag. a7 11€)

_, 1 1—
B Gt |

P RS |

x (§]€).
(§'| a3 | &) defined by

We note also that the matrix element
expression (5.6), can be given in a similar form

(E'lad|&)

1 1 1 _,
([ ] ama) e

I a=nd=-»7:,
:2[1 (1+x)(1+y)]<§|‘§)' (10.18)

By straightforward calculation one can easily check the cor-
rectness of the following relations:

2o UFD oy A4y
(1=x) (=)

Taking into account these relations and the form of the over-
lap function (5.12), we get, instead of (10.18),

(E'lag|&) = (1 +e 20 e = cosh(x + y).

By doing so, we have shown by the third way a correctness
of the expression (5.13) (the second way was considered in
the previous section).
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Let us return to the expression (10.17). We present it in
the form similar to (10.12) for the matrix element of commu-
tator the [ay, a,f ]. For this purpose, we write out the matrix
element of the operator a% as follows:

(E'lad| &) = Q2 (E'|¢), (10.19)
where in accordance with (5.6), we have
Q=QE. 8

2 1 - 2 _

=1 —;[<§ [Elc/7§k]) —3 [Ek/’fk] + 1]
2 2
2 ]‘[[(l [ék’,sk]) —l[ék’,ékul}. (10.20)
fali] 2 2

By a direct calculation, using the formulas of differentiation
(C.1) and (C.2), it is easy to verify that the following relation

-, IR\ -,
(& |[a3,a:]|s>=—(a§n)<s |£)

is true. In this way we reproduce the result (9.17). The same
reasoning leads to

(10.21)

£ 2 - 89
(¢ I[ao,an]l«5>=—( )(%‘ 1§). (10.22)

9§,
We write the matrix element of the operator A in a form
similar to the form of expressions (10.9) and (10.19):

(E'1Alg) = A(E'|&). (10.23)

An explicit form of the function A = A(£’, £) can be written
out based on the operator expression (7.1) and with allowance
made for (10.9), (10.10) and (10.19), (10.20). However we
will postpone it until the Sect. 15, where we consider in detail
a question of a connection between the operator ag defined
by the expression (8.8) and the square of the operator agy
(i.e. (ap)* = ag - ap) defined by the expression (6.17). Let us
recall that the square of the operator ¢ enters into the second
representation of the operator A, Eq.(7.1b).

For the remaining two terms in (10.2) we use the repre-
sentations (10.12) and (10.21), correspondingly. As a result,
instead of (10.2), we have

o IAN -
(E'| Aay| &) = (E A——) (£'1&). (10.24)

9&n

Follow the same procedure, we can write out the matrix ele-
ment for the product a,; A

(10.25)

The last two expressions will be used in the following sec-
tion. In the accepted notations the matrix element (10.1) is
rewritten in the form

(E'|Aay|E) =6, A(E|&).
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The absence of the term with derivative in the last expression
in comparison with (10.25) is connected with the fact that
operators A and a,; are not commutative.

11 Matrix elements of the product A [ay, ani]

Now we proceed to the calculation of the matrix elements
of the product A[ag, a,jf]. We need the following represen-
tations for the commutators [q, , a, ] and [q , a;f IE

[ag,a, ]
1 +
=75 [(5n2“1 =8,

+ (B2 Niag + 8, N2y ) = (005 +8,a0)), (11D

ay YMi> — (a1 Naray + 82 Ni2ay)

lag ,a;]

1 _ _
=-3 [ 12(8,,a; — 8,145 ) + (8p2ai Nay + 8u1a5 Niz)

— Gndf Ny +8aaf No) + (8,005 + 8,160} (112)

A proof of the second representation was given in the previ-
ous section, Egs. (10.3) and (10.6), the first one is proved in
a similar way. Further we consider action of the commutator
(11.1) on the parafermion coherent state

1 1
_E {((SnzafL - Snla;r)<§ [51#‘32])
— (Bp1 N21 &y + 8,2 N12E))
+ (82 N1& + 8u1 N2&y) — (8,58, + 6, 51)}

X |§&). (11.3)

lag.a, 11&) =

Action of the generators N1, N2, N1 and N1 on the coherent
state was defined by us in Sect. 7, Egs. (7.2) and (7.5). Let us
write out the expressions obtained there for convenience of
further references:

Lo+
Ni2| &) = <§ la)". &, ]>|§),

g
MI§) = (5 Laf . &1—1)16).
11.4)
L
N2l &) = (5 [az ’51 ])|§>,
[
Na|§) = (5 la; . 61— 1)|$)-
We note that the following relation is true:
[ao, &1 =0. (11.5)

Since the operator ag consists of only the commutators of the
operators a,j and a;_, and by virtue of (B.3) and (B.4), the

following relationships hold:
[la;",a71,61=0, [la],a]] &]1=0.
A trivial consequence of (11.5) is the relation
[A,&1=0,

which holds by the definition (7.1a) (or (7.1b)).

Taking into account the expressions (11.3), (11.4) and
relation (11.6), we can present the matrix element of the
product A[a0 , a, | as follows:

(11.6)

(€'|Alay . a, 11£)
=—%{(é/m(anzai—snla;)m)(% [sl,szl)
L a1 A 18).618 — 3 S0l €1 Aaf18), 615
+a,,2( [E'|Aa}1e). 618 — (E'1A]6)¢ )
+5n1(5[<é/|fia2+|s>,szlsl )
— (8,06, —5,1,sl><§’|/$|s>}. (11.7)

Thus we have been able to reduce the calculation of the initial
matrix element (&'] A [agy . a, 11&) to that of the matrix ele-
ments (£’| A | &) and (€| Aa;ﬂ &), which in turn are given
by (10.23) and (10.24), correspondingly. Collecting similar
terms and recalling the definition of the derivative 9 2/ 8§,’l,
Eq.(10.14), we can write the expression (11.7) in a more
compact form

(E'1Alag ,ay 11)

Ry 02
E R -/.A-i- = +
9&, 08, JE1=0.A/08,

In the second term on the right-hand side instead of vari-
ables &/ in the derivative (10.14) it is necessary to substitute
0.A/9%:. i

Finally, we consider the operator product A[a , a;r 1. We
present the matrix element of this product similar to (10.2)
in the following form:

(E'1Alay , af 1)
= (E'|[ay ,al 1AIE) + (E'|[A, [ay . a 111 &).

We perform analysis of the first term in the same way as it
was just done for the matrix element (¢ '| A[a, , a, 1| §). By
using the representation (11.2), we obtain

=/ £/ 1 1 £/ £/
(E'llay . a1 = (& |<—§){<§ [Ep%g])

x (8,pa7 —8,1a5) + (8n1&; N2
+ 8n2&{ Na1) — (825 N1 + 801 &/ N2)

N wnzégwnléf)}.

én}<§’|s>. (11.8)

(11.9)
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Further, instead of (11.4), we will need the expressions
=/ =/ 1 =/ -
(§"[N1i2 = (& 2 [&,a, 1),
=/ =/ 1 =7 —
(§" N1 = (§] E[él,all—l ,
=/ =/ 1 =/ —
(§"| N2t = (& 5 [&.a11),
</ </ 1 </ —
("I N2 = (§] E[Ez,az]—l .
With these relations and by using (11.6) the first term on the
right-hand side of (11.9) takes the form
(&'llay . a 1A §)

1 1 =/ £/ £/ - YA
:—§{<§ [«‘51,52])(5 |(6n2(11 _5n1a2 )A|$>

| . .
+5 Sn1 &3 [&], (5] ay Al€)]

| . .
+5 S [&5, (&51a; Al§)]

-1 - _ N _ N
—5n2<52’5[s{,<s{|a2A|s>]—s2’<-§’|A|s>)
_ 1 - _ ~ _ N
—5,11(E{z[fz’,(Ez/lafAIS)]—E{(%/IAIE))

+(8,,2§2’—5n1§1/><§/|/i|s>}.

The last step is to use the expressions (10.23) and (10.25).
Collecting similar terms and recalling the definition of the
derivative 0 €2/0&,, Eq.(10.11), we can write the expression
above in the form similar to (11.8)

(E'llay . a 1A] &)

02 02 _ _
=1{- A+< ) —E,{}(E/IE% (11.10)
{ &, 0&n /e, o478

Here, in the second term instead of the variables &, in the
derivative (10.11) it is necessary to substitute 9.4/ 85,;

It only remains to analyse the last term in (11.9). Taking
into account the second form of the operator A, Eq.(7.1b),
we rewrite the double commutator as follows:

[A, [ay, a1 = —Blao, [ay . a; 11+ v [(a0)*, [agy , a; 1]
= —Baf +yiay,al}
= —Ba; +2vafa, +vylay.af].
(11.11)

Here, we have used the commutation rule (2.9). In view of
(10.9) and (10.12), we get

(E'1[A, [ay ,a 111€)
LAY

= {é,{(—ﬂ +2yQ) -y (5)} (E'|&). (11.12)
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12 Connection between the matrix elements (é d a,| §)
and (£'|ag| &)

In Sects. 7 and 5 we have derived matrix elements of the
operators a, and a(z). For convenience of further references,
we present these expressions ones again

(E'lagl &) = Q(E'| ), (12.1)
where we recall
Q—Q =/ _ 1 1 o/ =7 1
=Q(¢,E = ) {(E [fpéz])(i [51:52])
1 -, |
+ <§ [51@2])(5 [&,, ‘51]>
1 | (12.2)
- (5 [E{»éﬂ)(z [52/552]>

1, 1,
~|—2(§ [&1.61+ 3 [&,51— 1)}
and
(E'|aj &) = Q(E'|£),
with

(12.3)

Q=QE &
2

1 S
=1—Z[(5 [&9&]) —E[sk’,sk]ﬂ]

k=1

2 2
+21‘[[<1[§/,51>—l[é/,swl}. (12.4)

P 2 k> Sk 2 k> Sk

In this section and in the subsequent three sections we would
like to establish a connection between the functions € and
and thereby to clarify whether the operator a(z) is the square
of the operator ag. For this purpose, we use the insertion of
resolution of the identity operator

1y~ _ A
J[ a2 U @ e = 1
where (1, @ are para-Grassmann numbers,
(dwp = d’uad’r, )y = d*jud’is

are the measure of integration and as usual, for the sake of
brevity we make use of the notations

2
[ ul =) Lk, k]
k=1
and so on. Then, by virtue of the definition (12.1) we get
<é’|a§|s>=//<§’|ao|u><mao|s>

1 -
xe "2 L Py, iy,
zf/fz(é’,mfz(/z,s)e‘li["“5““‘5]



Eur. Phys. J. C (2020) 80:1153

Page 23 of 47 1153

) ()2 (diype 2 &€,

Here, we have written down an explicit form of the over-
lap function (4.8). Substituting the representation (12.3) into
the left-hand side of this expression and canceling the factor
('] £), we obtain

QEE) =//Q(§’, 1) (i, &)
1y~ =/
xe 2 LA=EL 1= gy, (d ),

The last step is a shift of the variables of integration:

R p+E, p—>p+é

and finally we get

QEE) =//Q(§’,s +WQE + 1, &)

xe ™2 ) @, (12.5)
By these means, it is necessary to take the integral on the
right-hand side of (12.5) for the function 2 defined by the
expression (12.2) and to compare the obtained expression
with (12.4).

The first step is an expansion of the function €2 in the
integrand (12.5) in powers of x and . From (12.2) it is easy
to see that these expansions have the following form:

QEE+w
02 1
— Q@ s)——[ fg 5),u}+(—2—3>
o @
x{[s{,éz’][ul,uz]+[sz’,u]][s{,u2]

3

— &, 1 11&, l/-z]} (12.6)
and
QE +1,8)
— =/ 1 - 89(5/15) 1
Y @
X{[Ml,m][é‘h&]—l-[szl][ﬂhé‘z]
B
— [ &1l 21, (12.7)

We have introduced the markers (1), (2) and (3) over the terms
which are quadratic in u and j.

