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Abstract Motivated by the crucial role played by the dis-
crete flavor symmetry groups in explaining the observed neu-
trino oscillation data, we consider the A4 realization of linear
seesaw by extending the standard model (SM) particle con-
tent with two types of right-handed (RH) neutrinos along with
the flavon fields, and the SM symmetry with A4 X Z4 X Z3
and a global symmetry U (1) x, which is broken explicitly by
the Higgs potential. We scrutinize this model to see if it can
explain the recent results from neutrino oscillation experi-
ments, by searching for parameter space that can accommo-
date the observables such as the reactor mixing angle 63,
the CP violating phase §cp, sum of active neutrino masses
>;m;, solar and atmospheric mass-squared differences, and
the lepton number violating parameter called the effective
Majorana mass parameter, in line with recent experimental
results. We also discuss the scope of this model to explain the
baryon asymmetry of the Universe through leptogenesis. We
also investigate the possibility of probing the non-unitarity
effect in this scenario, but it is found to be rather small.

1 Introduction

The Standard Model (SM) of particle physics predicts mass-
less neutrinos, contradicting the experimental results on neu-
trino oscillation, according to which the three neutrino flavors
mix with each other and at least two of the neutrinos have
non-vanishing mass. Due to the absence of RH (RH) neutri-
nos in the SM, neutrinos do not have a Dirac mass like the
other charged fermions and their mass generation in the SM
is generally expected to arise from a dimension-five opera-
tor [1], which violates lepton number. However, very little is
known about the origin of this operator and the underlying
mechanism or its flavor structure. Hence, to generate non-
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Zero neutrino mass, one resorts to some beyond the standard
model scenarios. There are many such models where the SM
is extended by including the RH neutrinos to its particle con-
tent. The inclusion of RH neutrinos Ng, not only generates
the Dirac mass term but also leads to a Majorana mass for
the RH neutrinos, which is of the form N_R,.N f?, and violates
B — L symmetry. The smallness of the active neutrino mass
is ensured by the high value of the Majorana mass of the RH
neutrino [2-6]. In this class of models, if the Dirac masses
of the neutrinos are of the order of lightest charged lepton
mass i.e., electron mass, the Majorana mass has to be in TeV
range to get the observed value of active neutrino mass [4].
But if such models have to be embedded in Grand Unified
Theories (GUTs) where quarks and leptons are treated on the
same footing, the Dirac mass of the neutrinos will be of the
order of that of up-type quark [7] and the observed value of
active neutrino mass requires the Majorana mass to be of the
order of 10'> GeV, which is beyond the reach of present and
future experiments.

Many possibilities were proposed to have not so heavy
Majorana mass and the existence of other types of neutri-
nos called sterile neutrinos (§) is one among them [8]. Now
the neutrino mass can be expressed in the form of a 3 x 3
matrix with each element representing a matrix. Depending
on the position of the zero elements in the mass matrix in the
basis (v, Ng, S), active neutrinos receive masses through two
different mechanisms called inverse seesaw [8,9] and linear
seesaw [10]. If the 11 and 13 elements are zero, then it is
called the inverse seesaw model, and if 11 and 33 elements
are zero with non-zero off-diagonal elements, then we have
the linear seesaw model. The value of the 22 element could
be either negligible or very large compared to all other ele-
ments of the mass matrix. In all those cases the smallness of
the neutrino mass is independent of the ratio of Dirac mass
to heavy neutrino mass and hence allows one to have heavy
neutrinos in the TeV range and the bound on the ratio comes
from the non-unitarity effect and neutrino-less double beta
decay experiments.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-018-6181-6&domain=pdf
mailto:msruthi28@gmail.com
mailto:rmsp@uohyd.ernet.in
mailto:sudha.astro@gmail.com

719 Page 2 of 15

Eur. Phys. J. C (2018) 78:719

All those seesaw mechanisms require some of the ele-
ments of the mass matrix to be zero or very small but none
of them are prevented by the SM symmetry. All those terms
except the 33 element in the matrix will be prohibited if the
SM symmetry is extended to SU(2); x SUR2)r x SUQ3)¢
or U(1)p—_r, since in these symmetry groups RH neutrinos
are no longer singlets. But linear seesaw requires the 33 ele-
ment of the mass matrix to be zero or very small, which is
difficult to realize with gauge symmetry, as sterile neutrinos
are singlets in all gauge groups. However, if one considers
the sterile neutrino as complex, such terms can be avoided
by introducing suitable flavor symmetries.

The A4 discrete symmetry group is the group of even
permutations of four elements; it has attracted a lot of
attention since it is the smallest one which admits one
three-dimensional representation and three inequivalent one-
dimensional representations. Then the choice of the A4 sym-
metry is natural, since there are three families of fermions,
i.e., the left-handed (LH) leptons can be unified in a triplet
representation of A4, while the RH leptons can be assigned
to A4 singlets. This set-up was first proposed in Ref. [11] to
study the lepton masses and mixing obtaining nearly degen-
erate neutrino masses and allowing realistic charged leptons
masses after the A4 symmetry had been spontaneously bro-
ken. Later the A4 symmetry was proved to be very successful
in generating a tribimaximal mixing pattern for lepton mix-
ing [12], being well supported by the trends of oscillation
data at that time. The tribimaximal mixing pattern predicts
solar mixing and atmospheric mixing angles consistent with
the experimental data but yields a vanishing reactor mixing
angle [13-15], contradicting the recent experimental results
from various experiments, e.g., Daya Bay [16], T2K [17],
MINOS [18], Double CHOOZ [19] and RENO [20] etc. In
view of this, the tribimaximal mixing pattern has to be mod-
ified.

