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Abstract In this paper, we consider three types (static,
static charged, and rotating charged) of black holes in f(R)
gravity. We study the thermodynamical behavior, stability
conditions, and phase transition of these black holes. It is
shown that the number and type of phase transition points
are related to different parameters, which shows the depen-
dency of the stability conditions to these parameters. Also,
we extend our study to different thermodynamic geometry
methods (Ruppeiner, Weinhold, and GTD). Next, we inves-
tigate the compatibility of curvature scalar of geothermo-
dynamic methods with phase transition points of the above
black holes. In addition, we point out the effect of different
values of the spacetime parameters on the stability conditions
of mentioned black holes.

1 Introduction

The black hole is one of the most fascinating predictions of
Einstein’s theory of General Relativity, which has been an
adsorbent subject in theoretical physics for many years, and
ithas unknown issues yet. One of the most interesting aspects
of studying black holes is thermodynamics. The studies of
black holes as a thermodynamic system have started with
the famous work of Hawking and Bekenstein [1-3], which
is followed by other pioneering research of Padmanabhan
[4,5]. According to black hole thermodynamics, the ther-
modynamic quantities of a black hole such as entropy and
temperature are related to its geometrical quantities such as
the horizon area and surface gravity [2,6]. In recent years,
the research on the thermodynamic properties of the black
holes has revealed a lot of interesting aspects. One of these
aspects is the stability of black holes. The heat capacity of
a black hole must be positive in order for it to be in ther-
mal stability [7-10]. Studying the heat capacity of a black
hole provides a mechanism to study the phase transitions of
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the black holes. There are two types of phase transition; in
the first one, the changes in the sign of the heat capacity
denote a type of phase transition, in other words, the roots
of the heat capacity represent phase transition points, so we
call these phase transitions type one. Another kind of phase
transition is obtained from divergencies of the heat capac-
ity. This kind of phase transition is called a phase transition
of type two [7-10]. Some work on the normal thermody-
namics of black holes shows that in many cases one cannot
identify the detailed reasons for irregularities of mass, tem-
perature, and heat capacity shown by the system. During the
last few decades, many efforts have been made to introduce
different concepts of geometry into ordinary thermodynam-
ics. Hermann [11] defined the implication of thermodynamic
phase space as a differential manifold with a natural contact
structure, in which there exists a special subspace of ther-
modynamic equilibrium states. Weinhold introduced another
geometric method in 1975 [12], in which a metric is defined
in the space of equilibrium states of thermodynamic sys-
tems. Weinhold used the notion of conformal mapping from
the Riemannian space to thermodynamic space. Weinhold’s
metric is defined as the Hessian in the mass representation
as follows:

g)] = 0i9;M(S, N"), e

where M is the mass, S is the entropy, and N is for the other
extensive variables of the system. After that, in 1979, Rup-
peiner [13] defined a new metric which is the minus signed
Hessian in the entropy representation and is given by

gl =—0i9;S(M, N"). 2)

The Ruppeiner metric is conformally related to Wein-
hold’s metric as follows [14,15]:

1
w§=7m% (3)

where T is the temperature of the thermodynamic system.
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Geometrothermodynamics (GTD) is the latest attempt in
this way [16,17]. Quevedo [16] introduced a general form of
the Legendre invariant metric. The general form of the metric
in GT D method is as follows:

RYe) 92
¢ = (ECaEC) (nababCWdE“dEd) , 4)
in which
P
75 = 8ep1?, Q)

where E¢ and I” are the extensive and intensive thermody-
namic variables and @ is the thermodynamic potential.

There were some alternative and extended theories for
General Relativity from the beginning [ 18—22]. Some of new
versions of these theories are trying to justify some observed
anomalies on galactic scales (dark matter) and cosmological
scales (dark energy) which leads one to reinforce them, such
as scalar-tensor theories, brane world cosmology, Lovelock
gravity, and f(R) gravity. Many different aspects, such as
cosmic inflation, cosmic acceleration, dark matter, correc-
tion of the solar system abnormalities, and also the geodesic
motion of test particles have been studied in f(R) gravity
[22-54].

