Eur. Phys. J. C (2018) 78:794

THE EUROPEAN

htps:/doi.org/10.1140/epjc/s10052-018-6250-x PHYSICAL JOURNAL C CrossMark
Regular Article - Theoretical Physics

Physical content of quadratic gravity

Enrique Alvarez?, Jesus Anero®, Sergio Gonzalez-Martin, Raquel Santos-Garcia‘

Departamento de Fisica Tedrica and Instituto de Fisica Tedrica, IFT-UAM/CSIC, Universidad Auténoma, 20849 Madrid, Spain

Received: 8 June 2018 / Accepted: 14 September 2018 / Published online: 29 September 2018

© The Author(s) 2018
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metric and the connection are treated as independent fields.  References . . . . . . . . . ... ... ... ... ... 20

The physical meaning of the connection field has historically
been somewhat elusive. In this paper, a complete spin anal-
ysis of the torsionless connection field is performed, and its
consequences are explored. The main properties of a hypo-
thetical consistent truncation of the theory are discussed as
well.
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1 Introduction

Theories of gravity where the lagrangian is quadratic in the
Riemann tensor [1,2] are known to be well behaved in the
ultraviolet (they are often asymptotically free) but suffer from
the fatal drawback of not being unitary (cf. [3] for a general
review, and [4] for a recent analysis similar in spirit to ours).
The distinctive flavor of our approach, as compared with pre-
vious literature on the subject (confer in particular the work
of Biswas et al. [5-9] and also [10]), is that we work in the
first order formalism.

It has been recently pointed out [11-13] that when con-
sidering quadratic theories of gravity in first order formalism
(which is not equivalent to the usual, second order one')
where the metric and the connection are considered as inde-
pendent physical fields, no quartic propagators appear and
the theory is not obviously inconsistent. This framework is a
good candidate for a unitary and renormalizable theory of the
gravitational field, leading to a posible ultraviolet (UV) com-
pletion of General Relativity (GR). Recent work, following
related lines, has been done regarding a possible UV com-
pletion of GR by modifying the usual second order quadratic
gravity [14-16].

Those theories depend on a number of independent cou-
pling constants, which can be grouped into three big classes,
corresponding to the Riemann tensor squared, the Ricci ten-
sor squared, and the scalar curvature squared. Althoug there
are many similarities with the second order approach used in
the above references, there are also crucial differences. The
most important of which is that we do not have explicit viola-
tion of the positivity in the spectral function (that is, we do not
have propagators falling off at infinity faster that #). This

! Even for the Einstein—Hilbert first order lagrangian the equivalence
is lost as soon as fermionic matter is considered.
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is the reason why we have endeavored a systematic approach
following our ideas from basic principles, even at the risk of
rederiving some results already known in the second order
approach. Of course not all of them hold true in our case. We
shall point out the main differences in the main body of the
paper.

In particular, there is one worrisome fact. When consider-
ing the theory around a flat background there is no propaga-
tor for the graviton. This means that either the theory is not a
theory of gravity at all, or else all the dynamics of the grav-
itational field is determined by the three index connection
field.

Of course the idea that the true dynamics of gravitation
is better conveyed by the connection field than by the metric
has a long history (cf. for example to the classic paper [17]).
It is the closest analogue to the usual gauge theories, and can
be easily related to physical experiments and observations.
In fact in [11-13] we have shown that there are possible
physical static connection sources that produce a V(r) = %
potential between them. This is at variance with what hap-
pens in the usual quadratic theories as formulated in sec-
ond order, in which the natural potential is a scale invariant
one V(r) = Cr. This forces many authors to include an
Einstein—Hilbert (linear in the scalar curvature) piece in the
action from the very beginning if one wants to reproduce
solar-system observational constraints (cf [1,2] for a lucid
discussion). Another possibility is a spontaneous symmetry
breaking of the scale invariance of quadratic theories, so that
the EH term is generated and dominates in the infrared (see
e.g [18-22] regarding this issue).

The static connection sources in [11-13] were of the form
Juvr. ~ juTyy + -+ -, where j, was a conserved current and
T},» was the energy-momentum tensor. The physical meaning
of those sources is not clear, to say the least. In order to get
a better grasp on the workings of the theory, it would be
helpful to disentangle the different physical spins contained
in the connection.

Our aim in this paper is precisely to perform a complete
analysis of the physical content of the connection field. There
are a priori 40 independent components in this field. We shall
analyze them by generalizing the usual spin projectors [23—
25] to the three-index case, and expanding the action in terms
of these projectors. We shall find that generically there is a
spin 3 component, which disappears only when the coeffi-
cient of the Riemann square term vanishes. This property is
however not stable with respect to quantum corrections, that
will make this term reappear even if the classical coefficient
is fine tuned to zero. Kinematically, there is also a set of three
spin 2 components, five spin 1 components and three spin 0
components.

Let us now summarize the contents of our paper. First we
quickly review, mostly to establish our conventions, the spin
content of the usual lagrangian linear in curvature (Einstein—
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Hilbert) both in second and in first order formalism. Then
we tackle the spin analysis of theories quadratic in curva-
ture, again both in second order and first order formalism.
Extensive use is made of a new set of spin projectors, which
are explained in the appendices.

Throughout this work we follow the Landau-Lifshitz
spacelike conventions, in particular

RY,, = 0,1l — 0, T, + T4 T — T4 T, (1.1
and we define the Ricci tensor as
_ ph
R, =R WA (1.2)
The commutator with our conventions is
A A
Vi, VoIV = RY VP
[Vie. Volh® = P R, + h** R, | (1.3)

2 Lagrangians linear in curvature (Einstein—Hilbert) in
second order formalism

Let us begin by quickly reviewing some well-known results
on the quadratic (one loop) approximation of General Rel-
ativity (GR), as derived from the Einstein—Hilbert (EH)
lagrangian. We do that mainly to establish our notation and
methodology.

We expand the EH action around flat space by taking
guv = Nuv +Khyy 2.1

We are interested in the quadratic order of the expansion.
The operator mediating the interaction between the metric
perturbation reads

S = % / d*x WK P (2.2)
where the operator reads
Ko o= —% (Muomve + Npoup) O

45 (O + oy — D + o)

+ —4—11 (8p 0o v + Mpo 9,0v) + in,wnpaD (23)

In order to better understand the physical content of this
action, we can decompose the symmetric tensor 4, as

By
O

/’l,w = h;zw + D_l (ay,Av + avAp.) -

1 0,0y 24
+§<T’MV_T)W 24
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where as we shall see hlzw corresponds to the spin 2 part of
the field. The other fields are defined as follows

¢ =0°0h,, =0
h=n""h,,
A =0"h,;

At =0 2.5)

Under linearized diffeomorphisms
5huv = auév + avéu

these transform as

(2.6)

S¢ = 200%¢
Sh = 200¢

8A, =0&! +200,8 2.7

where we have split £, in its transverse (& Z ) and longitudinal
(0,&) parts.

From the transformation properties, it is clear that there is
a scalar gauge invariant combination

SY=8h—d) =0 2.8)

As stated before, we want to carry out an analysis of the
spin content of the fields in the theory using the spin pro-
jectors defined in “Appendix A”. The action of these spin

projectors? over h v gives
_ 0,0, P
hY = (Py'h)y = 020,000 = 5
0
ShM“V} =20,0,¢
1 9,0
hgst(Pgh)Mvzg{nuv_ l‘l]l’}w; 5h,0fv:0
0,0, P

hly = (Pt =07 (0,4, + 0,A,) — 225
Shy,, = 9u&] + 0,
2= (Poh) iy =hyy — 07 (0, Ay +0,A,) +0729,0,¢
1
= g = 071 @udoh + di) + 0729,000)

9,0
O~ @0,A, + 8,4,) + "D”cp

1 9,0
—§<nw—%> e 3hﬁw=0

= h/w -

(2.9)
and integrating by parts we get

1
f d(vol) b5, O hfy) = / d(vol) 5¢D1/x

2 1t has to be understood that when writting the action of the projec-
tors in terms of derivatives and box operators, it is implicit that these
correspond to the ones of flat space.

/ d(vol) (h%, + KOOI (hfy) + hlyy)

= /d(vol) <<I>DCI>+ %ww)

/d(vol)hLvD h’f”:/d(uoz) (24, A" —2000)
/ d(vol) 7, O nY"

|
_ /d(vol) <h,th“" — YO + 000 + ZAMA“>
2.10)

Then the Einstein—Hilbert action can be rewritten in terms
of the projectors as

1 :
"= -2 / d*x W™ (Py — 2P3) uvpo ORP° (2.11)

Atthis point, one can ask the question of whether it is possible
to write a local lagrangian that contains only the spin 2 part
of h . Indeed the spin two part can be written as

o auaf’hw +hw,8f’3u aﬂavapagh/”’
ny nv 0 2
1 0,0y apaahm aﬂavapa”hm
_g{hnuv_ 0 h_n/w 0 + WP

(2.12)

where we can see that we have a term which goes as #
This means that if we do not want to get non-local inverse
powers of the d’Alembert operator, the simplest monomial
that contains spin 2 only is going to be given by

$:= o [t ot @.13)
which as is well-known suffers from several unitarity and
causality problems associated to higher derivative
lagrangians.® It would seem that the (harmless as we shall
see) spin 0 addition is a necessary ingredient in a unitary
Lorentz invariant spin 2 theory. We will come back to this
point at the end of this work.

