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Abstract We study the up-down asymmetries in the three-
body anti-triplet charmed baryon decays of Bc → BnMM ′
with the SU (3) f flavor symmetry, where Bc presents the
anti-triplet charmed baryon of (�0

c,−�+
c ,�+

c ), while Bn

and M (′) denote octet baryon and meson states, respec-
tively. By assuming the s-wave meson-pairs to be the dom-
inant constituents in final state configurations, we can write
the spin-dependent decay amplitude into parity-conserving
and parity-violating parts, parametrized by 6 real parame-
ters under SU (3) f , respectively. Fitting these parameters by
16 experimental data points with the minimum χ2 method,
we obtain that χ2/d.o. f = 2.4. With the fitted parame-
ters, we evaluate the up-down asymmetries along with the
decay branching ratios of Bc → BnMM ′. Some of these
up-down asymmetries are accessible to the experiments at
BESIII, BELLE-II and LHCb.

1 Introduction

The three-body charmed baryon decays of Bc → BnMM ′
have been recently searched by the experimental Col-
laborations of BELLE, BESIII and LHCb, where Bc ≡
(�0

c,−�+
c ,�+

c ) denotes the charmed baryon anti-triplet,
while Bn and M (′) correspond to the baryon and meson
octets, respectively. In particular, the golden mode of �+

c →
pK−π+ has been measured with high precision by BELLE
and BESIII [1,2], which can improve the accuracies of other
�+

c decays which are usually given by the rates relative to
it [3]. Since the decay branching ratio is a spin-averaged
observable, it loses the ability to probe the polarization prop-
erty of the parent or daughter baryon in a baryonic decay. On
the other hand, several P and CP or T violating spin correla-
tions can be constructed due to the rich spin structures in the
three-body baryonic decays. In order to understand the full
dynamics of decay processes, a systematic study, which has

a e-mail: geng@phys.nthu.edu.tw

been done in two-body modes [4], on both branching ratios
and up-down asymmetries, also known as daughter-baryon
spin polarizations, in the three-body charmed baryon modes
is necessary. In this work, we only concentrate on the P vio-
lating up-down asymmetries in Bc → BnMM ′, which have
not been examined both experimentally and theoretically in
the literature yet.

However, it is known that the investigation into the charm
baryon decays has always been difficult. The main reason for
this is that the scale of the charm quark mass is too large for
the flavor SU (4) f symmetry, so that the heavy to light quark
transitions (c → q) in charmed decays cannot be easily
calculated. Moreover, the factorization method fails in these
decays [5], in addition to that the three-body processes are
much more complicated than the two-body ones. The alter-
native approaches for the charmed hadron decays have been
shown in Refs. [6–13], where the non-factorizable effects are
taken into account. On the other hand, the SU (3) f symme-
try has been tested as a useful tool in the charmed hadronic
decays [4,14–28].

In order to study Bc → BnMM ′, we assume that the
final state configurations of the meson-pairs are dominated
by the s-wave ones, so that the three-body system can be
treated as an effective two-body one with an off-shell scalar
meson [25] to analogize the three-body semileptonic decays
of charmed baryons [27]. Similar to the discussions on the
up-down asymmetries in the two-body decays ofBc → BnM
in Ref. [4], we define the spin dependent decay amplitudes in
terms of parity-conserving and violating parts under SU (3) f ,
respectively, resulting in 12 real parameters to be fitted with
16 available data points. In our study, we also consider the
the kinematic correction factors as in Ref. [25] to keep the
triangle relations derived in Refs. [18,25,29], but break those
by the U-spin symmetry [30] due to the large differences of
hadron masses.

This paper is organized as follows. In Sect. 2, we give
the formalism and display the explicit amplitudes for the
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three-body charmed baryon decays of Bc → BnMM ′ under
the SU (3) f symmetry. In Sect. 3, we present our numerical
results and discussions. Our conclusions are shown in Sect. 4.

2 Formalism

In order to study the up-down asymmetries of the three-body
Bc → BnMM ′ non-leptonic decays, we start with the charm
quark decays of c → sūd, c → ud̄d (us̄s) and c → dūs at
tree-level with the effective Hamiltonian, given by [31]

He f f =
∑

i=−,+

GF√
2
ci

[
VcsV

∗
ud O

ds
i

+ VcdV
∗
ud O

qq
i + VcdV

∗
usO

sd
i

]
, (1)

with

Oq1q2± = 1

2

[
(ūq1)V−A(q̄2c))V−A ± (q̄2q1))V−A(ūc))V−A

]
,

Oqq
± = Odd± − Oss± , (2)

where GF is the Fermi constant, c± represent the Wilson
coefficients and (VcsVud , VcdVud , VcdVus) = c2

c (1,−tc,−t2
c )

correspond to the CKM matrix elements with cc = cos θc,
tc = sin θc/ cos θc and θc the Cabibbo angle. Here, the
relation of VcsVus = −VcdVud has been used to combine
the c → udd̄ (uss̄) transitions, (q̄1q2)V−A(q̄3c)V−A ≡
q̄1γμ(1−γ5)q2 q̄3γ

μ(1−γ5)c in Oq1q2± and Oqq
± are the four-

quark operators, and the decays of Ods± , Oqq
± and Osd± are

so-called Cabibbo-favored (CF), singly Cabibbo-suppressed
(SCS), and doubly Cabibbo-suppressed (DCS) processes,
respectively.

In Eq. (2), the flavor structure of the four quark operator
(q̄1q2)V−A(q̄3c)V−A can be rewritten as (q̄i qk q̄ j )cwithqi =
(u, d, s), which is the triplet of 3 under the SU (3) f symme-
try, where the Dirac and Lorentz indices are suppressed for
simplicity. Since (q̄i qk q̄ j )c can be decomposed as the irre-
ducible representations of (3̄×3× 3̄)c = (3̄+ 3̄′ +6+15)c,
one can derive that [14,15]

Ods
+(−) � Ods

15(6)
= 1

2
(ūds̄ ± s̄dū)c,

Oqq
−(+) � Oqq

15(6)
= 1

2
(ūdd̄ ± d̄dū)c − 1

2
(ūss̄ ± s̄sū)c,

Osd
−(+) � Osd

15(6)
= 1

2
(ūsd̄ ± d̄sū)c. (3)

Consequently, the effective Hamiltonian in Eq. (1) has the
expression under the SU (3) f symmetry, given by [19,20,22–
24]

He f f = GF√
2

[
c−

εi jl

2
H(6)lk + c+H(15)

i j
k

]
c, (4)

where (i, j, k) are the flavor indices, while H(6) and
H(15) are symmetric and anti-symmetric flavor tensors of
O(q1q2,qq)

6,15
in Eq. (3), with their non-zero entries given by

[14,15]

H(6)i j = c2
s

⎛

⎝
0 0 0
0 2 2tc
0 2tc 2t2c

⎞

⎠ ,

H(15)
i j
k = c2

s

⎛

⎝

⎛

⎝
0 0 0
0 0 0
0 0 0

⎞

⎠ ,

⎛

⎝
0 −tc 1

−tc 0 0
1 0 0

⎞

⎠ ,

⎛

⎝
0 −t2c tc

−t2c 0 0
tc 0 0

⎞

⎠

⎞

⎠ ,

(5)

respectively. The three lowest-lying charmed baryon states of
Bc form an anti-triplet of 3̄ to consist of (ds−sd)c, (us−su)c
and (ud − du)c, and Bn and M belong to octet (8) states of
the baryon and meson, which are written as

