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Abstract We study visible neutrino decay at the reactor
neutrino experiments KamLAND and, JUNO. Assuming the
Majoron model of neutrino decay, we obtain constraints on
the couplings between Majoron and neutrino as well as on
the lifetime/mass of the most massive neutrino state i.e.,
τ3/m3 or τ2/m2, respectively, for the normal or the inverted
mass orderings. We obtain the constraints on the lifetime
τ2/m2 ≥ 1.4 × 10−9 s/eV in the inverted mass ordering
for both KamLAND and JUNO at 90% CL. In the nor-
mal ordering in which the bound can be obtained for JUNO
only, the constraint is milder than the inverted ordering case,
τ3/m3 ≥ 1.0 × 10−10 s/eV at 90% CL. We find that the
dependence of lightest neutrino mass (= mlightest), m1(m3)

for the normal (inverted) mass ordering, on the constraints
for the different types of couplings (scalar or pseudo-scalar)
is rather strong, but the mlightest dependence on the life-
time/mass bound is only modest.
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1 Introduction

In the Standard Model (SM) of particle physics, neutrinos
are stable particles. This is not only true in the original for-
mulation of the SM, in which neutrinos are massless but also
true in practice in the neutrino mass embedded version, the
νSM. In the latter, the neutrino has a finite lifetime due to a
nonzero mass and the lepton flavor mixing. But, the lifetime
is extremely long, > 1045 s for radiative decay [1–4]. Since
such a very long lifetime is practically unmeasurable, neutri-
nos can be regarded as stable particles in the νSM. Therefore,
if neutrino decay is detected it will imply evidence for new
physics beyond the SM.

One can impose rather severe constraints on neutrino life-
time by observations of astrophysical neutrinos from var-
ious distant sources, in particular, SN1987A [5–9], super-
nova in general [10–15] and the sun [16–32]. However, in
this method, the lifetime bounds can be obtained only for ν2

(ν2) or ν1 (ν1), because they have a large component of νe
(νe). It does not appear to be possible to obtain a robust bound
on ν3 (ν3) lifetime, which implies a serious limitation in the
case of normal mass ordering (NO), m3 > m2 > m1. In this
case, it is worthwhile to look for ways by which ν3 lifetime
can be experimentally constrained. In fact, there have been
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many discussions and various methods are proposed to con-
strain ν3 lifetime, e.g., by using the astrophysical [33–38],
atmospheric [39–46], accelerator [47–54], and the reactor
neutrinos [55]. In the case of inverted mass ordering (IO),
m2 > m1 > m3, generally speaking, the astrophysical con-
straints on the lifetime of high mass states are powerful as
stated above.

It appears that most of the foregoing analyses of ν3 lifetime
were done under the assumption of invisible decay, namely,
the case that decay products are unobservable. See, however,
Refs. [32,50,56–58] for the analyses with visible neutrino
decay. Moreover, the majority of the works devoted to the
analyses of neutrino decay so far restrict themselves to the
case of NO.

In this paper, we discuss the bound on neutrino lifetime
with visible neutrino decay. We consider both mass order-
ings, NO and IO. To treat visible neutrino decay we must
specify the model which allows neutrinos to decay, and we
use the Majoron model [59–66] as a concrete model of visible
neutrino decay (see Sect. 3). To place the bound on neutrino
decay lifetime, we analyze the reactor neutrino experiments,
KamLAND [67] and JUNO [68]. For the former we use the
real data in Ref. [67], and for the latter the simulated one
assuming the total number of 140,000 events which would
be obtained with an exposure of 220 GW ·years or somewhat
more depending on the actual availability (which is expected
to be ∼85–90%) of reactors.1

Under the visible neutrino decay hypothesis, there appear
a few new features in the analysis:

• Unlike the case of invisible decay, the decay products
include active neutrino states, which we call the “daugh-
ter” neutrinos,2 and they can produce additional events
in the detectors;

• There is a clear difference in the constraints we will obtain
between the cases of NO and IO. In the IO, ν1 and ν2

decay into ν3 and ν3, which leads to a significant deficit
of inverse beta decay events due to the largeνe component
in the parent ν1 and ν2 mass eigenstates. Whereas in the
NO, ν3 decays into ν1 and ν2 as well as ν1 and ν2. Since
the parent ν3 states are much less populated by νe due
to the small value of θ13, the effect of decay on the νe
spectrum is only modest.

Now, we must spell out our attitude on the astrophysical
neutrino bound on neutrino decay. Though the bound is likely
to be correct and is probably robust we do not use the life-
time bound as granted in our analysis. The reasons for doing

1 Because of this feature and for a very simplified code, our analysis
may be called more properly as the one for the “JUNO-like” setting.
2 For notations of the “parent” and “daughter” neutrinos, see Sect. 4.1
for the definitions.

this is twofold: (1) The lifetime bound from the reactor neu-
trino experiments is completely independent of the bounds
obtained by the solar and the supernova data. (2) The analysis
to derive the solar neutrino bounds on the Majoron couplings
is not simple. Most notably, the antineutrino appearance from
the sun is involved, which requires a separate analysis. In a
variety of contexts, it does make sense to obtain the labora-
tory bounds even though the astrophysical bounds are much
stronger than the laboratory ones.3

In our analysis, for simplicity, we turn on only the Majoron
couplings g23 and g13 (see Eq. (3.1) for their definitions). In
principle we can turn on all the couplings including g12, but
the analysis becomes far more complicated. It is also very
likely that the qualitative features of the bound obtained for
the Majoron couplings remain unchanged in our reduced set-
ting. Therefore, only the following decay modes are allowed
in our setting: ν3 → ν1/ν1 + φ or ν3 → ν2/ν2 + φ in the
NO, and ν1 → ν3/ν3 + φ or ν2 → ν3/ν3 + φ in the IO,
where φ denotes a Majoron particle.

In this paper, after understanding all the above points, we
concentrate on deriving the reactor neutrino bound on the
Majoron couplings g23 and g13, and the corresponding τ/m
in both the NO and the IO. Thus, we explore systematically
for the first time, assuming visible neutrino decay, the con-
straints that can be imposed on ν3 lifetime (in the case of
NO) and on ν2 and ν1 lifetimes (in the case of IO) by using
the medium- and long-baseline reactor anti-neutrinos exper-
iments. Yet, we must mention that our analysis is based on
the Majoron model, and is done under the assumption of
switching off the coupling between ν1, ν2, and Majoron.

