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Abstract We discuss the cosmological reconstruction of
F(R, Rup R%B @) (where R, Rup R*F_ and ¢ represent the
Ricci scalar, the Ricci invariant, and the scalar field) corre-
sponding to a power law and de Sitter evolution in the frame-
work of the FRW universe model. We derive the energy con-
ditions for this modified theory which seem to be more gen-
eral and can be reduced to some well-known forms of these
conditions in general relativity, f(R) and f (R, ¢) theories.
We have presented the general constraints in terms of recent
values of the snap, jerk, deceleration, and Hubble parameters.
The energy bounds are analyzed for reconstructed as well as
known models in this theory. Finally, the free parameters are
analyzed comprehensively.

1 Introduction

In current cosmic picture dark energy (DE) is introduced
as an effective characteristic which tends to accelerate the
expansion in universe. Modified theories have achieved sig-
nificant attention to explore the effect of cosmic accelera-
tion [1]. These models have been developed to distinguish
the source of DE as a modification to the Einstein Hilbert
action. Some modified theories of gravity are f(R) grav-
ity with Ricci scalar R [2], f(T) gravity with torsion scalar
T [3], Gauss—Bonnet gravity with G invariant [4], f(R,7)
gravity with 7 as the trace of the stress-energy tensor [5-14],
f(R, T, Ryy)T™ [15-17]and f(R, G) gravity that contains
both R and G [18] etc. The acceleration of the expanding
universe can be explored by these theories through their cor-
responding invariants.

To generalize Einstein’s theory of general relativity (GR),
there is a vast literature on relativistic theories that reduce to
GR in the proper limitations. An especially attractive class
of these generalizations are the fourth-order theories. These
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theories were initially considered by Eddington in the early
1920s [19]. Whatever the inspiration to examine the gen-
eralized fourth-order theories, it is necessary to understand
their weak-field limit, and these limits confirm the increasing
behavior of these theories in observational data.

Generally a fourth-order theory of gravity is obtained by
adding R.p R and RupcqR’¢ in the standard Einstein
Hilbert action [20,21]. However, it is now established that
we can ignore the Rupecq R4 term if we use the Gauss—
Bonnet theorem [22]. About half a century ago, Brans and
Dicke (BD) [23] presented the scalar—tensor theory of grav-
itation, which is still popular and has received great interest
in cosmological dynamics as a replacement to dark matter
and dark energy theories. The motivation behind the BD the-
ory was Mach’s idea [24] to present a varying gravitational
constant in general relativity. Among the theories alternative
to Einstein’s gravity, the simplest and best known is Brans—
Dicke theory. In this theory, the gravitational constant has
been taken to be inversely proportional to the scalar field ¢.
The BD theory may be represented as a generalization of
fF(R) theory with f'(R) = F(R) = ¢R [2].

In modified theories, cosmological reconstruction is one
of the important prospects in cosmology. In f (R) gravity, the
reconstruction scheme has been used in different contexts to
explain the conversion of the matter dominated era to the
DE phase. This can be examined by considering the known
cosmic evolution and the field equations are used to calculate
a particular form of the Lagrangian which can reproduce the
given evolution background. In these theories the existence
of exact power law solutions for the FRW spacetime has
been examined. In [25-27] the authors have reconstructed
f (R, T) gravity models by employing various cosmological
scenarios. Nojiri et al. developed f(R) gravity models [28],
which were further applied to f (R, G) and modified Gauss—
Bonnet theories [29]. To reconstruct f(R) gravity models,
Carloni et al. [30] have established a new technique by using
the cosmic parameters instead of using a scale factor.
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Energy conditions are necessary to study the singular-
ity theorems; moreover, we have the theorems related to
black hole thermodynamics. For example, the well-known
Hawking—Penrose singularity theorems [31] invoke the null
energy condition (NEC) as well as the strong energy condi-
tion (SEC). The violation of SEC allows one to observe the
accelerating expansion, and NECs are involved in the proof
of the second law of black hole thermodynamics.