Bc = (�0
c,−�+

c ,�+
c ),

Bn =

⎛

⎜⎜⎝

1√
6
�0 + 1√

2
	0 	− �−

	+ 1√
6
�0 − 1√

2
	0 �0

p n −
√

2
3�0

⎞

⎟⎟⎠ ,

M =

⎛

⎜⎜⎝

1√
2
π0 + 1√

6
η π− K−

π+ − 1√
2
π0 + 1√

6
η K̄ 0

K+ K 0 −
√

2
3η

⎞

⎟⎟⎠ , (6)

respectively.
In the NDR scheme, the Wilson coefficients of (c−, c+)

are found to be (1.78, 0.76) at the scale of μ = 1 GeV [32],
resulting in that the amplitudes associated with H(15) are
suppressed due to the value of (c−/c+)2 � 5.5. In addition,
the nonfactorizable contributions to the decays from H(15)

are zero due to the vanishing baryonic transition matrix ele-
ments from 15 [13], while the factorizable are found to be
small in most of the modes [24]. For the three-day decay of
Bc → BnMM ′, in this study we only consider the s-wave
meson-pair in the final-state configuration, regarded as a off-
shell scalar particle inspired. As a result, the spin dependent
decay amplitude can be simply written as

M(Bc → BnMM ′) = 〈BnMM ′|He f f |Bc〉
= i ūBn(A − Bγ5)uBc (7)

where uBc,n are Dirac spinors of baryons, while A and B
correspond to the parity conserving and parity violating pro-
cesses, which can be represented by SU (3) irreducible ampli-
tudes, given by

A(Bc → BnMM ′)
= a1(B̄n)

k
i (M)ml (M)lm H(6) jkT

i j

+ a2(B̄n)
k
i (M)mj (M)lm H(6)kl T

i j

+ a3(B̄n)
k
i (M)mk (M)lm H(6) jl T

i j

+ a4(B̄n)
k
i (M)lj (M)mk H(6)lmT

i j

123
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Table 1 A-amplitudes of �+
c → BnMM ′

