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Abstract We investigate the spacetime properties of BTZ
black holes in the presence of the Maxwell field and Born—
Infeld field and find rich properties in the spacetime structures
when the model parameters are varied. Employing Landau—
Lifshitz theory, we examine the thermodynamical phase tran-
sition in the charged BTZ black holes. We further study the
dynamical perturbation in the background of the charged
BTZ black holes and find different properties in the dynamics
when the thermodynamical phase transition occurs.

1 Introduction

The discovery of three-dimensional black holes by Banados,
Teitelboim and Zanelli (BTZ black holes) [1] has been known
as one of the greatest achievements in the study of gravity.
The BTZ black hole provides us a framework to understand
gravitational interactions in low-dimensional spacetimes [2].
It also accommodates a simpler setting to explore many of the
mysteries of black hole statistical mechanics in higher dimen-
sions [3]. In three spacetime dimensions, general relativity
becomes a topological field theory, whose dynamics can be
largely described holographically by a two-dimensional con-
formal field theory at the boundary of spacetime [3]. Thus the
BTZ black hole is a natural environment to realize the idea
of AdS/CFT correspondence. It was found that quasi-normal
modes determining the relaxation time of rotating BTZ black
hole perturbations are exactly in agreement with the location
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of the poles of the retarded correlation function of the cor-
responding perturbations in the dual conformal field theory
[4]. This serves as a quantitative test of the AdS/CFT corre-
spondence; for a review see [5,6] and the references therein
on this topic.

Considerable progress has been made for the study of BTZ
black holes where gravity minimally coupled to matter fields
[3,7]. When the 2+1 gravity is coupled to electromagnetism,
we have the charged BTZ black hole solution [1]. But com-
pared with the neutral holes, the charged BTZ black hole has
not been thoroughly investigated. One of the possible rea-
sons is that the charged BTZ black hole is not a spacetime of
constant curvature [8]. This makes the analysis in terms of
identifications in AdS space not applicable for charged BTZ
black holes [8], which becomes an obstacle to understand the
geometrical properties there. Another reason is that there is a
logarithmic function in the metric expression of the charged
BTZ black hole, which makes the analytic investigation dif-
ficult.

The motivation of this work is to study carefully the
charged BTZ black holes and present clearly the physical
properties once enveiled by mathematical difficulty. We will
first concentrate on the charged BTZ black hole solutions
obtained from the standard Einstein—-Maxwell equations in
2+1 spacetime dimensions with a negative cosmological con-
stant. Then we will generalize our discussions to charged
BTZ black holes obtained when the nonlinear Born—Infeld
(BI) electromagnetism is brought in [9, 10]. The Born—Infeld
theory (BI theory) was first introduced to solve infinite self-
energy problem by imposing a maximum strength of the elec-
tromagnetic field [11]. The generalization of the Maxwell
field to nonlinear electrodynamics will lead to new solutions
and introduce new phenomena to the system under consider-
ation [11]. It is of great interest to investigate how the highly
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nonlinear corrections to the gauge matter fields influence the
bulk black hole spacetime structure and its dynamical and
thermodynamical properties in 2 4 1 gravity.

In this paper we will first go over charged BTZ black
hole solutions with standard Maxwell field and nonlinear BI
field. We will discuss the spacetime structures, and disclose
rich spacetime properties of the black hole in the presence of
the charge parameter. The strength of the charge parameter
determines whether the phase transition can happen or not.
We will further use the Landau-Lifshitz theory for thermo-
dynamic fluctuations to discuss the thermodynamical phase
transitions in the charged BTZ black holes. We will show that
some second moments diverge in the extreme limit, indicat-
ing that thermodynamical phase transition occurs.

It was argued that at the phase transition point, when the
nonextreme black hole becomes extreme, the Hawking tem-
perature is zero which indicates that for the extreme black
hole there is only superradiation but no Hawking radiation,
which is greatly different from that of the nonextreme black
holes. Different radiation properties between extreme and
nonextreme black holes were used as an indication of the
occurrence of the second-order phase transition [12—-14].

However, there are some other discussions on Hawking
radiation when the Hawking temperature is zero [15,16].
For a sufficiently low black hole temperature, Hiscock
and Weems modeled the evaporation of a four-dimensional

dm
asymptotically flat charged black hole by Frale —aaT*o +
od

= d_? They emphasized that charged particles emission can
I'h
be modeled separately from the thermal Hawking flux of neu-

tral particles, but they are all part of Hawking radiation. This
is because emission of charged particle is thermodynamically
related to a chemical potential associated with the electro-
magnetic field of the black hole. Even in the limit 7 = 0, the