The energy conditions have been explored in different con-
texts like f(T) theory [32,33], f(R) gravity [34], and f(G)
theory [35], Brans—Dicke theory [36]. Further the energy
conditions of a very generalized second-order scalar—tensor
gravity have been discussed by Sharif and Saira [37]. Sharif
and Zubair have examined these conditions for f(R, T)
gravity [25] and for f(R, T, R, TH"") gravity [38], which
involves the nonminimal coupling between the Ricci ten-
sor and the energy-momentum tensor. Saira and Zubair [39]
have discussed these conditions for F (T, Tg) having a T tor-
sion term invariant along with 7, equivalence of the Gauss—
Bonnet term, and one discussed the teleparallel case.

In this paper we are interested in developing some cosmic
models in agreement with the recent observational data in the
context of generalized scalar—tensor theories. We present the
energy conditions in f (R, Rug R $) gravity utilizing the
FRW universe model with perfect fluid matter and develop
some constraints on the free parameters on reconstructed as
well as well-known models. The paper is arranged as fol-
lows: In the next section, we provide a general introduc-
tion of f(R, Ryp R“P | ¢) gravity. In Sect. 3 we define the
basic expressions of the energy conditions and then derive
the energy conditions of f(R, Rug R%B | ¢) gravity using the
deceleration, jerk, and snap parameters. Section 4 is devoted
to the reconstruction of models in f (R, Ryp RoB ¢) gravity
and the energy bounds of these models and in Sect. 5 we
have derived the energy conditions of some known f (R, ¢)
models. In Sect. 6, we sum up our conclusion.

2 Scalar tensor fourth-order gravity

F(R, Rup R“B . $) gravity is one of the more interesting the-
ories among the more general scalar—tensor theories, and its
action is of the form [40]

1
s = [ @'yt (1 (R, Rk 0)
+0@)9ad™) + cm}, M
where f is an unspecified function of the Ricci scalar,
the curvature invariant, and the scalar field, denoted by R,
Rap R*F =Y, and ¢ (where Ryp is the Ricci tensor). £,, is

the matter Lagrangian density, w is a generic function of the
scalar field ¢, g is the determinant of the metric tensor g,,.
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In the metric approach, by varying the action (1) with
respect to g, the field equations are obtained:

1 4
frRu =5 (f +0@)6.06) g
- fR;;w + g;waR + 2fYRzRow
- Z[fYRExM];v)a + D[.fYR;w]

+ [fYRaﬂ];aﬂg/w + w(¢)¢;u¢;v = K2T/w» (2)

where 0 = g*"V,,V, and «* = 87 G. We consider the flat
FRW universe model with a(t) as the scale factor, given by

ds? = di — a2(t) (dx2 +dy? dz2) . 3)

The gravitational field equations corresponding to a perfect
fluid as the matter content are given by

K2p = —3 (H + HZ) fr+3Hd, fr — % (f - w(¢)¢32)
—6H (2H + 3H2) X & fy
+ (14H H? + 2417 + 2H*) fy., “@
Kp = % (f + w<¢)<i>2) + (H + 3H2) fr —2Hd; fr
— B fr +4H (H + 3H2) 3 fy
+ (4H + 6H2) 3 fy + (4H Y 20HH + 10HH?
+16H2 ~ 18H*) fr. ©)

The field equation (2) can be rearranged in the following
form:

1 eff
Guv = Ruv - ERg;w = T;w , (6)

which is similar to the standard field equations in GR. Here

Tlf]f)f, the effective energy-momentum tensor in f (R, Y, ¢)

gravity, is defined as

R 1 1 i
Tmf)f = E[KZTMU + B (f + o (@)pa” — RfR) Suv

+ fRouw — &uvIfR — 2fy R Rap
+2[fYR?M];v)a —Ulfy Rl — [fYRozﬁ];aﬁgp,u
0@ |
One can define the effective energy density and pressure of
the form
per = — [K2p+ 5 (f—0@$?) +3 (5 +2) fr
Ir 2 23
; -3 o o0
a a ad
—3-0,fr+6 (—3 4 2_2) 3 fy
a a a
) 2D s .4
a a“a a
+ (24—2 —66° s + 48_4> fy} o
a a a
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and