The main purpose of this paper is to investigate that the
thermodynamic geometric methods can be used to explain
thermodynamics of black holes in f(R) gravity, and it is
organized as follows. In Sect. 2, we review a static black hole
in f(R) gravity, then we study the thermodynamic behavior
and thermodynamic geometry methods for this black hole.
In Sect. 3, also we review a static charged black hole in f(R)
gravity and study the thermodynamic behavior and thermo-
dynamic geometry methods for it. In Sect. 4, we review a
rotating charged black hole in f (R) gravity, then we investi-
gate the thermodynamic behavior and thermodynamic geom-
etry methods for it, as well, and with the final results we
conclude in Sect. 5.

2 Static black hole in f(R) gravity

In this section, we study the field equations for a static black
hole in f(R) gravity. The action depending on the Ricci
scalar in a generic form is

1
S=—

2k
Varying the action with respect to the metric results in the
field equations:

d*x /=8 f(R) + Sp. (6)

1
F(R)R,, — Ef(R)g;w - (V,\V, — guvD)F(R) = kT,
(7
where F(R) = % and (0 = V,V“.

@ Springer

The generic form of the metric of the spherically symmet-
ric spacetime we are considering is

ds? = —B(r)dt® + A(r)dr? + r?(d6? + sin’ 0dg?),  (8)
where A(r) = B(r)~!. The model employed for f(R) grav-
ity is given by
R+ A R+ A
n
R/Ry+2/a R,

J(R)=R+ A+ , ©)
in which R, is a constant of integration and Ry = 602 /d2,
where « and d, are free parameters of the action, and also A
is the cosmological constant. The metric solution up to the
first order in the free parameters of the action is obtained:
B(r)=1-—2 4 Br — 1 Ar?, where f = o//d > O is areal
constant [51,53].

2.1 Thermodynamic

In this section, we study the thermodynamic properties of
this black hole. We could find the mass of the black hole M
in terms of its entropy S, and the radius of curvature of the de
Sitter space /, where [ is related to the cosmological constant
A, through the relation [55]

3

A==

- (10)

Using the relation between the entropy S and the radius of
the event horizon r4, (S = nri), we can write the mass

PripS+ 1S — §3

M(S,1,B) = 3
20273

Y

The other thermodynamic parameters can be calculated by
using the above expression as the temperature (T = %—A;)
and the heat capacity (C = Tg—?) as a function of S, [, and

ﬁ’
 2pPPm1S7 —3S 4 Pn

T Bhi (12)
4127282
4B12 1S3 — 682 + 2278
co P T (13)
27 + 38

We have obtained three thermodynamic parameters of this
black hole and plotted all of them in terms of the radius of
the horizon r (see Figs. 1, 2, and 3).

In Fig. 1, it can be seen that the mass of the black hole
becomes zero at two points, 7 = roj and r+ = rg> (we show
the zero points of mass with rg; and rpp), in which rg; = 0
and rgp = 4.0, and it reaches a maximum value at ry = ry,
(we show the place of the maximum value of the mass by r,,),
which is equal to 2.31. Also, it can be observed from Fig. 2
that the temperature is positive only in a particular range of
r4, then it reaches zero at ry = r,, and, after that, it falls into
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Fig. 1 Mass variation of a static black hole in terms of the radius of
the horizon r for! = 4.0, = 10~

0.4

0.2

_0.2_
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Fig. 2 Temperature variation of a static black hole in terms of the
radius of the horizon r. for = 4.0, 8 = 10~*

the negative region, in which it has no physical meaning.
Finally, by plotting the heat capacity of the black hole in
terms of the radius of the horizon, r4, in Fig. 3, we have
shown that this black hole has a phase transition of type one,
in other words, in the range of 0 < r4 < ry,, the heat capacity
is in the negative region (unstable phase), then at ry = 7y,

_64

Fig. 3 Heat capacity variation of a static black hole in terms of the
radius of the horizon r. for = 4.0, 8 = 10~*

we have a phase transition of type one (C(ry = ry) = 0),
after that for, ry > ry,,, it will be positive (stable).

2.2 Thermodynamic geometry

Now, we construct the geometric structure for this black
hole by applying the geometric technique of Weinhold, Rup-
peiner, and GTD metrics of the system. In this case, the exten-
sive variables are N = (I, ). According to Eq. (1), we can
write the Weinhold metric for this system as

gl} = 0i9;M(S,1,B), (14)
ds?y = MssdS? + My dI® + Mggd?
2MgdSdl + 2MsdSdB + 2MpdldB, (15)
therefore

Mss Mg Msgp
V= Ms M, 0 |. (16)

Mpgs 0 0

The components of the above matrix can be found using
the expression of M, given in Eq. (11). We could calculate
the curvature scalar of the Weinhold metric as

RY =0, (17)

so the Weinhold structure is flat for this black hole and we
cannot explain the phase transition of this thermodynamic
system. Now, we use the Ruppeiner method, which is con-
formally transformed to the Weinhold metric. The Ruppeiner
metric is given by

@ Springer
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1
dsk = —ds?,.

