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Abstract We investigate the gauge/gravity duality between
the N' = 6 mass-deformed ABJM theory with Ug(N) x
U_k(N) gauge symmetry and the 11-dimensional supergrav-
ity on LLM geometries with SO(2,1) x SO(4)/Z;. xSO(4)/Zy,
isometry, in terms of a KK holography, which involves
quadratic order field redefinitions. We establish the quadratic
order KK mappings for various gauge invariant fields in order
to obtain the canonical 4-dimensional gravity equations of
motion and to reduce the LLM solutions to an asymptoti-
cally AdS4 gravity solutions. The non-linearity of the KK
maps indicates that we can observe the true purpose of the
non-linear KK holography of the LLM solutions. We read
the vacuum expectation value of conformal dimension two
operator from the asymptotically AdS4 gravity solutions.
For the LLM solutions which are represented by square-
shaped Young diagrams, we compare the vacuum expec-
tation value obtained from the holographic procedure with
the result obtained from the field theory, which is given by
(OB=2)y — \/zN%f(Azz) + O(N), where fa is indepen-
dent of N. Based on this result, we examine the gauge/gravity
duality in the large N limit and finite k. We also show that
the vacuum expectation values of the massive KK graviton
modes are vanishing as expected by the supersymmetry.
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1 Introduction

AdS/CFT correspondence [1-3] and its various deformations
have been a central paradigm for the past two decades in the-
oretical physics. Among the deformations, we consider the
supersymmetry preserving mass deformation [4,5] of the 3-
dimensional N' = 6 Ui(N) x U_;(N) Aharony-Bergman-
Jafferis-Maldacena (ABJM) theory with Chern—Simons level
k [6], which is dual to the 11-dimensional supergravity on the
Lin—Lunin—Maldacena (LLM) geometries [7] with Z; orb-
ifold and SO(2,1)xSO(4)/Zi xSO(4)/Zy isometry. The cor-
respondence between the supersymmetric vacua of the mass-
deformed ABJM theory (mABJM) and the LLM geometries
with Zy orbifold was reported in [8].

Recently, we have disclosed more evidence for the
gauge/gravity duality between the mABJM theory and the
11-dimensional supergravity on the LLM geometry with
SO(2,1) xSO@)/Zi xSO(4)/Zy isometry [9,10]. We cal-
culated the vacuum expectation values (vevs) of a chiral
primary operator (CPO) of conformal dimension A = 1,
from all supersymmetric vacua of the mABJM theory in
the large N limit and from the LLM solutions in the 11-
dimensional supergravity in terms of the gauge/gravity dic-
tionary [2,3]. In order to show the duality, we defined the
4-dimensional dual scalar modes obtained from the proce-
dure of the Kaluza—Klein (KK) holography [11-13] for the
11-dimensional supergravity. We found an exact dual rela-
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tion between the two results for all possible supersymmetric
solutions in both sides in the large N limit.

In the case of the CPO of conformal dimension A = 1,
linearized Einstein equations and asymptotic expansion of
the LLM solutions upto the linear order were sufficient to
read the vev. In that case, the KK maps between the 4-
dimensional fields and 11-dimensional fields are trivial. In
this paper, we extend to the case of CPO of conformal dimen-
sion A = 2, which requires non-linear KK maps. We start
with the compactification on S7/Z; of the 11-dimensional
gravity equations in which the dynamical fields are writ-
ten as a sum of the AdSy x S7/Z; background and fluctua-
tions. To obtain the vevs of the CPO of conformal dimension
A = 2, it is sufficient to write the equations of motion up
to the quadratic terms in fluctuations. After some manipula-
tions for equations of gauge invariant fluctuation modes, we
find that the quadratic terms contain higher derivatives, and
thus we need to introduce some non-trivial field redefinitions
(the KK maps) to obtain the canonical equations of motion
for the 4-dimensional fields. The asymptotically AdS4 solu-
tions to the resulting 4-dimensional equations of motion are
obtained from the asymptotic expansion of the LLM solu-
tions and combining various fields in the expansion, accord-
ing to our well established non-linear KK maps. Using the
holographic renormalization and asymptotic expansion of the
LLM geometries, we read the vevs of the CPO of conformal
dimension A = 2 and also confirm that the vevs of some
massive KK graviton modes are vanishing as required by
supersymmetry.! On the field theory side, we use the dis-
crete Higgs vacua of the mABJM theory to determine the
vev of the CPO of conformal dimension A = 2 in the large
N limit. Due to computational difficulty, we focus on the
case of the LLM solutions which are represented by square-
shaped Young diagrams and we show that, in the large N
limit and finite k, the vev obtained from both the field theory
side and the gravity side is (O(Azz)) = JVkN 3 fa=2), where
fa is independent of N.

The remaining part of the paper is organized as follows. In
Sect. 2, we apply the KK reduction to 11-dimensional super-
gravity equations and obtain the equations for 4-dimensional
gauge invariant fields. We also establish the non-trivial KK
maps for some 4-dimensional gauge invariant fields. In
Sect. 3, we obtain the CPO of conformal dimension A = 2
in the mABJM theory and determine its vev from the dis-
crete Higgs vacua. In Sect. 4, we rearrange the asymp-
totic expansion of the LLM solutions according to our KK
maps to obtain the asymptotically AdS4 solutions of the 4-
dimensional gravity equations of motion. From these solu-
tions, we read the vevs of various 4-dimensional KK modes,
using the gauge/gravity dictionary. In Sect. 5, we compare the
gravity and the field theory results for the vevs of the CPOs

I See [16] for results of zeroth KK graviton modes.
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and determine the values of some normalization factors. In
Sect. 6, we draw our conclusions. In the Appendix, we give
some details about the construction of CPO of conformal
dimension A = 2.

2 KK reduction of 11-dimensional gravity

In this section, we discuss the compactification of 11-
dimensional gravity on S7 /Z. The compactification involves
expansion of the 11-dimensional fluctuations in terms of
the spherical harmonics on S7/Z; and then projecting the
equations of motions on those spherical harmonics to obtain
the equations of motion for various KK modes. The result-
ing equations contain higher derivatives of those KK modes
and the necessary KK maps are introduced for obtaining the
canonical equations of motion of the 4-dimensional dynami-
cal fields. The non-linear KK maps established in this section
are used in Sect. 4 to obtain the asymptotically AdS4 solu-
tions of 4-dimensional gravity equations of motion from the
KK reduction of the LLM solutions. The vev of the CPO of
conformal dimension A = 2 is read from such asymptotic
solutions.

