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Abstract By using the known operator product expansions
(OPEs) between the lowest 16 higher spin currents of spins
(1,3,3,3,3,2,2,2,2,2,2,3,3,3.3.3) in an extension
of the large A/ = 4 linear superconformal algebra, one deter-
mines the OPEs between the lowest 16 higher spin currents
in an extension of the large AN/ = 4 nonlinear supercon-
formal algebra for generic N and k. The Wolf space coset
contains the group G = SU(N + 2) and the affine Kac—
Moody spin 1 current has the level k. The next 16 higher spin
currents of spins (2, %, %, %, %, 3,3,3,3,3,3, %, %, %, %, 4)
arise in the above OPEs. The most general lowest higher
spin 2 current in this multiplet can be determined in terms
of affine Kac—Moody spin %, 1 currents. By careful analy-
sis of the zero mode (higher spin) eigenvalue equations, the
three-point functions of bosonic higher spin 2, 3, 4 currents
with two scalars are obtained for finite N and k. Furthermore,
we also analyze the three-point functions of bosonic higher
spin 2, 3, 4 currents in the extension of the large N' = 4 lin-
ear superconformal algebra. It turns out that the three-point
functions of higher spin 2, 3 currents in the two cases are
equal to each other at finite N and k. Under the large (N, k)
’t Hooft limit, the two descriptions for the three-point func-
tions of higher spin 4 current coincide with each other. The
higher spin extension of SO (4) Knizhnik Bershadsky alge-
bra is described.
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1 Introduction

The operator product expansions (OPEs) between the lowest
16 higher spin currents of spins (1, %, %, %, %, 2,2,2,2,2,2,
%, %, %, %, 3) in an extension of the large N = 4 linear super-
conformal algebra [1-5] have been found in [6].! The right
hand sides of these OPEs can be written in terms of the above
lowest 16 higher spin currents (up to quadratic), the 16 cur-
rents which generate the large A = 4 linear superconformal

algebra and the next 16 higher spin currents of spins
5555 7777
27_9_5_7_1373a31373531 AN’ A A _54 .
2222 2222
For fixed N with the group G = SU(N + 2) inthe V' = 4

coset model [4], the explicit results for the lowest (and next)
16 higher spin currents in terms of WZW currents are given

(1.1

! The terminology ‘large’ here (we do not take any limit) is nothing to
do with the one in the large N ’t Hooft like limit later.

@ Springer

in [7]. According to the construction of [8], one can decou-
ple the spin 1 current and the four spin % currents (among
16 currents of the large A/ = 4 linear superconformal alge-
bra) and then one obtains 11 currents which generate the
large N = 4 nonlinear superconformal algebra [8-11]. One
can apply the mechanism of [8] to the above lowest 16 higher
spin currents in an extension of the large N = 4 linear super-
conformal algebra and one obtains the lowest 16 higher spin
currents [12] implicitly (which are regular in the OPEs with
the above spin 1 current and the four spin % currents) in
an extension of the large NV = 4 nonlinear superconformal
algebra.” For fixed N, the explicit results for the lowest (and
next) 16 higher spin currents in terms of WZW currents were
given in [13,14], while for general N, the lowest 16 higher
spin currents were given in [15] in terms of WZW currents
implicitly.

One way to obtain the OPEs between the lowest 16 higher
spin currents in the nonlinear version is to use the known
OPEs (in previous paragraph) between the lowest 16 higher
spin currents in the linear version by using the explicit rela-
tions [12] between these two kinds of 16 lowest higher spin
currents.? See also Eq. (4.7). The next step is to reexpress
the right hand sides of the OPEs (written in terms of 16 cur-
rents, the lowest 16 higher spin currents and other terms
coming from the next 16 higher spin currents in the lin-
ear version) in terms of 11 currents and the lowest (and the
next) 16 higher spin currents in the nonlinear version with
the help of the explicit relations between them [8,12]. Of
course, the right hand sides of the OPEs do not contain the
above spin 1 current and the four spin % currents and there-
fore they have simple form compared to the ones in the lin-
ear version [6]. Furthermore, there are also extra terms (the
product of the above 11 currents and the lowest 16 higher
spin currents which did not appear in the linear version) as
well as the terms obtained by simply replacing the terms
appearing in the linear version with them in the nonlinear
version.

In the context of the large NV = 4 holography [16], one
of the consistency checks for this duality is to check the
matching of the correlation functions both in the matrix
extended higher spin theories on AdS; and in the large
N = 4 coset theories [4] in two dimensions.* See also

2 The higher spin currents (with boldface notation) in the ‘linear” ver-
sion are defined as the ones in the extension of the large N' = 4 ‘linear’
superconformal algebra while the higher spin currents in the ‘nonlin-
ear’ version are defined as the ones in the extension of the large V' = 4
‘nonlinear’ superconformal algebra. The OPEs between the higher spin
currents in the linear (and nonlinear) version are nonlinear.

3 One can also try to obtain these OPEs from the results of [14] by
introducing the arbitrary coefficients in the right hand sides of the OPEs
and using the Jacobi identities.

4 There is also another consistency check which can be described as the
matching of BPS spectrum in both sides. Recently, in [17], by analyzing
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the relevant work in [19-21]. The three-point functions of
the (bosonic) higher spin 1, 2, 3 currents (which are mem-
ber of the above lowest 16 higher spin currents) both in the
linear and nonlinear versions with two scalars have been
found in [22]. One of the main features of this construc-
tion is that we do not have to obtain the explicit results
for the higher spin currents in terms of WZW affine Kac—
Moody currents for generic N (and k) manually where the
bosonic spin 1 affine Kac—-Moody current has the level &,
contrary to the other cases where the complete results are
needed [23-30] in the context of [31-33] except for the
overall factor. That is, the lowest 16 higher spin currents
in terms of affine Kac Moody currents for several N-values
(N = 3,5,7,9) are enough to determine the three-point
functions even at finite N (and k). It was very useful to use
the package by Thielemans [34] together with the mathemat-
ica [35].

It is natural to ask what the three-point functions of the
(bosonic) higher spin 2, 3, 4 currents [among the above next
16 lowest higher spin currents in (1.1)] with two scalars are.
One realizes that the (new primary) higher spin 2 current,
which plays the role of the ‘lowest’ current inside of the
next 16 higher spin currents, occurs in the OPE between the
higher spin 1 current and the higher spin 3 current belonging
to the lowest 16 higher spin currents. However, this naive
(and natural) candidate for the higher spin 2 current does
not provide the N < k symmetry [16] in the three-point
functions. Therefore, we should look for the more general
higher spin 2 current by adding the extra terms to the above
naive higher spin 2 current. It turns out that these extra terms
consist of the square of the higher spin 1 current, the stress
energy tensor, the product of the spin 1 currents with SO (4)
Kronecker deltas and the product of spin 1 currents with
SO (4) epsilon tensor. See Eq. (5.1 1).> One can easily see that
the relative coefficients (which depend on N and k) between
these four terms are determined completely by the ' = 4
primary condition and the regular condition with the above
spin 1 current and the four spin % currents.

Footnote 4 continued

the BPS spectrum of string theory and supergravity theory on AdS3 x
$3 x 83 x S!, it has been found that the BPS spectra of both descriptions
agree. It would be interesting to obtain the BPS spectrum in the N” = 4
coset theories and see whether this matches with the findings in [17].
See also [18].

> In the linear version there are additional terms also: the quadratic in
the spin 1 current, the product of spin 1 current and the two spin %
currents with SO(4) Kronecker deltas, the product of spin 1 current and
the two spin % currents with SO(4) epsilon tensor, the quartic terms in
the spin % currents with SO(4) epsilon tensor and the quadratic terms

in the spin % currents with a derivative. See also Eq. (6.37). Note that
the higher spin 2 current living in the next 16 higher spin currents in
the nonlinear version is the same as the one in the linear version. They
have the same WZW currents.

Starting from this general higher spin 2 current which can
be written in terms of WZW currents for generic N and k
(after reading off the general behaviors for several N val-
ues), one can determine other remaining 15 higher spin cur-
rents with the help of the four spin % currents (supersym-
metry generators) belonging to the generators of the large
N = 4 nonlinear superconformal algebra. In order to do
this, one should write down the OPEs between the 11 cur-
rents and the next 16 higher spin currents from those in the
linear version as done before. As emphasized before, the
general N behavior of the general higher spin 2 current is
not necessary as long as the three-point functions are con-
cerned (and the determination of the remaining 15 higher
spin currents are concerned). By analyzing the zero mode
(higher spin) eigenvalue equations, the three-point functions
of (bosonic) higher spin 2, 3, 4 currents with two scalars are
obtained for finite N and k. The three-point functions of
(bosonic) higher spin 2, 3, 4 currents in the linear version
can be obtained. It turns out that the three-point functions of
higher spin 2, 3 currents in the two cases are equal to each
other at finite N and k. Under the large (N, k) ’t Hooft limit,
the two descriptions for the three-point functions of higher
spin 4 current coincide with each other. The N <> k symme-
try for the higher spin 4 current arises only in the nonlinear
version.

According to the observation of [4,11], the condition
k = N leadstothe SO(N = 4) Knizhnik Bershadsky algebra
[36,37] in the Wolf space coset model. Then it is straight-
forward to obtain the extension of SO(N = 4) Knizhnik
Bershadsky algebra from the previous results by restricting
tok = N.

In Sect. 2, the 11 currents and its large N/ = 4 nonlinear
superconformal algebra are reviewed in SU(2) x SU(2) basis
and SO(4) basis.

In Sect. 3, the 16 lowest higher spin currents in the SO(4)
basis are reviewed.

In Sect. 4, from the known OPEs between the 16 currents
of the large A/ = 4 linear superconformal algebra and the
16 higher spin currents, the OPEs between the 11 currents of
the large N' = 4 nonlinear superconformal algebra and the
16 lowest higher spin currents are described.

In Sect. 5, from the known OPEs between the 16 lowest
higher currents in the linear version, the OPEs between the
16 lowest higher spin currents in the nonlinear version are
described. During this calculation, the general higher spin 2
current belonging to the next 16 higher spin currents is found.

In Sect. 6, the three-point functions of the higher spin
2,3,4 currents inside of the next 16 higher spin currents
with two scalars are obtained.

In Sect. 7, in the Wolf space coset realization of the SO(4)
Knizhnik Bershadsky algebra, its higher spin extension is
described.

In Sect. 8, we list some future directions.

@ Springer
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In Appendices A-E, some details appearing in previous
sections are provided.

An ancillary (mathematica) file ancillary.nb, where
the OPEs appearing in Appendices A and B are given and
some eigenvalue equations (from which the three-point func-
tions can be determined) are presented, is included.

2 The 11 currents and its large A = 4 ‘nonlinear’
superconformal algebra in the Wolf space: Review

We describe the 11 currents which generate the large N' =
4 nonlinear superconformal algebra in terms of Wolf space
coset currents explicitly.

2.1 The 11 currents of the large N = 4 nonlinear
superconformal algebra

Let us consider the 11 currents, which generate the large
N = 4 nonlinear superconformal algebra, in terms of
N = 1 affine Kac-Moody currents of spin 1 and spin %
The G*(z) currents where © = (0,7) withi = 1,2, 3 are
four supersymmetry currents, A+’ (z) are six spin 1 currents
of SUR2)x x SU(2)x and T (z) is the spin 2 stress energy
tensor. They are given by [9,11]

G2 = 0a V(2),

l
(k+N+2)

i
(k+N+2)

. 1 s
AM @) = =5 [T Ve,

Gi(2) = hts 0 VP (),

-y i na b
1 a
T(Z)=m[(l€+N+2)V&V

+kQad Q" + 5 0 0" V| @
1 i i)
—mZ(A +A ) ().

i=1

2.1)

The spin 2 stress energy tensor 7' (z) can be further written
in terms of V4(z) and Q“(z) only when the A* (z) is sub-
stituted.

Here the adjoint indices a, b, ... corresponding to the
group G = SU(N + 2) with N odd of Wolf space coset
run over

1
a,b,...:1,2,...,5[(N+2)2—1],

1%,2%, ..., %[(N+2)2— 17%. (2.2)

@ Springer

The total number of generators, (N + 2)2 — 1, is divided into
two pieces in the complex basis. By subtracting the number
of generators corresponding to the subgroup H = SU(N) x
SUQ2) x U(1), (N2 — 1) + 4, we are left with the Wolf space
coset indices 4.

The Wolf space coset indices a, b, . .. corresponding to
the coset % run over

ab,...=1,2,..., NN+ 1,N+2,...,2N;
15,25, ..., N*; (N + D*, (N +2)%,...,2N*.
(2.3)

One can assign the first N indices of (2.3) to the generators
where each nonzero element 1 appears at the matrix elements
(N+1,1), (N+1,2),...,(N+1, N) (other matrix elements
vanish). Similarly, the next N indices of (2.3) can be assigned
to the generators with matrix elements (N + 2, 1), (N +
2,2),...,(N+2, N). Thenext (2N +1) index of (2.2) can be
assigned to the generator with matrix element (N 42, N +1)
corresponding to the one of the generators of SU(2) x U (1)
of H.

Among the half of SU(N) indices of H, 1,2, ..., 2(N?—
1), in the complex basis, one can assign the first %N (N —
1) indices to the generators where each nonzero ele-
ment 1 appears at the matrix elements (2, 1), (3, 1), (3, 2)
..., (N, 1),(N,2),...(N, N — 1). They correspond to the
indices 2N +2),...,2N+ 1)+ %N(N — 1) of (2.2). The
remaining %(N —1) indices appear in the diagonal generators
which are the combinations of (N — 1) Cartan generators.
Then they correspond to the indices (2N + 1) + %N (N —
H+1,..., %(N2 + 1) + 2N of (2.2). The next element can
be written as 3(N2 + 1) +2N + 1 = L[(N +2)> — 1],
which corresponds to the diagonal generator which is a com-
bination of two remaining Cartan generators of SU(N + 2).
This describes another generator of SU(2) x U (1) of H. One
can describe the remaining half of the SU(N + 2) indices in
(2.2) with x similarly. See the reference [22] for the nontrivial
diagonal generators with complex elements.

In summary, the half of the index assignment of SU(N +2)
is as follows:

Coset indices : 1,2,3,...,2N,
Subgroup SU(2) x U(1)index : 2N + 1,
Subgroup SU(N) indices : 2N +2,2N +3,...,2N + 1)

1
—N(N — 1),
+2( )
1
Subgroup SU(N) indices : 2N + 2) + EN(N —-1,...,
[P
#N-+D+2M

Subgroup SU(2) x U (1) index : %[(N + 2)2 —1]. 2.4
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With %, one has the remaining half of the indices of SU(N +
2). For the off diagonal generators, this operation is equiva-
lent to take the transpose of the matrix and for the diagonal
generators this operation is to take the complex conjugation
of the matrix. Note that, for the large N' = 4 ‘linear’ super-
conformal algebra, the subgroup SU(2) x U (1) in (2.4) is no
longer subgroup and plays the role of coset.

The spin 1 current V¢(z) and the spin % current Q%(z)
appearing in (2.1) satisfy the following OPE [38]:

1 ab

a b _
Vi)V (w)_—(z_w)zkg

ab c e
o SV @

Q“(z)Qb(w)z—(Z_w) k+N+2)g%+--,

Vi) Q" (w) = +---. 2.5)
The positive integer k is the level of the spin 1 current. The
metric gq4p in (2.5) is given by g,» = Tr(T,Tp) and the struc-
ture constant fupe is given by fupe = Tr(T,[T,, Tp]) where
T, is the SU(N + 2) generator. Note that the nonvanishing
metric components are given by gaa+ = ga*a4 = 1 where
A=1,2,..., %[(N+2)2—1].ThenbyraisingtheSU(N+2)
adjoint lower index A, one has the SU(N + 2) adjoint upper
index A* and vice versa. The role of upper index and the
lower index is different from each other.

The three almost complex structures (k', h%, h3) appear-
ing in (2.1) are given by the following 4N x 4N matrices (in
the notation of [22]):

00 0 —i 0 0 0 1

00 =i 0 2|0 0-10

aa—loi 0o o] @ o 1 0 0]
i 00 -10 0 0
0 0 i
0 00 —i

3 _

hap = - 00 0| (2.6)
0 i 00

where each element is given by N x N matrix. One can
classify the above 4N indices as four entries in (2.3). Then
the nonzero element —i of h' in (2.6) appears when the
row and the column are given by the first (1,2, ..., N) and
last (N 4+ 1)*, (N +2)*, ..., 2N*) entries respectively. The
next nonzero element —i arises when the row and the col-
umn are given by the second (N + 1, N +2,...,2N) and
the third (1%, 2*, ..., N*) entries. Similarly, the nonzero ele-
ment i occurs when the row and the column are given by the
third (1*,2*,..., N*) and second (N + 1, N +2,...,2N)
entries. Finally, the nonzero element i can appear when the
row and the column are given by the last (N + 1)*, (N +
2)*,...,2N*) and first (1, 2, ..., N) entries. One can also

analyze the 2 and i3 matrices according to the coset indices
(2.3).°

2.2 The large N’ = 4 nonlinear superconformal algebra
The large N' = 4 nonlinear superconformal algebra gener-

ated by the above 11 currents living in the Wolf space coset
is summarized by [8]

_ 1 13(k+N+2N)
T(Z)T(w)_(z—w)M[ (k+ N +2) }
1
+(Z—w)2 (w)+(z—w) S/
GH : %Gu
T(z) A (w)=m A (w)
| AGH
= Laas
1 2 6kN
12 v - Zepvy
TG =3 30 [(2-|—k+N)}

(z—w)? (k+N+2)

+i 4+ —i 4
(N ol AT +ka,t A7) (w)

+i A+
o Aj

[ Al R S— YO '
(z—w) (k+N+2)

+kay ) AY) (@A —a™'A)

T k+N+2)

X p(u("ﬁj‘é‘;r - O‘_jAj)u)pi| (w)+---,

. 1 .
AT @ G w) = s G+

+i N L (k
A (2) A% (w) = —(Z—w)2§8]<N>

kAT Y+, @27)

oo

6 Let us emphasize that there is a summation over index ¢ in the
spin 1 current A1i(z) and this ¢ runs over ¢ = 1,2, ..., %[(N +
2)2 — 1], 1%, 2%, ..., %[(N +2)2 - 1]* along the line of (2.2). This
behavior also occurs in the spin 2 stress energy tensor 7(z). The
remaining summations run over the coset indices where a, b, ... =
1,2,...,2N,1*,2* ...,2N* with (2.3). Note that one obtains
Ve, VP = kmg®8pmino — f5VE,, from (2.5). For the indices
m = 0 = n, this leads to [V, Vé’] = ff”bCVOC, which is related
to the commutation relations of the underlying finite dimensional Lie
algebra SU(N + 2).

@ Springer
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where the quantity a* is defined by

+i_ 1
oy = 5 (i‘siﬂ8v0 F Sivdpo + 6ipvv) . (2.8)
The quadratic nonlinear structures appear in the OPEs between the spin % currents. The two levels of the large NV = 4

nonlinear superconformal algebra are identified with the Wolf space quantities k and N, respectively. The equivalent
OPE in different basis is presented in Appendix A.1.” The central term appearing in the fourth order pole in the OPE
between the stress energy tensor and itself is given by 5 where c is a central charge. The central term appearing in

the third order pole in the OPE between the spin % currents is given by 2‘TW where cw is the Wolf space coset central
charge.

3 The lowest 16 higher spin currents in the Wolf space: Review

We describe the lowest 16 higher spin currents in terms of the Wolf space coset currents explicitly.
For fixed spin s > 1, the 16 higher spin currents in SO (4) basis can be described as [6]

spins : <I>(()S) (),

1 . . 3 3
spin (s + 5) c oV (2), 802 (2), 93 (), 04 (),
2 2 2 2

spin(s + 1) : @ (@), @1 (), @1 (2), @17 (2),

<I>§S)’24(z), q>§s),34(z),

. 3
spin (s + 5) : o (2), 2% (2), 57 (), (),
2 2 2 2

spin (s +2) 1 5 (2). 3.1

There are a single SO(4) singlet CID(()S)(Z), four SO(4) vector @4 (2), six SO(4) adjoint CDES)’“ Y(z), four SO(4) vector
3

<I>(3S)’“ (z) and a single SO(4) singlet @;S)(z). For s = 0, the large N = 4 nonlinear superconformal algebra is generated by
3
six SO(4) adjoint TV (z) of spin 1, four SO(4) vector G*(z) of spin % and a single SO(4) singlet L(z) of spin 2 discussed

7 The explicit relations between the 11 currents in two bases are given by

T(z) > L), G’%)— G*(2), G'(2) » G*(2),

G*(2) » —G*z), G*(z) —> G'(2).

i i
AR @ = S (T FT2) @ = Sl T ),

i i
AR@) = 2 (TR £1) @) = Sl T @),

AP () > :I:% (le F T34) (z) = %aﬁ T (2), 2.9)

where the previous quantity in (2.8) with the renaming of the indices is changed into

o 0 o0 § 0 0 1 o0 0 £5 0 0
0 0 F5 0 0 0 0 +3 F3 0 0 0

@ = | o +lo0 o @ = -1 0 0 o0 “=l0 0 o -1 (2.10)
-0 0 0 0 5 0 0 0 0 3 O

@ Springer



Eur. Phys. J. C (2017) 77:523 Page 7 of 62 523

in previous section.® Furthermore, there are additional spin O current which is a SO(4) singlet and four spin % currents
transforming as a SO(4) vector in the large A/ = 4 linear superconformal algebra (in the right hand sides of OPEs, there exist
only the derivatives of the above spin 0 current).