T (18)

The corresponding matrix with the metric components of the
Ruppeiner method is as follows:

1\ | Mss Msi Msp
gR=<?) Mys My 0 |, (19)
Mgs 0 0
which is equal to
. 423 5% Mss Mg Msg
§ = T 1 Mis My 0
2282 =3S+ 1) | My 0 0
(20)

The curvature of the Ruppeiner metric is obtained:

ok _ 48312718 — 138302128 — 3833128 — 1182127 + 383
4832852128 — 35 + Im) '
21

which is singular at § = 0 and § = %lzn(2ﬂl(%lﬁ +
%\/12,82 + 3) + 1); for each solution of S, there exists a pair

of ry, (ry = :i:\/g), which can explain the zero points in
this thermodynamic system. We avoid the negative values of
this solution because it gives imaginary and negative roots.
The values of these zero points are 1 = O and r4 = ry,. Itis
completely coincident with the zero point of the temperature
and the heat capacity (the phase transition point) of this black
hole. The curvature scalar of the Ruppeiner metric for this
black hole with respect to the radius of the horizon, r, is
demonstrated in Fig. 4.

Plot of scalar curvature of Ruppeiner metric and heat
capacity, in terms of r4 are shown in Fig. 5. It can be seen
from Fig. 5 that singular points of scalar curvature are coin-
cident with the zero point of the heat capacity. Finally, we
construct the most important metric in the GTD method, in
which a Legendre invariant potential is being used. The met-
ric for this thermodynamic system, according to Eq. (4), is
as follows:

— Mgy 0O O
¢9™0 = (SMs + 1M+ BMp) | O My 0 (22)
0 0 0

‘We cannot obtain the corresponding curvature scalar with
this metric, because the metric determinant is zero, so the
inverse of the metric is infinite. Legendre invariance guar-
antees that the geometric properties of the metric do not
depend on the thermodynamic potential used in its construc-
tion. Thus, we consider the entropy as the thermodynamical
potential [56], and we obtain a new metric using the entropy
representation:

@ Springer

Fig. 4 Variation of the Ruppeiner metric in terms of the radius of the
horizon ry. forl = 4.0, f = 10~*

—Suym 0 0
g9T0 = (M Sy + 181 + BSp) 0 S Sip |- (23)
0 S;;[ Sﬂﬂ

We use the condition M2I* > [° to obtain the curvature
scalar of this metric, also 8 > 0.45 will satisfy this condi-
tion. Since the corresponding curvature scalar equation is too
large, we demonstrate it in Fig. 6.

It can be seen from Fig. 6 that the curvature scalar of GTD
is singular at r = 9.21. If we plot the heat capacity with
this value of B, we see that it will be zero at ry = 5.37 (see
Fig. 7).

As can be observed from Figs. 6 and 7, the singular point
of the curvature scalar is not coincident with a zero point of
the heat capacity, so, in this case we cannot find any physical
information as regards the system from the GTD method.

Now, at the end of this section, we investigate the effect
of changes in the value of 8 and [/, the parameters on the
phase transition points. It is clear from Fig. 8, by a decreas-
ing value of B, that we do not have any changing in the
numbers of phase transitions, but the place will decrease. In
Fig. 9a, we find that, for small values of /, the system has
phase transition of type one, but for a large value of /, the
system is in the unstable phase and it has no phase transition
(see Fig. 9b).

