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Abstract In this paper we demonstrate that the selection
of events with different multiplicities of produced particles,
leads to the violation of the azimuthal angular symmetry,
φ → π − φ. We find for LHC and lower energies, that this
violation can be so large for the events with multiplicities
n ≥ 2n̄, where n̄ is the mean multiplicity, that it leads to
almost no suppression of vn , with odd n. However, this can
only occur if the typical size of the dipole in DIS with a
nuclear target is small, or Q2 > Q2

s (A; Ymin, b), where Qs

is the saturation momentum of the nucleus atY = Ymin. In the
case of large sizes of dipoles, when Q2 < Q2

s (A; Ymin, b),
we show that vn = 0 for odd n. Hadron-nucleus scattering is
discussed.
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1 Introduction

In this paper we continue to discuss the azimuthal long range
rapidity correlations. These correlations were measured in
all reactions: hadron–hadron, hadron–nucleus and nucleus–
nucleus scattering, and they have similar features indepen-
dent of the reactions [1–17]. Such similarity in energy, mul-
tiplicity and transverse momentum dependence as well as in
the values of the harmonics vn , calls for a general explana-
tion. We believe that the source of these correlations is the
Bose–Einstein enhancement for identical gluons. The origin
does not depend on the type of the reaction, and we have
demonstrated that this mechanism alone is able to describe
all the experimental data [18–20]. However, in the effec-
tive theory of high energy QCD: CGC/saturation approach
(see Ref. [21] for a review) the resulting angular correla-
tion leads to vn = 0 for all odd n [22–27] (see also Refs.
[28,29]). This stems from the symmetry φ → π − φ, where
φ is the azimuthal angle which is implicitly contained in
the CGC/saturation approach. This symmetry does not result
from any fundamental principle, and only arises in the lead-
ing order of the approach. Several efforts to calculate cor-
rections to the leading order CGC/saturation approach have
been made (see Refs. [19,27,30] which demonstrated that
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this correction violates the symmetry which lead to a vn for
odd n. If these corrections originate from the next-to-leading
order corrections, they should have a parametrically strong
suppression, while experimentally v3 < v2 but v3 ≈ v4. If
we believe that the CGC/saturation approach in leading order
describes all other physical observables, then we interpret the
experimental results, as an indication that the suppression of
v3 is of a numerical nature.

The main idea of this paper is that selection by the mul-
tiplicity of the event, destroys this symmetry, and leads to
vn �= 0 for odd n. We consider the deep inelastic scattering
on nuclei, which has the most solid theoretical description in
the framework of the CGC/saturation approach, and allows
one to investigate the dependence of the effect on the size of
the interacting dipoles.

The main result of this paper is that, by selecting the event
with given multiplicity, leads to a strong violation of the
symmetry in the leading order of the CGC/saturation esti-
mates. We show that the violation of this symmetry depends
crucially on the sizes of the interacting dipoles. For DIS
with virtuality of photon Q, we have two distinct regions.
For Q2

s (A,Ymin; b) /Q2 ≤ 1 (where Q2
s denotes the sat-

uration scale and Ymin is the minimal value of the rapidity
at which we can use CGC approach), it turns out that the
violation of the symmetry is so strong for the events with
multiplicities,n ≥ 2n̄1 that there is practically no suppres-
sion of the values of vn at odd n. However, on the other
hand for Q2

s (A,Ymin; b) /Q2 ≥ 2, we have to deal with
the violation of the geometric scaling behaviour of the scat-
tering amplitude in the saturation domain, this results in the
restoration of the φ → π − φ symmetry, for the events with
multiplicities n ≥ 2n̄.

In the next section we discuss the origin of the azimuthal
angular symmetry, φ → π − φ , for the dilute–dilute parton
systems scattering in the entire inclusive measurements, and
show that this symmetry stems from the mixture of events
with low multiplicity: multiplicity which is less than the aver-
age multiplicity n̄, and events with high multiplicity, more
or equal to 2n̄. In Sect. 3 we discuss angular correlations in
a 1 + 1 dimensional toy model, which can be considered as
a theory which describes the interaction between QCD par-
tons of the fixed sizes. We demonstrate, that in this model,
φ → π − φ symmetry is reproduced for the entire inclusive
measurement. However, the selection of events with fixed
multiplicity violates this symmetry. Our estimates shows, this
violation is so strong, that for the measurement of the events
with multiplicities n ≥ 2n̄ , n̄ denotes the mean multiplicity
in the process, does not lead to the suppression of vn for odd
n. In Sect. 4 we consider the CGC/saturation approach with a

1 Qs (A, Ymin; b) is the saturation moment of the nucleus at low ener-
gies ( minimal rapidity Ymin) at fixed impact parameter b. n̄ denotes the
mean multiplicity in the reaction at fixed rapidity Y .

simplified model for the BFKL kernel. For this approach we
develop a procedure to calculate the double inclusive cross
section for two gluon production for the events with different
multiplicities.

For LHC or lower energies, in the kinematic region where
Q2

s (A,Ymin; b) /Q2 ≤ 1 and for events with multiplicities
n ≥ 2n̄, our estimates result in a small enhancing factor
for vn with even n, and a damping factor for vn with odd n.
However, we show that for Q2

s (A,Ymin; b) /Q2 ≥ 2 we face
a problem of the violation of the geometric scaling behaviour
of the scattering amplitude in the saturation domain, which
leads to the restoration of the φ → π = φ symmetry in the
events with n ≥ 2n̄. In the Conclusions we summarize our
results.

2 The dilute–dilute system scattering: φ → π − φ

symmetry and its violation

The long range rapidity correlation for the dilute–dilute
system scattering (DIS on a proton target) stems from the
two parton shower production, and can be described by the
Mueller diagrams shown in Fig. 1. These diagrams give the
following expression for the double inclusive cross section
for the diagram of Fig. 1a:

dσ(Fig. 1a)

dy1 d2 p1T dy2 d2 p2T

∝
∫

d2QT Nγ ∗ (Q, QT ) N (QT )

× ᾱS

p2
1T

∫
d2kT φBFKL (Y − y1, kT , QT

)

×�μ (kT , p1T ) �μ (kT , p1T )

k2
T

(
kT − p1T

)2 φBFKL (y1, kT , QT

)

× ᾱS

p2
2T

∫
d2lT φBFKL (Y − y2, lT ,−QT

)

×�μ (lT , p2T ) �μ (lT , p2T )

l2T
(
lT − p2,T

)2 φBFKL (y1, lT ,−QT

)
(1)

In Eq. (1) φ at QT = 0 is the solution of the BFKL
equation

∂φBFKL (y, kT )

∂y
= ᾱS

∫
d2k′

T

π

1(
kT − k′

T
)2 φBFKL (y, k′

T
)

−2ωG (kT ) φBFKL (y, kT ) ; (2)

where

ωG (kT ) = 1

2
ᾱSk

2
T

∫
d2k′

T

2π

1

k′2
T

(
kT − k′

T
)2

= ᾱSk
2
T

∫
d2k′

T

2π

1(
k′2
T + (

kT − k′
T
)2) (kT − k′

T
)2
(3)
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Fig. 1 Mueller diagrams [31] for the angular correlations for dilute–
dilute system scattering ( DIS on a proton target). a Double inclusive
production from two parton showers(two cut BFKL Pomerons [32–
34]). b (interference diagram): the Bose–Einstein correlations of two
identical gluons from two parton showers (two cut BFKL Pomerons).
c Central diffraction production of two gluons in the colorless state.
d The structure of the vertex for emission of two identical gluons in
the interference diagram. e The vertex for emission of two gluons in
the colorless state in central diffractive production. Wavy lines denote

the BFKL Pomerons. The vertical dotted lines indicate the final state
that is measured by the detectors.The wavy lines with a vertical dot-
ted line, denote the cut Pomerons which corresponds to the gluons
produced in a one parton shower. Its structure is shown in Fig. 3. Heli-
cal lines describe gluons. The blobs correspond to the amplitude for
Pomeron–hadron ( γ ∗) scattering, which is integrated over the energy
(N (QT ), Nγ ∗ (Q, QT )). This integral depends only on the transverse
momentum of the Pomeron (QT )

For QT �= 0 the expressions for φ appear a bit more com-
plicated, however, we do not need to know them, as the QT

dependance of the BFKL equation is determined by the size
of the largest interacting dipoles. In Fig. 1 these sizes are of
the order of the sizes of hadrons, which are much larger that
1/piT . Therefore, we can neglect QT in comparison with
piT and kT or lT , which are of the order of piT .

