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Abstract Exact solutions of an f(R)-theory (of gravity)
in a static central (gravitational) field have been studied in
the literature quite well, but, to find and study exact solu-
tions in the case of a non-static central field are not easy at
all. There are, however, approximation methods of finding a
solution in a central field which is not necessarily static. It is
shown in this article that an approximate solution of an f(R)-
theory in a general central field, which is not necessary to be
static, can be found perturbatively around a solution of the
Einstein equation in the general theory of relativity. In par-
ticular, vacuum solutions are found for f(R) of general and
some special forms. Further, applications to the investigation
of a planetary motion and light’s propagation in a central field
are presented. An effect of an f(R)-gravity is also estimated
for the SgrA*-S2 system. The latter gravitational system is
much stronger than the Sun—Mercury system, thus the effect
could be much stronger and, thus, much more measurable.

1 Introduction

The General theory of Relativity (GR) [1,2] announced in
1915 was theoretically developed by A. Einstein, and it has
been experimentally verified as an excellent theory of grav-
itation. In particular, the GR was once again confirmed tri-
umphantly by recent detections of gravitational waves (see,
forexample, [3,4]). The GR is governed by the Einstein equa-
tion [1,2,5]

1 81 G
Ruv = S R8uwv = ==~
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obtained from the Lagrangian L5 = R. This equation
can describe very well gravitational phenomena of the nor-
mal matter, but it ineffectively describes other phenomena
such as the Universe’s accelerated expansion (supposed to
be explained by the introduction of the concept of the so-
called dark energy or cosmological constant), dark matter,
cosmic inflation, quantum gravity, etc. One of the simplest
suggestions for solving the dark energy problem is adding
the cosmological constant A to the Lagrangian, that is,
L6 = R — 2A, leading to the equation of motion [1,5]

1 8t G
R;w - ERg/w + Aguv = _C_4Tu.v~

According to the latter equation, the Universe would acceler-
atedly expand. However, there is also room for doubt in this
case (see [6—8] for more discussions).

A more general theory,1 which can be used to solve the
above-mentioned problems and explain some other phenom-
enain cosmology is that with Lagrangian L5 = f(R), where
f(R) is ascalar function of the scalar curvature R. The equa-
tion of motion now becomes [7-9]

1
f/(R)R;w - guva/(R) + V,uvv» f/(R) - Ef(R)gp.u
= _kT;w,

where k = 8’;—46, O = V,V* and V, is the covariant
derivative. This theory is called f(R)-theory of gravity or
just f(R)-gravity or f(R)-theory for short. Nowadays, this
theory is becoming a hot topical issue and attracting much
interest of many cosmologists (for review, see, for example,

! There are also other models extending the GR, however, they are not
in the scope of the present paper (see [7,8] and references therein, for
listing some of them).
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[7-13]). There are a lot of variants of the f (R)- theory such
as those with f(R) = R+ARZor f(R) = Rn,etc each
them can explain some of the cosmological phenomena but
none of them is perfect [7-16]. In general, to find a solution,
especially, an exact one, of an f(R)-theory is very difficult,
even impossible. To simplify the situation, some reasonable
conditions are sometimes imposed so that approximate solu-
tions can be found. One of such conditions could be that of a
spherical symmetry which is a quite good approximation in
many cases. Here, a general f(R)-theory will be considered
in a spherically symmetric (gravitational) field called usually
a central field.

Exact solutions of the f (R)-theory in a static central field
are studied in [17-22] but there are also approximation meth-
ods for central fields which are not necessarily static [23-25].
In this article, approximate solutions of the f(R)-theory for
a general and some special cases in a general central field are
found by perturbation around the Einstein equation. Then,
we can use the obtained solutions to calibrate parameters of
orbits of planets.

In this article the following conventions are used:

— Metric signature in Minkowski space: (+, —, —, —), that
is, the infinitesimal distance is calculated as

ds? = nyudx*dx’ = dx%dxo + dx'dx;,
=c2dt* —dx? — dy2 —dz?,

with Latin letters used for three-dimensional spatial
indices, and, Greek letters used for four-dimensional
space-time indices.
— Riemann curvature tensor:
o aFls—xﬂ arllofv
HBV T gy axP

o (o2 o o
150 Fup = TopT -
— Rank-2 curvature tensor (Ricci tensor): R, = R"‘Mav

— Scalar curvature: R = gH"Ry,.
— Energy-momentum tensor of a macroscopic object:

1
T = C—2(8 + puyity — pguvs

w .
where ut = d{;‘ = d; , while ¢ and p are the energy

density and the pressure, respectively.

In the next section we will consider a general f (R)-theory
in a central field and its perturbative solutions. In particular,
solutions in vacuum are also investigated for a general form
and some special forms of f(R). Section 3 is devoted to appli-
cations of the obtained solutions to investigating a planet’s

@ Springer

and light’s motion in a central field. Some comments and con-
clusion will be made in Sect. 4. Finally, a proof of formula
(37) is exposed in the appendix.

2 f(R)-theory and perturbative solutions

Now we consider a system of matter in a gravitational field.
If the gravitational field’s Lagrangian is L5 = R and the
matter Lagrangian is £y, the system’s action has the form

S =586+ Sum,

’g
fRA/ gdx + = /£M¢_d4 (1)
1671G

The Einstein equation obtained from this action [1,2] is

1 8n G

R;w - Eg,uvR = _c_4T},LU7 ()

where T),, is the energy-momentum tensor of matter

) +2 58Sy

Ty =g (€)
oLy 2 0 [d(Lyu—8)
- LMg’w + 23 v \/T_ oxo < ;gg“” )
g 8 A

Taking a trace of (2), we get

81 G
rR="2T, )

c
with 7 = T}/, and the Eq. (2) becomes
877G 1
Rpw = _6_4 T;w - EguvT . (5)
For Lg = f(R), the system’s action is
S =S¢ + Sum,
Ly~ — d

~ 167G e f M -

leading to the equation of motion [7-9]
1
f/(R)R;/.v - gp,va/(R) + Vu,vvf/(R) - Ef(R)gp.v
= —kT,,. (6)