1 1 . i a?
Pt = 4 [K2p —5 (F+o@3é?) -3 (; - a—z) fr
a

a i 2
+2;8tfR + 07 fR2 P + 2a_2 O fy

ai  _a® ‘@ ad
e )ttt e
asd a a

2 2 4
—M— -4y —4a—4> fy]. 8)

a3

3 Energy conditions

The energy conditions have an important role to play in GR,
and also they have useful applications in modified theories of
gravity. In the context of GR, these constraints help to con-
strain the possible choices of matter contents. Four types of
energy conditions are developed in GR by applying a geomet-
rical result known as the Raychaudhuri equation [31]. These
conditions are known as the null energy condition (NEC), the
weak energy condition (WEC), the strong energy condition
(SEC), and the dominant energy condition (DEC).

In a spacetime manifold, the temporal evolution of the
expansion scalar is described by the Raychaudhuri equation,

do 1
= —592 — 00" + o™’ — Ryyutu, 9)
do 1
5= _592 — 000" + @@’ — Ry kK, (10)

where R*Y, 0., o"*" are the Ricci tensor, the shear tensor and
rotation; the tangent vectors to timelike and null-like curves
in the congruence are represented by u* and k*. The aspect
of gravity of interest makes the congruence geodesic con-
vergent and leads to the condition g—f < 0. By ignoring the
second-order terms and integrating, the Raychaudhuri equa-
tion implies that = —t R, u’u” and 0 = —T R, k"k". It
further leads to the inequalities

Ruvutu’ >0, R, ,kMk" > 0. (11)

These inequalities can be written as a linear combination of
the energy-momentum tensor and its trace by the inversion
of the gravitational field equations as follows:

T T
<le — Eg‘“> uhu® >0, (TMU — Eg’“) Kk > 0.
(12)

In the case of a perfect fluid with density p and pressure p,
these inequalities give NEC, WEC, SEC, and DEC defined
by

NEC: p+p >0,

WEC: p>0, p+p=>0,

SEC: p+p>0, p+3p=>0,
DEC: p>0, p£p=>0. (13)

In modified theories of gravity, assuming that the total matter
contents acts like a perfect fluid, these conditions can be
determined by interchanging p with pefr and p with pegr.
The energy conditions for the scalar—tensor fourth-order
gravity are:

1 .
NEC: perr + pert = — 2 (0 + p) — 0(@)$* + du fir

fr
— Ho, fr — 2(2H + 3H?) 3, fr + <8HH + 6H3) 3 fy

- (4H' +20HH +28HH? + 40H2) fy] : (14)

1 1 .
WEC: por = - [K% +3 (f = 0@d* - Rfz)

—3Hd, fr + 6H (2H + 3H2> 3 fy

- (18HH2 +24H2 + 18H4> fy] , (15)

1 .
SEC : peff + 3peif = E [K2 (p+3p)— f — 2w(¢)¢2

Y RfR +3H0: fr + 33 fr — 6 (2H T 3H2> 9 fy
—18H?d, fy — (12H + 60HH
L48HH? +T2H? - 36H4) fy] : (16)
1
DEC: put = per = - [« (0 = ) = Rfx = 3 f
—S5H, fr+2 (2H n 3H2) ou fy + (16HH

+30H) 8, fy + (45 +20H i
—8HH?—8H? - 36H4) fy] . (17)

Inequalities (14)—(17) represent the null, weak, strong, and
dominant energy conditions in the context of f(R,Y, ¢)
gravity for the FRW spacetime.