Let us go back to the EH action (2.11). With the help of
(2.9), we can further decompose it in terms of the different
fields contained in £,

1
S = _§f Y [W Ok, + 24, AF + @00 — ¢ Oy ]

(2.14)

3 Note that this action has a larger gauge symmetry, namely

po X po po
ah/‘-‘) = (PI)MVPU Al + (POS);wpa A2 + (P(;U)p,vpa A3

where A/ are arbitrary fields.
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The equations of motion read

58S

W:th:0

5S

— =0y =0

sy

5S

— —Obd=¢=0

Sd ¢

o5 =A,=0 (2.15)
sA, M T :

so that A, = ¢ = 0, leaving just 5 free components in £,
on shell.

In order to find the propagator, we need to introduce a
gauge fixing term to make (2.3) invertible. Let us choose the
harmonic (de Donder) gauge condition given by the operator

1
Kjivps == 3 (9udpmvo + 9udoMup + BvdpNus + 8vda Ty
1
- Z (77p03ﬂ3u + Uﬂuapaa)
1

- gnuvnpam
1 3 1 V3
Hvpo
(2.16)
in such a way that
EH+gf 1
Kp,upg = g (77/1,,077\)(7 + NpoNvp — ﬂuvﬂpa) O
1 1 1 NE]
=— (P +P —= pY — X pX 0
4<2+‘ PR T R )
Hvpo
(2.17)
The propagator is easily found to be
! -1
Apvpos = _Z (n;tpﬂva + NpoNvp — nuvnpo) |
1 1 V3
—4(Py+ P — =P + =P — X pX o-!
( 2=l — )
HVpo
(2.18)

We are also interested in computing the interaction energy
between two external, conserved currents T and T

4 [T(l)v T(Z)] = /d XT(1) AMVPUT(%T

1
= /d4x( (1)D T(2);w - ET(I)D T(2))
(2.19)

One may reasonably feel a little nervous about the negative
sign of the spin 0 component in (2.11) as well as in (2.18).
Let us demonstrate in a very explicit way that in spite of what

@ Springer

it seems, the Einstein—Hilbert propagator is positive definite
when saturated with physical sources.

First we assume that massless gravitons are the carriers of
the interaction. In momentum space we choose

k" = (x,0,0,K) (2.20)
and the conservation of energy-momentum implies

T%%k) = T¥ k)

TY% (k) = T3 (k) (2.21)

Then, an easy computation leads to the expression for the
free energy in terms of the components of the two external
conserved sources T and T

W [Ty, Ty

_ ﬂ 1 71 _ 22\ (7l 722\ 4 ppl2pi2
- 2112\ M ()] 2 (@) M7

(2.22)

which is positive semi-definite in case of identical sources
ny nv

Tay =T '
Moreover, for static sources the energy-momentum tensor

reads (all other components vanish)

T = M1.28® (x — x(1.2) (2.23)
and in momentum space
TP (k) = M1 2 (k) 012 (2.24)
it follows that
1 43k .
W\ T, T, = — MM o K(x1—X2)
[Ty To)] = 55 M zf o
T MM, (225)
N 2C |X1 — X2| ’
where we have represented
1
dko = red (2.26)

Therefore, the free energy is definite positive, as it should.

3 Lagrangians linear in curvature in first order
formalism

Let us now make the exercise of reanalyzing this same theory
in first order formalism, in which the metric and the connec-
tion are independent. We shall find after some roundabout
that the physical content of the theory is the same as we
previously found in the last paragraph.
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We start with the Einstein—Hilbert action

1
ST = 32 /d”x lglg" Ry [T] 3.1
and we expand it around Minkowski spacetime as
8uv = Npv + Khyy
g, = Ag, (3.2)

where A%y is the quantum field for the connection, which
is symmetric in the last two indices as we are restricting
ourselves to the torsionless case.

After this expansion the action can be written as

af pn 1 veap 4a
s = = [ dna {nren, S ak, + Saz k7P Az, )
(3.3)
where the operators mediating the interactions have the form
ap 1 1 of agp o of
N, = 315 (myen™® — 857 — 28] ) 0,

1
- (nyeafa“ + e8P — 62870,
—8f 530 — 828f/a, — 8082, ) }

1 (1
€ap B
KV = = {1[858%“’3 + 8785 4 8050 4 5258 yre

—8P 8] 0™ — 8P s — 82850P7 — 5?5177'3‘]} (3.4)

From the path integral, the contribution to the effective
action reads

e Wl = f DhDA ! SromlhAl (3.5)

and using the background expansion (3.3) we can integrate
over DA yielding

dV = / Dhrel =5 14" RT3 D | (3.6)

where

1
Dp.vpo = Z(nupnva + NpoNvp — znuvnpo)D
1
+ E(’Hwapaa + n,oaauav)
1
- g(nupavaa + Npo 00y + Nup0uds + Mo 0,.0p)

1
- g(’?up 050y + Nuo 8pav + nvpaa au + Mo ap ap.)
3.7

We now expand this operator in the basis of projectors
(see “Appendix A”) so that

1

Dyvpo = 3 (P,—(n—2)P, O (3.9)

S)pwpo

and in this way the action can be rewritten (for n = 4) as

1
$ = —2 / A WY (Py — 2P po DO (39)

In conclusion, we obtain the same result when we treat the
theory in second order formalism (2.11) and in first order for-
malism, for the particular case of the Einstein—Hilbert action.

4 Lagrangians quadratic in curvature in second order
formalism

Let us now begin the study of Lagrangians quadratic in the
spacetime curvature, first in the usual second order formal-
ism.

The most general action in this set (the connection is
assumed in this section to be the metric one) is

§500 = /d”xw/|g|(aR2 + BRuwR™ + ¥ Rypo R*P7)
4.1)

When we expand around flat space g, = 0, + khyy it
follows that

5500 = 2 / d"xh/”{a [8,0809 00
— (po By + Nuvdpdo) O+ T];w’)pgljz]
B 1
+ n 20;,010p05 — 5 (Up.,oavaa + Npo 0v0p
+Mvp 00 + Nvo 3//.3,0) O - (npd 0,0y + ﬂuvapad) O
1
+§ (Uup’lvo* + Npo rlvp) Dz + NuvNpo D2:|
+ % [4au3v3p30 +2 (nupnva + Npo va) 0?
=2 (Mo v 0o + Mo 0vp + Nupdpde + Nvodpdp) O] }

x hP? “4.2)

We can write the operator in terms of spin projectors as

S0Q
K,prtr

=i (am— 1P+ é(Pz +nPy) +y(Py+ Py)
4 UVpo

2 4.3)

P

x[0? = T (c1 Py —I—Cng)

nvpo

where c; = f+4y andcy =4(n — Da +np +4y.
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If we use the action of spin projectors over the graviton
decomposition (2.9), the action can be rewritten as

2
5= [
4
v2 2 1 2
x |1 (W Dy +24,04% + 67 — Sy TPy
(4.4)

I
+ ?E”D W}

Let us at this point make a short aside on the higher deriva-
tive scalar terms. Consider the lagrangian [26]

L= % (0.9)" + %Cxpmzl/f 4.5)
and introduce an auxiliary field, x, so that

L :%(aux//)%caﬂwaﬂx - %cﬁ (4.6)
The EM for the auxiliary field just yields

x =-0y 4.7)

which just reproduces the original action. Now we can define
U=1y+4+Cy (4.8)

The mixing term disappears and the action diagonalizes to

1 2 1 2 1
L=§(3u‘1’) _§C2(8MX) —ECX2

It follows that the auxiliary field becomes a ghost no mat-
ter the value of the constant C. When there is no canonical
kinetic term for the field i this mechanism is not at work.
However, such a term is always generated by the Einstein—
Hilbert (linear in the space-time curvature) piece of the grav-
itational lagrangian. This linear piece is physically unavoid-
able, even if it is not present in the classical lagrangian, it
will be generated by radiative corrections.*

Going back to our analysis, we can obtain the equations
of motion for the quadratic action (4.4)

(4.9)

N

2
SHAY =c10%,, =0
éS
w = (2 — Cl)DZW =0
68
—=C1¢:C1Dq)=0
8¢

4 If we restrict ourselves only to the R? terms, i.e. 8 = y = 0, we get
Sg2 = Kza/d"x Yy

so that the equation of motion reads

0%y =0

From this we can see that there is a gauge invariant ghostly state.