If the f(R)-theory deffers from the Einstein theory (when
f(R) = R) just slightly, we can write f(R) in the form

f(R) = R+ Ah(R), N
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where h(R) is a scalar function of R and A is a parameter
such that Ak(R) and its derivatives compared with R are a
very small. Substituting (7) into (6) we obtain

(1 + A0 (R)IRuw — guwDIAR (R)] + V, Vi, [AR (R)]

1
_Eg;w[R + )th(R)] = _kT;w,
or

1 N
R! — E(SI;R + A (R)RM — E(SMUh(R) — 28" 0O (R)

+AVAVL R (R) = —kT". (8)

We solve the latter equation by a perturbation method basing
on the fact that this equation differs from the Einstein equa-
tion by small perturbative terms (the last four terms on the
left-hand side of the last equation). Substituting a solution of
the Einstein equation, i.e., (4) and (5),

1
R=kT, R* =—k (T’j - zaw) :

into the perturbative terms in Eq. (8),

1 1 A
R, — S84 R — Mkh' (kT)(TH — FO0T) = 585h(kT)

—ASEOER (kT) + AVAVER (kT) = —kTH, (9)

we solve the latter perturbatively at the first order, where
W (kT) = aah(gckTT)) and the superscript E in the covariant dif-
ferentiations means that the metric tensor g, is taken in the
Einstein equation solutions. If we solve the above equation
in vacuum (7% = 0, T = 0), then h(kT) and i’ (kT) are
constants, hence their differentiations are equal to zero, the
Eq. (9) becomes

1 A A
Rl = S84 R = S84 h(KT) = Z84h(0). (10)

Note: If #(0) = 0 the perturbative equation (10) is similar to
the Einstein equation in vacuum. But, there is a fundamental
difference. With the Einstein equation in a central field, a
solution in vacuum is stationary and determined upto a con-
stant (of time) even when the central field is not stationary.
In a spherically symmetric f(R)-theory, however, as seen
later, a solution in general is not stationary. Furthermore, the
integration constant in the solution of the Einstein equation
can be found by taking a limit at the classical gravitational
potential ¢ = —%, but a similar step cannot be done with
the f(R)-theory as the classical gravitational potential may
be different from ¢ = —%, though little. Hence, we will
solve Eq. (9) in a general way, not only in vacuum.

We are using a spherically symmetric metric in the shape
of the Schwarzschild metric [2],

ds? = D gx0? _ 0D g2 _ 2 (d92 + sin? 9d¢2) ,

1D
with the following non-zero metric elements
goo = ", gy = —e"",
g0 = —r%, g3 = —r’sin’0,
(writing goo = €*"°" does not mean it always positive

because u(r, t) can be complex). With the given metric we
can calculate any element of the Ricci tensor [2], say RL,

e VD Ju(r, 1)
Rl = =, 12
0 r dct (12)

which, when inserted in Eq. (6) for vacuum, gives

—v(r,t)
FREED iy R, (13)
r Jct

Considering the case of a central gravitational field, we see
that the Einstein theory in vacuum, as well known, is always
stationary, but, a general f(R)-theory, with f(R) # R, is
not stationary in vacuum. It can be seen from the fact that
the right-hand side of (13) in general is not zero, therefore,
% # 0, thus, the metric may varies with time. However,
the non-stationarity does not show up at the first order of
perturbation by using Rlo in the approximate equation (9).
To see the non-stationarity appearing at the first order of
perturbation, it is enough to use ROO and R]1 in the latter
equation.
With the metric (11) we get [2]

= D) [i _ v f)} 1 (14)

where V/'(r, t) = w Comparing (14) with (9) we obtain

r2_

1 "(r,t 1 A

VD) [_ _ M] — 5 = kT + Sh(T)
ivEp/ o T\,

+AVIVER' (KT) + 2k (TO - 5) h'(kT),

where VIV; = 0 — VOV, or

eVt 1 - 0_ 2
e v(r,1) + ﬁ [1 _e u(r,t)] — kTO — Eh(kT)

r

—AVIVER (kT) — 1k (rg — g) W' (kT). (15)

@ Springer
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If we write v(r, t) in the form

(16)

v(r 1) = —In [1 e t)} ,

-
we get from (15)

_c/(r, 1)

A )
= kT - Eh(kT) — AVIVER (kT)

r

—Ak(TY — g)h’(kT).

Integrating the latter equation
r )\’ .
— 0 ivEq/
c(r,t) = —/ [kTO — Eh(kT) —AV'VER'(KT)
0
—k (TO - E)” (kr)} r2ar', (7

and substituting the result (17) into (16), we obtain
1 [ 0o A
v(r,t) = —=In{1 — — kT — =h(kT)
r Jo 2

k (TO — —) h (kT)} ’zdr’} , (18)

where TO =719 (r Hand T =T, 1).

Let us now calculate the integrand Vi ViE h'(kT) in (18).
Because of the spherical symmetry, T, thus, h'(kT) does
not depend on 6 and ¢, but r and ¢ only. Putting only non-
vanishing elements of g,,,, and I';),, in the intergrand, we have

—AVIVER (kT) — 1

VIVl (kT) = g"'9101h' (kT) — g I 8,0 (kT)

”F 81h (kT), (19)
here dg = ;%5 = 5%, 01 = & and gV 1} = ¢!, +
g22F212 + g3 F313. On the other hand, also because of the
spherical symmetry, we have

1
10 gllgOO 3g11 B gllgOO ag_l _ 1 gOO agll
8 F]] - 0 - 0 3
2 ox 2 ox ZCg ot
(20)
i g1 ii 08ii
ljpl.z 11 11 1 i Tau
8T8 8 T T ox
9L
—gllgl 8 g™ Loy i 98ii
oxl 2 ox!
ltagtt 2
=—= ——g . 21
2 or rg @h

Finally, substitutions of (20) and (21) into (19) give

@ Springer

. 1 gWagll an'(kT) 32h' (kT)
VIVERW (kT) = - —2E 2E i
P = a T e T8E T g

2 4, 10\ an' 1)
+( 8E Y5 ) Tar

(22)

Here, as said before, the subscript E indicates the Einstein
limit.

