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Abstract We present a generalization of the standard
Inonii-Wigner contraction by rescaling not only the gener-
ators of a Lie superalgebra but also the arbitrary constants
appearing in the components of the invariant tensor. The
procedure presented here allows one to obtain explicitly the
Chern—Simons supergravity action of a contracted superal-
gebra. In particular we show that the Poincaré limit can be
performedtoa D =2+ 1 (p, g) AdS Chern—-Simons super-
gravity in presence of the exotic form. We also construct a
new three-dimensional (2, 0) Maxwell Chern—Simons super-
gravity theory as a particular limit of (2, 0) AdS-Lorentz
supergravity theory. The generalization for N" = p +¢q grav-
itinos is also considered.

1 Introduction

The three-dimensional (super)gravity theory represents an
interesting toy model in order to approach higher-dimensional
(super)gravity theories, which are not only more difficult but
also leads to tedious calculations. Additionally, the D = 24-1
model has the remarkable property to be written as a gauge
theory using the Chern—Simons (CS) formalism [1,2]. In par-
ticular, the three-dimensional supersymmetric extension of
General Relativity [3,4] can be obtained as a CS gravity the-
ory using (A)dS or Poincaré supergroup. A wide class of
N -extended Supergravities and further extensions have been
studied in diverse contexts in, e.g., [5-25].

The derivation of a supergravity action for a given superal-
gebrais not, in general, a trivial task and its construction is not
always ensured. On the other hand, several (super)algebras
can be obtained as an Inonti-Wigner (IW) contraction of
a given (super)algebra [38,39]. Nevertheless, the Chern—
Simons action based on the IW contracted (super)algebra
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cannot always be obtained by rescaling the gauge fields and
considering some limit as in the (anti)commutation relations.
In particular itis well known that, in the presence of the exotic
Lagrangian, the Poincaré limit cannot be applied to a (p, q)
AdS CS supergravity [7]. This difficulty can be overcome
extending the osp (2, p) ® osp (2, q) superalgebra by intro-
ducing the automorphism generators so (p) and so (g) [9].
In such a case, the IW contraction can be applied and repro-
duces the Poincaré limit leading to a new (p, g) Poincaré
supergravity which includes additional so (p) G so (g) gauge
fields.

Here, we present a generalization of the IW contraction by
considering not only the rescaling of the generators but also
the constants of the non-vanishing components of an invari-
ant tensor. The method introduced here ensures the construc-
tion of any CS action based on a contracted (super)algebra.
In particular, we show that the Poincaré limit can be applied
to a (p, q) AdS supergravity in the presence of the exotic
Lagrangian without introducing extra fields as in Ref. [9].
Subsequently, we apply the method to different (p, g) AdS—
Lorentz supergravities whose IW contraction leads to diverse
(p, g) Maxwell supergravities. The possibility to turn the IW
contraction into an algebraic operation is not new and has
already been presented in the context of asymptotic symme-
tries and higher spin theories in Ref. [26]. Other interesting
results using diverse flat limit contractions in supergravity
can be found in Ref. [27].

At the bosonic level, the Maxwell symmetries have lead
to interesting gravity theories allowing to recover General
Relativity from Chern—Simons and Born—Infeld (BI) the-
ories [28-31]. On the other hand, the AdS—Lorentz and
its generalizations allow one to recover the Pure Lovelock
[32-34] Lagrangian in a matter-free configuration from CS
and BI theories [35,36]. At the supersymmetric level, the
Maxwell superalgebra provides a pure supergravity action in
the MacDowell-Mansouri formalism [37]. More recently, a
three-dimensional CS action based on the minimal Maxwell
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superalgebra has been presented in Ref. [22] using the expan-
sion procedure. Here, we show that the same result can be
obtained using our alternative approach. Besides, we show
that the Maxwell limit can also be appliedin a (p, ¢) enlarged
supergravity leading to a (p, g) Maxwell supergravity with
an exotic Lagrangian.

The organization of the present work is as follows: in
Sect. 2, we apply our approachto NV = 1 and N = p+q AdS
CS supergravities. In particular, we show that the Poincaré
limit can be applied to (p, g) AdS CS supergravity theories in
the presence of the exotic Lagrangian. In Sect. 3, we discuss
the Indnii-Wigner contraction of an expanded supergravity.
In particular, we describe the general scheme. In Sect. 4, we
apply our procedure to a NV = 1 expanded CS supergravity.
In Sect. 5, we present the CS formulation of the (2, 0) and
(p, q) Maxwell supergravities and discuss their relations to
(2,0) and (p, g) AdS—Lorentz supergravities, respectively.
Section 6 concludes our work with some comments and pos-
sible developments.

2 Inonii-Wigner contraction and the invariant tensor

The standard Inonii—-Wigner contraction [38,39] of a Lie
(super)algebra g consists basically in properly rescaling the
generators by a parameter ¢ and applying the limit o — oo
corresponding to a contracted (super)algebra.

Despite having the proper contracted (super)algebra fol-
lowing the IW scheme, the contracted invariant tensor cannot
be trivially obtained. This is particularly regrettable since the
invariant tensor is an essential ingredient in the construction
of a Chern—Simons action.

In this paper, we present a generalization of the standard
Indnii—Wigner contraction considering the rescaling not only
of the generators but also of the constants appearing in the
invariant tensor. The method introduced here allows one to
obtain the non-vanishing components of the invariant tensor
of an IW contracted (super)algebra. Thus, the construction
of any CS action based on an IW contracted (super)algebra is
ensured. In particular, we apply the method to different (p, g)
AdS-Lorentz superalgebras whose IW contraction leads to
diverse (p, q) Maxwell superalgebras.

Let us first apply the approach to the AdS supergravity in
order to derive the Poincaré supergravity.

2.1 Poincaré and osp (2|1) ® sp (2) supergravity

As in the bosonic level, the IW contraction of the AdS super-
algebra leads to the Poincaré one. Besides, the Poincaré CS
supergravity action can be obtained considering a particular
limit after an appropriate rescaling of the fields of the super
AdS CS action. Nevertheless, in the presence of torsion the
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exotic Lagrangian, which has no Poincaré limit [7], is added
to the AdS CS supergravity.
The three-dimensional Chern—Simons action is given by

2
1& = k/<AdA + gA3>, (1

where A corresponds to the gauge connection one-form
and (...) denotes the invariant tensor. In the case of the
osp (2]1) ® sp (2) superalgebra, the connection one-form is
given by

1 - 1~ 1 -
A=-0Jp+ =P+ —9* Qq, (2)

2 I /i

where Jup, P, and Q, are the osp (2]1) ® sp (2) generators.
The gauge fields ¢?, ®®® and  are the dreibein, the spin
connection and the gravitino, respectively. Here, the length
scale/ is introduced purposely in order to have dimensionless
generators T4 = {jab, ISa, Qa} such that the connection one-
form A = Aﬁ Tadx* must also be dimensionless. Since the
dreibein ¢ = e}, dx" is related to the spacetime metric g,
through g, = ezefj Nab, it must have dimensions of length.
Then the “true” gauge field should be considered as e¢%/I.
In the same way, we consider v/+/I as the supersymmetry
gauge field since the gravitino ¥ = v, dx" has dimensions
of (length)!/2.

The (anti)-commutation relations for the osp (2|1)@sp (2)
superalgebra are given by

[jah» jcd = chjad - nacjbd - nhdjac + nadtha 3)

[jab, ﬁc: = Npe Pa — Nlac Py, 4)
[ Pas ] = T, ®)
7. 0] = 5 (tw0) [P 0] = 5 (ra0) .
(6)
[0 0s] =3[ (c), s 2071, ]
@)

where C denotes the charge conjugation matrix, 'y repre-
sents the Dirac matrices and 'y, = % [Tg, Tpl.