Let us consider the terms in (12.6) and (12.7) linear in
and . Substituting them into (12.5), one obtains

_9QEL D IQE'E)
B g)[/q e } [T“D

w2 U I (), ai,

_ AQ(E, I
- sz@/,s)(/[a, % ]5(2)(/0(61#)2

IQ(E/,
- /[% M]é(z)(u)(duh) =0,

Here, the para-Grassmann §-functions are

8P () = 8(@1)8(2), 8% (w) = 8(u1)d(na),
where §(it;) and 6 (u;), i = 1, 2, are defined by the formula
(D.5).

Further we consider the contributions quadratic in & and
/L. At first we calculate a contribution with derivatives of the
function Q2:

i ol

xe =3 LB 1 (1), @i, (12.8)

There are two independent ways of taking the integrals of this
type. The first of them was suggested in the paper by Omote
and Kamefuchi [25]. We take the integral (12.8) by the first
way and then verify the result of calculations by another way.

Following an approach suggested by Omote and Kame-
fuchi, we present the exponential in the integrand (12.8) in
the form of the overlap function

1 VT T (12.9)

Then, instead of (12.8), we will have a chain of equalities

S 20 )

Q
x<—ﬂ|u>(du>z[ a(%f)]m )

b ffen([2E2.0]

IQEE)  _ _IRELD
+[73$2 L4 ])w)(du)z[ = ](du)

_ ,L//(f_l 002Gy 1 [92€.
-l og 06
IQE, _
x (@) (a] )2|o><dm2[;z 75‘2 £ ]umz. (12.10)
Here, at the last step we have formally used the definition of
d-function (D.5) as applied to the creation operator a,j:

1
/Iu)(du)z =/e‘f [e-a™ 110y (),

1
(a1 )*(a)?]0).
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The last matrix element in (12.10) is calculated when the
operators a; and a, are shifted, with the use of (B.3)
and (B.4), to the right until the vacuum conditions can be
employed. The result of calculations is

IQE’, _ IQE, _
<—m<[%,al ]+[%a D(an (a$)?*10)
lasz(é’ §) 2 @y N
=22(s(j A,y S(fa 22 ot ).
<(u2){ 6 ,u1}+ (Ml){ 26 mz})
The remaining integral with respect to (dit)> in (12.10) is
easily calculated by using the formula (D.4)

1 _ AQEE) sii IQEE)
-5 “’—aé/ (f2) B s 1
IQE’
+ 8(/11){ LR ﬁ2}>d2ﬁ1d2ﬁz
08
__1_(/[111 89(5’,5)” IQUE’, &) ﬁ]}d2ﬁ1
= B ) aé{ ag__l ’
[_ asz(é/,@“asz(é/,@ - }d2_>
__1<[asz(s 5 Q¢ s>}
= -2 ,
[ QELE) 0QEE) D
& T 9E)
1
2

0&, &/
B [asz(é’,é) IQE8) }

)

9§ dE’
(12.12)

Therefore, we can already write out the first two terms in the
expansion of convolution integral (12.5)

SIE! =/ 2 1
QELE =[RELHI+ ~3
[ 0Q(E 5 INEE) }
X S — + .-
9§ a&’
Let us analyse the contributions cubic in u and . We
take for example the term with derivative from the expansion

(12.6) and the contribution (1) from (12.7). Then, instead of
(12.8), we have

0
[sl 521//[ <s EALLCICE I ][m,m

xe*E L 11 a1y, (d i)

02
= 24 (&1, éz]//(t?(m){ ;; -5 ; [Ll}

0 R _
+a<m){ % uz})

x[ju1, fiald* i d?jia = 0.

(12.13)

Here, we have used the results of the previous calculations,
Eqgs.(12.10) and (12.11). Similarly, we can verify that in
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(12.5) the remaining contributions cubic in u and @ also
vanish.

13 Contributions of the fourth order in x and x

Now we turn to the consideration of the remaining contribu-
tions of fourth order in « and /. Let us consider the “diago-
nal” contribution (1) — (1), where the first one (1) designates a
term with a mark (1) in (12.6) and the second one (1) denotes
a similar term in (12.7):

1 _
F[s{,sgl[el,sz]/f[m,uz]ml,ﬁz]

we =3 LB 1 (1), (@i, (13.1)

The use of the representation (12.9) and the expression like
(12.10) leads to necessity of the calculation of the matrix
element

(—illay, ay 1) *(@;)?| 0).
In view of the commutation rules (2.4)—(2.6), we obtain

la} . a; 1(a)*(af)?
= (a) (af) la;,a5 11— 2(a2 ) a5 a

+ +2
—2a2 a al a; +4a2 al 2(ay ) al a, ,

+ +
2a1 a, a; a

and therefore the required matrix element equals
(—itllay, a3 1a3)*(a;)?|0)
=—4 [/’Ll s /’LZ ] )

and the integral (13.1) transforms to
1 - - . _ _
e ELEE & [ [l e Py
1 -, - _ _
= - 55 EL 1. 61 [ 8227

Here, we have used the integration formula (D.3) and the

definition of §-function, Eq.(D.5). As a result, the desired

contribution of fourth order (1) — (1) is equal to
1 =/ =/

MH-D): (13.2)

Let us consider the second “diagonal” contribution of
fourth order to the convolution (12.5), namely (2)—(2) one:

1 - _
ﬁ//[-’SQ/,MJ[E{,uz][ﬂz,él][ﬂl,éz]

1 -
e 2 U8 1y, iy, (13.3)

Here, we are faced with an analysis of matrix element of the
following type:

(—it|[&, ay &, a; 1(a)*(a)?|0). (13.4)
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By using the commutation rules (B.3) and (B.4), after some-
what cumbersome calculations we find

%7“1 51?“2 (“2) (a1+)
= @)@, a; 1[&], a5 ]
+2(&af @&, 4 1+ af §@) (5. a; ]
+ @8 ay 1§, a7 1+ @) *af §[[&, a7 )
+4(GalEaf +af §E af + Eafal E + af §a] E).
Substituting this expression into (13.4), we obtain
(=2l ay 18, a3 1@ @)?]0)
= 48311 & [y + 5 &y + & iy p &) + 1165 )
= i1y 3}y, &7}
In this case, the integral (13.3) is reduced to a product of two
independent integrals:

% (f[/lhézl{ﬁl,éﬁ}dzlll)(/[ﬁz,%1]{ﬂ2,§{}d2ﬁ2)
1 - _
= 2—4 [51/7 51][52/, 52]'

Here, we have used the integration formula (D.4). As a result,
for the contribution (2) — (2) we derive
@-@): 61186 (13.5)
From the expressions (12.6) and (12.7) it is easy to see that
the third “diagonal” contribution (3)—(3) follows from pre-
vious one by a simple replacement: & = &), & = &,
consequently we can immediately write
| R -

3)-03): F[S{,El][éz’,ézl- (13.6)

Let us now examine the fourth order “off-diagonal” contri-
butions. The calculations completely similar to the previous
ones result in the following expressions:

1 -, -
DH-2)=2)-M): ey (&, 61161, 6,1,

|
M- =3)-D): —2—4[5{,52’][51»%], 13.7)

| R _
2)-3)=3)—-2): 53 (&, 86,116, & 1.

Substituting the obtained terms of expansion (12.13), (13.2),
(13.5), (13.6) and (13.7) into (12.5) and collecting similar
terms, we finally obtain

QE.6 =12E .17 )
+<_1>[asz(ecs> BQ(E’,S)}
2 0 9E

3\ -
+(—?)[El/’ %'2,][51’ &1

1 - _
+2—3 [";‘_1/,51][52/» &1

1 _ _
+( 53 )iE B ) (138)
This expression can be rewritten in terms of derivatives of
the function 2. Making use of the differentiation formulas
(C.1)~(C.4) and an explicit form of the function (12.2), we
find instead of (13.8)

QE &) =[QE, )1

( >[asz(s E) IQE, s)}
ST
( )(829@ 6 Q@ 5))
EVANEEEE 9/ E)

1 (829(5 6) _2><82s§(§hs> _2>
23\ 9/ 0¢, A€ 0,

( 1)(829@ &) *QE s)>
+ 3 .
2 IE/DE, IE) OE,

In closing this section, we would like to consider another
more direct way of taking the integrals with the para-
Grassmann variables. As an example, let us examine the
contribution (1)—(1), i.e. the expression (13.1). Instead of rep-
resentation (12.9) we use the expansion of the exponential
function

Ll 1 1 /1Y
5L, pn] _ - - 2
e 2 —I—E[M,MHZ!(E)[M,M]

5 (3) g (5
~ 3 [z, 11’ +4, > [, ]

| _
=1-3 ([, 11+ [, m2l)

11V, 5
+2—!(§)([M1’M1]

+ 201, i1, pa 1+ [f2, 121%)

1 /1Y )
< )(3[M1,u1] (2, 12

(13.9)

3!
+ 30, w12, 121?)
1

(Y 6t w112 1, o2
s \2 M1, U1 M2, w2 1.

As it is not difficult to see from the integration formulae
(D.1)-(D.4), anontrivial contribution to the expression (13.1)
for p = 2 gives us only one term from the right-hand side
(13.9), namely

1 _
ﬁ[m,m][uz,uz],

and therefore by using subsequently (D.3), (D.4) and (D.5),
we derive

1 -
//[m, i, fiale 2 VA Ml @apy, @iy,
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1

= ?//[Ml,m][ﬁl, o]y, mallia, w2 1(du)a (din)z
*21 //[Ml Al s 1 s fia}d? g (djn)a

= ?(21' )//[ﬂl,llz][ﬁz,ﬂl]d fird? iz

1 _ _
=-532 /awz)d% =22

Substituting the obtained number into (13.1), we reproduce
(13.2).

Let us verify more nontrivial contribution (12.8). At the
beginning we write in more detail the integrand in (12.8):

Q2 _ 0 Q2 _ 0
E=d L K
Q2 [ 0Q

+[8§ ,Mz]_uz,agz,}

+[8§2 '|:_ BQ]
e > M1 Mz,aéz/

+[39 ]'_ 89]
a5 _Ml,aé{ .

(13.10)

For the first two terms on the right-hand side of (13.10) in
the expansion (13.9) only two terms give a nontrivial contri-
bution:

1
~ 5 (L, i1 (2, pal+ [n, w12, p21?).

For the remaining terms in (13.10) there are no such nontrivial
contributions in (13.9) and therefore they can be dropped.
The integral with the first term on the right-hand side (13.10)
equals

[ [ 57 )

x [fir, w1, 21> d?pad? u (dji)s

L ([l 29 _ 99
—2—3// (42) 9% »Mli”:,ul’aél}

X [fi1, p11d? iy (dji)a

i’ [ 09 IQ
== [ 8 ,— [, d* i d?i
22/ya(uﬁ 1 851]{u4 9E } p1d= i

z_g[asz(s £) asz@’,s)}

2 g, g/

The integral with the second term in (13.10) is taking in a

similar way and as a result, we reproduce the second term on
the right-hand side (12.13).

@ Springer

14 The star product

It remains for us to compare the expression for the convolu-
tion (13.8) with the expression for the function Q, Eq.(12.4),
which follows from the matrix element of the operator ag.
But we shall defer this comparison until the following sec-
tion, and here we would like to introduce an important notion
of a star product * in a class of functions depending on the
para-Grassmann variables. For this purpose we return to the
connection between the functions & and €2 as it was defined
by the convolution integral, Eq.(12.5). We present the inte-
grand as a result of action of the shift operators on :

_ Ly~ 3 /a8/ _
QGE'+ &) =e2 B /08 T qE ¢,

<~
QE" &+ = QG &)e 7 1 9/08],

By a direct calculation, we verify that these expressions
reproduce the expansions (12.6) and (12.7). To be specific,
let us consider the first one

X aET S
2 /08 gF &) = Q@ s>+; Z[ g;z}
=1 !