2.1 Vacuum solutions

Now we consider solutions in vacuum for a body-gravitation
source of radius Ry which in general depends on time, Ry =
Ry (t). Because of considering solutions in vacuum, we can
neglect the pressure. It means that the tensor 7" has T% as the
only non-zero component, and Eq. (18) becomes

v(r,t):—ln{l—l/r [kT% Zh(kTY)
rJo

——kT B (kTO) — AVIVER (kT )] /2dr’},
(23)
with VIVEh (kT ) calculated by (22). As T9 = 0 in vac-

uum, the ﬁrst integration in (23) spreads only between 0 and
Ry (t) and gives

kMc?
4

Ro(1)
/ kTOG 1) rdr’ = , (24)
0

with M being the mass of the body-gravitation source.
Assuming that the body-gravitation source is uniform we
have

4
M= §7T[Ro(l‘)]3 X p, (25)

where, p is the mass density which is independent from coor-
dinates, and, thus,

70 — M—Cz (26)
O A Ro)

Putting (24) in (23) we get

kM A [T
= —h (kT
4mr +r/0 |:2 ( O>
+ 2kT o (kT§) + VIV EN (kT%)}err’}.

27)

v(r,t) = —ln{l —
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Next we calculate u(r, t) in goo(r, t). Considering (9) in vac-
uum, see (10),

Roo—lR:Rll—lR, (28)
2 2

and using the metric (11), we have [2]

1 V' (r, 1) 1 1
RO — —_R=— —v(r,t) N -, 29
02 ¢ r r2 r2 29
1 u'(r, 1) 1 1
Rl — _R = —v(r,t) A iy [ — 30
L) ¢ r + r2 r2 (30
and, thus, u(r, t) = — v(r, t). Therefore, in vacuum, u(r, t)

takes the form

kM A [T
¢ +—/|:h(kT)
4mrr r Jo

u(r,t):ln{l—
+3 Lero OW' (kTO) + VIVER (kT )} /2dr’}.

(€29
In conclusion, starting from L5 = f(R) = R + Ah(R)

and the Schwarzschild metric [thus (11), (27) and (31)], we
obtain a perturbative solution in vacuum

kM a7
ooty =1y —/ “hkTY)
4mrr r Jo

+5 kT B (&TO) + VIVEW (kT )} r2dr’, (32)

k2M a7
811(”,1):—{1— < +—/ [Eh(kT%)
0

dmr r

-1
+3 Ler ' (kTY) + VIVEW (kT )} ’zdr’} ,

(33)
822 = —rz, (34)
g33 = —rzsinze, (35)
0
with k = S”G T% = T%(r 1), b’ (kT ) = 3hET) and

AKkTY)
V‘VE n (kT ) calculated in (22). Far away from the body-
gravitation source T0 can be considered depending on the
time ¢ only (at a long distance, the density of the body-
gravitation source can be considered homogeneous), that
means the last two terms of (22) vanishing (see more details
in the appendix),

1 on' (kT
ViIVER (kT )———gT— “To) (36)
2¢2 gy Ot at

Ro() .
/O VIVER (kTO)r"dr’

M 2
~ h"(k O) [Bt R (t)]3:| o(t), 37
where,
_ 3k%c*Ro(1) 3 .
“0 = Sex el {f(oRo(r) arestnlS O Ro®)]
- (34260 R01) V1 - [s(r>R0<r>]2}
—3/2
x (1= LewrRoOP) (38)
with
2(,) — ﬂ (39)
O R

Substituting (37) into (32) — (35) we find a solution at a distant
point from the body-gravitation source:

ke*M
drrr

goo(r, 1) =1 —

+—/ h(kTY) + kTOh (kT%)] r2dr’

M'KRTH T M 7P 40
r [ar [Ro(t>13] o, “0)
2
Qi) = — {1 kM
4y
+—/ hTS) + kTOR (kT )] ¥2dr’
| T T - "
r [ar [Ro(t)]3:| S
g0 =—r12 (42)
¢33 = — r’sin®#, (43)

here (26) is used for both inside and outside the integral,

2 0
and 1" (kT9) = % Note that though 79 depends on

time ¢ only, one should be careful when bring h(kT ) +
kTR (kTY) out of the integral. If h(kT) + kT 0 (kTY) =

0 in vacuum, the integral is performed inside the body—
grav1tat10n source, but there are also cases when h(kT ) +
kTOh (kT ) is not zero in vacuum (see below). Now, in the
next subsection, applying the latest formulas, we consider
some special cases.
2.1.1 The case f(R) = R — 2\ (model 1)

In this case we have h(R) = —2 leading to h(kT? ¢) = —
n (kT ) = 0 and the formulas from (40) to (43) can be
calculated easily as

@ Springer
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ke2M  ar?
goo(r, 1) =1— Iy 3 (44)
-1
g t) = ———r——7, (45)
- drr ~ 3
8g2» = —rz, (46)
g33 = —r’sin’6. (47)

It is exactly the solution of the modified Einstein equation
with a cosmological constant A.

2.1.2 The case f(R) = R + AR", b > 0 (model II)

Thus, h(R) = R? and h'(R) = bR*™!, W/ (R) = b(b —
1)R?~2, the formulas (40)—(43) become

kM A(b+ Db RO
£00 = 1— ¢ + ( + ) -/0 [T%]br/zdr/

dmr 2r

Ao b—2m0—2| 0 M ?