In the next section, we investigate the static charged black
hole in f(R) gravity.
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Fig. 5 Curvature scalar variation of Ruppeiner metric (blue continuous
line) and the heat capacity of a static black hole (green dash line) in
terms of the radius of the horizon r, for/ = 4.0, g = 1074

3 Static charged black hole in f(R) gravity

In this section, we describe the metric and the field equations
of astatic charged black hole in f (R) gravity. Here, the action
for f(R) gravity, with a Maxwell term in four dimensions,
is

1

S=—— [ d*x/—g(R R) — F,, F™). 24
167G xy/—8(R + f(R) wo ) (24)
201
10
R 0 T T T T T
6 8 10 12 14
r
,10<
,20_
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40
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_20A
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Fig. 7 Heat capacity variation of a static black hole in terms of the
radius of the horizon r, for/ = 4.0 and g = 0.45

We vary the action with respect to the metric results in the
field equations as:

1
Ruo(1+ f'(R) = S(R + [ (R)gyus
+(guV? = Vi) f/(R) = 2Ty, (25)

where T, is the stress-energy tensor of the electromagnetic
field, which is given by

0.0104

0.005

9.1 9. 9.3 9.4 9.5

-0.005 1

-0.010-

(b) Closeup of figure (a)

Fig. 6 Variation of curvature scalar of GTD in terms of the radius of the horizon of the black hole r, for/ = 4.0 and 8 = 0.45

@ Springer
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10 7

-20-

(b)

(c)

Fig. 8 Curvature scalar variation of Ruppeiner metric (blue continuous line) and the heat capacity of a static black hole (green dash line) in terms
of ry,forl =4.0and g = 0.25, 8 = 10~*, 8 = 10~13, for a, b and ¢, respectively

Tyy = Fup FP — gZ” Fpy FP, (26)  Using Egs. (25)~(29), the Ricci tensor is
i 1 R 2
with R;w =5 & 8w + —T;w- (30)
2\ f'(Ro) —1 (I'+ f'(Ro))
Th =0, (27)
Finally, the metric of the spherically symmetric spacetime is
R,y 1s the Ricci tensor, and V is the usual covariant deriva- given by

tive. The trace of Eq. (25), for R = Ry, yields
ds? = N(r)d®> = N(r)~'dr? — r2(d6? + sin® 0dp?), (31)

Ro(1+ f'(Ro)) —2(Ro + f(Ro)) =0, (28)
which determines the negative constant curvature scalar as with
2F(R 2GM 2 1
0= _L R 299 N@r)=1- + Q S ——=Ro*. (32
S (Ro) —1 r (14 f(R))r 12

@ Springer
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(a)

(b)

Fig. 9 Curvature scalar variation of Ruppeiner metric (blue continuous line) and the heat capacity of a static black hole (green dash line) in terms

of ry for § =104 and [ = 4.0, = +/3 x 1013, for a and b, respectively

For a general discussion of this metric, see Ref. [57]. In the

. . N 2 0? )
following, we consider G = 1, and ¢~ = T &)y there
fore we have
gt (1= ML L2 g

s° = ——+ — — —Ror
r r2 12 0
-1
M ¢* 1, 2
—[1-—+—=—-—=R d
( r + r2 12 or "
— r2(d6? + sin? 0de?), (33)

where Ry = 4A, in which A is the cosmological constant
and ¢ is the electrical charge.

3.1 Thermodynamic

In this section we investigate the thermodynamic proper-
ties of this black hole. By solving Eq. (32) in terms of r
(N(ry+) = 0) and, using the relation between the entropy
S and the radius of the horizon r4, the mass of this black
hole will be obtained in terms of the entropy, charge, and the
radius of the de Sitter space, as below:

P’rn2q* + 1’ S — §?

M(S,1,q) = T
2127282

(34)

In the following, we can straightforwardly write the tem-
perature, the electrical potential, and the heat capacity of the
black hole, from the first law of thermodynamic as follows:

dM = TdS + &dgq, (35)
12 S_IZ 2.2 2
T — b4 JZ%q3 3S’ (36)
427383

T
¢ = 61\/;, 37

_ 2%7%¢*S —21°7 5?4 65°
—31272¢2 + 2n§ + 382 °

The plots of Eqs. (34)—(38) are demonstrated in Figs. 10, 11,
and 12.

Figure 10, shows that the mass of this black hole has a
minimum value at vy = r,,1 (we show the minimum point
of the mass by r,,1), which has a value equal to 0.252, then
it reaches its maximum value at vy = r,2 (we show the
maximum point of mass by r,,2), at which its value is equal to
2.296, and it vanishes atr = rg, ro is the point where the mass
becomes zero, and it is equal to 4.0. It is also observed from
Fig. 11 that the temperature is positive only in a particular
range of event horizon (r,,; < ry < rp2), in addition, at
ry < rpi, and ryo < ry, it will be negative and it has
no physical solution. It can be observed from Fig. 12 that
the heat capacity of this black hole will be zero at r,,; and
rm2 (C(ry = rp1) = 0 and C(r4 = rpy2) = 0), in other
words, it has two phase transitions of type one at these points,
moreover, at ¥4+ = roo (We show the divergence point of
the heat capacity with r,), the heat capacity diverges, and
the value of this point is equal to 0.426. In other words, at
ry+ < rmi, the heat capacity is negative and it is in an unstable
phase, then, at r,;; < ry < roo, the heat capacity is positive
or it is in stable phase, afterward, at roo < r4 < ry2, it falls