EOPILE

i)
X sy — |-
Hs oF,

The function 2 depends quadratically on the para-Grassmann
variable él’ , because of this, the expansion is exactly termi-
nated on the third term. The first two terms coincides with
the corresponding terms in (12.7), and so there is a need to
analyze only the last term. Let us consider the contribution
with s = 1 and use an explicit form of the derivative 3 2/9& 0
Eq.(10.14), then

|:_ 89]_ 1
I“leaél/ - 22

iy 6 11E &1}~ 1,61,

(14.1)

[lan Eig &1+ 171 6118, &)

Under the action of the operator [/, 0 /85/] on the last
expression only the term with [ = 2 gives a nontrivial contri-
bution. By employing the differentiation rules (C.1)—(C.4),
further we find

e
Mn2, 852/ Mni, 8.’;?1/

1
—> {1 mig 1+ 1 116 )

i, &1l &21).

The second nontrivial contribution follows from the expres-
sion [ft1,d/9&]1[it2, 92/9&5]. By doing so we exactly
reproduce the expression (12.7).
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The second expression in (14.1) is analysed similarly, but
only here the rule of action of the right derivative on the
function €2 must be taken into consideration:

<« —
d J Q
Q- =——°
0& 98

Based on the representation (14.1) we write the convolu-
tion (12.5) in the following form:

QEE) =QE 8
[// 1w 9/08] 5 A u]
NIV ILE ](du«)z(dﬂ)z}ﬂ(é’,é) (14.2)

or somewhat differently
QE'. &)

115 Y =g
X[//e_j[ﬂ_ 0/0&, u—0/0& ](dﬂ)z(d/l)z:|

15 X aEr
Xej[a/ag»a/ag ]Q(é-/’g)

QE g =

We take the following definition of the para-Grassmann star
product:

* = / / e
x(dp)2(dir)z.
Using this definition we can proof isomorphism between

the algebra of creation and annihilation operators a,jf obeying
the para-Fermi statistics of order 2

1 Y s L= a4 /qEs
2lw, 0/988] =5 Lit, ml o5 Lin, 9/087]

(14.3)

cvlicvljcvlk +glkgljéi = 25,’jcvlk +25kjtvli,

where the operator ¢; denotes a ora; and S, i = = §;j when
a; = a; (a+) and d; = a+(a/) otherwise 5,] = 0, and
the algebra of para-Grassmann numbers of the same order
equipped with the star product

Eix 5,;‘* Ex + & x 5,/* £ = 255j§k +2(§kj§i,

where the para-Grassmann numbers & denote & or El./ . On
the left-hand side of the last expression we have a triple star
product and consequently it is of importance to ascertain that
the star product (14.3) is associative. Details of the proof are
presented in [63].

15 Triple star product 2 % Q % Q

In terms of the definition of the star product (14.3) the integral
convolution (12.5) is written in the form

QE &) =QE, 6)xQE&). (15.1)

From the other hand, in Sect. 7 and in Appendix F by a direct
calculation we have proved a validity of the relation

QELE) =QE,6)x QE ).

Thus, if the relation (15.1) was indeed valid, then by virtue of
(15.2) the following equality with triple star product would
take place:

QELE=QE,HxQE &) QE,6).

This expression is a classical analogue of the operator equal-
ity

(15.2)

(15.3)

ag = ao.
The consequence of this operator equality is a possibility

to present the operator A, in the second form (7.1b), in the
exponential form (see Eq. (3.6))

. . i3
A= “[1 - ( 2

The matrix element of this operator as it was defined by the
expression (10.23) in view of (15.1) and (15.3) also can be

presented in the compact form:

(E'1A1&) = AE', &) (E'|£),

where

)ao ) ] —ae T (154

AGE',€) =a[1 - ("zf)sz_ % Q 9]
B e*—i%"sz(é’,g

Here,
oo

1
er=) 5

(x)kz(x*x*...*x)
k=0

k times

is the star exponential [32]. Thus, we only need to verify a
validity of (15.1). In our reasoning we will follow consider-
ation of Appendix F.

We make use of the notations from Sect. 5

- -
X = 5 [El’gl]’ = 5 [‘§2’$2]

and present the function €2 in the form

(15.5)

QEE=AQE & - +y-1),
where

_ 1 -, -
AQEH = -3 5. 5114, &1

1 - _ 1
From here, in particular it follows that

[QE. 6] = (AQE", &) —2(x +y — DAQE", &)
+(x+y— D% (15.6)
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Our purpose is to rewrite the expression obtained in Sects. 12
and 13 for the star product 2 x €2, Eq. (13.8), in terms of the
variables x and y with subsequent comparison with (12.4). To
do so, we use the formulas obtained in Appendix F, Eq. (F.7)—
(F.10). On the strength of these formulas for the term in (15.6)
linear in AQ2 we have

. |
(x+y—-DAQE &) = 73 (1€, 8111, &1

_ _ 1
+[$]/’ 52][52/, & ]) - Exy + &+ y)xy.

For the term in (15.6) quadratic in A2 the same formulas
lead to the following expression:

(AQE". )’ = 21—6 16,5115, 61
+% (&, 61715, 617 + 21—2 x?y?
+ o5 (B EE & 11E & 11E &)
—% €[, &11&), &1xy

1 . _
—;[é{fﬂ[éﬁ&]xy. (15.7)

In view of (F.10) the last two terms here equal x2y?/4. Let
us consider the first term. By algebra of para-Grassmann
numbers of order p = 2, Eq. (B.2), this term can be presented
as follows:

(881718, 617
= (é]/éz/ééél/ + ‘52/51/51/52/) (é:] 525251 + 5_2%-1 %-1 52)
=227 EN7EN G =2 ED €N ED )’
= [§], 611°[&. &17 = 2%x7)%.

Here, at the last step we have used Egs. (F.7) and (F.8). Similar

reasoning for the second term in (15.7) results in the equality

(&), 51755, 817 = 2%x%y2.

We need only to consider the mixed contribution to (15.7),
which we present as a product of two multiplies

(L& EIE) &1)(16). & 115, &1).
For the first factor, by virtue of algebra (B.2), we have
(€], & 11E]. &1 = —€/E) 6,5 — & EE]&,
= EN*(6E +E6)
and for the second one, correspondingly, we get

(&1, 611, 611 = & 6,67 6| + 6,6, &, &)
= —(&)* (6,8 + &)

Their multiplication gives us the required expression

[E/, EJ11E), & 11E], 6118, 61 = 2(E))* (€)% () (&)

@ Springer

1 _ —
= E [El/’ 51]2[52/’ 52]2
= 23x2y2,

Taking into consideration the aforementioned, we can write
the expression (15.7) in a very simple form:

- 3
(AQE".5)" = T2y

Therefore, the square of the function €2, Eq.(15.6), can be
written in the following form:

[QE, &) = %xzy2 —2(x%y +xy%) +3xy
+ 2 +y) =2 +y) -2

1 _ - _ _
Y ([Sl/a 52/][51’ &1+ [51/, 52][52/, 51])

(15.8)

Now we turn to the consideration of the term with the
derivatives in (13.8). To be specific, let us consider a contri-
bution of the form

1 [ 0QE &) IQEE) }
2 o, 9g/ '
Here, the derivations are defined by the general expressions
(10.11) and (10.14) and equal

IQE’ &)
83;‘1

1 - I - _
=53 (5. &16 - & 5. 1+ 816, 61) +&/,
I GR3)
851’
1 - _ _
=53 (B &1+ [8.616 - 15.615) - &

The substitution of these derivatives into the commutator
(15.9) after transformations similar previous ones, results in
the following expression:

_1[89(5’,@ asz(é’,s)]
21 g 0 8y

1 2y
= X X X
5%y y

(15.9)

1, -, - _ _
52 (&1, & 1161, 61+ 5], 6118, & 1).

The second commutator additional to (15.9) with the deriva-
tives with respect to & and éé is obtained from this expression
by the replacement x = y and then the term with derivatives
in (13.8) takes its final form:

1 [ IQE 5 9QELE ]

2 aE T 9E’
_l 2 2y
—2(x y+xy?) —2xy+(x+y)
1 _ _ _
+§([5{,52/][51,52]+[${,Ez][52’,$1]). (15.10)
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Substituting the obtained expressions (15.8) and (15.10) into
(13.8) and collecting similar terms, we derive an explicit form
of the convolution £ * €:

QE§*QE'E)

3 3
x2y? — 3 (x?y +xy*) + s

3
2
+ @iy -y +1

1, -, - _ -
—2—3([51’,52’][51752]—[E{,éz][éz’,él]). (15.11)

This expression should be compared with the function
Q(&’, &) as it is defined by Eq.(12.4). In terms of the nota-
tions (15.5) this function has the following form:

QEE) =2x2y2 = 2(x%y +xy?) + 2xy

+2H+yH) = +y) + 1. (15.12)

In spite of very close similarity of these two expressions,
there is no coincidence in a literal sense, and thus the equal-
ity (15.1) does not take place. It is a powerful argument to
the conclusion that the Geyer operator aé as it was originally
defined by Eq. (2.17) should be considered simply as a sym-
bol. It is not the result of the multiplication of two operators
ap - ap. In the next sections we will analyses this problem in

more detail.

16 Connection between the operators &2 and ag revised

In Sect. 8 we have defined a connection between the Harish-
Chandra and Geyer operators &> and a%. In establishing
the connection between these two operators, we used the
matrix relation derived by Harish-Chandra [6], namely (see
Appendix A)

B=3-0a? (16.1)

which enables one to put the operator & in the following
form:

2 1 ~
w7 =7 (1 +7s). (16.2)
A particular consequence of this representation is the con-
nection

&% =al. (16.3)

However, as it was shown in the previous section this relation
results in a contradiction. It should be particularly empha-
sized that the operator &2 on the left-hand side of (16.3)
represents the square of the operator & as it was defined by
Eq.(6.18), and the operator ag on the right-hand side was
introduced into consideration by Geyer [22]. The latter as it

will be clear from the subsequent discussion, should be con-
sidered simply as a symbol, but not the square of a certain
operator.

Let us give up the relation (16.1) and consider what would
be the consequences of this. For that purpose, we return to
the formula (8.4). On the left-hand side of this formula we
rewrite the second term in the operator representation:

My Mz My s+ Mpaa My + Mpaa My + Mpaa Mg + Mt M
= (ﬁulﬁuz + ﬁusﬁu4) + (ﬁm +ﬁu2)(ﬁu3 +ﬁu4)~ (16.4)
To be specific, we fix the values of the indices as follows:

ur =k, k=1, 2,3, 4. The use of formulae (8.9) and (8.10)
for the first term on the right-hand side in (16.4) gives us

M2 + Mia = —2(N{ + N +2. (16.5)

Further, by using the connection between the creation and
annihilation operators aki and the operators B,,, Eq. (4.3), we
derive

B =~ (@H*+ @) +1af, ay}),

—_ | =

(16.6)
B =7 (@H?+ @)~ laf ar)).

o~

Recalling the definition of n-matrices: 1, = 2ﬁﬁ —1, we get
further

M+m=2Bt+BH-2=1a},a;} -2, (16.7)
and similar we have
WA+ =2BF 4+ —2=1af, a5} 2. (16.8)

Substituting (16.5), (16.7) and (16.8) into (16.4), and then

into (8.4) and finally into (8.3), instead of (16.3), we derive
3 1

C/(\)z 2

1
2 2 +
= —qa +_[(N1+N2_1)_2<_{a1’a1}_1>

X(%{a;,a;}—l)].

Here, we have taken into account the connection between the
operator a% and the operator 75, Eq. (8.11).

Let us define a matrix element of the expression (16.9) in
the basis of parafermion coherent states. The matrix element
of the first term on the right-hand side is given by the expres-
sions (12.3) and (12.4) (or (15.12)). The matrix elements of
the operators N 12 and N22 are defined by the formula (10.16)
and in terms of the variables x and y have the form

(E'INFI€) = (2 —x + 1)(E]§),
(E'INF1§) = (2 =y + DEI§).
We have only to define the matrix element of the last term in

(16.9). Towards this end, we will need the following formu-
las:

agal|&) = 28w +E aDE),
(E'layaf = (&' (ay E + 26kn).

(16.9)

(16.10)

(16.11)
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Then for the anticommutators {a,j, a; } by virtue of these
formulas we have

(&' Hal ag}18) = (1§, &) +2)(&"1€).