Here we consider the realization of the linear seesaw with
A4 symmetry. We extend the SM symmetry with A4 X Z4 X Z3
along with an extra global symmetry U (1), as discussed
in Ref. [21]. The SM particle content has been extended
by introducing three RH neutrinos, Ng,, and three singlet
fermions, Sg,, along with the flavon fields (¢s, ¢7, &, g,
0, p'), to understand the flavor structure of the lepton mix-
ing. The proposed model gives an almost similar result to
[21] in the context of neutrino oscillation, but it has a dif-
ferent physics aspect in the case of heavy neutrinos. In [21],
the active neutrinos get their mass through an inverse see-
saw mechanism with the prediction of six nearly degenerate
heavy neutrinos, but in our case there are three very different
mass states with each state being nearly doubly degener-
ate. Furthermore, in our model the lightest heavy neutrino
mass is assumed to be around 5 TeV and there will be two
heavy neutrinos around this energy. Thus, these two mod-
els can be distinguished by the structure and implications of
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the heavy neutrinos. Such implications include non-unitarity
and a possible CP violation effect, which can be tested at
the currently running long-baseline (NOvA) or upcoming
DUNE experiments. Since all the six heavy neutrinos are
almost degenerate in [21], the non-unitarity effect will be
large there, whereas in our case the effect will be small as
discussed in Sect. 6. Another possibility of distinguishing
the two scenarios is the observation of lepton flavor violating
(LFV) decay processes like u — ey, u — eee, t — uy,
etc. These processes are highly suppressed in the SM as they
occur at one-loop level with the light neutrino flowing in
the loop. Because of the large mixing between light and
heavy neutrinos, the heavy neutrinos would flow in the loop
and, hence, the rates are correspondingly enhanced as they
are no longer suppressed by the light neutrino mass. How-
ever, the present model with the linear seesaw mechanism,
invoked with A4 symmetry, gives suppressed contributions
to lepton flavor violating decay within the allowed model
parameter although these contributions are a few orders of
magnitude larger than the lepton flavor violating predictions
in Ref. [21]. Thus, lepton flavor violation cannot distinguish
between these inverse and linear seesaw scenarios with heavy
sterile neutrinos. Moreover, our proposed scenario is very
well suitable for leptogenesis, as discussed in [22,23], where
the analytic expression for CP asymmetry and correspond-
ing baryon asymmetry for the case of three pairs of nearly
degenerate heavy neutrinos can be found. In Ref. [23], the
contributions of the absorptive part of the Higgs self-energy
to CP violation in heavy particle decays, termed e-type CP
violation, have been discussed elaborately. Such contribu-
tions are neglected in many cases as they are small compared
to €'-type, the CP violation in heavy neutrino decays due
to the overlapping of tree-level with one-loop vertex dia-
gram. They have provided the formalism to deal with mixing
of states during the decay of the particles and have shown
that there is resonant enhancement of e-type CP violation,
if the mixing states are nearly degenerate. The CP asymme-
tries due to both types of CP violations for a model with a
pair of nearly degenerate heavy neutrinos were also calcu-
lated and it was shown that the CP asymmetry due to e-type
CP violation is 100 times higher than that of due to €’-type,
which in turn predicts the correct baryon asymmetry of the
Universe.

The outline of the paper is as follows. In Sect. 2, we present
the model framework for the linear seesaw mechanism. The
Ay realization of the linear seesaw mechanism and its impli-
cation for the neutrino oscillation parameters is discussed in
Sect. 3. Section 4 contains a discussion of the neutrino masses
and mixing in the context of A4 symmetry and the results
obtained are presented in Sect. 5. In Sect. 6, we present the
discussion of leptogenesis and Sect. 7 contains a summary
and the conclusions.
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Table 1 The particle content - ; ,
and their charge assignments for Fields ‘R KR R L H Nr Sg ¢r #s 5 § p P
an Ay realizatiqn of the linear Ay 1 1 v 3 1 3 3 3 3 1 v 1 1
seesaw mechanism

Z4 —i —i —i —i 1 i 1 1 i i i —i -1

Z3 1 1 1 1 1 1 w 1 o o

X —1 -1 —1 —1 0 -1 1 0 0 0 0 -2 0

2 The model framework for linear seesaw

We consider the minimal extension of the Standard Model
Gsm = SUQ2);, x U(1)y, omitting the SU(3)¢ structure for
simplicity, with two types of singlet neutrinos which are a
complete singlet under Gy for the implementation of the
linear seesaw mechanism. We denote these neutral fermion
singlets as RH (/Vg;) and sterile (Sg;) neutrinos. Both these
neutral fermion species have a Yukawa coupling with the
lepton doublet L. In addition, one can write down a mixing
term connecting these two species of neutrinos. The bare
Majorana mass terms for Ng; and Sg, are either assumed to
be zero or forbidden by some symmetry arguments (Table 1).
The leptonic Lagrangian for the linear seesaw mechanism is
given by
— L= yZI:INR + hZI:ISR + N_RmRssﬁ + h.c.

= vLmpNR + VLmisSR + NRmRssﬁ + h.c.. (1)
The full mass matrix for neutral leptons in the basis N =
(vL, Ng, Sﬁ)T is given by

0 mp mrs

M= mE 0 mgs 2)
T T
migmpg 0

The resulting mass formula for light neutrinos is governed
by the linear seesaw mechanism,

3)

m, = mDmIQ;mES + transpose.

3 An A4 realization of linear seesaw

In this section, we wish to present an A4 realization of
the linear seesaw mechanism which has been discussed
in the previous section. The particle content of the model
and their representations under flavor symmetries are pre-
sented in Table 2.! The scalar potential of the model is pre-
sented in the appendix. We introduce an extra global sym-
metry U (1)x, which is broken explicitly but softly by the
potential Vex (H, ¢s, ¢7, &, &', o, p) given in (All) in the
appendix to prevent the Goldstone boson from occurring

I The implication of a linear seesaw can be found in [22].

Table 2 Vacuum expectation

) Fields VEVs of these fields
values of various fields
o0 v, 26 x 1072 GeV
£,¢& ve = vg =~ 10 TeV

[24]. These terms not only break U (1)x symmetry but also
give a non-zero vacuum expectation value to p, as shown in
the appendix, which is found to be very small.

The Yukawa Lagrangian for the charged lepton sector is
given as

Ae /= Ay -
Ly =— |5 (Lor) Her |+ | == (Lor) Hur
A A
)‘*T = 4
+|==(L¢r) Hrr |y -
A
After giving non-zero vacuum expectation values (VEVs)
to SM Higgs as well as flavon fields, the A4 symmetry in
the charged lepton sector is broken to Z3 with all other flavor
symmetries remaining intact, while in the neutrino sector, the
flavor symmetries are completely broken. Breaking of A4 to

Z3 in the charged lepton sector makes the charged lepton
mass matrix diagonal, which is given by

M) = vl;\—Tdiag (Aes s Ar) 4

where the couplings A, A, and A, are considered to be hier-
archical to give the correct physical charged lepton masses
and the VEVs of the scalar fields are considered as

(H)= (0,07, (¢7) = (vr,0,0). )

For the linear seesaw mechanism, the Lagrangian involved
in the generation of the mass matrices for an A4 flavor sym-
metric framework can be written as

—Ly =Ly + Lys+ Lus , (6)
where
—~ Io’
Lon Z}’ILHNRK , (7
-
Lys = yZLHSRX , (8)
Lns = (M + Mgk +2558) NrSi ©)

@ Springer
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It should be noted that the terms £, £, s and L y g represent
the contributions for Dirac neutrino mass connecting vy, —Ng,
vy —Sg mixing and N, R—ng mixing terms. If one looks at the
mass formula for light neutrinos governed by linear seesaw
mechanism given in Eq. (3), one can use the mass hierarchy
as mps > mp, mps. That is the reason why we forbid VN
and VS terms at tree level and generate them by a dimension-
five operator while the heavy mixing term N — S is generated
at tree level.