@ Springer

58
— =04, =0

4.10
SAF (4.10)

Please note that the equations of motion have four deriva-
tives so that the only way in which we can fix this problem
is by taking ¢y = cp = 0. This implies
B+4y =p+4a=0 .11
In this case the lagrangian is proportional to the Gauss-

Bonnet density, i.e.« = 1,8 = —4,y = 1l and n = 4,
and the operator (4.3) reduces to

Ko =0 4.12)
This fact follows from the identity
R? — 4R" R,y + RMYP7 Ry pe = total derivative  (4.13)

Let us now obtain the propagator for the general quadratic
action (4.4), again in the harmonic gauge (2.16) with a gauge
parameter — é The operator reads

W 11 5 5 n—1 ,
;Ou(i)é - g{gPl +2k“ci0P; + (2/( 0+ Y) Py
1 vn—1
+—pr Y px 0 (4.14)
2 2
Hvpo
and inverting it we get
_ 8 §
Apvpo = (KN30 = —Lep P
e (K Diuvpo k2 {é L 22k 2T 2k
-1 1 vn—1
2 2., k2 n PY 4 —ps PX
X |:< K~Cp + 25 ) 0 + 25 0 + 25 0 i| }'uupa
(4.15)

provided c¢1 # O and ¢ # 0.
Now the interaction energy between external static sour-
ces, for n = 4, is proportional to

X 4 1 1
SOQ+ef LV A SOQ+gf 10 __ nwy _ 2
W o THATRSSTT = [—Cl (T,wT 3T )

1 2}
+—T (4.16)

3¢p

This result is independent of the gauge fixing, and for the
particular case 2c¢; = —c3, the dependence on the sources is
proportional to the Einstein—Hilbert one

4 1 1
X ——— T, 7" — =T?
/c2k4cl</w 2 )

However, the factor ki4 in momentum space leads to a
confining (linear) potential in position space.

P S0Qset

cr=—2c|

4.17)
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4.1 Adding a term linear in the scalar curvature

It has been argued in [11-13] that a term linear in the space-
time curvature will be generated by quantum corrections,
even if it is not initially present in the classical lagrangian.
It is then of interest to consider the quadratic action plus the
Einstein—Hilbert action

SUHH = /d”x lg|
A 2 v Jvpo
X —2K—2R+O{R + BRuWR" + yRyype R
(4.18)

We can use the same harmonic gauge fixing (2.16) with
parameter &, so that the total operator can be written in terms
of projectors as

Q+EH+gf

1(1
jvpo = g{gPl + Q%0+ NP

—1
+ <2K262[] + ”? —an — 2)) P

vn—1
+—pr Y _px O (4.19)
2§ 28
HVpo
Inverting the operator the propagator reads
AQ+]:H+éf — E gP + P
wopo =2 1PN T e 1A
3
K200k — A(n2—2)
-1
x |:<2K2C2k2 + - 2)) p
2
1 vn—1
+—p + ¥ pr (4.20)
28 28
HVpo

Once we have the propagator, it is easy to check that the
interaction energy between two external, static sources, for
n = 4, is proportional to

W ~x T/,LV(Kf )Q+EH+ngpD'

[1vpo
e e
A ;
2 (e
n—2\20k2 - *(:é)) 2k ] 3

>loo -

1 1
_— <T,WT’“’ - —T2>
(k2 2/< cl ) 3

1 T

2/( ()

421

Notice that the only contributions to the free energy come
from P> and P as the rest of spin operators do not contribute
when saturated with the sources. The spin 2 piece can be
rewritten as

8 81 1
= p="|—a-—— P, (422
K2Qi2ek2 1) x[/@ k2 + )} 28

2/( c1

The first term comes from the Einstein—Hilbert action, giving

the well-known massless pole, whereas the second term cor-

responds to a massive k> = — 2&61

residue, coming from the quadratic action.
The spin 0 piece has the form

8 ps 16
_ 0=
22 (k2crk? — 222 r(n—2)
ot 423
2(k> — Moy k2 | 2
262y

In this case, the first term is a massive k% = ’\(" 2) spin 0

pole with positive residue, coming from the quadratlc piece
of the action. The second term is again the massless spin 0
pole with negative residue that we already encountered when
studying the EH action.

5 Lagrangians quadratic in curvature in first order
formalism

Let us now enter into the main topic of this paper, namely
the general situation in which the physics is conveyed by
the graviton as well as by the connection field. Actually, as
was pointed out in [3], when considering a metric fluctuating
around flat space there is no kinetic term for the graviton, so
that all the physics is encoded in the connection field. This
is the main reason why we underwent a systematic analysis
of the spin content of the said connection field. We consider
the general action

Sroq = /dnx lg]

x (@RIT1? + BRIT ], RITT®” + y RIT]4up0 RITT#P7)
(5.1)

and we again use the expansion around Minkowski spacetime
given by

&uv =Ny +hyy

rg, = A%

By By (5.2
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where A%y is the quantum field for the connection, which
is symmetric in the last two indices as we are restricting
ourselves to the torsionless case.

The action reduces to a kinetic term for the connection
field

SFOQZ/dHXALvKIiV){)GAzo (5.3)

where the operator reads

T L
+1P7 84 9:9") — n"VnP? 08,
N % (83670107 +8,°678"0° + 567 9"
+85'679"97) }

+ 5{% (n"P 82 8,0" + n"P 87 8, 0" + nH7 879, 8"
+1"7 82 9, 9M)

+ % (10859207 + 0P8 9297 + 078} 00"
+1"7879:0°) — % ("7 + n"Pn"7) 8.0,

1
-7 (n"P8Y 87 + '8y 87 + nh7 8} 87

+n"7 8487 D}
1
+y {mt [5 (n"*P2%0" 4+ n"P97 oM

01T 9P 40" 9P AR) — (P ¥ + Pt O] }

5.4)

In the “Appendix B” we have studied the spin projectors
for connection fields A € A, where A is the space of tor-
sionless connections (see “Appendix C” for metric, torsion-
ful connections). There are two main sectors in this space:
the one corresponding to connections symmetric in the three
indices (B.1), Ag, and the one endowed with the hook sym-
metry (B.2), A, each one with 20 components. The spin
content of the symmetric sector is

205= ()& () @2 (1) 2 (0) (5.5)
and the spin content of the hook one is given by
20, =2(2)3 (1) & (0 56)

There are 12 mutually orthogonal projectors on these dif-
ferent sectors. Projectors on the symmetric sector are repre-
sented by roman letters and indexed by the spin, P, whereas
projectors in the hook sector are represented by calligraphic
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letters also indexed by the spin, P;. Nevertheless, this is not
enough to expand the most general linear operator
K:A—> A (5.7
which has dimension 22. In order to find a basis for this space,
we need to add 10 new operators to the above set, which
are not mutually orthogonal anymore. These new operators
will be denoted as Py, where s stands for the spin. Explicit
expressions can be found in the “Appendix B.3”.

Once we have obtained the complete basis for this space,
we can expand the general operator in terms of these spin
operators as

(KroQ)y' 17 = (=2Qy + B) Py —

X 4 \)
+Qy -8 P — 387 +38) Py

4y +9a +2B) Py

.4
-2y Py —30r 48 Pl —Qy+p) P

+4BPY =22y + B) (P2 +P2)
—4y Py +2(B+y) P —4yP3)/ 07 O
(5.8)

We also need to choose a gauge fixing, in this case we take

1
St = " / d"x 007 e, AL, DA%, (5.9)
from where we can extract the operator which in terms of the
projectors reads

1
(Ken)'y 07 = ;(Pg’ +3Py+3P)—3P; + P + Py°

5 2
+P1—§P§+P;”+§P{—fp'fx

+ PV P+ P +4PH 7O (5.10)

From the decomposition of the gauge fixing operator we
see that the gauge fixing term does not posses any spin 2
or spin 3 piece. Looking at the operator (5.8) for the three
quadratic terms, we are going to have problems when y
equals zero due to the fact that P3, P; and P; disappear
from the scene. As we have seen, we cannot recover the spin
2 and spin 3 ones from the gauge fixing, so this leads to a
non invertible operator, and thus, to new zero modes.

To understand this fact, let us focus in the simplest case
where 8 = y = 0. The operator for R? collapses to

(Kg)" 07 = =9 (PHL" 27 O (5.11)
so that

1 ,
(Kpapgp)'y 57 = ;(Pg) +3P)+ (3 —-9x) P
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5
=35+ P +PY - P

2
+P{”+§P{—T§”+T'f”

+P P 4P O (512

It follows that there are a grand total of 13 new zero modes.
They are listed in the “Appendix D”. Physically, this means
that the theory has extra gauge symmetry when considered at
one loop order, in addition to the one it has for the full theory,
namely diffeomorphism and Weyl invariance. We are not
aware of any other physical system where this happens. For
what we can say, these extra gauge symmetries are accidental,
and will disappear when computing higher loop orders.