2.1 Field equations at quadratic order

In [16], we have written the 11-dimensional gravity equa-
tions of motion up to quadratic order in the fluctuations by
perturbing the fields around the AdS4 x S7/Z; background
as

(2.1)

8pg = &pg +lpq. Fpgrs = Fpgrs + fpgrss

where p,q,--- = 0,---,10. For clarity, we summarize
those quadratic order equations. The quadratic order equa-
tions are obtained by inserting (2.1) into the 11-dimensional
gravity equations of motion and keeping all the terms up to
quadratic order in the fluctuations /1, and f4,s. The results
are

V' Vphgr + V' Vhpr — V2hpy — VgVph's — Rhyy

— qu <_RrshrS + Vrvshrs _ V2hrr)

1
+ &(FrstuFrsmhpq_4gpthsFrtqusmv>

1 1
+ ﬂgl’qfrstuFrsm - EhrsFrptqusm

1 J r
- 8<fprsthr” + Fprstfq St) + qu =0, 2.2)
vp(httqurs) +2V,(4F, [pqrhs]t + fPaTs)y

2 1 e
" _\/_g WEPI e q4qrsfpl~'1?4 Fgyogy + Pars =,
2.3)
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where the indices are raised (lowered) by the AdS4 x S7/Z
metric and the covariant derivatives are also those of the back-
ground. Here, P9"¥ and O, denote the quadratic terms in
the fluctuations and are given by

P = —%V,,[(hmh”‘ - %(h’,)2>Ff’q”]

3
_ 8VP<FM[quhs]thtu _ EFtu[pthths]u _ [pqrhs];)

+ V[ (AR R prers) |

1
__gP1paqiqaqrs
€ Tovepaar-aus

1
+—
V=g (@)
Qpg =—Vr [h”(Vphsq + Vohsp — Vshm)]

2.4)

1
+ Evph”vqhm + 1"V Vghyg

L (Vo h h
+§V S(VP rq+vq VI’_V” Pq)
VR )V, sy — VTR ) Vhgr — pg Resh'hS,

1
+ 5804 r 172V g = Vi) |

- %gpqvth”V,h” + %gpquh”vvh,,

- %g,,qh”vzh,.s

- igpquhss(ZVthr, — V.h',) + %gpqh”
x (V’V,h,s TV Vi — Vs — V,VShtt)
+ hpgh™ Ry — B pg (V’V'Yhm - v%f,)

1
+ Eligpq FrstuF”tu;huvhvw — 8pq Frstu.f”tvhuv

3 1
+ Egpq Frstu Ffsvwhtvhuw + Ehpq Frstu Frstu

' 1 .
- hqurstuF”tvhuv + ngqfrxtuf”m

1
— gqurstu Frstvhuv:l _ E[Fpstu qutwhuvhvw

s g uw st uv
+ Fpstqu vwh h - pstufq vh

. 1 ‘
- fpstquMvhuv + gfpstufq”u} (25)
The KK reduction of the 11-dimensional gravity to 4-
dimensional gravity involves the expansion of the fluctua-
tions p, and fpgrs in terms of the spherical harmonics on
s7 /Zy., with the metric

L? L*(1+1)
2 _ 2 2
dSS7/Zk =i rz)dt + > dsS3/Zk
L*1-1)  ,
+ 5 dsgs g (2.6)

where L is the radius of S7. Later, we will identify the fluc-
tuations %4 and fpq,s with the deviations of the LLM solu-

tions from the AdSy x S7 /7, solutions. Keeping in mind the
SO(2,1)xSO(4) /Zy x SO(4)/Zy isometry of the LLM solu-
tions, we consider expansions in terms of the spherical har-
monics with SO(4)/Zy x SO(4)/Zy symmetry. Since those
spherical harmonics depend only on the t coordinate, they
are not affected by the orbifolding. This implies that expan-
sions of the fluctuations 4, and f)4rs in terms of these
spherical harmonics are the same, irrespective of the orb-
ifolding. Therefore, in this section, we treat the expansion
of the fluctuations 4, and f,,.s in terms of the spherical
harmonics on S7 and reintroduce the Chern—Simons level k
in the following sections.

In [9,10], we have written a complete form of these expan-
sions whereas we have argued in [16] that many of the
KK modes do not contribute to the equations of motion at
quadratic order. Therefore, we use the following truncated
expansions,

By (e, 9) = Rl YN (), 1P, (x, y) = R )Y (),
hapy = s" (V@ VY1 (y), h%(x, ) =" ()Y (y),

2
Fuvpo (x,¥) = gV[ulM‘ (X)€upon Y 1 (1),

1 o1 I
Suvpa(x, y) = _yeuv,o 1 (Ve Y (y),

Fuabe(x, ¥) = Vit B350 (),

fabed (¥, y) = 415 () V[ ¥, (3), 2.7
where I,, = 0, 1,2, ..., we have split the 11-dimensional
indices into the AdS4 indices (i, v, --- =0, .-+, 3) and the
S7 indices (a,b,---=4,---,10), x denotes the AdS, coor-
dinates and y denotes the S 7 coordinates. The notation (ab)
means symmetrized traceless combination, while [ab - - -]
denotes complete antisymmetrization of indices. Here, ¥ /1
and YaIZ‘C are the scalar and antisymmetric 3-tensor spherical
harmonics on S7, respectively.

Plugging (2.7) into the (;v) component of (2.2) and then
projecting on the scalar spherical harmonics Y /!, we obtain

24
1 I 1 I
- <D+A 1 — ﬁ) hil, 4+ VPVuhl + VPV Rl
— V, Vy(h' 4 ¢™)
30 6 6
1 1 1 1
+gw(D+Al—ﬁ>hl+gW(D+7A1+ﬁ>¢1

6 6
— 8 (51\]1 + ﬁ) Iigh

1
— gV’ VIRl + zg,wvﬂtj; +201, =0, (2.8)
where 0 = V, V¥, L is the radius of s7, Q,I)U =
A [o 5QuY", and Al = DU
corresponding to the scalar harmonics Y /1. The trace of the
above equation leads to

is the eigenvalue
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3 48
(D+§A’l— )h“ VAV I,
3 8 2
Z(O+ Al _) Ly Zyeih
+2< +7 +L2 ¢ +L L

1 1
I I I L _
12A 1(—7A 14+ —2>s T+ Qh1 = 2.9)

where Q}IIl =g Q,I}V. Secondly, projecting the (ua) com-
ponent of (2.2) on V¢Y!I (I} # 0),> we obtain

6 1 6 n, 0 I I I
- (§A 't E>Vﬂs L+ 2V = VR, + VT
I no_
1+ 0, =0, (2.10)
where Ql]} = a% f §7 Qua V7Y i Thirdly, projecting the (ab)

component of (2.2) on g’y and V@VD Y1 (I} £ 0), we
obtain two scalar equations

3(O+ SA’I )qb" + Z(D +Oan g %)h“
7 1 7 1
— EV“V”hM‘v — ﬁvpl‘pl
Al
—15A0 (T + ﬁ>sll +oh = @.11)

5 5
Al {(D -~ aAll)sll +hl + 7¢“} -Ql'=0, (212

where Q;] = %7/37 %Qabg”bYl1 and Q' = %(6AI1 +

-1
%) w% [ QupV@VP Y Similarly, inserting (2.7) into
(uvp) component of (2.3) and projecting on ¥ /1, we obtain

the following equation’

2 Al
5v" Vit e,wp]x—i-?ewpgt;‘ — Zea,wpva (h" +o™)
24_ ,
- Iv"h;[ae,wp + Pl =0, (2.13)

where PLIL'W, = w% Jg7 Puvp¥ " Applymge PN 10 (2.13),

we obtain
18 L
- FVMV,,(—hI‘ +¢') — LV, — A—Iv AL
A
+0,, =0, (2.14)