Let us consider the matrix element of a product of two
anticommutators, which we present as a sum of four terms

(€'Haf ay Hay ,ay }18)
= (§'lajayayay |§) + (€'l afay ay a) | €)

+(&'layafafay | &) + (E'|ay af ay af |€). (16.13)
For the first three terms, by using the relations (16.11) it is
not difficult to obtain, correspondingly
(€'lafayayay |§) = &[5 6 (E'§),
(€'lafay ayay|§) = (—&(& 6, +28/€) (§]£),
(§'layafayay |§) = (5556 +288) (£']§).
The analysis of the last term in (16.13) is somewhat more
complicated. Here, from (16.11) we have

(§'laya)ayaf |§) = ('] (ay & +2)(&a; +2)[§)
= (E'larE/5a718) +2(6 8 +5,8) (E'15) +4(8'16).

We transform the expression in the first term by using the
permutation rules (B.8)

(16.12)

al_gl/gza; = _al_a;_EZé_]/’

then

(E'lay (& a718) = 5,86 & (£]§).

Taking into account the obtained expressions (16.12) and

(16.13), we derive an explicit form of the matrix element of
the last term in (16.9):

- 1 1
@15 tafar) = 1)(3 lad @) = 1)16)
1 =/ =/ Py Py a4 =/ =/
= [Z(El §16,6) — 616651 — 651616, + 55,618
+2{E/. 61+ 218,51 +4)

1, - - -
— 5 (EL ) +{E.a) —2+1]E16). (614

As we can see from this expression, all terms of zeroth and
second orders in the para-Grassmann variables are canceled
out and thus, we eventually obtain

=, /1 1
E1(5 tafar) = 1)(3 lad @) = 1)16)
l =/ =/ sl sl =/ =/
= Ea86 - 568 -HE 66+ 656§
(E']€).

Making use of this expression and the formulas (15.12) and
(16.10), we can now write the whole matrix element for the
Harish-Chandra operator &2 in the representation (16.9)

(E'10% &)

@ Springer

3 3
= {527 5 6y +ay?)

2
T R Sy SR .
—X X —(x - =
5 X y y >

x(E[&6 6 —E[E 6,6 —E (£ & + 68§ 51/)}
x(E']&). (16.15)

If one takes into account the trivial identity

(6. & 1061, 61— [, 6116 6]
= (5655 - 58868 555 +555E]),

then we see that the expression (16.15) perfectly reproduces
the expression for the convolution 2 €2, Eq. (15.11). In the
subsequent sections we will discuss in more detail why omit-
ting the Harish-Chandra relation (16.1) leads us to a correct
result. It is precisely these expression (16.9) that defines the
square of the operator ag (= —®), which in contrast to the
Geyer symbol a% will be designated as (ag)?.

17 The Casimir operators C, and 62’

In the paper Omote et al. [42] an explicit form of the quadratic
Casimir operator for the group SO (2M) was written out in
terms of the generators

Cr = Z(szlle + Ly My + My Li).
k.l

Here, the indices k,/run 1,2,..., M. In our case M = 2
and therefore

Co = 2(~{L12, M2} + {N12, Nai} + (N} + N3)). (17.1)

For comparison, here we write out an explicit form of the
operator ag obtained in Sect. 6
17.2)

ap = ({L12. M12} + {N12, Nai} — {N1, N2}).

1

4
For the group SO(2M + 1) the quadratic Casimir operator
is

Cy=0Cr+A, (17.3)
where A = Z,’:’Zl{a,j,a,:}. In our case for M = 2 the

operator A is

A={a a7} +1{af, a5} (17.4)

From the form of Casimir’s operator (17.1) we may notice
that the contribution (N 12 +N %) hasits analogue in the expres-
sion for the Harish-Chandra operator (16.9). This suggests
that the product

(5 it = 1)(5 ka1 1)
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from (16.9) may have a connection with the difference

{N12, Na1} — {L12, M12} (17.5)
from the definition of the Casimir operator (17.1). We verify
this assumption by a direct transformation of (17.5).

Let us consider the first term in (17.5). By the definitions
of the generators N7 and Ny

[af,a;]

N =

oL
lezz[al,az], Noy =

and of the algebra of para-Fermi operators of order p = 2,
Egs. (4.4)-(4.6), we have

1
+ = 4+ — + - - + -+ 4+ -
Ni2Noy =Z[—a1 ayaya, —a;aya; a, —a,a; a, a
-+ =+ +. = =t
—aja)ay,ay, +2aa; +a,a, )],
1
+ -+ - + - - + -+ 4+ -
N21N12=—[—a1 ayaya, —aja,a;a, —a,a a, a

4
— a]_ai"az_aiF + 2(a1_af' + a;az_)].

Summing these two expressions, we get

{N12, Na1}
1 _ _ _ _ _
=73 [aia;ayay +afayayay +ayafaja
({af ary +{ay a3 }) ]

—i—afafra;a; — (17.6)

In what follows we shall analyze the second term in (17.5).
Here, we recall that the generators L1, and M1, are given by
the expressions

1 1 _
L12=5[a1+,a2+], Mo =3 lay,a; ).

By virtue of the algebra (4.4)—(4.6), we have

1
L P S + - — + - 4+ +, -
LipM, = 4[ alayayay, +aja;aya, +ayajaya,
-+ + - +o—
—a,a)ay,a; —2aa; +a,a, )],
1
_ - =+ + - - + - 4+ +, -
M12L12—Z[ ajaya;a, +aja;ay,a, +aja)aya,

-+ + - -+ =t
—a,a)ay,a; —2a;a +a,a, )],
that in turn, gives

{L12, M12}
1

I P S e e SR S
= 2[“1“2“1“2 apapaya, —a;apa,ad,

+ayafayay + (laf a7} +{af . a; )]

Substituting this expression and (17.6) into (17.5), further we
obtain

{N12, N1} — {L12, M2}

1
S S T Ly
= 2[“1“1 ay a, tajajaya, taga;a,a,

+ayafayay; —2({af, a7} +1{a) . a3 })]
1
= _E [{ar’a]_}{a;_’a;} - 2{0?_7 a]_} - 2{(12_, az_}]
1 1
_ _2<§ {af. a7} — 1)(5 {af. a3} — 1) +o.

Thus, we finally have

1 _ 1 _

(5 {af,a;} = 1)(5 {af,a;}— l)
1

=3 ({N12. Na1} — {L12, M12}) + 1.
With allowance made for the last relation and the definition
(17.1), the Harish-Chandra operator (16.9) can be cast in a
rather compact and visual form

=—ao+_(62—6)

; 5 (17.7)

or making use of the representation for the a% in terms of the
G-parity operator, Eq. (9.13), it can be also written as

6= 214 (14 L (C2—6).
8 8
The Casimir operator Gy (and correspondingly, 62’) canbe
presented as a polynomial of the operator A For this purpose,
it is easy to use the formulas (8.3)—(8.6) without recourse to
the relation (16.1). Based on these formulas we have

R 3
o2 = 2

1 N 2 2
=70 T3 [-QB-47+47] (17.8)

Here, the operator B = BB by the relations of the (16.6)
type and the definition (17.4) equals

B=—-A. (17.9)

| =

Comparing the last terms in (17.7) and (17.8), we can easily
find the required representation

1 .

62=—§A([\—8), (17.10)
and as a consequence of (17.3), we obtain

~ 1 ~ 4

Cé:—EA(A—IO). (17.11)

We write out the rules of action of the Casimir operator C»
on the vector states (6.1). They can be easily obtained by
calculations identical with those performed by us in Sect. 6
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for the operator ag:

C210) = 8]0),

Col1) = 6]1),
Cal11) = 8|11),
C1|12) = 8/12),
C>|112) = 6]112),
C>|1122) = 8|1122).

C212) = 6]2),
C2|22) = 8|22),
C2|21) = 8J21),
C»|221) = 6|221),

(17.12)

Making use of these rules’, it is not difficult to see that
action of the Harish-Chandra operator ®? in the representa-
tion (17.7) on the state vectors is exactly the same as the rules
of action of the Geyer operator ag, Eq.(6.2). By this means in
the usual Fock space these two operators are fully equivalent.
This equivalence breaks down if we introduce the so-called
generalized state-vector space [26]. We will discuss this fact
in the next section, but here, in the remainder of this section
we analysed some properties of the Casimir operator 62’

Let us define a connection of the Casimir operator 62/ for
the SO2M + 1) group (for M = 2) with 6-element of the
center of the DKP-algebra [6]. The element of the center,
0, in the matrix representation is expressed in terms of the
matrix B with the help of relation

0 =B(5—B). (17.13)

In the operator representation we have the connection (17.9)
and consequently the operator representation of 6 takes the
form

A 1 4 ~
0=-A(10—A).

110 4)
Comparing this expression with (17.11), we derive the
required relation
C; = 26. (17.14)
In accordance with the Harish-Chandra approach the matrix
0 (for D = 4) has the eigenvalue 6 and therefore by virtue
of the fact that 6 is in the center of the DKP-algebra, it must
be put

0 =61 =0, (17.15)

5 The eigenvalues obtained in the right-hand side of (17.12) are in
perfect agreement with the conclusions of Bracken and Green [43].
In notations of the authors the quadratic Casimir operator (2M) of
the SO (2M) group (which should be considered as a subgroup of the
SO((2M + 1) group) has the following eigenvalues for arbitrary M and
p

1 .

where ¢’ = 0, 1,..., p. For our specific case M = 2 and p = 2, it
immediately follows that

_ 8, ifg’ =02
2 =14 if:]]/:l.
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where [ is the unit matrix. In an operator formalism it goes
in the relation

0 =6I,
where in turn / is the unit operator. As a consequence, in view
of (17.14) the Casimir operator for SO (5) group is equal to
Cy =121 (17.16)
In fact it is precisely this relation® that s the primary source of
disagreement between two expressions (15.11) and (15.12).
Let us consider action of the operator C; = C, 4+ A on
the vector states. Action of the operator C is defined by

the formulas (17.12), and action of the operator Ais easily
defined from its definition (17.4):

Al0) =4]0), A[l)=6]1), Alll)=4[11),...,

i.e. action of A is reduced to multiplying by 4 or 6 depending
on evenness of the number of parafermions in a particular
state. Then for the Casimir operator C) = C, + A we have

C510) = 12(0), Csl1) =12[1), Ch|11) = 12/11), ...,

in a perfect agreement with the formula (17.16).

Let us calculate a matrix element of the operator 6'2’ in the
basis of parafermion coherent states. It is easy to determine
the matrix element for the Casimir operator C, based on
the expression (17.7). Taking into account that the matrix
element of the Harish-Chandra operator ®? is defined by
the expression (15.11), and the matrix element of the Geyer
operator a(2) is defined by expression (15.12), from (17.7) we
derive

£~ 1 =/ 1 £/
(§71C218) =2[2{<5 [épéz])(z [52,51])

6 This relation is in agreement again with the conclusions of the paper
[43]. The quadratic Casimir operator 6(2M + 1) for arbitrary M and
p has the following eigenvalue:

~ 1 ~
o (2M + 1) =pM<M+§p) I,
whence, for M = 2 and p = 2, it follows that

5 (5) = 121.

In addition we note also that the invariant ¢ introduced in the paper [43]
in analysis of the reduction of the orthogonal group SO (2M + 1) with
respect to the unitary group U (M) is simply related to the operator A.
From a general formula [43]

RCM+ 1) —2M) =24(p—§) +pM,

in our specific case with allowance made for the representations (17.10)
and (17.11) it follows that

242 —§) +4=A.

By this means the invariant ¢ cannot be expressed as a rational function
of A.
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RV
—<§ [51v52]><§ [, 52])}

+(x2+y2)—(x+y)+4:|(§’|§). (17.17)
Incidentally, this expression can be obtained by a direct cal-
culation starting from the definition (17.1) with the use of
the results in Sect. 7. The matrix element of the operator A
equals

(E'1A18) = ({E. &) + &, &) +4)(E18). (17.18)

Adding the last two expressions, we obtain that in the basis of
parafermion coherent states the following non-equality takes
place

(E'|Cyl &) # 12(8|£),

and in such a manner the relation (17.16) is not true within
the framework of generalized state-vector space.