dQ . .
mass loss occurs from — term alone due to pair production

by the Schwinger effect. The presence of particle production
at zero temperature can also be read from Hawking’s orig-
Ujolp
of [17] for
exp((w—e®)/T) 1
the number of particle emission. See also Gibbons [18] for
discussions regarding emission from a charged black hole.
These subtleties regarding particle emission when Hawk-
ing temperature is zero make the classification of different
phases in nonextreme and extreme black holes through differ-
ent radiation properties somewhat subtle and difficult. Then
there comes a question whether there are some other phenom-
ena to indicate the sharp difference when the phase transi-
tion occurs between the nonextreme and extreme black holes.
This serves as another motivation of the present paper. We
will focus on the dynamical properties of the charged BTZ
black holes by studying the quasi-normal modes of scalar
perturbation. We find that QNMs can serve as another probe

inal formula (Njqp) =

@ Springer

for the phase transition between the nonextreme and extreme
black holes. The results tell us that the extreme charged BTZ
black hole is easily destroyed if we add more perturbations
to the system, while the nonlinearity of the electromagnetic
field can protect the black hole spacetime partially and make
the perturbation outside the black hole decay faster.

2 Charged BTZ black hole solutions

In this section, we first review the derivation of charged BTZ
black hole solutions in the presence of linear Maxwell (LM)
[1] and nonlinear Born—Infeld (BI) [9] electrodynamics.
Then we discuss the spacetime properties of these charged
BTZ black holes.

Let us begin with the action of Einstein gravity in the
presence of a gauge field,

Sgrav = SgH + Sgauge + SgH, (D

where SgH, Sgauge and Sgu are the Einstein—Hilbert, gauge
field and Gibbons—Hawking actions defined as

1 2
Sgp=—— | dxvy—g(R+=), 2
EH Tor Jy, g( + 12> (2)
1
Seauge = ——— | d*x/—=gL(F), 3)
167 M
1
SeH = —5— d’xv/=hK, “4)
87 Jom

in which R is the Ricci scalar for the bulk manifold M, [ is the
AdS radius and L(F) is the Lagrangian of electrodynamic
field F,, where F = F,,F*’, F,, = 0,A,] and A, is
the electrodynamic gauge potential. % is the determinant of
the two-dimensional metric on the boundary of manifold M
(0M) and K is the trace of the extrinsic curvature of the
boundary. The Lagrangians of the electrodynamic field for
linear Maxwell and nonlinear BI cases are

—F LM

/32<1— /1+2—I;2>BI ’ 3)

where B is the parameter of nonlinearity. Nonlinear BI
electrodynamics reduces to the linear Maxwell case when
B — oo. Varying the action (1) with respect to the metric
g, and the gauge potential A;,, we obtain

L(F) = {

1 2 1 o dL(F)
Ry — Eg/w R+ 7)= Egle(F) —2F,, F) aF
(6)
dL(F)
aﬂ («/ —gd—FFu'v> =0. (7)

Substituting the gauge potential A, = (p(r)(Sg into Eq. (7),
we obtain the nonvanishing component of the electrodynamic
field tensor,
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1 LM,
Fip = —Fy = ‘;’ x { ®)

r—!BI,

where ¢ is a constant related to the total charge of the black

hole and I' = /1 4 g2/ (r??). Equation (6) admits the
charged BTZ black hole solution as
2 ), 4’ 2402
ds® = —f(r)dt* + —— +r=do-, C)
f@r)
in which
2
fr)= 2= m
—2¢%*In% LM,
TN 228201 =) + ¢2 [1 —2In (r“#)] BI,
(10)

where m is a constant which is proportional to the total mass
of the black hole and can be obtained by using the fact that
metric function vanishes at the event horizon r

2
. % —2¢°In (%) LM,
= 2
F 4220 =T+ ¢ [1-2mn (m U52) ] BL
Y

where I'y = /1 + ¢2/ (r2 p2).

In the following, we will explore the spacetime properties
of linearly and nonlinearly charged BTZ black holes.

2.1 Linearly charged BTZ black holes

The metric function for the linearly charged BTZ black hole
reads

r2

f(r):l—z—m—Zqzln;. (12)
In [10], it was argued that for fixed parameters/ = 1 and g =
1, there is a naked singularity when m is sufficiently small,
while the mass parameter is at a critical value, there is an
extreme BTZ black hole. When the mass is above the critical
value, the charged BTZ black hole can have two horizons
enveloping the central singularity, namely the inner Cauchy
horizon r_ and the outer event horizon 7.

How about the situation if we treat ¢ as a variable? The
answer was not provided in [ 10]. In order to study the extreme
charged BTZ black hole, we first let the metric function f ()
to be zero which can tell us the location of the horizon. Fur-
thermore we require the derivative of the metric function
f'(r) to vanish at the horizon which ensures the extremal
condition to be satisfied. From these conditions,

2

r r
friex) = —;;Xt — Mext — 2%2xt In +lem =0, and
2r 242
[ riex) = ;”;“ — Hext (13)
I'text

— 1

Qextz _2qextzln(qext)

! ! ! !

