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Abstract We discuss the angular correlation present in
hadron-hadron collisions at large rapidity difference (as y12
> 1). We find that in the CGC/saturation approach the
largest contribution stems from the density variation mecha-
nism. Our principal results are that the odd Fourier harmonics
(van41) decrease substantially as a function of yj,, while the
even harmonics (v, ) increase considerably with the growth
of y12.
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1 Introduction

In this paper we address the problem of the azimuthal
angle correlations of two hadrons with transverse momenta
pr1 and prp and rapidities y; and y,, at large values of
Y12 = |y1 — yil > 1/as. Our main theoretical assump-
tion is that these correlations stem from interactions in
the initial state. We are aware that, unlike rapidity corre-
lations which at large rapidities originate from the initial
state interactions due to causality reasons [1], a substan-
tial part of these correlations could be due to the inter-
actions in the final states [2-4]. On the other hand, it
has been demonstrated that at small rapidity difference
asyi2 < 1 the interactions in the initial state [5-14]
yield the value of the correlations, which describe the
major part of the experimentally observed correlations [15—
37].

In this paper we concentrate our efforts on calculating the
long range rapidity part of angular correlations with large
value of the rapidity difference yj». All previous calcula-
tions assumed that @sy12 < 1[5-14]. It turns out that in this
kinematic region, the main source of the azimuthal angle cor-
relations is the Bose—Einstein correlations of identical glu-
ons, corresponding to the interference diagram in the pro-
duction of two partonic showers. Intuitively, we expect that
the correlations in the process, where two different gluons
are produced from two different partonic showers, should
not depend on the difference of rapidities (y2), nor on the
values of y; and y,. Using the AGK cutting rules [38]' one

I Tn the framework of perturbative QCD for the inclusive cross sections,
the AGK cutting rules were discussed and proven in Refs. [44-52].
However, in Ref. [47] it was shown that the AGK cutting rules are
violated for double inclusive production. This violation is intimately
related to the enhanced diagrams [47-49,52] and to the production of
gluon from the triple Pomeron vertex. It reflects the fact that different
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Fig. 1 Mueller diagrams[39] for two partonic showers production. a
The square of the production amplitudes, while b corresponds to the
interference diagram which leads to the Bose—Einstein correlations.
The wavy lines show the BFKL Pomeron [40—43], while the helical

) (Y4 P14)

lines denote gluons. Figure 1c shows the example of a more compli-
cated structure of the partonic cascades, than the exchange of the BFKL
Pomeron. The color of the lines indicates the parton shower

¥4, P14)

(¥4, P14)

Fig. 2 The generalization of Fig. 1b for ag y;2 > 1. The wavy lines show the BFKL Pomeron[40-43], while the helical lines denote gluons. The

color (blue and black) of the lines indicates the parton shower

can prove that the two gluon correlations can be calculated
using the Mueller diagrams [39] of Fig. 1.

The diagrams of Fig. 1 lead to correlations which do not
depend on y; and y;, but only for &g yj» < 1. For large yi»
the contributions of Fig. 1 decrease. The main goal of this
paper is to find the contributions which survive at large yj»
(asyi2 > D).

At large y12, we have to take into account the emission
gluons, with rapidities y» < y; < 1y, which transform
the Mueller diagram of Fig. 1b to the more general dia-
grams of Fig. 2. The general feature of Fig. 1b is that the
lower Pomerons carry momenta QT + p12 and —ér — P12
with p1o = pr1 — pra. QT denotes the momentum along
the BFKL Pomeron. After integration over Q7, we obtain
p12 ~ 1/Ry, where Ry, is the size of the target (projectile),
which has a non-perturbative origin. Roughly speaking, the
correlation function turns out to be proportional to G (p12),
where G denotes the non-perturbative form factor of the tar-
get or projectile [ 12]. This conclusion stems from the value of
the typical Q7 for the BFKL Pomeron, which is determined
by the size of the largest dipoles in the Pomeron. Figure 2
does not have these features. We will show that the azimuthal
angle correlations originate from the integration over Q T (see
Fig. 2), due to the structure of the vertices of emission of the

Footnote 1 continued
cuts of the triple BFKL Pomeron vertex with the produced gluon lead
to different contributions. We do not consider such diagrams.

@ Springer

gluons with p71 and p7,, which have contributions propor-
tional to (pry - QT)” (pr2 - QT)". Recall that these kinds
of vertices are the only possibilities to obtain angular corre-
lations in the classical Regge analysis [53]. This mechanism
for azimuthal angular correlations was suggested in Ref. [54]
(see also Refs. [10,55-57]), and in the review of Ref. [57] it
was called the density variation mechanism.

The paper is organized as follows. In the next section
we discuss the contribution of the diagram of Fig. 2 in the
momentum representation. In the remainder of the paper,
we will use the mixed representation: the dipole sizes and
momentum transferred (Q7), which will be introduced in
Sect. 3 and appendix A. Section 4 is devoted to the discus-
sion of the single inclusive production in the Color Glass
Condensate (CGC)/saturation approach. The double inclu-
sive production is considered in Sect. 4, in which the rapidity
dependence of the master diagram of Fig. 2 will be calcu-
lated. In Sect. 5, we estimate the angular correlation function
and Fourier harmonics v,,, and we present our prediction for
the dependence of v,, on the difference of rapidities (y13). In
Sect. 6 we draw our conclusions and outline problems for
future investigation.

2 Correlations in the momentum representation

The double inclusive cross section of Fig. 2 takes the follow-
ing form:
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o (Fig. 2)
dy1d?pr1dy2d? pra &
_ (2Cras\? [ dkp &k d2Q) d2Qr d2Qf oy
- ( (2n>2> @n)? @n)2 2n)? @n? o2 T

=01 x N (0f) #fi (~kr + Ofp.kr: ¥ — )
><¢;G[ (zr — Or, —kr + Or — Q’r Y — yl) Iy ( —k
+0r, pr1) x Ty (12 - 0r — 0%, 1_5T1)

x ¢(— kr,—kr + Or; /:; + pra. _];/T — por
—0r;y12) X ¢ (—lzr + O + pri,kr — pri

—0r — Q/T 1?7 - Q’T' +0r, 1?7 — Pr2; ylz)

x N (07) ¢4 (Ky — O + Or. K}

—0r; y2) ¢>;GI(—1?T - Q% + QTJ?T; y2) FM(_I?T

—pr2+ 0%, pr2) Tu(ky — Bra, pr2) 2.1

where ¢g (IQT, —k+ Q’T>, as well as all other functions ¢

of this type, are the correlation functions, which at 9, = 0
give the probability to find a gluon with transverse momen-
tum 1€T in the hadron (nucleus) of the projectile (target).
® </zT, —k+ Or; /?T
of two gluons with momenta I;T and l_é’T which scatter at
momentum transferred Q7. N (Q’T) is a pure phenomeno-
logical form factor that describes the probability to find two
Pomerons in the projectile or target, with transferred moment
Q’T and —Q’T Cr = (N? — 1) /2N, where N, is the num-
ber of colors. The Lipatov vertex ', (k7, pr1) has the fol-
lowing form:

