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Abstract Obtaining solutions of the Einstein field equa-
tions describing spinning compact bodies is typically chal-
lenging. The Newman–Janis algorithm provides a proce-
dure to obtain rotating spacetimes from a static, spherically
symmetric, seed metric. It is not guaranteed, however, that
the resulting rotating spacetime solves the same field equa-
tions as the seed. Moreover, the former may not be cir-
cular, and thus expressible in Boyer–Lindquist-like coordi-
nates. Amongst the variations of the original procedure, a
modified Newman–Janis algorithm (MNJA) has been pro-
posed that, by construction, originates a circular, spinning
spacetime, expressible in Boyer–Lindquist-like coordinates.
As a down side, the procedure introduces an ambiguity,
that requires extra assumptions on the matter content of the
model. In this paper we observe that the rotating spacetimes
obtained through the MNJA always admit separability of
the Hamilton–Jacobi equation for the case of null geodesics,
in which case, moreover, the aforementioned ambiguity has
no impact, since it amounts to an overall metric conformal
factor. We also show that the Hamilton–Jacobi equation for
light rays propagating in a plasma admits separability if the
plasma frequency obeys a certain constraint. As an illustra-
tion, we compute the shadow and lensing of some spinning
black holes obtained by the MNJA.

1 Introduction

The Event Horizon Telescope has recently released the first
observed black hole shadow [1]. This observation concerns
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the supermassive black hole located at the center of the M87
galaxy. Observational evidence suggests that this black hole,
as well as many others, has non-vanishing angular momen-
tum. Historically, the first rotating black hole of General Rel-
ativity, as well as the most influential one, is the Kerr solu-
tion [2]. Remarkably, the Kerr solution, which is the most
general physically reasonable black hole of vacuum General
Relativity, is fully described by solely two global charges [3]:
the black hole mass and angular momentum.

In general, exact rotating black hole solutions are difficult
to obtain by simply inserting a sufficiently general ansatz
into the Einstein field equations. The resulting set of non-
linear, coupled, partial differential equations is prohibitively
difficult, even though it can often be solved numerically. The
Kerr solution was obtained by further assuming that the met-
ric should be algebraically special, which, via the Goldberg–
Sachs theorem [4], implied the existence of special congru-
ence of curves and simplified the equations. Shortly after-
wards, it was observed by Newman and Janis that a certain
ad hoc algorithm yielded a simple method to obtain the Kerr
solution, a procedure that became known as the Newman–
Janis algorithm (NJA) [5]. The procedure is based on a cer-
tain complexification, a solution generating technique used
in other contexts since the XIXth century – see e.g. [6] and
references therein. The NJA starts with the static, spheri-
cally symmetric Schwarzschild geometry; after implement-
ing the complexification, which in particular introduces an
extra parameter, the Kerr solution emerges as a result. A
success of the NJA was the original derivation of the Kerr–
Newman solution [7], obtained by applying the complexifi-
cation procedure to the Reissner–Nordström electrovacuum
black hole.

Albeit a useful trick, two (related) caveats overshadow the
NJA. Firstly, why does it work? Only some partial insights
have been offered, see e.g. [5,8,9]. Secondly, when does
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it work? Although there are rotating solutions obtained via
the NJA from static solutions that can fall within the same
model, this is not always the case. Sometimes, the resulting
rotating metric fails to obey the field equations of the seed
model. An example where the NJA fails is the four dimen-
sional Einstein–Maxwell-dilaton black hole, whose spinning
generalization cannot be obtained via the NJA [10] (and in
fact it is unknown, in closed form, for generic dilaton cou-
pling). Another example of the limited scope of validity of
the NJA occurs in higher dimensions. The NJA can be used
to transform the Tangherlini black hole [11] into a Myers-
Perry black hole [12], see [13,14]; but it fails to generate
the spinning black holes of the higher dimensional Einstein–
Maxwell model (without Chern-Simons terms), which again
are still not known in closed analytic form.

Despite these two issues, the NJA has been adopted as a
useful technique in a relativist’s toolkit to generate spinning
metrics. These issues, moreover, are mitigated in cases where
the static seed metric is, itself, postulated ad hoc, as a case
study to investigate some geometrical possibility, e.g. a reg-
ular black hole. After generating the spinning geometry, one
may then look for some matter model such that the spacetime
solves the corresponding Einstein equations.

Even taking this pragmatical perspective, however, there
is yet another property of the NJA that is unsatisfactory, at
least for some applications. For some seed metrics, the NJA
results in a rotating spacetime that is not circular. In partic-
ular, this means it cannot be written in the canonical coordi-
nates [15]. For Kerr these are the standard Boyer–Lindquist
coordinates [16]. We shall call the corresponding coordi-
nates Boyer–Lindquist-like coordinates. Specifically, these
are coordinates adapted to the Killing symmetries with only
one off diagonal term, occurring in the Killing sector. This
inability turns out to be related to the specific implementation
of the complexification procedure.