2 See [16] for the zeroth mode results.

3 More equations can be obtained by projecting the (uva, pab, abc)
components of (2.4) on appropriate spherical harmonic elements, how-
ever those equations are not required for our purpose here. See [16] for
the full list of equations.
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pG)LV PI]

pe The trace of the above

Al L
Wherf? Q,“.) = — e
equation gives

18
ZOCR +™) + @+ AMVPL + 0y =0, 2.15)

where Q{/} = —Alghv Q,I)v

2.2 Quadratic order equations for KK modes

The quadratic order equations we listed in the previous sub-
section lead to the quadratic order equations of motions for
various 4-dimensional gauge invariant KK modes. In general,
the 4-dimensional gravity spectrum, which is obtained from
the KK reduction of the 11-dimensional gravity, is composed
of three towers of scalar modes, two towers of pseudoscalar
modes, two towers of vector modes, one tower of pseudovec-
tor modes, and one tower of spin-two modes [9,10]. Here,
we follow the gauge choice of the LLM solutions in which
hyq and fy;,4p are zero and as a result some of the KK towers
are absent. In addition, in this paper, we are interested in the
gravity field which is dual to the CPO of conformal dimen-
sion A = 2 in the mABJM theory. Such dual gravity field is
a part of the three KK towers of scalar modes with I = 4.
Therefore, from now on we focus on the equations of motion
for the KK modes with 11 = 4.

Setting 11 = 4 in (2.8)—(2.15) and rearranging the equa-
tions, we obtain the following set of equations,

o 32 . 1 9 N 4 A
4 ~4 4 4
Dh;w = Lzh[u) + ZOV vy !0 IOV/LVV¢) - mguvw
- mguv‘p +V,LLQL;+VVQM
L? 2 9 4
+ 4Ov V0! - S5 (0h+0f - 1501)

—(Q,w +0%,) +20;,. (2.16)

~ L? 9L> RN VI
i = —V, VPt + -V, Vit + E(qu + o)

40 20
(2.17)
o 28, 14 ., 14 4
04! = 5" + 359" = 50+ 50, -0}, 218
o 124 . 7128 .
Oy = =7 44 L2¢ —28Qh+8Q¢+Q¢, (2.19)
where we have introduced u,w =3 Lw, o+ Vvt,i]), ull =

g’“’u,l},,, and the following gauge invariant combinations,

hll, = hll, +V,V,8",
(511 = ¢11 o AIISII,

T =ull, +18v,v,8M,
Ul =18t — N (2.20)
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2.2.1 Spin-zero field equations

The equations of motion for spin-zero mass eigenstates are
given by the linear combinations of (2.18) and (2.19). Intro-
ducing the mass eigenstates

a 297., 11,

5= J 297 .4 3 .
49 147

1]/4 = __¢ w41
2.21)

and combining (2.18) and (2.19), we obtain the following
diagonalized equations

v 48 3 297
(D+—)w - o+ Q;——4Q;+—Q =0,
160 220 440 1 297
(2 22)

All the quadratic terms in the above equations are com-
posed of the expressions which are quadratic in the fields
h,w, tu JhN el ylt sT ¢35 and their derivatives, with
infinite summations over /1 and I35. The LLM solution solves
the 11-dimensional equations of motion order by order in
the mass parameter 1 of the LLM geometries [9, 10,16]. In
the above equations of motion, we have kept only up to the
quadratic terms in the fluctuations and they are expected to
be solved by the LLM solution only up to quadratic order
in ©o. On the other hand, except for the modes with I} = 2
and I35 = 1, the asymptotic expansions of the other modes
are non-linear in the expansion parameter (. Thus, the rel-
evant quadratic terms in the above equations are built only
by the modes with /1 = 2 and I35 = 1. In addition, we note
that for the spherical harmonics on S7 with SO(4) x SO(4)
symmetry, (see [9,10])

/S YY) g9 g gyl =0,

fs v vPytyl g (2.23)
The LLM solutions depend only on such spherical harmon-
ics. In that case, the terms involving #35= are also absent and
the quadratic terms depend only on h? s t2, h?, 452, u?
and thelr derlvatlves Combining the four scalar fields
h?, $*, u?, s%, we obtain two gauge invariant physwal mode,
P? = 70(71p2 + 184%), ¥ = L (792 — 162¢%), which
are mass eigenstates. The other potentially relevant gauge
invariant physical mode is the second KK massive graviton
mode, which is given by

I 15L
12 _ 72
h h(lw) 4J(lw)+ 112

(uv) = Vw Vi) ——Vw Vi,

96
(2.24)

In general, our quadratic terms depend on the two physical
scalar modes (¢>2 1//2) and the second KK massive graviton
mode h )- However, the leading order terms in the asymp-

totic expansmns of h? () and dv>2 are ug-order, and they are
irrelevant for quadratic order equations. As a result, the oth-
erwise very complex quadratic terms are composed of only
2, and are given by

1 -
= (41216922
Oh 41472«/10L2< vy

+ 2560L>V 2 VP2 + 88L4V, V, > VP V7 2

- VpV,,VmVV"V"VM/VfQ),

1 vo oy
4 272
=———— (126080
Q¢ 82944\/10L2< vy

+ 12736L2V 2 VP % — 3204V, V42 VP VO 2
—TLOV, Vo Vi 2 VPV v%z),

Q4 - _ ;
N 19444/10L2

+ L“vpvgn/?zvpvﬂbz),

<120¢2¢2 + 8L2V, VP2

1 . NN
04 = _m(%swzwz + 416L2V 2 VP)

—80L*V,V, 2 VP VO ¢2>
+ LoV, V, Vi 2 VPV V2,
1 1
[ g,w<224001p U2

 414724/10L2
+ 1600L>V 2 VP + 4814V, V, > VPV 2

4
Q/“) =

- L4vpv(,v“/32vpv"v%2>
+ 320V, 92V, + 448L2 2V, V, 2
+ 4814V, Y, V, VP2 — 8LOV, V2V, VP
+ L%vaau?zvvvpv%/“ﬂ],
0! = m <1568¢2VMD2 + 2412V 2V, VP2
+ LYV, VoV, VP V"JfZ),
2

L
23040410
X VP2 — LAV, V, Vo 2V, VP VO 2
+ 38492V, V, i + 40L>V 2V, V, VP>

0 (384%&2%1/}2 +40L>V, YV, 9%V,

— L*V, YV, *V, V, VPV 1}2). (2.25)
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Inserting these quadratic terms into (2.22), we obtain
(0+ 3)&“ + ;(1 11369242
L2 8064+/10L2
+ 736L2V 2 VP2 — 304L4V,V, 42 VP V2
+ 3L6vpv(,v“/}2vpv“vh/}2) —0,