18 Ohnuki and Kamefuchi’s generalized state-vector
space

As was noted for the first time by Ohnuki and Kamefuchi
[26] “The introduction of para-Grassmann numbers into the
[framework of our theory naturally necessitates a correspond-
ing generalization of the state-vector space 21.” This state-
vector space is usually spanned by state vectors such as
M af.--)10),
where M is a monomial in the creation operators a,:r, which
in our case is defined by the expressions (6.1). The use of the
para-Grassmann numbers &; results in the fact that we have
to allow such M'’s to contain as well &’s. We have already
faced with this situation in Sect. 9 in analysis of the structure
of the parafermion coherent state | £ ). There was shown that
some terms of the expansion of the coherent state in powers
of [£, a™] under the action on the vacuum state in principle
are not reduced to the expansion in the state vectors (6.1).
Instead of the usual state-vector space 2l now we should
consider a generalized state-vector space 2Ag, which is
spanned by ket vectors such as
M(a;, aj, oo E, L )]0).
By this means the Harish-Chandra operator (17.7) and the
Geyer operator (2.17) are equivalent in the space 2 and are
not equivalent in the enlarged space 2 . The accounting this
circumstance results in an appreciable complication of the
matrix elements of the operator expressions containing the

2
Geyer operator a;.

In principle, the complication of this kind can be avoided
if instead of the parafermion coherent state of the form

&) =2 2l g

one uses the coherent state admitting an expansion in the
number basis as it takes place in the case of the usual Fermi
(and Bose) statistics. An example of such a coherent state
for the case of a single-mode parafermi system can be found
in the paper by Jing and Nelson [64]. In this paper the para-
Fermi eigenstate of annihilation operator a™ is presented in
the form of the expansion in the number basis

In) = ;(cﬁ)”IO)
N ’

such that 7i ¢|n) = n|n), where the parafermi number opera-
tor is

. 1
nyg =-la

and

{nf=n(p+1-—n),
_ nlp!
C(p-m!

()l = {n}{n — 1}... {1}

Note that the coefficient {n} coincides with the coefficient in
the differentiation formula of para-Grassmann number £",
Eq.(C.3). The para-Fermi coherent state has the following
form:

)4
_ §"
|@ﬁ—gymﬂﬁr

(18.1)
Itobeys therelationa™| (§),) = | (§) ) & and has the overlap
function

p

i, 1 -
(ENpl®)p) =D — EN©®".

e {n}!

In particular, for the special case p = 2 the expression (18.1)
takes the form

1
| (§)2) =10) |1>E+§|2>§2-

1

+ PR

V2
Making use of the parafermion state (18.1) (and its gener-
alization to two-mode para-Fermi system) enables one to
avoid the introduction of the generalized state-vector space
2, however, in so doing the usual exponential represen-
tation both of the coherent state and, correspondingly of the
overlap function rather convenient for the construction of the
path integral representation, is lost.
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19 Another representation of Harish-Chandra operator
(:)2

We define the expression for Harish-Chandra operator &2,
Eq.(17.7), in terms of the Geyer operator aé and the Casimir
operator C; for the orthogonal SO (4) group. Let us define
a representation for this operator in terms of the Casimir
operator 6'2’ for the SO(5) group and the operator A. For
this purpose, we will need the formula (68) from the paper
[6]. In the special case M = 2 this formula (in the matrix
representation) for the non-normalized matrix w?> gives us

w? =4{2By — 2B3 + B4}, (19.1)

where the matrices By are recurrently defined by the matrix
B (see Eq.(H.8))
By =B(B — 1),

B3 = By(B—2), B4y= B3(B-—23).

(19.2)

It should be noted that the formula (68) in [6] was given with
wrong number coefficients of the matrices By. In particular,
for the case M = 2 the coefficient 2 of B, is absent. We give
the correct expression in (19.1). The formula (68) in Harish-
Chandra’s original text further is not used with the exception
of the following formula (69) and therefore all subsequent
expressions are true. However, the following formula (69)
from [6] will be incorrect if one uses (68). We discuss in
detail all of these questions in Appendix H, where a correct
expression for (68) is given.

Let us use the definition of the element of the center 6,
Eq.(17.13), to exclude in (19.2) all terms nonlinear in the
matrix B, then

B, =—-0+44B,

Bz = 260 — B(6 — 12),

By = 6% — 60 — B(46 — 24).

Putting these expressions into (19.1) yields

w? =4[P©®) + Q©)B], (19.3)

where P(0) = 62 — 46 and Q(0) = —2(0 — 4). We elimi-
nate the term 62 from the function P () using the minimal
equation for 6:

(O -4 —06)=0,

then P(0) = 6(60 — 4), and the expression (19.3) takes the
form

w? = % (0 —4)(3 — B). (19.4)

Here, we went to the normalized pseudo-matrix @ in accor-
dance with the rule: @ — 4w. The expression (19.4) cor-
rectly reproduces the formula (70) from [6] suggested by
Harish-Chandra from general reasoning. In particular, when

@ Springer

we fix the element of the center 6, Eq.(17.15), from (19.4)
follows (16.1). The use of the original formula (68) (see (H.2)
in Appendix H) leads to the improper expressions (19.4) and
(16.1).

For the operator formulation of the relation (19.4) we make
use of the formulas of connection (17.14) and (17.9) that give
us the desired representation for the Harish-Chandra operator

| PN «
»* = S (Cy —8)(6—A).
If one recalls the representation of the Casimir operator 6’2’
in terms of A, Eq.(17.11), then the preceding expression can
be put into another form

| BN N N
o = e (A —8)(A—6)(A—2) (19.5)
and thus the operator &2 represents a polynomial of the third
order in A. As a consequence of (19.5), (17.7) and (17.10),

we obtain a similar representation for the Geyer operator ag:

aj = % (A =T (A —6)(A—2). (19.6)
By this means, for the ag operator we have the third repre-
sentation in this case in terms of A. The first representation is
the original expression of Geyer, Eq.(2.17), and the second
one was written out in terms of the fermion number counter
(—=D", Eq.(9.13).

By virtue of the obtained expressions (17.9)—(17.11),
(19.5) and (19.6), one can state a question on the possibility
of the representation of the operator @ (= —ag) as a function
of A. However, analysis showed that the representation of
the @ as a polynomial of the second and the third orders in
Ais incompatible with the property

> =a,
i.e. we result either in a contradiction or in the trivial case
@ = 0. In principle, that should be expected since @ is a
pseudo-scalar operator as distinct from the other operators.
In the remainder of this section, we would like to return to
analysis of the integral convolution (15.2). As was discussed
in Sect. 15, we proved the validity of (15.2) in Sect. 7 and in
Appendix F, where as the function Q (§ ', €) we had taken an
expression from the matrix element for the Geyer operator
ag, Eqgs.(12.3) and (12.4). However, in the extended state-
vector space 2 instead of the operator a% we must use the
operator &% = (ap)?, whose matrix element by virtue of
(17.7) has the form

(0% &) = QE £)(E|8), (19.7)
where now

~ _ 3~ — 1 -

QE.6=8E .0+ (E.H-6). (19.8)
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We define the function Cz(é ', £) as usually by the relation

(E'|CalE) = CaE',E) (E'|E).

An explicit form of Cp(&,£) is given by the expression
(17.17). Instead of (15.2) we need to prove the validity of
the relation

QE' &) =QE  6)x QE ).

For the first term on the right-hand side of (19.8) the relation
(15.2) is still true and therefore instead of (19.9) we can write

(19.9)

. 1 - _
QEL &)= 3 QEE* (C2(5,6) - 6)

or

=/ 1 =/ =/
R(ELE =2 QELDx C2(§7,8).

However, a straightforward calculation of the convolution
in (19.10) is too cumbersome, consequently we consider
the proof of (19.10) within the operator formalism which
is somewhat easier.

We exploit the fact that the right-hand side of (19.10) can
be written as

I - ~ -
S ElaCle) E9) 7"

In the matrix representation the following relation (see (H.7))
was proved:

(19.10)

(19.11)

B =2w. (19.12)
In the operator representation it takes the form
ap A = 4ay. (19.13)

Further we use the representation of the Casimir operator Cs
in terms of the operator A, Eq.(17.10). Then by virtue of
(19.13) the following chain of equalities is true:

400 = — - apA? +dagh = [—L 42 4 42] = 8
0C2 = 2110 +4a0 A = > + 47 lap = sap.

The expression (19.11) in view of the last relation is really
equals Q (&', £). However, we need clearly to show that the
operator equality (19.13) indeed takes place.

We rewrite the equality (19.13) in an identical form

1 A 1 N
3 {ao, A} + 5 Lao. AT = 4ay.
Let us prove that the following relations are valid:

{ap, A} = 8ag, [ag, A]=0. (19.14)

Here, we consider the proof of the first relation, the proof
of the second one is given in Appendix I. Substituting an
explicit form of the operators ag and A into the first relation
in (19.14), we get

({L12. Mio}, {a) a7 B + U N2, No ) {af ar 1}
—{{N1, No}, {aar )+ (1= 2)

=8({L12, M12} + {N12, N1} — {N1, N2}).  (19.15)
We will need two operator identities
{C,{A,B}} =[A,[B,C]]1+{B,{A,C}}, (19.16)
[C,{A,B}] ={B,[C,A]}—{A,[B,C]}. (19.17)

We consider the first term on the left-hand side of (19.15).
By using the identity (19.16), we obtain
{L12, M2}, {a), ar )}
=[Lia, [M12,{a}, a; }11 + {M12, {{a} , a7 }, L1}
(19.18)

Further we take advantage of the identity (19.17). The inter-
nal commutator in the first term in (19.18) is

(M2, {a},a; Y] = {a; . [Mi2,af 1} — {a], [a], M12]}
=—{a,,a, }.

Here, we have used the commutation rules (6.15). Then the
first term in (19.18) takes the form

- [LIZ’ {le,a;}] = _{aga [L127af]} + {afr [a;’ le]}
(19.19)

{a;,az_} - {aIF»al_}v
where we again have used the identity (19.17) and the rules
(6.15).
Let us analyze now the second term on the right-hand side
of (19.18). We have the following chain of equalities:
flaj ar} Lz} = laf [ay . L2l + {ay (L2 a7}
= [a],ay 1+ {a;, {L12, a] }}

I _
=2Li = {ay, 4], (@)1},
Here, at the last step we have made transformation with the
use of the definition of the generator Li;, Eq.(6.9),
1 1
(Liz o} = S (laf a) ] af } = = 1a, @h?1.

By this means the second term in (19.18) can be presented
in the following form:

(M2, {{a] a7}, Li2}} = 2{M12, L12}
1
=5 (M2, a3 a3, @hH*1.

With the use of this expression and (19.19) the first contri-
bution on the left-hand side of (19.15) is written as

{Li2, M1z, }, {af a1}
= ({al,ay} —{a] . a7 }) +2{M2, L12}

1

= M, fay, [ay, (a)*1}). (19.20)

Analysis of the second and the third contributions on the
left-hand side of (19.15) is performed in accordance with the
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same scheme, because of this, here we write out only the final
expressions:
for the second term

{{N12, N1}, {af, a; 1}
= (—{a),ay} +{a}, a;’}) +2{Na1, N12}

1
—5 {Nar, {a; s [ay s (afr)z]}} (19.21)
and for the third term
{N1, Na}, {a;f, a7 }} = 4{N1, N2 ). (19.22)

It remains for us to analyze the last terms in (19.20) and
(19.21). Let us consider the first of them. Making use of the
operator identity (19.17) for the internal anticommutator we
have
fay . [y, (@)1} = {@])* [ay a3 1} + 4], {(a])?, a; 1]

= —2{(a;")? Na1} — 4L
Then this term takes the form
2{M12, L2} + {M12, {(a])%, Nat}})
=2{M2, Lo} + [(a])?, [Na1, M121]
+{Na1, {M12, (a)* ).