A way around the latter issue was recently proposed in
the form of a modified NJA (MNJA) [17,18]. This procedure
modifies the original NJA in such a way that it guarantees that
a Boyer–Lindquist-like form emerges at the end. The price to
pay is the emergence of an extra metric function, essentially
unconstrained by the procedure, and therefore an ambiguity.
In the MNJA it is proposed that this function should be fixed
via physical arguments, such as the use of a particular form
for the stress-energy tensor [17]. As we shall see, however,
for the purpose of understanding the null geodesic flow in the
spinning geometries obtained from the MJNA, this ambiguity
is irrelevant. For examples of rotating solutions that have been
obtained using the MNJA, see e.g. [19–26].

The gravitational field in the vicinity of a black hole is
so strong that light rays can become trapped in bound orbits
around the black hole [27]. In general these are called funda-
mental photon orbits [28]. Such orbits, of which light rings
are a particular example, are closely related to the shadow

cast by a black hole [29]. The study of the shadow of a
Schwarzschild black hole was pioneered in Ref. [30], albeit
the terminology shadow was only much later introduced [31],
while the shadow for a Kerr black hole was first correctly ana-
lyzed in Ref. [32]. More recently, the shadows of many others
rotating black hole solutions have been investigated, includ-
ing, e.g. of Kerr–Newman black holes [33,34], Kerr black
holes with scalar hair [35–37], Kerr–Sen [38], spontaneously
scalarised Kerr black holes [39], Kaluza–Klein dyonic rotat-
ing black holes [40], the double Kerr solution [41], spinning
Einstein–Maxwell dilaton black holes [42] and rotating reg-
ular black holes [34].

Studying the shadow of a given black hole, as well as
the null geodesic flow in general, is considerably facilitated
by the separability of the corresponding Hamilton–Jacobi
equation. In the Kerr case, the separability of the Hamilton–
Jacobi equation is a remarkable property first pointed out by
Carter [43]. In this case, the geodesic equations of motion
can be written as a set of 4 (first) order differential equations.
The separability of Hamilton–Jacobi equation is related to
the existence of a non-trivial (irreducible, rank 2) Killing
tensor for the Kerr geometry, which gives rise to the well-
known Carter constant [43]. Surprisingly, the Hamilton–
Jacobi equation for light rays propagating in a plasma in
Kerr spacetime also admits separability, if the frequency of
the plasma satisfies a given constraint [44]. It is important
to state that light rays in plasma do not follow geodesic
curves, therefore the existence of a Carter-like constant is
unexpected. Besides the Kerr solution, many others rotating
black hole solutions also admit separability of the Hamilton–
Jacobi equation for null geodesics [33,34,38]. Recently, it
was shown that a rotating solution obtained from the NJA
only admits separability for null geodesics, if the result-
ing metric can be written in Boyer–Lindquist-like coordi-
nates [45]. It was also pointed out that the Hamilton–Jacobi
equation in a spacetime obtained with the NJA admits sepa-
rability of timelike geodesics if one of the metric function
is additively separable [46]. Moreover deformed rotating
BH spacetimes have also been shown to admit separabil-
ity of Hamilton–Jacobi equation [47]. Then, one may ask if
a generic rotating configuration obtained through the MNJA
also admits separability of the Hamilton–Jacobi equation and
what is the role played by the unconstrained function intro-
duced in the MNJA on the separability of null geodesics and
light rays propagating in plasma.

The aim of this paper is to stress that null geodesics in a
spacetime generated through the MNJA always admit sep-
arability, regardless of the ambiguity raised by the undeter-
mined function that the MNJA introduces. This goes beyond
the results obtained in Ref. [17] in three ways. Firstly, a spe-
cific form of the metric was chosen in Ref. [17] whereas we
work with the most generic form generated by the MNJA.
Secondly, we show this separability is insensitive to the ambi-

123



Eur. Phys. J. C (2020) 80 :1036 Page 3 of 12 1036

guity introduced in the MNJA, which is solved in Ref. [17]
by advocating a specific form of the energy-momentum ten-
sor; our results show that regardless of this choice, sepa-
rability holds. Thirdly, this universality of the separability
only holds for null geodesic, not timelike ones, a distinc-
tion not made in Ref. [17]. We also show that the Hamilton–
Jacobi equation for light rays propagating in a cold, pressure-
less and non-magnetized plasma admits separability, if the
plasma frequency satisfies a given constraint, which depends
on the ambiguity introduced by the modified NJ algorithm.
In addition, for illustrative purposes, we analyze the shadow
cast by some rotating spacetimes obtained through the
MNJA.