(48)
ke2PM A(b+ Db [Re®
e =1 keM  AEED f (01 r2dr’
4r 2r 0
A 3 M 7? -
S — D2 - —— t ,
+ ( VKT ) 3 RO a(t)
(49)
gn=—17 (50)
833 = — r2sin’0. (€28
Further, applying (26) we have
ke? [M — MM, (1) — AM>(1)]
goo(r,t) =1 — , (52)
dmr
-1
gu(r, 1) = TS GEATAGT (53)
4y
82 = —r?, (54)
233 = —r2sin®6. (55)
Here
47 (b + D (kM)?
M(t) = — , 56
1) kc2 31-b 22b+1 7b[ R, (1)]303 (56)
2
oy (b — D43k M2 [%%] a(t)
Mr(1) = — )

ke? (4m)P 2[Ry ()3P0
(57)

@ Springer

2.1.3 The case f(R) = R'*¢ (model III)

Here ¢ is an infinitesimally small number. In this case
AR(R) = R —Rand AW/ (R) = (14+6)R? — 1, Ah"(R) =
e(e+ 1)R*~!. Similarly, we obtain the corresponding metric
tensor

k2 [M — XM (1) — AM2(1)]

goo(r,t) =1~— 7 (58)
Tr
—1
o) = — e (59)
4mr
g0 = —r?, (60)
¢33 = —r’sin®0 61)
with
4 2 65 k 2M e+1

AM, (1) = —M 4 7 (£ 2)6 (keZM) (62)

ke? (8m) DR, (1)1

. 2
4oy £(& + 1) (Bk2 M)~ [%ﬁ] a(t)
ML =12 @) [Ry(0) ]

(63)

We see, for example, in (52) or (58), that the metric in
an f(R)-gravity is different from the one in Einstein’s GR
by last two terms. If the body-gravitation source shrinks or
expands (it means that its radius depends on time), the metric
would depend on time, unlike the Einstein equation giving
no such a effect.

2.2 General perturbative solution

In the previous subsection, vacuum solutions have been found
for an arbitrary and some more special f(R), now we will
look for a general solution everywhere, not only in vacuum.
Inside matter we do not have u(r, t) = —v(r, t), thus we will
solve this problem in the following way: Doing the same
calculations for obtaining formula (22) we get

OFK &T) — VIVER (KT) = B(r. 1), .
where,
By = SESHED 1 285 9 AT)
c 912 22 ot Py
00 ,
o <% g ) S ©9)

The index E means the metric tensor taken within the Ein-
stein theory (see the appendix for its values inside or outside
the body-gravitation source). Substituting (64) into (9) we
obtain the equation
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R — lR =—kT! + &h(kT) + Ak (Tl - —T) W (kT)
I an L)
+AB(r, 1), (66)

which with using (30) leads to

/
—o (WD L1
¢ [ r + }’2 I"2

+ Ak(Tll - %T)h’(kT) + AB(r, 1), (67)

A
—kTY + ShKT)

or
u(rt)=r {evW) [i —kT! + &h(kT)
’ r2 L)
1 1
+Ak(TY — 5T)h’(kT) + AB(r, r)} - 72} .

(68)

Since ¥ =

as

—g11(r, 1), we can re-write the latter equation

, 1 LA
u'(r,t) =rgu(r,t) | —— + kT — Sh(kT)
r 2
— 1k <T11 +

Doing integration of the above equation and noticing that
goo(r,t) — 1 asr — oo, we have

u(r,t) =/ {r’gll(r/, t) |:—

—Ak (T‘1 + %T) W (kT) — 1B(r, t)] — l} dr'.
r
(70)

—T) W (kT) — AB(r, t):| _—
(69)

1 LA
5 KT} = Sh(T)

Thus, from (11), (18) and (70) the metric gets the form

goo(r, 1) =eXP/ {r’gn(r/, 1) [—

e ¢]

1 )
5 KT} = Sh(T)

—M(T + %T)h/(kT) —AB(, t)i| - l} dr',
r

(71

1 [ A

gu(r, 1) =— {1 — -/ [kT% — Zh(kT)

r 0 2

(70— DY woer

— Mk (TG = 5 ) W *T)

i E 5 —1

—AVIVERGD)| 2| (72)
g0 =—r% (73)
g33 = — 72 sin® 0, (74)

where ViViEh’(kT) and B(r', t) are given by (22) and (65),
respectively.

3 Motion in a central field

In this section we will apply the obtained solutions to a
motion in a central field, for example, a planetary motion
around an isotropic star (which can be a normal star, neutron
star, black hole, or other body-gravitational sources). This
central field is not necessarily static, the radius of the star
can expand or shrink during the time. Here we only take the
models which satisfy 4(0) = 0, meaning that & (kT%) =0,
in vacuum [the models II and III, considered in Sects. 2.1.2
and 2.1.3, respectively, satisfy this, but the model I (in Sub-
sect. 2.1.1) does not]. With these models, the integrations in
(40)—(43) done only within the radius Ro(#) of the star, lead
to the solution

kc2 [M — AM, (1) — AM>(1)]

goo(r,t) =1— - , (75)
—1
gur.1) = | _ MM ()Mo (0] (76)
Ay
gn = —r, a7
833 = —r?sin’ 0, (78)
where
27 [Ry ()]
M) = %ﬁ’)] [h (kTO) + kT (kT%)], (79)
M>(t) = —h” |:8t (R0 )] i| a(t), (80)

with T% calculated by (26). For the model II, M;(¢) and
M (1) have the form

4 b+ Db (kM)P
M) = ke 31=b 22b+1 b [R, (103 @1)

4y b — D=4 3kM)b~ 2[

] a(t)
M;(1) = 2

(R, (z)]
(4)b=2[R, (1)]3b~0

(82)
and for the model III they become

4n (s + 2)6° (kc2M)ET!

_ 4 83
AM(t) = —M + (87T)(8+1) (R, (t)]38 > (33)
A1) = 4_n€<8 At kit Kl

2 ke? @) Ry (1)

(84)

@ Springer
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Setting
Myg(t) =M — AM;(t) — AM2(2), (85)
and noticing that k = 8’5—46, we have a Schwarzschild-type
metric
2GM s (t) 2 dr?
2 _ |2 g0t er
ds” = [1 2, :|dx T M)
CZV
— r2(d6?* + sin? 6d?). (86)

Here, My can be treated as an effective mass in an f(R)-
gravity, which, then, looks like the GR in a central field of a
source with a non-static mass M . In general, it is a function
of time even when the mass M is a constant. This may lead
to interesting phenomena which can be discussed elsewhere
later. Let us make a coordinate transformation changing r as

GMf(t)]2

— 1
" r|: + 2¢2r

87)

but keeping other coordinates unchanged (t — ¢, 6 —>
0, ¢ —> ). Subsituting (87) into (86) and neglecting the
infinitesimal terms

oM
26 om0 |1+ 5]
c_2 91 1 GMf(t) dtd}",
2c2r

and

GMs(n T4
G? (3Mf(l‘)>2 [1+W] 202
C

6 ot [1 GMf(r)]z
-

very small compared with

[1 B GMf(z)]2
02

2c2r

[1 " GMf(z)]2

k]

2c2r

we get

_GMn7? .
) _[1 2c2r ] 20 [1 N GMf(t)]

- 2 2
[1 n GMf(z)] 2cer

2c2r
X (dr? + r?d6* + r’sin*0d¢?). (88)
Since dr? 4 r2d0? + r’sin*0de* = dx*> + dy* + dz>, we

have gyx = gyy = g;;. It means that the spacial coordinates
X, v, z play the same role in the isotropic frame.