Here, we have used the identity (19.16). The second term
on the right-hand side of the above expression vanishes by
virtue of the algebra (6.11) and as a result, we obtain

—% (M2 {ay , [a3 . (@)1}
= 2{M2, L1z} + {Nay1, {M12, (a})*}).
Completely similar analysis for the last term in (19.21) leads
us to
—% (M1 fay . Lay . @)1}
=2{Na1, N2} = (M1 (@))%, M12})

and thus, instead of (19.20) and (19.21), now we can write,
correspondingly,

{L12. M2}, {af a7 })
= ({af. a5} —{a] . a7 }) + 4{M2, L12)
+ {Na1, {M12, (@)},
{{N12, Nai}, {af,ay B}
= ({af a7} —{aF. a7 }) + 4{Na. N1o}
— {Na1, {M12, (a])?}}.

Putting the last expressions together and subtracting (19.22)
from them, we obtain that the contribution of the first three
terms on the left-hand side of (19.15) equals

4({L12, M12} + {Na1, N2} — {N1, No}).

@ Springer

The contribution with the replacement (1 = 2) gives us the
remaining half of terms on the left-hand side of (19.15). In
this way we really reproduce the first relation in (19.14). In
fact we have proved even a more weak statement. Let us
present the operator A as asum

A=A+ Ay,
where Ay = {a]",a;}, A2 = {a), ay }. Then by virtue of

the aforementioned we proved the validity of two indepen-
dent relations

{ao, A1) = 4ag, {ag, Ay} = 4ap. (19.23)

However, if we remember an existence of the second relation
in (19.14), then in addition to (19.23) we have to verify the
validity of the equalities

[ao, A11=0, [ap, A2]1=0. (19.24)

As we showed in Appendix I, the relations (19.24) do not
hold separately, and they hold only in a sum.

The necessity of using the operator ¢&? instead of ag leads
to a modification of some expressions with a%, which were
obtained earlier. In particular, it is concerned with the matrix
elements (&'|[a, af]| &) derived in Sect. 10. It is not dif-
ficult to show that now, instead of (10.21) and (10.22), we
must use the equalities

IQ
9&n
(€'l1a% a,118) = —(2?) (€'1€)

with the function 5(5 ', ) defined by the formula (19.8).

Some other modifications of the formalism under consider-
ation will be discussed below.

<§’|[d)2,a;1|s>=—( )<é’|s>,

20 Calculation of the commutators [/i, a;'] and
[A, [ay,a]]]

We determine the commutators of the operator A with the
creation operator a;’ and with the commutator [a,, a,:r 1. The
aim of these calculations is to obtain a more compact and
visual representation for the matrix elements (£’| Aa; | &)
and (§’|A[a0 ,a; 1] &). We recall that the awkwardness of
these matrix elements is caused by the necessity to move the
operator a,j and the commutator [a; , a,:r] towards the left of
the operator A, Egs. (10.2) and (11.9). For the calculation of
the required commutators it is the most convenient for us to
use the exponential representation of the operator A

N - 2

A=ae '3 %, (20.1)
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We need the expression for the trilinear commutator (2.9),
which for convenient reference, we give once more

lag. lag. a; 1] =af . (20.2)

First we consider the commutator [A, a,j ]. We rearrange
the operator A to the right

+ 21
afe™" 3 %, af

- 21 - 2 - 2
= (e_lTaO a;—elTaO —aZ‘)e_lTaO

o
o~ (et

1 (270} A
+—'<T> [ao,[ao,a,j]]—...—a,j>A
2mi\ 1 (27i N
3)Ta\ ) ol ad
1 (2xi} 1 (2mi) AY
2\3 ) Talm ) Tk

.. 2mi 4 2mi ]«
= —zsmT[aO,ak]—i—cosTak A

— {(—?)[ao,a:] + (—%)a,j}fi.

Here, we have used the operator identity (5.3) and the com-
mutation rule (20.2). The commutator [A, lay, a,j]] is cal-
culated in the same way7 and as a result, we can write the
desired commutators

A 3 /3 A
[A.q] = {<—§>a,j + (—%)[ao,alj]}A, (20.3)

) NE 3 )
(A, [ay.a} 1] = {(—%)a; + (—5)[a0,ak+]}A.

(20.3b)

We analyze these expressions by calculating their matrix
elements in the basis of parafermion coherent states. Let us
consider the second one. For the left-hand side we make use
of the relation® (11.11)

[4,[ay, af 11 = —Bai +2yajay +vlay,all.  (20.5)

7 1t is easiest to calculate the double commutator [A, [ag, a,j' ]]1 by an
algebraic differentiation, i.e. by the commutation of the expression for
[A, a,j] with the operator ay, in view of (20.2).

8 Recall that

B = (?)a y = (—%)a, o = % (20.4)

The matrix elements of two terms on the right-hand side
(20.3b) can be written as

(E'lafAlg) =&/ AE, &) &),
= A 982 _/’ £/ 5/
(' [ay, a 1A| £) =—($)*A<s E)(E|E).
k
(20.6)

Here, we have used the definitions of the function A(é " E),
Eq.(10.23), of the derivative d2/d&, Eq.(10.12), and of
the star product (14.3). Based on (20.5) and (20.6) the matrix
element of (20.3b) can be presented in the form

@i & (-s+2vat @iwa) - (50 )]

Béfk
00
?(@)*““-

On the left and right-hand sides we canceled by the overlap
function (€] ).

Further we consider the relation (20.3a). Taking into
account that

(20.7)

_AAEL )
0&,

we can write the matrix element of the operator relation
(20.3a) in the following form:

L, 0A L [aR
(a/ﬂ){(y/a)skA + @} _ —<£)*A.

Equating the left-hand sides of (20.7) and (20.8), we obtain

a condition for consistency of the operator relations (20.3a)
and (20.3b) in the enlarged state-vector space Ag:

1 (- 00
Ye(—gray0 A) =y (22
y{sk( B+27 R+ (B/o)A) y( )}

&,
1 - dA

= (/& A+ —}

B { T oy

This relation must be fulfilled identically. Let us verify this
circumstance. The function A(&’, £) by virtue of the defini-

tions (15.4) and (19.7) has the following form:
AG 5 =a—BQE.§+yQE .6,

where, in turn, the function 5 is given by the expression
(19.8). Making use of the representation (9.18) for the func-
tion 2, we have

(E'11A, af11E) = (E'18),

(20.8)

(20.9)

(20.10)

% =5 02Q-1).
Taking into account the last expression and (19.8), we obtain
the derivative of the function A with respect to &:

aA 02 19C

a5~ oy, § g,

(20.11)

3., ~
+J/Z$k/(2§2—l)+]/
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Substituting this derivative into (20.9), by using numerical
values of the parameters 8 and y, Eq.(20.4), one can show
that eventually the consistency condition (20.9) is reduced to
the simple relation

AC2(E', 8)
oE,

Finally, by using an explicit form of the function C,(€’, £),
Eq.(17.17), it is not difficult to verify that the consistency
condition does not turn into identity. Let us define the reason
of such a contradiction.

In deriving the formulas (20.3) and (20.5) we used the
quantization rule (20.2). In a special case of parastatistics
p = 2 this rule is a consequence of two relations

=2§/(C2(E",6)—7). (20.12)

agaiay =0, (ay)’al +ai(ay)* =af, (20.13)

which, in turn, is the operator representation of matrix rela-
tions (see Appendix A)

0By + By’ = B (20.14)

Let us define the matrix element in the basis of parafermion
coherent states of the second operator relation in (20.13). For
the left-hand side we have

('@ af }1&) = (8124 (ag)? + [(ag)% 4 11€)
28/ (E'] (ay)?|€)
+(E [ [(ag)% af11).

At first we take as the operator (ap)” the Geyer operator
(2.17). Then making use of (10.19) and (10.21), we can put
the desired matrix element after canceling by the overlap
function into the form
2E S ¢ 3

k a Ek k>
and thus we result in (20.11), i.e. there is no contradiction.
However, as we already know from the preceding consid-
eration, instead of the Geyer operator a%, we must use the
Harish-Chandra operator &* = (ap)? and therefore, instead
of (20.15), we have to write

wByw =0,

(20.15)

9%
oE,

Substituting (19.8) into this equality, we result in the relation
(20.12), which is contradictory. This circumstance provides
a hint that the second matrix relation in (20.14), and as a
consequence, its operator formulation (20.13) are not entirely
correct.

In Appendix A we have given all basic formulas of the
w- P, algebra. All of them except the formula (A.3) were
proved in [6] without fixing the element of center (17.15). Let
us discard this fixing in deriving the formula (A.3). We will

=g/
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need the relation (19.3) in which we come to the normalized
matrix @ according to the rule w — 4 w:

1
w? = 1 [PO+0O)B].

Here we recall P(#) = 6(0 —4) and Q(#) = —2(6 — 4).
By virtue of the fact that 6 is element of the center of the
DKP-algebra and from the equality {B, B,} = 58,,, instead
of (A.3), we have

2 !
(@, Bul = 7 (PO B + QO)(B. Bu})

1
= ;20— 8)B,.

To pass to the operator representation it is sufficient to per-
form the following replacements: w — & (= —q; ), B —
aki, 20 — C;. Thus we finally arrive at the desired general-

ization of the second relation in (20.13)
1 ~
(@) ai +ai (ap)* = 3 (C5 —8)a;.

In fixing the Casimir operator 62’ = 121 we return to the
original relation (20.13). With allowance made for this gen-
eralization, the double commutator (20.2) takes the form

1 ~
lag, [ag, af 11 = 7 (C3 = 8)ay’, (20.16)

and now, instead of (11.11), we obtain

~

1.
[A, [ag, a1 = ~1 B(C; —8)a;

1 ~
+Zy{a0(C2’ —8).a;}.

Further, based on the representation (17.11) and on the prop-
erty (19.13) we can put the last expression in the final form

[4, [ag, 1]
1 ~
= B(Cs—8)a +2yatay+vylay, a1 (20.17)

Comparing this expression with (20.5), we see that change
occurred only in the first term on the right-hand side.

Further, we need to modify the relations (20.3), since now
for their deriving we should make use of the commutation
rules (20.16) instead of (20.2). It is not difficult to show that
in this case, instead of (20.3), we get

. 3 i3 .
[A,a,j'] = <_§)a1j + <__2 >[a0valj_] A
Lo,
+ 1 va; (Cy —12), (20.18a)

(A, [ay,a 1] =

i3 3 N
(—%)a,ﬁ“—l—(—E)[ao,a:] A

1L,
— 1 Ba (G- 12). (20.18b)
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Here, we see appearing additional terms in comparison with
(20.3). At this stage on the left-hand side of (20.18b) we have
to use the relation (20.17).

Let us consider now the matrix elements of the generalized
operator relations (20.18). The change in the first term of the
right-hand side of (20.17) leads to the following replacement
on the left-hand side of (20.7):

_ _ 1 _
5B~ & B (CEH-8)

and additional terms in (20.18a) and (20.18b) result in
appearance of additional terms on the left-hand side of the
matrix elements (20.7) and (20.8), namely the expression

_ 1 _
~&(p 7 (CLE".6) —12),
should be added to the left-hand side of (20.7) and the expres-
sion
_ 1 _
gy 1 (C3E" &) —12)

should be added to the left-hand side of (20.8). The consis-
tency condition of thus obtained two matrix elements in view
of the equality

CoE &) =Cr(E &)+ AE6),
results us, instead of (20.12), in a completely different rela-
tion, namely

AU N N Y
0§,

By using an explicit form of the functions C, (€', £) and
A(E',8), Egs.(17.17) and (17.18), it is easy to verify that
(20.19) turns into identity.

(20.19)

21 Conclusion

In this paper we have made the detailed analysis of the con-
nection between the Duffin-Kemmer—Petiau algebra and an
extended system of parafermion trilinear commutation rela-
tions for the creation and annihilation operators akjE obeying
para-Fermi statistics of order 2 and for an additional operator
ap. We have considered two representations of the operator
ap. The first of them is an “indirect” representation based on
employing the resolvent R of the Geyer operator a%. The sec-
ond is an “explicit” representation constructed from the gen-
erators of the group SO (2M). It was shown that the former in
contrast to the latter leads to incorrect formulas determining
the rules of action of the operator ag on the state vectors of
the corresponding finite Fock space. We have suggested that
the reason of such an inconsistency is that Geyer’s expres-
sion for the operator a% in terms of the parafermion number

operators is most probably not the square of the initial oper-
ator ag. We recall that the latter appears as some additional
abstract element of the algebra so(2M + 2).