The diagram of Fig. 1a generates the rapidity correlations,
but not correlations in the azimuthal angle. The latter stem
from two different sources: the Bose–Einstein correlations of
the identical gluons, given by the diagram of Fig. 1b; and the
central diffractive production of two gluons in a colourless
state (see Fig. 1c). Both, have similar expressions. For Fig. 1b
we have

dσ(Fig. 1b)

dy1 d2 p1T dy2 d2 p2T

∝ 1

N 2
c − 1

∫
d2QT Nγ ∗ (Q, QT ) N

(
QT + q−

)

× ᾱS

p2
1T

∫
d2kT φBFKL (Y − y1, kT , QT

)

×�μ (kT , p1T ) �μ (kT , p2T )

k2
T

(
kT − p1T

)2 φBFKL (y2, kT , QT

)

× ᾱS

p2
2T

∫
d2lT φBFKL (Y − y1, lT ,−QT

)

×�μ (lT , p1T ) �μ (lT , p2T )

l2T
(
lT − p2,T

)2 φBFKL (y2, lT ,−QT

)
(4)

with q− = p1T − p2T . For small y12 = y1 − y2 (ᾱS y12 �
1) the arguments of φ’s in both equations are the same, and
the correlation function has the form:

CBE
(
Lc|q−,T |)

= 1

N 2
c − 1

∫
d2QT Nγ ∗ (Q, QT ) N

(
QT + q−,T

)
∫
d2QT N (QT ) N (QT )

(5)

From Eq. (5) one can see that the correlation length Lc

is determined by the dimensional scales of the amplitude N .
We have two distinct scales in this amplitude, which can be
seen from the following expression (see Fig. 2 and Ref. [26]):

Nγ ∗ (Q, QT )

=
∫

d2kT d2lT IP
(
kT , lT ,−lT + QT , −kT + QT

)

+
∫
yM�1

dyMφBFKL (yM , Q, QT = 0) G3IP (Qs (yM ) , QT )

N (QT ) =
∫

dM2
( M0∑

i=1

G2
i (QT ) δ

(
M2 − M2

i

)

+ φBFKL (yM ≥ yM0 , kT , QT = 0
)
G3IP (Qs (yM ) , QT )

)

(6)

where

F (QT ) =
∫

d2r dz ei
1
2 QT ·r |�γ ∗ (Q, z, r) |2

IP
(
kT , lT ,−lT + QT ,−kT + QT

)
= 1 + F

(
2QT

) + F (2(kT + lT ))

+F
(
2(kT − lT − QT )

)
− F (2kT ) − F

(
2(kT − QT )

)
− F (2lT ) − F

(
2(lT + QT )

)
(7)

and φBFKL (yM , Q, QT = 0) denotes the unintegrated gluon
structure function that describes the BFKL evolution from
the transverse momentum Qs (yM ) to Q2. The dependence
of G3IP on QT has been discussed in Ref. [26]. The sum
over resonance contributions leads to a scale of about the
size of the hadron, while the triple Pomeron contribution for
a rapidity yM = ln

(
M2/M2

0

)
, generates a scale which is of

the order of the saturation scale.
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Fig. 2 The graphic form of
Eq. (6) : N (QT ) for proton (a)
and Nγ ∗ for DIS (b) Large blue
blob shows the triple Pomeron
vertex. The wavy lines describe
the BFKL Pomerons

= + +N(Q )T

g(Q )T

elastic contribution low mass diffraction

large mass diffraction

(a)
QT

kT l

QT

T
+

QT

T
+

QT

(b)

QT

T
=

yM

=

2

= 2

Fig. 3 The graphic form of the unitarity constraint (see Eq. (8))

Equation (5) does not have a symmetry for φ → π −
φ, and generates harmonics vn both with even and odd n.
The Mueller diagram of Fig. 1b describes the interference
between two produced parton showers, since the cut Pomeron
is related to the production of the single parton shower, as
shown in Fig. 3. From the unitarity constraint

2 ImAel (s, b; r) = |Ael (s, b; r) |2︸ ︷︷ ︸
elastic cross section

+ G (s, b, r)︸ ︷︷ ︸
inelastic processes

→ 2 ImGBFKL
IP (s, b; r) = G (s, b, r)

= cut Pomeron (8)

since the contributions of |Ael (s, b; r) |2|, in the leading
log(1/x) approximation of perturbative QCD (LL(1/x)A), it
turns out to be negligibly small.

Equation (5) describes the correlations that stem from the
event with large multiplicity of the order of 2 n̄, where n̄
denotes the multiplicity of the one parton shower. We need
to add the emission of two gluons in the colorless state, pro-
duced in the central diffraction process shown in Fig. 1c.
Generally speaking, the BFKL Pomerons in this diagram are
different from those in Fig. 1b, since the momenta trans-
ferred by these Pomerons have longitudinal components QL

and QL − q+,L . However, in the leading order they can
be neglected. The vertex for the production of two gluons
(see Fig. 1e), turns out to be twice larger (see Appendix
B in Ref. [19]) than the vertex of the gluon emission (see

Fig. 1d). This results in the same contribution of this dia-
gram, as of the diagrams of Fig. 1b with the only difference:
the BFKL Pomeron carry momenta QT and QT + q+,T
where q+,T = p1T + p2T . Hence this diagram generates the
correlation function which is equal to

CCD
(
Lc|q+,T |)

= 1

N 2
c − 1

∫
d2QT Nγ (Q, QT ) N

(
QT + q+,T

)
∫
d2QT N (QT ) N (QT )

(9)

The sum CCD
(
Lc|q+,T |) + CBE

(
Lc|q−,T |) has the sym-

metry φ → π − φ. It should be emphasized that this sym-
metry is a direct consequence of an entirely inclusive mea-
surement, without any selection of the event accordingly to
multiplicity.

However, one can see that this symmetry stems from the
mixture of two events with quite different multiplicities: dia-
grams of Fig. 1a and b describe the events with the multiplic-
ity n = 2n̄, while the diagram of Fig. 1-correspond to the
events with low multiplicities n � n̄. In other words, if we
select events with large multiplicities so that n ≥ 2n̄, we have
no φ → π − φ symmetry, and the source for the azimuthal
angular correlation is the Bose–Einstein enhancement.

It is instructive to note, that for the entire inclusive mea-
surement, this symmetry is not violated in the next to leading
approximation. For a dilute–dilute system the first correc-
tions are related to accounting for the one Pomeron loop
(see Fig. 4). In inclusive measurements, we take into account
the processes of two gluon diffractive production given by
Fig. 4a1 and b1. Figure 4a1 describes the process of central
diffractive production with low multiplicity, while Fig. 4b1
shows the diffractive production which is accompanied by
the multi-gluon generation from the one parton shower,
with multiplicity n̄. In Fig. 4c1 and d1 the double inclusive
cross sections are shown for the event with multiplicities 2n̄
(Fig. 4c1) and 3n̄ (Fig. 4d1). Figure 4a–d demonstrate the
AGK cutting rules and provide the weight of the processes
with different multiplicities: n � n̄, n̄, 2n̄ and 3n̄, respec-
tively. Taking into account the simple combinatorics for two
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(a1)

− 6 + 6 − 12 + 12

(b1) (c1)

(a)

− 3 + 12 − 12 + 4

(c) (d)

(d1)

(e)(b)

(b2)

Fig. 4 AGK [45,46] cutting rules for the exchange of three Pomerons
(a–d) and Mueller diagrams for the central diffractive production of
two gluons (a1, b1) and for two particle correlations (c1, d1). e is the
diagram that can violate the AGK cutting rules. However, this diagram

accounts for the Pomeron loop of the size of Y/2, where Y is the total
rapidity. Hence, the contribution of this diagram turns out to be much
smaller than the contributions of the diagrams a1 and b1. The notations
are the same as in Fig. 1

gluon diffractive emission, and the emissions from the dif-
ferent parton showers shown in Fig. 4a1–d1, one can see,
that the double gluon cross sections and the central diffrac-
tive contributions, are the same as for the emission of the
two gluon showers. In other words, in the next-to-leading
order diagrams, the contributions with different multiplicities
are canceled, leading to vanishing contributions for inclusive
measurements. We postpone the calculation of the combina-
toric coefficient to the next section, but we would like to
note that central diffraction can come from the diagram of
Fig. 4b1, but it cannot originate from the diagram of Fig. 4b2.
Hence, the symmetry φ → π −φ is not violated in the next-
to-leading order. It shows that the symmetry φ → π − φ is
an inherent feature of QCD, at least in the leading log(1/x)
approximation.