(38)

@ Springer
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_2;

Fig. 10 Mass variation of a charged static black hole in terms of the
radius of the horizon ry for g = 0.25,1 = 4.0

19

_2A

Fig. 11 Temperature variation of a charged static black hole in terms
of the radius of the horizon r for g = 0.25,1 = 4.0

in to negative region (unstable phase) and at ry > ry; it
becomes stable.

3.2 Thermodynamic geometry

In this section, we construct the thermodynamic geometry
structure for this black hole. First, we use the Weinhold
method. Extensive variables for this system are N = ([, q),
so the resulting matrix of the Weinhold metric becomes

@ Springer

Mss Mg, Mg
Mgs Myq 0 . (39
My 0 My

gV =

The elements of the metric can be obtained from Eq. (34),
and the Weinhold scalar curvature can be found to be

RV _ 9l2n%S% - l4n%q2S% — A3 s3
(I2m2g2 — 127§ + 352)2

The denominator of the above expression becomes zero
at S = Z(+/I2=12¢%), oratry = ryy and ry = rpo
(see Fig. 13).

Next, we use the Ruppeiner method for this black hole.
Using Eq. (34), the matrix components of Ruppeiner metric
will be obtained:

Mss Mg, Mg
gk = = [ Mgs Mg O | (41)
Ms 0 My

(40)

So, using Eqgs. (36) and (41), we obtain
Mss Mg, Mg

Mys My, 0 |. (42
Mg 0 My

. APris3
- 2mS — 12722 — 352

8

After some calculation, the corresponding curvature scalar
will be obtained as
’rQ2ng* - S)
S(2m2q? — 1w S +35%)°

RR = (43)

This curvature scalar is singular at § = O and § = %l (==
V1% — 12¢?) or, as can be seen from Fig. 14, it is singular at
ry =0,rp =ry1,and ry = ryo.

Finally, we use the most important GTD metric. The
matrix resulting from the metric is as follows:

—Mgss 0 0
90 = (SMs +qM, +IM) | 0 My O
0 0 My
(44
The corresponding curvature scalar will be obtained as
gom _ 16 N
3 (BI272q% — 7S — 3812 (31272g% + 27 S + §2)3°

(45)

Here, because the numerator of the above expression has
no physical information and it is too long, we consider it as
N The denominator of RSP becomes zero at Iy = roo (see
Fig. 15). So, we extended our study to different thermody-
namical geometries. It can be observed from Fig. 16 that the
Weinhold and Ruppeiner methods are compatible with zeros
of the heat capacity, and GTD method is coincident with the
divergences of it. In the following, we point out the effect of
different values of the spacetime parameters on the stability
conditions of this black hole. As can be seen from Fig. 17a,
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(a)
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-0.024
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(b) Closeup of figure (a)

Fig. 12 Heat capacity variation of a charged static black hole in terms of the radius of the horizon, ry for/ = 4.0, g = 0.25

60

40

20

_20A

_40A

_60‘

Fig. 13 Curvature scalar variation of the Weinhold metric in terms of
the radius of the horizon ry for/ = 4.0, g = 0.25

for g = 0, the heat capacity of this black hole can be treated
like the black hole in the previous section and it has only one
phase transition, of type one. By increasing the value of ¢,
it will have two phase transitions of type one and one phase
transition of type two. Also, for small values of /, the heat
capacity has two phase transitions of type one and one phase
transition of type two (see Fig. 18a, b), and for large values
of [, it has one phase transition of type one and one phase
transition of type two (see Fig. 18c, d).