0.0 0.5 1.0 1.5 2.0
Gext

Fig. 1 The behavior of the left-hand side of Eq. (14) versus ¢. There
is a maximum at gex; = 1

we have an equation relating gex; and mex;

qezx[ - quzxt In gext = Mext. (14)

The behavior of the left-hand side of Eq. (14) is shown in
Fig. 1, which has a peak equaling to one when ¢ = 1. When
m = 1, there is only one solution of Eq. (14), which is at
g = 1 and the charged BTZ black hole is extreme. When
0 < m < 1, there will be two solutions for gex; from Eq.
(14). The black hole can be extreme for these two charge
values when m < 1. However, when m > 1, there is no
solution of (14), which indicates that the extreme black hole
condition cannot be respected so that the charged BTZ black
hole is always nonextreme when m > 1.

To have a clearer picture, we plot the metric function f (r)
in Fig. 2 for different values of m. For m < 1 (we choose
m = 0.5), we have two values g and g to accommodate
the extreme black hole. We can see From Fig. 2a that when
q < q1 and ¢ > ¢», the black hole is nonextreme with two
horizons. But in the range g1 < ¢ < g2, there is no root
of the metric function so that the black hole does not exist.
When m = 1, we see that there is just one value for the
critical charge, namely ¢ = 1, to accommodate the extreme
charged BTZ black holes. Below or above this critical charge,
the black hole is always nonextreme, which is shown in Fig.
2b. For m > 1, it is clear from Fig. 2c that there are always
two horizons enveloping the central singularity and the black
hole is nonextreme.

We further define the coordinate difference R = r —r_
between the inner and outer horizons to show its dependence
on the parameter g for different chosen mass values in Fig. 3a.
When the black hole geometrical mass is smaller than one
(m < 1), there will be two horizons protecting the central
singularity when the black hole charge is small. These two
horizons approach each other with the increase of the black
hole charge and the nonextreme black hole becomes extreme
at ¢ = q1. When the charge parameter is between ¢ and ¢»,
there is no root for the metric function f(r) and the black

@ Springer
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Fig. 3 The behaviors of distance R between inner and outer horizons (left) and the temperature T (right) of charged BTZ black hole

hole does not exist. At g = ¢» for the chosen m value smaller
than one, there is only one black hole horizon to appear to
envelop the singularity again. The difference between event
and Cauchy horizons becomes bigger when the black hole is
more charged when ¢ > ¢g>. When m approaches one from
below, we see from Fig. 3a that ¢; and g, approach each
other. They finally merge when m = 1 and only one extreme
charged BTZ black hole exists for ¢ = 1. Below g = 1, with
the increase of the electric charge, the two horizons become
closer to each other, degenerate finally at ¢ = 1. But when
above g = 1, the horizons can separate again when g grows
and the black hole becomes more nonextreme. In the case
when m > 1, the two horizons will never degenerate so that
the black hole is always nonextreme. There exists a turning
point of the mass value m,. In the range 1 < m < m,,
the two horizons can come closer to each other and then
separate away with the increase of ¢, while when m > m,,
the distance between the two horizons of the black hole will
increase monotonically.

We can calculate the charged BTZ black hole temperature,

/ 2
T:M:L(%_Q_) (15)

4 2 ry

@ Springer

which is shown in Fig. 3b. The black hole temperature con-
firms the property we disclosed in the spacetime structure.
When the black hole mass is small (m < 1), the black hole
temperature decreases to zero with the increase of the black
hole charge from 0 to g;. When the charge is big enough
(g = q»), the black hole can exist and the temperature will
rise from zero. When m = 1, the temperature decreases to
zero at ¢ = 1 and then rises with the increase of charge g.
For m > 1, we see from Fig. 3b that there exists a turning
point of the mass m;, when 1 < m < m;, with the increase
of the electric charge, the temperature will first decrease and
then increase but the minimum of the temperature is always
above zero. When m > my;, the temperature increases mono-
tonically with the increase of the electric charge.

We can clearly see that the qualitative behavior of T is
closely related to R.

2.2 Nonlinearly charged BTZ black holes

The metric function of nonlinearly BI charged BTZ black
hole is

r2

[y =15 —m +2r28%(1-T)
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+4° [1—21n<r(1+r))] (16)
21

When f — o0, the results reduce to that presented in the

above subsection. When 8 becomes smaller, the nonlinearity

becomes stronger.

We repeat the discussion above to examine the space-
time structure for the nonlinearly charged BTZ black hole.
The location of the horizon and the extreme condition are
described by

2
.
flry) = l—; — Mext +2r2 % (1 = Ty)

+42, [1 —21In (r+w)} =0, (17)

21
and

Pl = 2B+ T 4263, (1-2°6°T)
o PR (I +T Ty =0,
(18)

where we can find the relation between gex; and miey; in the
form

qezxt - 2qut In ZCIZ; vV 1441282 = mex.