, —I;’T + ér> describes the interaction

Ly kr, pr1) = —— (2.2)

(k% prip — krop P%l) .
Pt

Using Eq. (2.2) we obtain

2T, (—Iz+ Or, 1771) ry (l_é - O0r — 0%, 1371>
= p% ((—12 + QT)2 (l_éT - pri— QT - Q/T)z
Tl

. 2N2 . L N2
+ (<k+pr1 = Or) (kr - Or - 0f) ) - o%;
2Ty, (—/?T —pr2+ Q/f 572) Iy (I?T — pra— Or, 5T2>

= (R = ra+ 04 (5 - &)’

P12
- - N ~ N2 ,
+ (—k/r + 07 + QT) (k - Pr2— Q/7/") ) - 07,
(2.3)
We can simplify the master equation (see Eq. (2.1) by observ-

ing that the dependence on Q. and Q7 is determined by
the non-perturbative scale of the prOJectlle (target) structure,

which in Eq. (2.1) is absorbed in the phenomenological form
factors N (QT) and N (Q ). Therefore, the typical QT and
Q turn out to be of the order of the soft scale psofi, Which
is much smaller that the other typical momenta in Eq. (2.1),
assuming that Py and Pr; are larger than jugof. Introducing

2 d> 05

Hsoft = 2n)? 24

N (07)

we can neglect Q’ and Q7 in the BFKL Pomeron Green
functions and rewrite Eq. (2.1) in the form

d’o (Fig. 2)
12.
dy1d?pri dy2d?pro g
2
_ (2Cras niy dky d*k, d2Qr &2
(27)2 @Qn)? 2n)2 @r)2 T

—07)% x o5 (—I;T, kr;Y — yl) X ¢2(ET

—QT, —/;T + ér; Y — y1) X FU( —k

+0r, pr1) Ty (1; - Or, ﬁn) x ¢(— kr,

—kr + 073k, + pr2, =k — par — O1 y12)

x¢(— kr + pri.kr — pr1 — Or: kK + 07,k

— D123 ¥12) X o5 (1?7 + Or. —/?T — Or; yz)

x ¢S (_]?T + Or, kp; Y2) x Ty (=K

2.5)

—pr2, p12) )t (k/r — P12, ﬁn) ,

with Eq. (2.3), which takes the following form:
2T, (—12 + Or. ﬁTl) Ty (lz - 0r. ﬁn)
= . ((—/_é + QT)2 (l_éT —Pr1— QT)z
+ (< in = 0r) (k- 0r)) - ok

Iy (kr ﬁTZ_éT»ﬁTZ)

SN——"

2T, (— — P12, P12

= % <<_]€/T - 13T2)2 (E/T -0

2
2z QT)

+ (—%)2 (12 — pr2 — QT)2> — 07.

Athigh energies the parton densities ¢ & (— Ir Ir; Y — ¥2)
inEgs. (2.1) and (2.5) are proportional toexp (AppkL ¥ — y2)
for the BFKL Pomeron, where Agpgr, = 2.8 g is the inter-
cept of the BFKL Pomeron. Bearing this in mind, one can see
that the interference diagram for the double inclusive cross
section does not depend on y{, y» or on yi3.

As ¢ (—TT, Ir;Y — )’2)
main diagram of Fig. 1a also does not depend on the rapidities

(2.6)

o exp (AprkL Y — y2) the

@ Springer
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y1 and y», and its expression has the following form:

d?o
dy1d?pr1 dy2d? pra

_ (2€ras [ 5, 20 Ak A2k
- ((Znﬂ / $Ory (QT)> Q)2 (27)?

x ¢f (_£T, kr;Y — y1> o5 </;T - pri, —y2>
XFU (_]_é’ ﬁTl) FU (]_éa ﬁTl)
Xwg <_7T7 Ir;Y — y2> <P1(1;(7T + pra. —I7

<7T, ﬁrz) Ly (_TT’ 15T2> .

The most economical way of calculating the diagram
of Fig. 2, is to use the mixed representation of the BFKL

(Fig. 1a)

—praiy2) x Ty, 2.7

Pomeron Green function, G (?, 13, QT, Y), where r and R
are the sizes of two interacting dipoles, Q7 denotes the
momentum transferred by the Pomeron, and Y the rapid-
ity between the two dipoles. This Green function is well
known [42,43], and for the completeness of presentation we
discuss it in Appendix A, referring to Refs. [42,43,58-60]
for all details.

3 Single inclusive production in a one parton shower

3.1 BFKL Pomeron: the simplest approach for a one parton
shower

The single inclusive cross section resulting from the one
BFKL Pomeron is well known, and it is equal to

dydzopr B 2(;:;!25 / (dz:)rz ¢H kr,Qr =0;Y — y)
% (kr = pr. 0r = 0:3) T (kr. pr) Tu (=kr. br ).

3.1

The relation between the parton densities ¢ and the Green
function of the BFKL Pomeron has been given in Ref. [46]:

NPPEE (o y, O = 0)

=2 [ (1 - et )¢H(

kr, Or =0; y)
k7

(3.2)
where NBFKL (7 r1: Y) is given by Eq. (A.1) or by Eq. (A.9),

in the high energy limit. Equation (3.2) can be rewritten as
follows:

@ Springer

8§ (kr. 0r =0:)
2

= o eiFr 7 y2 NBFKL (1 07 = 0). (3.3)
‘We have
- \2
o B (k1)
N (kr.pr) 0 (<kr pr) = ——5——. G4
Pr

Substituting Eq. (3.2) and also Eq. (3.4) into Eq. (3.1) we
obtain [46]

d*o _ 8Cr L/dzreiﬁﬁ y2 yBFKL
dyd®pr a5 (2n)? p T

x (r,r1; Y —y, Qr = 0) V> NBFKL
x (r,r2;y, Qr =0)

where Ny and Ny denote the probability to find a dipole in
the projectile and target, respectively. | and r; are the typical
dipoles sizes in the projectile and target.

As can be seen from Eq. (2.1) we need to generalize
Eq. (3.5) for the case Qr # 0. Equation (3.1) has to be
replaced by

(3.5)

d%o
& pr (Qr #0)
= 2(;1:?28 / é:)Tzfﬁy (l_éT, or,Y — )’) X ¢§(§T
—pr. Or: y)Ty (kT, PT) Iy <—]_€T + 0r, ﬁT) .
(3.6)
Taking into account Eq. (3.2) for Q7 # 0 and
ry (/;T, ﬁT) Iy (—ET + 0r, ﬁr)
117~ 2\2/  _\2
=5{g[(k7_QT) (kr - #7)
(i) (fr-pr-0r)' ] - 03} e

we rewrite Eq. (3.5) in the form

24

G a0

= —4CF L/dzr elPr T
ag (2m)? p%
x{ — VINSFKL (rriY =y, Op)

x(—iV, — 07)*> NEFKL (. 21 y, O7)
+(=iV, — O7)* (—V2)NEKL

x (r,ri; Y —y, Or) NEFEL (03 y, QT)}
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acy .
- 07 as (2m)? /dzr e NI?IFKL i