Using the following VEVs for the scalar and flavon fields:

(Ps) =vs(1, 1, 1), (&) =vg, (§)) = v,
() =vp, (P =1y,

the various mass matrices are found to be

100
mp =yiv 001
D=y :
010
100
Yp
LS = Y2U—= 001, (10)
010
2 —1-1 100
mRszg 12 ~1|+b|001
112 010
001
+d|lo10], (11)
100

where a = k‘ﬁ,svs, b= )Lfvsvg andd = X%Sv,g/. -

The first term in Eq. (11) comes from A1¢s (NgS%)s,
where (N_R Sfe)ay is a triplet which is symmetric under
exchange of Ng and Sg. The product of two triplets
can also form a triplet, which is antisymmetric under the
exchange of the particles. In the linear seesaw mechanism,
the mass of the light neutrino is represented as m, =
mDmﬁslm{SHranspose, and as seen from Eq. (10) the mass
matrices mp and mps are symmetric and are related as
mp & mys. Hence, in m, = mg(misl + mI;SIT)mLS, the
antisymmetric part cancels out and only the symmetric part
survives.

In a natural scenario we expect the Yukawa couplings yi 2
and the various A couplings to be just one or two orders of
magnitude below unity, so that the different scales of the mass
matrices should arise mainly through the VEVs of different
scalars (v, v,, vy, Vs, Vg, and vg/). The VEV of the SM
Higgs is considered to be v = 246 GeV. For the TeV scale
mgs, the VEVs vg, vg, and vg should be in the TeV range.
Now considering |y|> ~ |y2|> ~ 1073, and assuming the

@ Springer

Dirac mass m p to be in the MeV range (say 70 MeV), ;)nle): vcan

1VUy

A

which givesv, ~ 9TeV for A = 103 TeV. Similarly for my s
in the keV range (5 keV), one obtains v, ~ 6 x 1072 GeV.
Thus, a rather large spectrum of scales in the mass matrix
arises through the VEVs of different scalar and flavon
fields.

s

.Uy _ .
obtain Tp ~ 9 x 1072 from the expression mp ~

4 Neutrino masses and mixing

For calculation convenience one can rewrite the mgg mass
matrix (11) as

2a/3+b —a/3 —a/3
MRs = —a/3 2a/3 —a/34+Db
—a/3 —a/3+b 2a/3
00d
+10d0|. (12)
doo

Thus, with Egs. (3), (10) and (11), one can obtain the light
neutrino mass,

m, = mDm;ém{S + transpose

100 100
=kiky | 001 [mps] 001 [, (13)
010 010

where the parameters k; and kp are related to the VEVs
through

UV, v
ki =V2yv2, ko =~2y0-2.
1 y1UA 2 ysz

Hence, the inverse of the light neutrino mass matrix is given
by

2a/3+b —a/3 —a/3
1
ml=—| —a/3 2a/3 —a/3+0b
kika
—a/3 —a/3+b 2a/3
0do0
1
—do00|, 14
+k1k2 (14)
00d

which in the TBM basis will have the form m;l/ =
Utgmmy, ' Utem,

a+b—d/2 0 By
P 0 b+d 0 )
Ly 0 a-b+d)2
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The inverse mass matrix m;; 1" can be diagonalized by U5.
Hence, the matrix m;l can be diagonalized by Utpy - U 1*3,
and thus the matrix m, can be diagonalized by Utpwm - Ui3,
and mpgs by Utpm - U 1T3 The complex unitary matrix U3
has the form

cos 0sinfe ¥
Uiz = 0 1 0 , (16)
—sinfeV 0 cosd

where the parameters 6 and Y are expressed in terms of the
mass matrix parameters d /b = A1e®®, a/b = rre®e as

V31 cos dap
tan260 = — : -
(A1 cos pgp — 2) cos Y + (24 sin ¢gp) sin Y

(17)

and

tan ¥ = S0 a . (18)

A2 €08(¢ab — Gab)
The eigenvalues of m,, and mpyg are related by
kik
iy = 2 (19)

i

where m; and M; are ith eigenvalues of m, and mgg, respec-
tively. The eigenvalues of m gg can be expressed as

My = b | Aye'Pab — \/1 + A%62i¢db — Apeidan |

My = b1 +,\1e"¢db] ,

M3 =b|re' % + \/1 + Ajedita — pyeidan | (20)

which give the mass of the heavy neutrinos as M; = |M;]|.
Explicitly, one can write the heavy neutrino masses as
My = |b|M
) ) ,11/2
= 1] [ (k2 08 @y — ©)F + Gz sin by — D]
, 5 1/2
My = [b|M}, = |b| [1 +a2 42 cos¢db] ,
M3 = |b|M;

172
= 1] G2 c03 gy + € + G sin g + DP]
e

where

1/2
C_|:A+\/A2+BZ:|/
- | =5

1/2
D_|:—A+«/A2+B2:|/
- | .