From Fig. 4, we see that there always exists a maximum
value for the left-hand side of Eq. (19). This maximum value

(19)

—_ 1.0 :' T T T T T T i — T T T T T T T 'j
- [ 1
Q [ 1
L 0.5F 1
<+ | @ r b
+ ~ [
— (q\] L
0.0F
> [
E’ -0.5 r B
a [
g [
&  -lof ]
o i
5
G‘ _1'5 kk 1 1 1 ]
0.0 0.5 1.0 1.5 2.0

Gext

Fig. 4 The behaviors of the left-hand side of Eq. (19) versus g for
B =0.2,0.5, 1, 4, and infinity, respectively, from below to the up lines,
where we take [ = 1

4128%/ (1 4+ 41>B%) happens at gexe = 21B//1+412B2.
When m = 41?82/ (1 + 41°B?), there is only one solu-
tion g1 which can make the black hole extreme. For m <
41’2/ (1 + 412;‘}2), there are two solutions g1 and g» which
satisfy the extreme black hole condition. Interestingly, ¢; and
g> can become closer when the nonlinearity is increased in
the electromagnetic field. When m > 41282/ (1 + 412,
the extreme condition cannot be satisfied so that the black
hole is always nonextreme.

To display the property more clearly, we again plot in
Fig. 5 the behavior of the distance between the inner and
the outer horizons R with respect to g for m = 0.25, 1
and 2, respectively. For m < 1 (m = 0.25), we find that
with the decrease of $, the two extreme values of the charge
q get closer to each other, become one and then disappear.
This means that when the nonlinearity in the electromagnetic
field is strong enough, there is no extreme charged BTZ black
hole. For m = 1, the extreme black hole only exists when the
gravity is coupled to the standard Maxwell field. For gravity
coupled to the BI field, when the nonlinearity is not strong
enough, the two horizons of the black hole can approach to
each other first and then separate with the increase of the
electric charge. But they cannot merge. When the electro-
magnetic field is strongly nonlinear, the difference between
two horizons always becomes bigger with the increase of the
black hole charge. For m > 1, the influence of the nonlin-
earity is similar to that described for m = 1 case.

The behavior of Hawking temperature 7 for the nonlin-
early charged BTZ black holes is shown in Fig. 6. It gives
us qualitatively the similar behavior as we discussed for R.
Compared with the linearly charged BTZ black hole, the
nonlinearity in the electromagnetic field makes the Hawk-
ing temperature higher and it is more difficult to reach zero
temperature in the nonlinearly charged BTZ black holes.

3 Thermodynamical phase transitions

Thermodynamics of the BTZ black holes have been dis-
cussed in [8]. More references can be found in reviews [3,7].

[\S} w B w [=}
T T T T ™)

o

—_
T

1.0

(@ m=0.25

b)ym=1

1.5 2.0 25 3.0
q

Fig. 5 The distance R between inner and outer horizons for m = 0.25, 1 and 2 for nonlinearly charged BTZ black holes
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(@) m =0.25

Fig. 6 The behavior of Hawking temperature 7" for m = 0.25, 1 and 2 for nonlinearly charged black holes

Most studies were focused on the BTZ black holes where
gravity minimally coupled to matter fields. For the charged
BTZ black holes, the first law of thermodynamics was con-
structed in [19], the entropy was examined in [20-22], the
mass bound and thermodynamical behavior was investigated
in [23] and the phase transition was studied in [24]. Recently
the thermodynamical stability of the charged BTZ black hole
was investigated in [10] by the method of examining the heat
capacity first proposed by Davies [25-27]. The extension was
performed to the nonlinearly charged BTZ black holes [28].

Here we are going to examine the thermodynamical phase
transition in the charged BTZ black holes more carefully. It
was argued in [12] that the heat capacity cannot be the true
character to mark the phase transition, because there is no
sharp change in physical properties at the point of the phase
transition obtained from the heat capacity.

Besides, the comparison of the free energy of two compet-
ing configurations are often used in the context of first-order
phase transition, such as the Hawking—Page phase transition,
which describes the competition between a pure anti-de Sit-
ter spacetime and an AdS black hole spacetime. However,
the phase transition we studied is between non-extremal and
extremal black holes. This is a second-order phase transi-
tion. So we turn to using the Landau—Lifshitz theory of ther-
modynamical perturbations. Employing the Landau-Lifshitz
theory of thermodynamic fluctuations, the fluctuations in the
rate of change of mass, angular momentum and other relevant
quantities of different black holes were examined and it was
found that some second moments in the fluctuation of rele-
vant quantities diverge when the black holes become extreme,
which marks the occurrence of the second-order phase tran-
sition. Below we will further use the Landau—Lifshitz the-
ory to study the phase transition in the charged BTZ black
holes.