1601 1
<D - F> 4+ 8064\/1_0L2(

+96L2V, > VP — 120L4V, V, > VPV

— 793632

+ Lﬁvpvgvmpzvpvavwz) —0. (2.26)
This shows that the usual compactification of the 11-
dimensional supergravity on S” results in the field equations
which contain higher derivative terms. In order to obtain
the canonical 4-dimensional gravity equations of motion, we
need to introduce some field redefinitions to absorb those
higher derivative terms [11,14—16]. For instance, for some
scalar KK mode whose equation of motion contains up to
four derivatives, the field redefinition is of the form
ST =s! 4+ Ky pt!1t7 4+ L1j, 5, V,ut 1 VH2, (2.27)
where Ky, 5,, L1y, are some numerical coefficients, st
represent a gauge invariant 11-dimensional field and S’ is
the corresponding 4-dimensional field. The 7/ °s represent the
gauge invariant 11-dimensional fields that appear in higher
derivative part of the equations of motion of s’. In Sect. 5,
we will use the asymptotic expansion of the 4-dimensional
field S7 to read the vev of the dual operator. Then, the non-
linearity of the field redefinition (2.27) shows that the vev
gets contributions from terms which are non-linear in the
11-dimensional fields.

The 4-dimensional gravity equations of motion should
read as follows,

8 4 21,2
<D+ﬁ)\y + oW =,

160
(D - F)cb“ + BW2W? =0, (2.28)

where W2 = 2. Since the equations in (2.26) contain the
terms with up to sextic derivatives, the field redefinitions
absorbing those sextic derivatives should contain terms with
up to quartic derivatives

W = gt o+ AP+ AV, Ve
+ A3V, Ve 2 VPV 2,

ot = ¢* + By Y’ + BV, i vPy?
+ B3V, V, 2 VPVo 2. (2.29)

@ Springer

Insertion of (2.29) into (2.28) and comparison with (2.26)
fix the unknown coefficients in (2.28)—(2.29) as

25 T2
"TTUesVI00 YT 576410
L4
Aj= — = =0,
5376+/10

gl B g L g —

TlesvioT o > 7 5376410 -

(2.30)

The field redefinition of the type (2.29) is usually called the
KK map between the 11-dimensional fields (y/*, ¢*) and the
4-dimensional fields (W*, &%)

2.2.2 Spin-two field equations

The equation of motion for the fourth KK massive graviton
mode is a linear combinations of the Egs. (2.16)—(2.19). Let
us define the spin-two mass eigenstate as

i, = ht, + a1 7t + 2V, Vet + a3V, v, it
+ guv(cd® +dyrt)

= fl;‘w + avuvv(lg4 + bvuvv&4 + guu(c<234 + dl/}4)7
(2.31)

where in the second line, we have used the algebraic equa-
tion (2.17) to eliminate J 31, up to a redundant quadratic
term, which we omit from the definition. Organizing the Egs.
(2.16)—(2.19) according to this definition and setting

1717 L? _u
1120° B

T 2880 7 56 4
(2.32)

we obtain the diagonalized equation for the mass eigenstate

32\ 74 4 s, L
(D — ﬁ>hw | Vi Qi+ V0l + V.V
99 2 I
A Sy S '
x (f+ 50! — 504+ 750%)
1o, 1, 1, 71,
— (52— 552 + 508~ 5552V)
254 1208 }zo 2.33)
L2 v v . :

Inserting the quadratic terms in (2.25) into this equation, we
rewrite (2.33) as
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32 |
<D a L2>h 1080410

49 ., - 137 v v
X [Zg,w<—lﬁ2lﬂ2 + 7_2pr2va2

L2
115L2V I ATTTNE
288
7L4 O T 72 72
— ez Voo Vi AVOVO Vi )+v,u// Vo
17 ., 25912 . y
+ ngvwmz - ViV r? v, VP2
469L% _ -, ‘o
— V¥ V.V, VP
+ ”L4v V, Vo 2V, VPV
144
+37L V, Vo 2V, V, VPV 2
288

6

768
6

768

——V,V,V, Vi y?V, VP VO VA2

——V, Ve V32V, V, VP VO VA2 } =0. (2.34)

This spin-two field equation contains the terms with up to
octic derivatives. In order to absorb these higher derivative
terms, we need to introduce another field redefinition with
up to sextic derivatives as follows

Hy, = hy, + g (501}21}2 + GV 2 VP2
+ oV, Vo 2 VPV g2
+ 63vpv,,vmp2vpv0vw2)
+ 1V Vi 4 D1V, Y,
+ CoV VPPV V0% + DIV, VY 02
+ C3V, VPNV Y, Vo i
+ D3VIVOYRY, VY, Ve i, (2.35)

Then the equation of motion of the spin-two field H /jv should
read

32
(0= 75) Hi + 81 (0?92 4+ V, W2 V702
+ 81V, W2V, 02 4 w2V, V,¥? = 0. (2.36)

Inserting (2.35) into (2.36) and comparing with (2.34), we
determine the unknown coefficients as

Lo Lo -
D == 9 = 9 == 9
? 7 1658880/10 1658880+/10
L* L*
Dy = S — = —,
2T T 6220810 124416+/10
oo Lt _103L2
> 7 165888v10° ' 51840410
11312 - L?
] = 9 = b
518404/10 777610
o — _TV10+ 51840
0= 10368
1 1 44/10 + 32400
ﬂl == _’ ﬂz = _7 ao = _—27
6+/10 6+/10 1351
(2.37)
and then write
32\
(m _ E>HW
44/10 + 3240
+ gw(%qﬂqﬂ + o vpxysz\W)

1 2 2 2 2
+ —(Vﬂxy VW + W2V, V, W ) —0.  (238)

6+/10

The asymptotic expansion of the LLM solution satisfies this
equation up to quadratic order in the mass parameter, inde-
pendent of the value of the constant ;. Since this constant
plays no physical role, we can set it to zero and write

1
51840+/10

7272 2L2 72
x [— 10g,w(351p V- SV,

4 _ 74
Hy, = hy,

y L* . .
X % — —vvaWVPV"W)

32

+ 113L2V, 42V, 4% + 103122V, V, 12
5LY S5LY vy <)
+ 55 ViV VAV, V0% — VY

Lo y .
+ 3—2vﬂvﬂv°¢2vvvpvow2

L6 . .
+ 3—2vpv"xpzvuvvvpvng]. (2.39)

The equation of motion for the fourth traceless KK gravi-
ton mode is the traceless part of (2.38) and is given by

(D o %)H(“MU) + ﬁ

(vw\pzvv)wz + \Iﬂvwvv)\yz) =0, (2.40)
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where

1
4 4
H(;w) =H,, - Zg““gmea
. 1 389L2
=it 303y -
. . 5L . .
X Vi VPy? + Fv,,val/ﬂvpv“l/ﬂ
37 6
256
+ 113L2V, 2V ir? + 103122V, V, 12
5L 4
+ =V, VPPV, V2 —
12
6

L y .
+ §V,LV/’v”wZvvvpv(,wz

Y,V Vi VPV V2 )

LO . .
+ §vf’vf’wzv,lvvvpvng}. (2.41)

The last equation is the KK map for the fourth KK graviton
mode in quadratic order in the mass parameter. The non-
linear KK maps for the scalar and tensor modes given in
(2.29) and (2.41), respectively, are crucial in holographic
determination of the vevs of gauge invariant operators, which
are dual to these KK modes. See Sect. 4.