As a secondary result we have obtained a simple elegant
representation for the operator aé in terms of the parafermion
parity operator (—1)", where n is the parafermion num-
ber operator. This representation in particular enabled us to
obtain the expression for some matrix elements in the basis
of parafermion coherent states by a simple way in contrast to
an approach based on the Geyer representation, Eq. (2.17).
Besides we found an intriguing connection between the a%
operator and the so-called C PT operator 75, Eq.(8.11).

An important element of the developed formalism is the
notion of a star product of para-Grassmann-valued functions,
which enabled to put the matrix elements into the elegant and
compact form. Two different techniques of the calculation of
the star product were considered. This made it possible to
verify independently the results of the calculations.

Another important element of our formalism is the notion
of an extended Fock space 2. In fact, this notion is a key
element of our approach. We have come to recognize that we
must work within the framework of Ohnuki and Kamefuchi’s
generalized state-vector space 2 g rather than in the context
of the usual state-vector space 2l that allowed us finally to
resolve all the contradictions involved. As a particular con-
sequence, a number of the trilinear matrix and operator rela-
tions obtained earlier in the papers by Harish-Chandra [6] and
by Geyer [22] have been refined. These improved relations
include such an important objects as the element 6 of the cen-
ter of the Duffin—-Kemmer—Petiau algebra and the quadratic
Casimir operator CA‘é of the Lie group SO(2M + 1).
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Appendix A: The -8, matrix algebra
In this Appendix we give some necessary formulas of the @

-p,, matrix algebra, which are used in the article text. This
algebra characterizes the matrices for the spin-1 case (for
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the 10-row representation in the four-dimensional Euclidean
space-time). Details of the proof of these formulas and also
their generalization to higher dimensions can be found in the
papers by Harish-Chandra [6,47] and Fujiwara [7]. In view
of the definition of the w matrix, Eq.(3.2), and the trilin-
ear relation for the B-matrices, Eq.(3.1), in arbitrary even-
dimensional D = 2M Euclidean space-time we have

0 = o, (A1)
wBpw =0, (A.2)
@By + Buw® = By, (A3)
BuBv o + BBy = w8y, (A4)
Bu By + By Py = 0. (A.5)

If one defines the matrix B = B, f,, then the following
relation is valid:

w'=M+1-B. (A.6)

Appendix B: Para-Grassmann numbers

In this Appendix we list the most important commutation
relations between the para-Grassmann numbers and the para-
Fermi operators a,.i. We follow the definition of a para-
Grassmann algebra suggested by Omote and Kamefuchi [25],
namely a set of independent numbers &1, &2, ..., &y are said
to form a para-Grassmann algebra of order p when these
numbers satisfy the following relations:

[&.[&.&]11=0,
. 8,,...,8,1 =0 form=>p+1,

where i’s, j,k = 1,2,..., M and by the symbol {&, &,
..., &, } one means a product of m &-numbers completely

(B.1)

symmetrized with respect to the indices iy, i2, ..., i,,. For
the special case p = 2 these relations are reduced to
§i&jbk + &&j& = 0. (B.2)

Further, let us write out the rules of commutation between
the para-Grassmann numbers and the creation and annihila-

tion para-Fermi operators aii:

la;", [a], §11 =25, &, (B.3)
[a;", [a7, 11 =0, (B4)
(&[5, a7 11=0. (B.5)

These relations hold for parastatistics of an arbitrary order
p. For the case p = 2 the commutation rules (B.3) turn into

@ Springer

identity on the strength of the following relations:

* F F o+ _
ai ajék +Ekajai —28[]Ek,

(B.6)
af g al +aTEa =0

By direct calculations, one can verify a validity of these
equalities using Green’s decomposition [46]

2 2

+ +

=3 &=3 8"
a=1

a=1

and the bilinear commutation relations for the Green com-
ponents [26,46]

(@7 a7 ) = 8ij, a7 a7 @) =0, @ = 1.2,

la7 @, a P1=0, (a7 af P1=0, a8,
(g =0, (a7 g"1=0,
G g =0 15”5 1=0.

For the commutation rules (B.4) and (B.5) we can write out
similar relations for the particular case p = 2, correspond-

ingly,

+ + + +
a; a;j & —I—Skaj a; =0,

(B.7)
al.ifk af + afékaii =0
and
+ + _
%'i%'jak +akéj§i =0, (B.8)

EaiE +EarE =0.

Appendix C: Differentiation of para-Grassmann-valued
functions

Here, we present the formulas of differentiation with respect
to a para-Grassmann number &. The required formulas for
the left derivative are [13,26]

([, ¢1g®)  (0l&,¢] 1)

3 —< Y )g(E)HE,{]?, (C.1)
a
gg B gl=20, (C2)
ad
gs”zn(pﬁ—m”—l. (€3)

In particular, from the last formula forn = 1 and p = 2 it
follows that

9
—E=2

0% (C4)
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Appendix D: Integration of para-Grassmann-valued func-
tions

The general formulas of integration with respect to a single
para-Grassmann variable p of arbitrary order p are given in
[26]. Here, we write out only the necessary formulas for the
special case p = 2. The integrals different from zero have
the form:

/,ﬂd% =22, (D.1)
[t g1 = -2i%, D2)
[tn g1 18 =226, (D3)
[t g1 =21e 6, (D4)

where & and &’ are arbitrary para-Grassmann numbers of the
same order as w. The integrals containing zeroth and first
powers of p vanish by the definition. Let us write out also
the expression for the §-function

1 D N
SE—E)=— (E—&)=[e 2875 nlg2y,
2i2
(D.5)

Appendix E: Algebra of the generators Ly;, My; and Ny;

In this Appendix we present a list of the commutation rela-
tions for the generators

1 1
_ + + _ - -
Lkl_z[ak’al I Mkl_E[ak’al I
(E.1)

1,
Ny 25[‘11{’“1 I,

as they were defined in the paper by Kamefuchi and Taka-
hashi [21]. Here, the indices k and / run values 1,2, ..., M.
These generators possess evident properties

Ly =—Lig, Mp=—My, N,jl = Ny L,tl =M

and satisfy the following commutation relations:

[Nk, Nyl = (Slm Nin — (Skn N,
[Lis, Nunl = 8in Link — Sn Lt

[Lkl’ Lmn] =0, [Mkla Nmn] = akm My — 81m My,
[Mkl, an] = 0,
[Lk11 an] = _(Sklen + 8anlm - 81n Nkm + 8lm Nkn-

(E2)

The commutation relations involving the operators a,ﬁt have
the form

lag s Lyl = (Sklant -9

[ak_’Nlm] = 8]([61,;,

af, lag, M, 1=0,

km

_ _ (E.3)
lag My, ) = 8y — 8y -
[alj’ le] =0, [alj’ Nlm] = _SkmalJr’
Appendix F: Proof of the relation (7.11)
Our first step is to verify the validity of the relation
(=D"1§) =1-§). (E.1)

We have used this expression in Sect. 9 without proof. Let
us present the left-hand side of (F.1) in the following form:

(—1)'[€) = i 72 ZilEy 4] g
= (elﬂ'n e_% Z[ [Sl ) a[—’-]e_lﬂn>elﬂ'n|0>

= exp[(—%) el7n ; &, al+] e_in”i| |0).
(F2)
Here, we have taken into account the operator identity
eXele ™™ = exp(ex Ye_x).

Further, for the argument of the exponential in (F.2) we use
the identity (5.3). Taking the commutation relations (B.3)
and (B.4) into account, we have

D on g 1= 14, q]
1 I

and therefore

inn —imn
e TN (g a e
/

=Z[$l,aﬁ](1+in+%(m)2+...)
I

=Y 1. a1 = =315 . af ).
! 1

By this means from (F.2) it follows that
1 +
(~1)"§) = e2 Zaléalio) = | —g).

The matrix element of the expression (9.20) in the basis
of the parafermion coherent states with allowance made for
(F.2) takes the form

(E'|aol&) = (—&'[aol &).
We rewrite the equality in the notations (10.9), (10.10)

QEE)(E'E) =Q(-E, &) (—E'|&)
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or

Q@6 =0 e (- [F.6]1).

!

(F.3)

The last expression can be considered as a rule of changing
a sign of the para-Grassmann variables &; and &, (or & { and
%) of the function 2. Let us represent this function as a sum
of the terms quadratic and linear in the commutators

QE & =AQE &) —(x+y—1),

where
_ L1 =, =, \( 1
AQELE) = ) {(5 [51»52])(5 [51"52])

| I -,
+<§ [‘51#‘?2])(5 [52751]) _x)’}- (F.4)

The notations x and y were introduced by us in Sect. 5,
Eq. (5.7). Then the expression (F.3) can be written as

[AQE &) — (x+y—D]e*™
=[AQE" & - @+y—De Y
or collecting similar terms it takes the form
[AQE' &) + D]tanh(x + y) = x + y. (E5)

In view of the algebra (5.8), further we obtain

tanh(x +y) = (x +y) — % (x +}’)3
=@ +y) — &y +xyd).

Taking into account the expansion and the explicit form of
the function A2, Eq. (F.4), instead of (F.5) we obtain

1 =/ £/ =/ £/
< (E B8 61+ 15 6115, 4,1)
< (18, &1+ 18 &1)

+x2y +xy?) =0. (F.6)

The terms linear in x and y were canceled. In further analysis
of the expression (F.6) for the para-Grassmann numbers we
have to use, instead of the general relations (B.1), the partic-
ular relation (B.2) valid only for para-Grassmann numbers
of order p = 2.

At first we deal with the expression

[51/9 51]2 = (51/51 _5151/)(51/51 _5151/)
= &/ (6)%E - £ E)%¢
=2 &)

i.e. for p = 2 we get

_ 1 -
ED*ED? = 3 [E],61% =2x2 (E7)

@ Springer

and similarly

_ 1 -
(&) (E)? = 3 [&),6 1% =2y2 (E8)

Let us consider the first contribution in the product on the
left-hand side of (F.6)

(&, & 11&]. & 11, &]
= (—51/52/51 5;_'1/ - 52/51/51/51) [517 52]
= 51/52/5151/‘5251 _52/51/51/515152
=68 (&) ED? —EEEDED?
=—[&.51E)*E)?
G GRAE

= —4yx2. (F9)

At the last step we have used relation (F.7). The remaining
three contributions in a product in (F.6) are analyzed in a
similar manner and as a result we can write

(£, &/11&;, 618, &1 = —4xy?,
(&5, 6 1[&]. 6 11&(. &1 = —4yx?,
(&5, 8, 1[&]. 6118 . &1 = —4xy?,
(&, &) 1[&), & 115/, 61 = —4yx?.

Substituting the obtained expressions into (F.6), we see that
the latter turns into identity.

(F.10)

Appendix G: A proof of the relations (2.7) and (2.8)

Here, we show that the commutation rules (2.7) and (2.8) (and
their consequences (2.10) and (2.11)) turn into identities after
substitution of the operator ag in the representation (6.17).
Let us consider at first the relation (2.8) and for the sake of
concreteness we take

[lay. a1, af]1=0. (G.1)

For the commutator [a, , a,;" ] we use the first representation
given in Sect. 10, namely the expressions (10.3) and (10.5).
Then, we can write the double commutator in (G.1) in the
following form:

+1 .+
[lay.a, ] a,]

1 - —
=3 (Snz[{Ln, artail =8, Ly a5 ) a ]

8,0 [Ny a) Y, af 148, LN, a3 ), ay ]
8,V @) a1 =8, [Ny, af ) a]). (G2)

By using the identity (10.4), the definitions (6.9) and the
relations (6.15), for each of the terms on the right-hand side
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of (G.2), we get

Ly a7}, af 1= —=2{L12, N1}
= —28,,,{L,. N}

[{L5. a5 ), aml= —2{L5, N}
= —-28,,{L,, Ny}

= 28,5{L 15, Ny},

—24 1{L12’ N12}’

[Ny, af ) a1 =28, {N,), Lig) 48, {af, a7 ),
[Ny ay ), gl = =28, (N, L1g) 48,5 fa5, af ),
[{Ny.a3 ), ah ] = =281 {Ny, L1y} +6,,{a3 . a] },

[{Ny, af ), a1 =28,,(Ny, Ly} +8,,{af, a7 ).