2 Brief recollection of the existing bounds on neutrino
decay

In most of the existing literatures, the bounds on neutrino
decay have been calculated for NO, and hence Table 1 con-
tains the bound for the NO which uses the ν3/ν3 decay mode
only. The tabulated bounds in Table 1 span the region from
a few ×10−12 to a few × 10−10/eV. These bounds, which
utilize the artificial neutrino beams, are very loose compared
with the solar neutrino bounds [24–32]. The latter which
is usually quoted as the one for ν2 is: τ2/m2 >∼ 7.02 ×
10−4 s/eV at 99% CL [30].

3 If we consider the lifetime bound from the astrophysical neutrinos,
the order of magnitude bound we would obtain in the relevant channel
would be τ/m >∼ 10−4 s/eV and τ/m >∼ 106 s/eV, for the solar and
the supernova neutrinos, respectively. Such bounds are several orders of
magnitude stronger than the laboratory bounds summarized in Table 1.
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Table 1 Current and prospective constraints (expected sensitivities) on neutrino lifetime from neutrino oscillation experiments. The lowest (highest)
value for DUNE sensitivity is for the highest (lowest) m1 lightest neutrino mass. All results assume the NO

Analysis Daughter ν included Lower limit (s/eV)

Atmospheric and long-baseline data [43] No 2.9 × 10−10 (90% CL)

MINOS and T2K data [47] No 2.8 × 10−12 (90% CL)

MINOS and T2K data [50] Yes 1.5 × 10−11 (90% CL)

JUNO expected sensitivity [55] No 7.5 × 10−11 (95% CL)

DUNE expected sensitivity [56] Yes (1.95 − 2.6) × 10−10 (90% CL)

ICAL expected sensitivity [46] No 1.6 × 10−10 (90% CL)

3 Phenomenological aspects of visible neutrino decay

To describe visible neutrino decay we use the Majoron model
with the following interaction Lagrangian

Lint =
(
gi jS

2

)
νiν jφ +

(
gi jPS

2

)
νi iγ5ν jφ, (3.1)

where φ is a Majoron field, and gi jS and gi jPS represent, respec-
tively, scalar and pseudo-scalar couplings which are com-
plex in general, with the neutrino mass eigenstate indices
i, j = 1, 2, 3. Given the model Lagrangian (3.1), we have
the two-body decay modes ν3 → νi/νi +φ (i = 1, 2) in the
case of NO, and νi → ν3/ν3 + φ (i = 1, 2) in the case of
IO. As we stated in Sect. 1, we switch off the decay mode
ν2 → ν1/ν1+φ (i = 1, 2) in the IO. In this work, we assume
that the Majoron is massless.

Phenomenology of neutrino decay depends crucially on
the following two factors,

• if neutrinos undergo visible or invisible decay, that is if
the decay products are experimentally detectable or not,4

• if the neutrino masses exhibit NO or IO.

We emphasize that the above, seemingly-obvious statements
do indeed provide the key to understand the results in this
paper. This fact is best summarized in Fig. 1 in which the νe
disappearance probabilities in the absence or presence of the
decay are plotted as a function of the anti-neutrino energy at
a few characteristic distances: the top (L = 1.5 km), middle
(L = 52 km) and the bottom (L = 180 km) panels corre-
spond, respectively, to the far detectors in Daya Bay, JUNO,
and the KamLAND experiments. The left (right) panels in
Fig. 1 are for the NO (IO). We note that the probability is

4 When neutrinos undergo visible decay, it is sometimes argued that
even active daughter neutrino may be unobservable when its energy
is too low to be detected. However, the terminology of calling it as
“invisible decay” may be confusing because observability depends on
the experimental settings and/or detector performances. For this reason,
we always classify neutrino decay into active neutrino species as “visible
decay” for clarity.

shown in Fig. 1 is the effective one in the sense that it is
defined as the ratio of the νe flux at the detector with oscilla-
tion plus decay effects to the flux without them. The former
includes the contribution of daughter neutrinos which exists
in the case of visible decay.

We first observe that the effect of decay is very noticeable
in the case of IO (right panels) despite that the assumed mag-
nitude of couplings for the IO case is smaller than that for
NO , as can be seen in the right panels of Fig. 1. It is because
decay of the higher mass eigenstates ν1 and ν2, which occurs
copiously in the reactor-produced νe flux, leads to a much
stronger reduction of the survival probability P(νe → νe)

than the NO case (see below). The effect can be seen clearly
in the right panels of Fig. 1 with the Majoron coupling con-
stants gS = gPS = 0.1. In the case of NO (left panels),
on the other hand, the effect of decay is small, irrespective
of whether the contribution from the daughter neutrinos is
included or not. Unlike the case of IO, the reduction of the
νe flux is minor as the parent ν3 component is small in reactor
νe due to suppression by small |Ue3|2 = sin2 θ13. Therefore,
the effect of visible decay in the case of NO is just to dampen
the atmospheric-�m2

31 driven neutrino oscillation [55].
In visible decay, an additional effect, a pile-up of events

at low energies due to the daughter neutrino contribution,
should be observed.5 For the IO, for our choice of couplings
gS = gPS = 0.1 this effect is barely noticeable by eyes in
Fig. 1 but only for longer baseline as in the case of Kam-
LAND at lower energies as a small difference between the
cases without (red curves) and with (black curves) daugh-
ter contributions. We confirmed that by using somewhat
larger values of couplings the pile-up effect become more
prominent but its effect is tiny in any case because of small
(∝ |Ue3|2) νe component in the decay product ν3. The effect
is negligible for the NO because the decay effect itself is

5 We remark here that in the case of reactor neutrino experiments for
the baseline of ∼ O(100) km, the area covered by the decay beam
spread is expected to be <∼ O(10−2) m2 which is much smaller than
the detector sizes of KamLAND/JUNO. Therefore, we assume that in
practice all the daughter neutrinos which are produced from the parent
neutrinos emitted from the source toward the direction of the detector,
reach the detector [69].
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Fig. 1 The effective electron
anti-neutrino disappearance
probability as a function of
anti-neutrino energy for the
Daya Bay (top panel), JUNO
(middle panel) and KamLAND
(bottom panel) experiments. The
left (right) panel is for the NO
(IO). We show the effective
probabilities (defined as the
ratio of the νe flux arriving at
the detector divided by the
original flux at the detector in
the absence of oscillation for a
given neutrino energy) assuming
standard oscillations without
any decay (labeled “osc. w/o
decay” in blue), with visible
decay effect but without the
daughter neutrino contribution
(labeled “decay w/o app” in red)
and with visible decay including
the daughter neutrino
contribution (labeled “decay w
app” in black). For the visible
decay, we consider
gS = gPS = 0.2 for NO and
gS = gPS = 0.1 for IO. Note
that in some of the plots, the
individual curves are too close
together to be distinguished

small. However, we include the daughter neutrino contribu-
tion for both NO as well as IO, irrespective of its importance
– on which some comments will follow later.