3.1 Higher spin 1 current

It is well known that the lowest higher spin 1 current is described as [15]

1 - _ _
(1) 0 raby,c 0 a nb
——d_- Vv ——d , 3.4
(2) = TSI N2 e (Z)+2(k+N+2)2 ;0107 (3.4)
where the antisymmetric d tensor of rank 2 is given by an 4N x 4N matrix as follows:
00 -1 0
00 0 -1
0 _
=110 0 o 3-5)
01 0 O

Each element is N x N matrix. The locations of the nonzero elements of this matrix are the same as the previous almost
complex structure A> - s but numerical values are different from each other. As emphasized in footnote 6, the summation over
¢ index in (3.4) runs over the whole range of SU(N + 2) adjoint indices (2.2). This higher spin 1 current plays the role of the

‘generator’ of the next higher spin currents because one can construct them using the OPEs between the spin 2 currents of
the large A/ = 4 nonlinear superconformal algebra and the higher spin 1 current.

3.2 Other higher spin currents
Let us define the four higher spin—% currents G'#(z) from the first order pole of the following OPE [15]:

1
G"(2) dY (W) = ———— G (w) + -+ - . (3.6)
(z—w)
Then the first order pole in (3.6) can be obtained from (2.1) and (3.4) with the help of (2.5)
i

ey —
=GN Y @

L 0%V (), (3.7)

8 One can consider this 16 higher spin currents (3.1) in SU(2) x SU(2) basis [12] and their precise relations are given as follows:

Vi@ =-iof @, vP'o=iet@, V@ =-ioP0, vl =i e, v =il ),
2 2 2 2 2 2 2 2
VOE = i o, vl = 2 0P @), Ve =20 0020 VP =200, Ve =20 @),
2 2 2 2 2

24i(k — N)s(1 +s) LW
3k +3N +6kN —20s — 4ks —4Ns + 12kNs + 3252 + 16ks? + 16 N s2 0

V() =2i [ oy —

36i(k — N)s(1+5s)
(1 +25)(3k +3N 4+ 6kN —20s — 4ks —4Ns + 12k Ns + 3252 + 16ks? + 16N s2)

ol ](z), (3.2)

where the ai’; tensor can be obtained from the ones in [12] by changing the sign of index 1 appearing in the row or column of ai’; in [12],

0 0 074 0o 01lo 0-1o0 o0
0 040 0 0 0=£4 70 0 0

+1 +2 +3

=0 ~too [m Tl -Looo |""T]oo o0 £} (3-3)
+5 0 0 0 0 ¥30 0 00 %30

The locations for the nonzero elements in (3.3) are the same as the previous ones (2.10). There are (1, 1) for VO(S) (z), (2, 2) for Vl(s)’“ (2),3, D>, 3)
2

for V\¥F (2), (2, 2) for V<‘) *(2), and (1, 1) for V,”(z) under the SU(2) x SU(2).
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where d:—:;; =d¥ hgl; and hgl; = g.; with (3.5). These four
independent higher spin-% currents (3.7) also appear in the
linear version. Itis easy to see that the exact relations between
the higher spin % currents in [15] and those in (3.1) are given

by9

1P ) = % (@‘%"" +i <1><%'>*2 +G! +ic;2) @,

U 1 M3 L . ()4 3, 4
(V(§)>(Z)_ :_ﬁ (CD% :|:l®% +G +iG )(z).
3.9

Then the six higher spin 2 currents can be obtained from
the OPEs between the spin % currents of the large ' = 4
nonlinear superconformal algebra and the above higher spin
% currents (3.9). Then the four higher spin % currents can
be determined by the OPEs between the spin % currents of
the large A/ = 4 nonlinear superconformal algebra and the
newly obtained higher spin 2 currents. The final higher spin
3 current can be obtained from the OPEs between the spin %
currents of the large A = 4 nonlinear superconformal alge-
bra and the newly obtained higher spin % currents. In this way,
all the higher spin currents in (3.1) can be written in terms of
N = 1 Kac-Moody currents V4 (z), Q”(z), the three almost
complex structures h% B antisymmetric tensor dgé of rank 2
and symmetric tensors d‘fl 5 (= d% héﬁ) of rank 2.10

° We have relations between the higher spin % currents in the SU(2) x
SU(2) basis of [12] and those in (3.1) as follows:

moy_ L ( 3, <1>,4>
G () = NG ‘D% +l¢% (2),
YN < ma .<D<1).2)
G () = 7 1 i@y (2),
1
G*(2) = % (@?" i df;“) @).
G (2) = —% (cb(;“ —i ¢$)*4> @. (3.8)

One can read off the currents <I><,l)’“(z) from (3.8).
2

10 The higher spin % currents have the following relations:

) 1 W1 . (D2
W2 (2) = —= (:I:CD 4P Dy Z)
SO F )
4

— (86" +idG?) (2
+3ﬁ(2+k+N)( l >(Z)

812uv

| (T i T
V22 +k+N) [ 3

+ (£T i T) G T (@ﬂm +i <1>ﬂ“'2>
2 2
+7 (£6! +i G?) ](z),

@ Springer

4 The OPEs between the 11 currents and the 16 higher
spin currents for generic N and k

We describe how the OPEs between the 11 currents and the 16
higher spin currents arise and we present them in Appendix
A2

4.1 The 11 currents using the 16 currents

Recall that the explicit relation between the 11 currents of the
large N/ = 4 nonlinear superconformal algebra and the 16
currents (with boldface notation) of the large NV = 4 linear
superconformal algebra is described by [8]

y7ayY . \J7AY) _ ! 72 ek
T (z2) = T" () —(2+k+N)F I'(2),
2i
Iz — M _ iz
G*(2) = G*(2) (2+k+N)UF (2)
_SILU,OUI: 4l UrpFU
32+k+ N)2
___ T”"F"]( )
2 +k+N) <
1
L(z) =L — | UU = 3T*I* |(2).
(z) (z) + T |: }(z)

“.1)

Footnote 10 continued

U 1 ( .3 (1)4) 2
: (z) = — +oL77 +i DL ) ————————
(V<§> 232 3 3 ()3ﬁ(2+N+k)

- <a<1>(,”v3 +iodV* £ 9G3 +i 304) (@)
2 2
834uv

C2V2Q4N+k)

+ (T3" +i T‘”‘) (3 o) ¢ G”)
2

[(73“ + T4 (iq>ﬂ”'”+G“)
2

T (j:@(ll)’3 +io®P* 463+ G4)
2 2

T (cb(;” 4+ qa(%”’“ +G3 4 G4) ](z).

(3.10)

One can read off the currents C[)(;)'“ (z) from (3.10). The explicit rela-

2
tions between the higher spin 2, 3 currents will appear in Sect. 6 later.
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The four fermionic spin % currents are [5,22]

0 _ / ab JC d
() = —4(N—|—1) G/ ;0%
J — l— J jab
M@ =~ @, (42)

where j = 1,2,3 and there is no sum over j in the first
equation of (4.2).'! The bosonic spin 1 current is given by

1

ab J
TANT D ubf

U(z) =

y vﬁ—;ﬂ 007 (@), &5
2k+ N +2)7 éf ' '

where there is no sum over the index j. Of course, the 11
currents in (2.1) or (4.1) are regular in the OPEs between
them and the spin % currents ['*(z) and the spin 1 current
U(z).

4.2 The 16 higher spin currents in the extension of the large
N = 4 nonlinear superconformal algebra

Let us introduce the 16 higher spin currents (with boldface
notation) in the context of an extension of the large N = 4
linear superconformal algebra in SO(4) manifest way [6]

1 One should change the index structures as follows: ' — —iI'2,
r'' > —ir3, 12 - irand I'* - —ir'! in order to use (4.1) from
(4.2). We introduce the coset % = S[SJ&/ ;)D notation @ = (a, a) where
the @ index runs over 4N values as before and the index a associates
with the 2 x 2 matrix corresponding to SU(2) x U (1) and runs over
4 values. Let us represent the 4 x 4 matrices h;l; appearing in (4.2) as
follows [22]:

0 0 0—% 0 0 0%
Bl 0 0 A O W= 0 0 iAO
ab 0-A0 O | "ab 0 —-iA 0 0|
i .
+ 000 -5 0 00
00 —i0
3 100 0
M =1io0 0ol (4.3)
0-i 00
where the quantity A in (4.3) which depends on N is given by
=———— (V2NN + 1) +iy/2(N+ 1D)(N +2)). 4.4
svey (VNEED AN E DN D). (44

The a indices are given by (2N + 1), %[(N +2)2—1], 2N 4+ 1)* and
%[(N +2)2 — 1]* of (2.4). The N dependence in (4.4) can be fixed by
the several N cases.

spins : <1>(()s) (2),
1
spin (s + 7> 91 (0), 092(5), 893 (0), 9P (0),
2 z z z z
spin(s—|— 1 (s) 12( ). q)(s) 13( ). CD(S) 14( ), (ID(S) 23 ),
OO (), o®H (),
3
spin (s + —) s o @), 092 @), 05 ). 05 ),
2 H b b b
spin (s +2) 1 O (2). (4.6)

Note that in the usual A/ = 4 superspace approach, each
component current in this N' = 4 multiplet for fixed s can
be put into the coefficients in the expansion of fermionic
Grassmann coordinate for the N' = 4 super primary current.

As done in (4.1), one can apply the mechanism in (4.1) to
the higher spin currents. From the OPEs between 16 currents
and the 16 higher spin currents, one realizes that CD(()S) (z) and

CID(;)’“ (z) are regular with the above currents I'*(w) in (4.2)

anil U(w) in (4.5) [12]. Then we do not have to add the extra
terms to these higher spin currents. For the other higher spin
currents, one should add possible terms with correct spin
and SO(4) indices. The coefficients can be fixed by using
the above regularity with I'*(w) and U(w). Furthermore,
by requiring that they should transform as primary currents
under the stress energy tensor 7 (z), further undetermined
coefficients can be determined. The final relations between
(3.1) and (4.6) are given by [12]

() = (),
oV () = P (2),
2 2

d>§s)’“v(z) = QSS)’MU(Z) +e (I‘“d>(f)’” - F”dD(ls)’“) (),

O (@) = 8P @) + 02097 @) + s AT e )
ey F“acb(os) @ +¢s U @)
2

Qg‘v) (z) = QD;S) (2) + 7 L<I>(S) (z) + cg 82d>((,s) (2)

+09 JUDY (2) + ¢10 UddY (2)
+e11 UUDY (2) + e12 BF“dD(f)’“(z)

ters rﬂaep‘s) “(@) + g ITITHON (2),  (4.7)

where the coefficients are given by

@ Springer
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2i (k — N) 4is 2i 2
Cl = T C2=— k) C3=_—1 C4=—7 C5=—1
2+k+N) 2s+ D2 +k+N) 2+k+N) 2+k+N) 2+k+N)
i 24(k — N)s(1 +s)
cg=———"-—, C]= ,
6 Q+k+N) 77 (Bk+3N +6kN — 205 — 4ks — 4Ns + 12kNs + 3252 + 16ks2 + 16Ns2)
(k — N)(3k + 3N + 6kN + 525 + 26ks + 26N's)
cg = — ,
8 2+k+ N)Bk +3N + 6kN — 20s — 4ks — 4Ns + 12kNs + 3252 + 16ks? + 16 Ns2)
4s 4
9g=——— c(c|j0=———,
’ C+k+N) T eHk+N)
24(k — N)s(1 +s)
cl1 = ,
U= 25k + N)(Bk + 3N + 6kN — 205 — 4ks — 4Ns + 12kNs + 3252 + 16ks2 + 16Ns2)
2i(1 4 25) 2i
Cl2 =", 3= ——"F"——F——~_»
2+k+N) 2+k+N)
24(k — N)s(1 + )
clq = (4.8)

" 2+ k+ N)(3k + 3N + 6kN — 205 — 4ks — 4Ns + 12kNs + 3252 + 16ks2 + 16Ns2)

For the condition k = N, some of the coefficients vanish.
According to Eq. (3.2), the left hand sides of (4.7) can be
written in terms of the 16 higher spin currents in the SU(2) x
SU(2) basis and from the observation of [12], one can also
write down the right hand side of (4.7) in terms of the 16
higher spin currents in the SU(2) x SU(2) basis. Then one
can check that the above relations match with the findings of
[12].

4.3 The OPEs between the 11 currents and the 16 higher
spin currents

Let us describe how one can obtain the OPEs between the 11
currents and the 16 higher spin currents. One of the simplest
OPE in the OPEs between the 16 currents and the 16 higher
spin currents in the linear version is described by

P AR O) BT

AL (ON2 —
(Z) V% (w) (Z _ w) Y %

4.9)
One can rewrite this OPE (4.9) in the SO(4) manifest way.
Using the relations in [6],'? one can reexpress the currents
A%i(z) in terms of TV (z). Furthermore, the higher spin

% current V(ls)’“(w) is the same as the VI(S)’M(w), which is
2 2

equivalent to CD(IS)’” (w) from (3.2) up to an overall factor.
2

12 The relations between the spin 1 currents in two different bases are
given by

T2() = i AP +A @), TR =-iAP? +A (),

TH) = iAT —A D), TR =A™ +A D).

T#() = —iAT? —A (@), TR =-iAT -A)@).
(4.10)

Or one can express these in (4.10) as T*V(z) = —2i ot;[,ﬂ At —
+i

2i oc;é A~ where o, are given in (2.10).

@ Springer

This leads to CD(IS)’“ (w) from (4.7). Then the above OPE
2
(4.9) is equal to

T () &) (w) = — i
2 (z—w)

x [w O 5" <I>(f“‘}<w) o
2 2
“.11)

The next step is to rewrite this OPE (4.11) in the context of
an extension of the large N' = 4 nonlinear superconformal
algebra. Then it is easy to see that the following OPE holds:
I
i
(z—w)

TMV(Z) q)(f)wp(w) - _
2

« |:5M) q>(f)'”_ §YP cp(f)*#](w)_i_ .
7 2
(4.12)

where the precise relation between the spin 1 currents, T# (z)
and THV(z), is given by (4.1) and the regularity between the
current I'#(z) and <I>(f)’v(w) is used. This OPE (4.12) is one

of the OPEs in Appendix A.2.

In this way, one can construct the remaining OPEs
between the 11 currents and the 16 higher spin currents in the
nonlinear version and they are described in Appendix A.2.

5 The OPEs between the lowest 16 higher spin currents
and itself for generic N and k

We explain how we obtain the OPEs between the lowest
16 higher spin currents and itself in the nonlinear version.
They will appear in Appendix B. We also write down the
most general higher spin 2 current in terms of the Wolf space
coset currents explicitly.
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5.1 The OPE between the higher spin 1 current and itself

It is well known that the OPE between the higher spin 1
current and itself in the linear version is given by [15]

1 [ %N }+_”
Zz—w?|R2+k+N)

2" (2) & (w) =

G.D

According to (4.7), the higher spin 1 current in the nonlinear
version is equal to the one in the linear version. Then it is
obvious that the OPE between the higher spin 1 current and
itself in the nonlinear version is the same as the right hand
side of (5.1).

5.2 The OPE between the higher spin 1 current and other
15 higher spin currents

One of the simplest known OPE in the OPEs between the
higher spin 1 current and the other higher spin currents in the
context of an extension of the large A/ = 4 linear supercon-
formal algebra is described by the following OPE [6]:

1 M. 2i
oM () W H () = Gh— — = yre
0 @@ w) @—m[ k+N+2)

8i

el Zaad Bl W0 B
6(k+ N +2)

HVpo VP O
MTEET }m

o (5.2)

According to the previous analysis, the left hand side of
this OPE (5.2) can be replaced by the corresponding higher
spin currents in the nonlinear version (in the context of
an extension of the large A/ = 4 nonlinear superconfor-
mal algebra). On the other hand, the right hand side of
this OPE should be written in terms of the (higher) spin
currents in the nonlinear version. By using the relations
in (4.1), one can rewrite the spin % currents G*(w) and
the spin 1 currents T#*Y(w) in terms of their linear expres-
sions G*(w) and TH"V(w), respectively. Note that in the
second equation of (4.1), one should also change T"?(w)
by using the first equation of (4.1). One expects that there
will be no I'*(w) and U(w) dependences because one
should have the extension of the large N' = 4 nonlinear
superconformal algebra where they are decoupled in the
OPEs.

Then it turns out that the OPE between the higher spin 1
current and the higher spin % current in the nonlinear version
has very simple form and is given by

@f (@) @ (w) = Gr(w) + - . (5.3)

(z—w)

Or one can see that the first order pole of the right hand side
in (5.2) is exactly same as the spin % current in the nonlinear
version according to (4.1).

What happens for the OPEs between the higher spin 1
current and the higher spin 2 currents? We have the explicit
OPEs between these higher spin currents in the linear version
[6]. Then using the relation of (4.7), one should write down

1), v
@y

the higher spin 2 currents (w) in terms of those in the

nonlinear version where the higher spin % current CD(;)’“ (w)

is the same as the one in the nonlinear version accordirzlg tothe
second equation of (4.7). Then the left hand side of the OPEs
between the higher spin 1 current and the higher spin 2 cur-
rents in the linear version consist of the OPEs between them
in the nonlinear version plus the OPEs between the higher
spin 1 current and (I“"(D(;)’U — I“"CD(;)’“)(w). Note that the

extra contributions can bze calculatedzby using (5.3) and the
fact that the higher spin 1 current is regular in the OPEs with
['*(w). The OPEs between the higher spin 1 current and the
higher spin 2 currents in the linear version contain the spin
1 current TV (w) and the spin % currents G* (w), which can
be replaced with the ones in the nonlinear version according
to (4.1). Then one can read off the OPEs between the higher
spin 1 current and the higher spin 2 currents in the nonlin-
ear version by simplifying the above singular terms. This is
described in Appendix B.3.

Now one can analyze the OPEs between the higher spin
1 current and the higher spin % currents. For given OPEs
between them in the linear version, one can rewrite the higher
spin % currents in the linear version in terms of the higher spin
currents and the currents in the nonlinear version using (4.7)
and (4.1). One can easily see these OPEs from the previous
OPE results. By simplifying the right hand sides of the OPEs
where all the linear (higher) spin currents are replaced with
the nonlinear (higher) spin currents, one arrives at the final
OPEs and presents them in Appendix B.4 where the new
higher spin % current CID(?’” (w) living in next 16 higher spin

multiplet occurs.

Let us consider the the OPEs between the higher spin 1
current and the higher spin 3 current. For given OPEs between
them in the linear version, one can reexpress the higher spin
3 current in the linear version in terms of the higher spin cur-
rents and the currents in the nonlinear version using (4.7) and
(4.1). By simplifying the right hand sides of the OPEs where
all the linear (higher) spin currents are replaced with the non-
linear (higher) spin currents, one arrives at the final OPEs and
presents them in Appendix B.5 where the new higher spin
2 current CD(()Z) (w) living in next 16 higher spin multiplet
occurs. The fourth, third and first order poles appearing in
the linear version are disappeared in the nonlinear version.
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5.3 The OPE between the higher spin 1 current and higher
spin 3 current and next higher 2 spin current

In order to calculate the three-point functions of the higher
spin currents living in the next higher spin multiplet, one
should obtain the higher spin currents for several N values
at least. One realizes that the lowest higher spin 2 current in
the next higher spin multiplet occurs in the following OPE
from Appendix B.5:

o (25" (w) = |:c1<I>(()2) + oo ol + L

1
(z—w)?
+ea(TH)? + csehP? T’“’T”"} (w)

+o (5.4)

where the new higher spin 2 current in terms of the Wolf space
coset currents (the spin 1 current and the spin % current) is
given by

(D(()Z) (2) = (al VaVe+a Z Vo VO

a:SU(N)
+a3 > Vv
a”:SUQR)xU(1)

1 ab pde cyf
tas 73 16 N2 ab de f f vev
1

S 6+ N 1272

ntshl (07 0%) (0° %)

+ag do; dY; 0 0" 0° Q! + a7 0700°

+Cl8 hﬂ« hl“ faL Qb Qd VL

+agd);dd; £ 0% Q° Ve>(z), (5.5)
where the coefficients with the information for N =
3,5,7,9, 11 and 13 can be determined as follows:

(k+2)(2k 4+ 3N +5)
ay = — :

(k+ N +2)3
8
a=———"-:,
? (k+ N +2)?
=—— [ 20k>N? + 18k>N — 8k> + 42kN?