Itis plain that the first order theory has a sector in which the
connection reduces to the metric one. It is physically obvious
that in this sector the theory should reduce to the one obtained
in second order formalism. Let us then check what happens
when the connection reduces to the Levi-Civita connection.
Around flat space we have
Ay PO = 9k + 0,0, — 9Dy (5.13)

With this change we can extract an operator mediating
interactions between the /,,, and expand it in terms of the
four-index spin projectors. In this way we can see how the
six-index projectors and the four-index projectors talk to each
other. The full correspondence is as follows

A Pty A%PY hyuy Pl hP
, k*
P T
k2
P} —mn-1P§
30
P ?(n - P
! k
Py E(n - P
) k2
s —?«/n — 1Py
k2
Pys ngOX
k
Py EPI
Y k
731 — P
3
P kZP kz( 4)P§
— P — =N
2 12,27 36 0
2k? 2k? ,
7)2 7P2 T(n —4)P0
kg K2
S S w t wx ws S W 15X 55 ws't
where Py, Py PP, P PYE, PYS PR P, PEL Y

P35, P3, do not contribute when the connection reduces to
the metric one.

The end result is that spin 3 collapses to zero, and the
surviving different spin 2 sectors of the first order theory
degenerate into the unique spin 2 of the second order one.
Moreover, spin 1 reduces to spin 1 when going to second
order formalism, as well as spin 0 goes to spin 0.

In the process however, a power of k2 has been generated.
This power is the responsible for the lack of (perturbative)
unitarity of the theory in second order formalism. This prob-
lem then appears in this particular sector of the first order
theory as well.

Then, unless a consistent method is found to isolate this
sector from the full first order theory (id est, a consistent
truncation), the latter will inherit the unitarity problems of
the second order one.

6 Conclusions

When analyzing the connection field, one easily finds that
there is generically a spin 3 component. This might be a prob-
lem in the sense that it is well-known (cf. for example [27])
that it is not possible to build an interacting theory for spin 3
with a finite number of fields. Although we see no particular
type of inconsistency to the order we have worked, itis always
possible to avoid the presence of this spin 3 field altogether
by choosing a particular set of coupling constants, namely,
putting to zero the coefficient of the Riemann squared term.
This combination is not stable by renormalization, so that
this choice implies a fine tuning of sorts. In addition there
are several spin 0, spin 1 and spin 2 fields. This proliferation
of spins occurs even for the Einstein—Hilbert action when in
first order formalism.

When the connection collapses to the metric (Levi-Civita)
form, the spin 3 component disappears, and all spin 2 com-
ponents are identified, but this sector suffers from the well-
known unitarity problems present in second order formalism.

In conclusion it is unclear whether it will be possible to
define a truncation of the gravity lagrangian quadratic in cur-
vature in first order formalism in which the problems of uni-
tarity are absent. It seems that the healthy sectors do not
describe gravity, and the sectors that do describe gravity fall
into the known unitarity problems. To be specific, let us define
a scalar product in A

(A1]Ay) = fd(uoz)A,ﬂMA‘;“ 6.1)

Then the subspace A+ orthogonal to the metric connections

AE}UC)L) = athU)» - avhm - 8Ah/Lu (6.2)
is defined by
AL € AL & oM (A[,Ll))» — Av,u.A + Alvu) =0 (6.3)
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which in terms of projectors reads

1 1
A nuor = (Tf))ﬁz; Qpar
+ (P Qe + (PP Qo

+ (PP Q3+ (P3P Qb

+ P Q2

KA SEpot HnvA "fpot
+ (P T Q0 (6.4)
where Qfogr e A.

Now, if we want to write a local lagrangian involving A+
only, we encounter the same problems we faced early on
when we intended to write a lagrangian in terms of hfw only
(2.13). For example, taking just the spin 3 part, due to the
fact that (P3)ZZ; Q)01 goes as 073, we will need to have an
action of the type

S = K% f d(vol) A® ,,, TP AGH 6.5)
if we want it to be formally local (in the sense that no negative
powers of [] appear).

It is perhaps worth remarking that some of these prob-
lems are shared even by theories linear in curvature, as soon
as fermionic matter is coupled to gravity. In this case the first
order formalism and the second order one are not equivalent,
and in fact when treating the theory in first order formal-
ism, spacetime torsion is generated on shell. This fact seems
worthy of some extra research.

More work is clearly needed however before a good under-
standing of the first order formalism is achieved.
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Appendix A: Spin content and spin projectors

In order to get the spin projectors for a symmetric tensor
hyv, let us start with a simple vector field u/*. If we consider
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a timelike reference momentum k* (with k> > 0), physics is

simpler in the adapted frame where
k' =8l (A1)

Therefore, the spin content of a vector u* which we represent
as D is

s=1:u4' 3 components,

s=0:u4" 1 component. (A2)

And the corresponding projectors in momentum space read

1 0 0 0
o k2 0 0 0 0
0 0 0 0
00 0 0
ko kP 01 00
B _sp_ Rl _ g _
PP — §F [ = 0, 00 1 0 (A.3)
00 0 1

It should be noted that these operators are non-local in posi-

tion space where a stands for (J-!. We shall use both
momentum and position space as equivalent. That is, we

could as well write

L
we P ==
O
L

b =8 - =5 (A4)
so the traces read as follows

Tr Py =1

Tr P =3 (A5)

As it is well-known, the metric £, (or equivalently, the
frame field, 2% ;) transforms in the euclidean setting under

the representation 10 = D:‘ of SO(4), so the spin content
and corresponding projectors are given by

T 1
s=2: hij Ehij_ghgij

1
(667 +6760) — 36,6

N =

(P27 =
s=1: ho

1
(P = 5(95‘”3 + 07l + 00w, 4 67 o)

s=0: hg
(P(;U)ZZ = oo™
s=0: hESijhij
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1
po
(P3)s =3
These particular projectors have been studied previously by
Barnes and Rivers [23,24]. They are complete in the sym-
metrized direct product

0,0,6°° (A.6)

Sym(Tx & T) (A7)

where T, is the tangent space at the point x € M of the
space-time manifold.
It is convenient to define another projector

Py= Py + Py (A.8)
and the non-differential projectors are
177 = ! 3P8% + 89680
wy = 5( Oy 0y V)
1
T,fff = an.v’]pg (A9)

Then we can write a closure relation for these projectors, to
be specific,

(P55 + (PO + (Po)s = 117

(A.10)
These projectors are not enough though, as they do not form
a base of the space of four-index tensors of the type of inter-
est. Such a base is formed by five independent monomials,

namely (permutations are implicit)

M = k,kykoko

My = kykynpo

M3 = kykonpv

My = nuvipo

Ms = npnve (A.11)

Therefore, in order to get a basis, we then need to add a new
independent operator

(POX)Z[; - %(a)wef’" + O @”?)

that can be identified with the mixing of the two spin 0 com-
ponents, i and hqo. It is clear that this new operator cannot
be orthogonal to the other four, since closure implies that
the only operator orthogonal to the set that closes is the null
operator.

(A.12)

Appendix B: Spin content of the symmetric connection
field

In this appendix, we decompose the operators mediating
between two connection fields A5, = g Fg yo symmetric
in the last two indices, because we are assuming vanishing

torsion — in terms of the spin projectors of this field. The
procedure is analogue to the one followed in “Appendix A”.
Since A/,LU)» = Aukv’

Apr € A=T, @ Sym (T @ Ty) (B.1)
The quadratic kinetic operator in this space is
KeA® A (B.2)

In order to disentangle the physical meaning of the gauge
piece of the total action, we would like to expand K as a sum
of projectors with definite spin. There are 22 independent
monomials to consider. Let un proceed by steps.

The projector into A — namely, the identity in this space
—is

_ o pn @B _ Lo (Bsy oy ep) _ 1
Po= (P = 385 (V6] +o08]) = 5 (1.0.0.1,0,0)
2 po\@BY) (patb) _ palbe) _
Py = (P0) 2y P0daqy) = Puwny =70

Py A=A (B.3)
(where the last equality in the first equation refers to the vec-
tor notation introduced in the “Appendix E”). The subspace
A corresponds, in terms of representations of the tangent
group SO(4), to the sum of a totally symmetric three-index
tensor plus a tensor with the hook symmetry

[T lelJ=[TT]al]
(B.4)

2,00 {1} ={3,0} ® {2, 1}

In terms of dimensions this is 40 = 20 + 20. The Young
projectors are

AN =

Ps = (Pagm) iy = {5;’;555{ + 8057 5%

B p
+ 87,808, + 65818, + 8hss) +555§ag}

1
=6(1,1,1,1,1,1) (B.5)
and the hook representation
Py 1 BsY p 1 BsY
— D — o o o
Py = ()uvk = 3{5M5v 85 +8M81’,’5A — 58‘)6#8/\
Lsasbor _ Loaspsr _ Loasesy
_Evku_zkuu_zkuv
1 1 1 1 1
=-\l,—=z,—z.1,—z,—z (B.6)
3 27 2 27 2

It should be stressed that this projector is not symmetric
in («B), but rather in (B, y).
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aBy aBy

(e),.= ().,

< afy afy afy
PW> + <PW> + (73) =0 (B.7)
@é VA ﬁ VA VA

In the following, we will keep this notation: P for the
projectors in the symmetric subspace and P for those in the
hook subspace.