The non-vanishing components of an invariant tensor for
the osp (2|1) ® sp (2) superalgebra are given by

(du Pe) = rr€ane, ®)
(jabjcd> = Ko (MadNbe = NacMbd) » 9
(P Bs) = wonan. (10)
(0u0s) = 211 = 10) Cap. (an
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where (1o and w1 are arbitrary constants. Then, considering
the invariant tensor (8)—(11) and the connection one-form in
the general expression for the D = 3 CS action, we have

o 2 2 2
Iést) = k/ |:7 <w‘;)dwbu + gw“(.w‘hw}; + l—ze“Ta - fﬁq’)

1 _
+% (éabcR"beC + ﬁeabce”ebeC + 21,0\I/>

—a (hemotte) |. (12)

where
Rub — da)ub _}_wacwcb’ T — Jde° +a)£;7€b,
1 ab 1 a
v = dw + Za)abl" w + Zeal" I//

It is well known that the following rescaling of the gener-
ators:
Qo —> 00
leads to the Poincaré superalgebra in the limit 0 — oo. It
seems natural to construct a Poincaré CS supergravity action
combining the corresponding rescaling of the generators with
the AdS invariant tensor given by Egs. (8)—-(11). However,
such rescaling of the generators leads to a trivial invariant
tensor and then to a trivial CS action. In order to obtain the
right Poincaré limit at the level of the action, a rescaling of the
arbitrary constants appearing in the invariant tensor should
also be considered. Indeed, a rescaling which preserves the
curvatures structure is given by

jab - J_aba ﬁa - Uzﬁa,

o —> Mo, K1 —> O

Then, considering the rescaling of both the generators and
the constants, one can see that the limit o — oo leads to
the non-vanishing components of the invariant tensor for the
Poincaré superalgebra,

(J_abﬁc)fp = HK1€abc, (13)
(J_ab-]_cd)fp = 10 (NadNbe — NacMlbd) (14)
(00 0p)p = 2111Cup, (15)

where J,;, P, and Qa are the Poincar é generators. Con-
sidering the Poincaré gauge connection one-form and the
non-vanishing components of the Poincaré invariant tensor,
the CS action reduces to

2
IG = kf % (w%dwi + gwacwcba)ba>

—}—% (eabcR”bec + ZIﬁ\I/) —d (%eabcw“bec) ,

where the fermionic curvature is now given by

1
U=dy + Za)abl"”bw.

Let us note that the present approach allows one to trivially
obtain the Poincar € limit from the osp (2]1) ® sp (2) CS
action. One could suggest that the same result can be obtained
considering / — 00,, nevertheless the presence of the exotic
Lagrangian forbids such limit. Additionally, one can notice
that the gravitino does not contribute anymore to the exotic
form.

2.2 (p, q) Poincaré and osp (2| p) ® osp (2|q) supergravity

Let us now consider the (p, g) AdS supergravity theories,
which can be viewed as a direct sum of AdS superalgebras.
It is well known that the (p, g) Poincaré superalgebra can
be derived as a Inonii-Wigner contraction of the (p, g) AdS
superalgebra. However, as was mentioned in Refs. [9,11,40],
the Poincaré limit at the level of the action requires enlarge-
ment of the AdS superalgebra, considering a direct sum of
the so (p) @ so (g) algebra and the (p, g) AdS superalgebra.
Here, we show that our approach allows one to obtain the
Poincaré limit without introducing additional gauge fields.
In particular, the non-vanishing components of the invariant
tensor of the (p, g) Poincaré superalgebra are obtained from
the AdS ones.

The supersymmetric extension of the AdS algebra con-
tains NV = p + ¢ gravitinos, and it is spanned by the set of

generators { fab, Isa, fi~/, f””, Qfx, Qé} which satisfy [9]

[ Jab- ch] = NbeJad = NacTba — b Jac + Nad Joc (17)
I:ivi_/" sz] = §ikFil _ gikqil _ gil ik 4 sil Fik, (18)
I:TIJ’ TKL] = §IKFIL _ gIKFIL _ sILFIK | SILFIK (19)
[Juv Pe] = e Pu = nacPy. [ Pac Py = Jan. (20)
I:fij’ Ql;] _ Sjkéix _Sikéé) ’ [fll’ Qf]z(SlKQé _SIKQ({[)

21

[F. 0] = —3 (ran@), . [P 0] =3 (ra0) . (22)
[7. 0] = 5 (rw@"), [P0 04] = 5 (ra0?) . (23)
{Qf,, Q;;} - —%a"f [(r“hc) , Jap =2(1°C), 4 ﬁg] + CopT,
(24)
[01.05) = 357 [(10€),, D +2(°€) | - Cup T,
(25)
wherei, j =1,...,pandl,J =1, ... ,q.Here,thefij and

T generators correspond to internal symmetry generators
and satisfy a so (p) and so (q) algebra, respectively.

One can introduce the osp (2|p) x o0sp (2]|¢) connection
one-form A given by

@ Springer
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| A 1 - | I 7= 1 - -

A:Ewa Jub-l-?eapa-i-EA”Tij-l-EA TIJ+%W:‘Q1
1 - -~

+ﬁ¢1Q’. (26)

The non-vanishing components of the invariant tensor for
the (p, g¢) AdS superalgebra are given by

(das Jea) = 10 Graaine = nacnva) 27)
(du Pe) = tt1€abe (28)
(f’a ~b> = 0Nabs (29)
(0:.04) =2 (a1 = 110) Cupd, (30)
(0L05) = 21 + o) Capd™”, (3D
<TU’T“> =2 (o — 1) (5”5"1 _ 5”‘5’1) , (32)
<T”T“>:2(Mo+m)(a“5“—5”‘5“), 33)

where po and p are arbitrary constants. Considering the
connection one-form A and the non-vanishing components
of the invariant tensor in the three-dimensional CS general
expression (1), we obtain the osp (2|p) ® osp (2|qg) super-
gravity action in three dimensions:

2 . 2
1§ = k/ % (w"bdwl; + gw"cw‘bwli, + l—ze“Ta)

1 1
+M76abc (Rabec + ﬁeaebec)
i adi L 2 ik gkj A ji
+ (no — p1) | AVdAT + 3474 TA
2
+ (o + 1) [AIJdAJI n gAIKAKJAJI:|
1-. . L
+2 (1 — o) [ﬁw (v + A”W)]
1 -
+2 (1 + p10) [fp’ (v + A”W)} S
where
R — dw™ + a)acafb, T¢ =de + ofe,
4 | o .
\Ill =d1,[/l + Zwahrabwl + _ear\awl’

21

‘-IJI — dlﬁl + lwabrabwl _ learawl.

4 21
Let us note that an off-shell formulation for osp (2|p) X
osp (2|g) supergravity is not ensured when p + g > 1.
Interestingly, diverse off-shell formulations for (p, g) AdS
supergravity when p + ¢ < 3 can be found in Refs.
[41,42].

@ Springer

One can note that the (p, g) Poincaré superalgebra can be
obtained from the (p, g¢) AdS one considering the following
rescaling of the generators:

jab - J_ahs Tij - aZTij, ﬁa - 0‘2Pa, Qa - GQO{

and the limit 0 — oc:

[J_ab, J_cd] = nbcjad - nac-]_bd - nbd-]_ac + nudjbw (35)
[jabvlsc] = 77bcﬁa _naclsb’ (36)
_ _. 1

Vs 04| = =5 (T 0') . (37)
7 A 1

[ Vs 0] = =5 (Tn@") - (38)

{Q;, ng} = 87 (1C)  Pa + CapT", (39)

{Qg, ‘g} = 5! (1C) g Pa — CapT" (40)

Here, 7'/ and T!/ behave as central charges and no longer
satisfy a so (p) and a so (g) algebra, respectively. Indeed,
when p or g is greater than 1, the (p, g) Poincaré superal-
gebra corresponds to a central extension of the N -extended
Poincaré superalgebra.

At the level of the action, we have to consider a rescaling
of the constants appearing in the invariant tensor. Indeed, a
rescaling which preserves the curvature structure is given by

o —> Mo, [ —> O2u.

Then the limit ¢ — oo leads to the non-vanishing compo-
nents of the invariant tensor for the Poincaré superalgebra,

(J_abjcd>'p = ft0 (MadNbe — NacMlbd) » 41)
<J_abﬁc>p = WK1€abe, (42)
(0,04),, =2uiCups”. *3)
<Qé Q,é}P = 2p1Cop8"’, (44)

where Jyp, Py, O, and Q! correspond now to the Poincaré
generators. As was noticed in Ref. [9], there are no compo-
nents of the (p, g) Poincaré invariant tensor including the 7%/
and T!/ generators. Indeed, considering the (p, ¢) Poincaré
connection one-form and the invariant tensor (41)—(44) in the
general expression for the CS action we find

2 .
1§ = k/ % (a)‘ﬁ,dwba + gw“cw‘bwz>

il (eabCR”bec Fogiwl 4 21/}’\1/’) ,

; (45)

where
i i, 1 ab., i
v = dw + Zwabr ‘(p 5

1
\IJI :dwl + Zwabr‘abwl.
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The Poincaré CS action (45) can be directly obtained from
the (p, q) AdS one considering the rescaling of the constants
(o = o, 1 — o2ju1), the rescaling of the fields:

Wab = @ap, AV — 6 T2AY ey — 0 2e,,

W N B

and the limito — oo. Thus, the Poincaré limit can be applied
without introducing extra fields and/or change of basis. Nev-
ertheless, as in the A/ = 1 case, the gravitino does not
contribute to the exotic form. Besides, no so (p) or so (q)
gauge fields appear in the Lagrangian. In order to obtain more
interesting supergravity actions whose gravitino appears in
the exotic term, it is necessary to consider our approach to
enlarged supersymmetries.