BT UhrN+2) ( + +

+107kN? + 45kN — 32k + 16N*

+75N3 +97N? + 12N — 32),
as = oy 10kN? + 8k2N — 4k* + 21kN3

(k+ N +2)4

@ Springer

+51kN? + 18kN — 16k + 8N* + 36N> + 43N?
N 16),

2k(6k* + 11kN + 17k + 4N? + 14N + 10)

as = — s
(N +2)(k+ N +2)3
ag = k 2063 N + 22k + 42k2N?
8(N +2)(k+ N +2)°
+119k%N + 85k% + 16kN> + 87kN? + 153kN
+92k 4+ 4N> + 24N> + 48N + 32),
k 3 3
a7 = — — 8K°N + 2k
2(N +2)(k+ N +2)°
—8k>N? + Tk*N + 31k% + 14k N> + 79k N?
+147kN—|—84k~|—8N4+56N3—|—140N2+144N+48>,
(6k* + 11kN + 17k + 4N? + 14N + 10)
ag = — s
§ 4k + N +2)
1 3 3
ag = — 20k°N + 22k
4(N +2)(k + N +2)5

+42k>N? 4+ 119k>N + 85k + 16kN> + 87k N>

+153kN + 92k + 4N3 + 24N? + 48N + 32).
(5.6)

One has the following identities due to the ordering of the
operators [39—41]:

nihi- (07 Q%) (0° 0% = hi: i 0% 0P 0° Q7
—4(24 N + k) Qad 0%,
d% d% (0% @) (0° 0%) = d¥; d% 07 0" 07 01

+4Q2+ N +k)0590%. (5.7)

The a4 term in (5.5) is nothing but A+ A+ (z) while as term
in (5.5) is equal to A~' A~ (z) with (5.7). Compared to the
higher spin 2 current in the orthogonal Wolf space coset [42],
the ag and ag terms are the extra terms. Note thatin the orthog-
onal case, there is no do tensor. Compared to the previous
higher spin 1 current in (3.4), the indices in the quadratic
terms in the spin 1 currents contain the coset ones as well as
the subgroup indices and the relative coefficients are differ-
ent.

In order to see the behavior of the above higher spin 2
current in the context of the three-point functions, we try
to obtain the more general higher spin 2 current by adding
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the possible terms to the one in (5.5). Let us consider the
field contents in (5.5) with arbitrary coefficients a; where
i =1,2,...,9 and the higher spin 2 current takes the form
of

‘i’(()z) (x) = <&1 Va Vet Z Vo V&

a":SU(N)
+a3 Z
a”:SUQR)xU(1)

"
Vo Ve

N 1 i i gpab pde ysev,f
s g ap e I ST VY
1 . . B _ B _
is ———————h' bt (0% 07) (0° 0
+is T T2y e e (€7 €7 (070

A 40 40 Ha b e Hd
+agd:dd; 0" 0P 0F 0

+a7 Qa0 Q% + ag b n. £7, 0P Q7 Ve

+agd); dd; £, 0% Q" Ve)(z). (5.8)
This higher spin 2 current (5.8) should be a primary field
under the stress energy tensor 7' (z) in (2.1) and should have
the regular OPE with the spin 1 currents A¥(z) in (2.1).
Furthermore, by definition, the OPEs between the spin %
currents ['#(z) of the large N’ = 4 linear superconformal
algebra and the above higher spin 2 current is regular and
similarly the OPE with the spin 1 current U(z) (of the large
N = 4 linear superconformal algebra) has no singular terms.
This implies that

T(2) d (w) = 5205 (w)

(z —w)
1.
e KA RDREEE
A:I:i
| @) dPw) =+ - (5.9)
U

After using the conditions (5.9), some of the coefficients
can be written in terms of a; and a, as follows:

1
i3 =— ark*>N? — ayk* + 242k N
3 (k+2)(k+N+2)(2 2 2

+641kN? + 442k N? 4+ 941k N — 284:kN — 4énk

+4ayN> + 941 N? + 4a,N? 4+ 12a) N — 4as N — 4a»),

2
Tk+2(k+N+2)
+641kN? + 44,k N? + 841kN — 2a:kN — 4dark
+4a, N> + 841 N? 4+ 44, N* 4+ 1041 N — 4ar N — 4a),
. k(ack +axN +2ay)
“= (N +2)

A

as =

(&2/(21\72 — &2/(2 + 2&2/{]\’3

’

a5 = — 16(k + 2)(N +k2)(k +N+2)3 Qaxk’N + bak’
+44,k> N? 4 12a1k*N + 10a,k> N + 184,k + 4a,k>
+94,kN? + 18a1kN + 1642k N + 24a1k + 8ark
+2a;N* + 8a; N + 84),

a7 = L (3ask® — 8a k>N

4(k +2)(N +2)(k + N +2)?
+6a2k> N — 10a1k* + 12a2k* + 24,k N> + 44,kN?
+742kN? + 641kN + 164,kN + 841k + 8azk + 4a; N>
+841N? + 144, N2 + 3241 N + 84, N + 324; — 84y),

. (aak 4+ aN +2ay)

ag = 5
8k + N +2)

1
T8k +2)(N+2)(k+ N +2)72

+4a,k>N? + 1241k*N + 1042k> N + 1841k + 4da,k>
+94,kN? + 1841kN + 1642k N + 244,k + 8ark

(Qark> N + ark>

+24)N? + 84, N + 84»). (5.10)

One can check that the above higher spin 2 current can
be expressed as the previous higher spin 2 current (5.5) and
others as follows:

~ 1. . .
by (@) = — g (k+N+2)° 57 () +(~2k* — 342k N

+8a1k — 9ark + 8ay N — 6a>, N + 16a; — 10a»)
|: 3(2kN + 3k + 3N +4)

1
(1) (D
ool + - L

16(k + 2)(N +2) 4
L KENED
32(k+2)(N +2)
(N —k) JAVOT LV pa:|
64k LN 12 £ THTP? [(2). (5.11)

When d; = a; and a; = ap together with (5.6), it turns out
that CiD(()z) () = <I>(()2) (z). The coefficient in the second line of
(5.11) vanishes. So far the parameters a; and a, are com-
pletely arbitrary. One can insert CD(()Z) (w) by using Eq. (5.11)
into (5.4) and then the second order pole of (5.4) can be writ-
ten similarly and the structure constants behave differently.
Furthermore, the four kinds of field contents appearing in the
right hand side of the OPE are the same. One sees that the
expression in the third and fourth lines in (5.11) is primary
field of spin 2 under the stress energy tensor. The point is that
this is written in terms of the known quantities. Furthermore,
this expression with bracket in (5.11) satisfies the standard
N = 4 primary condition described in Appendix A.2.

One can calculate the OPE between the higher spin 2 cur-
rent (5.8) and itself and it is given by

1

52) 52
@R =
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1

P |:cl P +er 0ol 43 L

44 THVTPC 5 HVPOTHYTPO :|(w)

) % d(pole-2)(w) + - -, (5.12)

+
(z -
where the coefficients are given by

kN
—(—192a}
Qi N

—36k3a? — 336Na? — 240kNa? + 168k>Na

co = — 336kaf — 192k2a%

+12063 Na3 — 1921\1261l + 168kN2a] + 504k2N2&12&12
+204k3 N? — 36N3a7 + 120kN>a7 + 204k* N3a7
+72k3N3a? — 192kayay — 336k>ayar — 192k3a1a;

—36k*a1d; — 336kNajdy — 480k>Nayay
—204k>Nayay — 24k*Nayay + 48kN2aia,
+168k2N%a 1y + 144k3 N2a1as + 36k N2a,an
+336kN3ay1ay + 480k>N3a1a; + 2043 N3aya,
+24k*N3a145 + 144k NG 6y + 168k>N*a 4y
48k N*ayay — 3243 — 64ka3 — 56k*a3
—28k%a3 — 8k*a3 — k’a3 — 64Na3
—144kNa3 — 144k> Na3 — T6k> Nas —
—2k°Na3 — 8N%a3 — 60kN2a3
—T0k>N?a3 — 25k>N2a3 + kK N%a3 4 56N3a3

+104kN3a3 + 110k>N3a3
+68k3N3a2 + 20k41v3a§ +2k°N3a3 + 40N*a3
+124kN*a3 + 126k> N*a3
+53k3N*a3 + 8k* N*a3 + 8Na3
+40kN3a3 + 34k>N3a3 + 8k>N3a3),

c1 =2Q+ N +k)4a) + Nay + kay),

20k*Na3

¢y = (24kay + 18k*ay + 18kNa

2+ k)22 + N)?

+12k>Nay + 8an + 8kay + 4k>an + kan

+8Nay + 16kNay + 10k>*Nay + 2k Nay

+2N%G4) + 9kN2ay + 4k>N%ap)

x(12Nay + 9kNa; + 9N?a; + 6kN>a;

—44y — 4kéy — k*ay — 4Nay — 2kNay + 4N%a»

+4kN>ay + k*N%ay + 4N3ay + 2kN3a),

c3 = —4a12+ N + k) 2ay + Nap + kay),

o = 412+ N+ k)24 + N + k)24 + Nay + k&2)7
20+ N)2+k)

a1(—=N + k)2 + N +k)>(2a; + Na, + ka)

22+ N)2+k) '

(5.13)

c5 =

Technically, it is more useful to extract the correct N depen-
dence in the coefficients for several N values by considering
the nine terms in (5.8) separately. In other words, the coef-
ficients are given in (5.10). For fixed N case, one considers
the singular terms coming from each contribution in different

@ Springer

combinations between the nine terms rather than taking the
whole expressions. For example, for the fourth order pole in
(5.12), there are many contributions, a; term-a; term OPE,
a term-a, term OPE, . . .. It turns out that there are 13 con-
tributions. Now one considers each contribution separately
and tries to read off the correct N dependence for several N
values. Now the coefficients are known from (5.10) and then
the final result can be obtained by summing over the possible
contributions as in (5.13).

5.4 The remaining OPEs

So far we have considered the OPEs between the higher spin
1 current and the 16 higher spin currents. We can continue to
compute the other OPEs between the higher spin % current
and other higher spin currents from the known corresponding
OPEs in the linear version. With the help of the Thielemans
package [34], one can easily obtain the whole OPEs in the
nonlinear version. We present them in Appendix B explic-
itly. In particular, the OPE between CDEI)’“ Y(z) and CID(;)"O (w)

in Appendix B.11 contains the first order pole havzing the
quadratic or cubic terms between the spin 1 currents and the
higher spin currents in the c¢;5, ¢28, c49 and c4p terms. They
do not appear in the corresponding OPE in the linear version.
Furthermore, there is the cp7 term which is a quadratic term
in the higher spin currents and one does not see this kind of
term in the linear version.

We have checked that under the large (N, k) ’t Hooft like
limit, all the structure constants of the right hand sides of the
OPEs in Appendix B appearing in the nonlinear terms which
contain the 11 currents vanish.

6 Three-point functions of higher spin 2, 3, 4 currents
among the second lowest 16 higher spin currents with
two scalars

We describe the three-point functions of higher spin 2, 3, 4
currents in two different bases. In order to obtain them, the
eigenvalue equations for the zero mode of the higher spin
currents acting the states are used.

The large N ’t Hooft limit is described by [16]

N+1

N,k — o0, A= 6.1)

One introduces the following two types of column vectors
[22]:

0,1,07,
0,0, D7,

I(f;0) >4y =(0,...,

1(f50) >-=(0,..., (6.2)
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where T stands for transpose. They transform as singlets
under the SU(N) characterized by the first N zeros in (6.2).
Moreover, they are 2 representation under the SU(2).

One further introduces the following states [22]:
1 ]*

«/k+N+2Q*%

1 v
Vk+ N+ 2Q—%
1 oNHD*
VE+N+2 -3
1 Q(ZN)*
VE+N+2 -3

They transform as fundamental representation N under the
SU(N), respectively, and are doublet of the SU(2). Accord-
ing to (2.3), they correspond to the rectangular N x 2 matrix
inside of (N + 2) x (N + 2) matrix.

'(O;f)>+: 0>, ...,

0>,

0>, ...,

'(0; f)>_:

0>. (6.3)

6.1 Eigenvalue equation of spin 2 current

The eigenvalue equations of the zero mode of the spin 2
stress energy tensor acting on the state |(f; 0) >4 (6.2) and
the state |(0; f) >+ (6.3) are given by [16,22]

[ 2N +3
e e
A
(f:0) >+ S1(f:0) >,
[ Q2k+3) ]
e s

1
0: f) >2=> A =DIO: ) >+, (6.4)

where the large N ’t Hooft limit (6.1) is taken. Among the
11 currents of the large N' = 4 nonlinear superconformal
algebra, one can write down the eigenvalue equations for the
spin 1 currents.!?

13 One has the following relations between the zero modes and the
states [22]:

(ATol(f30) >4 = —% I(f10) >%.
1
(ATol(f;0) >2 = F5 100 >,

(AP)l(f10) >4 = i% (f:0) >,
(A™0l(0: f) >+ = ‘5|<o; f) =%

1
(A™0l(0; f) >4 = F510: 1) >=,

(A 0l0: f) >4 = F= [(0: f) = . (6.5)

2

Among these (6.5), the zero modes of A®3 satisfy the eigenvalue equa-
tion.

6.2 Eigenvalue equation of higher spin 1, 2, 3 currents

The eigenvalue equations of the zero mode of the higher spin
1 current (3.4) acting on the states (6.2) and (6.3) can be
summarized as

Wy _ N .
O I(f;0) >4 = [—(k+N+2)]|(f,0) >
= )0 (f30) >2— —A(f;0) >+,
M. _ k .
o1(0; ) >4 = [—(HNH)]KQ f) >+
= @50 )05 ) >2— —(1 = 1)

0; f) >, (6.6)

where one introduces the corresponding two eigenvalues in
(6.6) at finite N and k and the large N 't Hooft limit is taken
at the final stage.

One presents the relevant relations of the zero mode of
the higher spin 2 currents'# acting on the state (6.2), together
with (6.6), as follows:

(@712) 1070 > = GG 0] (10 =,
(@71), 1070 = = @ 01050 ==,
("), 1010 =5 = D@ 0|5 0) >,

(D2 NGRS (D@ ) 0(f50) >,

14 In the description of ' = 2 superspace multiplets [22], one has
explicit relations between the higher spin 2 currents as follows:

7O — £¢(1),34 (N +k) _ 1
2! (k+ N +2kN) 22+ N +k)
x (@) + (@)?),

W — iq)(l),lz (N +k) _ 1
2! (k+ N +2kN) 2Q2+ N +k)

x(@? + @),
1
2) (1,13 .2 (1),14 . 2 (1),23 (1),24
v = 2 (xof"Pxio 1o —ofh)
+ i (iT'zTBiileTM-i—iTIZTB—T12T24)
22+ N +k)
i

bt (_T34T13 ¥ i 73723 4 T34T24> )
22+ N +k)

2) 1 (1,13 . 1 (1),14 . 2 (1),23 (1),24
v = 2 (7o xio oD — afh?)
i
TRT13 L pl2pl4 _pi2p23 _T12T24)
tsarnan 7 : :
i

_T34T13 . T34Tl4 . T34T23 T34T24> .
+2(2+N+k)( i F *

6.7)

It is straightforward to obtain the eigenvalue equations [22] of the left
hand sides of (6.7) by using the expressions of the right hand sides of
(6.7), the Eqgs. (6.8) and (6.9) and other relevant relations.
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(®0"2), 10550 =2 = D600 >

(@), 1700 =2 = ED@ ) 0| (1 0) > -
(6.8)

It is straightforward to obtain the large N ’t Hooft limit (6.1).
The right hand side of (6.8) has simple form and can be
written in terms of the multiple of the previous eigenval-
ues (6.6). The first and the last ones satisfy the eigenvalue
equations.

Similarly, one describes the following relations between
the zero mode of the higher spin 2 currents and the above
two states with (6.6):

<¢<1>,12> 10; ) >+ = (£ @B 0: )10 f) >,
(@1"7), 10 1) =2 = @@ 0.1 ©O: ) >,
(@) 10: 1) >+ = D@00 10: ) >3,
<q> i 23>0 10 £) > = () (5 )0 )] 0; f) >,
(@) 10: 1) >4 = B@ )0 )|O; ) ==,
(")

0
@) 1(0; f) >+ = (ED (@ )00 f) > .

0
(6.9)

One sees that there is N <> kand 0 <> f symmetry between
(6.8) and (6.9) up to signs.

Finally, one describes the eigenvalue equations of the zero
mode of the higher spin 3 current! acting on the two states
together with (6.6)

15 One has the following explicit relation between the higher spin 3
currents:

1
w®(z) = -3 <I>§1>(z) + [7 ad>“) 12 le(b(ll),lz

2+ N +k)

120 T34<1>(1”~34+ IE (leq)il),lf + szq,(ll).,zj)
Ly g.2) 2j 5 (D.1)

+§(TJ<I>1 J_ 1% ¢ )

340 5D 34 5 (D)
— (1390 — a7%af")

) 16(1 + N + k)
2 G'G? T
' T @Sk 15N + 6kN)
4tk — N) 4 |
— L -
(4 + 5k + SN + 6kN) @O+ TN TR2

[2(T'2)3 <T12(T1/) +T]2(T21)) le(TM)

4212 plip2ip34 | (N —k) <T128T34 _ aT12T34)
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(@50l f50) >+
_ [4012+ 28k + 5k* + 14N + 39kN + 6k*N + 4N> + 12kN?)
B 32+ k+ N)(4+ 5k +5N + 6kN)

4
X (@) (10| (f30) > 12— —SHAE DI 0) >,

(@5)01(0; f) >+
_ [4(12+ 28N + 5N? + 14k 4 39kN + 6kN? + 4k> + 12k>N)
- 32+ k + N)(4 + 5k + 5N + 6kN)

X (860010 f) >4— gu — M@ =WIO; )=+ (6.11)
There is N <> k and 0 <> f symmetry in (6.11) up to sign.
Note that the extra factors inside of the brackets in (6.11)
behave as (1 + A) (which is equal to A plus one) and (2 — A)
(which is equal to (1 — A) plus one) in the large N ’t Hooft
limit, respectively.

From the diagonal modular invariant with pairing up iden-
tical representations on the left (holomorphic) and the right
(antiholomorphic) sectors [43], one of the primaries is given
by (f;0) ® (f; 0), which is denoted by O and the other is
given by (0; f) ® (0; f), which is denoted by O_.

The (nonzero) three-point functions of the higher spin
1,2, 3 currents from (6.6), (6.8), (6.9) and (6.11) are given
by

<0,0,00 >= ") 1.0,
<0_0_0" >= ") 0.1,

< 0,0.0"" >= F)(@§") (10,
<0-0-0""2 == () @) 0 1),
< 0,0, 0" o= @) (") 0.
<0_0_ 0" o= @) (@0 ),
<5000 >

_ [4012 + 28k + 5k* + 14N + 39kN + 6k*N + 4N* + 12kN?)
- 32 +k+ N)(4+ 5k + 5N + 6kN)

1 - 1
x (@) (20, < O_O_ @ >

_ [4(2+28N + 5N? + 14k 4 39kN + 6kN? + 4k* + 12k*N)
n 32+ k+ N)(4+5k+ 5N+ 6kN)

(6.12)

Compared to the three-point functions in the basis of N' =
2 mutiplets [22], the cases of the higher spin 2 currents in

X(¢(()l))(0:f)-

Footnote 15 continued
+7i(N2_ 2 (Tlf'afzf' — 7257)
_i(—8+N+k) i(N+k)

2 2
+(—12—1—2N-ﬁ-5k) 2712 4

Tl T?

32T34](z).
(6.10)

TYaTY +

4(=N +k)

Moreover, one can check the eigenvalue equations of the higher spin
3 current W (z) [22] by using the relation (6.10) and other relevant
relations including (6.11).
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(6.12) have very simple form. They are proportional to the
eigenvalues of the higher spin 1 current (6.6) and the overall
factors do not depend on N and k. We will see later that if
we go to the three-point functions of the (nonprimary) higher
spin 3 current in different basis, they will lead to behave in
simple form also.

6.3 Eigenvalue equation of higher spin 1, 2, 3 currents in
different basis

One can calculate the eigenvalue equations in an extension
of the large A/ = 4 linear superconformal algebra using the
relations in (4.7). It turns out that they are the same as the
ones in (6.8) and (6.9) even at finite N and k. That is,

oy u) (£30) >+ = FD@Dr:0l(f50) >,
(F:0) > = @B)@ ) ir0) (5 0) >,

1(£;0) >+ = D@ .01 (f50) >,

)
)

.1
q)l

(.1
q)l

1) (£:0) > = B @) (10| (F50) >,
I(f;0) >+ = (ED@B D0 (f:0) >+ (6.13)

(o}

(o4")

(o4")

(@"%) 10£:0) > = (D@ )10 0) >
(o)

(o17%),

and

10; f) >+ = (D)@ ) 0. ) 1(0; f) >,

10; /) >+ =

@G0 1O0; f) >,

= D@ 0. pO0; f) >5,

= B 0:plO; ) >5,
= (&) (@) 0: 105 f) >+ . (6.14)

(1)

(1)

(q)(l) 4) 10; £) >+ = OB D0 p](0; ) >5,
(1)

(o)

(

Note that there is no contribution from the extra ¢ term in
(4.7) during this calculation. The previous relations (6.8) and
(6.9) are used.