207
R 104
0 P —— L 1
1 2 3
r
_IOA
_20;

Fig. 14 Curvature scalar variation of the Ruppeiner metric in terms of
the radius of the horizon ry for/ = 4.0, g = 0.25

In the next section, we study the thermodynamic behavior
of a rotating charged black hole in f(R) gravity.
4 Rotating charged black hole in f(R) gravity
In this section, we study the solution of the field equation

and metric of a rotating charged black hole in f(R) gravity.
With a Maxwell term in four dimensions, the action is

@ Springer
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201

_10,

Fig. 15 Curvature scalar variation of GTD metric in terms of the radius
of the horizon ry for/ = 4.0, = 0.25

20 : 1 |
s ]
: [ |
: [ !
E /‘\ , \
104 | | ‘\‘ | \:
ol N
P I .-'\\
I FON
ol 1 / N \.\%-\Td—"'""“\ ‘
AT 2 3 4 5 6
(HE728
‘i | R
‘|i ,E I
-101 " K
Mp !
g
i |
[T
04 i

Fig. 16 Curvature scalar variation of GTD (red dash-dot line), the
Ruppeiner (orange continuous line) and the Weinhold (green dash line)
metrics, and the heat capacity (blue dot line), in terms of the radius of
the horizon ry, for/ = 4.0, g = 0.25

S=38;+ Sum, (46)
where S, is the gravitational action,

1

S, =
7 16w

dPxVIgl(R + f(R)), (47)

@ Springer

and Sy, is the electromagnetic action,
-1

Su=——

= d*x/—g[Fu F*'], (48)
16

where R is the scalar curvature and R + f (R) is the function
defining the theory under consideration, and g is the deter-
minant of the metric. From Eq. (48), the Maxwell equation
takes the form

V, F' =0, (49)

The field equations in the metric formalism are [58]

1
Ruo(1+ f'(R) = S(R + [ (R)gyus
+ (g V? = Vu V) f/(R) = 2T}y, (50)

where V is the usual covariant derivative, R, is the Ricci
tensor, and T}, the stress-energy tensor of the electromag-
netic field,

8w

Ty = Fu,Ff — TF/’”FW’ (@28
with
T’/j =0. (52)

The trace of Eq. (50) with the constant curvature scalar R =
Ry yields

Ro(1+ f'(Ro)) —2(Ro + f(Ro)) =0, (53)
which determines the negative constant curvature scalar as
2f(R
Ry = /f(—()). (54)
J'(Ro) — 1

Using Eqgs. (50)—(54), we have

1 f(Ro) 2
R,)y=-|—— v+ ————T,,. 55
" 2<f/(Ro)—1)g" MTENTTI R )

Finally, the axisymmetric ansatz in Boyer—Lindquist-type
coordinates (, r, 8, ¢), inspired by the Kerr—-Newman—AdS
black hole solution, is [58]

. 2
A 26d 2 2
ds? = — =~ [d; - w} + 2 a2 4 2 ge?
P =] Ay Ay
A : 29 2 2 2
Lol |:adt _Ita dg0j| , (56)
0 g
where
R 2
A= 4d?) (1 + —0r2> —2mr + Q—,
12 (1+ f'(Ro))
(57)
R
F=1- T;az’ p2 =2 +a2c0528,
R
Ng=1— l—gazcosze, (58)
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Fig. 17 Curvature scalar variation of GTD (orange continuous line), the Weinhold (blue dot line) metrics, and the heat capacity (green dash line)
in terms of 1, for/ = 4.0 and ¢ = 0, ¢ = 0.25, ¢ = 0.75, for a, b, and ¢, respectively

in which Ry, is a constant proper to cosmological constant
(Rop = —4A), Q is the electric charge, and a is the angular
momentum per mass of the black hole.

4.1 Thermodynamic

In this section, we investigate the thermodynamic properties
of this black hole. The radius of the horizon (r;) satisfies the
condition, with A, = 0,

QZ
S —
(1+ f'(Ro))
(59)

R
(r_%r +a?) <1 + ]—gri> —2mry +

By settingdr = d¢ = 0in the metric line elements, we can
find the line elements for the 2-dimensional horizon. Using
the relation

2 b4
A :/ dgo/ ly|do, (60)
0 0

where y is the metric tensor of the black hole horizon, the
area of this black hole will be obtained as

A7 (r? +a?)