We define the Ricci scalar and its derivatives in terms of
the deceleration, jerk, and snap parameters as [41,42]

R=—-6H>(1—¢q), R=—6H>(j—q—2),

R =6H*(s+¢°> +8q +6), (18)
where

B 1 a .1 a 1 ‘a (19)
7= H?2a’ ]_H3a’ S_H4a’

and we express the Hubble parameter and its time derivatives
in terms of these parameters as [38,39]

a . .
H:;, H=-H>(14q), H=(+3¢+2) H>,

H=H4(s—4j—1zq—3q2—6). (20)
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Using the above definitions, the energy conditions (14)—(17) —6H 243(1 — 2q)(¢3 fros
can be rewritten as +Y fry) — 6H?Y (1 = 2q)($frvg + ¥ fryy) 20, (23)
NEC: & (p + p) — 0($)§’
~6HY (s — j + (g + Dig +8) frg + [V
—HY + 12H%(s(1 —2¢) + j(1 + 49)

DEC: «*(p — p) + f — Rfg = (SHR + R) frr
— [sHY + 7 - 217x

T g+ D247~ 17q +4)} x (1= 20)R = RH'(14 = 160)} v

X fry + (6 — HP) frg —2H> (¥ + HY) - (5-H¢.+¢) frp — R frrR — Z.R.X
—2q (¥ —2HY) fyy — 28 x (¥ = RH*(1 =29)) frrr = 20R frrs
X{($+H¢)_2q(¢._2H¢")}fY¢ + (4H2(1—2q)R—Y') YfRYY

+36H (j —q —2)* frrr — 12H°

X (j—q—2) {Y+6H5(1 —29)(j —q —2)}fRRY
—12¢H? (j —q —2) x frr¢

4y {1‘/ F24H(1 = 29)(j — g — 2)} fryy + &% frog

— 2 frop +26 (2H*R( = 29) = V) frry
+2H?Y (1 -29) (Y frvy + ¢ frve)

+2H2G (1= 29) (Y frvg +  frop) + H2 {201 — 29)¥
+HY x (14 — 169)} fry

+2¢ |V + 12850 = 200 ~ g =2} favo +H? {2(1 - 20)¢ + H$(14 — 169)}
+Y (Y frvy + b frve) + 6 (D froo + Y frve) +4HY (s +j = 5¢> —q —5) fr = 0. 24)
—4H4<s+j+7q2+16q +7)fyzo, @1)

WEC : «2p + % (f _ w(¢)d)2) _ %RfR 4 Reconstruction of f(R, Y, ¢) gravity

+18H*(j —q —2) [ frr —2H? In this section, we present the reconstruction of f(R, Y, ¢)
. . gravity by using well-known cosmological solutions, namely
x (1=2q) fry} = 3H (Y fry + ¢ fry) de Sitter (dS) and power law cosmologies.
+6H (1= 29) (Y frv + b fro)
- 6H* (4‘12 +5g + 4) fr =0, 22) 4.1 de Sitter universe models
SEC: k% (p+3p) — f — 2w($)d> The dS solutions are very important in cosmolpgy in e'xplain—
4 . ) ing the current cosmic epoch. The dS model is described by
+Rfr —6H <2s +2j—69" + 14‘1) the exponential scale factor, the Hubble parameter, and the

+17fy — 18H* (S Yitq®+q +4> frR Ricci tensor as

— Hot _ _ 2
o 1 = . H=Hy,, R=I2H. 25
—|—3[HY~|—Y+12H6(1—2q) a(t) = ape 0 0 (23)

In this reconstruction, we consider a matter source with con-

2 6
x (s+8q+q +6) +36H(j —¢ _2)} fry stant EoS parameter w = %,so that

+3(Ho +¢) frp — 6H* x (1 —2¢) ¥ +3HY) fry

—6H> ((1 - 2q) § + 3HP) fry + 108H° p = poe IO, w1 (26)
x(j—q—2)% frrr — 36H> (j —q — 2) Here we use [43,44]

x (Y+6H5<1 -29)(j —q —2>) o (@) = o™, ¢(1) ~a®)’. 27)
X frry — 36H> (j —q —2) Using these quantities along with Eqgs. (25) and (26) in Eq.
x|V +6H5 (1 = 29) (j — g = 2] fary = 361 (4), we obtain

x(j —q —2)¢ frro 3H; Bpfry — 18Hy Bdfrs — 3Hy fr +42H; fy

+3 {2 UV =29)G — g = D) Jary 438 fres 5 SR Y, 6) + 30

+6 {¢'>Y +12H$(1 - 2)(j — ¢ — 2)} fryg x H2"? — k2popal M = 0. (28)
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This is a second-order partial differential equation which can
be converted in canonical form, whose solution yields