Furthermore, one obtains the following eigenvalue equa-
tions for the (nonprimary) higher spin 3 current!®

(@5") 101 0) > = @0l £:0) = —[mmgl)
+es (02D + co JUDY
+c1o U0 QD((]I) +c11 UUCI)(<)1)1|

1(f:0) >+

0

16 One can calculate the eigenvalue equations for the extra terms in
4.7).:

= @@ (10| (f:0) >,
(@37)o1(05 f) >1 = (@)l (0; f) >+ —[wmf,”
+es (320 + co JUDY

+c10 U + iy UUcDgl)}
0

10; f) >+

= (=20 plO; f) >+,  (6.17)

where the previous relations (6.11) are used. The coefficients
in (4.8) with (6.15) and (6.16) are also used in this calculation.
Miraculously, all the N and k dependences have disappeared.

Moreover, one can go to the primary basis. In the linear
version, one can construct the primary current as follows [6]:

85(2) = @5 (2) + p1 7Py () + p2 LOG (). (6.18)

where the two quantities are introduced

Footnote 16 continued

W T N(2kN+4k+3N2+12N+11)}
(Log?), 500 > = 2N +2)(k+ N +2)7
[(f50) >4, (6.15)
2 5 (1) . — __ 2N7
(3 o )o‘(f’0)>*__ k+N+2]
I(f10) >, QUG )o|(f30) >+
i N\ 5
=L m]'“‘” o
r iN
(1 . _|_ N+2 .
(voog”), 1050 > = 2(k+N+2)]|(f,0) .
VU 1(7:0) > = | N? ;0
( 0 )o‘(f’ ) >+ = _4(N+2)(k+N+2)]|(f’ ) >+ -
Similarly, one has the following eigenvalue equations:
[ k(3kN +2N? +6N +1)
$)) ) |
(L% )o‘(o’ Pze=| ON(k + N +2)2 ]
[0; f) >,
W T %
( ®y ) 10: /) >+ = k+N+2]
10: £) >, QUPG)0[(0: f) >+
. ik N+2
ol REe] GRS
-5
@ . _ | _ .
(Voo 10: ) > = 2(k+N+2)]|<o, e
D\ [ kN+2) .
(vuey?) 10: ) >4 = _47N(k+N+2)]|<o, f=i. (6.16)
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(k—=N)B+3k+3N +3kN 4265+ 13ks + 13N s)

pL=—
12(k—N)s(1+s)

Q+k+N)B+3k+3N+3kN—4s+ks+ Ns+6kNs+ 1652+ 8ks?2 + 8N s2)’

P2 =

(34+3k+3N+3kN —4s+ks+Ns+6kNs—+ 1652 + 8k s2 + 8N s2)°

(6.19)

When k = N, both p; and p» in (6.19) vanish.
Then using the relations in (6.15), (6.16) and (6.17), one
obtains

4
32+ N)Q2 +k + N)(5 + 4k + 4N + 3kN)
x (30 + 43k + 8k + 50N

+71kN + 10k*N + 26N? + 36kN>

@)ol(f10) >4 = [

+3k>N% + 5N° + 6kN?) ]

4
<@ )0 (£ 0) >2— =220 +2)
(£ 0) >4,

@)1(0; f) >4 = —

4
[ BNQ+k+ N)(5+ 4k + 4N + 3kN)
x(—3k + 18N + 16kN + 5k*N

+23N? 4+ 24kN? + 6k>N? + 4N3 + 3kN3)}

4
<@ )0l 0: 1) > 3

x(1 =22 =MIO; ) >= . (6.20)

At the final stage of (6.20), the large N ’t Hooft limit is
taken. Of course, when k = N, this reduces to (6.17). One
can easily see that the extra terms in 5;1) (z) do not contribute
the eigenvalues under the large N 't Hooft limit. As before,
the extra factors inside of the brackets in (6.20) behave as
(1 + %) and (2 — 1) in the large N ’t Hooft limit, respec-
tively. Note that one has the relation W (z) = —%5; ) (2)
in (6.18).17

Let us summarize the (nonzero) three-point functions of
the higher spin 1, 2, 3 currents from (6.13), (6.14), (6.17) and
(6.20) as follows:

< 0,0,0" >= @) (1.0,
<0_0_00 >= @M. p),

< 0,000 = DM (1.0,
<0_0_0"" o DG 0:p)-
< 0,0:00M 5= i) (0M") (10
<0_0_0" > = D 6M0: 1)
< 0.0:08 >= @) 10,
<0_0_0% >= (-2)(¢")0. -

17 The precise relations between the higher spin currents in two differ-
ent bases are given by
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< 5_;,_ O_;,_ 5;1) >

4
- [3(2+N)(2+k+N)(5+4k+4N+3kN)
x (30 4 43k + 8k> + 50N
+71kN + 10k>N + 26N? + 36k N>

+3k>N% + 5N° + 6kN?) } @) 100,

<0_0_ 5;1) >

4
- _[ ANQ +k + N)(5 + 4k + 4N + 3kN)
—3k + 18N + 16kN + 5k>N

+23N%+24kN>+6k> N2 +4N3 +3kN3)} @50 p)-
(6.22)

Therefore, the three-point functions in (6.22) have simple
forms which are multiples of the eigenvalues of the higher

Footnote 17 continued

3 1
T(l) q)(l) T(j:Z) - _ (@(11)-1
2

2V2

. (2)
@ _ L gm.34 U2
o Lo, (U

1
= (@m S <1>“’ +G34+i G4>

+io? LGl 4G,
2

2«f
u? = - (iCD;I)‘ +io"M iolP _ o)
5
uz . (k—N)
s == (ﬂ:d>(1)3 ioPhHF —————p@"?
Uz 2f 2 622 +k+N) 2
+i q>(11)’4),
1
V(iZ) _ 4 (:FCD(I) 13 +i cD(l) 14 (I)(ll),23 _ cI>il),24),
w® i q>(1) 12
2
6 WA, g2 (k= N)
W =g @ ke y s
* zf 6722 +k + N)
ey +i <I><P*2),
2 2
wo L o 4 (k — N)(29 + 16k + 16N + 3kN) 2
2 62+ k+ N)(5 + 4k + 4N + 3kN)

4k — N) M
- Lo\V.
(5+4k +4N +3kN) 0

6.21)

One can obtain the corresponding eigenvalue equations for the higher
spin currents appearing in the left hand sides of (6.21) by using these
relations.
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spin 1 current in (6.6) even at finite N and k except of the last
two case. The other three-point functions for the higher spin
2 currents vanish. There is no N <> k symmetry in the last
two cases. Compared to the nonlinear case (6.12), the only
last two in (6.22) at finite N and k are different from each
other. However, in the large N ’t Hooft limit, the three-point
functions of the primary higher spin 3 current coincide with
each other.'3

6.4 Eigenvalue equation of higher spin 2, 3, 4 currents

Let us obtain the eigenvalue equations for the higher spin
2 current (5.8) acting on the states |[(f;0) >4. Only the
0%(z) independent terms can contribute to the zero mode
eigenvalue equations [16,22]. The zero mode of the spin 1
current V“(z) plays the role of the generator 7+ of SU(N+-2)
where [T, T] = f,,“ T.. See also footnote 6. We summarize
the eigenvalue equations as follows:

(Va VOl (f;0) > 1= Mw; 0) >4,

Y VeV I(f10) >2=0,
a’:SU(N) 0
Yoo VeV I 0) >
a”:SUQR)xU(1) 0
(2N +3)
= W]Kf;o) >4,
1 ab cy f
Tenz Mas hG, 1, f - (VEVDol(f:0) >+
=|- —}l(f;o) >4,

B £5 QP Q1 V)l (f10) >4=0

dc?b d?d dee (Q° Q Vol(f;0) >+=0
(Qad0")ol(f;0) >+=0,

1
TN T s (07 @0 (27 0T

18 Tt is easy to check that the extra terms vanish in the large N ’t Hooft
limit. One obtains the differences of each eigenvalue in (6.11) and (6.20)
as follows:

4(k — N)(8kN + 9k + 3N3 + 14N? + 28N + 18)
(N +2)(k 4+ N 4+ 2)(3kN + 4k + 4N + 5)(6kN + 5k + 5N + 4)
222x -1 1
_[ 3G.— 12 ]*
4(k — NYBKEN + 2kN — 5k +2N? +2N — 4)
N(k + N +2)(3kN + 4k + 4N + 5)(6kN + 5k + 5N + 4)

2021 —1 1
—[( - )]ﬁ. (6.23)

Obviously they (6.23) vanish in the large N ’t Hooft limit.

I(f:0) >+=0,
d2:dd (0" 0" 0° 0N)ol(f:0) >+=0.
For the second simplest representation, the eigenvalue equa-
tions can be obtained by calculating the OPE between the
higher spin current and the spin % current Q4% in (6.3) and
reading off the highest order pole [ 16,22]. The terms contain-
ing the spin 1 current V“(z) do not contribute to the highest

order pole. We summarize the eigenvalue equations as fol-
lows:

(Va V3ol (0; f) >+=0

(6.24)

D VeVl 10 f) >2=0,
a':SU(N) 0
Yo VeV 1) >x=0
a":SU2)xU(1) 0

heh 7 (Ve VT )ol(0; f) >1=0

e (0" 04 V)|(0; f) >2=0,
d% d% % (Q7 QP V)ol(0; ) >+=0
(Qad0")0l(0; f) >2= [(N +k+2)}|(0; e

1
16(k + N + 2)2

= [—Z]I(O; ) >+,

hphts (0" QP ) (QF @0l (0: ) >+

d% d% (0" 0% 0° 1)l (0: f) >+=0. (6.25)
Therefore, by using (6.24), (5.8) and (5.10), the eigenvalue
equations of the zero mode of the higher spin 2 current (the

more general expression) acting on the states |(f; 0) >4 are
given by

@ _ @N+3)
(@)0l(f:0) >4 = [a1N+a3<(N+2))

3
+ay (_Z) }I(f; 0) >+

N
- [_ 2(N +2)(k+ N +2)
—241kN — 441k — ark + 242N
+44,N? + 24, N? + 44, N — 24, N

—2a; — 2&2)}|(f; 0) >+

(GokN?

= @) 50 (f30) > . (6.26)
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Similarly, the eigenvalue equations of the zero mode of the higher spin 2 current acting on the states [(0; f) >, from (5.8),
(5.10) and (6.25), are given by

3
(®5)01(0; f) >+= [m(N +k+2)+as (——)}Ko f) >+

k
= - 441k* — ok N? — 241kN + 441k + aok — 24, N* — 441 N — 24, + 24») |1(0:
[ T DU FN o) K @ RN+ dak + ark = 2a; ap ap + az)}l( ) >=
= (@) 0: 1 0; ) >4 . (6.27)

The overall factors inside of the bracket have N <> k symmetry in (6.26) and (6.27).

By assuming that the two eigenvalues have the N <> k symmetry'®

k*(2k + N +3)
(k+2)(k + N +2)?

N2(k +2N +3) N
(N +2)(k+ N +2)?

@) r0) = AA+1), @D = — (1—1)Q2 -1,

(6.30)

where the large N ’t Hooft limit is taken, one can determine the two undetermined coefficients as follows:20

(2k3 + 6k>N + Tk* + 4kN? 4 13k N + 6k +4N? + 6N)
al = — ’

2(k — )k + 1)(k + N +2)?
. (k — N)(4k>N + 4k> + 4kN? + 13kN + 8k + 4N? + 8N +3)
== *k—1k+ DN —D(N+Dk+N +2)? ' (6.32)
The relations of the zero modes of the higher spin 3 currents (which are not described explicitly in this paper but we do have
them for several N values explicitly) acting on the states |(f; 0) >4 are, together with (6.26), given by

( (2)]2) (£:0) >+ = (F2) @) (r:0 (1 0) >,

by 13)0 1(:0) >+ = &)@ )00 (f5 0) >,

NGRS QG (70 |(f30) >=,
(6.33)
0|(f 0) >+ =(— 21)(% )(f ol(f;0) >,

P 170 =5 = EDGO )0l 0) =,

D), 107500 5 = E20G) 0 (1 0) >

(
(&1),
( 2)23)
(
(9}

19 For the choice of

(k+2)(k+3N +4) . 3(k = N)(kN + 2k +2N +3) (6.28)

PT 2k Dk + Dkt N+ P T =Dk DN - DN+ DK+ N +2)°

Q>

the eigenvalues are given (after substituting (6.28) into (6.26) and (6.27), respectively) by

2) N M _ L) k M o
@00 = T (k+N+2) (% )(f;O) = A @ Don = T*k+N+2) (% )(O;f) = —A=4, (6.29)

where the large N ’t Hooft limit is taken in (6.29).
20 Instead of (6.32), for the choice of

(2k® 4 4k>N + 7k? + 3kN + 6k — 4N? — 6N)

2k — D)k + 1)(k + N +2)?
. (4k* — 6k*N* — Tk*N + 8k? — TkN* — 10kN + 3k + 4N* + 8N* + 3N)
“=- (k= Dk + DN — DN+ Dk + N +2)2 ’

a) = —

6.31)

there is a minus sign in the first equation of (6.30).
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The first and last one in (6.33) satisfy eigenvalue equa-
tions. Furthermore, the zero modes of the higher spin 3 cur-
rents acting on the states |(0; f) >4, together with (6.27),
satisfy

(817),10: ) > = E20DG)0:p) 0: 1) >,

SPP) 10 1) =2 = FD@)0:p)©0: f) >+,
") 10 ) =x = @G0 |O: f) >+,
") 10 ) =5 = @G0 |O: ) >+
") 10 1) =x = @@ 0105 ) .

D) 105 ) =1 = E20@)0) 105 ) >
(6.34)

(
G
(o
(o
(o

In this case, the first and the last one in (6.34) satisfy the
eigenvalue equations.

The behaviors of (6.33) and (6.34) look similar to (6.8)
and (6.9), respectively. The signs are the same.

Finally, the zero modes of the higher spin 4 current (which
is not described explicitly in this paper but we do have this for
several N values explicitly) acting on the states |(f; 0) >4
and |(0; f) >4 are given by

@P)ol(f;0) >4 =

12
[(2 +k 4+ N)(88 + 59 + 59N + 30kN)
x (88 + 108k + 26k> + 98N

+95kN + 12k2N +27N% + ISsz):|

X @) (f10) >,
12
= ZAIEDEHDIS:0) >+,

12
2+k+ N)(B8+ 5% + 59N + 30kN)

x (88 + 108N + 26N> + 98k

(@P)0l(0; f) >+ = —[

+95Nk + 12N%k 4+ 27k* + 18Nk2)}

X (@) 0: 1) 105 f) >
12
=~ (1=H2=HB =IO f) >+ .
(6.35)

There is N <> k symmetry. Note that the extra factors in the
brackets in (6.35) behave as 15—2 (24 2) (which is proportional
to (I 4+ A) plus one) and —15—2(3 — A) (which is proportional
to (2 — A) plus one) in the large N ’t Hooft limit, respec-
tively. During this calculation, the contributions come from
the coefficients of in k, N in the first factor of denominator,
and kN in the second factor of denominator and the coef-
ficients of k2N, and kN? in the numerator (they are given
by 1, 1, 30, 12 and 18). This implies that the above large N

behavior in (6.30) is reasonable because one observes (24 1)
and (3 —A) respectively. The above eigenvalues are very sim-
ilar to the ones in the orthogonal Wolf space coset case in [42]
under the large N ’t Hooft limit. For the different choice in
(6.31), the signs are coincident with each other.

Then the three-point functions with these two scalars from
(6.33), (6.34) and (6.35) can be written as

< O+O+d>(()2) >= ((béz))(f:())v
<0-0-9 >= @) 0. 1)»
< 0,0.07" >= F20)( @) (10,
< 0.0 5= 2 P)0:p)-
< 0,040 > = 2P (10
< 0_0-9P* = 2200 ),

12
24+k+ N)B8+ 5% + 59N + 30kN)

x (88 + 108k + 26k> + 98N

< 6+O+&>(22) >= |:

+95kN + 12k N + 27N + 18kN2)](¢3(()2))( £:00s

12
(2+k+ N)(88 + 5% + 59N + 30kN)

X (88 + 108N + 26N? + 98k

<0.0.60 -—-|

95Nk + 12N%k + 27k> + 18Nk2)} @0 (6.36)
The overall behavior of (6.36) looks similar to the previous
ones in (6.12) in the sense that the three-point functions of
the higher spin 3 currents have simple form where the overall
coefficients do not depend on N and k explicitly. Of course,
the other three-point functions for the higher spin 3 currents
vanish.

6.5 Eigenvalue equation of higher spin 2, 3, 4 currents in
the extension of the large N = 4 linear superconformal
algebra

In order to obtain the three-point functions of the higher spin
currents in the linear version, one should determine the lowest
higher spin 2 current in terms of the currents of N' = 4 linear
superconformal algebra and the corresponding higher spin
currents only. Now one describes the previous higher spin
2 current (5.11) by substituting L(z) and TH*"(z) into the
linear ones using the relations (4.1) (the higher spin currents
CD(()I) (z) and <I>82) (z) remain the same)

(@)

o L« 2)2
0 (@) = 8az( +N+2)° P47 (2)

+< — 240k? — 342k N + 841k — 9ok + 84, N

—6ay N + 16a; — 10&2)
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3(2kN + 3k +3N + 4 1
|:_ ( + 3k + + )CD(()DCD((]I)—}——L

16(k +2)(N +2) 4
k+N+4 N —k
L kENAD e, )
32(k +2)(N +2) 64(k +2)(N +2)
w ghvpo TMVT’OG—}- 1 2
4Q2+k+ N)
N i4+N+k) —
82+ N)R2+kQ+k+N)
n (=N +k) Lwopo
162+ N)Q2+k)Q2+k+N)
x(iTW”rﬂr°4-————————-rﬂr”rpr”>
Q2+k+N)
20 +7N + Tk + 2Nk
(20 4+ 7N + Tk + 2Nk) I‘”BF“](z).
82+ N)2+kQ2+k+N)
(6.37)

Let us emphasize that the field contents in dAD(()z) (z) in the non-

linear version is the same as the ones <i)(()2) (z) in the linear
version. At the level of V“(z) and Q“(z), they are exactly
the same quantities. We have checked that starting from the
most general spin 2 current in (6.37), we can construct the
remaining 15 higher spin currents and the resulting 16 higher
spin currents satisfy the A = 4 primary conditions charac-
terized by Appendix A.2 for generic a; and a;. Then one has
Eqgs. (4.7) with hat notation.

One can evaluate the relevant equations for the zero mode
of the higher spin 3 currents acting on the state (again the ¢
term in (4.7) does not contribute the eigenvalue equations)

(8777%), 10730 >+ = @200 )0 1(F30) >,

0

&) 1(£10) 52 = E20) @) 0| (f10) >+ .

(6.38)

(87"), 1070 =4 = E2@ )0l 0) =,
(877, 10730 > = @@y sl (f:0) >+,

(877), 1070 2 = (=20 @0 013 0) >,
(877), 10700 =2 = &2 @ 0l (f:0) >+,
(#7)

0

Furthermore, the other relevant equations lead to the follow-
ing results:

(877%) 10: ) =4 = @200 0.0 £) =5,
(87),10: 1) > = FDG0.)10: ) >,
(817),10: 1) =2 = (<20@6 0. 10: 1) ==,

@ Springer

(877, 10: ) > = (<2000 )0 105 £) >,
(877, 10: 1) > = @5 o 10 1) =5,
(877, 10: 1) > = 2@ 0. |05 ) >

(6.39)

In this case, the first and the last one in (6.39) satisfy the
eigenvalue equations. They are the same as (6.33) and (6.34),
respectively.

Finally, the zero modes of the ‘nonprimary’ higher spin 4
currents acting on the states |(f; 0) >4 and |(0; f) >4 are
given by?!

21 One can calculate the eigenvalue equations for the extra terms in
4.7

(L"), 10750 ==

B [(4kN + 8k +5N2 + 20N +19)
2(N +2)(k+ N +2)

](ééz)xf;ml(f: 0) >+,

(2280”), 103 0) >2= H @0l 0) =4

- 1 N n
(008y”), 1(750) == [5!‘,/ (N +2)](¢((>2))(f;0)\(f; 0) >4,

~ N ~
(uag?), 10500 == 1 55 | 600 =
(UU&’:)Z))O (f30) >+= |:_ 4(N + 2)]($62))(.f;0)|(f§ 0) >+ .