4 The oscillation probabilities with neutrino decay

We first recapitulate the formulas of the neutrino oscillation
probabilities in the simultaneous presence of flavor oscilla-
tions and decay [56,69–71]. We treat the system as in vac-
uum which is a good approximation for the reactor neutrino
experiments.6

6 While we have ignored the Earth matter effects to obtain the results
shown in this work, we have checked explicitly their impact on decay
by following [57] and found that the decay rates change very little
(much less than 1%) due to the matter effects. We verified that the
modification of electron anti-neutrino survival probabilities due to the
matter effects are typically less than 1% in the relevant energy range
for both the standard situation as well as in the presence of decay for
the experiments we considered in this work.

4.1 Neutrino decay: general formula

We start by examining a generic case in which each of the
three massive neutrinos oscillate and decay at the same time.
When a neutrino of flavour α with energy Eα is produced at
the distance L = 0, the differential probability that a neutrino
of flavour β with energy in the interval Eβ +dEβ is detected
at the distance L , can be written as [56,69,71]

dPνrα→νsβ

dEβ

(
Eα, Eβ, L

)

=
∣∣∣∣∣
∑
i

U (s)
βi U

(r)∗
αi exp

[
−i

m2
i L

2Eα

]
exp

[
−1

2

(
τi

mi

)−1 L

Eα

]∣∣∣∣∣
2

×δ(Eα − Eβ) δrs +
∫ L

0
dL ′

∣∣∣Aνrα→νsβ

(
Eα, Eβ, L ′)∣∣∣2 .

(4.1)

In Eq. (4.1), τi andmi represent νi ’s proper lifetime and mass,
respectively, and the indices r and s specify, respectively,
parent and daughter neutrino helicities. The matrix element
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U (s)
βi = Uβi (U∗

βi ) corresponds to the case for positive (nega-
tive) helicity. The first term of the differential probability in
Eq. (4.1) describes the contribution from a parent neutrino
of flavor α which survived after propagating a distance L .
The second term in Eq. (4.1) is the daughter contribution and
contains the decay amplitude Aνrα→νsβ

(
Eα, Eβ, L ′) defined

by

Aνrα→νsβ

(
Eα, Eβ, L ′)

=
3∑

i=1

3∑
j=1

i �= j

(
Ur

αi

)∗ (
Us

β j

)
e−i Es

j(L−L ′)e
− αsj (L−L′)

2Esj

×
√

αrs
i j

Er
i

√
ηi j e

−i Er
i L

′
e
− αri L

′
2Eri . (4.2)

It describes contribution of daughter neutrino of energy Eβ

produced by decay of a parent neutrino with energy Eα at
a distance L ′(< L). Here, α/E represents the partial or
full decay rates and η represents normalized energy distri-
bution of the daughter neutrinos. To understand Eq. 4.2 in
detail, please refer to Ref. [69]. The first term of Eq. (4.1)
is often called the “invisible” contribution. But, the case
that we examine in this paper has no invisible decay; the
decay products always include active neutrinos and hence
are always visible in principle. To prevent confusion we call
the first and the second terms of Eq. (4.1) as the “parent” and
“daughter” contributions, respectively. We remark that if a
neutrino undergoes invisible decay, the differential probabil-
ity is given by the first term of Eq. (4.1). Then, what is the
difference between the invisible decay and the parent contri-
bution of our visible decay? The answer is that in the case
of un-observable final states (such as sterile neutrinos), the
decay width � = 1/τ does not contain information about
the final states. Whereas in our case �, which is computed
with the Majoron model, does contain information of final
states, such as the mass of the daughter neutrino. The light-
est neutrino mass dependence of the event spectrum will be
demonstrated in Sect. 7.

4.2 Parent contribution in visible neutrino decay

Let us calculate the contribution from the parent neutrinos i.e,
the first term in Eq. (4.1). It gives the whole contribution in
the case of invisible neutrino decay. By the nature of this term,
helicity flip cannot be involved in it. Then, after integration
over the neutrino energy Eα we obtain (i, j = 1, 2, 3)

Pparent
αβ =

∣∣∣∣∣
∑
i

UβiU
∗
αi exp

[
−i

m2
i L

2Eα

]
exp

[
−1

2

(
τi

mi

)−1 L

Eα

]∣∣∣∣∣
2

=
∑
i

|Uαi |2|Uβi |2 exp

(
−mi

τi

L

Eα

)

+2
∑
j>i

UβiU
∗
αiU

∗
β jUα j

× exp

{
−

(
m j

τ j
+ mi

τi

)
L

2Eα

}
cos

(
�m2

j i L

2Eα

)
. (4.3)

Using the standard parameterization of the flavor mixing
matrix [72], and substituting τ1, τ2 → ∞ for the NO, we
obtain for νe → νe channel7

Pparent
ee (NO) = cos4 θ12 cos4 θ13 + sin4 θ12 cos4 θ13

+ sin4 θ13 exp

(
−m3

τ3

L

Eα

)

+1

2
sin2 2θ12 cos4 θ13 cos

(
�m2

21L

2Eα

)

+1

2
sin2 2θ13 cos2 θ12 exp

{
−

(
m3

τ3

)
L

2Eα

}

× cos

(
�m2

31L

2Eα

)

+1

2
sin2 2θ13 sin2 θ12 exp

{
−

(
m3

τ3

)
L

2Eα

}

× cos

(
�m2

32L

2Eα

)
. (4.4)

And for the inverted mass ordering, on substituting τ3 → ∞,
we get

Pparent
ee (IO) = sin4 θ13 + cos4 θ13

[
cos4 θ12 exp

(
−m1

τ1

L

Eα

)

+ sin4 θ12 exp

(
−m2

τ2

L

Eα

)]

+1

2
sin2 2θ12 cos4 θ13 exp

{
−

(
m1

τ1
+ m2

τ2

)
L

2Eα

}

× cos

(
�m2

21L

2Eα

)