A=1+ )L% cos 2¢4p — A1 COS Ggp
B = A7 sin2¢4, — Asin ¢gp (22)

and the phases ¢; of A;Ii, i.e., 1\7I,~ = |A~4i|ei‘7’i, as

[ Ao sin — D]
1 = tan~! 2 Sin Pypp ’
L A2 o8 ¢ap — C |
[ Apsin
b = tan~! 1810 ¢gp ’
L1 4+ A1 cos dap
[ xsin + D]
3 = tan~! | 2250 % + D 1 (23)
L A2 cos¢yp + C |
Thus, the active neutrino masses m; = |m;| and the matrix

which diagonalizes active neutrino mass matrix, U,, are
given by

_ |kiks]
=
Uy=Urm- Uiz P, (24)

i s

with P = diag(e™1?1/2, ¢=192/2 ¢=i¢3/2),
The lepton mixing matrix, known as the PMNS matrix, is
given by [25-27]

Upmns = UlT Uy, (25)

where U; and U, are the matrices which diagonalize charged
lepton and neutrino mass matrices. Here U; = [ and U, =
UTBM . U13 . P, hence

Upvns = Utem - Ui3 - P, (26)

which has been proved to be in good agreement with the
experimental observations [28,29]. The PMNS matrix can
be parametrized in terms of three mixing angles (613, 623
and 012) and three phases (one Dirac phase, §cp, and two
Majorana phases, p and o) as

Upmns

—iscp
1213 S12€13 S13¢

N 7 T S 7 e SRR
= S12€23 ~ €12513523¢ €12623 — 512513523¢ €13523 P,

_ idcp  _ _ idcp
S12523 ~ €12513¢23¢ C12523 = S12513¢23¢ €13623

27)

@ Springer
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where ¢;; = cosf; and s;; = sin6;; and P, =
diag(1, e'?/2, ¢!9/?). From Egs. (26) and (27), one can find

3
.92\/j. o
sin 2s1n 13

. sin
sindcp = —
3(2 — 3sin’ 6
1- (—521113) sin® 03 cos2 ¥
(1 — sin” 613)2
A~ —sin . (28)

The above expressions relate the parameters of the model,
i.e., 6 and ¥, to the mixing observables sin? 613 and Scp,
respectively. Since sin® 013 is known more precisely than 8cp,
in our calculation we fix 6 by fixing sin® 63 at its best-fit
value while considering all possible value of ¢ for which
dcp falls within its 30 experimental range. Although in this
case the solar mixing angle is slightly on the higher side of
the observed central value, i.e., sin? b1 =1/ (3 — 2sin? 9),
it lies within the 30 range of the observed data.

5 Numerical results

Using Egs. (19) and (21), the light neutrino masses are found

to be

_ lkiky| _ |kiko] 1T
M; bl M|

mi

(29)

Since only the mass-squared differences, Am%1 (solar mass-
squared difference) and |Am§2| (atmospheric mass-squared
difference) are measured in neutrino oscillation experiments,
we calculate the mass-squared differences from Eq. (29) as

ik |* (1 1

2 1K2

Ama =17 ERl
b M2 Ml
kiko |7 1 1

|amy | = =2 -— |- (30)
b My® M,

Substituting Eq. (21) in the above equations, we find the ratio
of the two mass-squared differences:

Amd | (mcosdup + O)F + (hsingap + D)?
|Am3, | 1+ A2 + 241 cos dap

| Gacosda — C)% + (Aasingap — D)? — (14 A3 + 24 cos pap)
42, |C cos ¢ap + D sin ggp| ’

3D

Now using Egs. (17), (18), (21), (22) and (31), and by fixing
the parameters ¢g4p, ¥ and 0, one can find the numerical

values of the M/. Once the M are known can be

@ Springer

calculated from (30) as

which will also give the absolute value of light neutrino
masses as all the quantities on the right hand side of (29)
are now known.

We now rewrite the expression for tan i (18) in terms of

dap as

¢ap = 0,7, for tanyy =0, (33)

and

sin ¢gp

_ —1
Pab = Pap + cOS <A2 any

) , for tanr # 0, (34)

and consider the following cases to see the implications.

5.1 Correlation between model parameters with tan ¢y = 0

In this case ¢4 will be either O or 7, and for ¢4, = 0 one
can obtain from Eq. (17)

_ 2tan26
= \/5 -+ tan 26 '
and the ratio of the mass-squared differences r (31), satisfies
the relation
A% + 2A2C cos ¢yp + C?
’:[ (+ )2 }

A2 —2x,C C2— (14 1))
K 2C cos ¢gp + (I'+2ap) 7 (36)
422 |C cos ¢gp|

(35)

— 2
where C = 4/ ”%A‘ It should be noted from (36) that r
will be divergent near ¢, = /2 and, thus, the values of ¢,

around /2 are not allowed. The eigenvalues of m gg in this
case become

M, = |b|\/,\§ — 21 C cos gy + C2 ,
My = |b|(1 + 1),

M; = |b|\/,\§ + 242C cos Pup + C2 . (37)

Now from Eq. (36), using the measured values of r =

0.0291 £ 0.00085 [30], variation of the parameter X,, the

lightest neutrino mass (m;) and the sum of active neutrino

masses »_ m; with ¢, consistent with the 3o range of the

observed neutrino mixing parameters are shown in Fig. 1.
Meanwhile for ¢y, =

2tan 260

_, 38
V3 —tan26 38)

1=



Eur. Phys. J. C (2018) 78:719

Page 7of 15 719

Fig. 1 Variation of Ay, the 3.0 T T T 0.10
lightest neutrino mass (;) and
X;m; with ¢qp, red lines are for 2.5 1 0.08;
the inverted hierarchy and green 90t 1
lines are for the normal ' 0.06f
hierarchy 15t ] E‘
0.04;
10 \/\/ ]
0.5F ] 0.02r
o 05 10 15 20 "B 05 10 15 20
Gan/m an /T
0.3
Zimi > 0.23eV
02
&
W
0.1
0
0 0.5 1 15 2
Gablm
Fig. 2 Variation of A,, m; and 3
¥;m; with ¢y, red points are 0.018
for the inverted hierarchy and
green points are for the normal 2. _
hierarchy > 0.012
9 : °
| S, 4
0.006
0 .
0 0.5 1 1.5 2 00 05 1 15 2
/e
ab/ /T
0.3
Zim; > 0.23¢V
S 02
&
S
W 0.1
_— =t
0
0 0.5 1 1.5 2
dab/T
and Fhe ratio of the mass-squared differences r satisfies the .~ _ 1“; +A%’ and the eigenvalues of m gs are given
relation as
13 + 24,C cos +C?
r= |: 2 (21 . ;p;b M, = |b|\/)% —20C cos ¢gp + C?,
— Al
, ) , My = |b|(1 — A1),
Ay —202C cospgp + C* — (1 — Ay)
: 39) Mz = |bly/A3 +2xC c?. 40
x[ oG (39) M = [bly/23 +232C cos dp + (40)

@ Springer
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Fig. 3 Correlation plots NH
between A and A; for the 1
normal hierarchy (top left
panel), for the inverted hierarchy 0.8
(top right panel) and between
3;im; (red points), m; (green 0.6 4 !
points) and Scp in the bottom ~ /.’2 g
left (right) panel for the normal 0.4 ket -
(inverted) hierarchy. The vertical 0.2 .::;;2:,: -
and horizontal bands represent : graie
the values of §cp beyond its 3o 0
range and ¥;m; > 0.23 eV, the 0 05 1 15
upper bound on the sum of
active neutrino masses given by A2
the Planck data, respectively NH

03

Analogous to Fig. 2, the variation of various parameters with
@qp 1s shown in Fig. 2. From the plots it can be seen that,
for normal ordering, the allowed parameter space is severely
constrained.