We would like to further emphasize that the construction
of new rotating geometries via a Newman–Janis algorithm
is a very active field of research in the literature, partially
motivated by the difficulty of finding exact rotating analyt-
ical solutions to generic matter models. As such, general
results on the properties of null geodesics and their inte-
grability on geometries generated by Newman–Janis algo-
rithms are both timely and of interest to a wide research
community.

In Sect. 2, we reproduce the MNJA steps in order to obtain
a rotating spacetime geometry from a given spherically sym-
metric spacetime. In Sect. 3, we analyze the Hamilton–Jacobi
equation for null geodesics in the most generic spacetime
obtained through the MNJA and show that the resulting
equations are always separable. In Sect. 4, we analyze the
Hamilton–Jacobi equation for light rays propagating in a
plasma and show that the resulting equations admit separa-
bility if the plasma frequency satisfies a certain constraint. In
Sect. 5, we perform a generic analysis of the shadow edge in
such rotating spacetimes for null geodesics, and then present
some illustrative concrete cases. We present our final remarks
in Sect. 6. We use natural units, G = c = 1, and metric sig-
nature (− ,+ ,+ ,+).

2 Modified Newman–Janis algorithm

Let us start by reviewing the MNJA proposed in [17,18]. We
start with a spherically symmetric seed metric, written as

ds2 = −G(r)dt2 + 1

F(r)
dr2 + H(r)(dθ2 + sin2 θ dφ2) .

(1)

This choice does not exhaust the gauge freedom. Next, we
write the line element (1) in advanced null coordinates, using

dt = 1√
F G

dr + du, (2)

resulting in

ds2 = −G du2 − 2

√
G

F
dr du + H (dθ2 + sin2 θ dφ2).

(3)

The contravariant components of the metric tensor can be
written in terms of a null tetrad basis ea = (l, n, m, m̄), as
follows:

gμν = −lμ nν − lν nμ + mμ m̄ν + mν m̄μ, (4)

where lμ lμ = nμ nμ = mμ mμ = lμ mμ = nμ mμ = 0.
Moreover, lμ nμ = −mμ m̄μ = −1. For the line element
(3), we can make the specific choice

lμ = δμ
r , (5)

nμ =
√

F

G
δμ

u − F

2
δμ

r , (6)

mμ = 1√
2 H

(
δ
μ
θ + i

sin θ
δ
μ
φ

)
. (7)

Performing a complex transformation of coordinates,
given by

r ′ = r + i a cos θ, (8)

u′ = u − i a cos θ, (9)

θ ′ = θ, (10)

φ′ = φ, (11)

the null tetrad basis vectors, in the primed coordinate system,
become

l ′μ = δ
μ

r ′ (12)

n′μ =
√

B

A
δ
μ

u′ − B

2
δ
μ

r ′ (13)

m′μ = 1√
2�

[
δ
μ

θ ′ + i a sin θ ′ (δμ

u′ − δ
μ

r ′
) + i

sin θ ′ δ
μ

φ′

]
.

(14)

In the latter the functions G(r), F(r) and H(r) were replaced
as:

G(r) → A(r ′, θ ′, a), (15)

F(r) → B(r ′, θ ′, a), (16)

H(r) → �(r ′, θ ′, a), (17)

where A, B and � are real functions that will be fixed later.
In order to recover the spherically symmetric seed metric in
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the non-rotating case, it is imposed that

lim
a→0

A(r ′, θ ′, a) = G(r ′), (18)

lim
a→0

B(r ′, θ ′, a) = F(r ′), (19)

lim
a→0

�(r ′, θ ′, a) = H(r ′). (20)

The modification on the original NJA arises in Eqs. (15)–
(17), where the functions A, B, and � would be determined
by the complexification of the radial coordinate r . In the
MNJA, A, B, � are fixed by using another criteria and by
requiring a particular form for the stress-energy tensor.