+1

2
sin2 2θ13 cos2 θ12 exp

{
−

(
m1

τ1

)
L

2Eα

}

× cos

(
�m2

31L

2Eα

)

+1

2
sin2 2θ13 sin2 θ12 exp

{
−

(
m2

τ2

)
L

2Eα

}

× cos

(
�m2

32L

2Eα

)
. (4.5)

4.3 Daughter contribution in visible neutrino decay

We calculate the contribution of daughter neutrinos, the sec-
ond term in Eq. (4.1). We assume that the couplings between

7 The survival probabilities for neutrinos and anti-neutrinos are equal
in vacuum due to CPT symmetry.
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the neutrinos and the Majoron are real quantities and hence
there are no decay-related complex phases. Since we are
interested only in the electron antineutrino disappearance
probabilities here we drop the helicity indices r and s keep-
ing in mind that the quantities correspond to antineutrinos
and that only helicity preserving decays can be observed in
reactor experiments. However, it should be noted that the
full decay-widths include the sum over helicity-preserving as
well as helicity-flipping partial decay-widths. In this work,
we assume the CP-violating phase δCP as well as the Majo-
rana phases to be 0. Thus, we can also ignore the complex
conjugation of the flavor matrix elements.

The transition amplitudeAνα→νβ

(
Eα, Eβ, L ′) for the NO

where ν3 decays to ν1 or ν2, is given by [56,69,71]

ANO
να→νβ

(
Eα, Eβ, L ′) =

∑
d=1,2

Uα3Uβd

√
�3d

√
W3d

×e−i Eβ(L−L ′)e−i EαL ′
e−�3L ′/2. (4.6)

Whereas the transition amplitude for the IO, where ν2 or ν1

decay to ν3, takes the form

AIO
να→νβ

(
Eα, Eβ, L ′) =

∑
p=1,2

UαpUβ3
√

�p3
√
Wp3

×e−i Eβ(L−L ′)e−i EαL ′
e−�p L ′/2. (4.7)

Here Eα = pα + m2
p/(2pα) represents the energy of the

parent neutrinos while Eβ = pβ + m2
d/(2pβ) represents

the energy of the daughter neutrinos. pα (pβ ) represent the
amplitude of the three-momentum of the parent (daughter)
neutrinos while mp (md ) represent their constituent mass
eigenvalues respectively. We assume that the different mass
eigenstates possess the same momentum and they are rela-
tivistic; thus substituting p for E . In the above equations,
�i j is the partial decay width and Wi j represents the normal-
ized energy distribution function for the daughter neutrino
for the decay νi → ν j . The explicit formulas are given in
the Appendix A.

Equations (4.6) and (4.7) describe the process in which να

is produced at L = 0, propagates as the parent neutrino νp to
L ′, then it decays into the daughter state νd at this distance L ′
and is detected as νβ at L > L ′ after traversing the distance
L − L ′. In the NO, p = 3 and d = 1, 2, while in the IO
p = 1, 2 and d = 3.

Using the Eq. (4.6) we can compute the visible decay term
in Eq. (4.1), we find that for the NO,

∫ L

0

∣∣Aνα→νβ

∣∣2 dL ′ = (Uα3)
2

2∑
j=1

2∑
k=1

Uβ jUβk
√

�3 j�3k

×√
W3 jW3k

⎛
⎜⎜⎝e−�3L − e

−i
�m2

jk L

2Eβ

i
�m2

jk
2Eβ

− �3

⎞
⎟⎟⎠ (4.8)

and for the IO,

∫ L

0

∣∣Aνα→νβ

∣∣2 dL ′ = (
Uβ3

)2
2∑
j=1

2∑
k=1

Uα jUαk
√

� j3�k3

×√
Wj3Wk3

⎛
⎜⎜⎜⎝1 − e

−
(
i

�m2
jk

2Eα
+ � j+�k

2

)
L

i
�m2

jk
2Eα

+ � j+�k
2

⎞
⎟⎟⎟⎠ (4.9)

In Eqs. (4.8) and (4.9) above, the imaginary terms change
sign under an interchange of the indices j and k; hence the
sums are real.

5 Sketchy descriptions of KamLAND and JUNO

In this section, we briefly describe the details of KamLAND
and JUNO, which are phenomenologically relevant to our
work.

5.1 KamLAND

The KamLAND (Kamioka Liquid Scintillator Antineutrino
Detector) reactor neutrino experiment consists of 1 kton of
highly purified liquid scintillator detector based in Japan.
KamLAND detects neutrinos coming from 16 nuclear power
plants with a range of distances that go from 140 to 215 km.
The average distance corresponds to ∼ 180 km. The experi-
ment ran in the reactor anti-neutrino mode from 2002 to 2012,
collecting a total exposure of 4.90×1032 target-proton-years.
We consider the data presented in [67] to perform our analysis
of neutrino decay. The information regarding backgrounds
and systematic uncertainties have also been taken from [67].
The expected advantage of KamLAND over JUNO to study
the decay effect is, as we could see in the plot of probabili-
ties in Fig. 1, the longer average baseline, which is about 3.4
times the JUNO’s baseline, leading to larger decay effects.

5.2 JUNO

The JUNO (Jiangmen Underground Neutrino Observatory)
experiment [68] is a future neutrino experiment that will be
based in China. It is expected to start taking data from the
year 2022. JUNO has been designed with the primary goal
to measure the neutrino mass ordering but it will also be able
to measure the oscillation parameters such as θ12, �m2

21 and
�m2

31 with much better precision. The detector consists of a
20 kton fiducial mass of liquid scintillator and is located at
an average distance of ∼ 53 km from Yangjiang and Tais-
han nuclear power plants. The remote reactor cores at Daya
Bay and Huizhou will also have a small contribution to the
total flux arriving at the JUNO detector. In our experimental
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set-up, we consider the various reactor cores with different
thermal powers and baselines as described in Table 2 of [68].
The description of backgrounds and systematic uncertain-
ties have been taken from [68]. The exposure is set such that
a total of 140,000 events are obtained (including the back-
grounds).

The signal in both of the experiments is the inverse beta-
decay (IBD) events in the energy range ∼ [1.8, 8] MeV,
which essentially determines the electron antineutrino disap-
pearance probability for a given, relatively well known IBD
reaction cross-sections. The main background in a search for
visible neutrino decay in JUNO is the geo-neutrino events
at low energies. We consider their contributions similarly as
done in [55]. The expected advantage of JUNO over Kam-
LAND to study the neutrino decay is (i) much larger statistics
and (ii) better energy resolution which is crucial for the case
of NO as we will see later.