The contribution of the first Pomeron loop is well known,
and its calculation leads to lengthy and cumbersome formu-
lae, which can be found in Refs. [35–44]. Our strategy is to
clarify all essential points using the simplified version of the
Pomeron calculus in 1 + 1 space-time, which we discuss in
the next section.

Prior to doing so, we wish to comment on the AGK cutting
rules in QCD. The AGK cutting rules have been discussed
and proven in Refs. [47–53] for the inclusive cross sections.
In Ref. [54] it is shown that the AGK cutting rules are violated
for double inclusive production. This violation is intimately
related to the enhanced diagrams [53,54], and reflects the fact
that different cuts of the triple BFKL Pomeron vertex, lead to
different contributions, as can be seen from Figs. 1 and 4. We
will not consider such diagrams. In principle, we can consider
diagrams of the type of Fig. 4e, however, these diagrams
correspond to the contribution of the small Pomeron loop (∼
Y/2 ,where Y is the total rapidity). Hence, their contributions
are small compared to the diagrams Fig. 4a1 and b1.

3 The BFKL Pomeron calculus in zero transverse
dimensions: correlations in hadron–nucleus scattering

3.1 Generalities

In this section we consider a simplified model for the
Pomeron interaction, in which we neglect the fact that this
interaction can change the sizes of dipoles [58–61] (Fig. 5).
In such an approach the DIS process with a nucleus target
appears to be the same as proton–nucleus scattering. In this
model the scattering amplitude (N ) is a function of one vari-
able: Y for which we have a simplified Balitsky–Kovchegov
equation [55–57] of the form:

d N (Y )

d Y
= 

(
N (Y ) − N 2 (Y )

)
(10)

The solution to this equation has the form

N (Y ) = γ e Y

1 + γ
(
eY − 1

) = γ z

1 + γ (z − 1)
(11)

where N (Y = 0) = γ and z = eY . In the linear approxi-
mation, when N 2 � N Eq. (11) degenerates to

d N (Y )

d Y
=  N (Y ) (12)

hence,  is the intercept of the BFKL Pomeron.
The equation for the process of the diffractive dissociation

which was proven in QCD [62], transforms into the following
equation in the framework of the BFKL Pomeron calculus in
zero transverse dimension [62–64]:

dN D (Y,Ymin)

d Y
= ND (Y,Ymin) +

(
ND (Y,Ymin)

)2

− 2 (N (Y ) + N̄ (Y ) ) ND (Y,Ymin)

+2 N (Y ) N̄ (Y ) (13)
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Fig. 5 The graphic form of the
equation of Ref. [62] for
diffractive production (ND) in
the BFKL Pomeron calculus, in
zero transverse dimensions. N
and N̄ denote the elastic
amplitudes with initial
conditions: N (Y = 0) = γ and
N̄ (Y = 0) = γ̄

__ = +

t = 

ND

ND

ND

ND

− 2 − 2 +2
ND

N ND

N
__

N

N
__

Fig. 6 The first diagrams for
ND (a–c) and for the two gluon
central diffraction productions
(a1–c1)

N N
_

N
_

N

A A*

N N
_

A A*

N N
_

A A*

N
_

N

N
A A*

N N
_

A A*
N
_N N

_

A A*

N

(b)(a) (c)

(a1) (b1) (c1)

ND denotes the cross section for diffractive production with
a rapidity gap larger than Ymin . Generally speaking this cross
section can be viewed as a product of the amplitude A and the
complex conjugate amplitude A∗. N and N̄ are the ampli-
tudes for elastic scattering in A and A∗, respectively. Fig-
ure 6 illustrates this notation. From this figure one can see,
the difference between N and N̄ . For the calculation of the
processes of central diffractive production, we only need to
separate the diagrams of Fig. 4b2 from the other diagrams,
which do not contribute to the diffraction.

The solution to Eq. (13) takes the following form

ND (Y, Ymin) = γ z

1 + γ (z − 1)
+ γ̄ z

1 + γ̄ (z − 1)

− γ + γ̄ + 2 γ γ̄ (zmin − 1)

1 − γ γ̄ (zmin − 1)2 + (γ + γ̄ + 2 γ γ̄ (zmin − 1)) (z − 1)

(14)

where z = e Y and zmin = e Ymin . Eq. (14) reduces to a
more transparent expression for γ = γ̄ :

ND (Y,Ymin) = 2 γ z

1 + γ (z−1)
− 2γ z

1 + γ (2z − zmin−1)

(15)

For zmin = 1, Eqs. (14) and (15) give the total cross
section for diffraction production, which has the form:

ND (Y,Ymin) = γ z

1 + γ (z − 1)
+ γ̄ z

1 + γ̄ (z − 1)

− γ + γ̄

1 + (γ + γ̄ ) (z − 1)
(16)

Using Eq. (16) we can calculate the central diffraction pro-
duction cross section,2 which is equal to

σCD = �2 (2IP → 2G) γ
∂

∂γ
γ̄

∂

∂γ̄
ND (Y,Ymin)

∣∣∣
γ=γ̄

= �2 (2IP → 2G)
2γ 2 z (z − 1)

(1 + 2γ (z − 1))3 (17)

where �2 (2IP → 2G) denotes the vertex of two gluon pro-
duction from Pomeron exchange.

3.2 Healing the Finkelstein–Kajantie disease

Having calculated the central diffractive production, we can
shed light on an old problem which was understood in the

2 Equation (17) gives the amplitude in the simplified case when there
is no Pomeron interactions below the vertex � (2IP → 2G) as one can
see from Fig. 6. The general case will be considered in Sect. 3.3.
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2
t1

t2

t i

Fig. 7 The process of multi central diffractive production due to multi
Pomeron exchanges. The wavy lines describe the Pomerons

1960’s: the process of production of pairs of the gluons sep-
arated by a large rapidity gap (LRG), could violate unitarity
constraints. Indeed, let us assume that the resulting Green
function of the Pomeron produces an amplitude that does not
depend on the energy. In this case, the production of the GG
pair due to multi Pomeron exchanges, shown in Fig. 7, leads
to the power-like increase of the scattering amplitude [66]
(see also Refs. [67–70]). This increase occurs due to integra-
tion over the rapidities of the GG vertices, for the production
of n-gluon pairs it generates the contribution which is propor-
tional to

(
�2 (2IP → 2G) Y

)n
/n!. Summing over n leads to

the power-like increase of the amplitude. This phenomenon
was unjustifiably called the Finkelstein–Kajantie disease (see
review of Ref. [68]). The widely held opinion at that time was
that �2 (2IP → 2G) ∝ ti . Such suppression, turns out to be
sufficient to suppress this process at high energies. However,
no reason for such a behavior has been found over almost
five decades, and as we have argued, no such suppression
appears in QCD for two gluon production by the Pomeron.

On the other hand, one can see that Eq. (17) leads to
the cross section for central diffraction, which decreases as
e−Y , without any problem with unitarity. The emission of
more than one pair of gluons, which is equal to

σ
(k)
CD = (

�2 (2IP → 2G)
)k (

γ
∂

∂γ
γ̄

∂

∂γ̄

)k
N D (Y, Ymin)

∣∣∣
γ=γ̄

z � 1−−−→ 1

z

= e− Y (18)

where k which denotes the number of produced pairs of glu-
ons, does not change the behavior of the amplitude at large
values of Y .

We need to compare this behavior of the scattering ampli-
tude with the contribution of the diagram of Fig. 7, which
leads to

A ∝ esum Y ; with sum =  + �2 (2IP → 2G)

(19)

In other words, the ‘fan’ diagrams of Fig. 6 generate
the survival probability, which suppress both the power-like
growth of the ‘bare’ Pomeron, and the increase due to the
multi-Pomeron production.