On the other hand, let us note that the term proportional
to w1 reproduces the action of Ref. [9] when F(A) = O.
Naturally, the same procedure can be applied to the direct sum
of (p, g) AdS superalgebraand so (p)@so (¢g) algebra, which
would lead to the most general action for (p, g) Poincaré
superalgebra [9].

3 Inonii-Wigner contraction of an S-expanded
supergravity

The development of the Lie (super)algebra expansion method
has played an important role in deriving new (super)gravity
theories [43-55]. In particular, the semigroup expansion
method (S-expansion) allows to find explicitly the non-
vanishing components of an invariant tensor for an expanded
(super)algebra in terms of the original one [47]. This feature
is particularly useful since the invariant tensor is a crucial
ingredient in the construction of a Chern—Simons action.

Nevertheless, the CS action for a contracted superalge-
bra cannot be naively obtained by rescaling the generators
appearing in the non-vanishing components of an invariant
tensor and considering some limit.

As in the previous section, we show that by applying the
rescaling to both generators and constants of the invariant
tensor, the CS action for a contracted superalgebra can be
obtained. In particular, we present the general scheme in
order to derive an IW contracted supergravity from an S-
expanded one.

First, we shall consider the contraction of the following
subspace decomposition of the Lie S-expanded superalgebra
6=Sxg

=Wy W; & W, (46)

where W corresponds to a subalgebra, W corresponds to the
fermionic subspace, and W, is generated by boost generators.
Such a decomposition satisfies

[Wo, Wol C Wy, [Wy, Wa] C W2, 47
[Wo, Wil C Wy, [Wy, Wa] C Wi, (48)
[Wi, Wil C Wo @ Wa, [Wa, Wa] C Wy, (49)

where each subspace is generated by sets of generators
Wy = [X0 =204, X, with
i=0,24...,n—pandp=0, 1,2}.

Here X, are the generators of the original superalgebra g and
Aiyp is an element of a semigroup S satisfying some explicit
multiplication law of the S family [56].

The IW contraction of & is obtained considering the
rescaling of the expanded generators

@) — Sit+py@)
Xp =0 Xp

and applying the limit 0 — oo.

On the other hand, according to Theorem VIL.2 of
Ref. [47], the invariant tensor for an S-expanded superal-
gebra & can be obtained from the original ones through

(T(A,j)T(B,k)>Q5 =q; K;k (TaTg)g, (50)

with T(4, jy = A Ta. Here &; are arbitrary constants and K ; t
is the 2-selector for the semigroup S defined as

i _ L
k=0,
with Ai(j k) = AjAk.

The IW contraction of the invariant tensor is obtained,
considering the rescaling of the generators

wheni =i (j, k),
otherwise,

T(aj) = 0/ T(a,j)
the rescaling of the constant &;,
& — ola;

and applying the limit 0 — oo.

The approach considered here offers a close relation
between expansion and contraction. Interestingly, as we shall
see, our procedure allows us to obtain the contracted super-
gravity in presence of expanded Pontryagin—Chern—Simons
form.

In the following sections, we shall present known and new
Maxwell supergravities considering the present IW approach
to diverse S-expanded supergravities.

4 Inénii-Wigner contraction and A/ = 1 supergravity
Here, we present a generalization of the Inonii—Wigner con-

traction combining the S-expansion method and the rescaling
of the invariant tensor and generators. In particular, we show

@ Springer
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the D = 3 CS action based on a N' = 1 Maxwell superalge-
bra.

A non-standard supersymmetrization of the Maxwell
algebra was introduced in Refs. [57,58] which can be
obtained as an IW contraction of the standard AdS—Lorentz
superalgebra1 [59,60]. Nevertheless, the non-standard
Maxwell supersymmetric action and its physical relevance
remains poorly explored due to its unusual anticommuta-
tion relations. Indeed, the P, generators of the non-standard
Maxwell superalgebra are not expressed as bilinear expres-
sions of the fermionic generators Q,

(0w Q) =3 (rc), 2

This feature prevents construction of a supergravity action
based on this peculiar supersymmetry. Despite this particu-
larity, there is an alternative in order to constructa N' = 1
supergravity action based on the Maxwell supersymmetries.

A particular Maxwell superalgebra, also called the min-
imal supersymmetrization of the Maxwell algebra [61-64]
differs from the non-standard Maxwell one since it possesses
an additional fermionic generator. Interestingly, a minimal
Maxwell superalgebra can be derived as an Inonii—Wigner
contraction of a new minimal AdS-Lorentz superalgebra
introduced in Ref. [65].

Before studying the explicit IW contraction at the level
of the invariant tensor, we first present the explicit construc-
tion of a CS supergravity invariant under the minimal AdS—
Lorentz superalgebra. To this purpose, we will apply the
S-expansion procedure analogously to the four-dimensional
case [65].

4.1 Minimal AdS-Lorentz exotic supergravity

Following the procedure of Ref. [65], a minimal AdS-
Lorentz superalgebra can be derived as an S-expansion of
the osp (2|1) ® sp (2) superalgebra. Indeed, considering
Sﬁa = {Ao, A1, A2, A3, A4} as the abelian semigroup whose
elements satisfy

ifa+ 8 <4,

ifa+ 8 > 4, S

)\a-i-ﬂy
Aagrg =
P {Ka+ﬁ—4,

and after extracting a resonant subalgebra of Sfa X
(0sp 2|1) ® sp (2)), the minimal AdS-Lorentz superalge-
bra is obtained [65]. This algebra corresponds to a super-
symmetric extension of the so (2, 2) @ so (2, 1) algebra =
{Jub, Pa, Zap} and is generated by {J,p, P,, Zab, Z,l, Zab,
Qu, Xy} This superalgebra, as in the Maxwell case, is quite
different from the standard AdS-Lorentz superalgebra dis-
cussed in Refs. [19,59]. In fact, besides extra bosonic gen-

1" Also known as Poincaré semi-simple extended superalgebra.

@ Springer

erators {Zab, Za}, it also has more than one spinor genera-
tor. The explicit (anti)commutation relations can be found in
Appendix A for N = 1.

The construction of a Chern—Simons action for the mini-
mal AdS—Lorentz superalgebra requires the gauge connection
one-form A:

1 1~ .~ 1 1
A= Ewab-]ab + Ek“bZab + Ek“bZab + 78“ Pd

L Lé 2 (52)
Vi N/

Since we have considered a dimensionless connection one-
form, a factor / has to be introduced for the dreibein field and
the dreibein like field /#%. The same argument applies for the
spinor fields.

Another crucial ingredient necessary to write down a CS
supergravity action is the invariant tensor. Following Theo-
rem VIL.2 of Ref. [47], the non-vanishing components of an
invariant tensor for the super minimal AdS—Lorentz are given

1~ ~
+7haza+ waQa'i‘

(JabJeas = 5!0( ab cd> = &0 (NadMbc — NacNbd) »  (53)
(Jabzcd>8 = <jabfcd> = a2 (NadMbe — NacNbd) »  (54)
<Zabzcd>s = <jabfcd> = &2 (NadMbe — NacNbd) s (55)
(JabZcd)s = 5‘4<jab ~cd> = a4 (NadMbe — NacNbd) » (56)
<Zab2ca'>8 = 514( Jub ~cd> = o4 (NadMpe — NacNbd) (57)
(ZabZcea)s = 5‘4<jabjcd> = o4 (NadMbe — NacNbd) (58)

(JabPe)s = (ZagpPe)s = <Zabzc>8 =a <~iabi)c> = Br€abe,

(59

<Jab2c>5 = <Zab2c)5 = (Zach>S =ay (jahﬁc) = Ba€abes
(60)
(PaPp)s = <Za2b>8 = 554<i)a15b> = a4Mab, (61)
(Pazy) ¢ = a2 (PaPy) = a2, (62)
(0a0p)s = (EaZp)g = &2 (0u0p) =2 (B2 — a2) Cap, (63)
(QaTp)g = a4 <Qa Qﬂ> =2 (B4 — a4) Cop, (64)

where {Jap, Pa, Ou} generate the osp (2]1) ® sp (2) super-
algebra (see Egs. (8)—(11)) and where we have defined

ay = Aaflp, Q4 = Q4lo,

Ba = agpy.

o) = ON[()/,L(),
B2 =z,
Here &g, &2, &4 are arbitrary constants as po and pp. The

CS supergravity action can be written considering the con-
nection one-form (52) and the non-vanishing component of
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the invariant (53)—(64) in the general three-dimensional CS
expression

Q@+ _ 2 3
Icg _kf<AdA+§A >
Thus, we have modulo boundary terms
2
1§ = k/ O;—O [wa;,dwba + gwacwcbwba]
B2 abye o 1 abe
+T €abe | R + 31—26 e’e

+K®ecgabpe 4 l—zh“hbe> + 20 W 4 2 :}

1
—e“H,

+on [R‘}jl; + KGkY + K9kE, + 3

+ h“ - gx/}\y - %éa
12 l [
+ % |:€abc (Rahilc +

1 . - .
+ l—ze“eb;f) +2EW + 2y :]

1 -~ - _ -
?hahbhc—l—Kabec—f—Kabhc

1
+a4[ 4kb + KK + K9KE, + 3 ¢ Ka

2. 2.
+12h“ —jg\y—jwa], (65)

where
K% = Dk 4 k4kd + k4kS, R = DR 4 k%9 + k4Re,,
HY = D + k4P + k4 el K =T + k%P + k% i,
1 3
v = dl//l + *wabrabl//l + Zkabrab‘//l + Zkabrabsl

1 1
_ l—-a i
Tyl oy
. 1 1 1. .
g — dél + *O)abrabsl + 7kabl—~ah§1 + Zkabrahwl
1

1
+ 27leal—‘$l1)0l + Zhal—‘agl

—ha Ty,

The CS action (65) is locally gauge invariant under the min-
imal AdS—Lorentz superalgebra and is split into five inde-
pendent pieces proportional to «g, a2, aq, B2 and B4.. In
particular, the term proportional to «g corresponds to the
exotic form, while the ap and a4 terms contain exotic like
Lagrangians plus fermionic terms.