The Young projectors are symmetric, orthogonal and add
to the identity in A

Pl =Ps P}, =Py
PsPy = PyPs =0
Ps +Pu = Py (B.3)

Then we can always write for any A € A

A=PyA=As+ Ay (B.9)
with

PSAS = AS
PuAy = Apn (B.10)

B.1 The totally symmetric tensor

Let us start by determining the spin content of the totally
symmetric piece (P{3}A)aﬂy = Agy)-
We can decompose it in its spin components as

e First the spin 3 component, which is given in the rest
frame by

1
Aljk = Aijk = 5 (Aidjx + Ajdix + Adij)  (B.11)

where

j

(B.12)

There are of course 7 components in this set.
The spin 3 projector reads

1

(P3)§fﬁ)1j = g(gaveﬂueyk + eaueﬂvey)»
+6%,68,07, +0%,6°,07 , +0%,0°,07,
+9“A9ﬂueyv>

1
T <9°‘v9ﬂV9M + 6768 ,0,,

+0%P07 0, + 0% ,60P7 6,5 + 676 ,0,;
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+60°PO7 60,5 + 0%,6P70,, + 67 6P 0,
+9“ﬁemew) (B.13)

e The spin 2 component is given in the rest frame by

Agij = Avij — %AOSij (B.14)
where
Ao=)_ Avi (B.15)
i
The projector reads
(P = L0P 07 o™y + L6 .67 0
— §6P70,,0%,
+ 566,07 50%, + £07,07 .0,
— §0P7 0,07 + £6° 107 0%,
+ %Gﬁ;ﬂyuwav — %Qﬁy&ua)“u
+ 0,07 w0l
+20%,07 0P 5 — §60°7 007,
+10°,07 50" + 207,07,
x P, — %9“7’9)\1,60’3”
+ 30%,07 50" + £0%,07 Ly,
— §0°70;,0°,
+ ée“ueﬁﬂwm + %Qalﬁﬁua}yk
— §0°P0,,07 5 + £0%,0F 507,
+10%.0P 0" — §0°P 05,07 )
+ 10% 0707,
+:0%.0P 0 — §6°P 0,07, (B.16)

e There are two spin 1 components. First the one that is
given in the rest frame by

Aijr8* (B.17)

with projector

1
(P‘;)‘;ﬁg = E(a%el“ye,M +670P 0,5 + 60°P07 ,0,,

+ 69,0076, +0°76F .6, +6°P67 .65,

+ eakeﬁyeuv + eayeﬂkguv + 90(/39)/)\9[“))
(B.18)

The other corresponds to

Agoi (B.19)
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and the projector is

(P'f)‘;ﬁg = é(@va“uw’g;\ +07 yw wh,
+ 07w wf y + 67w w67 wwh,
+9y;\wauwﬂv —I—Q‘ngaﬂwyk +0ﬂuwavaA
+ 6% wP w?; + é@“uwﬂvak
+ 6P w4+ 6P uw
+ ée%wﬂkwm +6%wP o,

+ 6P w w?y + 0P 5w w?

1
+ geaﬂwﬁkwm + eakwﬁﬂwyo (B.20)

e There are also two different spin zero components. The
first one corresponds to

Apoo (B.21)
and its projector is
(Pg’)iﬁz = é(waua)ﬂ“w”x + 0® 0P o,

+ 0*y0f 10" ) + 0%0f 0,

+ 0® 0P 0", + w%wﬂuwyv> (B.22)
while the second one corresponds to
Agij8" (B.23)

with projector

1
(P(S))())fﬁ}; = 6 <9ﬂy9uvwak + gﬁyglnwau + Qﬂygu)\wav
+ 67 0,,wP 5 4 6% 5, wP
+ 697 0,5wP, +6%P6,, w5 + 60°Po, w7,

+ eaﬂeMwVv) (B.24)

Altogether we have accounted for the 20 components in
this set and the spin content is

20=03)o2)®2(1)®2(0) (B.25)

Indeed, they satisfy the closure relation that symbolicall
reads,

P} + Py +P{ + PV + Py +P3 =Ps (B.26)

B.2 The hook sector

Let us now work out the spin content of the 20 components
of the diagram Py 1) A.

We will henceforth assume that connections are already
projected into the corrresponding Young subspace, that is,
when A € A,

Acsy = PrA)apy

1
= 3 (2Aapy = Apya = Avep) = Aupy (B.27)
This implies cyclic symmetry
Aapy + Apya + Ayap =0 (B.28)

Consider first components with one element in the direc-
tion of the momentum (that is the O-th component in the
rest frame). Remember that for the projectors acting in this
subspace we are using the letter P.

e There is only one spin zero, a trace that is given by

3
> Ao (B.29)
i=1
that is
G —éeﬁyeww% + geﬂyemwaﬂ
- éeﬂyemw% + %eweﬂvw%
- éewemwﬁu + %eweﬂxwﬂv
+ ligeaﬁe,wwﬂ
- ée“ﬂmwuy + l—lgeaﬁewwvy (B.30)
e There are three spin 1 components. First
1
3 (Ajoi — Aioj) (B.31)
corresponding to
PHY = —‘1—‘9%6)Myuﬂ‘fA + %eaueyw%
+ %eaﬂeﬂwﬂv - %eakeﬁwﬂu
- %e%eﬂﬂwﬂ
+ %G“lﬁﬁvw;f’ + %Qa,ﬁﬁ,\wuy
_ %e‘ﬁeﬁuwﬂ (B.32)
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The second one is given by

Ajoo (B.33)

1 1
(P;U)iﬁ)‘j = Eguywauwﬁk _ gguywavwﬂk

1 1
+ Egvywa)\wﬂu + Egk)’wavwﬂu
1
— g@,ﬂ’wa;\wﬁv -+ Ee;tywaﬂwﬁu

1 1
+ Eéﬂvwauwﬂ - geﬁuw%wﬂ

1 1
— Egavwﬁllw)»y + geauwﬂvwky

(B.34)

And there is also a spin 1 trace given by

1 1
(PO = —geaveﬂyew + Ee“geﬁuew

1 1

R Ee“ﬂemew + geaueﬂyeln
1 1

—~ geﬂgeﬂﬂeln —~ geaﬁemeln
1 1

— geakeﬁye,w + Eeageﬁke,w

1
+ —60%07 360, (B.35)
12
e Finally, there are two spin 2 projectors. The first one is
the transverse traceless spin two component

3

1
(Ajoi + Aioj) — 36ij Z Akok

(B.36)
3 k=1

| =

with projector

p 1 1
(P25 = _ge)ﬂveyuwaA - geﬁueva%
1 1
- §eﬂye,ww‘ﬁ + geﬁvemwau
L o _Zoprg o
+§9 107w “_59 V0w,

1 1
— geﬁuemw% - geﬁkey,iw%

1 1
+ §eﬂyeww°‘v + Ee%eyuwﬁk
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1 1
+ Ee%emuﬂ% - Eeweww%

1 1

— geavenwﬁu - geakemwﬂﬂ
1 1

- 59‘”9“11)% - E@”‘,ﬁ”,\wﬂv

+ l—lze‘ﬁeyﬂwﬂv - 1—189"”/9Mwﬂv
+ %GQUG’SMw)’A + %Oaﬂéﬂvw”)\
- %Seaﬁewwm - ée“veﬁkwm
— é@“;@ﬁvw”u + %6’“’391nw”ﬂ

+ %GQMOﬁAwVU + %Qa;ﬁﬁﬂwyv

1
— —6%g; 0,

T (B.37)

The second one corresponds to the spin 2 traceless con-
nection field

T _ 4.
Ajjk = Aijk —

32 — 1}
10

dij (B.38)
with projector

1 1
(PR = =00 w73+ 3046767,

1 1
- geaveﬁkeyﬂ — geaxeﬁvem
! B. oY 1 B pv 1 By
+§9 pL9 )ﬂ u_gg )ﬂ /49 v+g‘9 ve 9)4/,
1 1 1
- Ee“é’eﬂvew - Eeaﬁemem - geaﬂeﬂyeln

1 1 1
+ geageﬂﬂeln + geo’ﬁemeln + geaxeﬁye,w

- %9"&9%9‘” - ée“ﬂenew (B.39)
Therefore, the spin content in this sector is
20, =2(2)®3 (1)@ (0) (B.40)
Finally, the closure relation in this space reads
PS4+ Pl +P+Pi+Pr+Ps=Pu (B.41)

B.3 Mixed operators completing a basis of L(A, A)
Let us represent by L£(A, A) the space of linear mappings
from A in A. It is plain that a basis is given by (again, with

implicit permutations)

My = kykykykokgk, My = nkkokgk,
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M3 = nuvkikokgk, My = nuakoky kgks
Ms = nugkvkykok, Me = npkkikaky,
M7 = nuanpgykvks Mg = nupnay kvks
My = nagnykpky  Mio = naangykuky
M1 = nuangykuke M2 = nugniy kuka
M3 = noanaykuks Mg = Nuannykpkp
Mis = nuatvpiny  Mie = Nualvinpy
M7 = nugivany  Mig = 0usNvillay
M9 = nuumanpgy M20 = 0agNay
M1 = nuanvangy M2 = nuanvglay

So far, we have obtained 12 different operators that satisfy
the closure relation.