According to Landau-Lifshitz theory [29], in a fluctuation—
dissipative process, the flux X; (dot shows temporal deriva-
tive) of a given thermodynamic quantity X; is expressed by

Xi= —ZFUXJ,
J

(20)

@ Springer

where I';; and y; are the phenomenological transport coef-
ficients and thermodynamic force conjugate to the flux X;,
respectively. Also, the entropy production rate is given by

S = Z:i:)(,‘X,’.
i

The second moments in the fluctuations of the fluxes read

2n

(5X,’8Xj)= (Fij+Fj,-)8,-j, (22)
where the angular brackets denote the mean value with
respect to the steady state and the fluctuations 8X; are the
spontaneous deviations from the steady state value (X ,~> (we
set kg = 1). The Kronecker §;; in Eq. ( 22) is to guarantee
that correlations vanish when two fluxes are independent. We
can obtain the rate of entropy production,

()54 (5). ¢
oM ), 30 /)

M QO (M
4G,
i _uo

S(M, Q)

T T @
where we have used
<8M> (E)M)
T=|— , U=—) , 24)
BN 0 00 /¢
and
(%), (70),, (7).~ )
BN 0 00 )y \oM S_ ’

in which S, M and Q are entropy, total mass and total charge
of the black hole defined as [10]

§s=""* Q=‘—1andM=%,

> 5 (26)

and U is the electric potential energy. Using Egs. (11), (24)
and (26), one can calculate the temperature and the electric
potential energy as
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s _ 07
T = { @ Qsz 2582 02 7204 LM,
op ~ s T =T+ g + B2S3Ts(1+Ts) I
and
28
—201n (%) LM,

'>Q3

—20Mn (5 (1 +T9) + 0 (1-T5") - el BL

N

where 'y = \/1 + Q%n2/ (8?p?). 1t is worthwhile to men-
tion that for the extreme black hole case where f’(r1) = 0,

the Hawking temperature vanishes since T = f/(ry.)/4m.
The rate of the mass loss is [30,31]

dm d
— = —baoT? + U—Q.
dr dr

The first term on the right side of (27) exhibits the thermal
mass loss due to Hawking radiation. Note that the power of
the temperature is dimension-dependent. This term is just the
Stefan—Boltzmann law, in which b denotes the radiation con-
stant. The constant « is dependent on the number of species
of massless particles and the quantity o is the geometrical
optics cross-section. The second term on the right side of
Eq. (27) is due to the mass loss of charged particles. In fact,
It is the same term as appears in the first law of black hole
mechanics, namely Ud Q.

According to what described and calculated above, we can
obtain the correlation functions or the second moments of the
corresponding thermodynamical quantities as

27

(6M8M) = —2TM, (5050)
Y

== (8M80) = U (5080), (28)
(6SsM) = 7 (sMsM) — v (SMSQ)
| 02 o . .
= 7((SM(SM) — T(SQ(SQ) = —2M +2UQ,
29)
U R /A
(8580) = - (sM50) — — (5050)
U, . . U, . .
= 7((SQ(SQ) - 7(5Q5Q) = (30)
2
(6358) = 5 (smt3) + 7 (6050)
2U | R /L
-— (SMSQ) 73 (6msm) — Tz (60s0)
3 2M 2UQ_(8$5M)
=Tt T Gl
(8T8T) = Mg (858S)+ M5, (8Q80) +2MssMsg (855 Q)

= Mg (8388)+ M3, (8050).

(32)

(8$5T) = ﬁ (8S5M) + M— 2 (5M80) - UA;SS (8550)
UM .
TSQ (8080) = Mys (5555). (33)

Note that, for calculating (8 Ts T) and <8S’8 T), we have used

oT . aoT . . .
7(S, Q) = (85) S+(@> 0 =MgssS+ MspQ,
s

(34)

in which Mxy = 82M/8X8Y. Since T vanishes for the
extreme black hole case, the second moments (8 $88 ) (8 Ts T)
and <5 S 8T> diverge there. The divergence of the second
moment means that the fluctuation is tremendous which
breaks down the rigorous meaning of thermodynamical quan-
tities. This is just the characteristic of the point of the phase
transition. This property holds for the nonlinearly charged
BTZ black hole as well.

4 The dynamical perturbations

It is an interesting question how we can examine the
phase transition through physical phenomena. Hiscock and
Weems’s argument tells us that the Hawking radiation is not
exactly zero when the black hole temperature vanishes [24].
This makes the attempt to indicate of the second-order black
hole phase transition through different radiation properties
fade. In this section we are going to explore the properties of
the dynamical perturbations in the charged BTZ black hole
background. We will examine the behavior of quasi-normal
modes (QNMs) of scalar perturbations, and will argue that
the dynamical perturbation behavior can serve as a new probe
of the phase transition between the extreme and nonextreme
black holes.