@ Springer

From the special relativity, we know the Hamilton-Jacobi
equation of a free particle in a flat space-time,

as a8
w =m?c?, (89)
dxH dxV

where m and S are its mass and action, respectively [2,26].
Since § is a scalar, the equation (89) is still valid for the
general relativity, where the flat space-time is replaced by a
curved space-time. In the metric (88), the equation (89) has
the form

GM 2
14 S0 (as )2 1 |:<85>2
_GM0 ax0) am 1t | \or
1 2c2r [1 + ZC—fr([)]
1 [38)* 1 3s\? -
(2 — (2) | = . 90
+r2 <89> + r2sin2@ (8(,0) :| me ©0)

Let us apply this equation to a planet’s motion around an
isotropic star producing a central gravitational field. Since
the planet moves in a fixed plane passing the star’s center
taken for the origin of the coordinate frame, we can choose
the orientation of the coordinate frame so that the planet’s
orbital plane is horizontal, that is, we always have 6 = %
and, thus,

GM 2

14 20 (as )2 1 |:<BS)2

1M | \ox0) 1 ommlt | \or

1- =42 X [] i 2C£r(t)] r

1 (352 -
+r—2 (%) ]:mc. ©n
Because
05 _ H(t) (92)
a ’

where H (t) is the Hamiltonian, it follows that

GM 2
1+ 940 [H(t):|2 1 [(as>2
— GM;(D) o am-o1? |\ ar
! 2c%r ¢ [1 + zcér(l)] '
1 [05\°
= (5) ] e o

In a central field which may not be static, the Hamiltonian
may not be conserved but the angular momentum is always
conserved. Following [26], we write

aS

— = = U, 94
3¢ Py = 1L 94)
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where p is the conserved value of the angular momentum
Dy OF

S=pup+srt), 95)

where s(r, t) is a function of r and ¢ only. Taking (95) into
account, Eq. (93) becomes

2 . 2 2
GM¢(t ds(r,t) 1%
1+ 2c£r() Hn7 [ ar ]+r_2 22
— =m“c’.
1 _ GM@ c oM nT*
2c2r 1+ 202,
(96)
Solving the latter equation for s(r, t) we get
s(r, 1) =
GM /(1) 72
GMpn*H[| L+ 2c£r HO 5,
1+ —m“c
202r 1— GMy(1) c
2c2r
172
2
- dr. 97)

Note that in the above integral the coordinates » and ¢ are
treated as independent variables. As % is also a constant of
motion [2,26],

a5
— = const., (98)
o
it means
os(r,t
o= 5D L onst. (99)
ou

Combining (97) with (99), we find

2
w/r=dr
¢ = . (100)
GMp (1) 2
I+—% 2
2c4r H@) —m2c2
: GM 7 () 3
2% - _ lt_zz
|:1+GMf(t):| r
202r

3.1 Motion of a planet in a central field of a star

Let us consider the motion of a planet around an isotropic
star. If we write the Hamiltonian in the form
H(t) = E(t) + mc?, (101)
[where E () has the meaning of both kinetic energy and

potential energy of the planet in the gravitational field], then
(100) is rewritten as

/L/rzdr

-

GM f (1) 2
+—a [ E2()+2mc2 Et)+m2ct ]—m2c2
RO B

2025 S S
GM ¢ - r
[1+ 5(’)]
2cr

(102)

On the other hand, if we consider the planet’s motion to be
relatively slow (compared with the light), f—; < 1, where, v
is the planet’s speed, that is, EZ < [2mc?E|, we have

2
redr
o= / 4 03
1+GMf(t) 2
— 2027 — ”’_2
GM /(1) —4 r2
[1+ Zcért:|
or
@ = /dr
/r?
1+GMf(t) 2
2mE(t)|:G%,§;’mi| Lomo)
- 202y + zszMf(t) 2c%r — I‘L_Z
Gmpn] ™ r oMyt
[1+ 202y ] |:1_ 202y :I
(104)
At the first order approximation
My > 4
1+ 22y ~ (14 GMyg(1) ~ 4 2GMy (1)
L0 2¢2r - Ar
2c2r
(105)
the equation (104) takes the form
2
redr
o= / W . (106)
ZmZGMf(t)
2mE(t) + v w2
1 —1 2
[ R PR
that is,
Q= /dr
2
p
W 2 (107)
ne
2m _ 2
1 —1
mGMp(OT | | 4E) 6m2G2 M2 (1)
T [
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Using the notation

4E(1)
B)= mGM¢(1) |1+ ; (108)
mc?
) ) 6m2G2M%(t)
P=p* | 1- ——=—], (109)
ciu
we obtain the formula
I(t)/r?
- S —
6m2G2M7 6m2G2M (1) B 2@
e o
(110)
which after doing integration becomes
@) _ mp)
1 r 10)
¢ = —zarccos ey
6m2G2M3 (1) m
— " CZMZf \/sz(t) + 12([)
(111)

where C is a constant. Rotating the coordinate frame so that
C=0,

1 () _ mp@)
r 1(t)

¢ = ———arccos (112)
6m2G2 M2 (1) m2B2(0)
- V2mE@ +
we get
HO
mpB(O)r
2E(1)I2(t 6m>G2M%(1)
mp2(t) cu?
(113)

This is the equation of motion of a planet in a central field of
a star. We notice that r = 0 is chosen arbitrarily after having
“gravitational interaction” passing the planet. The Egs. (110)
or (112) or (113) is a general equation of a planetary motion
in a central field of a star.