Using Eqs. (4) and (12)–(14), we find that

guu = a2 sin2 θ

�
, gur = −

√
B

A
− a2 sin2 θ

�
, (21)

guφ = a

�
, grr = B + a2 sin2 θ

�
, (22)

grφ = − a

�
, gθθ = 1

�
, gφφ = 1

� sin2 θ
, (23)

where we dropped the primes for convenience. The corre-
sponding line element in the advanced null coordinates is

ds2 = −A du2 − 2

√
A

B
du dr + � dθ2

− 2 a sin2 θ

(√
A

B
− A

)
du dφ + 2 a sin2 θ

√
A

B
dr dφ

+ sin2 θ

[
� + a2 sin2 θ

(
2

√
A

B
− A

)]
dφ2. (24)

The final step is to write the line element (24) in Boyer–
Lindquist-like coordinates. This is accomplished by the fol-
lowing coordinate transformation:

du = dt + χ1(r) dr, (25)

dφ = dϕ + χ2(r) dr, (26)

and imposing that grϕ and gtr are zero. This is not always
possible for the NJA, since the functions χ1(r) and χ2(r)

may depend on θ . If so, the right hand side of Eqs. (25)–(26)
is not an exact differential and thus no coordinates u(t, r) and
φ(ϕ, r) exist. 1 This (potential) failure of the NJA to produce
a circular metric is related to the fact that the functions A, B,
� are fixed by the complexification of the radial coordinate

1 It was recently shown that a rotating solution obtained from the NJA
only admits separability for null geodesics if χ1 and χ2 are functions of
the radial coordinate only, what implies that the metric can be written
in Boyer–Lindquist coordinates [45].

r . In the MNJA, on the other hand, the functions A, B and �

are still not fixed, i.e. they are unknowns. Therefore, if

χ1 = − K + a2

F H + a2 , (27)

χ2 = − a

F H + a2 , (28)

where

K (r) =
√

F(r)

G(r)
H(r), (29)

we can always write the line element (24) in Boyer–
Lindquist-like coordinates, provided that

A(r, θ) =
(
F H + a2 cos2 θ

)
(
K + a2 cos2 θ

)2 �, (30)

B(r, θ) = F H + a2 cos2 θ

�
. (31)

We remark that the latter satisfies the requirement of
Eqs. (18)–(20). Then, the new geometry, written in Boyer–
Lindquist-like coordinates, is given by

ds2 = −
(
F H + a2 cos2 θ

)
(
K + a2 cos2 θ

)2 � dt2

− 2 a sin2 θ

[
K − F H(

K + a2 cos2 θ
)2

]
� dt dϕ + �

F H + a2 dr2

+ � dθ2 (32)

+ � sin2 θ

[
1 + a2 sin2 θ

2 K − F H + a2 cos2 θ(
K + a2cos2θ

)2

]
dϕ2.

We note that the function�(r, θ, a) is still an unfixed func-
tion present in the line element (32). It is possible to deter-
mine �(r, θ, a) by imposing some constraint in the stress-
energy tensor T μν . As pointed out in Ref. [18], if the source
T μν represents an imperfect fluid rotating about the z-axis,
� obeys the following nonlinear differential equations [18]:

(
K + a2 y2

)2 (
3 �,r �,y2 − 2 � �,r y2

) = 3 a2 K,r �2,

(33)[
K 2

,r + K
(
2 − K,rr

) − a2 y2 (
2 + K,rr

)]
�

+
(

K + a2 y2
) (

4 y2 �,y2 − K,r�,r

)
= 0, (34)

where y ≡ cos θ , and the comma in the subscript denotes
differentiation with respect to r or/and y. It may be observed,
however, that � is an overall conformal factor in (32). Thus,
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neither the causal structure nor the null geodesic flow will
depend on the choice of �.

There are several examples in the literature where the
MNJA was used in order to generate rotating solutions in
Boyer–Lindquist-like coordinates (cf., for instance, Refs. [19–
26]).

3 Hamilton–Jacobi equation for null geodesics in
rotating spacetime obtained through modified
Newman–Janis algorithm

Recently, it was shown that if the NJA succeeds in bringing
the rotating solution to the Boyer–Lindquist-like coordinates,
the Hamilton–Jacobi equation admit separability [45]. More-
over, Azreg-Aïnou studied the separability of the Hamilton–
Jacobi equation for regular black holes with F(r) = G(r)

and H(r) = r2 [17]. One may ask if a generic rotating solu-
tion obtained through the MNJA also admits separability of
the Hamilton–Jacobi equation. We note that due to the com-
plicated form of (33) and (34), only few solutions for �

are known [17]. Most of them do not correspond to (29)
with F(r) �= G(r). However, as we show below, for null
geodesics, we do not need to determine the explicit form of
�, since the separability of the Hamilton–Jacobi equation is
independent of this function.