—y, 01) NE*EE (r sy, Q7). (3.8)

3.2 General estimates

It should be stressed that the single inclusive production has
the form of Egs. (3.5) and (3.8) for the general structure of the
single parton shower, as was shown in Ref. [46]. For example,
for the process shown in Fig. 1c. We need only to substitute
Nt? (r,r; v, Qr) for ZNEFKL (r,r; vy, Q1) wWhere

ANEFRL (rrasy, Q1) — NS (nrasy, Or)
== ZNU' (’3"2;)’, QT)_\/\dZQ/TNtI‘(r7r2; y5 QT

—~0%) Ner (1725 v, 07 ) : (3.9)

Ny (r,1r2; y, Q) is a solution to the non-linear evolution
equation. For the case of inclusive production, we can con-
siderably simplify the estimates noting that

202y« 1
V2 Ny (1,125 y, Q1) ———— NEFL (121, 07) < 13

r202(y)» 1

V2 Ny (r,r23 y, Q1) ——"— 0, (3.10)

where Q;(y) denotes the saturation momentum.

In other words, the main contribution to inclusive produc-
tion comes from the vicinity of the saturation scale, where
r2 Q? ~ 1. Fortunately, the behavior of N in this kinematic
region is determined by the linear BFKL evolution equa-
tion [62—67] and has the following form [68]:

L =Yer .
Ne (723 v, 01 =0) o (202(») " with 02

1 .
wly =5+1v=y,
(v =} my)

= (1/r}) exp( .

= (1/r})e*” (3.11)

where . = 0.37.

From Eq. (A.8) we see that, for Q7 # 0, the scattering
amplitude decreases at Q‘} r2 "22 > 1. Therefore, we need
to consider rather small values of Q7: Q‘} r2 r22 < 1. The

product of vertices that determines the amplitude has two
terms (see Eq. (A.5)) which are proportional to (r2 / ’,22)“/
and to (Q‘} r2 rzz)lv. Therefore, the maximum of V>N can
be reached if r2/r226"y ~ 1 and Q‘} r? rzze"y ~ 1 and the
amplitude then has the following form:

2 1=Yer
r
N, ~ —eky
tr (r7r27y,QT)O(Cl ze
7

2

L=Yer
+er (0 rirde) (3.12)

The first term does not depend on Q7 and, therefore, the
upper limit of the integral over Q7, goes up to (Q’}"”‘)2 ~
1/(r r). The second term, both for QZT rr < e~2¢Y and

for Q2T rry > e_%" Y, turns out to be small. Indeed, in the
first region the amplitude is small, while in the second region
we are deep in the saturation domain where V2N — 0.
Hence, we expect that in the integral over Qr, the first term
gives a larger contribution than the second term, and we will
only keep this contribution in our estimates.

4 Double inclusive cross section for two parton shower
production

4.1 The simplest diagram

In this section we calculate the simplest diagram of Fig. 2.
We need to integrate the product of two BFKL Pomerons
over Ot (see Eq. (2.5)):

I= /d2QT Vi, (71, QT) vy (72, QT) Vi, (H QT) v <7ﬁ; QT)
@.1)

From Eq. (2.5) in the momentum representation, we see that
ri # ri (r2 # r}), however, they are close to each other,
being determined by the same momentum k7. We assume that
pr1 < kr, since kr ~ Qs (Y — y1) > Wsofi- Considering
r o~ ri L n~ ré we will show that in the integral over
0O, the typical Q1 ~ 1/r,. In other words, the dependence
of Q7 is determined by the largest of interacting dipoles.
From Eq. (A.8) we see that, for large Q7, when r12 Q2T >
1 and 7} Q% >> 1, the integrand is proportional to 1/Q7%
and converges. The main region of interest is r22 Q2T > 1
and rl2 Q2T <« 1. In this kinematic region for the vertices

Vi, (?1, QT) and 'V, (7{, QT),we can use Eq. (A.6), while

the conjugated vertices are still in the regime of Eq. (A.8).
Eq. (4.1) then takes the form

[ = 200 01H) (161 vy)

. , Q2r12 —iv] Q2r12 iv]

X/mg i\ e
(2] e

X — .

26 26 QZT r22

4.2)

Assuming that both v and v are small, we see that all four
terms are equal to each other, and the integral can be written
as follows:

@ Springer
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| 2 i (v1+v2) |
I = 261(v1+v2) <—26U1 VZ) T— _12 —.
i(vi+v2) \r; ry

4.3)

The appearance of the pole v = —v; indicates that the
contribution from this kinematic region is large.
Closing the contour of integration on v, over the pole, we
obtain
6 21
I =207 3= (4.4)
r

Actually, the double inclusive cross section depends on
V2N as we argued in the previous section. Repeating the
procedure for

T= /szT v; (r1 Vi (71, QT)) Vrzi (Vi Vi (727 QT))

xV2 (r2 Vi (7{, QT)) V2 (r§ Vi (?ﬁ, QT)) ,

4.5)
we obtain for small v; and vy
T—2m2— 1 (4.6)
! riry r22 réz

Using the method of steepest descent, to integrate over vy,
we obtain the following contribution:

5 1

2 il e2ABFKL Y12
7202 3
riryra ;-\ (2D yi2)

where Appkr, and D are defined in Eq. (A.2).
Rewriting Eq. (2.5) in the coordinate representation we
obtain

7=

4.7

d%c (Fig. 2)
ig.
dy1d®pr1 dy2d®pr2 g
2 \?2 2
[ 2CF pgog 1 d“Qr
as (2m)? prip7, ) 2n)?

x /d2r1 2] d2F) d2F] e~ P16 (71 R =1 - ?1)
erlepr (ri; Y —y1) ei 077 V;Zinr (F1: Y — 1)

x Vi VEN (i 72, Q1 y12) V2 VAN (72 7). Q7 o)

x [ d2ry d2r) a2, 427 e P22 5@ (?2 F =P — ?’2)
X V2 Ny (r23 y) /017" VE N (72 32) (4.8)

In Eq. (4.8) we have neglected the terms which are pro-
portional to QZT (see Eq. (2.5)), since, as we have argued, the
typical Q7 are small, and because these terms do not lead to
additional correlations in the azimuthal angles. In Appendix

@ Springer

B we calculate this integral and obtain the final expression
for the double inclusive cross section:

d’c

dy1d?pr1 dy2d? pra

26r \* 1 1 1 1 oap ¥
= dn 2 2 7 3 € s
as (2m) pri P V2D —yD\ @2Dyp)’ Dy

(4.9)

(Fig. 2)

4.2 The CGC/saturation approach

The integral over k7. in Eq. (B.6) has an infrared singularity
with a cutoff at pr3, since we assume that p7; is the smallest
momentum. This reflects the principal feature of the BFKL
Pomeron parton cascade, which has diffusion, both in the
region of small and large transverse momenta. On the other
hand, we know that the CGC/saturation approach suppressed
the diffusion in the small momenta [44], providing the natu-
ral cutoff for the infrared divergency. We expect that such a
cutoff will be the value of the smallest saturation momenta:
O, (Y — y1) or Qs(y2), which will replace one of the 17%2 in
the dominator of Eq. (4.9). Therefore, we anticipate that for
a realistic structure of the one parton shower cascade, (see
Fig. 1c for example), the contribution for the double inclusive
cross section will be different.