3 Gauge invariant operators and Vevs in mABJM
theory

In the previous section, we defined the physical modes in
4-dimensions using various non-linear KK maps including
higher derivatives. These physical modes have corresponding
operators by the gauge/gravity dictionary. In this section, we
discuss possible operators with conformal dimension A = 2
in the ABJM theory and read the vevs of those operators in
the large N limit from the vacua of the mABJM theory.

3.1 Vacua in the mABJM theory

The mass term in the mABJM theory breaks the SU(4) global
symmetry of the ABJM theory to SU(2) x SU(2) x U(1).
According to the reduced global symmetry, we split the
four-complex scalar fields in the ABJM theory as Y4 =
(z4, WT“), where A = 1,2,3,4and a,b = 1, 2. Accord-
ingly, the vacuum equation in the mABJM theory is written
as

Tob _ bt [k
222"~ 2" 2}z = -7,
whaw,wtt — witw,wia = “Eya

T

@ Springer

504 .
: A AN =

ZWpzb =0,
(3.1

W, Z°W, — W, zPw, =0, zw,z¢ —

where o is a mass parameter. The solutions of those vac-
uum equations have been obtained in [5] and are presented
by a direct sums of two types of irreducible n x (n + 1)
matrices M (¢ = 1,2) and their Hermitian conjugates,
Mé"). These rectangular matrices are referred as the GRVV
matrices,

Jn 0
n—10
M(]n) - T . D . )
V20
10
01
02
MY = , (3.2)
0 v/n—1
0 /n
wheren =0, 1, ..., N — 1. The vacuum solutions are given
by
M{g”l)
k (n;)
Z(L)l - L Mg
2w 0("i+|+1)><ni+|
0(nf+l)><nf
0}1]><(n1+1)
ta [Lk Onix(ni+1)
Wy = P ML"HI)
- (ny)
a
3.3)

A given vacuum solution contains N,, rectangular matrices
of the type Mf,n) and N, rectangular matrices of the type
/\?lg’”. The set of parameters {N,, N, } completely specifies
avacuum solution and they are called occupation numbers [8,
17]. Since Z% and WTe are N x N matrices, the occupation
numbers should satisfy the two constraints,

N—1 1 00 o0
N = [(n+§>(Nn+N,;)], Y N=Y N,
n=0 n=0 n=0
(3.4)

At quantum level, some of vacuum solutions are not super-
symmetric and only a subset of these classical solutions sat-
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isfying the conditions, 0 < N, and N,’l < k, remain to be
supersymmetric [17].

3.2 Gauge invariant operators in the ABJM theory

In general, the CPOs of conformal dimension A in the
mABJM theory are given by a trace of products of the four
complex scalar fields Y4 and their Hermitian conjugates Y|,

OW = cfrlrme(yy) - yAay) ). 3.5)
These CPOs are dual to the KK scalar modes W1 with mass
Mi,l = %{6) and conformal dimensions A = [2—‘, {H =
2,4,6,...}[9,10]. The dual gauge invariant operators for the
other KK towers of scalar modes are the descendent of these
CPOs, which are obtained by applying the supersymmetry
generators of the A" = 6 mABJM theory to O™, In partic-
ular, the gauge invariant operators dual to the scalar modes
&1 are obtained by applying six supersymmetry generators
to the CPO and thus they are given by

OéA) — C(6)h1h2h3Bl*~-BA76STr(,‘!/Ta1 wbl w?az ,(//bzl/f‘;‘a}

ajazazA1--Aa—6

yhser) ),

X Y, YY) (3.6)
where wT" witha = 1, 2, 3, 4 are the four complex fermionic
fields of the ABJM theory and STr denotes symmetrized
trace. According to the relations between the mass of the
scalar fields and the conformal dimension of the dual opera-
tors listed in [9, 10], the masses of the KK scalar modes oh
are M2, = % and their conformal dimensions

ol
are A = %, {I = 0,2,4,...}. Therefore, the gauge

invariant operator dual to the scalar mode ®* is

OéAZS) — C(G)blb2h3 BB, STr(I'[/'i‘al Wb] wTaz sz

ajarazA1 Az

x Y iy YAy vAy) ), (3.7)
whereas the scalar field W# is dual to the CPO,
04=D = T (v My YAy ). (3.8)

In our previous paper, we defined the CPO with A = 1,
which reflects the global SU(2)xSU(2)xU(1) symmetry of
the mABJM theory. The form of the CPO is given by

OB=D — \LTy (Ylle + )/2Y2Jr - Y3Y3Jf - Y4YI) , (39

where V] is the normalization factor. The procedure to deter-
mine the form of the O®=D was explained in the Appendix
A4 of [9,10]. However, we fix the normalization factor N}
in a different way, which matches the GKP-W relation [2,3]

in the gauge/gravity dictionary. We will explain the details
later.

In this section, we consider the CPO with A = 2, which
reflects the global SU(2)xSU(2)xU(1) symmetry of the
mABJM theory. Using a similar procedure as in the Appendix
A.40f[9,10], we determine the relations among the constants
Cf; ﬁ; in (3.8) and construct the CPO with A = 2 with the
global SU(2)xSU(2)x U(1) symmetry as*

2
Y Tty vy
A,B=1
2
+ ) TrrtypyEy))
A,B=1
4 4
+ Y mryviyErp+ Y Terty vy
A,B=3 A,B=3

0L=2 — N>

(3.10)

where N> is the normalization factor. We will fix the normal-
ization factor later by use of the GKP-W relation.

In order to obtain the vevs of the above CPOs, we expand
the complex scalar fields near the vacuum as
YA =yl + 74, (3.11)
where YOA ’s denote the discrete Higgs vacua discussed above
and Y4’s are the complex scalar operators representing fluc-

tuations around the vacua. Then the vev of a CPO in the
mABIJIM theory is given by [9, 10]

1
A (A)
(OB, = O(A)}YA=Y(§‘ + Z(S(’)i Yo+ O(ﬁ)’ (3.12)

where (--- ), and (---)o denote the vevs of an operator in
the mABJM theory and the ABJM theory, respectively, and
8 Ol.(A) is an operator containing at least one Y4 or Y4, The
%-Corrections come from the contributions of multi-trace
terms. The second term is a one point function in a confor-
mally symmetric ABJM theory and is vanishing. Therefore,
in the large N limit, we have

OBy, = O<A>|YA:YOA. (3.13)

4 See also the Appendix of the current paper for the details.
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We will display the explicit forms of the vevs for CPOs of
conformal dimensions A = 1 and A = 2 in Sect. 5.