CF mode A CS mode At−1
c DCS mode At−2

c

	+π0π0 4a1 + 2a2 + 2a3 + 2a4 − 2a5 	+π0K 0
√

2a2 + √
2a3 + 2

√
2a4 	+K 0K 0 4a4

	+π+π− 4a1 + 2a2 + 2a3 − 2a5 − 2a6 	+π−K+ −2a2 − 2a3 + 2a6 	0K 0K+ 2
√

2a4

	+K 0 K̄ 0 4a1 + 2a2 + 2a3 	+K 0η0
√

6a2
3 +

√
6a3
3 − 2

√
6a4
3 	−K+K+ −4a4

	+K+K− 4a1 − 2a5 	0π+K 0 −√
2a2 − √

2a3 − 2
√

2a4 pπ0K 0 −√
2a2

	+η0η0 4a1 + 2a2
3 + 2a3

3 + 2a4
3 − 2a5

3 	0K+η0
√

3a2
3 +

√
3a3
3 − 2

√
3a4
3 pπ−K+ 2a2

	0π0π+ −2a4 − 2a6 	−π+K+ 4a4 + 2a6 pK 0η0 −
√

6a2
3 − 2

√
6a4
3

	0K+ K̄ 0
√

2a2 + √
2a3 + √

2a5 pπ0π0 −4a1 − 2a2 + 2a5 nπ0K+ −√
2a2

	−π+π+ −4a4 − 4a6 pπ0η0 2
√

3a2
3 − 2

√
3a4
3 + 2

√
3a5
3 nπ+K 0 −2a2

�0π0K+ −√
2a5 pπ+π− −4a1 − 2a2 + 2a5 nK+η0

√
6a2
3 + 2

√
6a4
3

�0π+K 0 −2a5 − 2a6 pK+K− −4a1 − 2a3 + 2a5 + 2a6

�−π+K+ −2a6 pη0η0 −4a1 − 2a2
3 − 8a3

3 + 4a4
3 + 2a5

3

pπ0 K̄ 0 −√
2a3 − √

2a4 nπ+η0 2
√

6a2
3 − 2

√
6a4
3 + 2

√
6a5
3

pπ+K− 2a3 − 2a6 nK+ K̄ 0 2a2 + 2a4 + 2a5 + 2a6

pK̄ 0η0 −
√

6a3
3 +

√
6a4
3 �0π0K+

√
3a2
3 −

√
3a3
3 − 2

√
3a5
3

nπ+ K̄ 0 −2a4 − 2a6 �0π+K 0
√

6a2
3 −

√
6a3
3 − 2

√
6a5
3

�0π+η0 − 2a2
3 + 2a3

3 − 2a5
3 − 2a6 �0K+η0 − a2

3 + a3
3 + 2a5

3 + 2a6

�0K+ K̄ 0 −
√

6a2
3 +

√
6a3
3 −

√
6a5
3

Table 2 A-amplitudes of �+
c → BnMM ′

CF mode A CS mode At−1
c DCS mode At−2

c

	+π0 K̄ 0 −√
2a2 − √

2a4 	+π0π0 −4a1 − 2a3 + 2a5 	+π0K 0 −√
2a3

	+π+K− 2a2 	+π0η0 2
√

3a3
3 − 2

√
3a4
3 + 2

√
3a5
3 	+π−K+ 2a3 − 2a6

	+ K̄ 0η0 −
√

6a2
3 +

√
6a4
3 	+π+π− −4a1 − 2a3 + 2a5 + 2a6 	+K 0η0 −

√
6a3
3 − 2

√
6a4
3

	0π+ K̄ 0
√

2a4 	+K+K− −4a1 − 2a2 + 2a5 	0π0K+ a3 − 2a6

�0π0π+ √
2a4 	+η0η0 −4a1 − 8a2

3 − 2a3
3 + 4a4

3 + 2a5
3 	0π+K 0

√
2a3

�0π+η0 − 2
√

6a2
3 −

√
6a4
3 	0π0π+ 2a6 	0K+η0 −

√
3a3
3 − 2

√
3a4
3

�0K+ K̄ 0 −2a2 	0π+η0 − 2
√

3a3
3 + 2

√
3a4
3 − 2

√
3a5
3 	−π+K+ −2a6

�−π+π+ −4a4 	0K+ K̄ 0 −√
2a3 − √

2a4 − √
2a5 �0K 0K+ −2a4 − 2a6

pK̄ 0 K̄ 0 4a4 	−π+π+ 4a6 �−K+K+ −4a4 − 4a6

�0π+ K̄ 0
√

6a4 �0π0K+ √
2a2 − √

2a4 + √
2a5 pπ0π0 4a1 − 2a5

�0π+K 0 2a2 + 2a4 + 2a5 + 2a6 pπ0η0 − 2
√

3a5
3

�0K+η0 −
√

6a2
3 +

√
6a4
3 −

√
6a5
3 pπ+π− 4a1 − 2a5

�−π+K+ 4a4 + 2a6 pK 0 K̄ 0 4a1 + 2a2 + 2a3

pπ0 K̄ 0
√

2a2 + √
2a3 pK+K− 4a1 + 2a2 + 2a3 − 2a5 − 2a6

pπ+K− −2a2 − 2a3 + 2a6 pη0η0 4a1 + 8a2
3 + 8a3

3 + 8a4
3 − 2a5

3

pK̄ 0η0
√

6a2
3 +

√
6a3
3 + 4

√
6a4
3 nπ+η0 − 2

√
6a5
3

nπ+ K̄ 0 2a6 nK+ K̄ 0 −2a5 − 2a6

�0π+η0 − 4a2
3 − 2a3

3 + 2a4 + 2a5
3 + 2a6 �0π0K+ 2

√
3a2
3 +

√
3a3
3 + 2

√
3a5
3

�0K+ K̄ 0 − 2
√

6a2
3 −

√
6a3
3 − √

6a4 +
√

6a5
3 �0π+K 0 2

√
6a2
3 +

√
6a3
3 + 2

√
6a5
3

123
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Table 3 A-amplitudes of �0
c → BnMM ′

CF mode A CS mode At−1
c DCS mode At−2

c

	+π0K− √
2a5 	+π0π− −√

2a6 	+π−K 0 −2a6

	+π− K̄ 0 2a5 + 2a6 	+π−η0 2
√

6a5
3 + √

6a6 	0π0K 0 a3 − 2a6

	+K−η0 −
√

6a5
3 	+K 0K− 2a5 	0π−K+ −√

2a3

	0π0 K̄ 0 a2 + a4 + a5 + 2a6 	0π0π0 2
√

2a1 + √
2a3 − √

2a5 − 2
√

2a6 	0K 0η0
√

3a3
3 + 2

√
3a4
3

	0π+K− −√
2a2 − √

2a5 	0π0η0 −
√

6a3
3 +

√
6a4
3 +

√
6a5
3 + √

6a6 	−π0K+ √
2a3

	0 K̄ 0η0
√

3a2
3 −

√
3a4
3 +

√
3a5
3 	0π+π− 2

√
2a1 + √

2a3 − √
2a5 	−π+K 0 2a3 − 2a6

	−π+ K̄ 0 2a4 + 2a6 	0K 0 K̄ 0
√

2(2a1 + a2 + a3 + a4 − a5) 	−K+η0 −
√

6a3
3 − 2

√
6a4
3

�0π0η0 2
√

3a2
3 + 2

√
3a3
3 + 2

√
3a4
3 	0K+K− 2

√
2a1 + √

2a2 �0K 0K 0 −4a4 − 4a6

�0π+π− −4a1 − 2a2 − 2a3 	0η0η0
√

2(2a1 + 4a2
3 + a3

3 − 2a4
3 − a5

3 ) �−K 0K+ −2a4 − 2a6

�0K 0 K̄ 0 −2(2a1 + a2 + a3 	−π0π+ −√
2a6 pπ−η0 − 2

√
6a5
3

−a5 − a6) 	−π+η0 − 2
√

6a3
3 + 2

√
6a4
3 + √

6a6 pK 0K− −2a5 − 2a6

�0K+K− −4a1 + 2a5 	−K+ K̄ 0 −2a3 − 2a4 nπ0π0 4a1 − 2a5

�0η0η0 −2(2a1 + a2
3 + a3

3 �0π−K+ 2a2 + 2a3 + 2a5 nπ0η0 2
√

3a5
3

+ a4
3 − 4a5

3 ) �0K 0η0
√

6(− a2
3 − a3

3 + 2a4
3 − a5

3 + a6) nπ+π− 4a1 − 2a5

�−π0π+ √
2a4 �−π0K+ √

2a3 − √
2a4 − √

2a6 nK 0 K̄ 0 2(2a1 + a2 + a3

�−π+η0 − 2
√

6a3
3 −

√
6a4
3 �−π+K 0 2a3 + 2a4 −a5 − a6)

�−K+ K̄ 0 −2a3 + 2a6 pπ0K− −√
2a5 − √

2a6 nK+K− 4a1 + 2a2 + 2a3

pK− K̄ 0 2a6 pπ− K̄ 0 −2a5 nη0η0 4a1 + 8a2
3 + 8a3

3

nK̄ 0 K̄ 0 4a4 + 4a6 pK−η0
√

6a5
3 + √

6a6 + 8a4
3 − 2a5

3

�0π0 K̄ 0 −√
3( a2

3 + 2a3
3 + a4 + a5

3 ) nπ0 K̄ 0
√

2a2 + √
2a3 + √

2a5 − √
2a6 �0π0K 0 −√

3( 2a2
3 + a3

3 + 2a5
3 )

�0π+K−
√

6a2
3 + 2

√
6a3
3 +

√
6a5
3 nπ+K− −2a2 − 2a3 − 2a5 �0π−K+ √

6( 2a2
3 + a3

3 + 2a5
3 )

nK̄ 0η0
√

6( a2
3 + a3

3 + 4a4
3 + a5

3 + a6)

�0π0π0
√

6(−2a1 − 2a2
3 − a3

3 + a5
3 )

�0π0η0
√

2( 2a2
3 + a3

3 − a4 − a5
3 − a6)

�0π+π− √
6(−2a1 − 2a2

3 − a3
3 + a5

3 )

�0K 0 K̄ 0
√

6(−2a1 − a2 − a3 − a4 + a5)

�0K+K− √
6(−2a1 − a2

3 − 2a3
3 + 2a5

3 )

�0η0η0
√

6(−2a1 − 2a2
3 − a3 + 2a4

3

+a5 + 2a6)

+ a5(B̄n)
l
k(M)mj (M)kmH(6)il T

i j

+ a6(B̄n)
l
k(M)mj (M)kl H(6)imT

i j ,

B(Bc → BnMM ′)
= A(Bc → BnMM ′){ai → bi }, (8)

respectively, where T i j = εi jk(Bc)k . We note that since CP
violating effects in the charmed decays are negligible, the
parameters of ai and bi can be taken to be relatively real
[33,34], so that there are totally 12 real parameters in the
SU (3) f irreducible amplitudes of Eq. (8). Here, we have
also assumed that the final state interactions can be ignored.
We remark that there are some cases in which the contri-
butions from the s-wave meson-pairs vanish due to the fla-

vor structure and Bose statistics, whereas the p-wave ones
are dominant, leading to a different set of spin dependent
amplitudes, which will not be discussed in this study. For
example, the decay of �+

c → �π+π0 with the measured
branching ratio around 7.1% is predicted mainly from the
contribution of the p-wave meson-pair. The explicit expan-
sions of A(�+

c → BnMM ′), A(�+
c → BnMM ′) and

A(�0
c → BnMM ′) are presented in Tables 1, 2 and 3, while

those of B(Bc → BnMM ′) can be found by replacing ai in
A(Bc → BnMM ′) with bi , respectively.