Generally speaking, we showed the suppression in a rather
specific model, but one can see that the amplitude ND →
1 at large Y , and it approaches this limit as e−y : ND =
1 − O (e−Y

)
. After differentiation over γ and γ̄ , only the

correction term remains. We will see below that this structure
is preserved in QCD.

3.3 Generating functional for the production processes

Equation (19) resolves the FK problem, but it also shows
that contribution of central diffraction turns out to be rather
small. In other words, if we suggest an experiment to mea-
sure the events with multiplicity n ≥ n̄, we expect, at high
energies, the violation of φ → π −φ symmetry, to be small.
Fortunately, for the Balitsky–Kovchegov cascade, we know
how to calculate the events with different multiplicities in the
BFKL Pomeron calculus in zero transverse dimension [65].
To do this, we need to introduce the generating function3

Z (w, w̄, v; Y ) =
∞∑

k=0,l=0,m=0

P (k, l,m; Y ) wk w̄l vm

(20)

where k(l) denotes the number of uncut Pomerons in the
amplitude and in the complex conjugate amplitude, and m
is the number of cut Pomerons at rapidity Y . In Ref. [65] it
is shown that this generating function satisfies the following
equation:

∂Z (w, w̄, v; Y )

∂  Y

= −
(

w(1 − w)
∂Z (w, w̄, v; Y )

∂ w
+ w̄(1 − w̄)

∂Z (w, w̄, v; Y )

∂ w̄

+
(

2ww̄ − 2(w + w̄)v + v2 + v
) ∂Z (w, w̄, v; Y )

∂ v

)
(21)

The solution to this equation takes the following form

Z (w, w̄, v; Y ) = w

(1 − w)(z − 1) + 1

+ w̄

(1 − w̄)(z − 1) + 1

− w + w̄ − v

(1 − w − w̄ + v)(z − 1) + 1
(22)

where z = eY .

3 In the general case of the BFKL Pomeron calculus in four dimensions
this function will be a functional [58–61].
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We can identify the scattering amplitude with
N (γ, γ̄ , γin; Y ) = 1 − Z (1 − γ, 1 − γ̄ , 1 − γin; Y )[55–
57,60,65] and obtain the following expression for the ampli-
tude:

N (γ, γ̄ , γin; Y ) = γ z

γ (z − 1) + 1
+ γ̄ z

γ̄ (z − 1) + 1

− (γ + γ̄ − γin) z

(γ + γ̄ − γin) (z − 1) + 1
(23)

where γ = γ̄ denotes the amplitude for the elastic interaction
of a single dipole with the target at Y = Y0, while γin denotes
the amplitude of the inelastic interaction. Due to the AGK
cutting rules, γin = 2γ = 2γ̄ .

Note that Eq. (23) leads to Eq. (16) for the total cross
section of diffraction production at γin = 0. This condition
means that we do not produce even one cut Pomeron.

From Eq. (23) we can calculate the result for the total
inclusive measurement. Indeed, the total cross section for
central diffraction, without any selection with respect of the
multiplicity of the events, is equal to

σCD = �2 (2IP → 2G) γ
∂

∂γ
γ̄

∂

∂γ̄
N (γ, γ̄ , γin; Y )

∣∣∣
γin=2γ=2γ̄

= �2 (2IP → 2G) 2 γ 2 z (z − 1) (24)

The double inclusive cross section for two cut Pomeron pro-
duction which is accompanied by any number cut and uncut
Pomerons is equal to

σBE = 1

N 2
c − 1

�2
G γ 2

in
∂

∂γin

∂

∂γin
N (γ, γ̄ , γin; Y )

∣∣∣
γin=2γ=2γ̄

= 1

N 2
c − 1

�2
G 2 γ 2

in z (z − 1) (25)

Equation (25) describe the Bose–Einstein interference dia-
gram and the contribution for the entire inclusive measure-
ment with �G being the Mueller vertex for the inclusive pro-
duction of one gluon.

One can see that for

�2 (2IP → 2G) = 4

N 2
c − 1

�2
G (26)

σBE = σCD, which results in the symmetry φ → π − φ.
The contribution to the correlation function of the even n

with fixed multiplicity : n = kn̄, is given by the following
formula:

σ BE
n = 1

N 2
c − 1

�2
G

γ k
in

k!
∂

∂γ k
in

N (γ, γ̄ , γin; Y )

∣∣∣
γin=0,γ=γ̄

= 1

N 2
c − 1

�2
Gγ k

in
z (z − 1)k−1

(1 + 2 γ (z − 1))k+1

= 1

N 2
c − 1

�2
G (2γ )k

z (z − 1)k−1

(1 + 2 γ (z − 1))k+1 (27)

The cross section for central diffraction with the same mul-
tiplicity of produced gluons takes the form:

σCD
n = �2 (2IP → 2G) γ

∂

∂γ
γ̄

∂

∂γ̄

γ k
in

k!
∂

∂γ k
in

N (γ, γ̄ , γin; Y )

∣∣∣
γin=0,γ=γ̄

= (k + 2) (k + 1) �2 (2IP → 2G) γ 2 γ k
in

z (z − 1)k+1

(1 + 2 γ (z − 1))k+3

= (k + 2) (k + 1) �2 (2IP → 2G) γ 2 (2 γ )k
z (z − 1)k+1

(1 + 2 γ (z − 1))k+3

(28)

However, the simple formulae of Eqs. (27) and (28) are
only correct, if we do not fix the rapidity of the emit-
ted particles. Indeed, if the emitted gluons have rapidity
y1 ≈ y2 = 1

2Y , we have to calculate σ BE
n and σCD

n using
Eqs. (27) and (28) for rapidity 1

2Y and insert in this formulae
γ = γ̄ = γ z

γ (z−1) + 1 with z = exp
( 1

2Y
)
( see Fig. 8a). For

example σCD
0 takes the form

σCD
0 = �2 (2IP → 2G)

× γ
∂

∂γ
γ̄

∂

∂γ̄
N

(
γ, γ̄ , γin; 1

2
Y

) ∣∣∣∣
γin=0,γ=γ̄ = γ exp

(
1
2 Y

)

1+γ
(

exp
(

1
2 Y

)
−1
)

= 2�2 (2IP → 2G)

(
γ eY

)2 (
1 + γ e

1
2 Y

)
(

1 + γ
(

2 eY − e
1
2 Y

))3 (29)

where γ denotes the dipole amplitude at Y = Y0, and we
assumed that exp

( 1
2Y

) � 1.
We need to find the scattering amplitude with one cut

Pomeron, which is equal to

A (1 cut Pomeron,Y )

= γin

(
∂

∂ γin
N (γ, γ̄ , γin; Y )

∣∣∣
γin=0,γ=γ̄

)

= 2γ eY

(
1 + 2 γ

(
eY − ))2 (30)

Using Eq. (30) we obtain

σCD
1 = �2 (2IP → 2G) A

(
1 cut Pomeron,

1

2
Y

)

× ∂

∂γin

(
γ

∂

∂γ
γ̄

∂

∂γ̄
N

(
γ, γ̄ , γin; 1

2
Y

)) ∣∣∣∣
γin=0,γ=γ̄ = γ exp

(
1
2 Y

)

1+γ
(

exp
(

1
2 Y

)
−1
)

= 12 �2 (2IP → 2G)

×
(
γ eY

)3 (
1 + γ e

1
2 Y

)2

(
1 + 2 γ e

1
2 Y

)2 (
1 + γ

(
2 eY − e

1
2 Y

))4 (31)

We also need to take into account the events with multi-
plicities less than n̄, which stem from the processes of diffrac-
tion dissociation. For this we need to replace in Eq. (31)
A
(
1 cut Pomeron, 1

2Y
)

with the amplitude of the cross sec-
tion of the diffraction production N (γ, γ, 0,Y ). In Fig. 8c
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Fig. 8 Graphic forms of σCD
0

(a) and σCD
1 (b). The dotted line

show the cut Pomerons
x
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x
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x

x
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Y

Fig. 9 The damping factor R1 versus Y for different values of the
amplitude γ at Y = Ymin

we show an example of such processes. We denoted the cross
section for such processes by σCD

1
2

.