F(R.Y,$) = arapaze R 71 42" + 497, (29)
where «s are constants of integration and

18Ba1 HY — 108Bas Hy — 5 + 6ay HY — 84ax Hyf

6 (Hoz(xlﬂ — 6/30(2Hé)

Y= s
v2 = woBPHE,
3
T =20 (30)
B
Introducing model (29) in the energy conditions (14)—(17) it
follows that

yy=m+2, ys=—2k>poa,

NEC : 2 pge o0+t 42 o B2 HZalb "+
x P HDH L gga 1)y
XO(3)/1H0 <o{1 — 6a2 H;) ) A ﬁV1H0t+12a1H2+36a2H4

+ Brajaaasyr (1 — 1) x (061 - 6062H§) Hozagyl

Xeﬂy1H0t+12a1Hg+36a2Hé > 0’ (31)
WEC : K2p06_3H0(1+w)t

1 2 4
+ —Ot10(2013agV] oPBv1 Hot+12a1 Hj +360 Hy (1 — 120 H?

2
—360[2]‘13) +y2a/3V3 /3]/3H0t+,y4a/3)/5 Bys Hot

ZHgag(m+2)eﬂ(m+2)Hot

1
— —wof —3Bajonasy

2
Ho (m . 6a2H0> BY1 oBy1 Hot+12ay H +36a2 Hy > 0. (32)

SEC : «2pgeHol+wit 4 3,2, 4 Ol]()l20l3a€yl

x eP 1 Hot-+ 1201 Hi +360: Hg (360(2Hé + 1201 Hj — 1)

By3 P3Hot Bys ePrsHot _

— 24 - a4 2w0B2Hiah "
xePmTDHot | 3(1 4+ Bajarazyr Hg
X (061 — 6a2H02) oPBy1 Hot+1201 Hy +362 Hy

al’" + 32wy () — DHG (a1 - 6azHo) o
Xeﬂy1H0t+12a1H02+36a2H0 >0, (33)
DEC : k% pge 3Hol+wr _ 2,
+a1a20t3agyl eﬁy1H0z+12a1H§+36a2Hg (1 — 12a;
XH(% _ 360[2H6‘> + )/261'3% BraHot 7/4“/3}/5 Bys Hot
+ BB + Sz y Hy
% (60[21{(% _ al) agm By Hot+12a1 H3+3602 Hy

+ Braraaasyi (v — DHG x

2 4
% (6042H§ _ 061) agyl P HOT R HG+3600 H S () (34)

The inequalities (31)—(34) depend on the six parameters
o, 00,03, B,m,andt. In this approach, we fix two parameters
and find the viable region by exploring the possible ranges
of the other parameters. We prefer to fix the integration con-
stants and show the results for WEC and NEC. Herein, we
set the present day values of the Hubble parameter, the frac-
tional energy density, and the cosmographic parameters as

= 67.3, Quo = 0.315[45] g = —0.81, j = 2.16,
s = —0.22 [25]. The viability regions for all the possible
cases for the dS f (R, Y, ¢) model are presented in Table 1.

Initially, we vary o1 and a to check the validity of WEC
and NEC for different values of o3, 8 and m. If we set both o/
and a» positive then WEC is valid for m, however,  needs
some particular ranges, thus («z > 0, 8 > 0), (a3 = 0,V
B) and (@3 < 0, B < —1). NEC is valid only if @3 < 0 and
the suitable regions are (o3 < 0,V m, B), (a3 = 0,m > 0,
B < —1and (03 =0,m < —2.8, 8 > 2). In Fig. 1, we
present the evolution of WEC and NEC to show some viable
regions in this case. If ¢; < 0 and ap > 0, WEC is valid for
all values of a3 and m with 8 > 0. For a3 > 0, NEC is valid
for all values of m and 8 except 8 = 0 and if @3 = 0 then the
validity of NEC requires (m > 0, 8 < —2) or (m < —2.8,
B >2).Ifa; > 0and ap < 0, WEC is valid for all values
of a3, B and m with ¢ > 3.6, in the case of NEC we require
(B < —15m=>0), (B =28 m < —3) for all «3. For
choosing @1 < 0 and oy < 0, WEC is valid for all values of
a3, B, and m with ¢ > 3.6. For all values of a3, NEC is valid
for < —1.4 withm > 0 and for 8 > 1 withm < —3.6.