We use the Hamilton–Jacobi equation, given by

∂S

∂τ
+ H = 0, (35)

where S is the Jacobi action, τ is an affine parameter, and H
is the Hamiltonian

H = 1

2
gμν pμ pν . (36)

The relation between the Jacobi action and the momentum
pμ is

∂S

∂xμ
= pμ. (37)

Since the metric tensor does not depend on t and ϕ, we
have two conserved quantities, E = −pt and pϕ = �, which
are the energy and angular momentum of the photon with
respect to the axis of symmetry, respectively. We assume the
following Ansatz for the Jacobi action S:

S = μ2

2
τ − E t + �ϕ + Sr (r) + Sθ (θ), (38)

where μ is the mass of the particle. Using the Ansatz (38) in
Eq. (35), we find that

− 1

�
(
F H + a2

) [
E

(
K + a2

)
− a �

]2 + 1

�
(pθ )

2 (39)

+ 1

� sin2 θ

(
a E sin2 θ − �

)2 + F H + a2

�
(pr )

2 = −μ2.

In the particular case of null geodesics (μ = 0) the unfixed
function � disappears, and we can rewrite Eq. (39) as

(
F H + a2

)
(pr )

2 − 1(
F H + a2

) [
E

(
K + a2

)
− a �

]2

= −
[
(pθ )

2 + 1

sin2 θ

(
a E sin2 θ − �

)2
]

≡ −K. (40)

We point out that F , H and K are functions of the radial
coordinate r only, therefore the right-hand side of Eq. (40) is
function of r only, while the left-hand side is a function of θ

only. This equality will only hold if both sides are equal to a
constant K. We rewrite K as

K ≡ Q + (a E − �)2 , (41)

where Q is called Carter’s constant. Then, we find from
Eq. (40), that the equations for pr and pθ are separable:

(
F H + a2

)2
(pr )

2 =
[

E
(

K + a2
)

− a �
]2

−
(

F H + a2
) [

Q + (a E − �)2
]
, (42)

(pθ )
2 = Q + a2 E2 cos2 θ − cos2 θ

sin2 θ
�2. (43)

From Eqs. (42)–(43), we see that the Hamilton–Jacobi
equation (for null geodesics) is completely separable for the
general line element (32). Let us emphasize this point: the
Newman–Janis algorithm admits separability only if the gen-
erated rotating spacetime can be written in Boyer–Lindquist-
like coordinates; by contrast, the MNJA always admits sepa-
rability in the Hamilton–Jacobi equation, for null geodesics.
In addition, since the complexification of the radial coordi-
nate is introduced in a different fashion, the resulting equa-
tions of motion will be related to the functions present in the
spherically symmetric seed metric, i.e. F(r), H(r) and K (r).

4 Hamilton–Jacobi equation in rotating spacetime
obtained through modified Newman–Janis algorithm
in plasma

In this section, we study the separability of Hamilton–Jacobi
equation in a rotating spacetime obtained through MNJA in
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the presence of a plasma. We consider a cold, pressureless
and non-magnetized plasma model around the black hole. In
the presence of a plasma, the light rays do not move along
null geodesics. The propagation of light rays in the plasma
is described by the following Hamiltonian [48,49]:

Hp = 1

2

(
gμν pμ pν + ω2

p(r, θ)
)

, (44)

where ωp is the plasma electron frequency. We point out
that the difference between null geodesic [Eq. (36)] and the
plasma case [Eq. (44)] is the term ω2

p in Eq. (44). The plasma
frequency ωp is related to the electron density Ne by

ωp(r, θ) = 4 π e2

me
Ne(r, θ), (45)

where e and me are the charge and mass of the electron,
respectively. For the Kerr geometry, it was shown that the
Hamilton–Jacobi equation for the Hamiltonian Hp is sep-
arable if the function ω2

p has a particular form [44]. One
can ask if the Hamilton–Jacobi equation for the Hamilto-
nian (44) is separable in a generic spacetime obtained through
the MNJA. In order to answer this question, we start applying
the Hamilton–Jacobi equation (35) to the Hamiltonian (44),
using that the Jacobi action S is given by Eq. (38). By substi-
tuting Eq. (38) in Eq. (35), and using the Hamiltonian given
in (44), we find that

(
a sin θ E − �

sin θ

)2

− 1(
F H + a2

) [(
K + a2) E − a �

]2

+ (
F H + a2) (pr )

2 + (pθ )
2 + � ω2

p(r, θ) = 0. (46)

From Eq. (46), we see that the Hamilton–Jacobi equation
is not separable in the general case of light rays propagating
in a plasma, since the last term on the left-hand side is an
arbitrary function of r and θ . However, if

ω2
p(r, θ) = ωr (r) + ωθ(θ)

�(r, θ)
, (47)

the Hamilton–Jacobi equation for light rays in the presence
of a plasma is separable as

(
F H + a2

)2
(pr )

2 =
[(

K + a2
)

E − a �
]2

−
(

F H + a2
) [

Q p + (a E − �)2 + ωr

]
,

(48)

(pθ )
2 = Q p − ωθ + cos2 θ

(
a2 E2 − �2

sin2 θ

)
, (49)

where Q p is a generalized Carter-like constant, related to
the propagation of light rays in the presence of the plasma
obeying Eq. (47). We note that Eq. (48) depends only on

the radial coordinate r , while Eq. (49) depends only on θ ,
as expected from the separability of the Hamilton–Jacobi
equation. Moreover, if ωr = ωθ = 0, we recover the null
geodesic results presented in Sect. 3.