Introducing the damping factor R1 as

R1 (γ,Y ) =
σCD

0 + σCD
1 + σCD

1
2∑∞

n=0 σCD
(32)

Note that the value of R1 depends crucially on the values of
the amplitude γ and of the Pomeron intercept . For DIS
this amplitude is proportional to ᾱ2

S and we expect that it is
small. The value of  in DIS is a function of the value of
Q. It changes from  = 0.1 for Q ∼ 1Gev to  = 0.3 at
Q = 10 GeV . For the estimates in the kinematic region of
the LHC, we took  = 0.2 (Fig. 9).

In the next section we consider a more realistic approach
to determine these parameters. In Fig. 10 we compare σ BE

n
and σCD

n for the events with fixed multiplicities: n = kn̄,
where n̄ denotes the average multiplicity. One can see that
for different values of k and at different rapidities ,we have
different relations between central diffraction production and
Bose–Einstein enhancement.

3.4 Schwimmer model for hadron–nucleus scattering with
induced φ → π − φ symmetry: vn,n and vn

In the previous sections we discussed the BFKL Pomeron
calculus in zero transverse dimension as a simplified model
for the QCD cascade. However, it was noted long ago [71]
that this type of model, is the correct approach to the hadron–
nucleus interaction in the soft Pomeron calculus, with a triple
Pomeron interaction. Indeed, the soft Pomeron, generally
speaking, has a trajectory αIP (t) = 1 +  + α′

IP t , but
α′
IP ln(s/s0) turns out to be smaller than R2

A (α′
IP ln(s/s0) �

R2
A for all accessible energies, and, therefore, it can be

neglected. Since the vertex G3IP is small, we can neglect the
contribution of the Pomeron loops which are proportional
to G2

3IP , and consider only ‘fan’ diagrams (see examples
of these diagrams in Fig. 6a–c) which are of the order of
(G3IP g SA (b))k , where k denotes the number of Pomerons,
g the strength of the vertex of the Pomeron–nucleon interac-
tion and SA (b) is given by

SA (b) =
∫ +∞

−∞
dz ρ

(√
z2 + b2

)
with

∫
d2b SA (b) = A (33)

b denotes the impact parameter of the nucleon and ρ the
density of the nucleons in the nucleus.

Bearing this in mind, the general Eq. (23) can be re-
written replacing γ = γ̄ by G3IP g SA (b) /(2) (see Refs.
[63,64].4) We suggest the following strategy to find G3IP

from the experimental data on soft interactions:

G3IP g = 1

2

σHM
dif

σel
(34)

In Eq. (34) we assumed, that both elastic and single diffrac-
tion can be described as the exchange of two Pomerons, and
that the t dependence of the triple Pomeron vertex can be
neglected in comparison with the elastic slope. It should

4 In these references the Schwimmer approach of Ref. [71] was gener-
alized for the intercept of the Pomeron IP > 0.
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0.1,k 2,CD
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Fig. 10 σ BE
n and σCD

n with the multiplicity of the produced gluons equal to n = kn̄ versus Y

be noted that both assumptions are in agreement with high
energy phenomenology (see for example Ref. [72]). The
value of the cross section for diffractive production in the
region of high mass σHM

dif is taken from Ref. [72]. From
Eq. (34) we see that the parameter G3IP gz which enters
Eqs. (27) and (28) can be written as

spp ≡ G3IP gz =
(

1

2

σHM
dif

σel

)
σin (35)

where σin denotes the inelastic cross section for proton-
proton interaction at high energy. Considering z � 1 we
can re-write Eqs. (27) and (28) in terms of spp in the form:

σ BE
n = 1

N 2
c − 1

�2
G

(
2spp SA (b)

)k
(
1 + 2 spp SA (b)

)k+1 ; (36)

σCD
n = (k + 2) (k + 1)

4
�2 (2IP → 2G)

×
(
2 spp SA (b)

)k+2

(
1 + 2 spp SA (b)

)k+3 (37)

Using these equations, we can estimate the contribution to
the double inclusive production of the terms which violate
φ → π − φ symmetry, due to selections of the events with
restricted multiplicities. If we select all events with multiplic-
ity n ≥ 2n̄, where n̄ is the average multiplicity, the central
diffraction production with multiplicities n < 2 n̄ will be
not measured and, therefore, has to be subtracted from the
inclusive measurements that show the φ → π −φ symmetry.
We can introduce the parameters

R1 (W ) = σCD
0 + σCD

1∑∞
n=0 σCD

n
;

R0 (W ) = σCD
0∑∞

n=0 σCD
n

; (38)

whose values show the suppression of the symmetry violation
terms, with respect to symmetry preserving one. R1 charac-
terizes the violation of the symmetry in the measurement

y1 y2 Y 2
n 2n , R1

n n, R0

2 4 6 8 10 12 14
0.2

0.3

0.4

0.5

0.6

0.7

0.8

W

R
W

Fig. 11 R1 and R0 versus energy W for proton-gold scattering for
y1 ≈ y2 = 1

2Y

with the multiplicity n ≥ 2n̄, while R0 shows this violation
for the measurements with large multiplicity n ≥ n̄.

Figure 11 shows the value of these parameters in the
Schwimmer model with the parameters that are found using
Eqs. (33) and (34). In Fig. 11 we plot the result of the
estimates from Eqs. (29) and (31) fixing y1 ≈ y2 = 1

2Y .
For making such estimates we parametrized Eq. (34) as
spp = 0.025 exp (0.2 Y ).

Using R we can express vn,n and vn through the harmonics
that has been evaluated from the Bose–Einstein correlations
[18–20]. Indeed, it turns out that

v2n,2n = (2 − R) vBE
2n,2n; v2n−1,2n−1 = R vBE

2n−1,2n−1;
v2n = √

2 − R vBE
2n ;

v2n−1 = √
R vBE

2n−1; (39)

One can see from Fig. 11 ( see Eqs. (36) and (37) that the
odd harmonics are small at high energies but they are sizable
at W = 5.5T eV since

√
R1 = 0.32 and

√
R0 = 0.25 at this

energy. Recall, that at the moment, this is the highest energy
available for hadron–nucleus scattering data.
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4 QCD cascade

In the previous section we discussed the simplified model
which actually reproduces only two features of the CGC/
saturation approach: the form of Eq. (10) and the relation
given by Eq. (26). In this section we wish to repeat the previ-
ous estimates on more general grounds of high energy QCD.
However, it should be stressed that the longitudinal struc-
ture of the QCD cascade, is very close to that of the model,
that we have considered. In particular, we can introduce the
generating functional [73]

Z ({w(rk)}, {w̄(rl)}, {v(rm)}; Y )

=
∞∑

k=0,l=0,m=0

Pm
k,l (r1, . . . rk; r1, . . . , rl ; r1, . . . , rm; Y )

k∏
i=0

w(ri )

×
l∏

i=0

w̄(ri )
k∏

i=0

v(ri ) (40)

where w(ri ), w̄(ri ) and v(ri ) are arbitrary functions and Pm
k,l

is the probability to have k and l dipoles with the coordinates
ri in uncut Pomerons, while m is the number of dipoles in the
cut Pomerons at rapidity Y . For this functional, we can write
the functional linear equations which are similar to the ones
in the simplified model (see Ref. [73] for details). Bearing
these general features in mind, we suggest a simpler approach
which is based on the non-linear Balitsky–Kovchegov equa-
tion [55–57], and on general properties of the solution, that
we have discussed above in the simplified model.