Given the fact that we have obtained up to now 12 pro-
jectors, which added to the identity in our space — see (B.26)
and (B.41) —, itis plain that we are 10 operators short in order
to get a complete basis on the space £(A, A). The remaining
operators (which are not, in general, projectors) correspond
to the mixing of equal spin components of A. In the same
sense that P, in (A.12) corresponds to the mixing of the two
spin 0 components of /,,. Hence, we are going to classify
them by their spin.

e There are three of them with spin O

(.:Ptv)w)aﬂ)/kﬂv — gguvwakwﬁy + égkvwauwﬂy
+ é@’wa)“”a)ﬁy + é@“”w“ywﬁ)‘
_ 2 oy B _ 2 ghu ey By

1 A 2 A
+ =0 PVt — Zgr P
2, aff yv 1 By  av A
— 0o o +§0 Y o* o™
_ %gaya)ﬁva))\ll« _ %eaﬂa)vam
9 9
+ l@ﬂywaﬂwkv _ zgaywﬁuwkv
9 9
2

— ZpB v 4 i@ﬁywakwuv
9

+ é@a}’wﬁkwﬂ«v + é@aﬂa)w‘a)“v
(B.42)

(:P(l;Js)otﬂyMl.u — ég;},uwakwﬁy + lgkvwauwﬁy
4 lgwwavwﬂy + lguvwwwﬁk
9 9

+ lgkvwaywﬂu + lgwwaywﬁv
9 9

+ leﬂva)aﬂw)/)t + lekvwaﬂw}/ﬂ
9

+ lgkﬂwaﬁwyv + leﬂywavwku

+ é@a}’wlngkll + éeaﬁw}/vwku

+ é@ﬂywa”a)“ + é@“"wﬂ“w“

4 lg“ﬁwyﬂwlv + leﬁywakwuu
9 9

+ leaywﬁkwuv + leaﬁwykwuv
9
(B.43)

(fp)é)txﬁymv — égaygkvwﬂﬂ + lgwgwwﬁv

1 1
+ geaﬂek”ww + ge“ﬁewww (B.44)
e There are six with spin 1

(Tzlux)aﬂykuv — L_ltevaauwﬁl + %eyuwavwﬂl
4 19vaakwﬁu + lgwwakwﬁv
4

+ %gﬁvwauwﬂ + %gﬂuwavww\

+ %gﬁvwalww + lgﬂuwalww
(B.45)
((pr]M)aﬂymv — lgyvgkuwaﬂ 4 lgyugkvwaﬂ
+ ée”eﬂ”waﬂ + %eﬂ”e)%ﬂy
+ %eﬁﬂelvww + éemeﬂvw‘w
+ ée”“ewwﬂy + ée“ﬂe*”wﬂy
+ é@w‘Q’wa)ﬂy + é@“”@ﬁyw}‘“
+ éeweﬁ”ww + ée“ﬁewww
+ ée“ﬂeﬂyw“ + ée“?eﬂ“w“
+ ée“ﬁeww“ + ée‘“eﬁm““
- éeweﬁxw“” + ée“ﬁeﬂw (B.46)
(?‘iw)aﬂykuv — éeyvekuwaﬂ
+ lgyugkvwaﬁ _ ggylguvwaﬁ

+ éeﬂ“m“ww
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(:Pi)()aﬁykuv —

(9)§S)aﬁykuv

(z})llvst)otﬁykuv —
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+ lgﬂltelvway _ zgﬂ)\euvway

— %gavgf\uwﬁy — %gaugkvwﬁy

1 Sgugrrgpy _ Zguvghy
! aygfv, A 1 aBpyv, A

LA U
2

_ 5901#9/3)/0)“ + é@‘”’@’s“w}‘”

+ %Qﬂtﬂg)’uwlv + ggalgﬂlfwlw

_ %gaygﬁkwuv _ ggﬂtﬁgykwuv

_ggyvgkuwaﬁ _ ggyugf\vwdﬂ

+ lgy)»guvwaﬁ _ geﬂvema)ay
_ ggﬂuglvway + égﬂkgﬂvway
i éeavekuwﬂy 4 éeaugkvwﬁy
+ geakeuvwﬁy T éeaveﬁyww
_ %eayeﬁvwku _ %Qaﬁeyuwm
+ égtwgﬁywlv _ ggaygﬂuwln
_ g@o‘ﬂé”“a)” + g@‘”@’gya)“”

+ éeweﬂkw“” + ée“ﬂeﬂww

- igavgﬂygku
18

1
+ =07 PpH!
72

1 1
—_paBgrvorn 4 gangBygh
+ 72 + 18

(B.47)

(B.48)

v

1 1
—pevgBurgrv 4 — paBgyughy
+ 72 + 72

+ %9“9/‘3)/9#1’ + i@“)/gﬁkglw
9 18

1
+ —gePgrigmy
18

_igyvgwwaﬁ
18

_ 1]_89)//49)»110)0(;3 _ %eyleuvwaﬂ
_ igﬁvglﬂway
18

(B.49)

— igﬂugkvww — %gﬂkguvway

18

5 avgn B 5 apghv B
+ﬁ9 9 “a) V+§9 “6 [0} 4
+ égﬂﬂugwwﬂ}’ _ ;9“”9‘9)’60)‘“

_ %Qayeﬂvwku _ 1_1890!/39)”}0))\#

_ ggaugﬁ)’wlv _ ligaygﬁuw)»v

— ie“ﬂewc&” + L gargpy v

18

5 5
Zgargbr v 4 = gaBgyh uv
+ 13 "+ 13 w

(B.50)

e Finally, there is one more with spin 2

(Tg)aﬁykuv — %eaveykwﬁu 4 %Qakgvaﬂu

_ é@“yﬁ)“va)ﬂ“ + %gaugylwﬁv

T Lpergrghr — Lgar iy
4

+ igﬂlvgﬂlw)fﬂ + %900»9/3”0))/#

_ lg“ﬁg“w)/u + lgaugﬂkwyv
6 4

+ %eweﬁﬂww — %eaﬂewa)y” (B.51)

Appendix C: Spin content of the antisymmetric connec-
tion field

In this appendix, we decompose the operators mediating
between two connection fields A,p, = guyu ', — antisym-
metric in the las two indices because we consider torsionful
connections which fulfill the metricity condition— in terms
of the spin projectors of this field. The procedure is analogue
to the one followed in “Appendices A and B”.

The subspace .4 corresponds, in terms of representations
of the tangent group SO(4), to the sum of a totally antisym-
metric three-index tensor plus a tensor with the hook sym-
metry

0,2} ® {1} ={0,3} & {2, 1} (C.1)
In terms of dimensions this is 24 = 4 + 20

C.1 The totally antisymmetric tensor

We want to determine the spin content of the totally antisym-

metric piece A[gy 1, in this case there are only two monomials
we can form
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Mos = sl5s8s7]

Moy = 8(588k7 k) (C.2)
The totally antisymmetric piece is represented as

{0, 3} @ (C.3)

and the corresponding Young projectors are

afy

_ 1 8

(p@) = 6{53555{ + 888758 + 87,895 — 5%87 5]
é JLVA

— b8y — 5;5553}

1
:6(171als_1s_17_1) (C'4)
where the notation of the projectors in the same as in
“Appendix B”.

We can decompose it in its spin componets as

e First the spin 1 component

1
5 (Ajoi — Aioj) (C.5)
with projector
([‘;l)aﬁykuv — _lea\)eﬁ/},e?}»
6

+ é@““eﬁveﬂ + ée‘”eﬂkew

_ égw\@ﬂvmu _ égdugﬁkgw

+ ée‘“eﬁ“ew (C.6)

e The spin 0 component is

A[ijk] (C7)

with projector
D A 1 A 1 s
(po)aﬁy nw _gwa gBvgri + gwd gBrgYYy
+ lwaﬂgﬁ\)gyl _ lww@ﬂk@w
1 avp r 1 oV
— —*OPHOT 4 —w* O (b, OV
6 6
+ l@“”wﬁkg)’ﬂ _ lgauwﬁf\gyv

_ é@avwﬂugyl + %gaka)ﬁugyv

+ ée"‘“wﬁm” - ée‘“wﬁ“ew

_ é@“”@ﬂ“w” + égwgﬂvwﬂ

+ l@aveﬂkww _ lgalgﬂvwm

_ lgaugﬂkwyv + leakeﬂuwyv (C8)
6
Finally it is easy to check that
(Pihy. = POy + (Poyh (€9)

In terms of dimensions this is 4 = (1) & (0).