QNM of black holes does not depend on perturbation fields
outside black holes. Instead, it only depends on properties
of the background spacetime. Thus QNMs can reflect the
dynamical properties of black holes. It was argued in [32]
that the QNMs of the electromagnetic perturbations can give
evidence of a second-order phase transition of a topological
black hole to a hairy configuration. Further supports that the
QNDMs can be probes of the phase transition were provided in
[33,34]. In a recent paper, it was reported that the signature
of the Van der Waals like small-large charged AdS black hole
phase transition can also be observed in QNM [35]. It is of
interest to generalize the previous studies to investigate the
dynamical perturbations in the charged BTZ black holes and
examine whether the QNM:s of the perturbation can again be a
physical indication of the thermodynamical phase transition.

In calculating the QNMs, we have tried three differ-
ent numerical methods [6], namely the Horowitz—Hobeny
method, the Shooting method and the asymptotic iteration

@ Springer



390 Page 8 of 12

Eur. Phys. J. C (2017) 77:390

method (AIM). We found that the AIM is the most pre-
cise and efficient method, especially when the black hole
approaches extremality. In the following we will introduce
the AIM method first and present the numerical results.

AIM was first used to solve eigenvalue problems of
the second-order homogeneous linear differential equations
[36], and then applied to the case of black hole QNMs. Con-
sidering the second-order homogeneous linear differential
equation

x" = r)x" + s0(x)x, (35)

where Ag(x) and so(x) are smooth functions in some interval
[a, b] and taking the derivative of Eq. (35) with respect to x,
we obtain the following equation:

X" =x@x +s1(x)x, (36)
where

M) = A5(x) +s0(x) +A3(x), and s1 = sh(x)
+ s0(x) Ao (x). (37

Repeating this step iteratively, we can obtain the (n + 2)th
derivatives,

X" = ()X + s ()X, (38)
where

A () = A1 (%) + 55—1(xX) + Ao(X)Ap—1(x), and s,(x)
= 85,1 (x) + 50(X)An—1(x). (39)

For sufficiently large n, the asymptotic aspect of the method
is introduced as [37]

Sn(x) _ Sp—1(x)
An(X) )\n—l(x).

The QNMs can be derived from the above “quantization con-
dition”. However, the derivatives of 1, (x) and s, (x) in each
iteration can slow down the numerical implementation of
the AIM considerably and also lead to precision problems.
These drawbacks were overcome in the improved version of
AIM [38]. A, (x) and s, (x) can be expanded in Taylor series
around the point & at which the AIM is performed,

(40)

) =) ey =8 and sy(x) =) dyx— ).
i=0 i=0
(41)

Here c,’; and d,’; are the ith Taylor coefficients of A, (&)
and s, (§), respectively. Substituting these expansions into
Eq. (39), we obtain a set of recursion relations for the coef-
ficients,

i
i _ i+1 i k i~k
¢, =G+ D +d,_ |+ Zcoc;_l, and
k=0

@ Springer

i
di =i+ DdT) + > dici . (42)
k=0

Consequently, the “quantization condition” can be expressed
as
doc?

ntn—1

—d’ =0, (43)

which no longer requires the derivative operator. Both the
accuracy and the speed of the AIM computation are greatly
improved by this change.

Now we apply this method to charged BTZ black holes.
The massless Klein—Gordon equation is

V'V, =0. (44)
The solution of (44) can be considered in the form of
U= ¢ "R(r)Y (0), (45)

which enables us to decompose the differential equation (44)
into two parts:

2YO) _ 0 46
392 - ( )
p fly 17, ?R(r)

R"(r) + [ G + ;] R'(r) —f(r)2 =0, 47

where we set the separation constant to zero. With the defi-
nitions

G
R(r) = NG (48)
and
dr
dry = ——, 49
=70 )

where r, is the tortoise coordinate, we can rewrite (47) in the
Schrodinger form,

%y

2 _
5t <a) - V(r)) W =0, (50)
where
/ 2
V(r)zf(r)f(")_f(r) 51)

2r 452

We take a coordinate transformation§ = 1—r /r. Atinfinity
r — 00,& — landathorizonr — ry,& — 0 and therefore
we can choose the point & between 0 and 1. Applying & =
1 —r4/r, Eq. (50) turns to

O’y oy

— = X&) — + . 52
022 o) 0 s0(§)y (52)
We will express A and sg for linearly and nonlinearly charged
cases separately in the following of this section and apply
AIM to calculating of the QNMs corresponding to each case.
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4.1 Linearly charged case

In the linearly charged case we have

2 2 2 2 I+
22 (1 =) (m = g% + 2> In ;)