To simulate the KamLAND and the JUNO experiments,
we have used the GLoBES [73,74] software package. The
event rates and statistical-χ2 calculations have also been per-
formed using GLoBES.

6 Features of event rates in the presence of decay

In this section, using the observed and the expected event
rates at KamLAND and JUNO, respectively, we stress upon
the following two features that crucially affect the results in
the presence of visible decay.

1. Dependence of event rates on the neutrino mass ordering,
and

2. Dependence of event rates on the lightest neutrino mass.8

Note that the lightest neutrino is ν3 in the case of IO, and ν1

in the case of NO.
In Figs. 2 and 3, we show the event rates for the IO and NO

respectively. The top panels in both of these figures show the
observed event rates at the KamLAND experiment with 17
bins of 425 MeV each lying in the reconstructed energy range
[1.7, 8.925] MeV. The bottom panels of these figures show
the expected event rates for the JUNO experiment with a total
of 200 bins (corresponding to the bin width of 0.031 MeV) in
the reconstructed energy interval [1.8, 8.0] MeV. In Figs. 2
and 3, the event rates include the signal as well as the back-
ground geo-neutrinos. In the left and the right panels, we

8 The quantity that the experiment can constrain is τ/m. It should be
kept in mind that the dependence on the lightest neutrino mass is cor-
related with the chosen value of gS and gPS.

assume9 mlightest = 10−3 eV and mlightest = 10−1 eV,
respectively. We assume the following values of the oscilla-
tion [75] and decay parameters to generate these event rates.

• Inverted Ordering: θ12 = 34.5◦, θ13 = 8.53◦, θ23 =
47.9◦, �m2

21 = 7.55 × 10−5 eV2, |�m2
31| = 2.42 ×

10−3 eV2, gS = gPS = 0.1.
• Normal Ordering: θ12 = 34.5◦, θ13 = 8.45◦, θ23 =

47.7◦, �m2
21 = 7.55 × 10−5 eV2, |�m2

31| = 2.50 ×
10−3 eV2, gS = gPS = 0.2.

From Fig. 2, as expected from the probabilities shown in
the right panels of Fig. 1, we see that the effects of decay
are significant for IO. This is because, for IO, ν2 or ν1

mass eigenstate decays to ν3/ν3. Thus, the decay is expected
to affect the �m2

21-driven oscillations. For KamLAND and
JUNO, these oscillations are much larger in magnitude com-
pared to �m2

31-driven-oscillations due to the large value of
θ12. Therefore, decay effects are also large. Furthermore,
when one considers the full visible decay including the con-
tribution from daughter neutrinos, a pile-up of events at lower
energies is noticeable for mlightest = 10−1 eV (see text below
for the mlightest dependence on the decay effect). However,
this is still a small effect as the appearance of νe is suppressed
due to the smallness of |Ue3|2. We note that the case consid-
ered to generate the results shown in Fig. 2, gS = gPS = 0.1
for the IO case, is turned out to be excluded as we will see
later.

The decay effects in the event spectrum also depend on
the lightest neutrino mass as can be seen by comparing the
left and right panels in Fig. 2. We first observe that, as long
as the results shown in Fig. 2 is concerned, for relatively
small ( <∼ 0.1) values of couplings, the lightest neutrino mass
dependence comes mainly from the mass dependence in the
visible part of the probabilities given in Eqs. (4.4) and (4.5).
We remind the readers that the daughter contributions coming
from Eqs. (4.8) or (4.9) in the effective probabilities shown
in Fig. 1 is quite small, which should be reflected in the event
number distributions.

However, expressions shown in Eqs. (4.4) and (4.5) are not
useful to understand the lightest neutrino mass dependence
we can see in Fig. 2 since the lifetime τi appears in these equa-
tions also depend on neutrino masses. Therefore, we should
take a closer look at the expressions of � functions given in
the Appendix, taking into account that �i j = mi/(τi E) for
the decay mode of νi → ν j .

By looking into the expression of decay width � functions
in Eq. (A.1), we can say that the origin of the lightest neutrino
mass dependence comes from two parts: (i) the part which is

9 We remark here that the case of mlightest = 10−3 eV closely mimics
the results for mlightest < 10−3 eV and hence aptly provides the lower
limit consideration of the neutrino masses [56].
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Fig. 2 Events rates vs.
reconstructed neutrino energy
assuming IO for KamLAND
(top panel) and JUNO (bottom
panel) with and without the
decay effects. The left (right)
panels correspond to the choice
of mlightest = 10−3 eV
(mlightest = 10−1 eV). We show
the rates for standard
oscillations without any decay
(labeled “osc. w/o decay” in
blue), visible decay without the
daughter neutrino contribution
(labeled “decay w/o app” in red)
and visible decay including the
daughter contribution (labeled
“decay w app” in black). For the
visible decay, we consider
gS = gPS = 0.1. For these
values of the couplings and
mlightest , the values of τ2/m2 are
6.6 × 10−10 s/eV (for
m3 = 10−3 eV) and
3.7 × 10−10 s/eV (for
m3 = 10−1 eV). Also shown are
the observed KamLAND data
indicated by the black solid
circles with error bars which are
taken from [67]

given by the square of the mass of parent neutrino,m2
i , a factor

common for both helicity flipping and conserving processes,
and (ii) the part which is described by the dimensionless
functions f (x), h(x) and k(x) shown in the Appendix, which
have dependence on the both parent and daughter masses of
neutrinos as well as on the helicity of daughter neutrino, if it
is flipped or conserved.

Let us first take a look the part (ii) which looks more com-
plicated. For the case gS = gPS, the total rate coming from
this part is proportional to the sum of ( f (x)+h(x)+k(x))/x
as we can see from Eq. (A.1) in Appendix A. We observe that
the variation of the lightest neutrino mass have little impact
on these functions (mainly due to f (x) which is dominant),
and therefore induces little impact on the total rate, at most a
factor of ∼ 2–3 for both mass orderings (see Figure 1 in Ref.
[56] for the NO where f (x)/x, h(x)/x, k(x)/x is shown as
a function of x).