4.1 The simplified non-linear equation

The simplified version of the Balitsky–Kovchegov (BK)
equation was proposed in Ref. [74] and has been discussed
in detail in Refs. [75,76]. Here we give a brief review of this
equation and concentrate our efforts on finding the solution
in the form which can be used for calculating the angular
correlations. The BK equation takes the following form:

∂N (Y ; x01, b)
∂Y

= ᾱS

2 π

∫
d2x2 K (x01; x02, x12)

{
N

(
Y ; x02, b − 1

2
x12

)

+N

(
Y ; x12, b − 1

2
x02

)
− N (Y ; x01, b)

−N

(
Y ; x02, b − 1

2
x12

)
N

(
Y ; x12, b − 1

2
x02

)}
where

K (x01; x02, x12) = x201
x202 x212

(41)

where N (Y ; x01, b) denotes the dipole scattering amplitude.
Since the analytical solution to Eq. (41) has not been

found, in Ref. [74] it was suggested to simplify the ker-
nel by taking into account only log contributions. We have

two kinds of logs:
(
ᾱS ln

(
x2

01 �2
QCD

) )n
in the perturbative

QCD kinematic region where x2
01 Q

2
s (Y, b) ≡ τ � 1;

and
(
ᾱS ln

(
x2

01 Q
2
s (Y, b)

) )n
inside the saturation domain

(τ � 1), where Qs (Y, b) is the saturation scale. To sum
these logs we need to modify the BFKL kernel in different
ways in the two kinematic regions. From the formal point
of view, this simplification means that we consider only
the leading twist contribution to the BFKL kernel, which
includes all twist contributions in the form of Eq. (41). For
the perturbative QCD region of τ � 1, the logs originate
from x2

02 ∼ x2
12 � x2

01 resulting in the following form of
the kernel K (x01; x02, x12) [74]

∫
d2x02 K (x01; x02, x12) → π x2

01

∫ 1
�2
QCD

r2

dx2
02

x4
02

(42)

The non-linear BK equation in this region can be written as

∂2n (Y ; x01, b)

∂Y ∂ ln
(

1/(x2
01 �2

QCD)
)

= ᾱS

2

(
2n (Y ; x01, b) − n2 (Y ; x01, b)

)
(43)

for n (Y ; x01, b) = N (Y ; x01, b) /x2
01 .

Inside of the saturation region where τ > 1 the logs
originate from the decay of a large size dipole into one small
size dipole and one large size dipole. However, the size of
the small dipole is still larger than 1/Qs . This observation
can be translated in the following form of the kernel

∫
K (x01; x02, x12) d

2x02 → π

∫ x2
01

1/Q2
s (Y,b)

dx2
02

x2
02

+π

∫ x2
01

1/Q2
s (Y,b)

d|x01 − x02|2
|x01 − x02|2 (44)

Inside the saturation region the BK equation takes the form

∂2 Ñ (Y ; x01, b)
∂Y ∂ ln r2

= ᾱS

{(
1 − ∂ Ñ (Y ; x01, b)

∂ ln x2
01

)
Ñ (Y ; x01, b)

}
(45)

where Ñ (Y ; x01, b) = ∫ x2
01 dx2

02 N (Y ; x02, b) /x2
01 .

The new kernel in the anomalous dimension representa-
tion has the form:

χ (γ ) =

⎧⎪⎨
⎪⎩

1
γ

for τ ≥ 1 ;
1

1 − γ
for τ ≤ 1 ;

(46)
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This should be compared with the full BFKL kernel in the
Mellin transform:

χ (γ ) =
∫

dξ

2π i
e−γ ξ K (x01; x02, x12),

= 2ψ(1) − ψ(γ ) − ψ(1 − γ ) (47)

where ξ = ln(x2
01/x

2
02) and ψ(z) = d ln �(z)/dz with �(z)

equal to Euler gamma function.
One can see that the advantage of the simplified kernel of

Eq. (46) is that, in Double Log Approximation (DLA) for
τ < 1, it provides a matching with the DGLAP evolution
equation [77–79].

4.2 Solution

4.2.1 Perturbative QCD region (τ < 1)

For τ = x2
01 Q

2
s (Y, b) < 1, we can neglect the non-linear

term in Eq. (43). The equation leads to the DLA solution that
has the form

N (Y ; x01, b) = N0 exp
(√− ξs ξ + ξ

)

τ→1;ζ → 0−−−−−−−−→ N0e
1
2 ζ exp

(
− ζ 2

8ξs

)
(48)

where we use the following notations:

ξs = 4 ᾱS (Y − Ymin) ; ξ = ln
(
x2

01 Q
2
s (Y = Ymin; b)

);
ζ = ξs + ξ ; (49)

The solution of Eq. (48) provides the boundary condition for
the solution inside the saturation region:

∂ ln N (Y ; ζ = 0−(ξ = −ξs), b)

∂ζ
= 1

2

∂ζ = 1

2
; (50)

As was expected, in the vicinity of the saturation scale
(ζ � 8ξs), the amplitude shows geometric scaling behavior,
being a function of only one variable ζ [80–82],

N (Y ; r, b) ∝
(
r2Q2

s (Y, b)
)1−γcr

(51)

where γcr the critical anomalous dimension is equal to 1
2 .

4.2.2 Saturation region (τ > 1)

In this region we look for a solution in the form [74]

Ñ =
∫ ξ

ξs

dξ ′ (1 − e−φ(ξ ′,Y )
)

(52)

Substituting Eq. (52) into Eq. (45) we obtain

φ′
Y e−φ = ᾱS Ñ e−φ (53)

Canceling e−φ and differentiating with respect to ξ we obtain
the equation in the form:

∂2φ

∂Y ∂ξ
= ᾱS

(
1 − e−φ(Y ;ξ)

)
(54)

Using variable ξs and ξ we can rewrite Eq. (53) in the form

∂2φ

∂ξs ∂ξ
= 1

4

(
1 − e−φ(Y ;ξ)

)
or in the form

∂2φ

∂ζ 2 − ∂2φ

∂x2 = 1

4

(
1 − e−φ(Y ;ξ)

)
(55)

with ζ defined in Eq. (49) and x = ξs − ξ .
Equation (55) has a general traveling wave solution (see

Ref. [83] formula 3.4.1)
∫ φ

φ0

dφ′√
c + 1

2(λ2−κ2)

(
φ′ − 1 + e−φ′

) = κ x + λ ζ (56)

where c, φ0, λ and κ are arbitrary constants that should be
determined from the initial and boundary conditions.

From the matching with the perturbative QCD region (see
Eq. (50)) we have the following initial conditions for small
values of φ0:

φ (t ≡ ζ = 0, x) = φ0 (b) ; φ′
ζ (t ≡ ζ = 0, x)

= 1

2
φ0 (b) (57)

These conditions allow us to find that κ = 0 and c = 0
for φ0 � 1. Therefore,the solution of Eq. (56) leads to
geometric scaling as it depends only on one variable: z. For
small values of φ0, it takes the form[74,83].

√
2
∫ φ

φ0

dφ′√
φ′ − 1 + e−φ′ = ζ (58)

4.3 Formulation of the problem

The previous sections give a brief review of the simple
approach to the QCD cascade of one dipole which inter-
acts with a target. In Fig. 12a one can see the two distinct
kinematic regions which we have considered above: the per-
turbative QCD region with τ < 1, and the saturation domain
for which τ > 1. The key physics idea of the description
of DIS with a target nucleus and/or hadron-nucleus colli-
sions in the framework of the CGC/saturation approach, is
that the physics in the saturation region is determined by
the new dimensional parameter: the saturation scale, and
if it is a dilute system of partons, it does not depend on
the detailed structure of the projectile. In DIS we have a
dipole of size r ∼ 1/Q. For the hadron-nucleus collision
we identify the projectile hadron with a dipole of the same
size. In these processes we have two different situations
which are shown in Fig. 12-a and Fig. 12b. For small dipoles
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Ymin

(a)

s Saturation   region

perturbative QCD 

0

= 0

x =
 0

(b)

s Saturation   region

perturbative QCD 

0

= 0 x =
 0

GS no GS

Fig. 12 QCD map. a shows the kinematic regions for the case when
N (Y = Ymin, ξ) � 1 while in b we show the kinematic regions for
N (Y = Ymin, ξ) ∼ 1 (see Ref. [76] for more details). Note that the

saturation domain in this case can be divided in two subregions: (i)
for ξ < 0, where we expect the geometric scaling behaviour of the
scattering amplitude, and ξ > 0 where there is no such behaviour

τm ≡ r2 Q2
s (A; Ymin; b) � 1, we have N (Ymin, r, b) � 1

and the amplitude reaches the saturation region due the BFKL
evolution (see Fig. 12a). For such dipoles we can safely use
the solution of Eq. (58) which we have discussed above.

If the size of the dipole is large and τm ≥ 1, we have to
deal with the situation shown in Fig. 12b, and we will discuss
this case later.

In the CGC/saturation approach the initial condition
for the scattering amplitude is given by the McLerran–
Venugopalan (MV) formula [88–91]:

NA

(
r2; Y ; b

)
= 1 − 1 − exp

(
− r2 Q2

s (A; Y = Ymin)
)

= 1 − e−τm (59)

where Qs (A; Y = Ymin) is the saturation momentum at the
initial energy. For the moment we consider the case of small
τm , and replace Eq. (59) by NA

(
r2; Y ; b) = τm .