The differential decay width with an unpolarized Bc and
up-down asymmetry α in Bc → BnMM ′ are given by

123
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Table 4 The data inputs from
Refs. [3,35–38] and
reproductions for
B(�+

c → BnMM)

Data Our results Data Our results

102B(�+
c → pK−π+) 3.4 ± 0.4 3.4 ± 0.5 102B(�+

c → pK̄ 0η) 1.6 ± 0.4 0.7 ± 0.1

103B(�+
c → �0K+ K̄ 0) 5.6 ± 1.1 5.8 ± 1.0 102B(�+

c → 	+π0π0) 1.3 ± 0.1 1.3 ± 0.2

102B(�+
c → �0π+η) 1.8 ± 0.3 1.7 ± 0.3 104B(�+

c → pK+π−) 1.0 ± 0.1 1.0 ± 0.1

102B(�+
c → 	+π+π−) 4.4 ± 0.3 4.5 ± 0.3 102B(�+

c → �−π+π+) 4.7 ± 1.7 5.4 ± 1.3

102B(�+
c → 	−π+π+) 1.9 ± 0.2 1.9 ± 0.3 102B(�0

c → �0K−π+) 1.9 ± 0.6 2.2 ± 0.6

102B(�+
c → 	0π+π0) 2.2 ± 0.8 1.0 ± 0.1 104B(�0

c → �0K−K+) 5.2 ± 1.9 6.2 ± 1.2

103B(�+
c → 	+K+π−) 2.1 ± 0.6 2.5 ± 0.3

103B(�+
c → �−K+π+) 6.2 ± 0.6 6.1 ± 0.8

103B(�+
c → pπ−π+) 4.2 ± 0.4 4.7 ± 0.4

104B(�+
c → pK−K+) 5.2 ± 1.2 5.0 ± 1.2

Table 5 Fitting results for ai and bi in unit of GeV2

ai Result bi Result

a1 9.2 ± 0.7 b1 18.3 ± 0.9

a2 −3.7 ± 0.5 b2 −9.8 ± 2.4

a3 −7.3 ± 0.4 b3 4.4 ± 2.1

a4 2.3 ± 0.4 b4 −5.4 ± 2.9

a5 11.5 ± 1.3 b5 38.8 ± 2.2

a6 −3.7 ± 0.2 b6 12.7 ± 2.3

d� = 1

(2π)3

|S|2 + |P|2 + 2Re(S∗P)
sBn · 
pBn

64m3
Bc

dm2
12dm

2
23,

(9)

and

α = d�(
sBn · 
pBn = 1) − d�(
sBn · 
pBn = −1)

d�(
sBn · 
pBn = 1) + d�(
sBn · 
pBn = −1)

= 2Re(S∗P)

|S|2 + |P|2 , (10)

respectively, where

S = A, P =
√

(mBc − mBn)
2 − m2

23

(mBc + mBn)
2 − m2

23

B = κ(m2
23)B, (11)

with m12 = pBn + pM ′ , m23 = pM + pM ′ and κ2(m2
23) =

((mBc −mBn)
2 −m2

23)/((mBc +mBn)
2 −m2

23). In general, A
and B in Eq. (8) depend on m2

12 and m2
23. However, we can

assume them to be constant when the non-resonant contri-
butions are excluded. Consequently, the decay width � and
averaged up-down asymmetry 〈α〉 can be derived as follows:

� =
∫

m2
12

∫

m2
23

d�(
sBn · 
pBn = 1) + d�(
sBn · 
pBn = −1)

=
∫

m2
12

∫

m2
23

1

(2π)3

|S|2 + |P|2
32m3

Bc

dm2
12dm

2
23, (12)

Table 6 Numerical results for
B(�+

c → BnMM ′) CF mode 103B CS mode 104B DCS mode 106B

	+π0η0 6.6 ± 3.4 	+π0K 0 9.9 ± 2.8 	+K 0K 0 1.3 ± 0.5

	+K 0 K̄ 0 2.9 ± 0.7 	+K 0η0 0.26 ± 0.06 	0K 0K+ 1.3 ± 0.5

	+K+K− 2.5 ± 0.3 	0π0K+ 7.8 ± 2.3 	−K+K+ 1.3 ± 0.5

	+η0η0 (3.2 ± 0.4) × 10−4 	0π+K 0 9.6 ± 2.7 pπ0K 0 50 ± 6

	0π+η0 6.3 ± 3.2 	0K+η0 0.13 ± 0.03 pK 0η0 3.3 ± 2.7

	0K+ K̄ 0 0.26 ± 0.09 pπ0π0 24 ± 2 nπ0K+ 51 ± 6

�0π0K+ 32 ± 6 pπ0η0 34 ± 7 nπ+K 0 99 ± 11

�0π+K 0 44 ± 8 pK 0 K̄ 0 37 ± 8 nK+η0 3.4 ± 2.7

pπ0 K̄ 0 23 ± 4 pη0η0 2.8 ± 1.2

nπ+ K̄ 0 11 ± 1 nπ+η0 67 ± 13

nK+ K̄ 0 31 ± 9

�0π0K+ 35 ± 6

�0π+K 0 67 ± 11

�0K+η0 0.45 ± 0.10

123



946 Page 6 of 11 Eur. Phys. J. C (2019) 79 :946

Table 7 Numerical results for
B(�+

c → BnMM ′) CF mode 102B CS mode 103B DCS mode 104B

	+π0 K̄ 0 2.0 ± 1.3 	+π0η0 5.3 ± 1.1 	+π0K 0 2.6 ± 0.2

	+π+K− 5.4 ± 0.5 	+π+π− 5.9 ± 1.5 	+π−K+ 1.4 ± 0.3

	+ K̄ 0η0 0.30 ± 0.09 	+K 0 K̄ 0 4.3 ± 0.9 	+K 0η0 0.020 ± 0.014

	0π+ K̄ 0 0.95 ± 0.21 	+K+K− 0.58 ± 0.09 	0π0K+ 0.076 ± 0.059

�0π0π+ 1.5 ± 0.3 	+η0η0 0.31 ± 0.09 	0π+K 0 2.5 ± 0.2

�0π+η0 1.1 ± 0.3 	0π0π+ 7.9 ± 1.4 	0K+η0 0.010 ± 0.007

�0K+ K̄ 0 0.34 ± 0.06 	0π+η0 5.1 ± 1.1 	−π+K+ 1.3 ± 0.1

�−π+π+ 5.7 ± 1.3 	0K+ K̄ 0 1.5 ± 0.5 �0K 0K+ 0.030 ± 0.019

pK̄ 0 K̄ 0 3.7 ± 0.9 	−π+π+ 16 ± 3 �−K+K+ 0.057 ± 0.032

�0π+ K̄ 0 3.8 ± 0.9 �0π0K+ 3.6 ± 0.8 pπ0π0 7.2 ± 1.8

�0π+K 0 8.4 ± 2.5 pπ0η0 11 ± 2

�0K+η0 0.42 ± 0.13 pπ+π− 14 ± 4

pπ0 K̄ 0 19 ± 3 pK 0 K̄ 0 7.7 ± 1.7

pπ+K− 27 ± 3 pK+K− 1.6 ± 1.2

nπ+ K̄ 0 9.2 ± 2.0 pη0η0 0.93 ± 0.45

�0π+η0 15 ± 3 nπ+η0 21 ± 4

�0K+ K̄ 0 5.8 ± 0.8 nK+ K̄ 0 16 ± 3

�0π0K+ 5.0 ± 1.0

�0π+K 0 9.7 ± 2.0

�0K+η0 0.90 ± 0.22

and

〈α〉 ≡
∫
m2

12

∫
m2

23
d�(
sBn · 
pBn = 1) − d�(
sBn · 
pBn = −1)

∫
m2

12

∫
m2

23
d�(
sBn · 
pBn = 1) + d�(
sBn · 
pBn = −1)

.