We need to specify the behavior of the scattering ampli-
tude in the vicinity of the saturation scale. We have discussed
the basic formulas [68] of Eq. (3.11), but for integration over
the dipole sizes we need to know the size of this region. The
scattering amplitude can be written in the form

e+ioo Y
N (i, ¥) = / & n () Y= (4 10)

€—io0 2

where w(y, 0) is given by Eq. (A.2), replacing % +iv=y
and § = In (r12 / r22) The saturation scale is determined by
the line on which the amplitude is a constant (C), of the order
one. This leads to the following equation for the saturation
scale [62,68]:

@ Yer, )Y — (1 = yer)és = 0; a);/ ¥, 00Y —& =0,
4.11)

which results in the value of y,, given by the equation

 (Yer, 0) _

(4.12)
1= Yer

), (7.0)

and gives y., = 0.37, with the equation for the saturation
momentum:

® (Ver) Y

& =
* L — Ver

In (Q”j'rg) = kY = (4.13)
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Fig. 3 a— AN (1) = — V?

N()=—471d7dN () 0.8
versus 7 for the behavior of the
scattering amplitude deep in the 0.6

saturation domain[72]. b The
example of a more complicated

C
. Z 04
structure of the partonic A4
cascades than the exchange of |
the BFKL Pomeron, which are 0.2
shown in Fig. 2. The color of the
lines indicates the parton shower 0.0

Expanding the phase w (y, 0) Y — (1 — y)& in the vicinity
At =& — & and Ay =y — v, we obtain

N (r1,r;Y)

et dy — dA L7
1=Yer Yy 1 0 2
=C / (’.12 Q?) / e eZw}/y(V’ )Y (Ay) +Ay A&
€ U

—ioco 2w

(4.14)

At first sight, Eq. (4.14) shows that the amplitude has a
maximum at T = rl2 Q% = 1. However, this is not correct.
Equation (4.14) gives the correct behavior for t < 1, while
for T > 1 we need to take into account the interaction of the
BFKL Pomerons and the non-linear evolution, generated by
these interactions. The general result of this evolution is the
fact that the amplitude depends on one variable [69-72] T,
i.e. N (7) (as it shows geometric scaling behavior). The peak
at T = | appears in

) . 1d d
VN (1, Y) = 40;(Y)-—1-—N (7). (4.15)
tdr dr

From Eq. (4.15) we can conclude that the width of the dis-
tribution in rl2 is of the order of Qf, but it depends crucially
on the model for the Pomeron interaction. In Fig. 3a we plot
this value for the behavior of the scattering amplitude deep
in the saturation domain (see Ref. [72]).

This approach is not correct fort — 1 and —V2N = 1.58
at T = 1, but it starts to be small at T > 2, which could be
large enough to trust the formulas of Ref. [72]. Atleast such a
conclusion can be justified considering the fit of the DIS data
in the saturation model of Refs. [73,74], which is based on
the idea of Ref. [75], and which has the correct behavior of
the scattering amplitude, both deep in the saturation domain,
and near t = 1. Hence, we expect that V2N decreases faster
than we can see from Eq. (4.14). Bearing these conclusions
in mind, we will calculate the contribution of Fig. 2, keeping
all N in Eq. (4.8) in the vicinities of the saturation scales, by
replacing [;° dt(—V*N) = — fol dr(=V2N).

We will show in the following that we cannot integrate
over the dipole sizes, so that all six Pomerons will be in the

6 8 10

vicinity of the saturation scale. At least two of the Pomerons
occur either deep in the saturation domain, or in the pertur-
bative QCD region. We believe that the largest contribution
stems from the exchange of two Pomerons between rapidities
y1 and y> (see Fig. 3b), which are in the perturbative QCD
region. Unfortunately, we cannot use the AGK cutting rules
[38], which state that these Pomerons will not be affected
by the Pomeron interaction, and the contributions of these
interactions (see the red Pomeron in Fig. 3b) are canceled.
Indeed, it has been proven that for the double inclusive pro-
duction [47] they are not applicable in perturbative QCD. On
the other hand, these Pomerons carry transverse momentum
Qr, unlike the others in the diagram, which is larger than
the saturation scale Qg (y2); hence, their contributions are
suppressed in comparison with the other Pomerons in Fig. 2.
In addition our choice leads to the natural matching with the
region &g y;p < 1.

The integration over Q7 will produce the same result as
Eq. (4.7), as in the previous section. In Appendix C we dis-
cuss making estimates for the integrals over the dipole sizes
which lead for pr; < Qf, (y1) to the following cross sec-
tion:

d%o
m (Qr =0; Eq. (3.5))

8CF 1

T asn)? p2

XV N & (r, a3y, Q1 = 0)
8CF

1
= ——5—5C @) exp| -
as (2m)? p%

/dzr P TVENEKL (r i Y —y, 07 = 0)

In” (07 (Y — ) /0% ()
4Dy ’

(4.16)

In Eq. (4.16) we used backward evolution from the saturation
boundary where N = C.

The ratio of the two contributions takes the following
form:

d%s .
R = dy1d? pri dy2d? pray (Fig. 3b)
%o (Fig. 1a)

dy1d?pry dy2d? pra

@ Springer
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0.006 pp W=13 TeV 0.5 pp W=13 TeV pp W=I13 TeV
0.005 04 0.15
= 0.004 a2 a
S 203 N
2 0.003 = 010
0,002 = 02 = 0.05
0.001 0.1 '
0.000 0.0 0.00
2.0 25 3.0 35 4.0 2 3 5 6 7 1 2 3 4 5 6
Y12 y2 Y12
a b c

Fig. 4 The ratio of Eq. (4.17) at W=13 TeV versus yj7, assuming that
the experiment has a symmetric pattern with Y —y; = y, = %(Y —¥y12).
The dotted line in a is for the estimates for the yj» dependence of the
Bose—Einstein contribution at small yj» [11,76]. a and b The estimates

1 ﬂzf 5 4
=— S5 27)* 0.18 3.5
N —105 ()

X T e2ABFKL Y12
V2Dyn)

In? (Q2 (Y — y1) /0> ()
X exp 4Dy,

2(02(y — 2
s oxp (m (0; (¥ =) /0 (yz))>. 4.17)

4D y,

One can see that Eq. (4.17) demonstrates the additional sup-
pression due to the infrared cutoff at Q; (y») instead of at pr2,
as taken in the calculation of the simplest diagram. The factor
exp (2AprkL y12) reflects the fact that two BFKL Pomerons
between rapidities y; and y; are taken in the perturbative
QCD region. It should be stressed that we can only trust
our estimates for values of yj, at which the exchange of the
BFKL Pomeron with rapidity y;» give a contribution smaller
than C. This condition means that

1

eZABFKLY1Z ()
(2D y12)

(4.18)

Taking Aprkr. = 0.25 and Q2(Y) o exp (AY) with A =
0.25 (these values correspond to the BFKL phenomenology)
we see that the Lh.s. of Eq. (4.18) is smaller than 0.15 for
y12 < 7. Therefore, we can trust our estimates shown in
Fig. 4 for C > 0.15. We take C = 0.3, which leads to
the contribution of the shadowing corrections of the order of
30%.