Now we consider a planet moving in a nearly-elliptic orbit.
From (113) we can see that the lengths of the major axis
and the minor axis of the near-elliptic orbit change if the
central filed is not static (note that the central field is not
static even when the total mass M of the star is unchanged,
if the star expands or shrinks keeping its isotropic form).
This is an effect which cannot occur in the Einstein theory
[when the radius of the star expands or shrinks, the met-
ric in the vacuum in the Einstein theory does not depend
on time]. The extremums (apsides) r, of », which are its

@ Springer

minimal value (periastron/perihelion) r;, or maximal value
(apastron/aphelion) r,, can be calculated as follows: First,
we notice that the argument of an arccos fuction varies within
the interval [—1,1], hence from (112) we have the condition

@ _ mp@

r 1)

m2p20)
\/ZmE(t)+ L

(114)

The extremums 7, are found at the two edges of this interval,

1(te) _ mp(te)
Fe [[)

\/ZmE(te) +

= 41, (115)

where, 7, is the time value corresponding to .. Hence,

12(t,
= (ze) (116)
mp(te) £ /m?B2(te) + 2mE (1)1 (t,)
or, more precisely,
12(¢
= tp) Coam
mp(t,) + \/m2,32(tp) +2mE ()2 (t,)
12,
ra = (fa) ) (118)
mB(ta) — /m?B2(ta) + 2mE (1,)1 (1a)
From (112), we have
L) _ mBle)
1 re l(ze)
Yo = ——arccos Ok
6m2G2 M2 (t,) e
_ om Cz#zf \/ZmE(te)—{— 2G,)
(119)
and with (116) substituted into (119) we obtain
1
Yo = arccos(x1), (120)
6szzM§.(ze)
P R

for e being p or a (but not both simultaneously). It follows
that

km

6m2G2M2 (%)
—Cz U2

Pe (k) = (k € Z),

(121)

with @, (k) being the set of all the values of the angle ¢ at
which r gets an extremum value r,,, where, k iseven fore = p
and odd for e = a. Thus, the orbital precession is

Age(k) = ge(k + 1) — @ (k) =
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2(k + 1 2k
k+ Dz — il - (mod 27).
2
\/1 _ 626U ) \/1 _ @M
cop o
(122)

If My (tiy1) = My (1), Eq. (122) can be taken approximately
as

27
Ape (k) = (mod 27)
6mZG2M}(zk)
-
3m2G2M§.(zk)
=27 |14+ ———F5—>——| (mod 2x). (123)
cp

Thus, the orbital precession becomes

6nm2GzM]% (1)
i

Therefore, the correction to Einstein’s precession is

afpe(k) =

6mm> G (W[ My (ix) + Ma(1)1* — 22.M M (i) + Ma ()]}

22 ’

(125)

or

_ —127m?GPAM[M | (1x) + M2 (1))
3. (k) = 2.2 (126)

when the second order approximation is neglected. If the
central field is static, A, (thus, §¢.) is a constant (see Fig.
1 which is only illustrative), but when the central field is
not static (for example when the radius of the star expands
or shrinks keeping the star’s isotropy) A, (thus, §¢,) is no
longer a constant, and there will be new effects compared
with Eisntein’s theory: there is not only a corrected orbital
precession given by (124) and (126), but, as shown in (117)
and (118), the axes of the orbit also varies with time (see an
illustration in Fig. 2).

3.2 Light’s propagation in the central field of a star

Since m = 0 in this case, Eq. (100) is reduced to

2
@ =/ uir 5 dr.
GM ¢ (1)
[1 + GMf<f>]4 [” o } H(z)]2 o
202r GMy () C 72
T 22y
(127)

Fig. 1 In a static central field, both r, and A¢ remain unchanged over
time as in Einstein’s theory but have a correction to the corresponding
Einstein’s values (illustration following [26])

A
¥
Fig. 2 In a non-static case, both r, and A¢ change over time, unlike
the corresponding Einstein’s values remaning always unchanged in a
central field (from a source with a constant mass)

Then, using (105), we obtain

w/r?

4GM (1) 2 2
(e ee] -5

Q= dr. (128)
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At the first order of approximation, it follows that

2

o= / wr dr, (129)
\/m(z) B [2GMf(r>H2<z) B E]Z
2 i r
or
2GM (1) H(t
@ = arccos re FOHE) +C, (130)
Ht)r 3

where C’ is a constant. If the reference frame is chosen so
that ¢ = 0 at the point (periastron/perihelion) where the light
is closest to the origin of the frame (the gravitational source),
we can take C’ = 0. Thus, the equation of motion of light in
a central field is

_ pe 2GMy(t)H (1)
¢ = arccos [H(m o } , (131)
or
cosp = M 2GMOH() 1)

H)r 3

At a far-distance (with r = r; very large), this equation has
the approximate form

2GM () H (1,
cosg = — fgl) () (133)
cop
It means that ¢; > 7, that s, the light’s trajectory is deflected

toward the gravitational source, and the deflection angle,
denoted by ¢, is

o=2(n-7)

=2§0[—7T.

(134)
(135)
This angle (135) can be calculated approximately as follows.

Denoting the periastron distance by D (a notation used in
[2]). As ¢ = 0 atr = D, from (132) we have

pe  2GMy(tp)H(ip) _
H(ip)D =m B

1, (136)

it follows that

_ H(tp)D 8GM ¢ (tp)
M_—Zc (1+,/1+—62D )

Neglecting again higher orders of approximation, we have

(137)

12

(138)

L H(tp)D <1+

ZGMf(tD)>
. :

2D

@ Springer

or

12

c (1 B ZGMf(tD)) ' (139)

1
w _ H(tp)D 2D
Substituting (139) into (133) we obtain

2GMy () H(1)
¢2D  H(tp)

4G M s (ta)My(tp) H (1)
c*D? H(tp)
(140)

cosy = —

3

where, the second term is very small compared with the first
term. Thus, we can take

2GMy () H()

2D Hip) (141)

cosg; =

From (141) we see the RHS term is very small and ¢; > %,
and we can set

T
o="+¢ (142)