5.2 Correlation between model parameters with tan ¢ 7 0

With tan ¢ # 0, the analytic expression for A1 is given by

2o tan 26 cos ¢gp Sin Y

AM = .
Sin ¢gp [ﬁ + tan 26 cos W]

(41)

We obtain the correlation plots between various parameters
as given in Figs. 3 and 4, by varying ¢4, between O to 2r
and dcp in its 30 range (0 — 0.177 & 0.76 — 27), while
fixing sin? 03 at its best-fit value [30].

Comment on neutrino-less double beta decay. The experi-
mental observation of neutrino-less double beta decay would
not only ascertain the Lepton Number Violation (LNV) in
nature but it can also give an absolute scale of the lightest
active neutrino mass. The experimental non-observation of
such an event puts a bound on the half-life of this process
on various isotopes which can be translated as a bound on
the particle physics parameter called the effective Majorana
mass. In the linear seesaw model, the light Majorana neu-
trinos contribute to neutrino-less double beta decay, while
the heavy pseudo-Dirac neutrinos give a suppressed contri-
bution.

@ Springer
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The measure of LNV can be understood with the key
parameter called the effective Majorana mass, which is
defined as

|M,.| = |m:e| = Uezl my + U622 mye'’ + U623 mze'” |.
(42a)

The light neutrino mass eigenvalues m1, my, m3 depend on
input model parameters. These input model parameters are
constrained to their allowed range in order to satisfy the oscil-
lation data giving correct values of mass-squared differences
and mixings. The Majorana phases p and o are related to ¢,
and ¢4 in some way and, thus, they are constrained to take
limited values. A brief discussion on the allowed values of
the Majorana phases is presented below.

Majorana phases: Majorana phases p and o are related
to the rephasing invariants S Im {Ue*1 Uez}, S =
Im {U:l Uy }, and S35 = Im {Ue*2 Ue3} of the leptonic mixing
matrix [31] as

St
cosp=1—-2—rn——,
Uet | Uea|?
S2
cosog’' =1— 2%,
|Uel| |Ue3|
cos(o/ —p)=1- ZS—32 43)
|Uea|* U3

where 0/ = o — 28cp. The elements of the PMNS mix-
ing matrix can be derived from the knowledge of the tribi-
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Fig. 4 Correlation plots

between ¢gp, dap and Scp for 20 .
normal (left panel) and inverted w
(right panel) hierarchy. The 15 %
vertical band represents the ’ ‘*«.\
values of §cp beyond its 3o 2 “
range S10;
~
-
05 ’k
0. :
8.0 0.5 1.0 1.5

0

0. 0.0L—
8.0 0.5 1.0 1.5 2.0 8.0 0.5 1.0 1.5
dab/7 bdo/T
Fig. 5 Correlation plots 0.8
between Majorana phases o and 0.6 '
p for the case of normal (left ' i k L ; oo
pane) and inverted hierarchy N L= 0.6 2
(right panel) for tany =0 £ 04 L \‘\// P
5 i 204 o
s av b e’
E :-' ’/. P
0.2 i 7 0.2 '.:::.._“,.J
0—= 0"
0 0.1 0.2 0.3 0 0.2 04 0.6
pln pln

maximal mixing multiplied by a rotation matrix in the 13
plane as shown in Eq. (26). Thus, the values of the vari-
ous PMNS matrix elements in the proposed model are given
as |Uei| = Jzcosf, |Un| = = and [Ug| = Zsin6.
It should be noted that the rephasing invariants associated
with the Majorana phases are not uniquely determined. For

example, instead of S; defined above, one could have cho-
sen S| =Im {U} Uz}, or S;” =Im [Ufleuz}, and so on.
With Egs. (16) and (26), we obtain S7, S> and S3:

)

d1

2
S| = £ cos 0 sin
3 2 2

@ Springer
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Fig. 6 Correlation plots
between the Majorana phases o
and p for the case of the normal
(left pane) and inverted
hierarchy (right panel) for

R
tany # 0 E
O . (3K -
0 02 04 06 08 1
pin
Fig. 7 Variation of the 1 1
Majorana mass parameter M,,,
which is an observable in GERDA Bound GERDA Bound
neutrino-less double beta decay — -t:-:"-:_-::-:::-:'.-..-'.-.':§::::: = -::-:-":_-::':::-j::::::::_::':5:::::
with lightest neutrino mass for > 0 1 !(?‘.n'.[.A.NI.). .7.6? P.OPT.IC.‘ .......... c% ..... > 0.1 !(?I.“‘.[ﬁ}?r.). .7?1.] F.Ol-“.]q;y(. -e .(s’) .....
the case of the normal (left 9 CUORE Bound N 2 CUORE Bougd I
panel) and inverted hierarchy o = o =)
(right panel) for tan ¢ = 0 Em 0.01 __1"_utu_l(z “F?‘OB ................ Neaeen §m 0.01 _T}xtu_tg “F?‘.m}?‘_“ld ............. ANasans
- 3 3
2 W
0.001 0.01 0.1 1 0.001 0.01 0.1 1
my [eV] ms [eV]
Fig. 8 Variation of effective 1 1
Majorana parameter M,,, which P
is a measure of lepton number GERDA Bound « GERDA Bound ‘
violation with the lightest — 'ff'f"'f_'ff'fff'?ff:fffff'._§?fff: — 'ff'f'"f_'ff'fff':ffff:ff?f:f"?ﬁ'ﬁ
neutrino mass for the case of the ; 0.1 Kax_nLA_ND th} Bo v nd .......... (&’) ..... ; 0.1 KamLAND-Zen Bound “o
normal (left panel) and the 9 CUORE Bound A 9 s\
inverted hierarchy (right panel) ] o ]
for tany # 0 S ()01““1“”115)(0B ................ Aol S
g Futute nEXO Bound E-
W W
0.001 0.01 0.1 1 0.001 0.01 0.1 1
myleV] mafeV]
1 . . 13
S, = = sin 26 sin (ﬁ _ ﬁ _ 1p) ’ The current 1111'11t on the half-life, or the translated
3 22 bound on the effective Majorana mass parameter (m),) from
N Y SR GERDA Phase-I [32], is T}, ("°Ge) > 2.3 x 10* yr and
§3 = N 6 sin <7 5 Vf) . 44 this implies |m,.| < 0.21eV and from KamLAND-Zen