Now we are varying a» and «3, starting with oo > 0 and
a3 > 0. For o1 > 0, WEC is valid for all values of m with
B > 0and r > 3.6 and NEC violates this, and for o1 < 0
WEC is valid for all values of m with § < —1 and NEC is
valid for all values of m and § except 8 = 0. For a1 = 0,
WEC is valid for all values of m with § < —1 and NEC is
valid form > O with 8 < —1 and form < —3 with 8 > 2.8.
In case of @y > 0 and a3 < 0, the validity of WEC and NEC
establishes three cases: (i) if «; < 0, WEC is valid for all
values of m with 8 > 0 and NEC violate, (ii) if «; > 0,
WEC is valid for all values of m with § < —1 and NEC is
valid for all values of m and B except § = 0, (iii) if 1 = O,
WEC is valid for all values of 8 and m with r > 3.6 and
NEC is valid for 8§ > 1 withm < —3 and for 8 < —1 with
m > —1.For oy < 0 and a3 > 0, WEC is satisfied for all
values of a1, B, and m with r > 3.6 whereas the validity of
NEC requires (8 < —1,m > 1)or (8 > 2.8, m < —3) for
all 1. Similarly, for vy < 0 and o3 < 0, WEC is valid for all
values of «1, B, and m with t > 3.6 whereas the validity of
NEC requires (8 < —1,m > 0.8) or (8 > 2.5, m < —3.5)
for all «;.

Next we vary o and a3, taking o and a3 both positive.
For oy > 0, WEC is valid for all values of m with 8 > 0 and
NEC violates this. For ap < 0, WEC is valid for all values
of B and m with ¢t > 3.6 and NEC is valid for 8 < —1.5
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Table 1 Validity regions of WEC and NEC for dS f (R, Y, ¢) model

Variations of o s Validity of WEC

Validity of NEC

a3z =0,V Bandm
a3 >0,8>0,Vm
a3 <0,8<—-1,Ym
Yaz,mand 8 >0

o) > 0,0 >0

o) < 0,0 >0

Va3, B,mandt > 3.6

Va3, B,mandt > 3.6

a; <Owithg <—1,Vm

o) =0 witht > 3.6,Vmand 8
o >0withg >0,r>3.6,Vm
a1 <0,8>0,Ym

o >0,6<—-1,Ym

o =0,7> 3.6,V Band m
Yo, B and m witht > 3.6
Yo, B and m witht > 3.6

oy > 0with > 0,Vm

ar <O0withVY 8, mand t > 3.6
ar <OwithVY 8, mand t > 3.6
o > 0with B < —-0.5andVm
ar <O0withVY B, mandr > 3.6
ar > 0with g < —0.5andVm
ar >0,8>0andm

ar <O0withVY B,mandt > 3.6

o) > 0,0 <0

a1 <0,ap <0

ay > 0,3 >0

ay > 0,3 <0

oy < 0,3 >0
ay < 0,3 <0

o) > 0,03 >0

ap > 0,a3 <0

a1 <0,a3 >0

a1 <0,a3 <0

a3 < 0 withVm and B
a3 =0with(m >0, <—1)or(m < —-2.8,8>2)

a3z =0with(m >0, < —2)or(m < —-2.8,8 >2)
a3 > 0withf >00rB<0Vm
VYazwith(m>0,8<—1.5o0r(m<-3,8>2.8)
Vazwith(m>0,8<—-14)or(m <-3.6,8>1)
o) <Owithg>0o0rf <0andVm

a; =0with(m < -3,8>28)or(m>0,8<-1)

ap =0with(m <-3,>1or(m>—-1,8<-1)
o) >0with <Oor >0andVm

Varwith(B <—1,m>1or(f>28m<-3)
Vo) with(B<—1,m>0.8)or (8 >2.5m<=<-3.5)
oy <Owith(B <—1.5,m>0)or (8 >28m<-3)