Let us note that the CS action (65) reproduces the three-
dimensional generalized cosmological constant term intro-
duced in Refs. [56,66] when k¢ = h* = 0. A gen-
eralized supersymmetric cosmological term has also been
introduced in a four-dimensional MacDowell-Mansouri like
action constructed out of the curvature two-form, based on
an AdS—-Lorentz superalgebra [65,67]. Besides, the bosonic
part corresponds to the AdS—Lorentz CS action presented in
Refs. [68,69].

4.2 The Maxwell limit

One is tempted to consider an appropriate rescaling of the
fields at the level of the action (65) and apply some limit in
order to derive the Maxwell supergravity action. However,
although a minimal Maxwell superalgebra can be obtained as
an IW contraction of the minimal AdS—Lorentz superalgebra,
the IW contraction of the action (65) would reproduce a trivial
CS action. To reproduce a non-trivial CS supergravity action
based on the N' = 1 Maxwell symmetries, it is necessary to
extend the rescaling of the generators to the o and 8 constants
appearing in the non-vanishing components of the invariant
tensor. A rescaling which preserves the curvature structure
is given by

ay — otay, By — o*Ba, ar — 020,
By — 02 B2, g — aq.
Then, considering the rescaling of the constants and the gen-
erators
Z 2Zab, Z *Zav, P, 2Py J
ab = 0" Labp, Lab —> O Lab, La —> 0" Lq, Jab —> Jab,
Za — G4Za, Qg > 00y, X — (732,

and applying the limit 0 — oo, we recover the NV =
Maxwell non-vanishing components of the invariant tensor,

(JabJea) m = @0 (NadNbe — Naclbd) » (66)
(Jahz d>M = a2 (NadMbe — NacNbd) » (67)
< ZapZe d>M = a4 (NadNbe — NacNbd) , (68)
(JabZca) m = o4 (NadNbe — NacNbd) » (69)
(Jab Pe) p = B2€abe, (70)
(ZavPe) = (JavZe) = Bacane. an
(Py Pp) pm = 4nabs (72)
(Qu08) 0 =2 (B2 — @2) Cap. (73)
(QaZp)\g =2 (Bs — a4) Cop. (74)

Here, the generators now satisfy the (anti)commutation rela-
tions of a minimal Maxwell superalgebra (see Appendix B
for p = 1,¢q = 0). Then using the Maxwell connection
one-form

1 | . 1 1 1. -
A= zwabja,, + Ek“”zab + Ek“”zab + ¢ Pat ThZ,
0y 4
NN/
and the non-vanishing components of the invariant tensor,

we derive the three-dimensional CS supergravity action for
the A/ = 1 Maxwell superalgebra [22]:

£9 %

@ Springer



48 Page 8 of 18

Eur. Phys. J. C (2017) 77:48

o 2 .
Iies = k_/M [70 <‘“uhd“’[; + gwacwchwba>

+ p (eubﬁ.R‘”’e” + 21/}\11)

1
w)

N % (éubc ( RObTe 4 Dw,;«bec) +2EW +27 S)

~I N

+ o (Rah/;bu —

1 S 2.2
+ay (R“bkbu + l—ze“Ta + Dk4 kb — TEV - 7‘”5)} ,

where
R — dw™ + w‘l,:w‘:b, T4 =de + ofe,
1 ab
v = dlp + Za)abr w’
E=dt + L pI%e 4+ L pI%y + E réy
41 4™ 20 T

Thus, we reproduce the CS action presented in Ref. [22]
using a different approach. Unlike the non-standard Maxwell,
the minimal Maxwell superalgebra allows one to properly
write a three-dimensional CS supergravity action invariant
under local Maxwell supersymmetry transformations (up to
boundary terms). However, as was shown at the algebraic
level, this requires the introduction of an additional Majo-
rana spinor field £. The presence of a second spinorial gen-
erator was already introduced in Refs. [70,71] in the context
of D = 11 supergravity and superstring theory, respectively.
Subsequently, the introduction of a second spinorial gener-
ator in the Maxwell symmetries was proposed in Ref. [61].
More recently, a family of Maxwell superalgebras was pre-
sented, which generalize the superalgebra introduced by D
’Auria, Fré and Green and contains the minimal Maxwell
one [72-74].

Let us note that the bosonic term reproduces the CS action
presented in Refs. [69,75].

5 Inénii-Wigner contraction and N -extended
Supergravity

We now present the explicit derivation of the three-dimensional
(p, q) Maxwell supergravity action using our approach. In
particular, we first show the explicit construction of the (2, 0)
AdS—Lorentz supergravity using the semigroup expansion
method. The (2,0) Maxwell supergravity is then derived
from the (2, 0) AdS-Lorentz superalgebra applying the IW
contraction to both generators and constants appearing in the
invariant tensor.

5.1 N =2 AdS-Lorentz supergravity

A non-trivial NV = 2 AdS-Lorentz superalgebra can be
obtained as an S-expansion of the osp (2|2) ® sp (2) super-

@ Springer

algebra. In order to apply the S-expansion procedure, let us
first consider a decomposition of the original superalgebra

05p 2[2) ®@sp (2) =Vo O V1D V2,

where V corresponds to a subalgebra generated by the
Lorentz generators Jap and by the internal symmetry genera-
tor T (with i = 1,2), V; corresponds to the fermionic sub-
space and V) is generated by P,.In particular, the osp (2|12) ®
sp (2) generators satisfy the following (anti)commutation
relations:

[jab7 fcd:l = nbc-iad - nacfbd - nbdjac + ﬂadjbc» (76)
I:]”vij, kal:l = §IKFil _ gikil _ silFik 4 sil ik, (77)
I:-iab’ ~(>] = nb(?ﬁa - nacﬁbv (78)
|:~as ~bil = ~ab (79)
[fw, Q{;] = (870}, - 6" 04). (80)
s 5i 5 Al 1 5i
[Jan 04 = =5 (T@') [P O] = =5 (ru0') . 8D
Ai A 1 ab 7 a 5 =i
{Qa, Q{S} =~ [(r c)aﬂ Jap =2(1°C) Pa] + CopT
(82)
The subspace structure satisfies
[Vo, Vol C Vo, [Vo, Vil C Vi, [Vo, V2] C Vo, (83)
(Vi.VilcVo® V2, [Vi, V2l C Vi, [V2, V2] C V.
(84)

Let us now consider S}i} = {Xo, A1, A2, A3, A4} as the rele-
vant abelian semigroup whose elements satisfy the multipli-
cation law

ifa+p8 <4,

ifa+ g > 4. ®5)

_ )"Ot-l—ﬁv
Aa}“ﬁ N {)“Ot+ﬁ45

Let Sfa = So U S1 U S, be a subset decomposition with
So = {Xo, A2, A4},

S1 = {A1, A3},

S = {A2, A4},

where Sg, S1, and $; satisfy the resonance condition [com-
pare with Eqgs. (83)—(84)]

So-So C Sp, S1-81C SopNSy, (86)
So-Sl CSl, SySzCS[, (87)
So S C 8, S$-5CS. (88)

Then according to Ref. [47],

Br=Wo® W1 & W,
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is a resonant subalgebra of Sﬁa X 05p (2]2) @ sp (2) where

Wo = (So x Vo) = {A0. A2, Aa} X [iab, T"f} ,
Wi = (81 x V1) ={A1, A3} x [Qfx}

Wr = (82 x V2) = {A, A4} X {ﬁa}-

The expanded superalgebra corresponds to a (2,0) AdS—
Lorentz superalgebra and is generated by the set of gener-
ators {Jup, Pas Zabs Zas Zap, T, Y, Y Q1 %L}, which
are related to the original ones through

Jab = )\,Ojah, P, = )\2ﬁa, Q:x — )L]Q:'x’
Zap = M Jab, Zg = Py, B, = 2304,
Zap = hadap, TH = agTH, ¥ = 2, T,
Y = 3,7

The explicit (anti)commutation relations can be derived using
the multiplication law of the semigroup and the original
superalgebra (the N -extended AdS—Lorentz superalgebra
can be found in Appendix A).