1 2ikw (1 —
)»0(5)21_5[34' o 5)}

£

s0(§) =

Pm (1 =8 —r} +21%% (1 = §)7In g

(53)

40—t

3(1—&)° —
[( £) £

Riko (1 — &)} dko (ko — i) (1 — 5)4}
_ =

| 42 (1 — £)* Qiko + £ 3 — 2iko)) (m —¢*>+2¢°In ﬁ)

40—t

"+

§(Pm (1= = r2 42122 (1 - £ In 155 )

) (a)2 - —414&(11_5)2) (73 = Pm (=92 = 2267 (1 = £ In ;)

-

x (3»{‘; +12 (m—4g%) (1 = €2 +21%> (1 - )% In

2
2
__ "+ 21n I+
(m P +2g41In 1(1§)>

T+
—, 54
l(l—é)) oY

where k = [f’ (r+)]_1 and w is the quasi-normal fre-
quency. Substituting (53) and (54 ) into the (52), we can
obtain the QNMs of charged BTZ black holes in the
presence of Maxwell electrodynamic field by using (42)
and (43).

Calculations show that the real part of QNMs (wr) is
always zero. So in the charged BTZ black hole there is no
oscillation of the dynamic perturbation. This is consistent
with the result found in the neutral BTZ black hole [39].
The dynamical perturbation only decays with the relaxation
time scale measured by the imaginary part of QNMs (wy ),
whose dependence on the model parameters is shown in Fig.
7. For the nonextreme black hole in the allowed parameters

— m=0.25 ]
= m=0.5
- m=0.75
— m=1
= m=L.5
— m=2

m=25 |]

m=3

m=5

0.0 0.5 1.0 15 2.0 25
q

Fig. 7 The behavior of imaginary parts of QNMs (wy) with respect
to g

range discussed above, the dynamical perturbation will die
out which ensures the stability of the black hole spacetime.
But when the black hole approaches the extreme case, wy
becomes less negative and the decay of the perturbation
becomes slower. In the extreme case, wy becomes zero. This
indicates that for the extreme black hole, the perturbation will
never die out which makes the black hole spacetime unsta-
ble. For the cases m < 1, g > g andm = 1, g > 1, with
the increase of g, we observe that the perturbation can decay
faster, which makes the black hole even more stable. When
m > 1, the black hole can never become extreme and the wy
is always negative.

It is interesting that the QNMs behavior exactly reflects
what we discussed for the spacetime property. Especially
we find that when the black hole phase transition happens,
the dynamical perturbation presents us a drastically differ-
ent property. Nonextreme black hole can always be stable
with the decay of the dynamical perturbation, while the per-
turbation on the extreme black hole background can per-
sist which makes the extreme black hole quasi-stable. This
serves as another marking of the phase transition and indi-
cates different properties of different phases in the black
hole.

4.2 Nonlinearly charged case

In the nonlinearly BI charged case, we have

@ Springer



390 Page 10 of 12

Eur. Phys. J. C (2017) 77:390

3¢ + 2ikw — 2ikwé

)\, =
0(§) s,
N 2(1— &) (m —q*> +2¢*B(§)) 55)
(m —q2) (1 =26 +£2) —r2 (282 — 1) + 2r2 B2AE) + 292 (1 — §)* B(§)
1 3iko (1 —&) kol —§&)? (ko —i)
= — 1 — —
so(f) (l _g)z |: g 5_2 :|
B Qiko + & (3 — 2ikw)) (m — q° + 2¢*B(§))
E[(m—q?) (1 —26 +&2) —r2 (282 — 1) +2r2 B2AE) + 292 (1 — §)* B(§)]
0)2
- 2
i (—1 282 (—1 4+ A@©) + MU 4 LU g 23(&)))
N r2 (=1 —2p% +2B%A(®)) 56)
(1—=6)2[(m—q?) (1 —2& +82) —r2 (282 — 1) +2r2 B2A(E) +2¢2 (1 — £)* B(®)]’
where
g2 —§)? o (14 A®)
AE) = [1+ 2 and B(£) =In “a-p (57)

Substituting (55) and (56) into the (52), we can calculate
the QNMs of BI charged BTZ black holes by using (42)
and (43).

Again the real part of QNMs (wRr ) vanishes indicating that
there is no oscillation of the perturbation. The decay time
scale of the perturbation can be measured by the imaginary
part of w; which is shown in Fig. 8. This behavior is similar
to that of the linearly charged case.