(13)

3 Numerical results

In the numerical analysis, we perform the minimum χ2 fit to
obtain the values of ai and bi in in Eq. (8) under SU (3) f for
the Bc → BnMM ′ decays. The χ2 fit is given by

χ2 =
∑

i

(Bi
SU (3) − Bi

data

σ i
data

)2

, (14)

where Bi
SU (3) represents the i-th decay branching ratio from

the SU (3) f irreducible amplitude, Bi
data stands for the i-th

experimental data, and σ i
data corresponds to the i-th exper-

imental error, while i = 1, 2, . . . , 16 for the 16 measured
modes in Table 4. Using sin θc = 0.2248 [3], one gets that
tc = 0.2307 in Eq. (5).

We now discuss our data input sections in Table 4. First of
all, we exclude the resonant contributions from all the data

in the table. In particular, we use the non-resonant data of
�+

c → pK−π+ from the PDG [3]. In addition, we pick
up the data for �+

c → pK−K+ and �0
c → �0K−K+

without the contributions of the resonant process of φ →
K+K−. For the other �+

c decays, their resonant contri-
butions can be taken to be small so that they are insensi-
tive to our fitting results, such as B(�+

c → 	+(ρ0 →
)π+π−) < 1.7% [3]. For this reason, we choose the total
branching ratios as our data points. The value of B(�+

c →
�−π+π+) is extracted from the ratio B(�+

c →�0e+μe)

B(�+
c →�−π+π+)

=
2.3+0.7

−0.8 in the PDG [3] with the theoretical prediction of
B(�+

c → �0e+μe) = (10.8 ± 0.9)% by SU (3) f and heavy
quark symmetry [27]. For �0

c decay processes, the data of
B(�0

c → �−π+) = (1.8 ± 0.5)% measured by BELLE

[36] and the ratios of B(�0
c→�0K−π+)

B(�0
c→�−π+)

= 1.07 ± 0.14 and

B(�0
c→�0K+K−)

B(�0
c→�−π+)

= 0.029 ± 0.007 in PDG [3] are used to

extract the absolute branching ratios of B(�0
c → �0K−π+)

and B(�0
c → �0K+K−).

There are 12 parameters to be extracted with 16 data inputs
as shown in Table 4. In Table 5, we present the fitting values
of ai and bi . The correlation coefficients of i-th and j-th
irreducible amplitudes are given by
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Table 8 Numerical results for
B(�0

c → BnMM ′) CF mode 102B CS mode 103B DCS mode 105B

	+π0K− 7.9 ± 1.4 	+π0π− 1.0 ± 0.2 	+π−K 0 4.3 ± 0.6

	+π− K̄ 0 15 ± 2 	+π−η0 4.5 ± 0.6 	0π0K 0 1.1 ± 0.4

	+K−η0 0.37 ± 0.07 	+K 0K− 1.8 ± 0.3 	0π−K+ 5.2 ± 0.6

	0π0 K̄ 0 2.4 ± 0.5 	0π0π0 1.8 ± 0.2 	0K 0η0 0.024 ± 0.016

	0π+K− 3.9 ± 1.0 	0π0η0 1.8 ± 0.2 	−π0K+ 5.1 ± 0.6

	0 K̄ 0η0 0.061 ± 0.015 	0K 0 K̄ 0 0.039 ± 0.007 	−π+K 0 3.1 ± 0.4

	−π+ K̄ 0 0.34 ± 0.05 	0K+K− 1.2 ± 0.2 	−K+η0 0.047 ± 0.031

�0π0π0 7.2 ± 1.5 	0η0η0 0.39 ± 0.01 �0K 0K 0 0.085 ± 0.031

�0π0η0 1.0 ± 0.1 	−π0π+ 1.0 ± 0.2 �−K 0K+ 0.040 ± 0.015

�0π+π− 11 ± 2 	−π+η0 0.44 ± 0.13 pπ−η0 64 ± 10

�0K 0 K̄ 0 0.033 ± 0.004 	−K+ K̄ 0 0.24 ± 0.04 pK 0K− 43 ± 5

�0K+K− 0.30 ± 0.03 �0π0K 0 0.59 ± 0.28 nπ0π0 16 ± 2

�0η0η0 (8.2 ± 2.5) × 10−4 �0π−K+ 1.0 ± 0.3 nπ0η0 32 ± 5

�−π0π+ 0.37 ± 0.08 �0K 0η0 0.013 ± 0.005 nπ+π− 31 ± 4

�−π+η0 0.93 ± 0.11 �−π0K+ 0.43 ± 0.11 nK 0 K̄ 0 5.0 ± 0.4

�−K+ K̄ 0 0.077 ± 0.014 �−π+K 0 0.61 ± 0.10 nK+K− 22 ± 4

pK− K̄ 0 1.7 ± 0.3 �−K+η0 (2.3 ± 0.8) × 10−3 nη0η0 0.79 ± 0.40

nK̄ 0 K̄ 0 0.77 ± 0.09 pπ0K− 13 ± 2 �0π0K 0 6.5 ± 1.9

�0π+K− 2.2 ± 0.6 pπ− K̄ 0 22 ± 4 �0π−K+ 13 ± 4

�0 K̄ 0η0 0.057 ± 0.024 pK−η0 1.9 ± 0.4 �0K 0η0 0.61 ± 0.17

nπ0 K̄ 0 2.4 ± 1.2

nπ+K− 8.9 ± 2.8

nK̄ 0η0 0.80 ± 0.29

�0π0π0 8.8 ± 1.1

�0π0η0 2.0 ± 0.3

�0π+π− 17 ± 2

�0K 0 K̄ 0 0.23 ± 0.03

�0K+K− 0.62 ± 0.12

�0η0η0 0.18 ± 0.03

R =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −0.58 −0.44 0.43 0.96 −0.32 −0.01 0.47 −0.33 0.55 0.73 −0.56
−0.58 1 0.55 −0.64 −0.49 0.29 0.65 −0.82 0.21 −0.72 −0.79 0.63
−0.44 0.55 1 −0.68 −0.36 0.66 0.44 −0.54 0.37 −0.63 −0.45 0.61
0.43 −0.64 −0.68 1 0.46 −0.61 −0.60 0.61 −0.33 0.78 0.58 −0.65
0.96 −0.49 −0.36 0.46 1 −0.27 0.00 0.41 −0.23 0.55 0.74 −0.52

−0.32 0.29 0.66 −0.61 −0.27 1 0.28 −0.34 0.50 −0.46 −0.23 0.54
−0.01 0.65 0.44 −0.60 0.00 0.28 1 −0.79 0.38 −0.76 −0.44 0.69
0.47 −0.82 −0.54 0.61 0.41 −0.34 −0.79 1 −0.34 0.74 0.82 −0.69