In order to construct the explicit supergravity action let
us first derive the invariant tensor for the (2, 0) AdS—Lorentz
superalgebra. According to Theorem VIIL.2 of Ref. [47], it
is possible to show that the non-vanishing components of
the invariant tensor for the N = 2 AdS—Lorentz are, besides
those given by Eqgs. (53)—(62),

(0i0f) = (Siz)) = @2(0},0)) =2 (B2 — ) o 87,

(89)
(0izh) = as(0L0)) =2(Bs—an) Cap s, (90)
<Tika1> _ &0<7”~ijf~kl> =2 (a0 — fo) ((Silakj _ 8ik81j> ’
On
<T” Ykl) _ <1;i] Ykl> — & (fijfkl)
— 2 — Bo) (3” ski _ giksli ) , 92)
<T1] Ykl) <yij)~,kz> _ <Yij Ykl> —a <sz Tkl)
— 2 (a4 — Ba) (5”5’”' _ sikgli ) , (93)

where {Jup, Py, T, Q1) generate the osp (2[2) ® sp (2)
superalgebra and where we have defined

ap = Qopo, 02 = G2[L0, A4 = G410,
Bo = aopr, fo = dapir, Pa = Q4.

Here &g, &y, @4 are arbitrary constants as well as wg and
1. To construct the CS supergravity action we require, in

addition to the invariant tensor, the gauge connection one-
form:

1 1. ~ 1 1 1~ -
A = E(I)ab\lab —+ Ekabzab + Ekabzab =+ 76“ Pa =+ jhaZa

L i Lgiiy. o Lpii
+-A Tij-i—fB Yij-l—*B Yij

+ Ll/_/Ql + Lézi
2 2 2 7! T

Vi Vi
(94)

The associated curvature two-form F = dA + AA is given
by

1 1=y~ 1 1 1 -
F = ER””JC,,, + EF“bZab + EF“bZab + YF“Pa + 7H“Za

lpiin y Yeig Loy Loy La s
> ij ) ij ) ij «ﬁ i \[l i 5
95)

where

b b b
RY =do™ + o0,
1 A B
F9 = de? —|—a)abeb +k%eb —l—kabhb - El/llrallfl - Efll"aé’,
HY = dhf + i + k% e + k4R — yiTegl,

~ ~ ~ ~ - ~ 2 ~
b b b b b b b
FO0 = Ak 4 @k — ok + KGR — KR 4 e

I R
. Fa l . 11—~a l’
W 4 SE T
F = ak® 4 0%k — bk 4 KR 4 kKD

1 1~ - 1_. .
+ ﬁeaeb+ﬁhahb+7'§lrabwl’

Fli = dAlT + ATk AN |
G =dBY + ATKBN 4 Bk Ak
+ éikBkj_’_Bikékj_’_&iwj _’_gi%.j’
G'/ = dB' 4 AIKBK 4 ik aki 4 ik ki 4 pikphi 4 oyig],
. | | 1. .
pl =d¢l + Zwabrabwl + Zkabrabwl + Zkabrabgl

1 . 1~ .
e Tl &y Tyl
+ 2l€a & +21 al“Y

+ Ay 4 BUyd 4 BT

[l

. 1 | 1. .
"= dE'+ ol E + ko TE + Sk Ty
1 ; | :
e Tyt b TAg!
+ Zlea v+ 5t &

Then considering the connection one-form (94) and the non-
vanishing components of the invariant tensor ((53)—(62) and
(89)—(93)) in the general three-dimensional CS expression,
we find the (2, 0) AdS-Lorentz CS action supergravity up to
a surface term:
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o 2 .
1§ = k/ 7( <w‘§7da)l; + gw‘f-w‘bwba>

+ (@0 = fo) (AijdAfi + %AikAijji)

+ %eabc <R”bec + %gaehec

+ K¢ Rbje 4 llzﬁaﬁhe)

+ (@2 = p2) [é"f (dAf"' + AjkAki)

+BY (dBji + AJKBK 4 pik Ak 4 ik ki 4 B.kaki>

(AU 4+ BY) (4B + AT B 4 AN

2_. .
i _ ZFigt
e

1 1.
7 e“Ha + l—zh“K,,]

- . s 2.
+BjkBkl+BjkBkl>_7wl
+ar [R“bkb + K9k + K9KD +

Ba ~ I ~pop=e = ) ~ 1
+75abc Rubhc T ﬁhahbhz, +Kahec _,’_Kztbhz, 4 ﬁ

eaehﬁ‘)

+ Bik Ak 4 pikpki +Bjkéki) + Bi (dAji +A_ikAki)

+ (s — Ba) [l?if (dl?f" + ATk

+ (A7 + B (aBI + AT BY 4 BT AN

i — E,‘/_jiai:|
l

S 1 1-
+as [R‘;,ké, + K9kb + K4kE + ¢ Kat l—zhﬂﬂa] . (96)

4 Bk ki +BjkBki> _ %51

where W' and E' are the fermionic components of the cur-
vature two-form and

K% = Dk 4 k% k4 + ke kd,K“”
HY = Dh + k4P + k4 el K9 =

Dk + k% k4 + KAk,
+ k4P + k9 R,
Asinthe N' = 1 case, the (2, 0) Maxwell supergravity cannot

be trivially obtained considering the rescaling of the fields in
(96) and applying some limit.

5.2 N' = 2 Maxwell supergravity

As the osp (2]2) ® sp (2) superalgebra has its (2, 0) Poincaré
limit, the (2,0) AdS-Lorentz superalgebra possesses its
proper IW contracted superalgebra. Indeed, after rescaling
the generators

Zab - Uzzab’ Zap —> U4Zaba Py — UZPaa Jab —> Jab,
Za — G4Za, Qél — anx, PILIN U3Ei, Y — G4Yij,
Vi = o270 T > T,

and applying the limit 0 — 00, we obtain the NV = 2
Maxwell superalgebra whose (anti)commutation relations

can be found in Refs. [72,73] (see Appendix B for p = 2,
q =0).

@ Springer

As in the previous case, the CS supergravity action for the
(2, 0) Maxwell supergroup can be derived combining the IW
contraction with the S-expanded invariant tensor. Indeed, it
is necessary to extend the rescaling of the generators to the «
and S constants appearing in the non-vanishing components
of the invariant tensor of the (2, 0) AdS-Lorentz superalge-
bra. A rescaling which preserves the curvature structure is
given by

oy —> azaz,

2
B2 — o7 B2,

o4 — 0‘40[4,

4
Ba — 0" Ba,

o) — o,
Bo — Po-
Then, considering the rescaling of both constants and gener-

ators, and applying the limit ¢ — o0, we obtain the (2, 0)
Maxwell non-vanishing components of the invariant tensor,

(JabJed) m = @0 MadMbe — NacNbd) » ch)
(daZe d) o = 2 (Mad e = Mactba) ©8)
< abZ d>M (JabZca) = aa (nadnbc - nacnbd) (99)

( abP > ﬁZEabu (100)
(ZaPe) = (JvZe) = Bacane. (101)

(PaPp) p = canap, (102)
(0h0h), =2B2— a2 Cup 7, (103)
(Q4=j) =2 (s — ) Cup 87, (104)
(T"i T“)M — 2(ag — fo) (5”5"1 — 5”‘5”) , (105)
<T"f 17“>M — (@2 — Bo) (3”5"]‘ _ aikalf) , (106)
<Tink1>M _ <fij?kl>M =2 (a4 — Ba) (ailékj_aikalj) ’

(107)

where o, a2, @4, B2 and B4 are arbitrary constants and the
generators now satisfy the (2, 0) Maxwell (anti)commutation
relations. In order to write down a CS action we require the
gauge connection one-form given by

1 1.7~ 1 1 1. ~
A== T+ -k Z + k" Zp + - Py + —h°Z,
2 2 2 l [
1 .. 1o 1 .. - . 1.
+ *Aleij + 7Bl]Yij + 7B”Yij + —; 0" + —§ 3.
2 2 2 V1 V1
(108)

Considering the non-vanishing components of the invariant
tensor, the CS action for the N' = 2 Maxwell superalgebra
reduces to

1(2-‘1—1)

o 2 .
MoCs = k/ ?O <w“bdwba + ga)“ca)‘bwl’a)
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+ (a0 — Bo) <A’fdA” + 5A"‘A’VA!’)