A=
_ Ry 2
1 a4

(61)
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According to the relation for the entropy S = % [2], we
can easily find the entropy of this black hole,

7r(r_2|r + az)
= —"— " (62)
1— %az

The mass of the black hole can be obtained by using a
generalized Smarr formula in terms of all its parameters. To
calculate the generalized Smarr formula, first we obtain the
total mass (M), and the angular momentum (J), by means
of Komar integrals and using the Killing vectors, %8,, and
0y, so they will be obtained thus

@ Springer

m
M= (63)
1= (64)

Using Egs. (59)—(64), the generalized Smarr formula will
be obtained:

S = 4> Ro
M= — + —[4)2+ ¢+ = - =07
ax T eIt T o
RoST , S RoS?
-2 - . 65
247 [q 7 24n? (6)



Eur. Phys. J. C (2016) 76:476

Page 13 of 19 476

Now, according to the first law of thermodynamic, we can
calculate all of the thermodynamic quantities,

dM = TdS + 2dJ + @dq. (66)

So, the temperature of this black hole is

M
T=_o= —(48¢*7° + 8Rom 3Ry S?q% + 19277 J2

— R} S* + 16Ryn %S>

—48738%) x (2567483 (1447 ¢

— 48Ryt J?S — 24Ry73 ¢ S?

+5767° 77 + 2887%¢%S + Riw S*

— 24Ry2S3 + 144738%)7 3 67)
In addition, the angular velocity £2 is

M 5

x (S(14477g* — 48Rym* J%S — 24 Ry 3¢% S?

+5767°J% 4 2887%¢%S + R3n S*

—24Ron2S? + 144738%)7 7, (68)
and also the electrical potential can be obtained:

aM
& = = —7q(—127%¢% + RoS> — 127 5)
q
x (S(1447°g* — 48Romc* J2S
—24Rom3¢?S? + 5767°J% 4 2887%¢%S 4+ R3n S*
— 24Ron2S? + 1447352))7 7. (69)

Finally, we can calculate the heat capacity of this black
hole as follows:
= ai—M (70)
oM

Plot of all thermodynamic parameters obtained for this
black hole are shown in Figs. 19, 20, and 21.

It can be seen from Fig. 19 that the mass of this black hole
has one minimum point at ry = r,, (we show the place of
the minimum point of the mass with 7,,), in which the value
is equal to 0.252. It is also observed from the plot of the
temperature in Fig. 20 that the temperature of this system is
in the negative region at a particular range of ro (r4 < ry,);
after that, it reaches to zero at v = ry,, then it will be positive
for ry > ry,. In addition, Fig. 21 shows that the heat capacity
of this black hole reaches a positive (stable) phase from a
negative (unstable) phase, and after that it reaches zero at
ry+ = rp. Also the divergence points of the heat capacity are
rool and roop, and for this system roo; = 0.466 and roe2 =
2.266. So, for the range of r,,, < r4 < reo1, the heat capacity
is positive and system is in the stable phase; after that, at
Fool < Iy < Foo2, it falls into the negative region (unstable
phase), then at v > roop it will be positive (stable). In other

Fig. 19 Mass variation of a rotating charged black hole in terms of its
radius of the horizon r; for/ =4.0,a =0.1,¢ = 0.25

0.5

_0.5,

-1.51

_2,

Fig. 20 Temperature variation of a Rotating charged black hole in
terms of its radius of the horizon ry for/ = 4.0,a = 0.1, = 0.25

words, the heat capacity of this black hole has one phase
transition of type one, and two phase transitions of type two.

4.2 Thermodynamic geometry

In this part, we investigate thermodynamic geometry of this
black hole, using the Weinhold, Ruppeiner, and GTD meth-

@ Springer
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Fig. 21 Heat capacity variation of a Rotating charged black hole in terms of the radius of the horizon r, for/ =4.0,a = 0.1, ¢ = 0.25
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Fig. 22 Curvature scalar variation of Weinhold metric in terms of the
radius of the horizon r for/ =4.0,¢ = 0.25,a = 0.1

ods. We start by the Weinhold metric, which is as follows:

Mss Ms; Ms; Mg

M M M M
wo_ JS JJ Jq | 71
8 Mgs Mgy Mgq My 70

Mi;s My, My, My

The scalar curvature R" can easily be obtained; it is plot-
ted in Fig. 22.

@ Springer

It can be seen from Fig. 22 that the curvature scalar has no
singularity, so the Weinhold method has no physical infor-
mation for this system.

Now, we construct the Ruppeiner metric for this black
hole as follows:

Mss Ms; Mg, Mg
1
o = — Mys My; My, My ’ 72)
T qu qu qu Mlq

Mis My, My, My

where T can be obtained from Eq. (67). The curvature scalar,
which corresponds to the above metric, is plotted in Fig. 23,
and it is singular at r4 = ry,.