For hadron–nucleus scattering the initial condition can
be taken from the non-perturbative approach, or from the
high energy phenomenology. For obvious reasons we have
to use phenomenology which we have discussed in Sect. 3.4.
We found the value of the amplitude at W = 0.576GeV at
b = 0 is equal to 0.7 . To obtain the value at Y = Ymin, we
need to know the energy dependence of the amplitude, which
can be obtained from high energy phenomenology. In most
attempts to build such a phenomenology, the behaviour of the
cross section with energy are assumed to be Reggeon-like,
A ∝ s with  ≥ 0.14. In our own approach[84–86] the
value of  ≈ 0.25, but even a value of  = 0.14 leads to
the amplitude at Y = Ymin equal to 0.12 (0.3 for our model).
Therefore, it appears reasonable to assume that we have a
situation which is shown in Fig. 12a. However, we will also
consider the alternative situation which is related to Fig. 12b.

Fig. 13 The solution to Eq. (60) for functions φ (ζ ), dφ (ζ ) /dζ and
d2φ (ζ ) /dζ 2

4.4 Processes with different multiplicities of produced
gluons for τm � 1

Rewriting Eq. (58) in the form

1√
2

∫ φ

φ0

dφ′√
φ′ − 1 + e−φ′ + ln φ0 = ln φ0 + 1

2
ζ

= ln
(
φ0e

1
2 ζ
)

(60)

we can find the solution to the equation as function of φ0 e
1
2 ζ

: φ
(
φ0 e

1
2 ζ
)

. Practically, the left hand side of Eq. (60) does

not depend on the value of φ0.
This function is shown in Fig. 13.
We suggest using the following expression for the ampli-

tude N (γ, γ̄ , γin; ζ )

N (γ, γ̄ , γin; ζ ) = 1 − e
−φ

(
γ e

1
2 ζ

)
− e

−φ

(
γ̄ e

1
2 ζ

)

+ e
−φ

(
(γ+γ̄ − γin)e

1
2 ζ

)
(61)
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Y/2

nucleus
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Fig. 14 a The Mueller diagram for the Bose–Einstein correlation function with y1 = y2 = 1
2Y . b The suppression factor R of Eq. (64) as function

of ζ . The vertical dotted lines show the LHC kinematic region

From Eq. (61) for the amplitude we can estimate the cen-
tral diffraction production with multiplicity n < 2n̄ using
Eq. (24). We can use simplifications, as it turns out that
φ′

ζ � φ′′
ζ ζ (see Fig. 13). The cross section for central diffrac-

tion with multiplicity n < 2n̄ is equal to σCD
0 + σCD

1 and
can be estimated as follows:

σCD
0 + σCD

1 = 1

4
�2 (2IP → 2G)

{
φ′ 2

ζ + γin

2γ
φ′ 3

ζ

}
e
− φ

(
2 γ e

1
2 ζ

)

= 1

4
�2 (2IP → 2G)

{
φ′ 2

ζ + φ′ 3
ζ

}
e
− φ

(
2 γ e

1
2 ζ

)
(62)

We assume that γin = 2γ , since the amplitude in the per-
turbative QCD region is due to the exchange of the BFKL
Pomeron, which has this property. The Bose–Einstein corre-
lation can be evaluated using the diagram of Fig. 14.

The contribution of this diagram has the form [48]:

σBE = 1

N 2
c − 1

�2
G

(
φ0 e

1
2 (ζ− 1

2 ζ )
)2

⎛
⎝1 − e

− 2 φ

(
φ0e

1
4 ζ

)⎞
⎠

2

(63)

Finally the suppression factor R is equal to

R
(
φ0e

1
2 ζ
)

= σCD
0 + σCD

1

σBE

=
{
φ′ 2

ζ + φ′ 3
ζ

}
e
−φ

(
2 φ0e

1
2 ζ

)/(
φ0e

1
2 (ζ− 1

2 ζ )
)2

×
⎛
⎝1 − e

− 2 φ

(
φ0e

1
4 ζ

)⎞
⎠

2

(64)

In Eq. (64) we did not fix the value of y1 ≈ y2. The
curve in Fig. 14-b is calculated for y1 ≈ y2 = 1

2Y . The
difference occurs since for these estimates the argument
φ0 exp

( 1
2ζ
)

of φ in σCD
0 + σCD

1 should be replaced by
φ
(
ln
(
φ
(
φ0 exp

( 1
4ζ
)))+ 1

4ζ
)
. For calculating the value of

φ0e
1
2 ζ in this region we use the energy dependence of the sat-

uration scale Q2
s (Y ) ∝ exp (λY ) from Ref. [87] (λ = 0.204)

and value of φ0 ≈ 0.3. Note that the ratio decreases at
large values of φ0e

1
2 ζ , but gives a sufficiently large value

R ≈ 0.5 − 0.75 in the LHC kinematic region.

4.5 Estimates for proton–nucleus scattering

In this section we would like to make estimates of the
damping factor R for proton–nucleus scattering using the
same approach as in the Schwimmer model (Sect. 3.4 and
Fig. 11). For these estimates we replace φ0 exp

(− 1
2ζ
)

by
φ0 SA (b) exp

( 1
2ζ
)
, and assumed that φ0SA (b = 0) = 1/3.

For every value of ζ , b could be so large that the scattering
amplitude becomes small and the exchange of two BFKL
Pomerons, give the only contribution. We found the solution
of the equation φ0SA (b = 0) = φ0SA (bmax(ζ )) exp

( 1
2ζ
)

and replace the numerator of Eq. (64) by the following inte-
gral:
∫ bmax(ζ )

d2b

{
φ′ 2

ζ

(
φ0 SA (b) e

1
2 ζ
)

+φ′ 3
ζ

(
φ0 SA (b) e

1
2 ζ
)}

e
−φ

(
2 φ0 SA(b)e

1
2 ζ

)

+
∫
bmax(ζ )

d2b
(
φ0 SA (b) e

1
2 ζ
)2

(65)

The dominator has the form:

∫ bmax(ζ )

d2b
(
φ0 SA (b) e

1
2 (ζ− 1

2 ζ )
)2

⎛
⎝1 − e

− 2 φ

(
φ0 SA(b)e

1
4 ζ

)⎞
⎠

2

+
∫
bmax(ζ )

d2b
(
φ0 SA (b) e

1
2 ζ
)2

(66)

Using Eqs. (65) and (66) we evaluate the damping factor
for an experiment with the multiplicity n ≥ 2n̄, which is
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(a) (b)

Fig. 15 For n ≥ 2n̄ ratio R (a) and the ratio vn/v
BE
n (b and Eq. (39)) versus ln

(
φ0e

1
2 ζ
)

. The vertical dotted lines show the LHC kinematic region

shown in Fig. 15a. In Fig. 15b we plot the ratio of vn/v
BE
n

(see Eq. (39)). This figure shows that for energies less or
about the LHC energy, an experiment with the selection of the
multiplicities n ≥ 2n̄, does not gives an essential suppression
for the odd harmonics.

4.6 Processes with different multiplicities of produced
gluons for τm ≥ 1

We now discuss DIS with nuclei, for the case where τm =
r2 Q2

s (A; Y = Ymin) ≥ 1, which is shown in Fig. 12b.
The general MV formula of Eq. (59) can be translated into

the boundary conditions for φ on the line Y = Ymin (ξs = 0,
see Fig. 12b and Eq. (50)) that has the following form:

φ (ξs = 0; ξ) = φ0e
ξ (67)

For further discussion, we introduce the saturation scale at
Ymin in a such way that ξ = ln

(
r2 Q2

s (A; Ymin; b)
)

and
Eq. (67) give the initial condition at φ0 = 1.

One of the general features of solution of Eq. (60), is the
increase of φ in the saturation region (see Fig. 13). Conse-
quently, only in the vicinity of the critical line do we need to
keep term exp (−φ) in Eq. (55). Actually, for φ0 = 1, this
term is not very large even at ζ = 0, since, in our estimate
we are dealing with γ + γ̄ = 2φ0 ≈ 2.