+ %EabcRabec + OlzR‘Z/yZl

+ (@2 — Bo) [éii (dAf" + Akak")
Al (déﬁ T+ AJKBR 4 Bka’”') — %Wqﬂ}

+ %eabc (Rabiic + le"c'abec)

+ (oa — Ba) [éi-’ (dé” + AkBR 4 Bkaki)
+ Bl <dAji + AjkAki>

n (Ai,i) (dBji L Ajkgki | gik gki | Bjkgki)
2 -

_W'Ez}

2
_ZEihgyl
15 l

(109)

|
+ou [Rf;,klg + D k4 kb + l_2€a Ta:| ,

where

. . 1 . S
U =dy' + Zwabl““"df’ + ATy,

. . 1 . 1-~ .
2l — d%-l + Zwabrabgt + Zkabrabwl
1 . .
+2—lea1““w‘ + AYE) + BY A
This CS supergravity action is invariant up to boundary terms
under the local gauge transformations of the A" = 2 Maxwell
supergroup. In particular, under the supersymmetric transfor-
mations, the fields transform as

S’ =0, 8¢ =Ty, (110)
~ 1 . .
akab — __—ll—vab l’ 111
7€ 14 (111)
1 . , 1 . .
(Skab — _Téll—wabwl _ Téll—wah%-l’ (112)
8h = o'y’ + T, (113)
SAU =0, (114)
.. 2
8B = —Tw[’eﬂ, (115)
. 2.
8B = —71,0[’@/], (116)
. . 1 . L
Syl =de + Zw“”rabel + AVl (117)
. , 1 , 1 , 1-~ .
S =do' + Za)abFabQ’ + 2—learae’ + Zk“bFabe’
(118)
+ Aligl 4 Biiel, (119)

where the €/ and o' parameters are related to the Q' and X!
generators, respectively.

We remark that the generalized cosmological constant
term appearing in the (2, 0) AdS-Lorentz supergravity model
is no longer present after the IW contraction. This is analo-
gous to the Poincaré limit from the AdS one. However, unlike
the Poincaré supergravity theory, the internal symmetry fields
appear explicitly in the exotic Lagrangian. Additionally, the
spinorial fields contribute to the exotic like part.

5.3 (p, q) AdS—Lorentz supergravity and the Maxwell limit

In this section we present the three-dimensional N' = p + ¢
extended AdS-Lorentz Supergravity and its Maxwell limit
applying the IW contraction not only at the generators level
but also to the constants appearing in the invariant tensor. To
this purpose we expand the three-dimensional (p, g) exotic
supergravity theory [11], in order to obtain the local AdS—
Lorentz supersymmetric extension. In particular, we gener-
alize the Poincaré limit showed in Sect. 2 to the Maxwell
limit.

The (p, q) AdS—Lorentz superalgebra can be obtained as
an S-expansion of the osp (2|p) ® osp (2|q) superalgebra.
Indeed, considering Sﬁa = {lg, A1, A2, A3, Aq} as the rele-
vant semigroup whose elements satisfy

ifa+p8<4

_ )\'Ol-‘rﬂv
*““‘_{ ifa+p >4

Ag+p—4,

and considering the resonant condition (see N = 2 case),
we obtain a new superlagebra generated by {J,p, Py, Zah,
Zay Zap, T, YU YU TV Y1yl 0i sl ol %/}
whose generators satisfy the (p, g) AdS—Lorentz superalge-
bra. In particular, besides satisfying the (anti)commutation
relations appearing in Appendix A, the /-index generators
satisfy

I:TIJ’ TKL] = /K pIL _§gIKpJL _ sJLpIK | sILTJK

(120)
[TIJ’YKL]::SJK?[L__5[KYJL__6JL?1K_+51LYJK’
(121)
[IJJ’YKL]:=8JKYJL__SIKYJL__SJLYIK_+81LYJK,
(122)
[YIJ’fKL]::5JKjJL__5IKYJL__8JLYIK_+51LYJK,
(123)
[YIJ’YKL]::SJK?[L__5[KYJL__6JL?[K_+81LYJK’
(124)
[YIJ7YKL]:=8JKYJL__SIKYJL__SJLYIK_+81LYJK,

(125)
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[ 0l] = (v, [ra0l] = (r3"),
(126)
I:Zabv Q({(i| = _% (Fab21> I:Za» Qé] =-(lq Ql>a s
(127)
[ 0t] = 5 (), [remi] =5 (),
[ 3] = =3 (o), [20 58] = 5 (),
(129)
I:Zab’ Eaj| =—3 (FabQ )a . [Zab’ Za] =—3 (FabE 2?;;0)
|:TIJ’ Qrﬂ = 'K Qé _ SIKQi)’ [1711’ ng]
= 'Kzl —s'Ks])y, (131
I:YIJ7 Qf] — 'K Qé _ (SIKQé)’ I:TIJ, 25]
= 'Kzl — 51K 5Ty, (132)
[fu’ Ef] — /Kol —s1KgY), [YIJ’ 25]
=@ Ksl — ks, (133)
{ol. 04 = %5” _(r“"c)aﬂ Zap +2(r°C),, Po] = Cap P!,
i (134)
{Qé, 2;} = %5” —(r“bc)aﬂ Zap +2(TC) g Za | — Cop¥"?,
: ] (135)
[=5.24) = %8” (1), Zun +2(1"C) y Pu | = Cup .
) T (136)

Here, the 79, Y Y T!/ y'/ and Y!/ generators corre-
spond to internal symmetry generators withi = 1,...,p
and/ =1,...,q.

Using Theorem VII.2 of Ref. [47], it is possible to show
that the non-vanishing components of the invariant tensor for
the NV = p +q AdS-Lorentz are, besides those given by Egs.
(53)—(62),

vl =)

— & (Qg Qg> = 2(s — o2) Capp 87, (137)
(0h0f) = (=ix)

:&2<Q§,Qg>=2(ﬂ2+a2) Capd’!,  (138)
(0izh) =a:(0,0)) =2 —an) Cps,  (139)
(0hzf) =ai(0L0f) =2(hs +an Cops™.  (140)
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(T4} = o (TUTH) =2 (@0 — po) (5841 — 575" ),

(141)
(T TRE) = G (T1THE) =2 (o + o (5715K — 57K 627),
(142)
(74} = (PIyH) = & (774
— 2 (ar — o) (81164 — 5“‘5’/) , (143)
(r17KE) = (71 v L) = 6 (T1VTRE)
=2 + o) (870657 — 6K 51T ), (144)
(riiytt) = (7 74) = (v k) =y (717 74)
— 2 (as — Ba) (5”8"1' - 5”‘5’]’) , (145)
(T1yKE) = (7KL} = (v yRE) = y (T 752
— 2 (au+ 1) (5“5’“ - 5”&3“) : (146)

where {fab, P, T, T, O, Qé} correspond to the orig-
inal osp (2|p) ® osp (2|q) generators and where we have
defined

oy = Q410,

Ba = agpuy.

oy = a2 /Lo,
B2 = a1,

ap = Qojlo,
Bo = aour,
Here &g, a2, &4 are arbitrary constants as o and p;. Let us

now consider the gauge connection one-form of this extended
superalgebra:

1 1~ - 1 1 1. -
A= za)“b]ab + Ek“bzab + Ek‘”’zab + 7e“Pa + Zh“Za

1 .. 1 1 ~.. ~
+ AT+ AT+ 3 B7Yy

2 2
l~rrs Lo [y
+§B YIJ+§B Yi; +§B Yis

RIS SR [V Gy
+\/71//1Q +\/ZWIQ +ﬂ§zz +\/Z§12-
(147)

The curvature two-form F' = dA + AA is given by
1 1~ 7~ 1 1 1~ -
F = ER“bJab + EFabZab + EF“bZab + FPat s H Z
1 .. 1 ;7 1~:: o

+§FUTU+EF T1J+5Gl]Yij

1 77~ | R 1
-I—EG”Y“—FEG”YU—{—EG”Y”

oo tyolr Lasi o e s
+—=¥,0 +—=¥,0 +—E5X +—-E5/%,

Ji i N 1 (148)

where
a a a b rairb l_i a.i
F* = Dye” 4 K" + k4> — Ty

| 1.
_ Eglraél _ Ewlrawl _ zélr‘usl’
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I:Ia — Dwﬁa _i_]"('tzeb_}_kabil'b _ szil—wa%.i _ IZ/IFaEI,
rab rab r.ch by
F = Dk + K%k — kb ke

2 aib L b.yi 1 i b1
_ h _ 1Fa l__ Fa
AR TR A vA A

1 1.
Fab i Irah I’
+ 21& § 215 3
. 1 1- -

b b b b b b
F% = Du,k® + K%k + k%K€ +l—2e“e +l—2h“h

1-. . 1-
+ 7Ell-\ab,(pl _ Tglrabwl’

FIJ :dAIJ —I—AIKAKJ
GIJ delJ+A1K§KJ+§1KAKJ+B1KBK]
+ BIKBKJ _ &le _ %lél’
GIJ deIJ +A1KBKJ +B[KAKJ +BIKBKJ
+ BIKpKJ —21}"&],
1
\IJI — wal + Zkabrabwl
+ 17 pPel — L regl — L rey!
47 21 20
-I—AIJWJ—}-BIJWJ—FBIJSJ,
1 1.
8" = Dug" + JkaT'8" + Jhap Dy
1 1

_ Fa I__ﬁl—-al
213a 14 T §

+A1J€J—}-B]J%'J+Bljlﬁj,

and R FlJ G/, G/, Wi and ¥' are defined as in the N =
2 case (see Eq. (99)).