C.2 The antisymmetric hook sector

We determine the spin content of the antisymmetric hook
piece Ag[gy]. in this case there are six monomials

Mos = 878587

Mo = k% 8\F 67
My = k8 kyol]
Mag = 8¢, k1P r, 6]
Moy = 63 kP61

Mso = k%, k1Pk,87] (C.10)

The antisymmetric hook part corresponds to the piece

2,1} [ (C.11)

The Young projectors reads

aBy 1 1
D, — D — By B BV
PH = <>lw)L = g{Sg(Sv 8A - 5353}/5)\ + 58381181

1 1 1
- 553‘5{’3; + 553‘35’35 _ Eagsﬁag}

1 1 1 1 1
= 15_7__7_17_5__
3 22 22

We can decompose it in its spin componets as

(C.12)

e There are two spin 2 component. The first one is the
transverse traceless spin two component

(C.13)

| =

3
1
(Ajoi + Aioj) — 55,‘,' Z Aok
k=1
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with projector

(752)131/3}’)»#1) — leavwﬁueyk + lea)\wﬂp.eyv
4

_ éeaywﬂu@vk _ %Qauwﬂveyk

_ %gakwﬂvmu + lgwwﬂvQM
_ lgavgﬁlwyu _ lgalgﬁvau

+ l@“ﬂw}’ﬂgﬂ + leaueﬂkwyu
6 4

4 Lgwrgpugry — Loesrvgni (c1ay
4
The second one corresponds to the spin 2 traceless con-

nection field

1 1
Al = A — 2178 + 1k (C.15)
where 7; = Z;’:l Ajij, with projector
(ﬁg)aﬂyk;w — éeaveﬁueyk _ éeaugﬂveyk
— égavgﬁlg)/u
I 1
— _gergPrgvi ggﬂtu@ﬂlgyv
3
+ lgw\gﬂugyv
3
1 ay nBvph 1 afpyvoh
+ZO Yo 9“—59 orYverH
1 1
- Zeayeﬂ,w“ + Ze“ﬂeww (C.16)
e There are three spin 1 components. First
1
5 (Ajoi — Aioj) (C.17)

with projector

(ﬁf)aﬂywv — _lwakgﬂvgyu + lwakgﬁugyv
3 3

_ lwaﬂgﬁvgﬂ + lwaﬂgﬁlgw
6 6
+ L wmppugri _ L avgpigrn
_ lgavwﬂ)\gw
1 A
+ ggtwwﬁ Qvy —

1
et Brgry
+ B w

igavwﬁugﬂ
12
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+ Lgaﬂwﬂvm)\ _ igakwﬂv@w
12 12
+ lgavgﬂuww» _ lgaugﬁvak

6 6

+ Lowgprgrn _ Lgargpugn
12

12
_ igaﬂgﬂkw}’v + ig“lgﬂﬂwyv
12
(C.18)
The second one is given by
Agio (C.19)

corresponding to

(ﬁf))aﬂykuv — %waﬁgvaku _ %wayeﬂvwku

- %w“ﬁeww“ + %w“’”@ﬂ“w’\” (C.20)

And there is also a spin 1 trace

Ajij (C.21)
j=1

given by

(ﬁ{)aﬂymv — _19011’9/3\)9)»# + lgaﬂgyvgm
4 4

+ %9“)’9/5#9)»“ _ %901}39)’#9“

(C.22)

e There is only one spin zero, a trace that is given by

(C.23)

3
ZAiOi
i=1

that is

1

(730)01/3}’)41” — éeaywﬂuekv _ _eaywﬂveku

~Lgep gy Loas yrogin (coa)
6 6
Finally it is easy to check that

(Pu)ys = (Pl + (P

VA VA VA

+ Py + (PP

+ (PDIT + Po)ib!

P uvh (C.25)

In terms of dimensions this is 20 = 2(2) & 3(1) & (0).
These projectors agree with the ones obtained by Sezgin
and van Nieuwenhuizen [29].
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Appendix D: Zero modes for R?
In Sect. 5 we had determined the quadratic one loop operator

in the particular case where the lagrangian is proportional to
R2, the square of the scalar curvature.

I
(Kpeygn)' {7 = ;(P‘OU +3P)+ (B9 Py —3 P
5
+ P+ O +PY - S Py
2
+P;”+§7>{ — PP+
.S W S X A wv po
TP Harr) 0 o
T

It can be checked that this operator has 13 independent
zero modes, which are written in terms of the spin operators
acting on an arbitrary field Qqp, € A as

By
Py + Py — )jw Qupy
= (=P + P} + 3P — 3730 — 3P
afy
Py :Psw))qw S2apy

2PY —|-’P1 + i])wY _ %ﬂ)sw _ li])wrt)itﬁ)‘j Qaﬂy

=
(P
= (2P +P| —
(-
(-2

?w”)aﬁy Qapy

3 s
2PY + Py — 3P+ P - Ay

7:Pwst)°‘ﬂ7 Qaﬁy

14 pw
_Pl Auv

Z7 = (Pl)xﬂy Qapy
(f])wX)‘;ﬂ)’ Qaﬁy

Zg = (—¢PY +

21 pws S
— 2pws ppis

= (Pz)mU aBy
Zio = (P)SE) Qupy
Zii = (PO Qupy
Zin = (P )Mw Qupy

Z;3 = (Ps)mv By (D.2)

It is quite remarkable that the system has extra gauge sym-
metries at one loop order that are not present in the exact
lagrangian. The physical meaning of this is discussed in the
main body of the paper.

Appendix E: Fun with S3
Let us highlight the procedure to get the spin projectors in a
systematic way. Denoting the elements of permutation group

of three elements S3 actingon Tpg, € T X T x T as

g1 =82805]

o= 5;25533

g3 = 87,8950
g4 = 062578)
gs = aﬁaaay
g6 = 87,8087 (E.1)

The most general projector in this space can be written as

i=6 U
P = Z Cigi= <V> (E.2)
i=1
where we have defined the column vectors
Ci Cy
U=|C | V=|Cs (E.3)
C3 Ce

Those operators are not symmetric ones; rather the transpose
operator is given by

(C1, C2,C3,Cyq, Cs, Ce)T = (C1, C3, Ca, Cy4, Cs, Ce)

(E4)

It is important to keep this in mind when multiplying projec-
tors.
On the other hand, it is not difficult to establish that

pron(s)-()

AU’ + BV
- <BU/ + AV’) E.5)
with
G G O
Mz(g i)AE C, C; C3
G G C
Cy Cs5 Cg
B=|Cs Cg Cy4 (E.6)
Ce Cy Cs
All this implies that
0
Cs4 + Ces5 + Cag
Cos + C45 4+ Cs6
[P, P'] = | Cs2+ Ce3 + C35 4+ Cg (E.7)

Csy 4+ Ce3 + C35 + Cog
Ce2+ Cy3 4+ Co4 + C36
C4p 4 Cs3 4 C34 + Cos
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where

Cop = CaC,; — CbC(;

(E.8)

These formulas make it trivial to check all assertions about
projectors, which have been nevertheless also verified with
xAct [28].

References

10.

12.

. K.S. Stelle, Renormalization of higher derivative quantum gravity.

Phys. Rev. D 16, 953 (1977). https://doi.org/10.1103/PhysRevD.
16.953

Classical Gravity with Higher Derivatives, Gen. Rel. Grav. 9, 353
(1978). https://doi.org/10.1007/BF00760427

E. Alvarez, Quantum gravity: a pedagogical introduction to some
recent results. Rev. Mod. Phys. 61, 561 (1989). https://doi.org/10.
1103/RevModPhys.61.561

L. Alvarez-Gaume, A. Kehagias, C. Kounnas, D. Liist, A. Riotto,
Aspects of quadratic gravity. Fortschr. Phys. 64(2-3), 176 (2016).
https://doi.org/10.1002/prop.201500100. arXiv:1505.07657 [hep-
th]

T. Biswas, E. Gerwick, T. Koivisto, A. Mazumdar, Towards sin-
gularity and ghost free theories of gravity. Phys. Rev. Lett. 108,
031101 (2012). https://doi.org/10.1103/PhysRevLett.108.031101.
arXiv:1110.5249 [gr-qc]

T. Biswas, T. Koivisto, A. Mazumdar, Nonlocal theories of gravity:
the flat space propagator, arXiv:1302.0532 [gr-qc]

T. Biswas, A. Conroy, A.S. Koshelev, A. Mazumdar, General-
ized ghost-free quadratic curvature gravity, Class. Quant. Grav. 31
(2014) 015022 Erratum: [Class. Quant. Grav. 31 (2014) 159501]
https://doi.org/10.1088/0264-9381/31/1/015022, https://doi.org/
10.1088/0264-9381/31/15/159501. arXiv:1308.2319 [hep-th]