On the other hand, the part (i), mass square of the par-
ent neutrinos, m2

i , has stronger dependence on the light-
est neutrino masses for the both mass orderings. In the
IO, for the case of ν2 → ν3 decay, the parent mass is

m2 =
√
m2

lightest + �m2
21 + |�m2

31| which implies that the

two different values of lightest neutrino mass lead to m2
2 �

�m2
atm = 2.40 × 10−3 eV2 for mlightest = 10−3 eV, and

m2
2 � m2

lightest = 10−2 eV2 for mlightest = 10−1 eV. As a
result, the decay width is an order of magnitude larger in the
case of mlightest = 10−1 eV, leading to the small but visi-
ble difference between the left and right panels for the IO in
Fig. 2. In the NO, the situation is similar but mlightest depen-
dence is not visible in Fig. 3 because the impact of decay
itself is small due to small value of θ13 as explained in the
end of Sect. 3. We must remind the readers that these particu-
lar dependences of the decay rate on the parent neutrino mass
may be model-dependent, which should be kept in mind in
interpreting our results.

From Fig. 3, for the case of NO, it can be seen that the
KamLAND experiment is almost insensitive to the decay of
ν3 to ν2/ν2 or ν1/ν1. This is expected because the �m2

31-
driven oscillations are averaged out at the baselines relevant
to the KamLAND experiment, and therefore, the distortions
in the spectrum due to decay cannot be seen. Though a small
pile-up of events due to daughter neutrinos is seen, Kam-
LAND cannot place a useful bound on τ3 due to the appear-
ance of daughter neutrinos in the NO case, because they are
too small to be statistically significant. For the case of the
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Fig. 3 Events rates vs.
reconstructed neutrino energy
assuming NO for KamLAND
(top panel) and JUNO (bottom
panel) with and without the
decay effects. The left (right)
panels correspond to the choice
of mlightest = 10−3 eV
(mlightest = 10−1 eV). We show
the rates for standard
oscillations without any decay
(labeled “osc. w/o decay” in
blue), visible decay without the
daughter neutrino contribution
(labeled “decay w/o app” in red)
and visible decay including the
daughter contribution (labeled
“decay w app” in black). For the
visible decay, we consider
gS = gPS = 0.2. For these
values of the couplings and
mlightest , the values of τ3/m3 are
8.3 × 10−11 s/eV (for
m1 = 10−3 eV) and
4.6 × 10−11 s/eV (for
m1 = 10−1 eV). Also shown are
the observed KamLAND data
indicated by the black solid
circles with error bars which are
taken from [67]

JUNO experiment, we find that for the NO there is a very
small effect of decay on the event rates. In the NO, small
s2

13 suppresses decay of ν3 into ν2/ν2 or ν1/ν1, whose effect
is mainly just to dampen the �m2

31-driven oscillations, as
explored previously in Ref. [55].

In the case of IO, because of more than a factor of three
longer average baselines of KamLAND which leads to the
larger effect of neutrino decay than that for JUNO, Kam-
LAND should be able to place a stronger constraint on
ν2 lifetime, if the number of events was similar to that of
JUNO. However, this advantage is largely compensated by
much lower statistics of KamLAND with the total number of
events, 2611 (including backgrounds) [67], which is smaller
than those assumed for JUNO by a factor of 54. Therefore,
interpretation of the KamLAND bound on ν2 lifetime, which
is only slightly better than JUNO as will be reported in Sect. 7,
must be done with care.

7 Constraints on visible neutrino decay by KamLAND
and JUNO

In this section, we present the results of our analysis to obtain
the constraints on visible neutrino decay imposed by the

KamLAND data, and by a simulated data of JUNO assuming
the total number of events equals to 140,000 which can be
obtained by the exposure of ∼ 220 GW · years (total reactor
thermal power times running period with ∼ 90% of reactor
availability assuming 100% detection efficiency). We exhibit
the obtained constraints by drawing the 90% CL exclusion
contours in the gS − gPS plane in Fig. 4 for IO, and in Fig. 5
for NO, for both KamLAND and JUNO. To translate these
results to the constraints on the ratio of lifetime τ to the mass
m, we show the equal τ/m contours as a function of gS and
gPS in Figs. 4 and 5.

7.1 Analysis procedure

We now describe the numerical procedure for calculating the
χ2 for excluding decay. For KamLAND, we consider the
data presented in [67] while for JUNO, we simulate the “true
events rates” assuming that neutrinos undergo only standard
oscillations and that no neutrino decay occurs. To simulate
the true events rates in the case of JUNO, we take the values
of the oscillation parameters used in Sect. 6.

We then “fit” the observed/simulated data with the calcu-
lated event rates assuming the existence of neutrino decay,
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Fig. 4 Decay constraints and
sensitivity plots for KamLAND
(top panel) and JUNO (bottom
panel). We show the 90% CL
contours in the gS − gPS plane.
The true mass ordering is
assumed to be inverted. The left
(right) panel is for
mlightest = 10−3 eV (10−1 eV).
The red curve (labeled “decay
w/o app”) corresponds to visible
decay including the contribution
from the parent neutrinos only
while the black curve (labeled
“decay w app”) corresponds to
visible decay including the
contributions from both parents
as well as the daughter
neutrinos. The blue curves show
the respective values of gS, gPS
which give
(τ/m)heaviest = 10−8, 10−9 s/eV

by varying freely the values of gS and gPS in addition to vary-
ing the standard oscillation parameters θ12, θ13, �m2

21 and
|�m2

31| in their currently-allowed 3σ ranges. Note that in the
fit we keep the test mass ordering same as the true one. These
events rates are called the “test event rates”. The binned-χ2

are calculated using GLoBES including the marginalization
over the systematic uncertainties. We also add χ2 due to the
Gaussian priors corresponding to the test oscillation param-
eters that are varied in the fit. The formula for the total χ2 is
given by

χ2
total =

n∑
i=1

2 [Fi (1 + ξ1 + ξ2) − Di

+Di ln (Di/Fi (1 + ξ1 + ξ2))]

+
∑
k

(ξk/σk)
2 +

∑
j

(θ j − θbf
j )2/σ 2

j . (7.1)

Here, n = 17 (n = 200) is the total number of energy bins for
KamLAND (JUNO). Fi and Di are the theoretical number
of events and the observed number of events, respectively, in
a given i-th bin. ξk are the systematic uncertainty parameters
with standard deviation σk ; and θbf

j is the best fit value of
a given oscillation parameter θ j (that are varied in the fit)

with a 1σ uncertainty σ j . For both KamLAND and JUNO,
we consider an overall normalization error of ξ1 = 5% for
signal and 20% for the background events and an energy cal-
ibration error of ξ2 = 3%. For a given choice of the test
decay parameters gS and gPS, we select the least χ2

total that
is obtained after marginalizing over all the test oscillation
parameters. The �χ2 for a given gS and gPS is obtained
through: �χ2 = χ2

total − χ2
total, smallest. We show the result-

ing contours corresponding to �χ2 = 4.61 for 2 degree of
freedom (DOF) as a function of the test gS and gPS.