The correlation plots between the Majorana phases p and
o are shown in Figs. 5 and 6 for tany = 0 and tanyy #
0, respectively. The estimation of the effective Majorana
mass parameter using these already constrained input model
parameters with the variation of lightest neutrino mass is
displayed in Fig. 7, where the left panel is for the NH
and the right panel is for the IH pattern of light neutrino
masses.

@ Springer

[33] as T, 10/"2(136Xe) > 1.07 x 10% yr, and this implies
|mee| < 0.15eV. There is also a bound from the CUORE
experiment on the effective Majorana mass parameter as
[mee| < 0.073eV [34]. The expected reach of the future
planned OvBp experiments including the nEXO experiment
gives TIO/"z(136Xe) ~ 6.6 x 10?7 yr [35]. The variation of the
effective mass parameter (in green points) with the lightest
neutrino mass is shown in Fig. 7 for tan ¥ = 0 and the same
is plotted in Fig. 8 for tan v # 0. The left panel is for the NH
pattern and the right panel is for the IH pattern of the light
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neutrino masses. The horizontal lines represent the bounds
on the effective Majorana mass from various neutrino-less
double beta decay experiments, while the vertical shaded
regions are disfavored by the Planck data. The present bound
is X;m; < 0.23 eV from the Planck+WP+highL+BAO data
(Planck1) at 95% CL.

As seen from the plots, the current bound on the effective
mass parameters from GERDA Phase-I and KamLAND-Zen
is not sensitive to the NH and IH patterns of the light neutrino
mass ordering. However, the future planned nEXO experi-
ment is sensitive to both patterns of light neutrinos.

6 Leptogenesis

It is well known that leptogenesis is one of the most ele-
gant frameworks for dynamically generating the observed
baryon asymmetry of the Universe. In the resonance lepto-
genesis scenarios, since the mass difference between two or
more heavy neutrinos is much smaller than their individual
masses and comparable to their widths, the CP asymmetry in
their decays occurs primarily through self-energy effects (e-
type) rather than vertex effects (e’-type) and gets resonantly
enhanced. In the present A4 realization, since the mass split-
ting between the two heavy neutrinos is rather tiny, it pro-
vides the opportunity for resonant leptogenesis, which will
be discussed in this section.

During the calculation of light neutrino masses and
mixing, we have neglected the higher order terms in the
Lagrangian L, as displayed in Eq. (6), which are given with
an extra dimension-six operators as follows:

PP —
- { [Mv¢¢s + Ane + )»Ng/é‘/] FNRN]CQ
T
AP P <5 e
+|Aspds + AseE + Aseré FSRSR . 45)
These extra terms do not make much difference in those cal-
culations, but they lead to a tiny mass splitting in doubly
degenerate mass states of heavy neutrinos. Including these
additional terms, the Majorana mass matrix M, becomes

MR MRS
Mp=( . , (46)
mRS ng
where
%)\.Nq}vs +)‘NEUE —%)LN¢U5 —%AN‘va
[vpvp|
mp = % —%)»N.ﬁvs %)»Ndavs —%)»N¢vs+)wsvs
—3hNgUs  —3ANgUs +ANgvs $hngvs
0 0 )\.NE’UE’
|Upvp’|
+ AZ 0 )\NE/US’ 0

ANg Vg 0 0

and
%)\34,1}5 + Asgvg 7%).5¢vs 7%)»54,1}3
[vpv,|
myg = /1)\2’0 —%Asqus %)»S(f,vs —%)us(pvs-i-)»sgvg
—3hspvs  —3hspvs + hseve 3hspvs
0 0 )‘Sg’vé/
[V,
,AZP 0 )‘S&'/US' 0 . (47)
)\.SE’U%" 0 0

The phase of v, has been absorbed in the couplings A. The
mass matrix M can be approximately block diagonalized by

I —1
the unitary matrix % (where we have neglected
2\I 1
the small mass difference between Sg and M) and becomes
mg+mg
mps + ———— ms — mg
M) = 2
2 mpg +mg
ms — mg —mpgs + T
mpr—+m
mgs + % 0
~ mptms | @9
0 —mRrs + ——
2
with eigenvalues
VoV, M
MM 1+ 22
A2 M,
VoV, M)
My~ My (12222
A% M,
VoV, M
ME~ M1+ 223, 49
where
m’l = 2Re

_ 1 -
(P i ba) vad\T
i Vb2 —bd + &

m) = 2Re [(b/ + d’) e7i¢2] ,

i bb' — X (bd' +b'd) +dd'’\| .
mh = JRe a/ + 2 ( ) €71¢3 ,
I VBT —bd + &
/ 1 / 1
a=z (Ang + Asg)vs, b = 3 (Ang + Ase) ve
1
d = 5 ()‘Nf/ + )\55/) Vg, (50)

and ¢; is the phase associated with M,'. The above set of
equations show that mm} can be of the order of M; since a, a’
are of the order of vg, b, b’ are of the order of v¢ and d, d’
are of the order of vg.

@ Springer
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The decay of nearly degenerate heavy neutrinos creates
lepton asymmetry, and it is given as [22]

1 mp\" (D s\ (s
NTTamas |\ )\ ) T )
N; i
.
xIm[mDrZLS]
v ..
143

VN[

61y

where

~ ~f ~ -
1| (mp L MLs <mDimLs> 52)
i 2 v v v v .