The two last factors in Eq. (4.17) stem from the per-
turbative QCD nature of two Pomerons in Eq. (C.8) (see
Eq. (4.16)).

InFig. 4 we plot the ratio R as a function of yj; for yjo <7
(see Eq. (4.18). One can see that the ratio increases for large

Y12.

@ Springer

in the leading order of perturbative QCD with g = 0.25. In ¢ we take
Appkr, = 0.25 and Qf(Y) o exp (AY) with A = 0.25. These numbers
correspond to the BFKL phenomenology

5 Azimuthal angle correlations

The azimuthal angle correlations stem from terms (QT )t
in the vertices (see Egs. (A.5), (A.6)). Indeed, after integrat-
ing over r; these terms transform to expressions of the fol-

- m - m
lowing type [54]: (QT . [_5“) : (QT . ﬁrz) 2, which lead
to the term (pr1 - pr2)™. We have illustrated in Egs. (A.5)
and (A.6) how these originate from the general form of

the BFKL Pomeron vertices in the coordinate representa-
tion. From Eqgs. (A.5) and (A.6) only terms proportional to

(éT . ?i)n with even n appear in the expansion. Therefore,
the azimuthal angle (¢) correlation function contains only
terms cos” (¢), and it is invariant with respect to ¢ — 7 —¢.
In other words, v, with odd » turn out to be zero. Hence,
we have the first prediction: the value v, with odd n should
decrease with yq2, and their dependence should follow the
dotted lines in Fig. 4a.

We return to Eq. (4.1) and integrate over Qr, collect-
ing terms that depend on the angles between QT and 7;,
which we have neglected in the previous section. As we have
learned, the typical values of Q7 oc 1/rp ~ 1/r) where r;
and ré are larger than | and ri. In other words, we showed
that the main contributions stem from the kinematic regions
rfQ (Y —y) ~ 1(rFQ3 (Y — y1) ~ 1) and r3 Q7 (y2) ~
1 (r2 02 (y2) ~ 1). Assuming that Qs (¥ — y1) > Qy (2)
we conclude that r(r]) < r2(r}). The typical Q7 is deter-
mined by the largest dipoles and, therefore, we expect Q1 ~
1/r2(1/r}), as has been demonstrated above. Bearing these

estimates in mind, we can replace vertices V,, (?1, QT)
and V,, (7;, QT) in Eq. (4.1) by Eq. (A.6) in which we

put Or = 1/rp and Q7 = 1/r}, respectively. Taking into
account that r/ry < 1(rj/ry < 1), we obtain
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Vv1 rl QT sz(rl Q )

—iv] iv]
Q4r2 1 R N2
1) ()] (-5
1 /-
*8 QT 71))
F23 Tiv Q‘}F{Z
26 IS
4

)] (1- 5 (@r7)

5.1)

At first sight Eq. (5.1) should enter two angles between QT
and 7| and 7|, respectively. However, in the integrand for
integration over r; (see Eq. (B.1)) it depends only on one
vector pri. Therefore, after integration over all angles, we
find that the angle ¢ in Eq. (5.1) is the angle between QT
and pr1.

2, éT) and V; (7&, QT) in Eq. (4.1)
we use Eq. (A.8). Finally, we need to evaluate the integral

= —16y; vz/QTdQT{Vv] (7‘1, QT) Vi, (711 QT)}

P(40r7)
‘:O&(ngrr;rz)cos(QTi})

For vertices V! (

ri=r=1/Qs(Y=y1)

Eq. (5.1)

« (QzT)fi(vHrvz) (52)

with better accuracy that we did in Sect. 5.1, keeping the
dependence on the angle between QT and 7,. Note that
the factor cos (ér -72) comes from exp (i QT -?2) in
Eq. (4.8). Taking this integral we substitute for the terms
in parentheses in Eq. (5.1), |Q7| = 1/r3(1/r})

The integral is equal to

2\ { (vi412) 1

IQ = 26i(vl+v2) (—271)] 1)2) (r—12> —2
¥ r

2 2

)
o o2 o o
1 T 1 -7
w1 LOER) e LGR)
24 Véz 28 ”54
: 2 cos (2n) + = cos (4)
X{——— — — COS — cos
i +1) 32 27 16 2
5.3)
where n = QT /O, and ¢» is the angle between 7 and
iy = r2/rp. In Eq. (5.3) the terms in (...) (...) stem from

the expansion with respect to ”12 / r22 <« 1. However, for the
terms in {...} there are no such small parameters, and we
expand the function of ¢, in a Fourier series.

Integrating over 71 one obtains

1 n 3 "12
i(vi + 1) 210 r22

> o -7 o> \2

X ((m ~n2)2 + (n/l -nz) )
3 r4 N N - \4
+212 g ((”1 i)t + (71} - 7i2) )

54

OGO =

where 71y = Fi/ri, iy = ri/ri and 1y = 72/;’2 Deriving
Eq. (5.4) we neglected the extra powers of 7 2/ r2 , which are
small. Finally

i (vi+12) |

S 5y o i r
Io (71,7, Fas g, vp) = 2000092) (27 1) (12) —
) )

{ 1 9 r12
X .7 1N A
ivi+w) 210,
I L2
X ((nl i)? + (1) - 2) )
3 4 N
+721274 ((m i)t + (it] - iz) ) .

(5.5)

From Eq. (4.8) we can see that the integration over r; can
be written in the form

d*o

dy1d?pri dy2d®pra
2
_ 2CF 'ugoft 1
as (2m)? P71 PTo

x / d?ry & d%F) d%7] e P11

(Fig. 2)

- -/ 2 = 2~ ~ 2~/ ~/
X (rl +r—ry— rl) V;li’l Vor (71) V;{rl Vor (rl)
« /d2r2 dzré d2;2 dzfé el P2 25(2)

= - =2 V2 Ve (7)) V2LV (7
X\r2+ry —r2—=7ry) VirVu (r2) ;érz r \72

x VIVIVZV? (r1 rarirylo (Fi, 7' 2 vr, Vz))

V2r r

1 9r2 2
s + k(s 5)

3 }" 4 N N N - \4
+ﬁ7 ((n] i)t + (i) - 712) )] .

The tedious calculations of the integral over the dipole
sizes in Eq. (5.6) are collected in Appendix D.