Hence, Eq. (47) establishes the condition for the separa-
bility of the Hamilton–Jacobi equation for the propagation of
light rays in the presence of a plasma. The analogous result
for Kerr spacetime was obtained in Ref. [44], with the choice
�(r, θ) = r2 +a2 cos2 θ . If the plasma condition (47) is not
satisfied, the equations of motion may stop being separable.

5 Shadows

In this section, we study the analytical form of the shadow
cast by rotating black holes obtained through the MNJA, as
an application of the separability properties of null geodesics
studied in Sect. 3. In particular, we study the spherical photon
orbits, which are related to the shadows cast by the general
line element (32). We also reproduce the shadows of specific
solutions presented in the literature.

We point out that Eqs. (42)–(43) can be rewritten as

�2 (ṙ)2 =
[

E
(

K + a2
)

− a �
]2

−
(

F H + a2
) [

Q + (a E − �)2
]

(50)

�2 (
θ̇
)2 = Q + cos2 θ

(
a2 E2 − �2

sin2 θ

)
(51)

where we have used that pμ = gμν pν = ẋμ, and ẋν =
dxν/dτ . The equations of motion for (t, ϕ) are given by

ṫ = gt μ pμ =
(
K + a2

)2 − a2 sin2 θ
(
F H + a2

)
�

(
F H + a2

) E

+ a (F H − K )

�
(
F H + a2

) �, (52)

ϕ̇ = gϕ μ pμ =
(
F H + a2 cos2 θ

)
� sin2 θ

(
F H + a2

)�

− a (F H − K )

�
(
F H + a2

) E . (53)

We define the functions R(r) and �(θ), such that

�2 (ṙ)2

E2 = R(r), (54)

�2
(
θ̇
)2

E2 = �(θ), (55)
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where

R(r) =
(

K + a2 − a λ
)2

−
(

F H + a2
) [

η + (a − λ)2
]
, (56)

�(θ) = η + cos2 θ

(
a2 − λ2

sin2 θ

)
. (57)

We point out that R(r) � 0 and �(θ) � 0, since the
lefthand side of Eqs. (54)–(55) is always positive. In addition,
we have introduced the constants η and λ:

η = Q

E2 , (58)

λ = �

E
. (59)

In a separable coordinate chart, the Spherical Photon
Orbits are a set of light ray orbits with a constant radial coor-
dinate r . These orbits can be computed by solving simulta-
neously

R = 0, (60)

dR
d r

= 0. (61)

Substituting Eq. (56) into Eqs. (60) and (61), we find two
solutions for λ, namely

λI = K + a2

a
, (62)

λI I = K + a2

a
− 2 K ′

a

(
F H + a2

)
(H F)′

, (63)

where the primes denote derivative with respect to r . The
spherical photon orbits are described by λI I , given in
Eq. (63). We can find the corresponding value for ηI I by
substituting λI I into (60) or (61), obtaining

ηI I =4
(
a2 + F H

)
(H F)′2

K ′2

− 1

a2

[
K − 2

(
F H + a2

)
(H F)′

K ′
]2

. (64)

Equations (63) and (64) are evaluated on a given radius
rSPO, which is the radius of the spherical photon orbits. We
recall that η and λ are constants of motion. Equations (63)
and (64) are the values of such constants that ensure the exis-
tence of a spherical photon orbit with radius rSPO. However,
the physical range of rSPO is restricted by the motion in θ ,
i.e. p2

θ � 0. The edge of the shadow is determined by the
unstable spherical photon orbits. For observers far away from

the black hole, the coordinates of the shadow edge, in a plane
perpendicular to the line joining the observer and the origin
of the radial coordinate, are given by [50,51]

x ′ = lim
r0→∞

(
−r2

0 sin θ0
dϕ

dr

∣∣∣∣
(r0,θ0)

)
, (65)

y′ = lim
r0→∞

(
r2

0
dθ

dr

∣∣∣∣
(r0,θ0)

)
, (66)

where r0, θ0 are the r and θ coordinates of the observer.
Assuming that both the static seed metric and the generated
rotating geometry are asymptotic flat, we have G(r) → 1,
F(r) → 1, H(r) → r2, � → r2 when r → ∞. Hence,
inserting Eqs. (50), (51), (53) into Eqs. (65) and (66), we
find that

x ′ = − λI I

sin θ0
, (67)

y′ = ±
√

ηI I + a2 cos2 θ0 − λ2
I I

tan2 θ0
. (68)

The shadow edge is obtained by using the values of ηI I and
λI I , given in Eqs. (63)–(64), into Eqs. (67) and (68).