2 _2
M — M 4 (Ve m;
ry = —4———t—~4 | ———L),
l MM A M;

b
=

il

Il

iip = mpUtemUfs, riips = mpsUmpmU . (53)

It should be noted that v, is very small in comparison to
other VEVs and m s ~ yrvv,/A, while mp ~ yjvv, /A,
where y; and y, are dimensionless coupling constants with
Y1 & ya, implying s < mp. We use ry, < ANi:t, N2+

641:2 A?v.i ~ #A?v.i’ and for s < tp
- er,v2
€N ~ —1287Im [mLSmD],. . N2 54
" ()

Substituting nﬁ)nﬁD ~ |y |2 (vvp//A)z, nﬁTDnﬁLg R yfy2v2
(vpvp//Az) and ry, ~ 4 (vpvp//Az) (m;/Mi) in the above

equation, we obtain

2 * 1
v Im m;
eye ~ 5121 <—”) LA‘”]—’ . (55)
! Vp! (1] M;
Writing y¥y2 = |y1y2/e’%, one can have
2 1
v m)
ext ~ —5121 <—”) 'y—2|3—l sin 6, . (56)
! Vp/ [yi° M;

Here we calculate the baryon asymmetry for the case
M3 < M, < M, i.e., the normal hierarchy in the active
neutrino sector with m; < 0.005 eV. It is mainly the decay
of M3i that contributes to the final baryon asymmetry. Since
the decay is in the strong wash-out region, the final baryon
asymmetry is given by [22],

28 0.3€p+
nBp = _% 3 0.6 ) (57)
Ky (K
1 (873, 2 M
where K=+ — (2T Pl Ayx, 8 &~
; 87\ 90 My= ) 7N

106.75 and Mp; = 2.435 x 10'3 GeV are relativistic degrees

@ Springer

of freedom of SM particles and Planck mass, respectively.
Here

> 1, (58)

Vv /
Kyz = Ky, ~ 0234 [m3 (e )} Lot

10-2 Vp

as m3 is of the order of 1072 eV and l;—‘: >> 1. Substituting
KN3i and €N in Eq. (57) gives

(m3<eV))2

102 lyalmf .

ng ~ 0.174 K6 | | |3M3 sin f,. (59)
N3 N3 V1 3

/

m
For y; ~ y; and # ~ 1 the above equation gives
3

my(eV) >
(")

ng <0.174
V12K R, (In K ;)00

(60)

Withms &~ 0.05¢eV, |y1|*> = 103 and ng = 6.9x 10719,

from Egs. (58) and (60) we found the minimum value of U—p,

Uy
which requires one to generate observed baryon asymmetry
as

Yol —5.07x1075. 61)
Vp' Imin
Comment on Non-unitarity in leptonic sector:
In the usual case, the light active Majorana neutrino mass
matrix is diagonalized by the PMNS mixing matrix Uppns as
UIZMNS my, Upyns = diag (my, ma, m3) where my, ma, m3
are mass eigenvalues for light neutrinos. However, the diago-
nalizing mixing matrix in the case of the linear seesaw mech-
anism, where the neutral lepton sector comprises light active
Majorana neutrinos plus two additional types of RH sterile
neutrinos, is given by

N =~ (1 —n)Upwmns , (62)

where the non-unitarity effect is parametrized as [36],

1 fo1 1T

n:zm}}mRS mepgmy . (63)
In the linear seesaw framework under consideration, the N—S
mixing matrix m g is symmetric and, with y; & y», the v—S
mass term can be expressed as m gmps = %moMo(vp/vpr)
where m and M are the masses of heaviest active and light-
est heavy neutrinos, respectively. Thus, the above relation for
n can be written in terms of the light neutrino mass matrix
and the other input model parameters as

T

. (64)

mim

n= ———m—>-
4m()M0U—p

Up/
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The maximum value of n for the inverted mass hierar-
chy with lightest neutrino mass m; ~ 0.005 eV, while con-
sidering the constrained value of the ratio of VEV % =

P

5.07 x 107> as derived from the discussion of leptogene-
sis and using the representative value My = 5 TeV, can be
obtained as follows:

4x 10712 1071 10~
1
Il ~ 3 1071 5sx 1071 s x 1071 | (65)
1071 5% 10711 5% 101!

Using the representative set of model parameters m( and My,
the mass matrices mp and m s are expressed as follows:

Momg v
mp=_|[——, mrs= £ Momyg . (66)
Uy /Uy V vy

Using the constrained value of these model parameters my
and My, the Dirac neutrino mass connecting v—N is found to
be mp ~ 70 MeV and the other mass term, connecting v—S,
ismps ~ 3.5keV.

7 Conclusion

In this paper we have considered the realization of the lin-
ear seesaw mechanism by extending the SM symmetry with
Ay x Z4 x Z3 along with a global symmetry U (1) x, which
is broken explicitly in the Higgs potential. In addition to
the SM fermions, the model has six heavy fermions, three
RH neutrinos (Ng;) and three sterile neutrinos (Sg;). We
found that each mass state of the heavy neutrino is nearly
doubly degenerate with a small mass splitting, which can be
neglected for the calculation of active neutrino mass and mix-
ing parameters. The masses of the active neutrinos are found
to be inversely proportional to those of the heavy neutrinos.
The model predicts lepton mixing matrix i.e., the PMNS as
Urwm - U1z - P, where Uj3 is the rotation in the 13 plane
and hence explains well the results on mixing angles and dcp
from the oscillation experiments. We obtained the parameter
space and correlation plots between various observables by
fixing 613 at its best-fit value and the ratio of mass-squared
differences, Am%l/ |Am%3 ,at 0.0291 and varying §cp in its
30 range.

We have demonstrated that pairs of nearly degenerate
Majorana neutrinos in the model open the door to resonant
leptogenesis to account for the baryon asymmetry of the Uni-
verse. We calculated the minimum value of v, /v, to gener-
ate the observed baryon asymmetry by fixing the mass of the
lightest heavy neutrino in TeV for the case where the heavy
neutrino masses are highly hierarchical, so that the only con-
tribution to the baryon asymmetry is from the decay of the two
lightest heavy neutrinos. The parameter space which satis-

fies this condition, predicts the normal hierarchy in the active
neutrino sector with the lightest one being less than 0.005 eV.
In this case the maximum non-unitarity value that the model
can accommodate in the leptonic sector is very small and is
of the order of 10~!! and the mass parameters are found to
bemp ~70MeV and my g ~ 3.5keV.
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Appendix A: The scalar potential

The most general renormalizable scalar potential of the
model involving all the flavon fields which is invariant under
A4 x Z4 x Z3 and respecting U (1) y symmetry can be written
as

V =V(H)+ V(ps)+ Vipr) +VE) + VE) + V(o)
+V(10) + V(H’ ¢57 ¢Ta ";:7 E/v P) + V(¢Sa ¢T7 g’ ‘i:/’ 10/)