2

with ¢ being very small. Combining (141) with (142), we
have

2GM (1) H(n)

b4 o
cos (5 + 8) = —sine = —— Hip) (143)
or
2GM ¢ (1) H(t,
o £ (z)’ (144)
¢2D  H(tp)
and, thus,
7 2GMs(y) H(y)
=4+ — 145
V=S T ap Hap) (145)
From here, taking (135) into account, we have
AGM ¢ (1) H(t,
_ 26M ) Hn) (146)

2D H(tp)

We can see that if the gravitational field is static H(;) =
H(ip) = H then ¢ = "0 with My = M — AM [see
(85)], and this angle has a correction to Einstein’s value

4G M,

Sp = —A .
¢ 2D

(147)

In an f(R) theory, the light deflection angle, like the orbital
precession discussed above, in a static central gravitational
field, has a constant correction to that in Einstein’s theory,
but when the gravitational field is not static the correction
may not be a constant, but, in general, it depends on time.
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4 Conclusions

Einstein’s general theory of relativity is a triumphant the-
ory but, as mentioned above, it meets several open problems
such as the accelerated expansion of the Universe (or dark
energy), the cosmic inflation, an integration with quantum
theory (quantum gravity), etc. The f(R)-theory of gravity
was introduced to solve some of these problems. Then, the
Einstein equation (2) is replaced by a, more complicated in
general, Eq. (6). Usually, solving the latter is problematic and
it must be done via an approximation method by imposing
appropriate condition(s). As, physically, the f(R)-gravity is
assumed to be a perturbative theory around Einstein’s GR
describing very well most of today observations, we have fol-
lowed a perturbation approach to solving Eq. (6). However,
even with this assumption, it is not always easy to solve Eq.
(6) without imposing any further condition. One of the most
often imposed conditions is the spherical symmetry being a
good approximation in many cases. Therefore, in this arti-
cle we try to perturbatively solve Eq. (6) in a central field.
The corresponding general solution is given in (71)—(74),
while the vacuum solution is given in (32)—(35). At a large
distance from the gravitational source the solution (32)—(35)
can be written in the form (40)—(43) with some particular
cases also considered (see 2.1.1-2.1.3). These results, as dis-
cussed in Sect. 3, can be applied to investigating planetary
and light’s motions in a central field. In comparison with Ein-
stein’s theory, an orbital precession or a trajectory deflection
now gets a correction which is a constant for a static central
field and varies with time for a non-static central field even
from a source of a constant mass, unlike the corresponding
Einstein’s value which does not change in the same circum-
stance. In general, a spherically symmetric vacuum solution
of Eq. (6) is not stationary, while a spherically symmetric vac-
uum solution of the Einstein equation is always stationary.
In other words, Birkhoff’s theorem in the GR is not valid
any more for a general f(R)-theory of gravity. This may
have interesting consequences (for example, a spherically
symmetric pulsating (or expanding or collapsing) object is
not disabled to emit gravitational waves as in the GR) being
a subject of our next investigation. Following the present
method, we will also investigate cosmological equations and
models corresponding to the f(R)-theory of gravity.

The results obtained above may give an indication for an
experimental test of an f(R)-theory of gravity. This theory
in the considered circumstance can be treated as an Einstein’s
GR with an effective mass (M y) which may vary with time
even in the case keeping the original total mass (M) constant.
Let us make some estimation using a real data.

As seen above, a perturbative f(R)-theory can be con-
sidered as Einstein theory with an effective mass My =
M — AM; — AM; replacing the original mass M assumed
here to be a constant. According to (80) M, = 0 for a static

field, this effective mass becomes My = M — AM. Thus,

2,,2 2
from (124) we have Ap = W or

2u?

M =M — | ———= Aop.
! 6 G2m2 =¥

(148)

Putting #Zmz = a(l — ¢?) in the latter Eq. (148), where, a
is the length of a semi-major axis and e is the eccentricity of
an orbital ellipse [2], we get

M, = M — \/CZM (1—e2)A (149)
1= 6nGa e?)Ap.

Using a recent data for the Mercury’s orbital precession [27]:
c = 299792458 m/s; G = 6.67259 x 10~ kg™ 'm3s2;
20U = 2.95325008 x 10°m; a = 5.7909175 x 10'°m;
e = 0.20563009; A@,ps = 2m(7.98734 £+ 0,00037) x
10~8 radian /revolution, we can estimate the correction A M
to the mass M to be

AM; = 11.866507 x 10** k. (150)

It means that the Sun’s mass M = 1.988919 x 10% kg is
effectively reduced by

AM _6
7 5.966309 x 107° = 0.0005966309 %.

(151)
It is quite small compared with the Sun’s mass but the effect
may be measurable (see below). All these results on A M are
model-independent, i.e., for an arbitrary f(R). To estimate
A we need, however, a concrete f(R).

According to a perturbation criterion A (R) < R applied
to (7) and taking (4) into account we have

AM(T) < &CT—4GT, (152)
or for T ~ T%,

AM(TY) < 8:—46T3. (153)
Inserting T% = T 7%12;3 (where Rg and M are the radius and

the mass of the body-gravitational source, respectively) we
get

6GM

h —_—. 154

€ ZRoP (59
That means A is very small,

Ah <26 x 1072, (155)
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as expected, where the radius Ry = 6.957 x 10%m of the
Sun (see wikipedia.org) is used. Note that the compatibility
between (151) and (154) depends on the model chosen. For
example, we choose the model
f(R) =R+ AR, (156)

for b = 2, that is, h(R) = RZ, and obeying (154) A must
satisfy the condition

c*[Ro?
6GM

AL (157)

For the data given above, the latter inequality becomes

1 < 0.380053 x 10%. (158)
From here, we can see also Ah/(R) = 2AR <« 1. Using
(150) with M; = 78.4989635 x 10° calculated by (81) for
the model (156) with b = 2 we get the following value of A
A =0.1511677 x 10'8, (159)
which is compatible with (158), and, thus, consistent with
the observed data. From here we have

8¢ = Aprr) — APGR

= —0.19067 x 107! radian/revolution. (160)

As A may not be always very small the choice of #(R)
to satisfiy the perturbation condition is very important. For
the model (156) the smaller » > 0 is chosen the smaller A
is obtained. For example, if b has a value of the order 10~ !!
the value of A would be at the order 1072, One should note
that A is not an observable quantity but it can be fixed, as in
(159) for example, for a given model by using an observed
data.