−0.33 0.21 0.37 −0.33 −0.23 0.50 0.38 −0.34 1 −0.63 0.01 0.78
0.55 −0.72 −0.63 0.78 0.55 −0.46 −0.76 0.74 −0.63 1 0.58 −0.94
0.73 −0.79 −0.45 0.58 0.74 −0.23 −0.44 0.82 0.01 0.58 1 −0.48

−0.56 0.63 0.61 −0.65 −0.52 0.54 0.69 −0.69 0.78 −0.94 −0.48 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (15)
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Table 9 Numerical results for 〈α〉(�+
c → BnMM ′)

CF mode 〈α〉 CS mode 〈α〉 DCS mode 〈α〉
�+

c → 	+π0π0 0.85 ± 0.13 �+
c → 	+π0K 0 0.76 ± 0.22 �+

c → 	+K 0K 0 −0.43 ± 0.32

�+
c → 	+π0η0 0.81 ± 0.18 �+

c → 	+π−K+ 0.75 ± 0.15 �+
c → 	0K 0K+ −0.43 ± 0.32

�+
c → 	+π+π− 0.16 ± 0.27 �+

c → 	+K 0η0 −0.05 ± 0.07 �+
c → 	−K+K+ −0.43 ± 0.31

�+
c → 	+K 0 K̄ 0 0.68 ± 0.07 �+

c → 	0π0K+ 0.75 ± 0.10 �+
c → pπ0K 0 0.93+0.07

−0.10

�+
c → 	+K+K− −0.06 ± 0.11 �+

c → 	0π+K 0 0.75 ± 0.22 �+
c → pπ−K+ 0.93+0.07

−0.10

�+
c → 	+η0η0 0.03 ± 0.00 �+

c → 	0K+η0 −0.05 ± 0.07 �+
c → pK 0η0 −0.38 ± 0.45

�+
c → 	0π0π+ −0.96+0.07

−0.04 �+
c → 	−π+K+ 0.70 ± 0.70 �+

c → nπ0K+ 0.93+0.07
−0.10

�+
c → 	0π+η0 0.81 ± 0.18 �+

c → pπ0π0 −0.95 ± 0.05 �+
c → nπ+K 0 0.93+0.07

−0.10

�+
c → 	0K+ K̄ 0 0.30 ± 0.60 �+

c → pπ0η0 0.84 ± 0.09 �+
c → nK+η0 −0.38 ± 0.45

�+
c → 	−π+π+ −0.96+0.07

−0.04 �+
c → pπ+π− −0.95 ± 0.05

�+
c → �0π0K+ 0.78 ± 0.03 �+

c → pK 0 K̄ 0 0.84 ± 0.05

�+
c → �0π+K 0 0.96 ± 0.00 �+

c → pK+K− −0.91 ± 0.09

�+
c → �−π+K+ −0.78 ± 0.13 �+

c → pη0η0 0.62 ± 0.21

�+
c → pπ0 K̄ 0 0.11 ± 0.28 �+

c → nπ+η0 0.85 ± 0.09

�+
c → pπ+K− 0.89 ± 0.10 �+

c → nK+ K̄ 0 0.94 ± 0.03

�+
c → pK̄ 0η0 −0.38 ± 0.22 �+

c → �0π0K+ 0.97 ± 0.00

�+
c → nπ+ K̄ 0 −0.91+0.13

−0.09 �+
c → �0π+K 0 0.97 ± 0.00

�+
c → �0π+η0 0.54 ± 0.15 �+

c → �0K+η0 −0.28 ± 0.28

�+
c → �0K+ K̄ 0 0.41 ± 0.08

Table 10 Numerical results for 〈α〉(�+
c → BnMM ′)

CF mode 〈α〉 CS mode 〈α〉 DCS mode 〈α〉

�+
c → 	+π0 K̄ 0 0.67 ± 0.22 �+

c → 	+π0π0 −0.95+0.65
−0.05 �+

c → 	+π0K 0 −0.26 ± 0.15

�+
c → 	+π+K− 0.86+0.14

−0.15 �+
c → 	+π0η0 0.33 ± 0.19 �+

c → 	+π−K+ 0.80 ± 0.13

�+
c → 	+ K̄ 0η0 0.21 ± 0.10 �+

c → 	+π+π− −0.96 ± 0.04 �+
c → 	+K 0η0 0.61 ± 0.33

�+
c → 	0π+ K̄ 0 −0.81+0.36

−0.19 �+
c → 	+K 0 K̄ 0 0.71 ± 0.06 �+

c → 	0π0K+ −0.05 ± 0.21

�+
c → �0π0π+ −0.81+0.36

−0.19 �+
c → 	+K+K− −0.87 ± 0.11 �+

c → 	0π+K 0 −0.26 ± 0.15

�+
c → �0π+η0 0.96 ± 0.04 �+

c → 	+η0η0 0.63 ± 0.09 �+
c → 	0K+η0 0.60 ± 0.33

�+
c → �0K+ K̄ 0 0.54 ± 0.17 �+

c → 	0π0π+ −0.97 ± 0.03 �+
c → 	−π+K+ −0.94+0.07

−0.06

�+
c → �−π+π+ −0.81+0.37

−0.19 �+
c → 	0π+η0 0.34 ± 0.19 �+

c → �0K 0K+ −0.84+0.18
−0.16

�+
c → pK̄ 0 K̄ 0 −0.87+0.31

−0.13 �+
c → 	0K+ K̄ 0 0.96 ± 0.01 �+

c → �−K+K+ −0.83+0.18
−0.17

�+
c → �0π+ K̄ 0 −0.86+0.33

−0.14 �+
c → 	−π+π+ −0.96 ± 0.03 �+

c → pπ0π0 −0.22 ± 0.38

�+
c → �0π0K+ 0.95 ± 0.03 �+

c → pπ0η0 0.97 ± 0.00

�+
c → �0π+K 0 0.96 ± 0.01 �+

c → pπ+π− −0.22 ± 0.38

�+
c → �0K+η0 0.85 ± 0.08 �+

c → pK 0 K̄ 0 0.96 ± 0.02

�+
c → �−π+K+ 0.70+0.30

−0.70 �+
c → pK+K− 0.14 ± 0.24

�+
c → pπ0 K̄ 0 0.30 ± 0.17 �+

c → pη0η0 0.93+0.07
−0.12

�+
c → pπ+K− 0.94+0.06

−0.07 �+
c → nπ+η0 0.97 ± 0.00

�+
c → pK̄ 0η0 0.49 ± 0.28 �+

c → nK+ K̄ 0 0.83 ± 0.06

�+
c → nπ+ K̄ 0 −0.97 ± 0.02 �+

c → �0π0K+ 0.80 ± 0.12

�+
c → �0π+η0 0.96 ± 0.02 �+

c → �0π+K 0 0.80 ± 0.12

�+
c → �0K+ K̄ 0 0.91 ± 0.06 �+

c → �0K+η0 −0.03 ± 0.35
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Table 11 Numerical results for 〈α〉(�0
c → BnMM ′)