The values of vy and v4 can be determined from the fol-
lowing representation of the double inclusive cross section:

(5.6)

d%o

m o« 1 + 2Zvn,n (pr1. pr2) cos (ng) (5.7)

n

@ Springer
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where ¢ is the angle between p71 and prs. v, is calculated
from Un,n (pr1, PT2)>

L. v, (pr) = Un,n (pr, pPr);

v ; Ref
2. 0y (pp) = 22 PrPr)
Un,n (Pl;ef» p¥ef)

(5.8)

Equations (5.8)-1 and (5.8)-2 depict two methods of how
the values of v, have been extracted from the experi-
mentally measured v, , (pr1, pr2), Where pl}ef denotes
the momentum of the reference trigger. These two defini-
tions are equivalent if v, , (pr1, pr2) can be factorized as
Vn.n (P11, PT2) = Vn (PT1) Vn (Pr2). In this paper we use
the definition in Eq. (5.8)-1.
Introducing the angular correlation function as

d%o :
————<9% — (Fig. 3b)
In&pri dydpr; T8
C(PT,¢) = V1 pTdIZO-yZ PT2 . (59)
dy1d?pr1dy2d?pra (Fig. 1a)
we obtain
740 C(pr. 9) cos(ng)
Up,n = o 5 Un = /VUnn,s
27+ [y do C(pr. o)
(5.10)

In Eq. (4.17) we have calculated the part of C (pr, ¢)
which does not depend on ¢, which coincides with C(pr,
¢ = 0) =R of Eq. 4.17) for Qs (Y —y1) > Qs (). To
calculate the contribution to C, which depends on ¢, we need
to take the separate integrals over v| and vy, since the terms,
which are proportional to cos? (¢) and cos* (¢) do not have
a pole at vi = —v, (see Eq. (5.5)). These integrations lead
to the following extra factor in C (pr, ¢) — C (pr, ¢ = 0):

C(pr.¢) — C(pr.¢ =0)
2 2

Pr Pr
C o =0);

0T (Y —y) Q2 (¥ —yp ST ?=0

a2 |1 _hg2
R =2¢ D) exp (=26°/ (4 D yn))

where £ = In (Q2 (Y — y1) /Q? (32)). We took factors pro-
portional to pr from the expression for A (kr, pr1) and
A® (kr, pr1) putting pr1 = pr2 = pr. To find the
final correlation function and vy and vs 4, we need to
collect all numerical factors that come from A (kr, pr1),
A® (kr, pr1) and Eq. (5.6), and to integrate over ¢, as given
in Eq. (5.9).

Note that in the case of symmetric kinematics, where
Y —yi = y» = 3 —yp) § = 0 and Eq. (D7
vanishes. In this case, we have to use Eq. (A.5) instead
of Eq. (A.6), keeping track of the corrections, which are

x R

.11

@ Springer

proportional to v;. As a result, we can consider & = 0
in Eq. (D.7), but we need to replace the factor £2 by
1.

Equations (4.17) and (D.7) contain numerical uncertain-
ties, which stem both from the values of the soft parame-
ters fisofe and fgoft, as well as the values of the saturation
scale at low energies, and from the integration in Eqgs. (C.3)
and (C.5), which were taken neglecting contribution from
the region T/ < 1. On the other hand, the contribution to
the double inclusive cross sections of the diagram of Fig. 2
at as y12 < 1 coincides with the contribution of Fig. 1b,

d’o (Fig. 2)
dyi dy>d?pr1d?pra

d*o (Fig. 1b)

dyi dyd?pr1d?pra
(5.12)

asyi— 1

Therefore, to obtain the realistic estimate we use the fol-
lowing procedure of matching:

v (pr =5GeV,y12=2) lg, 2 = v2(pr =5GeV) gy 1ps
vy (pr =5GeV,yn=2) I, 2 = va(pr =5GeV) gy 1p:
(5.13)

where vy (pr = 5GeV) |Fig. 1pand vy (pr = 5GeV) |Fig. b
are taken from Ref. [14] where the estimates were performed
based on the model for soft interaction which describes all
features of the soft interaction at high energy and provides
an interface with the hard processes.

Figure 5 shows the pr and y dependence of the v, and
v4 using Eq. (D.8) for normalization. In addition we take
AprkrL =0.25 and Q%(y) o exp (A y) with A = 0.25. These
values correspond to the BFKL Pomeron phenomenology.
We believe that this figure illustrates the scale of rapidity
dependence and will be instructive for future experimental
observations.

6 Conclusions

In this paper we generalize the interference diagram that
described the Bose—Einstein correlation for small rapidity
difference asyj2 < 1, to include the emission of the glu-
ons with rapidities (y;) between y; and y2 (y1, yi < ).
We calculate the resulting diagram in the CGC/saturation
approach and make two observations, which we consider as
the main result of this paper. The first one is a substantial
decrease of the odd Fourier harmonics v,,+1 as a function of
the rapidity difference y;; ( see Fig. 4c). The second result is
that even Fourier harmonics vy, have a rather strong depen-
dence on yj2, showing a considerable increase in the region
of large y1» (see Fig. 5). We believe that our calculations,
which have been performed both for the simplest diagrams



Eur. Phys. J. C (2017) 77:773

Page 11 of 16 773

0.25

0.20

0.15

0.10

va(Y.y.pr)

0.05

0.00

0.15

0.10

va(Y,y,pr)

0.05

0.00

Fig. 5 v, versus pr (a, ¢) and versus y (b, d) at W = 13 TeV assum-
ing that the experiment has a symmetric pattern with Y — y; = y» =
%(Y — y12). In all these figures we use Eq. (D.8) for normalization and

and for the CGC/saturation approach, will be instructive for
further development of the approach especially in the part
that is related to the integration of the momenta transferred
by the BFKL Pomerons.

We demonstrated in this paper the general origin of the
density variation mechanism, whose nature does not depend
on the technique that has been used. This mechanism has
to be taken into account, since it leads to the values of the
Fourier harmonics that are large and of the order of v,,, which
have been observed experimentally.

We hope that the paper will be useful in the clarifica-
tion of the origin of the angular correlation, especially for
hadron—hadron scattering at high energy. We firmly believe
that the experimental observation of both phenomena, the
sharp decrease of v, with odd n and the substantial increase
of v, with even n as a function of yj,, will be a strong argu-
ment for the CGC/saturation nature of the angular correla-
tions.
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Appendix A: BFKL Pomeron in the mixed representation

In this appendix we discuss the BFKL Pomeron Green func-
tion G (7 , I_é, QT, Y) in the mixed representation, where r

and R are the sizes of two interacting dipoles, Q7 denotes
the momentum transferred by the Pomeron, and Y the rapid-
ity between the two dipoles. This Green function has the
following form [42,43,58-60]:

G(?,ﬁ,éT;Y>
rR & [ 1
=16 Z/ dv I 1
16 —00 (1)2 + Z(l’l — 1)2) (U2 + z(l’l + 1))

n=—0oo

XVv,n <;:, QT) V\jjn (I_é, QT) ew(l),n)Y

(A1)
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where

w((,n) = 2asRe (W <l + %|n| +v> — w(1)>;

2
w®,0) = 2agRe (w <%+v>—1//(1)>
L<1) ABFKL — sz, (AZ)

where 1 (z) is the Euler y-function (see Ref. [61] formu-
las 8.36) and Appkr. = as4In2, D = asld4¢(3),& =
In (rl2 / r22)