+Vex(H, ¢5. 7.£,.6. 0. p), (A1)
where
V(H) = puyH' H +rg(H H)Y(HH), (A2)
V(ds) = 1k(@ips)1 + A3 (o5 ds) 1 (d5ps)1
+13 @ ids) 1 (Dsds)1r
+13 (@ 505)3s (D505)3s
+15 (P509)34 (0)34
+13 (@ 505)3s (D50)34. (A3)
V(1) = 13 (drdr)1 + Ay (brdr)1 (D)1
A TR AR
A3 (D1 o135 (D) b7)35
FAH(GrdT)34 (D) P7)3
A (OroT)35 (D) DT)3A. (A4)
V(E) = uzE'E + 1 (ETE)(ETD), (AS)
V() = u2s e + a0 6N E e, (A6)
V(o) = 0’0"+ k(' p) (0 ), (A7)
V(p)=1i2n’p+ 2, (070) (070). (A8)

V(Hv ¢Sa ¢Tv ‘i:’ %Js p/v IO)
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= hus(H H)(¢sds)1 + hnr (HH) (@) ér)1
Fhue(H HYETE) + hpe (HTH)ETE)
+hrp (H H)(p'p") + 2y (H H) (p7p)

Vigs, o1, 6.8 0", p)

= k11(@1071)350T + k12(d10T)340T
+k31 (¢>;¢s)3s¢>7 + k32(¢§¢8)3A¢T
+ha(psprnE" + ks(pspr)vg”
+he(DIPTINE + k7 (Pipr)1nE

ks (psdinE" + ko(pspy) e’

hio(@LdIE + Ko (Pipi) g’

FA5r (@hd) 1 (DrdT)1 + Ay (D)1 (D)1
W2 (D50)1 (DrdT) 1 + Al (Bids)3s (bror)3s

1k (D505)34(DrdT)3A + A3 (Bis)3s(DrdT)3
1S (Ps)3a(Dh)3s + Mop (DLdT)1 (D) P51

FAZ DOT) 1 (Drd) 1 + AT (DsdT1 (D1 ds)1

(A9)

A

+k§T(¢5¢T)%S(¢T¢S)3S NS (PhdT)34(Ph )34

Sr(@i01)35(Dhds)34 + M (D5bT)34 (D1 b5)3

+Ase (¢5¢s)1 ETe) + Aser (@sTps)1 &€
sy (9565)1(0'0") + Asp ($505)1 (0" p)
+are @ (ETE) + dre (SForn EE)
i @110 ) + 21y (9797) (07)
+Fhep (ETE)(0'0") + hep (ETE) (0T p)
Fhee EENIEE N + 2grp E'EN (00
+hero (E'EN (0T p)
Hhsee ($305)17 ETEV Y + Aree (9] b1 (ETE )y
Hadee (D501 (EEN 1 + W (Bhdr) v (EE D)1
-Hssg (¢5¢s)3s(¢s$ )+ )» Ss& (¢S¢s)3A (¢s&h)
+)»SS5/(¢S¢S)3S(¢SE/T) + 2550 ($305)3a (958
AL se (DrdT)3s(bsED) + Mo (Drdr)3a(¢sED)
A f e (D1 07)3s (B5E ) + M gp (D1 d7)34 (D5E )

g (B505)35(B3E) + A55e (B5b5)34 (D)
g (Plds)3s(@5E) + x";"‘sms«psm (@5
AT (BroT)3s(05E) + A S§(¢>T¢r>3A(¢s5)
AT (D1 0135 (BLE) + AT (DFd7)3a (58,

VeX(H! ¢Sa ¢T’ Sa ‘i:/a 10/7 10)

N

(A10)

= [Mf»s + Ape H'H + Arpe (¢;¢T)1 + hspe (105),

+ hepe T+ hepekE + kp/péf’//)/] p§

+hsper (¢§¢S> ” PE" + Apps (07p) pE + hec.
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(A11)

The potential Vex (H, ¢s, ¢7, &, &', p’, p) breaks the U (1) x
symmetry explicitly. As the potential presented above
involves several free parameters, such a large number of
free parameters should naturally allow the required VEV
alignment of the flavons considered in this article, i.e.,

(ps) = vs(1, 1, ), (¢r) = vr(1,0,0), (§) = vg, (&) =
ver, (p) = vy, (p) =vp.
The terms involving p in the scalar potential are given by
V(p) = W]+ Ny, HUH + 2, (87 r) +25, (650s),
+ f
A 8+ 8 E + A;fpp’p’] p'p
2
+1p (0 p)
(12 + Ape HTH + dppe (0)61)1
+)»Sp§ (d’j({bs)l + )»gpg%”-}.g
+)L§’p§g“ E/ + )Lp’pg,O/P/),OE
+)»5pg’(¢§¢s)1"p§/
+hppe (pTP)PE +hic]. (A12)
In terms of the VEVs of the fields, the above potential can
be written as
V'(p) = Mp ViV, + Ao (V50,)?
~|—[(Mpg ve + ,upg,vgf)vp
—i—)»pp(v:vp)vpvg +h.c], (A13)
where
W2 = s+ Ny vt + )L’Tpv?vr + A5, UsUs + Mg, vive
_H‘é pvé/ Vg + )‘p o p”
2
Wy = /Lpé + AHpe v + Arps VT + Aepg Vg Vg
g pg Ve Ve + DoV + 3hspe vl s,
Mo = 3hspervivs . (Al14)

For u;)z > 0,4, > 0and /JL;)E, Wper K u})z, V'(p) (Eq.
(A13)) has a minimum at

*
(e + e

(A15)
2
o

D ¥

Estimate mass of flavon field. p. From Eq. (A15), one can
obtain the mass of the flavon field p as

2 ;2
IbL/ v +/’L , Vgr
13

Substituting the VEVs given in Table 2 in Eq. (A16) gives
the mass of the field p (M;)) as 5.8 TeV, for M;S’ “/p&" o~
10 GeV. The condition “;E’ u;) - 10 GeV is satisfied for
the parametric choice, ppe >~ O(10 GeV), and Appg, Arpe,
Al pgs Mplps ASpes Asper 2 O(107°). Such small couplings as
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involved in those terms of the Higgs potential which break
the U(1)xy symmetry explicitly imply that the symmetry is

SO

ftly broken.
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