Finally, at the end of this section, we apply the most impor-
tant metric of the GTD method to this thermodynamic sys-
tem,

—Mss 0 0 0
My My My
Mgy Mqq My
0 My My My

GTD 0

=1 (73)

A plot of the corresponding curvature scalar with the GTD
metric is shown in Fig. 24.

This curvature scalar is singular at ry = roo1 and r =
roo2- S0, again we extended our study to different geother-
modynamic methods, and our results are shown in Fig. 25. It
can be observed from Fig. 25 that a singularity of the Rup-
peiner metric is compatible with the zero point of the heat
capacity, and singularities of the GTD metric are coincident
with the divergence points of the heat capacity. At the end of
this section, we investigate the effect of different values of



Eur. Phys. J. C (2016) 76:476

Page 150f 19 476

600

400

2004

-2001

-400-

-600-

Fig. 23 Curvature scalar variation of the Ruppeiner metric in terms of
the radius of the horizon ry. ! = 4.0 for g = 0.25,a = 0.1
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Fig. 24 Curvature scalar variation of the GTD metric in terms of the
radius of the horizon r for/ =4.0,a = 0.1, and ¢ = 0.25

the g, a, and [/, parameters on the phase transition points for
this system.

In Figs. 26, 27 and 28, we plot the curvature scalar of the
Ruppeiner and GTD metrics with the heat capacity of this
black hole. It can be seen from Figs. 26a, 27a, and 28a that this
thermodynamical system has one phase transition of type one
and two phase transitions of type two. The number of these
phase transitions changes for different values of the ¢, a, and

600

400

200

R I A

-400

-600-

Fig. 25 Curvature scalar variation of the Ruppeiner (orange continu-
ous line) and GTD (blue dot line) metrics, and the heat capacity (green
dash line) of a rotating black hole in terms of r for/ = 4.0,a = 0.1,
g =0.25

[, parameters. By increasing the value of g, the number of
phase transitions will be decreased, as can be observed from
Fig. 26¢, d; it has only one phase transition of type one. Also,
by increasing the value of a, the number of phase transitions
will be decreased, as shown in Fig. 27d, it has two phase
transitions of type two. Moreover, by increasing the value of
[, the number of phase transitions will be decreased, and it
has only one phase transition of type two (see Fig. 28c, d).

5 Conclusion

In this paper, we studied the thermodynamic behavior of three
types (static, charged static, and charged rotating) of black
holes in f(R) gravity, and we investigated the thermody-
namic geometry of them. Also, we plotted thermodynamic
quantities in terms of the radius of the horizon r4 and we
showed that for each maximum and minimum value of the
mass, these black holes have one zero point in their tem-
perature and heat capacity. When we applied the thermody-
namic geometry methods to these black holes, we have seen
that, for a static black hole, the Weinhold metric is flat, and
the Ruppeiner metric can explain the zero points of it. For
the static charged black hole, the Weinhold and Ruppeiner
metrics coincide with the zero points of the heat capacity,
and the GTD metric can explain the divergence point of it
as well. Moreover, for the rotating charged black hole, the
Weinhold metric has no singularity, but the Ruppeiner metric
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Fig. 26 Curvature scalar variation of the Ruppeiner (orange continuous line) and GTD (blue dot line) metrics and the heat capacity (green dash
line) of a rotating black hole in terms of 4 for/ =4.0,a = 0.1 and g = 0.25,¢ = 0.4,q = 0.75, g = 1, for a, b, ¢ and d, respectively

can explain the zero points of the heat capacity and the GTD
metric coincides with the divergence point of it.

We also investigated the effects of different values of the
spacetime parameters on the stability conditions of these
black holes. We observed that, by changing the values of
the spacetime parameters, the number of phase transitions

@ Springer

of these black holes is changed. But these changes have not
affected the compatibility of the explained thermodynamical
geometry methods with zeros and divergence points of the
heat capacity.

For future work, it would be interesting to apply these
methods to other spacetimes such as dilaton black holes.
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Fig. 27 Curvature scalar variation of the Ruppeiner (orange continuous line) and GTD (blue dot line) metrics, and the heat capacity (green dash
line) of a rotating black hole in terms of r for/ =4.0,g =0.25anda = 0.1,a = 0.25,a = 0.5, a = 0.8, for a, b, ¢ and d, respectively
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