Each term in Eq. (A.1) has a very simple structure, being
the typical contribution of the Regge-pole exchange: the
product of two vertices and Regge-pole propagator. From
Eq. (A.2) one can see that at large Y the main contribution
comes from the term with n = 0, and in what follows we will
concentrate on this particular term. The vertices with n = 0
have been determined in Refs. [42,43,58-60], and they have
an elegant form in the complex number representation for the
point on the two dimensional plane, viz.,

For7(x,y): p=x+iy; p* =x —iy;
For 07(Qx, @) ¢ = Qx +i0Qy; ¢* = 0r —i0Q,.
(A.3)

Using this notation the vertices have the following structure:

v, (7, QT) - (Q%)iv r2(1 —iv)
X {]—iv Gq*p) J iy (%q0*>
1, 1,
—Jiv (Zq ,0) Jiv (16110 ) }

At Q7 — O this vertex takes the form

(A4)

2

—iv
2w (.0r) 225 ()

w+i) (S(QT P —8(0r - H20E2 + 5%Q‘}r4) + Qi +v) 0%t
x 642 (v + 20)(1 — iv)>

iw+) (@07 77 - 03%) o (0"
2 v
32(1 —iv)? () ( 26 )

(v =20) (8(0r - H)* = 8(0r - P?Q}r> +5304r%))
) 212(2 4 iv)(1 +iv))?

2(1 +iv) ((2(QT PR - errz)
+ 26(1 +iv)? -

@ Springer

(A.5)

For small values of v (which are related to the region of
large asY > 1), Eq. (A.5) can be simplified and reduced to
the form

261’\1‘/U (;’ QT)
orr <1 <r2)i“ ((ér P = (01 - 203 + 5 031

26 28

A2 02,2
207 r;s 0}r +1>

()" (erz)w <(QT P (Or PO+ 04
26 28

22222
27 PR - Qhr +1>, (A.6)

25

Using

>1 . (1 1, 2 /1
Joiv(z) —— sin| —mw +z+ Zinv |/ =/~ (A7)
4 2 TV z

at v < 1 we obtain for Q712 > 1

Vv (;:a QT)
Lrr>l (Q%)w I'?(1—iv) cos (%QT .7) g;];
(A.8)

The contribution of the first term in Eq. (A.1) can be
reduced to the following form for the scattering amplitude
of two dipoles with sizes | and r;:

ryr
SV, (1. Q

1
dy———
16 / v(v2+1/4)

— 0) V) (r2, Q1 — 0) e?™0¥

N (ri,r:;Y) =

" 4, 1 c@(.0Y

16 (v2 +1/4)°

4 2\

x {(rlz)_iv - (QZTIQ ) }
4.2\

X |(r22)iv — (QZTISZ) ]

> iv
ERALEN Y S 0¥y (12
16 (v2 + 1/4)° ri

REALLS rzfdvexp((&54ln2

r2 iv
—as14c(3)?) Y) (é)

1

2 A v 52
=112/ —ex -
2V by P ABFKL 4DY

where Appkr, and D are defined in Eq. (A.2).

(A.9)
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In the derivation of Eq. (A.9) we neglecte_d the contri-
oinr)
212

contribution will be the same as in Eq. (A.9), but with
£ =1In <QTr i

butions that are proportional to , since this

> 1. To integrate over v, we use the

method of steepest descent, and the expansion of w (v, 0) at
small v (diffusion approximation; see the second equation in
Eq. (A.2)).

N (r1,r2; Y) denotes the imaginary part of the dipole-
dipole sacttering amplitude at Q7 = 0, which is related to
the cross section. One can check that Eq. (A.9) has the correct
dimension.

Appendix B: Calculation of the integrals for the contri-
bution of the simplest diagram

In this appendix we discuss the integrations in Eq. (2.5). The
integral over Q1 has been considered in Sect. 4.1 and it has

the form of Eq. (4.7). The extra SGRZE give an additional
numerical factor, replacing 2° by 27 in Eq. (4.7). To integrate
over k7 and k7. we replace

fl_[d¢i e PTi150) (71 +7 = i —;/1)
— @n* [ krdkr do Gerr) Jo (1

+pr1l 1) Jo (krir) Jo (kr7y) .
(B.1)

Now we can take the integrals over r; bearing in mind
Eq. (4.7) and

dv $Hivi ) _y
Npr (ri, ¥ = y1) = / = () e,

2
(B.2)

The integrals over 7jand 7| have the following form (see
Ref. [61], Eq. 6.511(6)):

rn B 5 B B 1 B B 5
/ Jo (krry) dry =12 Jo (kia) + 57”2(11 (krp) Hg (ki)
0

- - rp if kF 1,
— Jo (kF2) Hy (k72) ) = { T it S ey
Using Eq. (B.2) we obtain
o0
/ ri dry Jo Gk 7i) V2 Ny (1, ¥ = y1)
O a2\
= (%) (.0 (Y=y1) (B.4)

Collecting Egs. (B.2), (B.3) and (B.4) we see that the main
contribution stems from the region k7, < 1 and the integral
over k7 has the form

1/72 2 2 i(V1+Vi)

7 ;/ & dkT 4'usoft e(w(v,-,O) +w(0,vi))(Y7y|)

22 ) k2 k2
p

T1

1(v1+v1
l (v1 + vl) r2 pT1
1

after integration over vy, v, 1 Q2ABEKL(Y 1)
2y2D (Y =)

(B.5)

e(@(i.0) +o(0.v)) (¥ —y1)

S

The integral over k7. has the same structure while the inte-
gration in Eq. (B.3) goes to infinity. As a result we can reduce
the integral to the form

) i(vy +vi)
/ dkg [ 4uds (@(1.0) 40,9 ) (Y —y1)
2 k4 k2

T2

1+i (vi+v))
2 1
_ 1 1 (‘Wson) o (@;.0) +0(0.V]) (¥ =y1)

THiOr+vD 4 \ pio
after integration over v;,vj 1 7 1 (B.6)
2 Dy, p%Z ’ )

Finally, we obtain Eq. (4.9).

Appendix C: Integration over dipole sizes in the
CGC/saturation approach

The integration over Qr will produce the same result as
Eq. (4.7), as in the previous section. We rewrite the inte-
gration over ¢; (see Eq. (B.1)) in the following way:

f]‘[drpl- eSO (7 4 —F) - 7))
- @n)t f dpelPm” f krdkr Jo (krr) Jo (krry) Jo (krir) Jo (kr77) .
(C.1)

We see that the integrals over 7| and 7| leadtor; ~ 1/Q(Y —
y1) and ri ~ 1/Qs(Y — y1). The same holds for the integrals
overryandr}, leadingtory, ~ 1/Q(y2) andry ~ 1/Q(y2).
Assuming that Qs (Y — y1) > Qg (y2) we conclude that r;
and r/ are much smaller than r5 and r}. Replacing

V2 Npe (r1: Y = 1) e’QT”V  Npe (7 Y — 1)
28 4 7
(R -w) (F @@ -w) €2
1
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where y = 1 — y,, we see from Eq. (C.1) that integration
over r takes the form

1 1 1 kr ) _ dt
— — dt Jo| —/7 ) 7V —=
Qs1+2)//0 °<Qs‘r e

IR NS S ) O k2
_QY1+2)712 2 V» 92 V,4Q%~

(C.3)

Recall that we consider Q5 = Qs(Y — Y1) in Eq (C.3).