CF mode 〈α〉 CS mode 〈α〉 DCS mode 〈α〉

�0
c → 	+π0K− 0.94 ± 0.02 �0

c → 	+π0π− −0.97 ± 0.03 �0
c → 	+π−K 0 −0.94+0.07

−0.06

�0
c → 	+π− K̄ 0 0.89 ± 0.05 �0

c → 	+π−η0 0.73 ± 0.10 �0
c → 	0π0K 0 −0.05 ± 0.21

�0
c → 	+K−η0 0.79 ± 0.03 �0

c → 	+K 0K− 0.82 ± 0.03 �0
c → 	0π−K+ −0.26 ± 0.15

�0
c → 	0π0 K̄ 0 0.44 ± 0.17 �0

c → 	0π0π0 −0.96 ± 0.02 �0
c → 	0K 0η0 0.60 ± 0.33

�0
c → 	0π+K− 0.95 ± 0.03 �0

c → 	0π0η0 0.89 ± 0.06 �0
c → 	−π0K+ −0.26 ± 0.15

�0
c → 	0 K̄ 0η0 0.96 ± 0.01 �0

c → 	0π+π− −0.95+0.64
−0.05 �0

c → 	−π+K 0 0.80 ± 0.13

�0
c → 	−π+ K̄ 0 −0.96+0.06

−0.04 �0
c → 	0K 0 K̄ 0 0.95 ± 0.05 �0

c → 	−K+η0 0.60 ± 0.33

�0
c → �0π0π0 0.86 ± 0.05 �0

c → 	0K+K− 0.54 ± 0.02 �0
c → �0K 0K 0 −0.84+0.18

−0.16

�0
c → �0π0η0 0.42 ± 0.18 �0

c → 	0η0η0 0.63 ± 0.09 �0
c → �−K 0K+ −0.83+0.18

−0.17

�0
c → �0π+π− 0.97 ± 0.01 �0

c → 	−π0π+ −0.97 ± 0.03 �0
c → pπ−η0 0.97 ± 0.00

�0
c → �0K 0 K̄ 0 0.32 ± 0.52 �0

c → 	−π+η0 0.78 ± 0.10 �0
c → pK 0K− 0.83 ± 0.06

�0
c → �0K+K− −0.07 ± 0.13 �0

c → 	−K+ K̄ 0 0.07 ± 0.16 �0
c → nπ0π0 −0.22 ± 0.38

�0
c → �0η0η0 −0.18 ± 0.83 �0

c → �0π0K 0 0.37 ± 0.32 �0
c → nπ0η0 0.97 ± 0.00

�0
c → �−π0π+ −0.81+0.37

−0.19 �0
c → �0π−K+ 0.16 ± 0.33 �0

c → nπ+π− −0.22 ± 0.38

�0
c → �−π+η0 −0.09 ± 0.11 �0

c → �0K 0η0 0.16 ± 0.15 �0
c → nK 0 K̄ 0 0.14 ± 0.24

�0
c → �−K+ K̄ 0 0.47 ± 0.12 �0

c → �−π0K+ 0.18 ± 0.15 �0
c → nK+K− 0.96 ± 0.02

�0
c → pK− K̄ 0 −0.96 ± 0.03 �0

c → �−π+K 0 0.08 ± 0.19 �0
c → nη0η0 0.93+0.12

−0.07

�0
c → nK̄ 0 K̄ 0 −0.93+0.11

−0.07 �0
c → �−K+η0 −0.83+0.21

−0.17 �0
c → �0π0K 0 0.80 ± 0.12

�0
c → �0π0 K̄ 0 0.01 ± 0.62 �0

c → pπ0K− 0.75 ± 0.07 �0
c → �0π−K+ 0.80 ± 0.12

�0
c → �0π+K− −0.91 ± 0.08 �0

c → pπ− K̄ 0 0.97 ± 0.00 �0
c → �0K 0η0 −0.03 ± 0.35

�0
c → �0 K̄ 0η0 −0.74 ± 0.22 �0

c → pK−η0 0.04 ± 0.14

�0
c → nπ0 K̄ 0 0.88+0.12

−0.14

�0
c → nπ+K− 0.10 ± 0.20

�0
c → nK̄ 0η0 −0.23 ± 0.33

�0
c → �0π0π0 0.82 ± 0.04

�0
c → �0π0η0 0.96 ± 0.02

�0
c → �0π+π− 0.82 ± 0.04

�0
c → �0K 0 K̄ 0 0.92+0.08

−0.09

�0K+K− 0.71 ± 0.15

�0
c → �0η0η0 −0.90 ± 0.10

In our fit, we find that χ2/d.o. f = 9.6/4 = 2.4 with d.o. f
representing degree of freedom. As seen from Table 4, the
decay branching ratios are reproduced, which agree well with
the data in Refs. [3,35–38] accordingly.

In Tables 6, 7 and 8, we show our numerical results for the
decay branching ratios in �+

c → BnMM ′, �+
c → BnMM ′

and �0
c → BnMM ′, respectively.

Since (ai , bi ) and (−ai , bi ) give the same results in our
χ2 fitting with SU (3) f , both ±〈α〉 are solutions which
should be determined by experiments or dynamical mod-
els. We present the predictions for the up-down asymme-
tries of 〈α〉(�+

c , �+
c , �0

c → BnMM ′) in Tables 9, 10 and
11, respectively, by choosing 〈α〉(�+

c → �−K+π+) to be
negative. One may also re-parametrize the real SU (3) irre-
ducible amplitudes with ai and bi in Eq. (8) into complex

ones with ãi = ai + iκ(m2
23)bi and assume κ(m2

23) being
the same for all modes in the SU (3) f limit. In this case, one
more parameter can be reduced by considering the following
transformations in ai and bi without changing the branching
ratios, given by

a′
i = cos(θ)ai + κ sin(θ)bi ,

κb′
i = − sin(θ)ai + κ cos(θ)bi , (16)

which are equivalent to multiply an arbitrary overall phase
eiθ in the complex number parametrization, but lose all infor-
mation about the up-down asymmetries [25]. Note that the
fitting results of the branching ratios are slightly different
from those in Ref. [25] due to the kinematic κ(m2

23) correc-
tions. The situation also occurs in the semi-leptonic charmed
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Table 12 Decay branching ratios and averaged up-down asymmetries for CF and DCS mixed processes involving K 0
S and K 0