Above, we have applied our results to the case of a motion
around a star such as our Sun for which there is a very good
experimental/observed data for reference. In order to improve
the potential of an experimental detection of an f (R)-gravity
effect, we can consider stronger gravitational systems like
that of Sgr A* at the center of our Galaxy and orbiting it stars.
The role of the Mercury is played now by S2 going around
the “sun” Sgr A* which has amass of M = 4.31 x 10°M, =
8.57 x 10%°kg and a radius of Ry = 22 x 10°m. With the
latter data and the orbital information of S2 (¢ = 0.123
arcsec = 14.7 x 10*m and e = 0.88) [28], we can find the
deviation between the S2’s orbital precessions calulated by
the GR and the f(R)-theory as

S2 S2 S2
S~ = A(pf(R) — AGk

=—0.947 x 107 radian/revolution, (161)
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with
Ap% = 1.151147 x 1072 radian/revolution,
calculated by the GR, and

A(pJSC%R) =1.15027 x 1073 radian/revolution,

calculated for the model f(R) = R 4 AR? by using A
obtained in (159) from the Sun—Mercury system. This devi-
ation is much bigger than that given in (160) and also big-
ger than the observed orbital precession Ag,ps of the Mer-
cury, thus, much easier to be measured (with the condition
that difficulties of measurement by other reasons, if any, are
excluded or resolved).

In general, the deviation between the two theories, the GR
and the f(R)-gravity, is very small but it is measurable if one
can invent a measurement technique sensitive as that of the
LIGO which is sensitive to a relative length change of an
order of around 1020,
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Appendix A: Einstein-Schwarzchild metric inside a body-
gravitational source

Now we prove formula (37). From (71) and (72) in the Ein-
stein limit (taking A& to be zero) we have

~1
— L kTG r2dr

gnrt) = (A.])

goo(r, 1) =

' 1 ’ 1 1./ 1
exp rgu@ )| —— +kTi(r 1) | — - rdr.
00 r r

(A.2)

Since T} = 0 outside the gravitational source [of radius
R, (1)] the latter integral becomes

goo(r, 1) =

' 1 ! 1 1./ 1 /
exp rgu@, )| —— +kT (1) | — - dr
Ry (1) r r

Ro(t) — / t _1
X expf —gnl.n -1 dr.

/
00 r

(A.3)

!/
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On the other hand, outside the object g11 = ﬁ, hence,
=
goo(r, 1) =
" / / 1 1,/ 1 /
exp rgn(r,t —72+kT](r,t) - dr
R, (1) r
2GM
X |1——=—]. (A4)
2R, (1)

From (A.1) and (A.4), it follows

2GM ]
2R, (1)

- fo /’ZTO(r” Hdr" — kr'T! G t)
_k fO //2T0(r// Hdr"

goo(r, 1) = [1 -

-
X exp f
Ro(1)

)

(A5)

but, as in (36) we consider T% depending on time ¢ only (the
density is uniform as the body-gravitation source is consid-
ered homogeneous), therefore,

A=l 2GM
gOO(rv )_|: - 2R (t):l
r 3rT(t)—krT(r t) A
.6
X exXp /Ro(t) - ’ZTO(t) dr' (A.6)

Treating T% very small compared with 79, we obtain

2GM ’ rT(t
wirn=[1- 20 o [ T,
=Ry (1) Rot) 1 — —r’2T o)
(A7)
hence,
2GM ] | 1= 45IR,(PTY ()
goo(r, 1) = [1 - ] (A.8)
2R, (1) 1-4r279%0)
It T% is considered uniform, then (A.1) is simply
-1
en(rt) = (A.9)

1—427%0)

Substituting (26) into (A.8) and (A.9), we get

kMc?
kMc? |l — 2r,0
gOO(rvt): |:1_47TR0([)i| 1 _ kMc2r2 (A.10)
4r[Ry(D)]?
-1
gt = ————5-5-, (A.11)
T 47[R,()P

and substituting (A.10) and (A.11) into (36), we get

VEh (kT y=k 1 on' (kT )
T8 (| ame P 0
( - 4nRo(t)>
r? 3 M
X
/1 _kMc2r2 8t [R, (I)]3
471 [Ro,(D]?
k 1 a(kT )
=— O n" (kT?
8w 1 kM2 3/2 ot ( )
( - 471Ro(t)>
r2 9 M
X (A.12)

/1 _kMc2r?2 al‘ [R, (t)]3
471 [R,(D]?

Then, from (26) and (A.12), it follows

3k%c W'(kTY)
VIVER (kTY) =
(kT) 72 (1_ M )3/2
4 Ry (1)

r? d M 2
X ~ )
| kM2 |3t [Ro(1)P3

R, (0P
(A.13)

therefore,

R, (1) 2.2 M 2
f VIVER KT dr = 25 5 [3 3]
0 327 L 91 [Ro(1)]

W (kT Ry (1) 4
(T 3 / r—dr
/2 1

1 kMc? 0 _ kM2
( - 4ﬂRo(t)> 4 [Ro (1))
(A.14)
Denoting
kMc?

2

)= ———— A.15
£°(n) IR, OF (A.15)

we re-write (A.14) as

Ry (1) 3k2 2 M 2
/ VIVER (kT)rdr = - [ ]
Y 3272 | 9t [R,(1)]3
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n'(kT%)

R,(1) r4
d
) {1 - £ RO} / Jioeor

(A.16)

Finally, it is easy to see that

r4

Ji—er

1o [3arcsin(sr) eG4 285)1 - g2r2] (A7)
8ES or

thus,

/RO(t)vith’(kTO) 2ar = p a0y | LM ’ )
: redr = — | 1),
0 ’ 0 0718t [Ro ()]

(A.18)
with
3k Ro(1) 3 :

“O =356 7te P {sa)Ro(t) aeinlEnRow]

~ (320 RIOP) VT = 1EOROP)

—3)2

x (1= EORP) (A19)
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