4 Asymptotic behavior of LLM geometries and
4-dimensional KK modes

The metric for the LLM geometries with Zj orbifold, which
have SO(2,1)xS0O(4)/Z; x SO(4)/Z; isometry [8,18], is
given by

L? 472 .
ds* = 12 [dz + L2( +81(z, 7)) (—dt2+dwf+dw§)]
’ 2
1+¢g d
4(1 )( +g2(Z» t)) T
LXA+71),
+ T(l + 83(z, T))ds§3/Zk
L2*(1—1)
5 (L &G D), @.1)

where the g; (z, T) represent the deviation of the LLM metric
from the AdSy x S’ background. See [9, 10] for details. Simi-
larly, the 4-form field strength of the LLM geometries can be
split into the background and the fluctuations. The values of
the various KK modes (h,w, ¢11, ...), introduced in Sect. 2,
are read from the asymptotic expansion of g;(z, ) and the
similar functions in 4-form field strength. In [9, 10], we have
listed the full result for all the KK modes up to ,ug order.
As mentioned in the previous section, here we focus on the
equations of motion for the fourth KK scalar and graviton
modes. For the quadratic parts in the equations of motion
and in the KK maps discussed in the previous section, we
also need the asymptotic expansion of 1}2. Then we take the
following results for the 11-dimensional modes from [9,10]

LZM
4 0 4 .
hj |: 4\/_ +O<M0):| Nij»

Y4 Mo 4
hZZ = 4 — + O <,U,0) ,

y 2«/ 2

g = —% (3780;33 +758p% — 94552/34)

+0 (Mé) :

. 44/10(110z2)>

¢4 = —fﬂ_% +0 (Mg) )

U2 = 2483107 + O(d), 4.2)
where 7;; = diag(—1, 1, 1) and
Br=Cr— C%, B3 =C3 —3C1Cr + 2C13,
Ba = C4 +3C3 — 4CC3. 4.3)

@ Springer

The parameters C, were introduced in [19-21],

© % g
C,= i;(—nl“ (W) , (4.4)
where A is defined by
l o0
A=kN — 52(:)[ln(k—ln>+l;(k—l;>] .5)
n=

with the discrete torsions (/,, [)) introduced in [8]. In the
Young diagram representation of the LLM solutions, A
means the area of the Young diagram [9, 10].

In the previous section, we have established the KK maps
which relate the above 11-dimensional KK modes to the
corresponding canonical 4-dimensional gravity fields. These
maps are given in (2.29) and (2.41). These maps express the
asymptotic expansions of the fourth KK scalar and graviton
modes as follows

»* = 0((mon)*),

* = —54V106483 + B2 — BaBo) (02) + O((02)")
g L_z[ 4(p02)*
(i)) ™ 472 J10

[ 12(102)* 5
22 NG

For clarity of presentation, we also rewrite the similar results
for the zeroth and second KK graviton modes obtained in [16]
and [9,10], respectively,

B3 + O((ZMO) )}m,/,

B3 +0( (02" )} 4.6)

o _ L [_(uoz)2

b= |- (3083 + 0((#02)4)} i

o= % [— ) " (960-+ 2983) + O(w()z)“)} ,
H2, = 4L—22 [0+ 0((e2?*)]. @)

The Fefferman—Graham (FG) coordinate system is more
convenient for the implementation of the gauge/gravity dic-
tionary. Therefore, we write the asymptotically AdSs 4-

dimensional metric (g, = giv " + HY,) in the FG coor-
dinate by using the coordinate transformation z =7+
13(960+2962) -3

@0 <

ds? = 4LZ2 {d +< (2+’32)(u 7)?
O((M02)4)> mjdx"dxj:| .

(4.8)
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Since all the terms in (4.6) are already at least quadratic in wg,
the above coordinate transformation only amounts to replacing
z by 7 in those terms.

As mentioned in the previous section, the scalar field w4
with M&H =1 (1 6) | 7_y is dual to a CPO of conformal dimen-
sion A = %|1=4 = 2 while the scalar field ®* with Mé =
(U+12)(146)

L? I

_4 is dual to a gauge invariant operator with con-
formal dimension A = % | ;=4 = 8. The GKP-W relation
states that the vev of a CPO (O?) of conformal dimension A is
determined by the coefficient of z2 in the asymptotic expansion
of the dual scalar field. Thus the vev of the CPO in terms of the
holographic renormalizaton [22-31] is given by

(0*=%)ur

= —54NV10u3 (483 + B3 —

B2P4), 4.9)

where N is some normalization factor to be fixed later.
Similarly, the gauge/gravity dictionary maps the metric to

the stress-energy tensor 7;; of the dual gauge theory. Writing
the (d + 1)-dimensional metric in the FG coordinate

L2 o
ds? = % [a’22 + gij (x, Z)dx‘dx’] (4.10)

with the asymptotic expansion of the function g;; (x, Z) given by

8ij(x,2) = gij (x) + Zzg(Z)ij(x) +- 4+ ng(d)ij(x) +e,
“4.11)

then the vev of the stress-energy tensor is given by [22-25]

d—1
dLjgs
l6nGn

(T;j)uR = 8ij- (4.12)
From (4.8) we read that the asymptotic expansion does not con-
tain the 73 term with d = 3 in (4.12), which implies that the vev
of the stress-energy tensor of the mABJM theory is vanishing
as required by the supersymmetry of the theory.

The non-zero KK graviton modes H, 3‘, and H, ;‘v are dual to
the operators

@ _ B Ayt
T, = C{STr(Ti; YY),

T = CRESTe(Ty v Ay jY Ay}, (4.13)
respectively. The vevs of these operators are given by

2) (@) “)
(Tij JHrR = Np 8(a—yij> (T,] JHR = Ny g(d),/ (4.14)

zd—1=2

where g( d 1ij is the coefficient of Z in the expansion of

Hl.i and gé‘d‘; is the coefficient of 7/=3 in the expansion of H f‘

From (4.6) and (4.7), we see that the expansion of Hli. contains
only odd powers of z whereas the expansion of Hi‘} contains
only even powers of z. Therefore, the vevs of both Tii.z) and

T; @ are vanishing.

5 Vevs of CPOs and GKP-W relation

In our previous work [16], we have constructed the 4-dimensional
gravity action with two scalar fields, 7 and W(y), after the KK
reduction from the 11-dimensional supergravity. The field T is
dual to a gauge invariant operator, O = C g TI"(I/ITAWB) with
A = 2 and the field Wy is dual to the CPO (3.9).

In this section, we focus on the GKP-W relation for the CPOs
with A = 1, 2. For that purpose, we consider the 4-dimensional
gravity action with two scalar fields, W1y and ¥(y),

- 16;G /d4x“/jg<ﬁ_2’\>

116 —
- Z[ - /d4x _g(a"\p(i)auly(i> + Mé<i>w(2i)>}

NZ
3272012

2
N 1 = 7 2 g2
x |:R —28 -5 > (aﬂw(i)awm + Mu}(l_)\l!(i))} :

i=1
5.1)

/ d*x—=g

where

1 N2
167Gy 3/2721L2

with the 't Hooft coupling A = N /k in the ABJM theory [6]. In
order to obtain the normalization which is consistent with the
GKP-W relation in the literature, we rescaled the scalar fields
as

\i/(,') =,/ 167 G4A\p([> \IJ(,').