7.2 KamLAND and JUNO bounds on neutrino decay: the
inverted mass ordering

We first discuss the potential of the experiments to exclude
visible decay for the case of IO, shown in Fig. 4. The top
panels show the results for KamLAND while the bottom
panels show the results for JUNO. The left panels in these
figures are for mlightest = 10−3 eV while the right panels are
for mlightest = 10−1 eV.

From the top panels of Fig. 4, we find that KamLAND
excludes gS � 0.11 and gPS � 0.11 for mlightest = 10−3 eV
at 90% CL. For mlightest = 10−1 eV, gS � 0.06 and gPS �
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Fig. 5 Decay sensitivity plots
for JUNO. We show the 90%
CL contours in the gS − gPS
plane for mlightest = 10−3 eV
(10−1 eV) in the left (right)
panel. The true mass ordering is
assumed to be normal. The same
notation apply as in Fig. 4. The
blue curves show the respective
values of gS, gPS which give
(τ/m)heaviest = 10−9,

10−10, 10−11 s/eV

1.00 are excluded. In either case, the constraints correspond
to the exclusion of τ/m � 1.1×10−9 s/eV. From the lower
panel, we see that formlightest = 10−3 eV, JUNO can exclude
neutrino visible decay at 90% CL for IO if gS � 0.11 and
gPS � 0.11. Formlightest = 10−1 eV, if gS � 0.05 and gPS �
1.00, JUNO can exclude neutrino decay at 90% CL. For both
KamLAND and JUNO, the constraint for the pseudo-scalar
coupling formlightest = 10−1 eV is much weaker because the
functions h(x) and k(x) in � are much smaller than f (x) for
mlightest = 10−1 eV, see Figure 1 in [56]. Expressed in terms
of τ/m, for IO, JUNO excludes τ/m � 1.1 × 10−9 s/eV,
which happened to be the same value as that of KamLAND.
We see that inclusion of the daughter neutrino contributions
does not affect in any significant way the decay exclusion
sensitivity. In all the panels, the two curves with and without
the daughter’s contributions are nearly coincident.10

It is remarkable that despite that the number of events
obtained by KamLAND used for our analysis is 54 times
smaller than that for JUNO (2611 vs 140,000), both experi-
ments give very similar bounds (sensitivities). As mentioned
at the end of the previous section, we understand that this is
mainly because of more than 3 times larger average baseline
of KamLAND (∼ 180 km) compared to JUNO (∼ 53 km)
which can largely compensate the much smaller statistics of
KamLAND.

Let us now try to understand qualitatively the dependence
of the value of mlightest on the sensitivities to gS and gPS

we can see in Fig. 4. Since the contributions from daughter

10 This is not true in general. In the case of electron disappearance
channel, the contribution of the neutrino decay to daughter neutrinos
is suppressed in both NO (when the ν3 state decays to ν1 or ν2) as
well as IO (when ν1 or ν2 decays to ν3) because the production as well
as detection involves νe which has a very small ν3 content due to the
smallness of |Ue3|. It was shown in Ref. [56] that there can be significant
daughter neutrinos in the νμ → νe channel for the NO as the decay does
not involve |Ue3|.

neutrinos are small, we just need to pay attention to the decay
width � in Eq. (A.1), in particular for the helicity conserving
case r = s which is dominant.

We first note that in the limit of vanishing mlightest, which
corresponds to x → ∞, the functions f (x), h(x) and k(x)
given in Eq. (A.2) tend to become equal. See also Figure 1
of Ref. [56]. It implies that both couplings, gS and gPS, con-
tribute equally to neutrino decay, which explains why the
bounds are nearly symmetric to gS and gPS in the case of
mlightest = 10−3 eV.

On the other hand, as the assumed true value of mlightest is
increased (or x is decreased), the function f (x)/x (h(x)/x) is
increased (decreased), as can be seen from the first equation
in (A.1) and also from Figure 1 of Ref. [56]. It means that the
scalar (pseudo-scalar) coupling gS (gPS) becomes more (less)
important for decay. This is the reason why the bound on the
scalar (pseudo-scalar) coupling become tighter (milder) at a
large value of mlightest = 10−1 eV independent of the mass
orderings.

7.3 JUNO bound on neutrino decay: the normal mass
ordering

We consider only the JUNO experiment as it was shown pre-
viously (see Sect. 6) that there is little sensitivity to the decay
ν3 → ν1,2 in KamLAND.11 JUNO will be able to place a
limit on the decay effect because of the much larger statis-
tics and good energy resolution which allows to detect the
damping-like effect in the �m2

31 driven oscillation we can
see in the left middle panel of Fig. 1. From Fig. 5, we see
that for mlightest = 10−3 eV, JUNO can exclude neutrino
visible decay at 90% CL if gS � 0.28 and gPS � 0.33. For
mlightest = 10−1 eV, JUNO can exclude neutrino decay at

11 This point is reassured in the same numerical analysis as the case of
IO.
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Table 2 The 90% CL upper bound on the couplings and the lower
bound on the lifetime of active neutrinos for the given mass ordering and
the values of the lightest neutrino mass, obtained through the sensitivity
analyses of the experiments KamLAND and JUNO. The values of gS
and gPS shown correspond to �χ2 = 4.61 for 2 DOF. The value of
τ/m shown is calculated for the given mlightest and the obtained value
of gS again for 2 DOF

Experiment (Ordering, mlightest) gS gPS τ/m (s/eV)

KamLAND (IO, 10−3 eV) 0.11 0.11 1.1 × 10−9

KamLAND (IO, 10−1 eV) 0.06 1.00 1.1 × 10−9

JUNO (IO, 10−3 eV) 0.11 0.11 1.1 × 10−9

JUNO (IO, 10−1 eV) 0.05 1.00 1.1 × 10−9

JUNO (NO, 10−3 eV) 0.28 0.33 7.5 × 10−11

JUNO (NO, 10−1 eV) 0.16 2.90 7.5 × 10−11

90% CL if the mass ordering is normal and gS � 0.16 and
gPS � 2.90. The constraint on gPS is much weaker mainly
due to the same reason described in Sect. 7.3 for the IO
case. Expressed in terms of τ/m, we find that for NO, JUNO
excludes τ/m � 7.5×10−11 s/eV.12 A comparison between
Figs. 4 and 5 indicates that the bounds crucially depend on
the choice of the mass ordering: the constraints are milder in
the NO by an order of magnitude. In the NO, as in the case of
IO, the daughter neutrinos give essentially no contribution to
exclusion of decay, leading to almost complete degeneracy
of the red and the black curves in Fig. 5.