5.1 Shadow results: generic magnetically charged regular
black hole solution

In this subsection, we study the shadow of a particular rotat-
ing solution, in order to show the applicability of the results
presented in Sects. 3 and 5. Our seed metric is the spheri-
cally symmetric family of generic magnetically charged reg-
ular black hole spacetimes, proposed in Ref. [52] by Fan and
Wang. The line element is given by:

ds2 = − f (r) dt2 + 1

f (r)
dr2 + r2 d�2, (69)

where d�2 = dθ2 +sin2 θ dφ2 is the line element of the unit
2-sphere, and

f (r) = 1 − 2 M r ε−1

(rκ + gκ)
ε
κ

, (70)

with M = q3/α being the pure gravitational mass, according
to Refs. [53,54].

The parameter ε must be greater or equal to 3 [52–54] and
characterizes the degree of non-linearity, while α is related to
the strength of the nonlinear effects. g and ν are free param-
eters related to the magnetic charge and the character of its
field, respectively.
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Fig. 1 Top row: Shadows of rotating Bardeen black holes for different
values of magnetic charge and rotation parameter. Bottom row: Shadows
of rotating Hayward black holes for different values of magnetic charge

and rotation parameter. The shadows of the Bardeen and Hayward are
compared to the shadow of an uncharged Kerr black hole

Based on this generic black hole spacetime, we can
describe several known regular black hole solutions, for
instance:

(i) κ = 2 and ε = 3 represents the Bardeen solution:

f (r) = 1 − 2 M r2

(
r2 + g2

) 3
2

. (71)

(ii) κ = 3 and ε = 3 represents the Hayward solution:

f (r) = 1 − 2 M r2(
r3 + g3

) . (72)

(iii) For κ = 1, we have a different class of regular black
hole solutions:

f (r) = 1 − 2 M r ε−1

(r + g)ε
. (73)

The rotating generalization of the line element (69) and
some of its properties were studied in Ref. [19].

Let us now study the shadows cast by these rotating solu-
tions. Comparing Eqs. (69) and (1), we find that

G(r) = F(r) = 1 − 2 M r ε−1

(rκ + gκ)
ε
κ

, (74)

H(r) = r2, (75)

K (r) = r2. (76)

Moreover, it is straightforward to check that

�(r, θ) = r2 + a2 cos2 θ (77)

is a solution to Eqs. (33)–(34). Then, the line element for the
rotating generic magnetically charged regular black hole is
given by
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Fig. 2 Top row: Shadows of a rotating regular black holes for different values of magnetic charge and rotation parameter, with κ = 1 and ε = 3.
Bottom row: Shadows of other rotating regular black holes for different values of magnetic charge and rotation parameter, with κ = 1 and ε = 4

ds2 = −
(

1 − 2 m(r) r

�

)
dt2

− 4 m(r) r a sin2 θ

�
dt dϕ + �

�
dr2

+ � dθ2 + sin2 θ[(
r2 + a2 + b2

)
+ 2 m(r) r a2 sin2 θ

�

]
dϕ2, (78)

where

m(r) = M r ε

(rκ + gκ)
ε
κ

, (79)

� = r2 − 2 m(r) r + a2. (80)

We can obtain the shadows of generic regular black holes
through Eqs. (67) and (68). The results for the Bardeen (ε =
3, κ = 2) and Hayward (ε = 3, κ = 3) black holes are given
in Fig. 1. Such results are known in the literature and were
obtained, for instance, in Ref. [55].

We may also obtain the shadows of a different class of
regular black holes by choosing different values for ε and

κ , for instance, ε � 3 and κ = 1. Such regular solution
approaches a Maxwellian field in the weak field limit [52].

The shadow results are presented in Fig. 2, where we have
chosen two types of regular black holes with κ = 1 and
ε = 3, 4. From Fig. 2, we see that for fixed choices of κ , ε

and a, the size of the shadow decreases as we increase the
value of g. We can perform a quantitative analysis of this
decreasing behavior by defining the areal radius r̄ = √A/π ,
where A is the shadow area in the observer plane x ′ − y′. The
areal radius r̄ is well defined even for noncircular shadows.
In Fig. 3, we present the areal radius for Bardeen, Hayward
and the regular black holes with κ = 1 and ε = 3, 4, as a
function of g/M . We note that for the regular black holes
investigated here, the areal radius decreases as we increase
the parameter g/M . Moreover, in Fig. 4 we show the relative
deviation from the Kerr black hole, using the areal radius.