Considering the connection one-form (147) and the non-
vanishing components of the invariant tensor ((53)—(62) and
(137)—(146)) in the general three-dimensional CS expres-
sion, we find the CS action of N' = p + ¢ AdS-Lorentz
supergravity up to a surface term:

2
IE = k/ 0;—0 <w‘},dwl; + gwacwcbwba)
+ (a0 — o) AVFIT (A) + (ao + Bo) ATV F'T (A)
B2 |
+ Teabc Rabec + ﬁeaebec
. ~ o~ 1~ -~
+KPe + KPR + l—zh“h”e)
+ (a2 = ) [BYFI (4)
+BUFI (B + (47 + B7) 11 (B)]
+ (a2 + ) [BIFT (4)
+ Bl I (B) + <A” + BIJ) Fil (E)]

1., . 1. .
+2(ﬂ2—a2>[7w'W+75’5’]

1- 1-
+2 (B2 +a2) [YW\D’ + jg’s’]
+ar [R‘;,l?ba + K%kb + K9kD

1 a
+ﬁe Ha+

1~
Liow]

54 bic 1 - ~“b7c
+ T €abe Rpe 4 3?hﬂh e

L Rabec 4 Kbl 4 llzeaehﬁL)

+ (s — pa) [BUFT (B)

+BUFIT (A) + (Ai/ + Bij) F! (B)]

+ (s + o) |:1§IJF]1 (é)

+ B FIT (A + (A” + B”) F’! (B)]

| D
+2(f34—0l4)[7§"1"+ WE']

+2(Ba + o) [;é’w’ + %Ws’}

o1 1 -
+oy [R';kba + KGKD + KGE, + e Ky + —2h“Ha} ,

I I
(149)

where Wi, W/ & and E' are the fermionic components of
the curvature two-form and

Fi (A) = dAT + AR AK F1T Ay = d Al + ATK AKY
Fii <§> — dB + AKBN 4 Bk AR 4 Bikpki 4 pik ki
gl (E) — 4BV 4 AIKBKJ | BIK A\KJ | BIK pKJ | pIK BKJ
Fii (B) = dB + A BN 1 Bik Aki 4 Bik ki 4 pikphi.
FIJ (B) — dBIJ +AIKBKJ +BIKAKJ +B1KBKJ+BIKBKJ
K = Dk + kk9, + k%K%, K = Dk + k&S, + k&4,
HY = Dh + k" + k4eb, K = T + kel + k4 h".
As the (2,0) AdS-Lorentz superalgebra has its (2, 0)
Maxwell limit, the IW contraction of the (p, g) AdS—Lorentz

superalgebra leads to the (p,q) Maxwell superalgebra.
Indeed, by rescaling the AdS—Lorentz generators as

Zab g Gzzaba Zap — U4Zaba Py — UzPa’ Jab = Jab,
Za — G4Za, Qfx — anx, Qé — aQé, PILIEN 03Ei,
2= o2 YV = oty v oty
Vi = 27 71 5 g2yl i s Tii Tl Tl

and applying the limit 0 — 00, we obtain the N' = p +

g Maxwell superalgebra whose explicit (anti)commutation

relations can be found in Appendix B. Extending the rescal-
ing of the generators to the & and § constants appearing in

@ Springer
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the invariant tensor of the (p, g) AdS-Lorentz superalgebra

as
4 2
04 — 0 04, 0O) —> O 0,

4
Ba — o7 Ba,

o) — Qp,
Bo — Po,
and considering the limit ¢ — 00, we obtain the non-

vanishing components of the invariant tensor for the (p, q)
Maxwell superalgebra:

Br — oy, (150)

(JabJed) m = @0 (MadMbe — NacNbd) » (151)
(davZea) = o2 (naatve = nacva) (152)
< abZ d>M Jachd = 04 (nadnbc - nacnbd) (153)
(Jab Pe) pm = Ba€aves (PaPo) p = afap, (154)
(ZwPe) = I Ze) = Bacane. (155)
i _ . ij I AJ
(0h0h),, =282 —an) Cop . (010F)
=2 (B +02) Cap 8"’ (156)
J i j 1 <J
(0i=j) =2 —an Cups. 0LT])
=2(Bs+as) Cap 8", (157)
< Tii Tkl>M = 2 (@ — fo) (5”5"/ 5”‘5”), (158)
<TIJTKL>M — 2 (@ + fo) <81L8KJ SIKSLJ) , (159)
( i y“>M — 2w — ) (5"5"/ 5""5’!’) , (160)
<leyKL>M = 2(ar + Bo) (SILSKJ SIK(SLJ)’ (161)
( zjykl> <Y11Ykz> =2 (a4 — 1) (5i18kj _ Sik61j> ’
(162)
1JyKL _ [vIJyKL _ ILoKJ _ oIKoLJ
(T Y >M_<Y % >M_2(a4+/34)(8 5K7 _ 51K )
(163)

Let us note that the generators appearing in the invariant ten-
sor (...)aq satisfy the (p, ¢) Maxwell superalgebra. Addi-
tionally, the rescaling of the constants considered here pre-
serves the curvature structure.

Then the three-dimensional (p, g) Maxwell supergravity
CS action can be derived considering the (p, ¢) Maxwell
connection one-form (analogous to Eq. (147)) and the non-
vanishing components of the invariant tensor (151)—(163):

7@+

o 2
M_Cs = k[ 70 (a)‘%dwba + ga)aca)cba)bu) + 'BTea;,CRab ¢

+ (@0 = o) A T (A) + (@o + o) A" F7T (4)
+ (@ o) [BUFI (4) + AT FT (B))]

+ (2 + ) [BF 4y + A F(B))]

@ Springer

P28 - ) HV 2 (8 4 a) 1P
+anRARE + %eab(. (Rhe + Dok

+ (s = o) [ BUFI (B) + BUFI () + ATFT (B)]
+ (s + o) [BYF(B) + BYF/T () + AT FY ()]
20 - o | 1EW 4 0|

+2(Ba + ) [%é’uﬂ + 7&’5’]

1

ﬁe “Ta |,
where Wi, W/ Ef and B! are the fermionic components of
the (p, g) Maxwell curvature two-form, given by

+ o [R‘;kl; + Dok4 kb + (164)

. | .
lljl — dwl + Zwabl-\abwl
+A Y,
1
1 Zdwl +Za)abr‘abl/fl +Al‘l'¢/1,

. | A : 1 :
8 =dt' + Joa T8 + ko TV + ey
+AYE + By,
1 1- 1
EI — dEI + Zwahrabél + Zkahrabl/fl _ 2_lea1—‘a,¢_l
_i_AIJéJ + gul/fj
and
Fii (A) = dAU 4 AikAkj FIJ( A) = dAl 4 ATK AKT.

Fl] < ) _ dBlj +Athk] +szAkj
plJ (E) — dB! 4 AIKBKT | BIK pKJ

F(B) = dB" + A*BY + B* AN + B BN,

FIV(B) = dB'’ + A'KBKJ 4 BIK AKJ | BIK K.
One can note that the (p, g) Maxwell supergravity action can
be obtained directly from the AdS—Lorentz one considering

the rescaling of the constant (given by Eq. (150)) and the
gauge fields

Wap —> Wab, iéab g 0_2]}‘11177 kap — U_4kab,
72&,,/;61 — 074%,
I/Ii — U—lwi’wl — U_llﬂl,
£ > o3l o o 3! Al 5 Al
141]_)AIJ’gij_)0,72317’5?1./_)0,7231‘/7
Bij — (7_4Bij,BIJ — (7_4B1J,

e, —> O

and then the limit 0 — oo. Thus the procedure presented
here ensures the explicit Maxwell limit considering the
rescaling not only of the fields but also of the constants
appearing in the invariant tensor. Naturally, the Poincaré limit
approach presented in Ref. [9] could be applied here, but it
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would require the introduction of additional gauge fields.
This would lead not only to new Maxwell supergravity the-
ories but also to new AdS—Lorentz ones.