In Table 2, we summarize the constraints obtained by
KamLAND and JUNO discussed in this section.

8 Conclusions

In this work, we have discussed the effect of visible neu-
trino decay which can be detected by observing the positron
energy spectrum due to the IBD reaction in reactor neutrino
experiments. Modifications of the spectrum not only in the
shape but also in the normalization are important. We have
obtained the constraints on the lifetime of higher-mass state
neutrinos (ν3 in the NO, and ν2 or ν1 in the IO) in medium
and long-baseline reactor experiments.

We have used the Majoron model to calculate the neutrino
decay rate. We took the two experimental settings, Kam-
LAND and JUNO. They are the most relevant ones because
of the long baseline, ∼ 180 km for KamLAND, and high
energy resolution <∼ 3% expected for JUNO in construc-
tion. For KamLAND we use the latest data, and for JUNO
we assume the exposure of about 220 GW · years which
would produce 1.4 × 105 events. In comparison with the
constraints on neutrino decay often expressed as the bound

12 This number is identical to the one obtained as the 95% CL bound
in Ref. [55], but for invisible decay and for 1 DOF.

Table 3 The 90% CL lower bound on the lifetime/mass of active neu-
trinos for the given mass ordering and the values of the lightest neutrino
mass, obtained through the sensitivity analyses of the experiments Kam-
LAND and JUNO. The values of τ/m = τ3/m3 (τ2/m2) for the normal
(inverted) ordering, calculated for a given mlightest , shown correspond
to �χ2 = 2.71 for 1 DOF

Experiment (Ordering, mlightest) τ/m (s/eV)

KamLAND (IO, 10−3 eV) 1.4 × 10−9

KamLAND (IO, 10−1 eV) 1.4 × 10−9

JUNO (IO, 10−3 eV) 1.4 × 10−9

JUNO (IO, 10−1 eV) 1.4 × 10−9

JUNO (NO, 10−3 eV) 1.0 × 10−10

JUNO (NO, 10−1 eV) 1.0 × 10−10

on τ/m (τ3/m3 for the NO, and τ2/m2 for the IO) at 90% CL
for 1 degree of freedom, we have provided the corresponding
information in Table 3.

We found that the lifetime bounds depend crucially on
whether the neutrino mass ordering is normal or inverted.
Roughly speaking, the results we obtained for JUNO shows
that for the IO, the bounds are better than the one for the
NO approximately by a factor of 20. In looking into closer
detail, KamLAND is insensitive to the decay of ν3 in the
case of NO because of insufficient energy resolution to mea-
sure small wiggles of the atmospheric-scale high-frequency
oscillations and statistically-insignificant pile-up of events
due to daughter neutrinos at lower energies. JUNO, on the
other hand, can rule out τ/m � 1.0 × 10−10 s/eV for the
ν3 mass eigenstate. We note that this value is quite similar
and consistent with the bound of 9.3 × 10−11 s/eV for the
same confidence level (90% CL), obtained in [55] where the
invisible neutrino decay for JUNO was studied. For the case
of IO, the bounds of roughly the same order of magnitude
are obtained on the decay of the ν2 mass eigenstate by both
KamLAND and JUNO. We find that τ/m � 1.4×10−9 s/eV
is ruled out by both KamLAND and JUNO for the ν2 mass
eigenstate.

We have observed that, in each of these cases, there is no
significant improvement in the sensitivity by including the
daughter neutrino contributions in the analyses. It is because
the effect is suppressed through |Ue3|2, which is small. How-
ever, in the case of IO, a decrease of νe flux by the decay of ν2

and ν1 mass eigenstates produces a clear signature of neu-
trino decay, yielding a stringent lifetime bound mentioned
above. For the NO, neutrino decay acts merely as a damping
effect of the fast �m2

31-driven oscillations both in JUNO and
KamLAND, rendering detection of decay effect harder, in
particular, for the latter. We also mention that our lifetime
bound depends on mlightest through mlightest dependence of
the decay rate.
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Appendix A: Auxiliary formulae

We have the auxiliary functions, respectively the decay rate,
�rs
i j of ν(r)

i → ν
(r)
j of initial mass state of massmi and helicity

r and final neutrino mass m j and helicity s , and normalized
spectrum of daughter distribution, Wrs

i j (Eα, Eβ) with Eα the
energy of initial state and Eβ the energy of the final neutrino
[56,69,71]

�rs
i j =

⎧⎪⎨
⎪⎩

m2
i

16πEi

[
(gi jS )2

(
f (xi j )
xi j

)
+ (gi jPS)2

(
h(xi j )
xi j

) ]
r = s,

m2
i

16πEi

[
((gi jS )2 + (gi jPS)2)

(
k(xi j )
xi j

)]
r �= s

Wrs
i j (Eα, Eβ) ≡ 1

�rs
i j

d�rs
i j (Eα, Eβ)

dEβ

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
1

Eα

)
(gi jS )2(R + 2) + (gi jPS)2(R − 2)

(gi jS )2 f (xi j ) + (gi jPS)2h(xi j )
r = s,

(
1

Eα

) 1
xi j

+ xi j − R

k(xi j )
r �= s

(A.1)

where

R ≡ 1

xi j

Eα

Eβ

+ xi j
Eβ

Eα

with xi j ≡ mi/m j > 1, and the functions f (x), h(x), k(x)
are defined in Eq. (A.2).

f (x) = x

2
+ 2 + 2 ln(x)

x
− 2

x2 − 1

(2x3)
,

h(x) = x

2
− 2 + 2 ln(x)

x
+ 2

x2 − 1

(2x3)
,

k(x) = x

2
− 2 ln(x)

x
− 1

(2x3)
. (A.2)
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