(6.40)
Similarly, one has the following eigenvalue equations:
= (2)
(Léy”),10: 1) =2

_ [(5kN+4N2+ 10N + 1)

2(2) _
ON(k+ N +2) }(% )0: 105 f) >,

28y) 10 f) >2= [6] @50 10: ) >,

N 1 N+2)] »

008,7) 10 1) 25= 31y S |0 105 =
N N+2)] »

Uody”) 10: f) >2= [i,/(]v;)]wé”)(o; IO f) >,

(N+2)
4N

UU&f,Z))O 10; f) >am [_

(
(
(
( ](ééz)xo;f)l(o; e

(6.41)
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~(2) ~(2) ~(2) ~(2) ~(2) ~(2)
(@5 )ol (£ 0) >+ = (D)ol (f 0) > —[C7L<I>0 + 92Dy +codUBy +c1gUddy  + c1 UUD, } I(f;0) >+
0

= O@)(r0I(f:0) >+,

£ (2) ) ) ) - (2) )
(®; )0l (0; f) >+ = (@)0l(0; ) >+ —|:C7L<I)0 + 3@y +codUdy 4 cioUddy 4 ¢ UUD, } 10; £) >+

0
= (6B 0105 ) >4 . (6.42)

As in (6.17), all the N and k dependence in the combinations of the coefficients and the eigenvalues in (6.40) and (6.41)
disappear.
On the other hand, in the primary basis, using (6.18) with hat, (6.42), (6.40) and (6.41), the following relations hold:

12

118 + 135k + 322 + 190N + 179kN
G E MLkt NG9 1 37k 2 37N + 15k < (I8 F 135k 43267 + +

~(©2)
(@5 )ol(f;0) >1=
+28k2N + 100N? + 73kN? + 6k*N? + 18N> + 9kN3)} < (D) (0 |(f30) >+

— %A(l +A) x 2+ M|(f;0) >4,

)] —12
0] 0; =
(®2 Jol: 1) >+ [N(2+k+N)(59+37k+37N+15kN)

(=3k + 62N + 64kN + 18k*N + 69N? + 55k N2

FOKEN? 4 16N3 + 6kNY) | x 32) : 2 Z 06 — 110
0 ) HlO0; f) >L— 5 T=2)x2=0)C=MIO; ) >+ . (643)

As described before, this reduces to (6.42) for k = N. In this case, the results in (6.43) coincide with the ones in (6.35) in the
large N ’t Hooft limit.?? Again the large N °t Hooft limit behavior of (6.43) looks similar to the ones in the orthogonal coset
case in [42].

Let us summarize the three-point functions of the higher spin 2, 3, 4 currents from (6.38), (6.39), (6.42) and (6.43) as
follows:

) . ) . o A 2)12 o
<0,0,8; >= (@) (10, < 0-0-®y >= @) 0:p). < 0404y >= (F2)(B5)(:0)-
o aL12 oo (2,34 oo (2,34 o
<0_0_8,"7" >= *2)) @01y, < 04018, >= (£2) B (1.0, < O-O-®, >= (2@ 0. f)»
— ~ (2) ~(2) — ~ (2) ~(2) — %2
< 04049, >=(6)(9y ) (1.0, < O_O0_@; >=(=6)(¢y ) (0; ), < O+ 01 @, >

12
= 118 + 135k + 32k + 190N + 179kN + 28k*N + 100N?>
|:(2+N)(2+k+N)(59+37k+37N+15kN) > (1184 135k + 3267+ + + +

+73kN? 4+ 6k>N? + 18N + 9kN3)} < (D) (100

_ %2 —12
0.0_&, >= —3k + 62N + 64kN
= 2z [N(2+k+1v)(59+37k+371v+15kN) X (=3k + 62N +
+ 18k>N 4 69N? + 55kN? + 9k> N2 + 16N> + 6kN3)] @0 1) (6.45)

22 It is easy to check that the extra terms vanish under the large N ’t Hooft limit. One obtains the differences of each eigenvalue as follows:

36(k — N)(6kZN + 12k% + 12kN? + 71kN + 93k + 21N3 + 89N2 + 178N + 138) 62r —1H(GA2+2) 1
o -
(N 4+ 2)(k + N + 2)(15kN + 37k + 37N + 59)(30kN + 59k + 59N + 88) 250.— )2 N2’

36(k — N)(21k®N + 12kN? + 17kN — 59 + 6N3 + 17TN? — 34N — 88) 621 — 1D(5A2 —10A+7) 1
- — —.
N(k + N +2)(15kN + 37k + 37N + 59)(30kN + 59k + S9N + 88) 25( — 1)2 N2
Then in the large N ’t Hooft limit, these (6.44) vanish.

(6.44)
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Therefore, the three-point functions in (6.45) have simple
forms which are multiples of the eigenvalues of the higher
spin 2 current in (6.26) and (6.27) even at finite N and k
except of the last two. The other three-point functions for
the higher spin 3 currents vanish. Compared to the nonlinear
case (6.36), the only last two in (6.45) are different from each
other at finite N and k.

7 Higher spin extension of SO(N = 4) Knizhnik
Bershadsky algebra in the Wolf space

As an application of the OPEs between the 16 currents
described in previous sections, the extension of SO(N = 4)
Knizhnik Bershadsky algebra is analyzed.

7.1 SO(N = 4) Knizhnik Bershadsky algebra from the
large A/ = 4 nonlinear superconformal algebra with the
condition k = N

The Knizhnik Bershadsky algebra [36,37] generated by the
stress energy tensor Txp(z) of spin 2, the four spin % cur-
rents GﬁB (z) where the vectorindex u = 1,2, ..., N =4,
and the spin 1 currents Jgy(z) where the adjoint index
a=1,2,..., AAF(W = 1) = 6 can be described as

; k §9b
(z — w)?

FC JEw) + -,

Tip (@) g (w) = —

(z —w)

Jip(2) Gip(w) = TS, Gip(w) +--- |

1
(z —w)
Gip(2) Gyg(w) = o 2K
KB/~ KB (z—w)? (1+k)
1 ) S
T w? A i e ke
1
(z—w)

sHv

+

k
|:28‘“’ Txs + BT T;:V 3]12]3

1 b b b
gt (e T T T 25 )

x Jgp JIQB](w)+--~,

T (2) Jip(w) = G—w? Jip (W)

1 4
+m aJgp(w) +---,

i 1 3
Txg(z) Ggp(w) = GC—we2 Gyg(w)

+ IGg(w) + -+,

1
(z—w)

@ Springer

1 ﬁ-l— 1
z—w?* 2 (z—w)

)BTKB(U))-F"- .

Tk (2) Tkp(w) = 5 2 Tk (w)

+

E— (7.1)

The explicit SO(N = 4) generators Tj, are given in
Appendix C. The central charge is given by ¢ = 3k (or
¢ =3N)wherek = 1, 2, .... The Wolf space central charge
cw = (k%zl) Then it is straightforward to check that by iden-
tifying the following relations:

Tks(z) = T(x)., Ggp() =—-G°(2),

Gip(z) = G'(2), Gip(z) = —G(2),

Gkp(x) = G*(2), Jp(@) =—AT' @+ A7 (@),
I = AP @) - A7 @),

Rp@) =—AT (@) + A7(2),

Jp(@) = —AT () — A7 (2),

Rp@) =-AT (@) - A7),

g = —A (@) - A7), (72)

one sees that the above Knizhnik Bershadsky algebra (7.1)
leads to the previous large A/ = 4 nonlinear superconfor-
mal algebra. In Appendix D, we present the corresponding
Appendix A in this case.

7.2 Higher spin extension of SO(N = 4) Knizhnik
Bershadsky algebra in the Wolf space

Then one obtains the higher spin extension of SO(N = 4)
Knizhnik Bershadsky algebra in the Wolf space and they are
described in Appendix B together with (7.2) and k = N.In
Appendix E, the various coefficients in terms of k are given
explicitly.

7.3 The SO(N = 3) Knizhnik Bershadsky algebra and its
extension

By taking the following choices from the currents in the linear
version:

J(2) =TB(), ) =T(),

i(k—N)

Tz =T (2),

G'(2)=G'(2) - PR ar'(2)
+m T3T(2),

622 = —G2(0) + % ar2(2)
MCEa TP (2),
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i(k—N)

= 7 a3
Q+k+Nf)(@

G(2)=G(2) —

2
Q2+k+N)
(k—N)

2Q+k+N)

T12F4(Z),

T(z) = L(z) — aU(2)

ar*T4(2), (7.3)

TQ2+k+N)

one obtains the SO(N = 3) Knizhnik Bershadsky algebra
[36,37]. By adding the fermion ' (2) to (7.3), one obtains the
N = 3 linear superconformal algebra [44—46]. The central
term coming from the fourth order term in the OPE between
the f"(z) and f(w) is given by 4—1‘(5 + 3k + 3N).

Then one can see that the previous results in [6] provide
the higher spin extension of the SO(N = 3) Knizhnik Ber-
shadsky algebra.

8 Conclusions and outlook

First of all, we have obtained the OPEs in Appendix A.2
which were necessary to calculate the higher spin % 3, % 4
currents in the next 16 higher spin currents. For the bosonic
higher spin 3, 4 currents, their expressions in terms of WZW
currents for several N can be read off from the defining rela-
tions in Appendix A.2.

Secondly, we also have determined the OPEs between the
lowest 16 higher spin currents in Appendix B. One of the
motivations to obtain these is to describe the marginal defor-
mation which breaks the higher spin symmetry and deter-
mine the mass for the higher spin currents in the large (N, k)
’t Hooft limit. The coset model we consider here has N = 4
supersymmetry and there should be a marginal deformation
[47]. Tt would be interesting to determine the mass for the
higher spin currents with the help of the explicit symmetry
algebra found in this paper. According to the observation of
[48-50], the SO(2) g doublet rather than SO(2) r singlet can
have nonzero mass contribution. See also the relevant work
in [51]. It is well known that the divergence of higher spin-s
currents contains some operator which breaks the higher spin
symmetry [52]. Although the explicit form for the perturbing
marginal operator which transforms as a nontrivial primary
state from the denominator of the coset is not determined yet,
one can analyze further by assuming that there exist the eigen-
value equations for the zeromodes of the spins s = 1,2, 3
acting on the state associated with the perturbing operator
[53]. The anormalous dimension of the higher spin current
at the leading order corresponds to the norm of the above
divergence of the corresponding higher spin current [48].
Then from our result, one obtains the commutation relations
(DD D71 and (0P dP] as well as the standard

L.m 1.n I,m> *1,n

commutators [L,,, L,], [Lu, CID(IIBI’W] and [L,,, d>(1221]. Then
one can write down the various modes between the states
from the higher spin symmetry breaking terms. By moving
the positive modes to the right in the corresponding terms,
and using the commutators and the eigenvalue equations, we
will obtain the coefficient of the norm of perturbing marginal
operator which depends on the eigenvalues. It would be inter-
esting to find the perturbing marginal operator explicitly and
describe the mass terms with the explicit eigenvalues further.

Thirdly, the lowest higher spin 2 current (5.8) or (5.11)
in the next 16 higher spin currents was found explicitly in
terms of WZW currents. The sixth and ninth terms having the
quadratic dg}; tensors (3.5) are new compared to the orthog-

onal case [42]. They come from the quadratic higher spin 1
currents in (3.4). It would be interesting to obtain the remain-
ing higher spin %, 3, %, 4 currents in (1.1) in terms of spin 1
and spin % currents for generic N and k. This can be done
manually by using Appendix A.2 along the line of [15] or one
can read off the relative coefficients appearing in the possible
terms from the explicit results for several N cases. For the
latter, it is nontrivial to obtain the possible terms completely.

Fourthly, the three-point functions in (6.36) and (6.45)
were obtained. For the SO(4) adjoint higher spin 3 currents,
the three-point functions are the same in nonlinear and lin-
ear versions. For the spin 4 current, the N <> k symmetry
appears in the nonlinear version as in the stress energy tensor
of spin 2 in (6.4). As described before, these three-point func-
tions look similar to the ones in [42] in the sense that the A
dependence appearing in the three-point functions coincides
with each other.

It is straightforward to apply the work of [6] and the pre-
sentation of this paper to the orthogonal case [54] in the
context of [55-59]. The lowest 16 higher spin currents con-
tains the higher spin 2 current as its lowest component. The
complete OPEs between the lowest higher spin 2 currents
can be constructed and it turns out that there are next 16
higher spin currents containing the higher spin 3 current as
its lowest component in the right hand sides of the OPEs.
Moreover, there are three different next 16 higher spin cur-
rents. They transform as SO(3) triplet inside of SO(4) rather
than a singlet. Furthermore, the third 16 higher spin currents
containing the higher spin 4 current as its lowest component
appear in the right hand sides of the OPEs. It would be inter-
esting to describe this orthogonal case in detail.

Recently, the other type of large N' = 4 holography is
studied in [60]. It is an open problem to study this holography
in the context of A" = 4 coset model.

One can also consider (i) the fermionic higher spin current-
scalar-spinor three-point functions as well as the three-point
functions, given by (ii) the bosonic higher spin current-scalar-
spinor, (iii) the bosonic higher spin current-spinor-spinor,
(iv) the fermionic higher spin current-scalar-scalar, and (v)
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the fermionic higher spin current-spinor-spinor. The states
corresponding to the spinors can be obtained by acting the
spin % currents G* on the states |(f;0) > or [(0; f) >
[61,62]. For example, one should calculate the four-point

functions < O O4 G* Cb(ll)’u > for case (i) when we take

2
the simplest fermionic higher spin—% currents. The corre-
sponding OPE G*(z;) CD(ll)’v(zz) in this four-point func-

tion is given in Appendix2 A.2. The normal ordered prod-
uct (G* dD(ll)’v)(zz) appears in the zeroth order [39] and the
2

positive power of (z; — z2) has the form of ) 7 % (z1 —
722)" (3"GH* CDT)'U)(ZZ)- By analyzing the contributions of

zero modes in %he field dependent parts (appearing in the sin-
gular and regular terms) in the states, the above four-point
functions can be determined together with z; and z, depen-
dences as in Sect. 6.

For case (ii), one can use the OPE G*(z;) CD(()I) (z2), for
example, when one considers the simplest bosonic higher
spin current. The previous analysis for case (i) can be done.

For case (iii), one should analyze the five-point functions
<0.04 G* CD(()I) G" > where the 1 and v indices are com-
plex conjugated to each other. We take the simplest higher
spin-1 current here. The operator G*(z}) <I>(()l)(zz) G'(z3)
consists of four pieces [63]. That is,

G (21) @ (22) G¥ (z3) = G"(z1) @} (22) G (23)
: + : (sing. part of G*(z1) @él)(zz)) G"(z3) :
+ G*(z1) (sing. part of d)él)(zz) G'(z3))

+ @ (z2) (sing. part of G*(z1) G"(23)), (8.1)
where the notation : A(z1) B(z2) : means all the regular
(or nonsingular) terms of the OPE A(z1) B(z2) [63]. One
has all the three OPEs, G*(z1) Cbgl)(zz), <I>(()l)(zz) GV (z3)
and G*(z1) G"(z3) from Appendices A.1 and A.2. In the
first term of (8.1), one should take the regular terms in the
OPE G"(z1) and the z3 dependent fields in the OPE of
CD(()I)(ZZ) G"(z3). Similarly, for the second term, one should
take the regular terms in the OPE between the z, dependent
fields appearing in the OPE G*(z1) @é])(zz) and G"(z3).
One can also extract the nontrivial z3 dependent terms in
the remaining third and fourth terms of (8.1). After that, one
should calculate the OPEs with the first factors. By analyzing
the contributions of zero modes in the field dependent parts
appearing in the singular and regular terms in the states, one
can calculate the five-point functions including the z;, z» and
z3 dependences.

For case (iv), one should examine the zero mode contri-
butions in the fermionic higher spin currents as in Sect. 6.

For case (v), one should analyze the five-point functions
< 0104+ GH @&1)’” G” > with simplest higher spin-% cur-

2
rents. This can be done as in previous case (iii).

@ Springer

What happens for the three-point and four-point functions
between the higher spin currents with vacuum |0 >? For
example, one can easily see that the two-point function in
the higher spin-1 current is

<0002 ) (22)]0 5= _ %N
3, (N+k+2)

from the result of Appendix B.1. Note that z1» = (21 — z2).
One sees that the three-point function in the higher spin-
1 current < 0]®{" (z1) ® (z2) @ (23)|0 > vanishes by
analyzing the four contributions in the vacuum as in (8.1).
For the four-point function, one can use the equation (2.64) of
[63] where the difference between the OPE and the vacuum
expectation value of the OPE is introduced in (2.59) of [63].
Then it is easy to see that this quantity corresponding to
the above OPE <I>(()l)(zl) @él)(m) vanishes. Then the four-
point function can be reduced to three contributions from the
product of two-point functions. It turns out that

(019" @) @ 22) 0 (23) @ z0)10)
= (010" @) @) 210 > < 010 (z2) ® (22)10)
+ (010" 1) 8§ (22)10 > < 010 (z3) & z4)10)

+ (010§ 1) @) (2)10 > < 010" (z2) B ) 0)

B < [ ) 4k> N2
“\ 22 2 2 2 2 2"
242 e i) (NHk+2)

For the four-point functions having other higher spin cur-
rents, the similar analysis (after further OPEs can be found)
can be done.

Recall that the state | (0; f) > contains the vacuum |0 > in
(6.3). The four-point function < O_O_ d>(()1) d>§l)”“) > can

be related to < 0/Q(z1) DL (z2) D" (23) 0P (24)[0 >.

Because the OPEs between the higher spin currents and spin-

% currents are known explicitly, one can calculate the four-

point functions.
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Appendix A: The OPEs between the 11 currents and the
16 higher spin currents

Let us present the A" = 4 nonlinear superconformal algebra
and the OPEs between the 11 currents and the 16 higher spin
currents.

A.1: The N = 4 nonlinear superconformal algebra

The large N = 4 nonlinear superconformal algebra appear-
ing in (2.7) from the 11 currents can be written in SO(4)
manifest way and using the relations in the (2.9) the corre-
sponding OPEs are described by

L) L(w) = 1 |:3(k—|—N+2kN):|

(z — w)* Q2+k+N)
1
—+a;:;55214w)+-Q__w)aL(w)+~~~
1 3
1 — - 12 I3
L@ GH(w) = s 5 G ) + o S 9GH w) + -
v — v Qv
LT (w)—-&__uOZT (w)+-@__w)3T (w) +---,
G*"(2) G"(w) = ! [ AN } my — !
Z—w3|Q2+k+N) (z — w)?

2i(k — N)

[ 2i(k + N) v ~M{
Q+k+N)

Q2+k+N)

+

2
[aw (ZL—i
(z—w) Q2+k+N)
x (THPTHP 4 Tﬂﬂfﬂp))

iQ—k=N) .,

PP
Q+k+N)

+(2+k+N)
i(k—N)

_ " aTwm
arirm L ]“”H :

G'@)T"(w) =

(Z_w)i[&“”G"—S”pG”](w)+--~,
1 [_ *k=N) po

wv po _
T ()T (w)—(z_w)2 >

LEEN) Suogvo W(Svp)}
2

iFWT”—SwTW
(z—w)

_§vPTHO + §vo le:|(w) 4+ (Al)

The nonlinearity from the OPEs between the spin % currents
occurs. We introduce the notation T (z) = %e“"p" Tr%(2)
in (A.1).

A.2: The OPEs between the generators of N = 4 nonlinear
superconformal algebra and the 16 higher spin currents

One describes the OPEs between the 11 currents and the 16
higher spin currents (as far as we know, there is no explicit
form in the literature so far) as follows:

(5) (s)
CI>0Y K cbo‘
o s+ H e
2 2
L) | 27" | w) = o |V o [
qD(;),M (S + %) qD(;)’M
2 2
®f (s +2) &5
(s)
@y
q)(f)yll
1 (f) o
ol & [+
(2= w) ©).
oy
©)
q)Z
G'2) @Y (w) = ———
4(6 — 3k — 3N — 12kN — 325 — 16ks — 16N's)
X C
Q2+ k+N) *

1
x @ (w) + ———— [— 25 +3) o
2 (z —w) 2

2 ‘
36¢, | GH @ GRS
+ CS( o T g2 '

_ 4i(l+9)
2+k+N)

1 [_ 8CID(S)'M— 21(9+1)
(z —w) ;

e 3033
2

8/Lv’p’a/ aTU’p’qD(s),o’
3 Q+k+N) 3

3 . '
12 - ach(A),M _ 2Lq>(5)v”'
+ Cs ( (2S T l) 1 %

2
+aG“<I>6”>]<w> +oen,
G"(2) @ (w)

2

1 [8(s2+s)(k—N)
T Z-wl|@s+DQ+k+N)

}W o5 (w)
a4+ neewe
(z —w)? !

2(s + 1)(k — N) 5?),,”}(10)
2s+DR2+k+N)
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1
(z —w)

3
B 82<I>((f))>

+

[8‘” ( — @Y +24¢, (LD

B (k_N) E)(s),,uv
Q2s+DQ+k+N) !