Inside the saturation region we can neglect this term reduc-
ing the equation to the simple one, namely,

φξs ,ξ = 1

4
; or

∂2φ

∂t2 − ∂2φ

∂x2 = 1

4
(68)

with the initial and boundary conditions of Eqs. (57) and
(67), respectively.

It is well known that the solution of this equation is dif-
ferent for t = ζ < x (ξ < 0) and t = ζ > x (ξ > 0)[83].
For t = ζ < x (ξ < 0) the solution is not affected by the

boundary conditions, and it has the form

φ1 (z) = 1

8
ζ 2 + 1

2

(
eφ0 − 1

)
ζ + φ0 (69)

Note, that for φ0 not small, the initial condition of Eq. (50)
reads as follows

φ (ζ = 0) = φ0; d φ (ζ )

d ζ
= 1

2

(
eφ0 − 1

) ; (70)

The general solution to Eq. (68) has the form:

φ (ξs, ξ) = 1

4
ξs ξ + F1 (ξs) + F2 (ξ) (71)

Using the restriction from Eq. (57), the solution of Eq. (68)
can be obtained from Eq. (71). For t = ζ > x (ξ > 0) we
need to take into account the boundary condition of Eq. (67).
Using the general solution in the form of Eq. (71), and the
matching condition on the line ξ = 0

φ1 (ξ = 0) = φ2 (ξ = 0) (72)

simultaneously with the boundary conditions that have the
form

φ2 (ξs = 0) = φ0e
ξ (73)

we obtain the following solution for ξ > 0

φ2 (z, ξ) = ζ 2/8 − ξ2/8 + φ0 e
ξ + 1

2

(
eφ0 − 1

)
ξs

(74)

Therefore, the solution to the simplified Eq. (68) has the
following form

φ (ζ, ξ) =
{

φ1 (ζ ) for ξ ≤ 0 ;
φ2 (ζ, ξ) for ξ > 0 ; (75)
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Fig. 16 Comparison of the solutions of Eq. (76) and of Eq. (74) with
the exact numerical solutions which satisfies the initial and boundary
conditions of Eqs. (72) and (73). The solutions with the same ξ are
marked by the same type of lines. One can see that they all coincide for
1
2 ξs ≤ 4. The value of φ0 was taken to be 2 as follows from Eq. (78)

For the solution of the general Eq. (55) we have

φ (ξs, ξ ; ) =
⎧⎨
⎩

φ (ζ ; Eq. (60)) for ξ ≤ 0 ;
φ (ξs + ξ ; Eq. (60)) − φ (ξ ; Eq. (60))

+φ0 eξ for ξ > 0 ;
(76)

where φ (ζ ; Eq. (60)) is the solution to Eq. (60) with the
initial condition of Eq. (70).

The solution of Eq. (76) satisfies the initial and boundary
conditions of Eqs. (72) and (73), but for ξ > 0 this solution
leads to the equation

∂2φ (ξs, ξ)

∂ξs ∂ξ
= 1

4

(
1 − e−φ(ξs+ξ |Eq. (60))

)

�= 1

4

(
1 − e−φ(ξs ,ξ)

)
(77)

We found that this simple solution approaches the solu-
tion for the equation which we found numerically solving
Eq. (55), with the initial and boundary conditions of Eqs. (72)
and (73). In Fig. 16 we compare the solutions of Eq. (76),
Eq. (74) and the numerical solution for different values of
ξ . The difference for ξ ≤ 8 is not large, and Eq. (76) can
be used for obtaining estimates. It should be noted that the
simple solution of Eq. (74) provides a good approximation
of the numerical solution for γ ∼ φo ≈ 2, which we need to
estimate the damping factor.

The solution of Eq. (76) does not show geometric scaling
behavior, and the solution of Eq. (55) depends both on ζ =
ξs + ξ and ξ .

We need to generalize Eq. (61) replacing φ in this formula
by Eq. (76) which results in the following expression

φ (γ + γ̄ − γin, ξs, ξ)

= φ

(
ln (γ + γ̄ − γin) + 1

2
ξs + 1

2
ξ ; Eq. (60)

)

−φ

(
ln (γ + γ̄ − γin) + 1

2
ξs; Eq. (60)

)
+ φ0 e

ξ (78)

Using Eq. (78) we can calculate

σCD
0 + σCD

1 = 1

4
�2 (2IP → 2G)

{
γ γ̄ φ′ 2

γ (γ + γ̄ , ξs, ξ)

+ γ γ̄ γin φ′ 3
γ (γ + γ̄ , ξs, ξ)

}
e−φ(γ+γ̄ ,ξs ,ξ) (79)

In Fig. 16 we show that the solution of Eq. (76) depends
on the value of ξ . Hence, we can expect that the value of
the damping factor R will depend on ξ . In Fig. 17 we plot
this dependence for y1 ≈ y2 summing over all values of y1.
The damping factor R decreases, and becomes negligible at
ξ ∼ 0.4. Therefore, we see the full restoration of azimuthal
angular symmetry φ → π − φ, at ξ ≥ 0.4.

In Sect. III-D we used the small experimental value of
the triple Pomeron vertex, to show that the typical size of
the nucleon is so small, that we can safely use the geomet-
ric scaling behaviour to estimate the value of the damping
factor. We also know that the triple Pomeron experimen-
tal vertex, does not show any sizable dependence on the
momentum transferred of interacting Pomerons. This can be
interpreted as the small typical radius of the proton-nucleus
interaction. In all attempts to describe the interaction of pro-
tons at high energy, the small size of the proton components
appears in different ways (see Refs. [84–86] for example
where rproton ∼ 0.2GeV−1). For such small sizes we face
the situation shown in Fig. 12a, for which we have a large
violation of φ → π − φ symmetry.

However, for a very dense system, where the num-
ber of sources are large, the value of Q2

s (A; Ymin; b) ∝
Q2

s (Ymin) SA (b) ∝ Q2
s (Ymin) A1/3, we always have the sit-

uation shown in Fig. 12b and we deal with the violation of the
geometric scaling behaviour for ξ > 0 which results in the
restoration of the φ → π − φ azimuthal angular symmetry,
even for the events with multiplicities n ≥ 2n̄. For realistic
heavy nuclei (gold, lead etc. ), SA (b = 0) ∼ 2, and we could
expect a large violation of this symmetry, due to the selec-
tion of events with respect to their multiplicities. However,
the estimates for y1 ≈ y2 = 1

2Y , shows that such expecta-
tions are premature (see Fig. 17). Nevertheless, it is ought to
be noted that in a real experiment we measure the produced
gluons with rather large values of the transverse momenta
which leads to ξ < 0, and we have to deal with the damping
factor in Fig. 12b, but in the region where we have geometric
scaling behaviour of the scattering amplitude. In this region
the value of the ratio R, can be obtained from Fig. 17b at
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Fig. 17 The damping factor
√
R at different values of ξs . For estimates

for ξs in the LHC kinematic region, we use Q2
s ∝ (1/x)λ with λ ≈

0.2[87]. The damping factor is plotted for y1 ≈ y2 = 1
2Y

ξ = 0. One can see that in this case we have a rather strong
violation of φ → π − φ azimuthal angular symmetry.

5 Conclusions

In this paper we demonstrated that the selection of the events
with different multiplicities of produced particles lead to the
violation of φ → π − φ symmetry. We found that for DIS,
if Q2 is so large that Q2 > Q2

s (A; Ymin; b) the violation
of φ → π − φ symmetry turns out to be so large, that we
can neglect in the first approximation the existence of this
symmetry. For such Q2 our estimates show that in the case,
when the events with multiplicities n ≥ 2n̄ are selected,
we do not expect any suppression of vn for odd n for the
LHC energies or lower. n̄ is the mean multiplicity at a given
energy. However, for Q2 < Q2

s (A; Ymin; b) we found that
for ξ > 0.4, we can neglect the violation of the symmetry
and, therefore, we expect that vn with odd n, are small.

Bearing this in mind, we claim that the character of proton-
nucleus scattering depends crucially on the size of the typical
dipole inside the nucleon. There are several phenomenolog-
ical observations that support a rather small typical radius in
the nucleon, which we have discussed in the previous section.

We hope that this paper will stimulate the discussion of
the angular correlations in the events with fixed multiplic-
ities of produced particles, which crucially influence these
correlations.
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