6 Conclusion

We have presented a generalization of the standard Inonii—
Wigner contraction combining the rescaling of the generators
and the constants appearing in the invariant tensor of a Lie
superalgebra. The procedure considered here allows one not
only to obtain the invariant tensor of a contracted superalge-
bra but also to construct the contracted supergravity action.

In particular, we have shown that the Poincaré limit can
be applied to a (p, g) AdS supergravity in the presence of the
exotic Lagrangian without introducing an so (p) @ so (q)
extension. Naturally, the internal symmetries generators of
the AdS superalgebra behave as central charges after the con-
traction and do not contribute explicitly in the construction
of the Poincaré action. Additionally, no gravitino fields con-
tribute to the exotic form. It is important to point out that
the standard IW contraction does not allow one to apply the
Poincaré limit to the (p, g) AdS supergravity in the presence
of the Pontryagin—Chern—Simons form.

We have also applied our generalized IW scheme to
expanded superalgebras. We have constructed a new class of
D =2+1 (p, q) Maxwell supergravity theories as a partic-
ular limit of an AdS—Lorentz supergravity model. The results
presented here show an explicit relation between contraction
and expansion. Besides, we have shown that the fermionic
and the internal symmetries fields contribute to the exotic
CS form. Nevertheless, we have clarified that a supergravity
with Maxwell supersymmetry requires the introduction of an
additional spinorial field &.

The procedure considered here could be useful in higher-
dimensional supergravity models in order to derive non-

trivial Chern—Simons supergravity theories (work in progress).

It would be interesting to explore the expansion and contrac-
tion method in the context of infinite-dimensional algebras
and hypergravity.

It would also be interesting to extend our study of the
Maxwell supergravities to black hole solutions. It is of par-
ticular interest to study black hole solutions with torsion for
their thermodynamical properties [76—78]. In particular, one
could explore the possibility of finding Maxwell “exotic”
BTZ type black holes.
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A Appendix

The N -extended AdS—Lorentz superalgebra is generated by
the set of generators

{JavaaaZab’ZmZabaTij,?iijijy fya E(lx}

(withi =1,...,N;a =1,...,4) whose generators satisfy
the (anti)-commutation relations:

[Jab, Jeal = NbeJad — NacIbd — NMbd Jac + Nad Jbe,  (165)

(Zav, Zeal = MbeZaa — NacZba — Mbd Zac + Nad Zbes
(166)

(ab, Zeal = MbeZad — NacZbd — Mbd Zac + Nad Zbe
(167)

I:Jaba ch = chzad - naczbd - nbdzac + nadzbc,
(168)

[Zabv ch = NpcZad — NacZbd — Mbd Zac + Nad Zbe,
(169)

[Zaba Zeq| = nhczad - nachd - nhdzac + Uadec,
(170)

[Jabs Pel = npe Pa — Nac Py, [Zab, Pel = Npe Pa — Nac P,

(171)
[Zah, Pc] = ncha - naczba [Jah’ Zc] = chza - ﬂaczb’
(172)
I:Zabv ZL:I = Nbc Pa — Nac P, [Zaby Zc] = ncha - Uac'Zb’
(173)
[Pa, Ppl = Zap, I:Zay Pb:l = Zab» [Zav Zb:| = Zap,
(174)
[7ii k| = sikil — sikpil — silTik 4 §ilTik (175
_Tij’ Y| = gikyil _ gikyil _ gilyik + 8y (176)
[Tij, ykl] = §/kyil — sikpil _silyik L sityik (177)
[, M| = sikyil — sikyit — gilyik o silyik  (178)
7l yM| = sikpil _ gikpil _ gilpik o silpik — (179)
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ij kl]: jkvil _ sikvyijl _ sjlyik ily jk
[Y ¥ oY oY §TYT+ Y, (180) [Jabs Jeal = nbedad — NacIvd — MbaJac + Nad Jbe- (192)

[Jab, Zeal = nbczad - naczbd - nbdzac + nadzbw (193)

- 1 . - . 1 . R ~ . - -
I:Jab, Qlﬂl_ = _z (Fale>a ’ _Pa’ Qé\l] = _E (FaEl)a ’ I:Jah» ch] = NvcZad — NacZbd — Mbd Zac + Nad Zpe, (194)
181
i | i | (181 [ abs Z ] = NbeZad = NacZbd — NMbd Zac + Nad Zbe,  (195)
5 i1 ! i 5 il 1 i
|Zav. 04| = =5 (Ta®") .[Za 04 = =5 (ra@’). . [Wabs Pl = e Pa = Nac Pos [Pas Pyl = Zap, (196)
182 . . .
. ] i ] ( 8 ) I:Z(lba ] Za - naczb I:Jabs ZC] = NpcZa — NacZbp,
I:Zaba Qiy =% (Fale) 2| Pas Eé:l = -7 (FaQi) , (197)
| 2 a L 2 a
(183)
[Ja,,, o] =5 (Fahz‘)a’ Z,, 2&] =73 (Faz')a, TV, TH | = o/h ! — s/t — st 5T, (198)
(184) _Tij, Yk = sikyil _ sikyil _ gilyik +silyik, (199
- A 1 . - . 1 . L .
[Z‘”” T =73 (F“”Ql> | Zabs 23] -2 (F“”El)a C T PR = sikyil — gikpil _ gilyik 4 silyik o (200)
(185) :I;ij I;kz: _ sikyil _ gikyil _ gilyik 4 gilyijk (201)
I:Tl] Qk:l — (sijl ale]) [ lj Qk:l L ’ i - ’
’ oal| —
= (8/Fzl — sk s)y, (186)
= 1 oKL _ sJKpIL _ sIKpJL _ gJLpIK | sILpJK
[YU,Q]&] (8/’<Q 8’kQJ) [ T Efj] [T T ] oo T T ST A4S T(2(’)2)
k ik
= (¢’ Zl =& E'/) (187) [TIJ I;KL] — §/KJIL _gIKyJL _ gJLyIK | sILyJK
[Yij, Eﬁ] ¢k ol — st 0l), [ Y Eg] (203)
— (Sjkzél _ 5zk20]l)’ (188) [TIJ’ YKL] = §/KylL _sIKyJL _ gJLylK | sILyJK
{ i il L [ ( 1~ab 5 a 1 >ij (204)
o Qﬂ} =30 (F C)aﬂ Zab =2(TC) 45 Pa | + Cap¥", [yu f;KL] _ §/KyIL _§IKyJL _sILyIK | sILyJK
(189) (205)

{oh. =)} = L _(r“bc)aﬁ Zap —2(TC) g Za | + Cap¥",
: . 0 7. 0] = =5 (ra@)_ [P 0] = =5 (ra®). .
{EL’;, E‘g} = —%6’7 (F“bc)aﬁ Zap =2 (TC) o Pa_ + Cop?. 2 “ 2 ¢ (206)

' WD (2001 = -1 (r) [dwn 1] = 1 (ra®)..

Let us note that the A/ = 1 case (whose internal symme- (207)
tries generators 7'/, Y/ and Y%/ are absent) reproduces the [T’j, 0¥ ] &k gl — sk @), [?U, Q{;] = (8/ksl — s sy,
minimal AdS-Lorentz superalgebra introduced in Ref. [65]. (208)
[T"f, Ef;] = (s/k sl — ik ), (209)
. 1
B Appendix o o —— 1
PP [7a. @] = =5 (rw@’) [P 0l] = 5 (res"). (210)
. 1 I 1 1 I
The (p, g¢) Maxwell superalgebra is generated by the follow- [ abs Qa] =3 (FabE )a ) |:Jab7 Ea] =-3 <FabE )a ;
ing set: (211)
. . t o~ iy 17 oK) _ (sIK ol _ sIK o0y [$1] oK
{Jabs Pus Zabs Zas Zap, T T 9,910,y 1, (7. 0] = 6% 05 - " 0. [77, 0
=@'kxl -5 s, (212)

0 . 0l sl 21}
a o Ho Ho I:T”,EQK]=(8JKE£_81KZO{)’ (213)

withi = 1,...,pand I = 1,...,q. The (p, g) Maxwell

generators satisfy the following (anti)commutation relations:
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ool =40 () 20 s
(214)

{Qg, zg] - —%ai/ [(r“bc)aﬁ Zap —2(T°C) 5 Za] 4 Cap¥,
(215)

1 N .
{Qé, Q{,} = 55” [(r“bc)aﬂ Zap +2(TC),, Pa:| — Cop¥",

(216)
e 2’}—15” (r°C)  Zap+2(1°C) g Za | = Cop¥"!
ar B —2 f ab ap £a af .
217)

One can note that when ¢ = 0, we recover the usual N-
extended Maxwell superalgebra whose (anti)commutation
relations can be found in Refs. [72,73].
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