(G.3)

Substituting these expressions into (G.2) and collecting sim-
ilar terms with respect to Kronecker deltas, we derive

[[ay. a1, at]
1
=-3 {5n28m1<_{L127N1} + {N1, le})
+5n25m2<—{L12,N21} +{N21,L12}>
+ 8n18m1({L127 N2} — {N12, le})
+ anlsmz({Ln, N2} — (N2, Lio) )|
— 1 ot (tal a1~ taf a)

+ 8,18, (13 ) =l  af ).

Here we see that the right-hand side vanishes identically and
thus the relation (G.1) seems to be true.

Let us consider now the relation (2.7) and to be specific,
its particular case

[lag.a; 1. ay]1=28,,,4q,

Now for the left-hand side, instead of (G.2) and (G.3), we
have

[[ay.a; ], a,]
1
= 4( UL ar ) ay,]
+8n2[{N21’ a }’ a,l+ (Snl [{N),, a;_}, a,|
—52[{N1,a2+},a,;]—8n1[{N2,a]+},a,;]), (G.4)

=38, [{L 3. a5}, ay,]

where in turn

(Lo ay ) ay 1= 28,0{L15 My} + 8,0 {ay . af}

— 8 layay),

~28, {L 13, My} + 8,5 0ay . a)

— 8, 1a5, ay ),

afr}’ @, 1 =28, {Ny. Ny} 4 28,5 {N,;. Ny}

—(sz{ar,al_},

[Ny, a3 ), a1 =28, (N5, Ny} +28,,{N5, Ny}
- (Sml{a;, a, },

[Ny, a3} a,1=28,,{N;, Ny} +26,,{N,,N,}
—8m1{a2+,af},

[{Ny,af}, a,1=28,,{Ny, Ny} + 28, ,(N,, Np»}

— 8,0 {a{", a, }.

({Lyy. a5 }, ] =

[{Ny,

Substituting these expressions into (G.4) and collecting sim-
ilar terms, we find

[[ag. a1, ay,]
1
=3 {5n28m1<{N21, Ny} = {Ny, N21}>

+87128m2({14127 Mi2} + {Na1, Nio} — {Ny, N2}>
+ 8n18m1({L12» M2} + {N12, Na1} — {Na, Nl})
+ dn1 5m2({N12, N2} — {Na, N12}>} +
— 2 Bt (e @) + (e ar)

+ 8n2 5m2 ({al ’ al {a?_’ al_})

+ 8,18, (lay . a3} — {a), az })
+5n1 m2 ({a2 » ay T+ {al s ay })}
= _E (_4)(8n25m2 + 8n1 8m])a0 = 28nmao,

which is the required result.

Appendix H: Corrected Harish-Chandra’s formula (68)

Here, we give a derivation of the formula (68) from the paper
[6] with a proper number coefficients of the matrices

B, = Z ﬁ,q . BE. (H.1)
(ky ..

where the summation is to be taken over all possible values
of ky, ..., k- such that no two of k’s are the same. In this
Appendix we follow the notations accepted in [6].

The original formula (68) in [6] has the following form:

R S5 AR
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s 1[s
1B — |7 1B+ T 57| 2

s—2 1 [s][s—=2]s—4
|\ Buesn ~ 3|3 2 2

1
L
XB[%<s+7)]+"'+(—1)[2 ]Bs}.

(H.2)

Here, s is space-time dimensions, [r] denotes the integral part
of n. This expression is derived from the following formula
(Eq.(67) in [6]):

2= plz S“‘”][%}B]...B]

X Py iy BB, - (L =BL DA =BE ) ...,
(H.3)

where P, .. k,) denotes a sum over all permutations of
(1,2,...,s) and ky, ..., ks are all different. In turn, (H.3)
is a result of a product of two (non-normalized) matrices

w:ekl'“ksﬁkl oo By - ) )
Let us remove the parentheses on the right-hand side of

(H.3):

w? = (- 1)[ s(s_1)][%][%]~-~|:%j|P(k1“.k,)

< {CEIBR B2 o B N T L

_ C%smf}é ﬂ/i,z 5](22'313\_71 | P PR P
CoBEBE - BRBE L BE ks Mg -
_ Pl gR L pRpR

1
+nlzslelAp g2

+

2 2
lgk;_zlgks,5 1/{3,7 lks—‘) cee lkl

T BB B, B
(H.4)
Here, C} are binomial coefficients. Writing out their explicit
form
1 1 -2
C([)S/Z] _ 1 CF/Z] _1|s ’ Cgs/Z] _Ls|s 7
112 2112 2

C[‘Y/Z]:l— i s—21s—4
3 32l 2 2

using the definition of matrices B, Eq. (H.1), and omitting a
product of the unity matrices 14 , we reproduce the original
formula of Harish-Chandra (H.2). However, indeed we have
to take into account a possibility of rearrangement of the unity
matrices 1x,_,,/ =1,3,5,.... We explicitly set the markers
ks—; for the unity matrices to emphasize the importance of
accounting their rearrangements. This gives additional fac-
tors. So in the first term in braces in (H.4) the rearrangement
of the unity matrices gives an additional factor [s / 2] 1, in the
second term it gives the factor [(s -2)/ 2]! etc. By this mean,
as a result, instead of (H.2) now we have

02 = (—nl2s6 - 1)][%][%] B]
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+nlzslp }

or taking the common factorial ([s / 2] !) outside braces, we

get
2 (plase=D]fs s 121(]2 ]
2 2 2 I\[2
1 1
Bii iy = 7y Bt o+ Tt 57 Bil 451
1 3
— 5 By am + - +nlzs]

(H.5)

(P

For the special case s = 4 from this expression follows
2 =4{2B, —2B3 + B4},

while the original formula (H.2) gives us
2 =4{By —2B3 + B4}.

As previously discussed, in Sect. 19, the formula (H.2) has
never been used further in the text of the paper [6], except
deriving the next formula (69) having the following form:

_( 1)[ s(s — 1)]

- B

Let us show that this expression can not be reproduced by
using the original formula (H.2), whereas the revised formula
(H.5) do this.

We will need the following matrix relation [6]:

1
a)B=|:S+ :|a)
2

We have used the special case of this formula in Sect. 19,
Eq. (19.12). Besides, instead of the initial definition of matri-
ces B,, Eq.(H.1), we make use of the following representa-
tion:

(H.6)

(H.7)

B, =B(B-1)...(B—r+1). (H.8)

Let us multiply (H.8) by w from the left. Taking into account
(H.7), we find

=[] (57])
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(=) (e

At a certain value r = r, this expression for r > r, vanishes.
This value equals

s+1 L s+3
rs = = .
2 2

Further, we multiply the expression (H.2) by w. We see that
all terms except the first one, by virtue of the condition (H.9)
vanish and consequently we get

_( 1)[ s(s — )]

By = e
-l )
Sl e el R I AT

Obviously, the formula (H.6) is not reproduced, because the
factors [s/2], [(s — 2)/2], [(s - 4)/2], .. are lacking.

Now we multiply the revised formula (H.5) by the matrix
. Then instead of (H.10), we have

(H.9)

o =(—nlas=1]
S(Sa H ) ()
(=B

Here, in contrast to (H.10), an additional factor appears

HEH s e RE

which gives us the missing multiplies. Thereby the formula
(H.5) reproduces (H.6).

Appendix I: Proof of the relation [ay, A] =0

In this Appendix we will give a proof of the second relation
in (19.14). Let us present it as a sum of two terms

[ao, A1]+ [ao, A21=0, (1)

where A = {a;“, a; }, k = 1,2. Substituting an explicit
form of the operator ag, Eq. (6.17), we present the first term
in (I.1) in the following form:

1
7 ([{L 1y, Mo}, day, ay YT+ [Ny, Ny b fa) ap )]
—[{N,, N, }, {a]", a; }). (1.2)

Let us consider the first contribution in (I.2). Making use of
the operator identity (19.17), we present it in the form:

Ly, My}, {a]*,af}] ={L,.[M,,, {afr,af}]}
+{M,,.[Ly,. {af a7 }1},

where in turn

(M {af ar}1 = —{af Lay . M1} + {ay . [My,. a7 1)
= _{al_va;}

and

[Lyy{a) ar )] = —fa)  lay, Lip 1} +Hay o [Lyy,af 1)
= —{afr,azr}.

Here, we have used the commutation rules (6.15). As aresult,
the first contribution in (I.2) takes the form

[{L12, Mi2}, {a], a; )]
= _{L127 {al_s Clz_}} - {Mlzs {ai‘rs a;—}}
For the second contribution in (I.2) a similar reasoning results
in
[{Ni2. No1}. {af . ay }]
= {N125 {a1_7 Clz_}} - {NZI» {a?_, Cl;_}},
and the third contribution in (I.2) vanishes.
Further, we transform the right-hand side of (I.3). For the

first term on the right-hand side we make use of the operator
identity (19.16)

1.3)

(1.4)

{LipAay ay Yy =lay,lay, L1+ {ay  {Lyy,ay 1}
= 2N, +{a;, {Lyy a .

Here, we have employed again the commutation rules (6.15).
For the second term in (I.3) we have similarly

(M5, {ay, a5 }} = =2N, + {ay , {M,,,a] }},

and then (I.3) goes into

Ly M) a) a1 = —{ay Ly a7 )

—{a?{MlzvaT}k

We make another transformation of the right-hand side of
the last expression with the aim that instead of the generators
L1 and M1, the second pair of the generators N> and Naj
has appeared. By using the identity (19.17) for the internal
anticommutator in the first term in (I.5) and in the definition
of the generator L1>, we obtain

@5)

{Lyp.a;}= {[al ’“2 La}

2
1
=5 (e, [ay ey )~ [a, {ar @ }1)

[a;', {al_,af'}].

1
= {a;, 21}_§

@ Springer
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A similar transformation for the internal anticommutator in
the second term in (1.5) gives

(M) = ~(a Ny = 5 L af a7
and the right-hand side of (I.5) becomes
—lay {af", Nyl + laf {ay, Ni))
+% (tay . [ay  {ay, af M} — {ay , [a;y , {a}, a7 }1}).

The expression in parentheses here can be written in a more
compact form:

[{a),ay ), {a) ay N=[A,, A, ]

and then the first contribution in (I.2) takes its final form

[{L,. My}, {“1+’ ay}l=—{a,, {“T’ Ny}

_ I o~
+ {a;*, {al s le}} + 5 [sz A1]~
1.6)
It is sufficient to transform the right-hand side of the

second contribution (I.4) to the form similar to (I.5). Then
instead of (I.4) we have

[{N2, Ny b, {“fr’af}] = {“;’ {Nyg.ap }}
—{ay , N,y a; ). (L.7)

We should note that here the signs on the right-hand side
coincide with the signs of the first two terms in (1.6) contrary
to the expectations. Summing (1.6) and (1.7), we get

~ 1
lag, A1 =3 ({ay . {af. Ny} — {aF . {a; . Ny, }Y)
1 ~ .

As we see, this expression does not vanish. The second term
on the left-hand side of (I.1) can be obtained from the pre-
vious one by a simple replacement of indices 1 <= 2 (the
operator ag is invariant with respect to such a replacement,
and Nip 2 Npp):

~ 1 _ _
[ay, Ay] = ) ({al ) {a;—» ng}} - {a?—» {az ) Ngl}})
1 .~ .
—3 [A, AL
We sum the last two expressions and, finally, obtain

|+ A

({“57 {afr’ Nyt = {afr7 {a; . NZI}})

[ag,

=,

+ o
R =

({al_’ {“;v Nl = {“;v lay, le}})

1
=5 ([N, [, ay 11+ [Ny, [a7, ar 11)

@ Springer

=[Ny, Njp1 4+ [Ny, Ny 1=0.

By this mean, in contrast to (19.23), the relation (I.1) is ful-
filled only for a sum of two terms A and A; and therefore
the equalities (19.24) are not the case.
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