T. Biswas, A.S. Koshelev, A. Mazumdar, Fundam. Theor. Phys.
183, 97 (2016). https://doi.org/10.1007/978-3-319-31299-65.
arXiv:1602.08475 [hep-th]

T. Biswas, A .S. Koshelev, A. Mazumdar, Consistent higher deriva-
tive gravitational theories with stable de Sitter and antide Sitter
backgrounds. Phys. Rev. D 95(4), 043533 (2017). https://doi.org/
10.1103/PhysRevD.95.043533. arXiv:1606.01250 [gr-qc]

P. Baekler, FW. Hehl, Beyond Einstein—Cartan gravity: quadratic
torsion and curvature invariants with even and odd par-
ity including all boundary terms. Class. Quantum Gravity
28, 215017 (2011). https://doi.org/10.1088/0264-9381/28/21/
215017. arXiv:1105.3504 [gr-qc]

. E. Alvarez, J. Anero, S. Gonzalez-Martin, Quadratic gravity in first

order formalism. JCAP 1710(10), 008 (2017). https://doi.org/10.
1088/1475-7516/2017/10/008. arXiv:1703.07993 [hep-th]

E. Alvarez, S. Gonzalez-Martin, Weyl gravity revisited. JCAP
1702(.02), 011 (2017). https://doi.org/10.1088/1475-7516/2017/
02/011. arXiv:1610.03539 [hep-th]

@ Springer

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

. E. Alvarez, J. Anero, S. Gonzalez-Martin, R. Santos-Garcia, A

candidate for an UV completion: quadratic gravity in first order
formalism, arXiv:1710.01764 [hep-th]

M.B. Einhorn, D.R.T. Jones, Renormalizable, asymptotically
free gravity without ghosts or tachyons. Phys. Rev. D
96(12), 124025 (2017). https://doi.org/10.1103/PhysRevD.96.
124025. arXiv:1710.03795 [hep-th]

J.E. Donoghue, G. Menezes, Gauge assisted quadratic gravity:
a framework for UV complete quantum gravity. Phys. Rev.
D 97(12), 126005 (2018). https://doi.org/10.1103/PhysRevD.97.
126005. arXiv:1804.04980 [hep-th]

A. Salvio, A. Strumia, Agravity up to infinite energy. Eur.
Phys. J. C 78(2), 124 (2018). https://doi.org/10.1140/epjc/
$10052-018-5588-4. arXiv:1705.03896 [hep-th]

J. Ehlers, F.A.E. Pirani, A. Schild, The geometry of Free Fall and
Light Propagation, in General Relativity, Papers in Honour J. L.
Synge, ed. by L. O’Raifeartaigh (Clarendon Press, Oxford, 1972),
pp. 63-84

P.G. Ferreira, C.T. Hill, G.G. Ross, Inertial spontaneous symmetry
breaking and quantum scale invariance, arXiv:1801.07676 [hep-th]
M .B. Einhorn, D .R .T. Jones, Induced gravity I: real
scalar field. JHEP 1601, 019 (2016). https://doi.org/10.1007/
JHEPO1(2016)019. arXiv:1511.01481 [hep-th]

A. Salvio, A. Strumia, Agravity. JHEP 1406, 080 (2014). https://
doi.org/10.1007/JHEP06(2014)080. arXiv:1403.4226 [hep-ph]
L.L. Shapiro, Mod. Phys. Lett. A 9, 1994 (1985). https://doi.org/
10.1142/S0217732394001842. arXiv:hep-th/9403077

S .D. Odintsov, I.L. Shapiro, Curvature phase transition in R> quan-
tum gravity and induction of Einstein gravity. Theor. Math. Phys.
90, 319 (1992). https://doi.org/10.1142/S0217732394001842.
arXiv:hep-th/9403077

K.J. Barnes, Unpublished (part of Ph. D. Thesis at University of
London) (1963)

R.J. Rivers, Lagrangian theory or neutral massive spin-2 fields.
Nuov. Cim. 34, 386 (1964)

P. Van Nieuwenhuizen, On ghost-free tensor lagrangians and lin-
earized gravitation. Nucl. Phys. B 60, 478 (1973). https://doi.org/
10.1016/0550-3213(73)90194-6

P. Creminelli, A. Nicolis, M. Papucci, E. Trincherini, Ghosts in
massive gravity. JHEP 0509, 003 (2005). https://doi.org/10.1088/
1126-6708/2005/09/003. arXiv:hep-th/0505147

X. Bekaert, N. Boulanger, P. Sundell, How higher-spin gravity sur-
passes the spin two barrier: no-go theorems versus yes-go exam-
ples. Rev. Mod. Phys. 84, 987 (2012). https://doi.org/10.1103/
RevModPhys.84.987. arXiv:1007.0435 [hep-th]

J. M. Martin-Garcia et.al. xAct: Efficient tensor computer algebra
for Mathematica. 2002-2013. http://xact.es/

E. Sezgin, P. van Nieuwenhuizen, Phys. Rev. D 21, 3269 (1980).
https://doi.org/10.1103/PhysRevD.21.3269


https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1007/BF00760427
https://doi.org/10.1103/RevModPhys.61.561
https://doi.org/10.1103/RevModPhys.61.561
https://doi.org/10.1002/prop.201500100
http://arxiv.org/abs/1505.07657
https://doi.org/10.1103/PhysRevLett.108.031101
http://arxiv.org/abs/1110.5249
http://arxiv.org/abs/1302.0532
https://doi.org/10.1088/0264-9381/31/1/015022
https://doi.org/10.1088/0264-9381/31/15/159501
https://doi.org/10.1088/0264-9381/31/15/159501
http://arxiv.org/abs/1308.2319
https://doi.org/10.1007/978-3-319-31299-65
http://arxiv.org/abs/1602.08475
https://doi.org/10.1103/PhysRevD.95.043533
https://doi.org/10.1103/PhysRevD.95.043533
http://arxiv.org/abs/1606.01250
https://doi.org/10.1088/0264-9381/28/21/215017
https://doi.org/10.1088/0264-9381/28/21/215017
http://arxiv.org/abs/1105.3504
https://doi.org/10.1088/1475-7516/2017/10/008
https://doi.org/10.1088/1475-7516/2017/10/008
http://arxiv.org/abs/1703.07993
https://doi.org/10.1088/1475-7516/2017/02/011
https://doi.org/10.1088/1475-7516/2017/02/011
http://arxiv.org/abs/1610.03539
http://arxiv.org/abs/1710.01764
https://doi.org/10.1103/PhysRevD.96.124025
https://doi.org/10.1103/PhysRevD.96.124025
http://arxiv.org/abs/1710.03795
https://doi.org/10.1103/PhysRevD.97.126005
https://doi.org/10.1103/PhysRevD.97.126005
http://arxiv.org/abs/1804.04980
https://doi.org/10.1140/epjc/s10052-018-5588-4
https://doi.org/10.1140/epjc/s10052-018-5588-4
http://arxiv.org/abs/1705.03896
http://arxiv.org/abs/1801.07676
https://doi.org/10.1007/JHEP01(2016)019
https://doi.org/10.1007/JHEP01(2016)019
http://arxiv.org/abs/1511.01481
https://doi.org/10.1007/JHEP06(2014)080
https://doi.org/10.1007/JHEP06(2014)080
http://arxiv.org/abs/1403.4226
https://doi.org/10.1142/S0217732394001842
https://doi.org/10.1142/S0217732394001842
http://arxiv.org/abs/hep-th/9403077
https://doi.org/10.1142/S0217732394001842
http://arxiv.org/abs/hep-th/9403077
https://doi.org/10.1016/0550-3213(73)90194-6
https://doi.org/10.1016/0550-3213(73)90194-6
https://doi.org/10.1088/1126-6708/2005/09/003
https://doi.org/10.1088/1126-6708/2005/09/003
http://arxiv.org/abs/hep-th/0505147
https://doi.org/10.1103/RevModPhys.84.987
https://doi.org/10.1103/RevModPhys.84.987
http://arxiv.org/abs/1007.0435
http://xact.es/
https://doi.org/10.1103/PhysRevD.21.3269

	Physical content of quadratic gravity
	Abstract 
	1 Introduction
	2 Lagrangians linear in curvature (Einstein–Hilbert) in second order formalism
	3 Lagrangians linear in curvature in first order  formalism
	4 Lagrangians quadratic in curvature in second order formalism
	4.1 Adding a term linear in the scalar curvature

	5 Lagrangians quadratic in curvature in first order formalism
	6 Conclusions
	Acknowledgements
	Appendix A: Spin content and spin projectors
	Appendix B: Spin content of the symmetric connection field
	B.1 The totally symmetric tensor
	B.2 The hook sector
	B.3 Mixed operators completing a basis of calL(calA,calA)

	Appendix C: Spin content of the antisymmetric connection field
	C.1 The totally antisymmetric tensor
	C.2 The antisymmetric hook sector

	Appendix D: Zero modes for R2
	Appendix E: Fun with S3
	References