For pr1 < Qg (Y — y1) we can replace e~ pridi — 1 in
Eq. (C.1). In this case the integral has the form

kS 1 fld (L 1

02 (1+27) Jo Os 1+2y
3
T

SRR }

where 7/ = k?/ Q2.
The integral over r in the lower part of the diagram takes
the form

de’
)) — =0.18/02

(C4)

d2 /
/ Jotkrr) = 7 In (kT/(4uwﬁ)) (C.5)

Using Eq. (C.5) for pr2 < Qy (y2) the integral over k7. can
be reduced to

2
L/Idf“ VY RENE 08 PR g
A +27)% Jo 2 2 D
2
1 "
x(nff)) = 3.50.

Finally, collecting all numerical coefficients, we obtain

(C.6)

d?o
dy1d?pr1 dy»d? pra

2 2
:C4237r3< CF2> I
as (2m) Pr1 P72
0.183.5

. . 1
x (2);)8 e2ABFKL Y12
02 (Y — y) 2D yp)’

where the constant C is the value of the amplitude at 7 = 1.
This contribution is proportional to

(Fig. 3b) =

(C.7)

o e2ABFKL yIZ/QE (Y — y1)

for pr1 < Qs (Y —y1) and pra K Qy (y2). Note that
02(Y —y1) > Q2 (»).

@ Springer

We need to estimate the diagram of Fig. 1a (see Eq. (2.7)).
This diagram can be rewritten as

d3o (Fig. 1-a)
ig. 1-a
dy1d?pri dy2d? pra 8
d2
MgoftdyT (Qr =0; Eq. (3.5))
d2
x——— (Q7 = 0; Eq. (3.5))
dyd2pry " 1

where 2 = / d’0r N?(Qr1). (C.8)
Examining Eq. (3.5), one can see that in the general case
when Y —y; # yjand Y — y, # y; all four Pomerons cannot
be in the vicinity of the saturation scale. Actually we have
two kinematic regions which give the maximal contributions
(assuming Qs (¥ — y1) > OF (y1)):
L2 QF(Y —yp) = 1but r2Q7 (y1) — Q5 (¥ —y1)/
0 () < 1
2. 1707 ) ~
> 1.

1butr2Q2 (y1) — Q2 (y1) /Q2 (Y — y1)

In region 1 the upper Pomeron is in the vicinity of the satu-
ration scale, while the lower Pomeron is in the perturbative
QCD region. In region 2 the lower Pomeron is in the vicinity
of the saturation scale, and the upper Pomeron is deep inside
the saturation domain. As we have discussed (see Fig. 3a)
V2N decreases in the saturation region much faster than in
the perturbation QCD region and, therefore, we assume that
the kinematic region 1 gives the largest contribution. Hence,
for pr1 < Q2 (y1) we obtain Eq. (4.16).

Appendix D: Integration over dipole sizes in the angle
correlation function

In this appendix we collect tedious integration over the dipole
sizes in Eq. (5.6).

Each term in this equation can be factorized as a product
of two functions which depend on r{ and on ré. Bearing this
feature in mind we calculate each term going to the momen-
tum representation using Eq. (C.1). We obtain a product of
functions of k7. Each of these functions has the following
general form:

L
/dzr elkr” 1_[ ru; F (r)
i=1
= (=iViy)! /dzre”;T'F F (r)

=27 (—=iVi, )’ /dzr Jo(krr) F(r). (D.1)
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As we have seen the dependence on 7; stems from the inte-
gration over Q7 or, in other words, from (Igp). In I the
dependence on ry and r| can be extracted explicitly, leading
to F (r) o< 1/r. Hence the momentum image for Eq. (D.1)
has a simple form:

j
- -
fdzr kT [T ru F(r)= 27 (—lva)]E. (D.2)

i=1

For j =2 and j = 4, which we need to calculate considering
Eq. (5.6), we have

(=i Vi, )? 1 {3 krik k)
—UVkp)T 7 = 75 KT.i KT, 3 9Li" (>
kr kT kT
- 1 105
- 4
(—iViy) o {Ekﬂi kr.ikr jkr j
15
__§7‘(&jkrj/kTJ"+ Siikrj k. j
T

+ 6i/j kT,i kT’j/ + (Sji’ kT,i kT,j’
+0irjrkr,jkri + 8 kr.i kT‘i/)

3
+ k—s (5,’[/8“/ + 51']'81-/]-/ + Sij‘si/j/)}-

Note that, for integration over 71, Eq. (D.2) takes the form

.
/erl el kr+pr)ri 1_[ i F (r1)

i=1

= j 1
=2 (_le;T‘FI;Tl) —
Vkr + pr1)?

.. L o2 .
The term <r12 (i1 - 7i2) + ri? (i) - 1i2) ) can be rewritten as

(D.3)

(rl,u iy + 7 " r U) 12, 2,y and in the momentum repre-
sentation it is

3 it 1
d¢ <k75 krikri — kT) > B
7 7 K3+ Py + 2c0s (9) krpri

3 L -
+ 5 (kr + pr1)i (kr

(\/k% + p3, +2cos(9) kTPTl)

. Siir 1
+pr)ir — . —

3
\/k% + p}y + 2cos (¢) kTPTl)
PT1,i PT1,i’
2
Py

= A + B 8ii/' (D.4)

The expressions for A and B can be written in a gen-
eral form. Assuming that both pr; and pr, are smaller
than Qg (y2), we can expand the answer, taking into account
only terms that are proportional to p%l / k% and P%z / k’TZ. We
obtain

3pF4 2 2
A(kT7 PTI) = —a _13kT + SOPTI 5
4Kk ( )
1
Bkr,pr) = o7 (8kF + 65k3 pF, — 150p, ). (D.5)
T

The integrations over r, and r, differ from the integrations
over r; and r{ , due to the extra factor 1/ r22, which comes
from the integration over Q7 in Egs. (4.2) and (4.3). Since
r22 ~ 1/Q%(y2) we replace it by 1/r§ = Q% (y2). In the case
the integral over /. takes the same form as the integral over
kT, leading to the following expression, which is proportional
to cos? (¢), where ¢ is the angle between pr; and pra:

d’o
dy1d?pr1 dy2d?pr2
o QF (y2) Akt pr1) A (K7, pr2) cos® (9). (D.6)
which is responsible for the appearance of v » and vs.

Using the second expression in Eq. (D.5) we can calculate
the term which is proportional to cos* (¢) and has the form

(Fig.2)

d?o
dy1d?pr1 dy2d?pr2
o« 03 () AW (kr, pr1) AW (k. pr2) cos* ()

{D.7)

(Fig.2)

with

573 1 p?
AW (p, pry) = 15 22> = P

— =I1. (D.8)
8 kS k2
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