Solutions for the rescaled fields are read from the asymptotic
expansion of the LLM geometries,

(5.2)

(5.3)

~ 1

Wy = —ﬁﬁsuoz + O,

~ 1

Yoy =~ 483 + B3 — B2Ba) (102)* + O(ud), (5.4)

where we set the scaling factor in (5.3) as /1671 G4Ay,, =
5 f by reading the value of Ay, from the equation of motion

of H gv at /LO order obtained in [16]. However, the scaling factor
Jl16m G4Ay, in (5.3) cannot be fixed without the information

for the equation of motion of H, at ,ug—order. Since we do

not have the equation of motion of /w up to ,ug order, we

choose this scaling factor as /167 G4Ay, =

convenience.

As we mentioned in Sect. 4, the GKP-W relation imply, for
odd dimensional QFT, the vev of a gauge invariant operator
with conformal dimension A is obtained from the holographic
renormalization procedure [22-31] in the large N limit,

for later

108f
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Fig. 1 a Symmetric droplet
representation of the LLM
geometry, where the number of
black strip is one, the length of it
isa,and k = ;i with integer n. b
Young diagram corresponding
to the droplet picture (a)

2

L eA-d) P,
oy ( RN

(OWyyR =

(5.5)

where &X) is the coefficient of z2 in the asymptotic expansion of
the field \fl(,-). Inserting the solutions (5.4) into (5.5), we obtain

N? 1y N?B3uo
(O Dyg = ———— gV = ,
32720 ! 672’\/»
N2 N2
(OA= ) = Woreh U =— - f(4/32+/33 —BaPa) 1.

(5.6)

The normalization factors AV 2 of the CPOs defined in (3.9) and
(3.10) are determined from (5.6).> For the CPO of conformal
dimension A = 1, the vev (3.13) of the mABJM theory in the
large N limit can be read as [9,10]

(OO0, = N Tr (YY) + v2y] = ] - viY)) i
=o
_ 2V N?
i ﬂwo’ 5.7
3k
where (- - - ),,, represents the vev of an operator in the mABJM

theory. Comparing the vev in terms of the holographic renormal-
ization in (5.6) with that of the mABJM theory in (5.7), we fix
the normalization factor of OV as A} = %. Thus the definition

5 As we see in (5.1), we used the overall normalization 1 /(167 Gyg)
defined in (5.2) for the scalar field action. Due this normalizaton, one
can drive the GKP-W relation in (5.5). However, there exists still an
ambiguity in the definition of the one-point function, which comes from
the definition of the source term in the generating functional of the n-
point functions. In order to fix this ambiguity denoted as N » in our
case, one has to compare the values of the one point functions in the field
theory and those in the supergravity. For the detailed discussion for this
issue, for instance, see (5.19)—(5.21) in [11], where the normalization
factors were fixed from the values of two point correlation functions.

@ Springer

(b)

of OV in this paper has a factor of % difference from that of
the previous paper [9,10,16].

In order to fix the normalization factor A5 in (3.10), we con-
sider a symmetric droplet case with k # 1. The corresponding
droplet and Young diagram representations in the LLM geome-
tries are depicted in Fig.1. In this case, we set k = %, N = na,
and A = kN = a?. Then by fixing the coordinate of the Fermi
level as ¥, = Xr = 0,° we obtain

Ci=C3=0, Cr=0C4=2. (5.8)

Using these values in the second line of (5.6), we obtain

OOV =~ 2N (5.9)
37T\F 0-

Now we try to calculate the corresponding vev in the field
theory side. For the symmetric droplet case, one can also assign
the discrete torsions as

lnfl):<

Ul 1 1>_(

(109115 )

S|

S|

S|
N———

3) (5.10)

:\Q
S|

Other values of discrete torsions are vanishing. Identifying the
discrete torsions {/,, /;,} with the occupation numbers of GRVV
matrices {N,, N}, we calculate the vev of 04=2 ip (3.10) in
the large N limit,

ZkM%NzNZ

(©OA=), = — +ON), (5.11)
s

where we have used the relations

6 For the details of the droplet and Young diagram representations in
the LLM geometries, see [8—10].
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0.90

0.85

0.80

0.75

> N
0 50 100 150 200

Fig. 2 Validity of the holographic renormalization for the CPO of con-
formal dimension A = 2 in the square-shaped Young diagram of the

LLM geometries at large N. The vertical axis is K(N) = %
with N = 4,9, 16, --- , 225
4 . 4kp2 N2
Tr (Y yYAviyiy; =—2— + 0N,
A_vyA 37'[
A=1 Y _Y0
lyty2yt Tylyty2 3ytydyt
T (Y1 2] + v vy v? 4 vvivty]
_ 2kuiN?
+Y] Y3ij4) = 2T Lo, (5.12)
h yA:yé‘X 3

Other combinations of the traces in (3.10) are vanishing
due to the gauge choice of the vacuum solutions in [5]. Com-
paring the vev in the field theory side with that in gravity
theory side, we fix the normalization factor in (3.10) as

T

3VkN'

We examine validity of the holographic renormalization (5.9)
at large N in Fig. 2. We expect that this normalization factor
can be used in the calculation of n-point correlation functions.

In general the normalization factors of operators in the
gauge/gravity duality are fixed in terms of two point functions
in conformal field theory, by comparing the quantities in field
theory side and the corresponding ones in gravity side [11].
However, in our case the forms of operators (for instance, see
(3.10)) are too complicated, and so, it is a non-trivial problem
to calculate the corresponding two point function in gravity
side. It will be interesting if one can calculate the two point
function for O*=2) in gravity side in the future and check
the validity of the normalization factor in (5.13), which was
fixed by the calculation of the one-point function.

Np=—

(5.13)

6 Conclusion

In this paper, we obtained the vevs of gauge invariant opera-
tors up to ,u(z)—order in terms of the holographic renormaliza-

tion in the mABJM theory. We found that the vevs of gauge
invariant operators are vanishing up to ,u(z)—order expect for the
case of the CPOs with conformal dimension A = 1, 2. For
the latter cases, the vevs were obtained using the KK holog-
raphy in the large N limit. In order to show validity of the
holographic relation, we compared the vevs from the super-
symmetric vacua of the mABJM theory with those from the
LLM solutions. Our results for the CPO of conformal dimen-
sion A = 2 are limited to the cases of the LLM solutions,
which are represented by a square-shaped Young diagrams.
We showed that the vevs obtained from the mABJM theory
with an appropriate normalization of the CPO of conformal
dimension A = 2 approach those obtained from the holo-
graphic renormalization at large N.