The recent observations of M87* by the EHT collabo-
ration resolved an asymmetric bright emission ring with a
diameter angular scale of 42±3µas [1]. Although this obser-
vation is consistent with the shadow image of a Kerr black
hole, there is still an uncertainty of ∼ 10%. Therefore, we can
take a conservative bound of 10% for the relative deviation
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Fig. 3 Areal radius r̄ of Bardeen, Hayward and regular black holes
with κ = 1 and ε = 3, 4, as a function of g/M , for different values
of rotation parameter a. We note that for the regular black holes pre-
sented here, the areal radius of the shadow decreases as we increase the
parameter g/M

Fig. 4 Relative deviation from the Kerr black hole as a function of
g/M . We note that, for the regular black holes presented here, the rel-
ative deviation increases as we increase the parameter g/M

of the shadow size from a comparable Kerr black hole as a
simple assessment of which models could still be consistent
with the EHT observations. From Fig. 4, we note that Bardeen
and Hayward black holes might still be consistent with the

Fig. 5 Shadows and lensing of regular black hole, under comparable
observation conditions, obtained using backwards ray-tracing. Top row,
left: Rotating Bardeen spacetime (a = 0.5 M , g = 0.617 M); Top row,
right: Rotating Hayward spacetime (a = 0.5 M , g = 0.907 M). Bottom
row, left: Rotating regular black hole with ε = 3 and κ = 1 (a = 0.5 M ,
g = 0.174 M); Bottom row, right: Rotating regular black hole with
ε = 4 and κ = 1 (a = 0.5 M , g = 0.127 M). The background image
can be found in [56]

present observations of M87*, since the relative deviation
from Kerr black hole is less than 10%. On the other hand,
some of the regular black hole configurations with κ = 1 and
ε = 3, 4, are disfavored, depending on the values of a and
g/M , as can be seen in Fig. 4.

In Fig. 5, we present the shadows and gravitational lens-
ing, obtained using backwards ray-tracing. We have chosen
some of the rotating regular black holes solutions from Figs. 1
and 2. In order to produce Fig. 5, we evolved the light rays
from the position of the observer backwards in time, until they
reach the event horizon, or escape to infinity. We numerically
integrated the null geodesic equation, with the initial condi-
tions given by the photon’s position and four-momentum with
respect to a Zero Angular Momentum Observer (ZAMO),
using a Dormand–Prince 5(4) method [57].

6 Conclusions

The NJA has proved to be a useful solution generating tech-
nique in General Relativity, since it was introduced over
half a century ago. In this paper we studied how a modi-
fied NJA [17] impacts on the separability properties of the
null geodesic flow in the resulting spacetime.
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Using the Hamilton–Jacobi formalism, we studied null
geodesics of a generic spacetime generated with the MNJA,
and found that the Hamilton–Jacobi equation always admits
separability. This is regardless of a certain ambiguity intro-
duced by the MNJA, which turns out to be irrelevant for the
study of the null geodesic flow.

We have also studied the propagation of light rays in the
presence of a cold, pressureless and non-magnetized plasma.
In the presence of a plasma, the light rays do not follow null
geodesics. Still, the Hamilton–Jacobi equation in this case
also admits separability, if the plasma frequency satisfies a
given constrain, as given in Eq. (47).

We studied the spherical photon orbits in a generic space-
time generated by the MNJA, and found the condition for the
existence of these orbits. Moreover, we analyzed the shadow
cast by a generic spacetime generated with the MNJA and
obtained the equations that describe the rim of the shadow
cast by this rotating solution, as seen by an observer at infin-
ity. We used our general result to obtain some of the particular
cases previously presented in the literature.

We studied the shadow of a generic magnetically charged
regular black hole. The corresponding generic spacetime may
describe the well known Bardeen and Hayward regular black
hole solutions as particular cases. In addition, it may also
describe other regular black hole solutions. In one particular
case, which we have taken as an example, the field approaches
a Maxwellian field in the weak field limit. Although the shad-
ows of Bardeen and Hayward black holes were already pre-
sented in the literature, we complemented the existing anal-
yses by studying the gravitational lensing (using backwards
ray-tracing methods) and the compatibility with the current
observations of M87*. We concluded that for all the classes
of rotating regular black hole we analyzed, the areal radius
of the shadow is smaller than the corresponding Kerr black
hole (with the same values of the mass and rotating parame-
ters). Moreover, for the Bardeen and Hayward regular black
holes the relative deviation to Kerr are less than 10%, while
for regular black holes with with κ = 1 and ε = 3, 4 this
deviation can be greater than 10%, for some values of the
rotation and g parameters.
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