—op{

dsi

+(2+k+N)
4i

TQ+k+N)

!y (8),vp NN
X<Tw>cp1 7 g )

Fiv )
AT @

21

Twap® =%
O T 24+k+N)

2

_ ghvp'o’ Gp'Q(S),J/ e
Q2+k+N) 3 )+

1 [_ (k — N)
(z —w)? 24+k+N)

(=2 +k+ N +4s + 2ks + 2Ns)8uvpg/(b({v),a’}(w)

6" &4 ) = g0
2

24+k+N) 2

N 1 [ 2i (mwm,v
z—w) | Q+k+N) 3

2 2

—8”’”((1)(;)"0 + (k—N)
3 s+ D2 +k+N)

2i
Q+k+N)

8(1)(5),,0 + Tpn’q)(ls),a/)il
2 2

1
1
_Supz(z——w)” v e p)w+---,
n=2

525 8" @ (w)

G2 " (w) = ————
2 (z—w)

1
(z—w)

[ — 5" 9D 4 ](w) T

G (2) @y (w) = — @V )+

(z—w)

K 1 . v
TH (2) ®5 (w) = " |:21(s + 1)\

+24 ¢, T ®f) }(w) +ooe

1 [ 2i(s + 1)(k—N)
z—w)?[ 2s+1D)Q2+k+N)

T (@) @ (w) =
2
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x <W (Y — 5% q><f‘)“)
2 2
—2i(s + D) et o ](w)
2

i (W o) — 6 q>(§)’“)(w) +o
(z—w) z 2

1 :
T (2) &7 (w) = a2 o (w)

1
. (s),vo (s),vp
i |:8“p ol — 817 @,

C(z—w)

_svp cI>(13),;ur 48V q)gs),MPi|(w) +oen,

T ) P () = —
2 (z—w)

x ((w oY — 5% <I>(f)”‘>(w) +o
2 2

T (z) &Y (w) = 4--- , (A.2)

where we introduce

cy =
(k = N)(s*+5)
(3k+3N+6kN — 205 — 4ks — ANs+12kNs+32s2+16ks>+16Ns?)

and 55””” () = %8“”’00(‘1)?)“00 (z). Compared to the linear
version, the higher spin currents are primary under the stress
energy tensor from the first equation of (A.2).

Appendix B: The OPEs between the lowest 16 higher spin
currents and itself for generic N and k

In the right hand sides of these OPEs, there are indices
summed over 1, 2, 3, 4 denoted by primed ones, ', v/, o/,
- -. The unprimed indices u, v, p, - - - are not summed.

B.1: The OPEs between the higher spin 1 current and the 16
higher spin currents

The OPE between the higher spin 1 current and itself is given
by
1

(1) )
S, ()P, (W)= ——cC1 +---, B.1
V@@ ) = e (B.1)
where
2k N
)= —:-.
Q2+k+N)
The OPE between the higher spin 1 current and the higher
spin % currents is given by
o (2) @\ (w) = Gl (B2)
2 (z—w)
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The OPE (B.2) also appeared in (5.3) before.
The OPE between the higher spin 1 current and the higher spin 2 currents is given by

1 ~
ol (2) & () = ——— [cl TH 4 oy TH }(w) T (B.3)
(z—w)
where
2i(k — N) 2i(k+ N)
cl==—, (=—.
"TRTkEN) T QHk+N)

The OPE between the higher spin 1 current and the higher spin % currents is given by

1
M ON P n
0] 0] w)=——c; G (w) +
0 (2) % (w) (Z—IU)2 1 (w) Gz —w)
x[q P 43 @V 4oy G T 4 o5 e GV TP 4 acﬂ](w) Lo (B.4)
2 2
where
8(k — N) 1 (60 + 77k 4 22k> + 121N + 115kN + 20k> N + 79N? + 42k N*> + 16N?)
Cl=g—F—, 2=—7, 3= ’
'T30tk+N) P72 O 20+ N)2+k+N)?
i(20 4 21k + 6k% + 25N + 13k N + TN?) (32 4 29k + 6k*> + 35N + 17k N + 9N?)
Cc4 = — ,C05 = — ,
! 22+ N)2+k+ N)? : 421 N)Q+k+N)?

i(—60 — 49k — 14k> — 29N + 37k N + 20k*> N + 37N? 4 42k N? + 16N?)
24(32 + 29k + 6k% + 35N + 17k N + 9N?) '

Ce =

The OPE between the higher spin 1 current and the higher spin 3 current is given by

1 /A NN 1.7 ! !
o (2) o (w) = = |:c1 O+ B0 +e3 L+ ey (TH)2 4 c5 eV TV ' :|(w) +-,  (BS)
—w
where
cp =2,
3
=— 80 + 160k + 115k% + 26k> + 304N + 582kN + 377k*N
= T E N2kt N)2@ T 5k 5N 1 okn) < B0 160k O + +
+72k3 N + 371N? 4+ 632kN? + 328k>N? + 40k> N? + 185N> + 260k N> + 84k> N> + 32N* + 32kN*),
4
= 40 + 86k + 53k> + 10k> + 106N + 203kN + 115k*N + 20k° N + 86N>
3 = B kT NP@ LSk 15N 1ok 40+ 80k 4 53T+ 10K +
+123kN? + 42k>N? 4+ 20N> + 16kN?),
(20 + 21k + 6k% + 25N + 13kN + TN?) (13k + 6k% + 3N + 9kN + N?)
c4 = — 05 = —

22+ N)2+k+N)? 42+ N)2+k+ N)?
B.2: The OPEs between the higher spin % currents and the remaining 15 higher spin currents

The OPE between the higher spin % currents and the higher spin % currents is given by

1 1 ~
O\ (@) @V W) = —— 6 e+ —— [02 T 4 o3 T ](w) +
2 2

81V ey L 4 c5 THP' TV
(z—w)d (z —w)? [

(z—w)

+c6 ATH + ¢7 GT“”](w)+-‘~ , (B.6)
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where
4kN 2i(k + N) 2i(k — N) 2
(l=—F———, OQ="F7—""-, (3= ———""—, (4=-2, (5=——"—,
Q2+k+N) 2+k+N) Q2+k+N) 2+k+N)
) itk —N)
=1, ¢]=-——"T"—.
2+k+N)

The OPE between the higher spin % currents and the higher spin 2 currents is given by

1 , / 1
O\ (@) @ (w) = —— [8“” ¢1 GP + &M ¢y G° }(w) - [a*“ <c3 '\
2 (z—w) (z —w) 2

+ea @0 450G +¢6GT TP +¢7G7 TP ) + e (G'THP — GPTHY)
2

1
! !’ M 1
+eg e §Go :|(w)+8’k Y —=G e b+,

= @—w)"
where
(k—N) (24 3k +3N) 1
Cl =_—7 c2:—7 C3:_9
Q2+k+N) 2+4+k+N) 2
(60 + 77k 4 22k> + 121N + 115kN + 20k>N + T9N? + 42kN? + 16N?3)
C4p = — s
* 20+ N)Q+k+N)?
(=20 — 19k — 6k> — TN + 11kN + 6k*>N + 15N? + 14kN? + 6N?)
cs = ,
: 20+ N2+ k+ N2
i(20 + 21k + 6k + 25N + 13kN + 7N?) i(16 4 21k + 6k* + 19N + 13kN + 5N?)
= ’C = ,
. 22+ N)2+k+N)? 7 20+ Mk +N)?
2i (=24+k+N)
g=—"—"—, (9= —"——.
2+k+N) 2+k+N)

The OPE between the higher spin % currents and the higher spin % currents is given by

) (1),v 1 v v 1 v @ 1) (1)
@ @ = |+ |(w)+ —— | 6" 302 +c, 0V @
1 (2) 3 (w) (z —w) |:Cl 2 :|( ) (z —w)? |: ( 3% 4 Py Py

+os L+ ce (TH)? + ¢ (T2 4 ey T TH' ) + o dTH + ¢10 TH' T ](w)

1
(z—w)

1 ~ ~
X [ I 8<pole—2) + c27 q)gz),;w +c14 CD(;)’MCD(;)’V + 28 dJ(()])d>§1)’W
2 2
+ 29 ghvp'o’ q)(ll),p’q)(ll),a/ + sHy <011 AL + c1n 3(Tup’fmo’) T (3Tup’Tup’
2 2
+8f"p,f“p,)> +e15 LT™ 4 ¢16 LTH 4 ¢17 GHG" + ¢15 02T + ¢19 9°TH"

20 TH' TP T 4 ¢ (TH") + emn (TW”TW” T — T”P’T“P/TW>
03 dTH' T 4 oy THP' AT 4 cos TH' ATV + o6 TP 9T

+8’wﬂ/a, (C3() GG + c31 i +c32 i Ta,p,T'olal> :|(w) +--,
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where

C4

Cc5 =

7

€10

12

Cl4

C15 =

C17 =

€19

€20

€22

€23

€24

25

€26

€27

€29 =

€31

16i(k — N)(3+k + N) 16i 3k + k* 4+ 3N + 4kN + N?)
T T 32 rkENY 2T T 32+ kN2
(604 77k +22k* + 121N + 115kN + 20k*N + T9N? 4 42kN? + 16N?)
B Q2+ N)2+k+N)?
4(3 4 2k + N)(10 + 5k + 8N) (60 + 95k + 18k2 + 43N + 55kN + 5N?)
- 32+ k+ N)2 - 22+ N)2 +k+N)2
(60 4 95k + 18k> + 43N + 55kN + 5N?) 2(13k 4 6k + 3N 4+ 9kN + N?) 16i(k — N)
B 32+ N)2+k+N)? - C+NQC+k+N?2 7T T3Q+k+ N2
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i(—180 — 219k
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i(32 4 29k + 6k + 35N + 17kN + 9N?)
Q+N)2+k+N)?

(40 + 82k + 41k* + 6k + 90N + 128kN + 35k*N + 67N> + 48kN? + 15N7)
B 22+ N)2+k+ N)?

(120 + 114k 4 15k* — 6k> + 202N + 128kN + 5k*N + 105N + 36kN? + 17N?)
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’

22+ N)Q2+k+ N)? ’
(=24 k+ N)(B2 429 + 6k* + 35N + 17kN + 9N?)
224+ N)2+4+k+N)3 '
_ (1924 154k + 15k — 6k3 4+ 230N + 98kN — Tk*N + TIN? + 6kN2 + TN?)
B 22+ N)2+k+N)3 ’
1 (60 4+ 77k + 22k* + 121N + 115kN + 20k>N + 79N? + 42kN? + 16N?)
Ty BT 42+ N)2+k+N)2 ’
2 (16 + 21k + 6k* + 19N + 13kN + 5N?)
TQtk+N) T 220+ N)2+k+N)? ’
| i(32+ 29k + 6k + 35N + 17kN +9IN?) i(20 + 21k + 6k> + 25N + 13kN +7N?)

, €32 =

22+ N)2+k + N)3 22+ N)2+k+ N)3
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The OPE between the higher spin % currents and the higher spin 3 current is given by

1 1 , /
q)(ll)’u(z) Cbél)(w) = ———=Cl G*(w) + — X |:Cz q>(12),u +c3 CD(()I)QD(II)’M +cs G TH
z (z—w) (z—w) b 3

)~ / l
+e5 GV T 4 ¢ 3G”i|(w) + X |:§ B(pole-2> +¢7 q)(()l)aq)(ll)’u
3

(z —w)

+cg 3&361)CI>(11)’M + 9 LGH + cio G”/ST“”/ + 11 3GU/TW}/ +c12 82G”’:|(w) 4+
2

where
8k — N)(26 + 19k + 19N + 12kN)

32+ k+ N)(4+5k+5N +6kN)’
1

24+ N)2+k+ N)2(4 + 5k + 5N + 6kN)

5
C _— C fr— _7
: T2

c3 =

—5847k*N — 1112k° N — 5181N? — 9416k N> — 4952k>N? — 600k> N> — 2583 N> — 3868k N> — 1260k> N3

—448N* — 480k N*),
5i(20 + 21k + 6k 4+ 25N + 13kN + 7N?) i(32 + 81k + 30k% + 47N + 53kN + 13N?)
e —

x (—1200 — 2656k — 1981k% — 454k — 4304N — 8858k N

“= 220+ N)@+k+N)? = 22+ N2 +kL N2
1
c6 = x (—1200 — 2864k — 1889k> — 446k>
6(2+ N)(2+k + N)2(4 + 5k + 5N + 6kN)
—1696N — 3202kN — 783k*N + 32k>N + 591N? + 1916kN? + 2612k*N? + 600k> N>
+1533N3 + 2608k N> + 1260k* N> + 448 N* + 480kN*),
16(k — N) 24(k — N) 16(k — N)
c7 = S R = — ,C9g = — 5
T T 5@ 15k +5N +6kN) BT T5@+5k+5N+6kN) 0 (4+5k+ 5N+ 6kN)
24i 16i 28(k — N)
Cl0o=—"—~— s V=777, Ci2= .
5Q2+k+ N) 52+k+ N) 5(4 + 5k + 5N + 6kN)

B.3: The OPEs between the higher spin 2 currents and the other 11 higher spin currents

The OPE between the higher spin 2 currents and the higher spin 2 currents is given by

q)gl)slﬁv(z) cb(ll)»/?ff (w) — |:(5l‘-/08va _ 8'“08]}'0) 1+ ghvpo C2:| +

(z — w)* (z—
1
M [e“”f’“ <c17 o + c1 <1>3”<1>3‘>)

+(8178Y7 — 5175") (cs L+c (T +c7 (TH') 4 c5 (TH)? + ¢ (T™)?

T 10 e TH TV 4 o T/”TW) +§HP (m THYTHE 4 o3 (THVTHO 4 THOTHYY

+ ey TR TR +¢159T" + ci6 37”) + ghtvre (6‘19 L + ¢ ((T’”)2 + (T'Oo)2>

+oan (TYF)? + e Ta/ﬁlfa,ﬂ) + e THTP? }(w)

(z—w) [ 2

+ex et P q>(”"’/d>(ll)’ﬁ/) + (805" — 817 §VP) <C24 L + cos 3T TH

1
2 2
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+ca6 (3T””/T“°‘/ + aTua’Tva’)) 4 §HP <C30 LTV +e3 LT + c33 g8 G B 4 ¢34 G'G°
+ ¢35 (Tp.vfu_vaa 4 THo fva Tp_a) + 36 Tp.oc’f/wl’Tva + ey Ta’ﬂ’Ta’B’Tva + 38 TUU Tua Vo
+c39 (T“"af’w — T’“’BT““) + cao (BTMVTMU — Blef’w) + ¢4 THYOTHC + cyp TH'THC
a3 THVITH + cag OTHTHT + 45 02T + cag 9°T" ) + ca7 (THVITP — BT‘“’T”")](w)

1

1 1
=0T Y oy P W =8 xZ (< V)W)

n=3 )n
o % 1 B.10
+48 ;mwev, p < o)W+, (B.10)
where
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a8 Q+ N2 +k+ N)? ’
4(10 4 13k + 4k* + 10N + 7TkN + 2N?) 2(k — N)
= 21kt N)? T 0Tk
(20 4 25k + 6k + 21N + 15kN + 5N?) (9 4+ 6k*> — N +7kN — N?) 4(k + N)
@r=- 22+ N)2+k+N)? T T 0 I kN2 BT ok N
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HE T i M rkeN? P T T Qe M@k N}
2(13k 4 6k> + 3N 4+ 9%kN + N?) 1
6= C+N)2+k+N)3 =Ty

(60 + 77k 4 22k> + 121N 4 115kN + 20k>N + 79N? + 42kN? + 16N3)
224+ N)2+k+N)?

€28 =

)

2 i(20 4+ 21k + 6k 4+ 25N + 13kN + TN?)
BET o kN 0T C+N)2+k+N)? ’
(32 + 29k + 6k> + 35N + 17kN + 9N?)
o= Q+ N2 +k+N)? ’
(60 + 77k + 22k? 4+ 121N + 115kN + 20k*N + 79N? + 42k N? + 16N3)
o= I2ENCHhkFN)?

(20 + 21k + 6k 4+ 25N + 13kN + 7N?) (8 + 17k + 6k* + 11N + 11kN + 3N?)
= 42+ N)2+k+N)? C T C+MC kN2 ’
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BT T AR NQ kNS T Q+ N)Q+k+ N)? ’
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(—40 — 24k 4+ 92 + 6k3 — 48N — 4kN + 13k*N — 11N? + 6kN? + N3)

0= 22+ N)2+k + N)3
(—16 + 17k 4+ 6k*> — N + 11kN + 3N?) (—4 +k+ N)@®+ 17k + 6k> + 1IN + 11kN + 3N?)
s 22+ N)2+k+N)? e 22+ NMC kN ’
(=32 — 34k 4 5k% + 6k3 — 30N + 2kN + 17k*N + N2 + 14kN? + 3N?)
W= 20+ N2+ k+N)? ’
(—16 + 17k 4+ 6k> — N + 11kN + 3N?)
= 22+ N +k+N)? ’
s =357 N)(21+ P i(64 + 47k + 8k> 4+ 129N + 91kN + 4k*N — 6k°N + 109N? + 58k N? — 4k*N?
+42N3 + 12kN3 + 6N%,
6= 5o N)(21+ P i(—=20 — 16k — 3k> — 20N + 11kN + 16k>N + 3k>N + 9N? + 30k N> + 10k>N*>
+ 13N3 + 10kN3 + 3N%),
4
C47 = —m.

The OPE between the higher spin 2 currents and the higher spin % currents is given by

1, 1,
""" () @ (w) =
2
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where

16(3 + 6k + 2k2 + 6N + SkN + 2N2) 16(k — N) k — N)
- , O=————"—~ (3=
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2i (288 + 273k + 62k* + 367N + 213kN + 16k>N + 141N? 4+ 32kN? + 16N3)

0= 5CFNQFkFN)
(224 + 239k + 66k% + 401N + 299k N + 48k2N + 243N? 4+ 96kN? + 48N3)
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The OPE between the higher spin 2 currents and the higher spin 3 current is given by
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ey (TH/ T2 = TT2) g (TH0T™ — T9TH') 4 15 (T 0T — 70 9T 10"y
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1
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B.4: The OPEs between the higher spin % currents and the remaining 5 higher spin currents

The OPE between the higher spin % currents and the higher spin % currents is given by
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4i(16 + 21k + 6k> + 19N + 13kN + 5N?) 2i (64 + 45k + 6k> + 67N + 25kN + 17N?)
- Q+N)Q+k+ N7 e Q+N)Q+k+ Ny

2i (20 + 21k + 6k® + 25N + 13kN + 7N?)
81 = C+N)C+k+ N7

1

T2+ N)Q+k+ N)*
+7214kN + 4980k> N + 872k N + 24k*N + 1901N? + 4689k N? + 1903k*>N*
+108k>N? + 953N 4 1135k N> 4 168k* N> + 218N* 4 108k N* + 24N?),

1
92+ N2 +k + Ny
— 1089k N — 224k N — 8k*N + 606 N> — 573kN? — 381k*N? — 20k*N? + 170N
—119kN? + 38N* + 20kN* 4 8N?),

i 2
91 =

77

9

€80 , €81

)

g2 =

3

€83

’

cgq4 =

k]

€85

’

El

(=576 + 3294k + 3701k> + 1042k> + 48k* + 1026 N

€88

cgo = i (360 — 456k — 858k> — 296k> — 16k* + 864N — 786kN

co) = _
% Q+k+N)

CQ+4k+N)
(60 + 77k + 22k* 4+ 121N + 115kN + 20k*N + 79N? + 42kN? 4+ 16N?3)
Q2+ N)2+k+N)3 ’
4i 4(16 4 21k 4 6k* + 19N + 13kN + 5N?)
T OFkENE T Q+N)Q2+k+N)
(20 + 21k + 6k> + 25N + 13kN + 7N?) 2i (24 + 25k + 6k> + 27N + 15kN + 7N?)
- Q+N)Q2+k+N)? e C+ N2 +k+N)? ’
4(24 + 25k + 6k* + 27N + 15kN + TN?) 4(20 + 21k + 6k> + 25N + 13kN + TN?)
1= C+N)2+k+ N 8= C+N)C2+k+ N
i (384 + 396k 4 83k* — 6k> + 468N + 260kN — 3k*N + 153N? + 14kN? + 11N?)
@ = C+N)C2+k+N)* ’
i (256 + 228k + 35k* — 6k + 316N + 156kN — 3k*N + 113N? + 14kN? + 11N?)
€100 = C+N)Q+k+ Ny ’
(384 + 370k 4+ 71k% — 6k> + 462N + 242kN — 3k*N + 151N? + 14kN? + 11N?)
o= C+N)C+k+ N3 ’
i(32 + 11k — 6k> + 37N + 3kN + 11N?)

QC+N)Q+k+N)3

€92 =

€93

3

€95 =

’

€102 = —

k]
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(120 + 98k + 7k* — 6k> + 218N + 120kN + k2N + 121N? + 36kN? + 21N?)
Q+N)2+k+N)*
(40 4 14k — 17k*> — 6k + 118N + 68kN + k>N + 93N? + 36kN> + 21N?3)
o = C+N)C+k+ N7 ’
(80 + 56k — 5k% — 6k> + 168N + 94kN + k2N + 107N?% + 36kN% + 21N?)
€10s = C+N)2+k+ N3 ’
6i (32 4 29k + 6k> 4+ 35N + 17kN + 9N?) i(64 4 11k — 6k% + 53N + 3kN + 11N?)
- C+N)2+k+ N7 = 2+ N)Q+k+N)?
i(128 + 138k + 23k* — 6k> + 182N + 106kN — 3k*N + 79N? + 14kN? + 11N?)
- Q4+ N)2+k+ N
i(160 + 140k 4+ 19k% — 6k3 + 268N + 146kN + k>N + 135N? + 36kN? + 21N?)