For the nonextreme black hole, the spacetime is always
stable, since the dynamic perturbation will die out finally.
When the nonextreme black hole approaches extreme with
the increase of the electric charge, the perturbation will die
out more slowly, since the wj becomes less negative. For the
extreme black hole, wy is zero which indicates that for the
extreme black hole background, the perturbation will persist
and will not die out. Compared with the linearly charged
BTZ black hole case, we have observed that the nonlin-
earity introduced here helps to protect the stability of the
black hole. Increasing of the nonlinearity, the w; becomes
more negative for the same parameters m and g case. This
agrees with the observation in the four-dimensional BI AdS
black hole [40]. The QNMs behavior reflects the space-
time properties discussed above. Interestingly we again wit-
nessed that the dynamic perturbation can be a signature to
probe the phase transition in the system. We see the evi-
dence that two phases, the nonextreme and extreme black
holes have different dynamical behaviors. This actually sup-
ports the phase transition results obtained in the previous
section.

@ Springer

5 Summary and conclusions

In this paper, we have carefully examined the spacetime prop-
erties of BTZ black holes in Maxwell field and Born—Infeld
field. We found new, rich spacetime structures of the black
hole when the model parameters are varied. These special
spacetime properties determine the conditions of phase tran-
sition. For a charged BTZ black hole with mass in a small
value regime, 0 < m < 1, the black hole can evolve from
nonextreme to extreme black hole when the charge of the
black hole increases from zero to some ¢g1. When the charge
of the black hole increases further, there will be no black hole
solution. But when the charge parameter becomes as big as
some g, an extreme black hole appears and this extreme
black hole will become nonextreme with the further increase
of the charge parameter. The difference between g and ¢»
will become smaller with the increase of m and g1, g2 will
degenerate when m = 1. But when the mass parameter is
bigger than 1, the black hole will always be nonextreme, no
matter how much we increase the charge parameter. Gener-
alizing the discussion to the nonlinear charged BTZ black
holes, we find the qualitative behaviors in the structures of
black hole persist when we have the case of the BTZ black
hole with nonlinear Born—Infeld electromagnetic field.
Furthermore we have studied the thermodynamical phase
transition in the charged BTZ black hole background. Instead
of the heat capacity, we have employed the Landau—Lifshitz
theory and examined the second moments of relevant param-
eters in the system. We have found that some second moments
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Fig. 8 The behavior of imaginary parts of QNMs (wy) with respect to ¢ for nonlinearly charged case

diverge when the black hole extreme limit is reached, which
indicates the break down of the rigorous meaning of thermo-
dynamical quantities. This marks the occurrence of the ther-
modynamical phase transition, where some physical proper-
ties change.

To disclose more signature of the phase transition, we
have calculated the QNMs for the charged BTZ black holes.
The dynamical perturbation does not oscillate in the charged
BTZ black hole. It only shows the decay behavior when
the charged BTZ black hole is nonextreme, which shows
that the perturbation outside the nonextreme black hole will
finally die out so that the nonextreme charged BTZ black hole
is always stable. When the nonextreme black hole evolves
towards the extreme hole, the decay becomes slower. But
when the extreme black hole is reached, the dynamical per-
turbation will not decay, it persists. This is a dangerous signal
which tells us that the extreme charged BTZ black hole is eas-
ily destroyed if we add more perturbations to the system.
Considering the nonlinearity of the electromagnetic field,
we have observed that the nonlinearity can partially save
the black hole and make the perturbation outside the black
hole decay faster. The different properties of QNMs for the
extreme and nonextreme charged BTZ black holes are inter-
esting. They can serve as another probe for the phase transi-
tion between the nonextreme and extreme black holes.

We have discussed the relation between horizons and
found that there exists a turning value in the mass param-
eter, m,. When m > 1, the black hole is always nonextreme,
butintherange 1 < m < m,,two horizons can first approach
each other and then separate away with the increase of charge
g, but when m > m,, the difference between two horizons
will become bigger monotonically when g increases. At first
sight, this property looks similar to the temperature behavior,
since when m > 1, black hole temperature also has a turning
point at m,. But we found that m, and m; do not coincide. The
reason can be understood: the temperature is just an appar-
ent thermodynamical quantity, it cannot reflect deep physics
in the spacetime property. In the QNM behavior, we found
that when the black hole horizons get closer, the perturba-
tion around the black hole decays slower and slower. But

when the difference between black hole horizons becomes
bigger, the black hole becomes more nonextreme, the pertur-
bation around the black hole decays faster. The value m, is
really the boundary parameter we can distinguish the speed
of the decay of perturbations around black holes. However,
this behavior change in the QNMs does not show up in m;.
This tells us that the black hole temperature is not a good
index reflecting the spacetime dynamical property.

The zero temperature of the extreme black hole is a ther-
modynamical indication of the occurrence of a second-order
phase transition between nonextreme and extreme black
holes [12]. But this is not a direct reason for the behavior
of QNMs. The vanishing decay of the dynamical perturba-
tion is an intrinsic result of the phase transition happening
between nonextreme and extreme black holes. It is not caused
directly by the zero temperature of the black hole.
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