L

Channel B 〈α〉 Channel B 〈α〉
�+

c → 	0K+K 0
S (1.44 ± 0.52) × 10−4 0.42 ± 0.55 �0

c → 	+π−K 0
S (7.43 ± 1.01) × 10−2 0.90 ± 0.05

�+
c → 	0K+K 0

L (1.47 ± 0.51) × 10−4 0.16 ± 0.61 �0
c → 	+π−K 0

L (7.48 ± 1.01) × 10−2 0.87 ± 0.06

�+
c → pπ0K 0

S (1.26 ± 0.21) × 10−2 0.16 ± 0.28 �0
c → 	0π0K 0

S (1.19 ± 0.25) × 10−2 0.44 ± 0.17

�+
c → pπ0K 0

L (1.09 ± 0.19) × 10−2 0.06 ± 0.29 �0
c → 	0π0K 0

L (1.29 ± 0.25) × 10−2 0.43 ± 0.17

�+
c → pη0K 0

S (3.40 ± 0.54) × 10−3 −0.35 ± 0.21 �0
c → 	−π+K 0

S (1.84 ± 0.29) × 10−3 −0.97 ± 0.02

�+
c → pη0K 0

L (3.52 ± 0.56) × 10−3 −0.42 ± 0.23 �0
c → 	−π+K 0

L (1.69 ± 0.23) × 10−3 −0.92+0.14
−0.08

�+
c → nπ+K 0

S (5.80 ± 0.72) × 10−3 −0.96+0.06
−0.04 �0

c → �−K+K 0
S (4.20 ± 0.73) × 10−4 0.45 ± 0.12

�+
c → nπ+K 0

L (5.88 ± 0.77) × 10−3 −0.83+0.20
−0.17 �0

c → �−K+K 0
L (3.93 ± 0.73) × 10−4 0.51 ± 0.12

�+
c → 	+K 0

S K
0
S (1.77 ± 0.42) × 10−3 0.69 ± 0.07 �0

c → pK−K 0
S (8.18 ± 1.13) × 10−3 −0.89+0.12

−0.11

�+
c → 	+K 0

S K
0
L (7.56 ± 2.94) × 10−7 −0.44 ± 0.32 �0

c → pK−K 0
L (9.42 ± 2.00) × 10−3 −0.95 ± 0.05

�+
c → 	+K 0

L K
0
L (1.68 ± 0.41) × 10−3 0.71 ± 0.07 �0

c → �0η0K 0
S (2.69 ± 1.16) × 10−4 −0.61 ± 0.28

�+
c → 	+π0K 0

S (1.10 ± 0.66) × 10−2 0.79 ± 0.20 �0
c → �0η0K 0

L (3.23 ± 1.27) × 10−4 −0.84 ± 0.16

�+
c → 	+π0K 0

L (1.00 ± 0.70) × 10−2 0.52 ± 0.23 �0
c → �0K 0

S K
0
S (1.85 ± 0.21) × 10−4 0.37 ± 0.49

�+
c → 	+η0K 0

S (1.60 ± 0.45) × 10−3 0.22 ± 0.10 �0
c → �0K 0

S K
0
L (4.70 ± 1.71) × 10−7 −0.85+0.17

−0.15

�+
c → 	+η0K 0

L (1.45 ± 0.47) × 10−3 0.20 ± 0.11 �0
c → �0K 0

L K
0
L (1.95 ± 0.19) × 10−4 0.25 ± 0.53

�+
c → 	0π+K 0

S (3.60 ± 0.90) × 10−3 −0.87+0.33
−0.13 �0

c → nK 0
S K

0
S (1.66 ± 0.23) × 10−3 −0.96 ± 0.04

�+
c → 	0π+K 0

L (6.20 ± 0.13) × 10−3 −0.76+0.37
−0.24 �0

c → nK 0
S K

0
L (3.97 ± 0.49) × 10−3 −0.93+0.12

−0.07

�+
c → �0K+K 0

S (1.85 ± 0.34) × 10−3 0.52 ± 0.17 �0
c → nK 0

L K
0
L (2.35 ± 0.27) × 10−3 −0.88+0.16

−0.14

�+
c → �0K+K 0

L (1.75 ± 0.34) × 10−3 0.57 ± 0.17

�+
c → �0π+K 0

S (1.94 ± 0.43) × 10−2 −0.73+0.47
−0.23

�+
c → �0π+K 0

L (1.99 ± 0.49) × 10−2 −0.940.17
0.06

�+
c → pK 0

S K
0
S (1.06 ± 0.23) × 10−2 −0.65+0.50

−0.35

�+
c → pK 0

S K
0
L (1.92 ± 0.44) × 10−2 −0.88+0.31

−0.12

�+
c → pK 0

L K
0
L (9.36 ± 3.07) × 10−3 −0.97 ± 0.01

baryon decays, indicating that SU (3) f is highly brokien in
kinematics [27].

We can also calculate the up-down asymmetries for the
decays with the final states involving the physical K 0

S and
K 0

L particles, where K 0
S = 1√

2
(K 0 + K̄ 0) and K 0

L =
1√
2
(K 0 − K̄ 0) with ignoring CP violation. The numer-

ical values for the decay branching ratios and up-down
asymmetries are presented in Table 12. It is interesting to
note that 〈α〉(�+

c → 	+K 0
SK

0
L) = −0.44 ± 0.32 and

〈α〉(�0
c → �0K 0

SK
0
L) = −0.85+0.17

−0.15 are the same as
〈α〉(�+

c → 	+K 0K 0) and 〈α〉(�0
c → �0K 0K 0), in which

the former two modes are dominated by the CF processes,
whereas the later two the DCS ones. Clearly, these two modes
can be used to test the s-wave dominance assumption for the
meson-pairs in the decays.

4 Discussions and conclusions

We have studied the up-down asymmetries in the three-body
anti-triplet Bc → BnMM ′ decays in the approach of the

SU (3) f symmetry. In our analysis, we have only concen-
trated on the s-wave MM ′-pair contributions, so that the
decays only depend on 12 real irreducible parity conserv-
ing and violating amplitudes. With the minimum χ2 fit to the
16 data points, we have obtained a fit with χ2/d.o. f = 2.4,
which is not relatively good but it will be reduced when more
decay branching ratios or up-down asymmetries of the three-
body modes are measured in the future. The predictions of
the decay branching ratios are slightly different from those
in Ref. [25] because the kinematic factor of κ(m2

23) highly
breaks the SU (3) f flavor symmetry, similar to the cases
in the semi-leptonic charmed baryon decays. The triangle
relations derived by [18,25,29] still hold since the isospin
symmetry preserves in κ(m2

23). However, the relations from
the U-spin symmetry [30] may be broken by κ(m2

23) due to
the large mass differences of hadrons. The predicted decay
branching ratio of B(�+

c → nπ+ K̄ 0) = (1.1 ± 0.1)% is
3 times smaller than (3.6 ± 0.6)% by the BESIII obser-
vation [39]. This indicates that there exist some other siz-
able contributions to this decay, such as those from H(15),
resonant states and p-wave meson pairs. Our result for the
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ratio of B(�+
c →pK−π+)

B(�+
c →�−π+π+)

= 0.50 ± 0.13 is 2 times larger

than the current experimental value of 0.21 ± 0.04. For
the averaged up-down asymmetries, both ±〈α〉 are solu-
tions in the χ2 fitting within the SU (3)F approach, which
can be determined by experiments. For example, one can
measure the angular distribution of the �0π− pair in the
four-body decay of �+

c → (�− → �0π−)K+π+ by
BESIII to fix the sign of 〈α〉(�+

c → �−K+π+), which
has been chosen to be negative. We have also examined
the decays with the final states involving K 0

L /K 0
S , which

contain the CF and DCS processes. In particular, we have
obtained that 〈α〉(�+

c → 	+K 0
SK

0
L) = −0.44 ± 0.32 and

〈α〉(�0
c → �0K 0

S K
0
L) = −0.85+0.17

−0.15, which are the same
as those for the pure DCS modes of �+

c → 	+K 0K 0 and
�0

c → �0K 0K 0, respectively.
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