Q+N)2+k+N)*
I (—1728 + 180k + 877k* + 182k> — 1044N + 964k N + 99k N

€103 = —

’

€106 =

)

€108 =

k]

C109 =

1
1I8Q+N)2+k+ N

—152K3 N + 463N? + 462k N? — 244k*N? + 409N> + 44k N3 + 64N*),

1
= 3456 + 3996k + 985k> — 34k> + 4644N + 2764kN — 369k*N — 152k> N + 2011N?
i 18(2+N)(2+k+N)4( + + + + +

c110 =

+246kN? — 244k> N? + 445N°> + 44k N> + 64N*),

1

6Q2+N)2+k+N)

+580kN? + 124k>N? 4 225N3 + 116kN> + 32N%),

1

TSEr M Tk N T

+40K>N + 603N? + 652k N> + 124k>N? + 237N> + 116kN> + 32N%),
1

92+ N)2+k+ N)*

+3287N? + 2094k N? + 364k> N> + 875N> + 364k N> + 104N*),

4(24 4 25k + 6k* + 27N + 15kN + 7N?)
Q2+ N)Q+k+N)*

(60 + 77k 4 22k? + 121N + 115k N 4 20k>N + 79N? + 42kN? + 16N?)

Q2+ N)Q2+k+N)?
(20 4 21k + 6k* + 25N + 13kN + 7N?) 2i(20 + 21k + 6k> + 25N + 13kN + 7N?)
C+NQ2+k+N)3 b 8= C+NQ2+k+ N7 '

cln = £ (240 + 428k + 203k> + 26k + 604N + 886kN -+ 345k* N + 40k’ N + S67N*

i3 = 644k + 455k* + 98k + 628N + 1150kN + 501k>N

2(3744 + 4914k + 1775k + 154k> 4 5886N + 5450kN + 1269k> N + 104k> N

cli4 =

C115 =

)

)

C116 = —

c117 =

The OPE between the higher spin % currents and the higher spin 3 current is given by

1 1 / /
d)%l)’“(z) Cbél)(w) = ———Cl G*(w) + —3 |:C2 q>(12),u +c3 q)(()l)q)(ll)’M +cs GV TH
2 (z—w) (z—w) 3 2

ror ! ’ ! 1
+eMV'P' s GV TP o 8G“i|(w) +—— [C7 PP 4 g 9P 4 co BN K
(z —w) 3 2 5
et q’él)acb(ll)’ﬂ +en 8@61)613(;)”‘ Yo q’(ll)'vlq’il)’w Lo’ (C” (b(ll),qu)?),p/g,
2 2 2 2
teig Tv’,o’q)(ll),c/ + o TU,’O/(I)E)I)Q)(]I)’U/> +c13 (G“T“”/T‘“’/ + Guf/w’fuv’) e G T
2 2

+cis 3G TH + ci6 GV e TV + ghv'p'e’ (Cz() GrTw' TP + ¢ G arTr + ¢ aGV/T'O/U/)
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where

3
te23 LG* + o4 32G“}(w) + [ z B(pole-2> + 26020 P 4 ey DN g
2 2

1

(z—w) |7

+eag 9D DV 4 29 0D 9D 30 02DV D 63 N2 (D
2 2 2 2

L0’ <C47 8cb(ll),ufcb(l1),p " 4 cas cb(ll),v’acpil),p " 1 cao 8T"//’/q>(f)’6, beso Tv/p/acb(lz),g/
2 2 2 2

/N2 ’ 7 oy ’
Fesi (a(T” Pl oy — ST oo )) + e LoD 4 o33 L0V 4 ¢34 LOGH
2 2 2 2

+c35 0LGH + ¢3¢ PGH + 37 LGV/T”“U/ + ¢33 3ZGV/TMU/ + c39 BG”/aT“”/ + c40 Gv/82le/
egr (GRATHY THY 4 GRATH ' TH) 4 can 9GHTH T 4 cq5 dGHTH THY

ea 3GV TH' TV P 4 c4s GV OTH TV 4 ¢y GV TH YTV P 4 ghv'0'o’ (csz LGV TP
/ ! 5 / ! / ! / ’ !
tess (B(G“T’“’ )T = 2 G T ) 4 e 932GV TP 4 550G 9T

tes6 GV AT P TV 4+ 57 GV 92T ) :|(w) NI (B.14)

1

cl =

324k + N)2(4 + 5k + 5N + 6kN)

16(12 + 111k + 136k> + 38k> + 111N + 406kN + 331k*N + 60k> N

+136N? + 331kN? + 150k>N? + 38N> + 60kN*),
_ 8(k — N)(17 + 10k + 10N + 3kN)

8(192 — 588k — 1621k* — 1084k> — 220k* + 1548N + 332kN

—2359k2N — 1619k* N — 266k*N + 3161 N? + 2462k N? — 698k*N? — 663k° N2 — 60k* N>
+275TN? + 2261kN3 + 220k2N3 — 66k> N3 + 1092N* + 693k N* + 78k*N* + 160N> + 48k N?),

8i (384 + 428k — 149k% — 252k — 60k*

+1300N + 1708k N + 387k*N — 91k>N — 18k*N + 1417N? + 1680kN? + 428k*N*

4i(—k + N) (576 + 869k + 412k> + 60k>

+987N + 1141kN + 351k>N + 18k>N + 551N? + 433kN? + 63k*>N? + 100N + 39kN3>,

2T 30 +k+ N)@+ 5k + 5N + 6kN)’
1

Cr =

3T 3QF N)2+k+N)>(@+ 5k + 5N + 6kN)
1

Ccq4 = —

4 32+ N)(2+k + N)3(4 + 5k + 5N + 6kN)

+15K° N2 + 633N> 4 583k N> + 90k2N? + 100N* + 57kN4>,

1

cy = —

5 32+ N)2+k+ N)3(4 + 5k + 5N + 6kN)
1

co =

- 8
92+ N)2+k+ N)3(4 + 5k + 5N + 6kN)

( — 2016 — 2220k + 805k> + 1276k°

+292k* — 5268N — 5312kN + 901k*N + 1307k>N + 158k* N — 3341N? — 734k N>
+2990k*N? + 1065k>N? + 60k*N? + 573N + 3127k N> + 2444k* N3 + 354k N3

+1068N* + 1569k N* + 498k>N* + 236N° + 168k1v5),
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c7] =

cg =

Ccg =

€10 =

c11 =

C12 =

€13 =

cl4 =

€15 =

)

7
2
1
60(2 + N)(2 + k + N)2(4 + 5k + 5N + 6kN)
+76048N + 193186kN + 134691k>N + 25624k> N + 86913N2 + 193192k N? + 106264k>N?

+12792k3N? 4 43107N3 + 78572k N> + 26460k* N> + 7520N* + 9888k N*),

(25200 + 70112k + 56321k> + 13310k>

1
" 2Q+ N)2+k+ N)2(4 + 5k + 5N + 6kN)
+6128N + 12350kN + 8109k%N + 1544k N + 7407N? + 13208k N2 + 6920k>N?

+840k° N2 4+ 3693N> + 5428k N> + 1764k> N> + 640N* + 672kN%),
1

C4Q+ N)2Q+k + N) (4 + 5k + 5N + 6kN)
+152505k> 4 51492k* + 6644k> + 176240N + 660824k N + 910867k>N + 581724k> N
+171980k* N + 18800k> N + 373580N2 + 1290331k N> + 1592030k> N> + 880129k N>
+214668k* N2 + 17936k° N2 + 438209N°> + 1366104k N> + 1455655k> N> + 656026k> N
+117952k* N3 + 5760k5 N3 + 305474N* + 836307k N* + 726932k> N* + 238876k> N*
+23856k* N* + 125749N° + 290746k N> + 185388k> N> + 33624k> N> 4 28124N°®

+51696kN® + 18480k> NS + 2624N7 + 3456kN7),
1

C12Q+ N)2Q2 +k + N)*(4 + 5k + 5N + 6kN)
+1253961k3 + 432984k* + 56716k> + 1334640N + 5259608k N + 7510931k>N
+4901808k> N + 1466482k* N + 161164k° N + 3022124N? + 10765163k N>
+13575866k>N? + 7590265k° N? + 1857610k* N? + 154816k° N° + 3733601 N°
+11830628k N> + 12750499k N> + 5765230k N> + 1033840k* N> + 50160k° N3
+2705042N* + 7448995k N* + 6498196k* N* + 2129476k> N* + 211176k* N*
+1145011N° + 2644570kN> + 1682860k> N> + 302952k> N> + 261262N° + 478024k N°®
+169848k>N® + 24736 N7 + 32448k N7),
7(60 4 77k 4+ 22k> + 121N + 115kN + 20k>N 4 T9N? + 42kN? + 16N3)
22+ N)2+k+ N)?
2(24 + 25k + 6k 4+ 27N + 15kN + TN?)
Q2+ N)Q2+k+N)?

(1680 + 3616k + 2671k + 610k>

3(35648 + 142832k + 214572k>

(250176 + 1077744k + 1704908k>

3

’

1
122+ N)22 4+ k + N)*(4 + 5k + 5N + 6kN)

xi (103872 + 445808k + 686660k + 485009k> + 161184k* + 20508k> + 452080N
+1723688kN + 2320763k> N + 1398642k N + 383950k* N + 38460k° N

+809636N? + 2694531k N? + 3058174k>N? 4 1475205k> N2 + 297482k* N? + 18072k N
+756377N> + 2150502k N> + 1947571k> N> + 670996k> N> + 74508k* N> + 386762 N*
+909111kN* + 592308k> N* + 109824k> N* + 102199N° + 188192k N> + 67656k> N>

+10882N° + 14268k N©),
1

124+ N)2Q2 +k + N)*(4 + 5k + 5N 4 6kN)
+66516k* + 12948k> + 31216N + 247208k N + 522371k%N + 491550k° N + 195052k* N
+25608k° N + 210884 N2 + 891915k N? + 1235938k2N? + 764013k> N2 + 193508k* N2

x i(—=9792 — 7312k + 53156k> + 108233k>
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+13536k> N2 4 341585N°> + 1105722k N> + 1123111k*> N> + 452956k N> + 57912k* N*

+241202N* + 612759k N* + 429480k> N* + 88764k> N* 4 78565N°> + 151052k N°

+57180k> N> + 9652N° + 12792k N),

(176 + 335k + 114k2 + 233N + 215kN + 63N?) 1 i

C+N)Q+k+N)? TRk Ny BT etk Ny

i(60 + 77k + 22k* + 121N + 115kN + 20k>N + 79N> 4 42kN? 4+ 16N?)

- Q2+ N)2+k+ N)3

(20 4 21k + 6k* + 25N + 13kN + TN?)

Q2+ N)2+k+N)3

Cl6 =

C19 =

’

0 = s
1

242+ N)2(2 4+ k + N)*(4 + 5k + 5N + 6kN)

+444121k> 4 155488k* + 20508k> + 266256 N + 1235648k N + 1876577k*N

+1246902k> N + 367934k* N + 38460k° N + 417264N? + 1777831kN? + 2360298k> N2

+1292541k3 N? 4 285234k* N? + 18072k° N* + 355775N> + 1327946k N> + 1445137k*N*

+580376k> N> + 71676k* N> + 171126 N* + 528219kN* + 421832k> N* + 93768k> N*

+43197N° + 101620k N> + 45504k>N°> + 4414N° + 6852k N©),
1

242+ N)2(2 4+ k + N)*(4 + 5k 4+ 5N + 6kN)
4229225k + 90020k* + 12948k> + 22288 N + 410656kN + 853673k>N + 673694k> N
+223476k* N + 25608k° N + 54016N? + 677607k N> + 1187970k*> N> + 764597k N>
+189940k* N? + 13536k° N2 + 76935N> + 594018k N> + 810853k* N> + 376276k> N°
+51960k* N> + 53978 N* + 271051k N* + 258968k>N* + 65484k>N* + 17555N°

+57548k N> + 29652k> N> + 2124N° + 4104k N©),
1

BR+N)2+k+ N)2(4 45k +5N +6kN)
—6372N — 17380kN — 12291k*N — 2140k°N — 4429N? — 10356kN? — 4466k>N?

—583N3 — 1442k N3 + 128N%),
1

36(2 + N)2(2 + k + N)*(4 + 5k + 5N + 6kN)
—326745k> — 210876k* — 41668k’ + 376944N + 727672kN + 276145k*N — 279246k> N
+210100k* N — 32392k> N + 728572N? + 1930645k N* + 2148328k> N2 + 1223477k N?
+374414k* N? + 51860k N? + 1065547N> 4 3440458k N> + 4303151k> N> + 2449004k> N
+602042k* N3 + 46680k° N> + 1109392N* 4 3439007k N* + 3627866k>N* + 1510130k N*
+201564k*N* + 677381 N> + 1756088k N> + 1330658k> N> + 296736k> N° + 209564 N°
+413798kN® + 170820k> N® + 25232N7 + 33504k N7),

c = x (72960 + 354672k + 589072k>

coy = i (7680 + 114416k + 256864k>

€3 = (—2496 — 7644k — 6655k> — 1634k’

(93888 + 148656k — 95876k>

€4 =

4(k — N)(35 4 19k + 19N + 3kN)

212 +k 4+ N)(4 + 5k + 5N + 6kN)’
48(k — N) 120(k — N)

7 = , €28 = — ’
7(4 + 5k + 5N + 6kN) 7(4 + 5k +5N + 6kN)

1
212+ N)2 +k + N)3(4 + 5k + SN + 6kN)
—418k* + 4740N + 3860kN — 2674k>*N — 2606k> N — 446k* N + 7895N? + 7403k N>
—95k>N? — 897k’ N? — 60k*N? + 6084N> + 4988k N> + 544k* N3 — 66k° N> + 2211N*
+1215kN* + 78k>N* + 304N°> 4 48k N°),

€26 =

€29 = x 8(960 + 60k — 2395k> — 1933k>
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1
212+ N)2 +k + N)3(4 + 5k + SN + 6kN)
—418k* + 516N — 4780kN — 7570k>N — 3422k> N — 446k* N + 3863N? + 203k N>
—3119k*>N? — 1185k>N? — 60k* N? + 4452N3 + 2540k N> — 32k* N3 — 66k° N>
+1971N* + 927k N* + 78k> N* 4 304N° + 48k N?),

1
212+ N)2+k + N)3(4 + 5k + 5N + 6kN)
—418k* + 1572N — 2620kN — 6346k>N — 3218k° N — 446k* N + 4871N? + 2003k N>
—2363k*N? — 1113k N? — 60k*N? + 4860N> + 3152kN> + 112k* N3 — 66k° N*

+2031N* 4+ 999k N* + 78k2N* + 304N> + 48k N”),
8(k — N)
(44 5k +5N 4+ 6kN)’
8(k — N)(60 + 77k + 22k + 121N + 115kN + 20k*N + 79N? + 42kN? + 16N3)
Q2+ N)Q2+k+ N)2(4+5k+5N 4+ 6kN) ’
1
72+ N)2+k+ N)2(4 + 5k + 5N + 6kN)
—716N — 804kN — 391k*>N — 68k’ N — 537N? — 416kN? — 126k>* N> — 79N> — 14kN> + 16N %),
32(12 + 15k + 4k> + 15N + 10kN +4N?)
72+ k+ N)(4 + 5k + 5N + 6kN)
1
2124+ N)(2 4k + N)3(4 + 5k + 5N + 6kN)
—2636N — 3468kN — 1902k*N — 478k*N — 54k* N — 2737N? — 2529kN? — 775k>N*>
—41k3N? 4+ 12k*N? — 692N + 144k N> + 396k> N> + 90k° N> + 247N* + 419k N*
+138k>N* 4+ 96N + 48k N°),
8i(k — N)(20 4 21k + 6k*> + 25N + 13kN + 7N?)
Q2+ N)Q2+k+ N)2(4+5k+5N +6kN)
1
212+ N)2 4+ k + N)3(4 + 5k +5N + 6kN)
+114k* + 2960N + 7136kN + 4197k*N + 736k>N + 18k*N + 1436 N? + 3699k N2

+1399k>N? + 57k> N? — 51N> + 542k N> + 54k> N3 — 103N* + 15kN*),
1
212+ N)2 +k + N)3(4 + 5k + 5N + 6kN)

—114k* + 7228N + 11524k N + 4116k*N + 200k°N — 18k*N + 6367N?2 + 8841kN?

+2507k>N? + 159k> N? + 2280N> + 2500k N> + 378k> N> + 283N* + 201k N*),
1
212+ N)2 +k + N)3(4 + 5k +5N + 6kN)

+114k* 4+ 2072N + 4424k N + 1851k>N + 292k° N + 18k*N + 950N? + 2643k N*
+895k2N? + 129k° N2 + 27N> + 758k N> + 198k> N3 — 43N* 4 8TkNY),

x 4(—576 — 3396k — 4699k> — 2413k3

€30 =

ey = x 4(—192 — 2532k — 4123k> — 2293k

€32 =

€33 =

cy = x 8(—256 — 308k — 131k> — 10k>

€35 = —

)

36 = 4(—704 — 884k — 275k* 4 147> + 78k*

37 =

3

38 = 4i (1536 + 3952k + 3044k> 4 939k>

8i (2688 + 4484k + 1405k> — 309"

€39 =

c40 = 4i (1152 + 2536k + 1538k* 4 519k°

12(32 4 3k — 6k> + 29N — kN + 7N?) 8(32 + 3k — 6k* + 29N — kN + 7N?)
Cc41 = , C4p = — s
H T2+ N)Q2+k+ N)3 2 e+ N2+ k+N)
8(32 4 3k — 6k* +29N — kN + TN?) _ 8(32+ 3k — 6k* + 29N — kN +TN?)

cq43 = — , C44 = ,

72+ N)2+k+N)3 T2+ N)2+k+ N)3
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8(80 + 53k + 6k% + 83N + 29kN + 21N?)

464 + 97k + 30k* + 79N + 61kN + 21N?)
T2+ N)2+k+N)3 B

72+ N)2+k+ N)3

C45 = , C46 >
32 24 10i 4i
o oy =, 9 =—"— ", 50 =
724k + N) 72 +k+N) 724k + N) 72 +k+ N)
4i (60 + 77k + 22k% + 121N + 115kN + 20k*N + 79N? + 42kN? + 16N?)
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4i(k — N)(32 + 29k + 6k* + 35N + 17kN + 9N?) 420 + 21k + 6kZ + 25N + 13kN + 7N?)
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32 2+ N)2+k + N)2(4 + 5k + 5N + 6kN) 33 T2+ N)2+k+N)?
1

Csq = x 2i(—1200 — 3736k — 3330k — 1151k>
212+ N)2 +k + N)3(4 + 5k +5N + 6kN)

—114k* — 1544N — 5016kN — 3237k*N — 668k>N — 18k* N + 390N? — 663k N?

+321k2N? + 21963 N? + 1115N3 4+ 1016k N> + 528k> N3 + 321N* + 207k N*),
1
212+ N)2 4+ k 4+ N)3(4 + 5k +5N + 6kN)

+228k* — 5840N — 4842kN + 1431k*N + 1024k> N + 36k* N — 5289N? — 2214kN*
+2682k>N? + 786k° N? — 1405N> + 872k N> + 1212k> N? — 42N* + 306k N%),
40+ 21k + 6k> + 25N + 13kN + 7N?)
2+ N)Q2+k+N)?
~ 1
212+ N)2 +k + N)3(4 + 5k +5N + 6kN)
+114k* + 176N + 2574kN + 2184k>N + 524k3 N + 18k*N — 699N? 4 777kN?