The result we obtained in this paper is a further con-
firmation of the claim in [9,10] about duality between the
mABIJIM theory and the 11-dimensional supergravity on the
LLM geometry. However, in the present case the procedure
is highly non-trivial. In order to read the vevs of the CPO
of conformal dimension A = 2 from the asymptotic expan-
sion of the LLM solutions, we need to carry out the KK
reduction of the 11-dimensional supergravity and then con-
struct a 4-dimensional gravity on the asymptotic AdS4 back-
ground. Unlike the case of the CPO of conformal dimen-
sion A = 1, we need to establish the KK maps in the
quadratic order between the 4-dimensional fields and the 11-
dimensional fields. The KK maps include the non-trivial field
redefinitions, which are required to absorb higher derivative
terms and result in the canonical equations of motion for
the 4-dimensional fields. Identifying the 4-dimensional fields
obtained from the KK maps with the fluctuations obtained
from the asymptotic expansion of the LLM solutions, we
read the asymptotically AdSy4 solutions in the 4-dimensional
equations of motion. We read the vevs of the CPO of con-
formal dimension A = 2 from those asymptotic solutions in
4-dimensions. We also confirm that the vevs of other gauge
invariant operators which are not CPO as well as those of the
massive KK graviton modes are vanishing.

In the previous work [9,10], we showed that the vevs of
OA=D for any LLM solutions in the holographic renormal-
ization method are exactly the same as those of the mABJM
theory in the large N limit, i.e., (O=D)gr = (OA=D),,.
This result heavily depends on the fact that the curvature
in the asymptotic limit (ngz < 1) becomes weak for any
LLM solutions [32]. Since the vev (O2=D)y is completely
determined by the asymptotic expansion of the LLM solu-
tions in po-order [9,10], one can expect that the relation
(OB=Dypr = (OA=D), in the large N limit is satisfied
for all LLM solutions. However, by increasing the woz-value
in the LLM geometry, we notice that some LLM geometries,
which include short edges in the Young diagram representa-
tion, become strongly curved even in the large N limit [32].
Therefore, in order to obtain the correct holographic rela-
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tion (A # 1) for LLM geometries including strongly curved
regions, one needs quantum corrections from the gravity side
in the large N limit,

(O™, = (O™)yr + quantum corrections. 6.1)
In other words, the LLM geometries with square-shaped
Young diagrams do not include any short edges in the large
N limit and thus these geometries are weakly curved over
all transverse regions. For these LLM geometries, we expect
that the holographic relation (6.1) is satisfied without quan-
tum corrections in the gravity side. In this paper, we examined
validity of the vevs of O“=2) in the holographic renormal-
ization for the square-shaped Young-diagrams in the LLM
geometries, and showed that (=) is approaching the
value of (O®=2)), in the field theory side by increasing N.
This result matches our expectation. It is also intriguing to
examine the relation (6.1) for other Young diagrams in the
LLM geometries.

Acknowledgements OK appreciates APCTP for its hospitality dur-
ing completion of this work and DT would like to thank the physics
department of Addis Ababa University for hospitality, during the visit
to present part of this work. This work was supported by the National
Research Foundation of Korea(NRF) grant with grant number NRF-
2016R1D1A1B03931090 (Y.K.), NRF-2017R1D1A1A09000951
(0.K.),NRF-2017R1D1A1B03032523 (D.T.), and NRF-2018R1D1A]1
B07048061 (D.J.).

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

Funded by SCOAP3.

Appendix

A C'i=4 and c(A4=2

=% which
s

In this Appendix, we determine the coefficients Cilll‘
define the fourth scalar spherical harmonics on S’ and the
coefficients Cgllg\; which defines the CPO of conformal
dimension A = 2. To that end, we start from the definition

of the fourth scalar spherical harmonics on S7,

8
1 o
Y4 = 73 § Cijrx'xd xFx! (A1)

ijkI=1

with the R® coordinates x’s which are restricted to S7 as
follows,

14+17\12 0 ¢+ Y
x1=L( 5 ) cos(z)cos( 5 ),

@ Springer

2= () o (Dysin (1Y),

o= r(t ;’)% an (2)sin (220,

=i ;T>%sin ($eos (P50,

S-S T);cos(g)cos(q;—;&),

= (T) cos (Qysin (2D,

X7 = _L(lgf)% sin(g)sin(q; - vy,

X8 = L(l _ T)%sin (g) cos(‘i’;‘;). (A2)

The coefficients C;jy; are traceless under the contraction of
any two indices and also are totally symmetric. Here we
are interested in the scalar spherical harmonics on S7 with
SO(4) x SO(4) symmetry,

vt =R (1-57), (A3)
where A/j is a normalization factor. Subsequently inserting
(A.2) into (A.1), using the tracelessness and the symmetric
conditions, and comparing with (A.3), we obtain

3C1133 = 3C1u4 = C3333 = Crinp = 4N,
3Css577 = 3Cssss = C7777 = Cssss = 4N,
Crie6 = C1177 = C1188 = C3355 = C3366

= Ca377 = Caags = Ciiss = —2NG,

the others = 0. (A4)

In order to determine the coefficients C 2:322 of the CPO
of conformal dimension A = 2, we need to rewrite the
scalar spherical harmonics in terms of C* coordinates y4 =
x24T 4 ix24A as

4
1 ~ ;

vt=— 3 Cascoyypy ). (A.5)
A,B,C,D=

1
The coefficients C ABcp satisfy the same conditions as C;jy

and the values of the former are determined from the values
of the later as follows

~ 3 3 3 ~
Cint = 5Cun + ~Crn + 5 Conx = Crinn = 4Na,

8 4 8
~ 3 3 3 ~
Coop = §C3333 + ZC3344 + §C4444 = Cri11 = 4MNs,
~ 3 3 3 ~
C3333 = §C5555 + ZC5566 + §C6666 = Ci111 = 4Ny,
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~ 3 3 3 ~
Caaa4 = 5C7777 + —C7788 + —Cgsgs = Cr111 = 4MNa,

8 4 8
~ ~ 3
Ciiz =Ci21 = 1 (C1133 + C1144 + C2233 + C2244)
= Cii11 = 4N,

~ ~ 3
C3344 = C3g43 = 1 (Cs577 + Cs588 + Ce677 + Co683)
= Ci111 = 4Ny,
~ ~ 3
Ci133 = Claq1 = 1 (C1155 + Cr166 + C2255 + C2266)
3 -
=—=Ci11 = —6Ng,
2
~ ~ 3
Ciisa = Crag1 = 7 (C1177 + Cr188 + C2277 + C2283)
3 ~
= —=Ci111 = —6MN4,
2
~ ~ 3
Cysz = Coz3p = 1 (C3355 + C3366 + Caa55 + Caa66)
3 -
= —=Cii11 = —6MN4,
2
~ ~ 3
Craq = Coygp = 1 (C3377 + C3388 + Caa77 + Ca488)

3 -
= —§C1111 = —6/N\g,

the others = 0. (A.6)

Finally, we identify the coefficients c Acp with the coeffi-

cients C 21'322 of the CPO and thus can write

OB=2)

4
= Z 5ABCDTI‘(YAYTBYCYZ)),

A,B,C,D=1
2 2
=No | Y T tyivEyh+ > Te(rAyvjyBy))
A,B=1 A,B=1
4 4
+ Y mAriyEyp 4+ > TrrAviyPy))
A,B=3 A,B=3
2 4 )
=3 > Ty Ay By
A=1 B=3
2 4 )
=33 S Ty AviyEy) | (A7)
A=1 B=3

where N = 2.
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