+441k*N? — 3k3N? — 626 N> — 2k N> — 24k> N> — 141N* + 9kN%).

cq7 =

51 =

’

55 = x 2i(—1680 — 1024k + 1527k> + 1192k>

€56 =

bl

x 2i (480 4 2128k + 2229k* + 881k>

57 =

B.5: The OPE between the higher spin 3 current and itself

The OPE between the higher spin 3 current and itself is given by

1
C_ws T

o3 (2) @5 (w) = [cz o + o3 00" + ey L+ o5 THV THY

[N 1.0 ’ ! 1
P VPO e TRV TP (W) + ——— = 8<pole-4>
(z —w)? 2
1 / ’ ’ /
SR E— [m P 45007 + o DN DY + 19 d P DV 4 cpy g D
- 2 2 2 2

AN

s 00O 4 14 90BD 4 eyt HVT QU GIS L o1 6O
tei6 LAV B 4 ci7 6P TV 9P D L) 9GH G c1g (L) + a1 0°L
2 2
+c19 LT"L/V/TM/U/ + ¢ GM/GV/TM/V/ + 25 82TM/U/TM/V/ + 6 8TM/U/8T”/V/ + 27 HZTM/U/T”/V/

NP I R AN ] [ 1 ot
+ea8 dTH Y ATHY + cog THV TPOTHY TP oo VPO LTHY TP? i|(u))

1 1
@—w) [5 8(pole-2) + c20 90 + 30 * (@ 0f1) + €31 9°L

tex 33(Tu/v/Tu’u/) +cn 33(Tu/v’f/ﬂv/):|(w) 4+, (B.15)
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where

64k N

T 3(k+ N +2)36kN +5k+ 5N +4)

+136k> + 60k N> + 331k N% + 406k N + 111k + 38N> + 136N? + 111N + 12),

_ 8(k— N)(6kN — 11k — 11N —28)

T (k+N+2)(6kN +5k+5N+4)°
4

(N +2)(k+ N +2)3(6k N + 5k + 5N + 4)2
+1274k> — 792k* N* — 1404k* N3 + 10042k* N2 + 20495k* N + 8883k* + 936k N°
+1632k> N* 4 9742k> N3 + 44312k N? + 59682k N + 22524k + 576k> N© + 1764k> N°
—2138k% N* 4 5294k* N° 4 50124k N? + 68636k> N + 25264k> — 384k N® — 6434k N°
—25666k N* — 33090k N3 + 1028k N? + 27520k N + 12096k — 848N® — 6925N3

—21087N* — 29020N> — 16304N% — 576N + 1536),
16

(k+ N 4+ 2)3(6k N 4 5k + 5N + 4)2
+4968k* N2 + 6139k* N + 2343k* + 1836k> N* + 9268k N> + 16523k> N? + 14345k> N
+4622k3 + 576k> N° + 5292k> N* + 14493k> N3 + 17651k> N? + 11702k> N + 3328k>
+640k N> + 3347k N* + 5207k N> + 2594k N + 368k N + 96k + 80N> — 26N*
—1382N3 — 2928N? — 2144N — 512),
5

(N +2)(k+ N +2)36k N + 5k + 5N +4)
+519k3 + 180k N3 + 503k>N? + 895k>N + 984k> + 114k N* + 379k N> + 161kN?
—48kN + 304k — 17N* — 263N> — 872N? — 944N — 256),

(k—N)
(N +2)(k+ N 4+2)3(6k N 4 5k +5N + 4)
—191k> + 78k N3 + 316k N* + 268k N — 28k + 49N> + 227N? + 348N + 192),
c7] = 4,

¢ x (60k>N + 38k + 150k> N? + 331k* N

c3 = x (—720k> N3 + 120k> N? + 2308k N

x (360k> N? + 856k N + 410k> + 1548k* N3

c4 =

cs = x (—36k*N + 66k* + 30k N? + 2213 N

x (36k> N — 66k> + 126k> N> + 117k>* N

c6 =

2
~ (N+2)(k+ N +2)2(30k N + 59 + 59N + 88)
+1260k> N* + 7123k> N* + 12405k> N + 6923k> + 498k N* + 5813k N* + 18742k N*
+23842k N + 10796k + 893N* + 5745N° + 13407N? + 13708N + 5280),
4
(N +2)(k+ N +2)2(6k N + 5k + 5N +4)
+252k> N3 + 976k*> N* + 1083k> N + 281k + 96k N* + 788k N> + 1912k N>
+1714k N + 416k + 104N* 4+ 603N> + 1209N2 + 976N + 240),
4(20k% N 4 22k> + 42k N> 4+ 115k N + 77k + 16N> + 79N? 4 121N + 60)
cao=- (N+2)(k+ N +2)? ’
60 + 77k + 22k> 4+ 121N + 115kN + 20k>N + 79N? + 42kN? + 16N

¢ = 5 ;
22+ N)2+k+N)

cs x (582k3 N2 + 1855k N + 1400k>

x (120k> N 4 208k> N + 62k°

Cg =

4
clp = — +(—288 — 348k — 149k> — 22k> — 372N — 332kN — 129k°N
3(N+2)(k+N+2)
—20k3N — 95N? — 36kN* — 22k>N? + 43N + 26kN> + 16N*),

2
" 3(N +2)2(k + N +2)%(6k N + 5k + 5N + 4)2
+175704k% N3 + 281812k N? + 203650k N + 53632k° + 179928k N> + 1096908k> N*

x (42480k° N*

€13 =
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+2657606k> N + 3233965k> N2 + 1963717k> N + 461858k> + 259776k* N©
+2217300k* N3 + 7618352k* N* + 13733635k* N + 13841716k* N2 + 7373186k* N
+1583127k* + 146664k N7 + 1779396k N© + 8543372k> N> + 21738802k N*
+32355238k> N3 + 28512928k N2 + 13766828k> N + 2752976k> + 28224k> N®
+538980k> N7 4 3758780k> N® + 13500040k> N> + 28510252k> N* + 37249800k> N>
+29848874k> N2 + 13427888k> N + 2549728k + 38400k N® + 513998k N
+2851009k N® + 8723101k N> + 16402446k N* + 19696172k N* + 14853680k N>
46399424k N + 1178880k + 11248N® + 127251N7 4 618984NS + 1715014N°
+3009687N* + 3468624N> + 2568160N> + 1102080N + 203520),

TN+ 2)2(k2+ N +2)* (380k°
+7661k> N + 3098k> + 2408k> N* + 13395k N3 + 27284k> N? + 24174k* N
+7853k% + 1386k N° + 10531k N* + 30993k N* + 44382k N? + 30986k N + 8424k
+272N° + 2659N° + 10494N* + 21418 N> + 23885N2% + 13800N + 3216),
~ 128(k — N)(12k N — 7Tk — TN — 26)

(6k N + 5k +5N + 4)(30k N + 59k + 59N + 88)’

96(k — N)

(N +2)(k+ N +2)2(6k N + 5k + 5N + 4
+328k% N? 4 377k* N + 115k + 32k N* + 260k N> + 632k N? + 582k N + 160k
+32N* + 185N3 + 371N? + 304N + 80),
_ 4i(60 + 77k + 22k + 121N + 115kN 4 20k*N + TIN? + 42kN* + 16N3))

C17 = 3 s
Q+N)Q2+k+N)

Cla = N2 + 818k* N + 440k* + 1638k> N3 + 6197k> N2

€15 =

cl6 = ® (40k> N* + 72k N + 26> + 84k* N*

16
Q2+ N)2+k+ N)2(4+ 5k + 5N + 6kN)2

—610k* — 1296N — 8176kN — 13543k*N — 7915k° N — 1416k* N — 600N> — 7441k N>
—12651k*N? — 6352k3N? — 776k* N? + 759N3 — 1701kN> — 4076k>N> — 1468k N> — 733N*
+548kN* — 220k>N* + 160N + 160kN°),

8
(N +2)(k+ N +2)3(6k N 4 5k + 5N + 4)

—673k> N — 471k> — 40k N> — 410k N* — 828k N — 460k + 14N* + 23N> — 109N? — 244N — 128),
—8(k — N)(13k 4 6k + 3N + 9kN + N?)
Q2+ N)Q2+k+ N)2@4+5k+5N+6kN)’
4

(—1656 —
324+ N)2 +k + N)*
+2251kN + 5980k>N + 2885k N + 314k*N + 2512N? + 8116kN? + 6203k*N?
+1137k° N? + 2640N" + 4228k N> + 1352k> N* + 834N* + 591kN* + 80N?),

8i(32 + 55k + 18k + 41N + 35kN + 11N?)
Q24+ N)2+k+N)3

x (=512 — 2800k — 4664k> — 2943k>

C18 =

cl9 = x (—12k* — 134k> N — 156k> — 212k> N*?

€20 =

e = 3366k — 1001k> + 598k> + 232k* — 954N

’

2 =

B 4

Q2+ N)2+k+N
+105N? 4+ 38kN? + 7N?),

€23 3 (224 -+ 440k + 191k* + 18k + 312N + 344kN + 49k*N
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=

€25 =

€26 =

€27 =

€28 =

€9 =

€30 =

(32 + 55k + 18k% + 41N + 35kN + 11N?)
Q4+ N)2+k+N)*

1
C3Q+N?22+k+N
+47k% + 1954k + 288k* — 6072N
+554kN + 10564k>N + 3793k>N + 306k*N
+3083N2 + 13888k N2 + 10078k> N>
+1543k> N? + 5574N3 + 8305k N> + 2405k*>N?

+2076N* + 1307k N* 4 235N°),
1

C3Q+NZP2+k+N
+4511k> 4 3286k> + 504k* — 168N
+11090kN + 16000k>N + 5215k>N + 414k*N
+6899N? + 19492k N2 + 12580k>N?
+1921k3N? + 6642N> + 9763k N>

+2855k> N3 + 2238N* + 1505k N* + 253N7),
1

Q+N)2Q+k+N
—96k* + 236N — 336kN — 1400k’ N
—763k>N — 102k*N + 565N? — 180kN*
—1004k>N? — 305k N* + 482N> — 45k N3
—241k> N3 + 180N* — kN* + 25N?),

1
Q+N)2Q+k+N
—168k* + 124N — 1496k N
—2472k>N — 1165k> N — 138k*N + 373N?
—1256kN? — 1674k>N? — 431k> N>
+410N3 — 399k N> — 367k>N?

+190N* — 31kN* + 31N?),
(k — N)(6kN — 11k — 11N — 28)
3k + N +2)(6k N + 5k + 5N +4)’
1

6(N +2)(k + N +2)3(6k N + 5k + 5N + 4)2

x (—=720k> N* + 120k> N? + 2308k> N

+1274k> — 792k* N* — 1404k* N3 + 10042k* N?
+20495k* N + 8883k* + 936k> N°

+1632k> N* + 97423 N3 + 44312k N?
+59682k> N + 22524k + 576k> N©

+1764k* N> — 2138k> N* 4 5294k> N
+50124k> N2 + 68636k> N + 25264k>

—384k NS — 6434k N° — 25666k N* — 33090k N>
+1028k N2 + 27520k N + 12096k

—848N° — 6925N° — 21087N* — 29020N3
—16304N? — 576N + 1536),

)

z (—5616 — 9096k

X (—2544 — 1944k

X (—236k — 709k> — 486k>

E (—604k — 1181k> — 786k>

2
" 3(k+ N +2)3(6k N + 5k + 5N + 4)2

x (360k> N2 4 856k> N + 410k> + 1548k* N>
+4968k* N2 + 6139k* N + 2343k* + 1836k> N*
+9268k> N* + 16523k> N2 + 14345k> N
+4622k> 4 576k> N° + 5292k> N* 4 14493k> N3
+17651k> N? + 11702k> N + 3328k?

+640k N3 + 3347k N* + 5207k N* 4 2594k N?
4368k N + 96k 4 80N> — 26N*

—1382N3 — 2928 N? — 2144N — 512),
1

12(N 4+ 2)(k + N +2)3(6k N + 5k + 5N + 4)
x(—36k* N + 66k* + 30k> N? +221k* N
+519k% 4 180k* N3 + 503k> N? + 895k> N
+984k% + 114k N* 4+ 379k N° + 161k N?
—48k N + 304k — 17N* — 263N?
—872N? — 944N — 256),

(N —k)
12(N +2)(k + N +2)3(6k N + 5k + 5N + 4)
x (36k> N — 66k> + 126k> N> + 117k* N
—191k> + 78k N> + 316k N> + 268k N — 28k
+49N3 + 227N? 4 348N + 192).

31 =

€32 =

€33 =

Appendix C: The SO(4) generators in the description of
SO(N = 4) Knizhnik Bershadsky algebra

The SO(4) generators are given by

0 100 0 010
-1 000 0 00O
1 _ 2
r= 0 00O0] = -1 0 0 0}°
0 00O 0 00O
0 001 0 0 0O
0 00O 0 0 10
3 _ 4 _
= 0 000/ r= 0 -1 00}
-1 000 0 0 0O
0 0 00O 00 0 O
0 0 01 00 0 O
5 _ 6 _
= 0 0 0o}’ = 00 0 1 €D
0 -1 00 00 —-10
The structure constant is given by ¢ = —%Tr(TC[T”, Tb)
with (C.1). Furthermore, one has Tr(79T?) = —28%,
fabCfabd — 45011’ [Ta7 Tb] — fubcTc and T:,)T;lc —

31p8vs — Suabup-
*
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Appendix D: The OPEs between the generators of  G/(z) Cb(ls)’vp (w)
= 4) Knizhnik Bershadsky al he 1
SOWN ) Knizhnik Bershadsky algebra and the 16 { [(_1 k425 4 2ks) guvm’q)(s)’ff’}(w)
1

higher spin currents

T - w)? (1+k) 3
We present the OPEs in Appendix 1 for the N = k condition N 1 i (?W] OO _ Fuv g0 p)
as follows: z—w) | A4k i 3
q)(()s) P q>(()s) +ghvro’ 8(I>(f)"’/
(8),m 1 (). e ()0 (Y) o
® s+ho —om (@0 + T ] w
! Cra)% Ot o) j@
(), v 1 (), v
P - e+
L 1 = 1
@) W) = (w) e Z _ (v o p)(w)+-
(). 3y () (z—
o (s +3)®;
2 2
oy (s +2) @5
G"(2) @ (w)
2
(s)
®o S S PP o (w)
(8). (@ —w)?
o |
2 () | F)puv
— "Dy + @ )w+-~-,
1 (D(IS),;LU (w) 4. (Z _ 'LU) ( 0 1 ( )
(z —w) © ’ |
S),
" G"(2) <I>(()S)(w) e )
2 (z—w) 2
QJS) v () 1 . (), v
T e ) = (2,@ +1) oW )(w)
GIL(Z) CI);S)(U)) + - )
! —@2s+3) 0" w7y P
(Z _ )2 § % T""(2) CD% (w)
] N N4 ’ 1 / o /
_—2(’1“ e e ](w) = oo (P26 D P Yy
+ z i-w 2
. 1 a(D(S)’H' l(S + 1) EILV,,O/O'/ _ i <8ll/0 cDgS),V v (D(zs)vl")(w) +oen,
C-w |’ Taxh (@=w) 2 2
THY ®(S)’PU
o W’ @)
2 = ———2jsehvre CDOS (w)
G/’L(Z) q)(;.)yv(w) (Z - w)2
2 1 | spe P)vo SHo pB)-ve
1 ©)v Te—w . !
:(Z_—w)z(—2(5+1)d>1 Jw)
| . o _gvP qDES),MG +8v ®§S)5MP ](w) 4o,
oy | e 0
0y T (2) & (w)
5 i’k) aTm ol — —( D 7o) ;
- _ i ((gup PO _gvo )k )(w) 4.,
i / / / / (z—=w) 2 2
+(1 - % (Tup CD(IS)’W) _ e (DES)JMO ) . .
T (z) O (w) =+ . (D.1)
T ghve'e! Gp/d:'(f)’al i|(w) +ee For the k — oo limit with fixed spin s, the nonlinear terms
2

in (D.1) vanish.
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Appendix E: The structure constants appearing in the
OPEs between the lowest 16 higher spin currents for k =

N

For convenience, we present the previous coefficients appear-

ing in Appendix B for k = N.

e The coefficient in the OPE between the higher spin
current and itself.
The coefficient appearing in Appendix B.1 reduces to

k2
Tkt

C1

e The coefficients in the OPE between the higher spin 1

current and the higher spin 2 currents.

The coefficients appearing in Appendix B.3 reduce to
o 2ik

Tkt D)

c1 =0, o

e The coefficients in the OPE between the higher spin 1

current and the higher spin % currents.
The coefficients appearing in Appendix B.4 reduce to

. 1 3(13k + 10)

Cl = . CcHy = -, cy = T ——

! 2T ST T4+ 2
i(13k + 10)

G4 =——"

YT Ak DK+ 2)
2i i(k — 1)(13k + 10)

C5 = — , C6 = — .

k +2) 128(k + 1)

e The coefficient in the OPE between the higher spin 1

current and the higher spin 3 current.
The coefficients appearing in Appendix B.5 reduce to

) 3(13k + 10) (13k + 10)
Ccl1 = 4, )=, = —",
1 2 2612 T T+

(13k + 10)
c4=——
YT Tk DK+ 2)

k

c5 =

RUESEP)

e The coefficient in the OPE between the higher spin %

currents and the higher spin % currents.
The coefficients appearing in Appendix B.6 become

2k2 2ik 0
cl=—————, ¢ =——, c3=0,
TR Tk

|
:—2’ = s
c ST Ur

ce =1, c¢7=0.

e The coefficients in the OPE between the higher spin %

currents and the higher spin 2 currents.
The coefficients appearing in Appendix B.7 become

c1 =0 c—(3k+l) c—l
1 =Y, 2—(k+1)v 3—2»
3313k + 10) (k= 113k + 10)
4T T kv T Ak Dk +2)
13k + 10) _iGk+2)
CTAhrVGk+2 T T kT DG+
i k-1
cg = ———, (9= .
k+1) k+1)

The coefficients in the OPE between the higher spin %
currents and the higher spin % currents.
The coefficients appearing in Appendix B.8 become

0 8ik 5
c1 =0V, ) = ——, c3 = —2,
! T T kyrn O

3(13k + 10) (13k + 10)
C4 — ———————, ==,
YT 2k +2) &+ 1)

(13k + 10) (13k + 10)
CcCqa = P —— c7 = D ———
ST RUk+DGk+2) T 2+ Dk +2)
8k

C8 =

(k+1Dk+2)’

(3k + 4)(13k + 10)
c9g=0, ci0=0, c1= ,
4k + 1)k +2)

_ 2
CEGr
3k + 4)(13k + 10) 3(13k + 10)
c13 = — 5 , 4= ———,
Ak + D2k +2) Ak +2)
i(13k + 10)
Cl5 = ——F———— <>
20+ Dk +2)
8i (13k + 10)
Cl6 = ——F——_>» Cl7T=——F—F———" <>
(k+2) 4k + 1)(k+2)
i(13k + 10) (k%> — k — 3)
clg = — ;
Ak + D2k +2)
4i(k +3) 4i
C19:—, V= —"—T"""—">
k+ D)k +2) (k+ D)k +2)
"
1 = —la
k+ 1Dk +2)
4i 2k + 1)(13k + 10)
cp=——""—""">—, (3= 3 )
(k+ 1)(k+2) Ak + D2k +2)
(k + 3)(13k + 10)
o4 = 3 ,
A%k + D2k +2)
oo Ak 12
PT Tk Dk+2 T T k+Dk+2)
1
C27 = Zv

@ Springer



523 Page 56 of 62

Eur. Phys. J. C (2017) 77:523

3(13k + 10) 1
)g=———, (9g=———,
28 8k +2) T kT D
3k +2)

= ————,
VZ Gk + Dkt 2)

2i i(13k + 10)
c31 = c32

Tk DK +2) T 8k + D2k +2)

e The coefficients in the OPE between the higher spin %
currents and the higher spin 3 current.
The coefficients appearing in Appendix B.9 become

5 15(13k + 10)
> o DUk 10
2 4(k +2)
5i(13k + 10)

c1 =0, =

’

ATkt Dk +2)

4Gk + 1) 5(k — 1)(13k + 10)
ST Uh+rDk+2 T Akt Dk+2)
c7] = 0, cg = 0,

12i
cg=0, cio= —m,
8i

Cl1 = m, Cl2 = O

e The coefficients in the OPE between the higher spin 2
currents and the higher spin 2 currents.
The coefficients appearing in Appendix B.10 lead to

_ 2K*Gk+1) —o _ 2ikBk+1)
C] - (k+1)2 ’ 62 - £ C3 - (k—‘r— 1)2 £
8k
c4 =0, ¢c5=———,
4 ST Tkt D
2 2 k
6=——7"—"—", 7=—"7, (§=-—0s,
T TT R BT krp
k
= -, :0,
Tk P
(k+2)
:07 = -, :O’
cll €12 kT 1) €13
(k +2) i(3k% + 3k +2)
Cy=—"7">"———>, CI5=—F7+—,
W Tk P (k + 1)2
3(13k + 10)
:0’ :2’ :——’
C16 c17 C18 2(k+2)
(13k + 10) 0
C = C =V,
19 (k-l—]) 20
(13k + 10) k(3k +2)
0] = —F—————————, (= ——>5 —,
4k + Dk +2) 2k + 1)*(k+2)
2k
C = "
BT k+ 2
8k 4k
cy=——————""—#¥—, ()5=——F"—,
*T U+ Dk +2) P T T k+ D2k +2)
4k
6 =

k4 D2k +2)
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1 3(13k + 10) |
C = —=, C = , €29 = — i
T BT T4k ¥ 2) 2T TkED

i(13k + 10)
= —— ",
VT 2+ DKk +2)

8i 3(13k + 10)
c3l=———, Hp=——"—-—"—-,
M= k12 P 8k +2)

(13k + 10)

C33 = -7 A~
8k + 1)(k+2)

(5k +2) 2ik
(y=——"—————, (353=—>+———,
PTG+ T kD2, +2)

i(13k + 10)
€36 =~ T3

4k + )2k +2)

i(3k +2) 2ik
3y =——————"— (3= — 7+,
T 20+ D2k +2) T G+ D2k +2)

(k — 2)(13k + 10)
€39 = 5 )
8k + 1)=(k +2)

(k —2)(13k + 10) (5k2 + 4k — 4)
c40 = — , 4=,
40 8k+ D2(k+2) T 2(k+ D2k +2)

(k —2)(5k +2)
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current and the higher spin 3 current.
The coefficients appearing in Appendix B.15 reduce to
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One can analyze these coefficients in the k — oo limit.
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