Yar, with (B < —2,m >0)or (B > 1,m < —3)
ar > 0 withV g and m

a; <0with(8>2.8,m < -3)or (B <—1.4,m >0)
@ <Owith (B >2,m < —3.5) 0r (B < —1.4,m > 0)

Validity of WEC

Validity of NEC

-100 -100
-50
0 B
—t s 50
= S i e e 100
100 -
100
100
t 50
50 ¢
0 _50 -100
0 _50 0 100 50 0
a -100 n
Fig. 1 Variation of energy constraints for dS f (R, Y, ¢) model with ¢ > 0 and &y > 0. In left plot we set m = —10 (one can set any value since

the results are valid for all m) and we show the variation for all 3 and B. Right plot shows the validity regions of NEC for a3 = 0

with m > 0 and for 8 > 2.8 with m < —3. Now we take o/
positive and a3 negative. For op > 0, WEC is valid for all
values of m with 8 < —0.5 and for ap < 0 WEC is valid for
all values of B8 and m with ¢t > 3.6. For all values of «p NEC
is valid for 8 < —2 withm > O and for 8 > 1 withm < —3.

@ Springer

Taking o1 negative and o3 positive. For oy > 0, NEC s valid
for all values of m with 8 < —0.5 and WEC is valid for all
values of 8 and m. For o < 0, WEC is valid for all values
of B and m with ¢t > 3.6 and NEC is valid for 8 > 2.8 with
m < —3 and for 8 < —1.4 with m > 0. Taking o1 and «3
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both negative. For o > 0, WEC is valid for all values of m
with 8 > 0 and NEC violates this. For «p < 0 WEC is valid
for all values of 8 and m with t > 3.6 and NEC is valid for
B >2withm < —3.5and for B < —1.4 withm > 0.

e de Sitter model independent of Y

Here we take the function f (R, ¢) and insert Eq. (27) along
with Eqgs. (25) and (26) in Eq. (4); we obtain

1 1
3HZBdfrs —3Hfr — S (R.$)+ zwoﬂ2H§¢m+2

3
—i2ppa] T = 0. (35)
Solving this equation we have

F(R, $) = ajone™ Ro" + 12073 + yag?s, (36)

where «;s are constants of integration and

Vi =——( +—=—), y»=wB’H,

B 6H020l1

3(14w) 3
s Ys=—= (37)

B
Introducing model (36) in inequalities (14)—(17) it follows

that

y3=m+2, y4——2/cpa

NEC : K2p03_3H0(1+w)t + sz
_woﬂzHOzag(m+2)eﬁ(m+2)Hot + ,3(/3 _ 1)

2
Xa%azyleaﬂw Py Hot+1201 H;

2 /3)/1

+B%ataryr (y1 — 1) H x ePriHo 120 H 5

(38)

_ 1 2
WEC : szoe 3Hy(1+w)t + Ealazaé}m oBY1 Hot+18a1 Hy

Bvs ﬁysHot 60[120l2H02615y1 eﬁyl Hol+l2o(1H§

!
Cl
2)/4
—3,30(1012)/1[']2 By /3)/1H()t+120t1H02 > O, (39)
SEC : «2pge Hol+wi 4 3,2,

Bn ﬂyl H0t+120t1H02 /3]/36/3)/3['101‘
0

—ajond,
Bys oPysHot

— na

— yaal szﬂZHozag(m"‘z)eﬁ(m—i-Z)Hm

+120}ar H3al"" x e

+3ﬂ(1 + ﬁ)a1a2y1H ﬁ}/l ﬂVIHOH']zalHO
+3/320‘%0l27/1 x (y1 — l)Hozangeﬂm Hot+1201 HZ >0,
(40)

2
_ sz + oqoezagy‘ eBy1Hot+1201 Hg

Bys ePvsHot

2
By1Hot+12a1 H

DEC : K2poe—3Ho(l+w)t

+ yzaﬁm Bys Hot + yaal

_lzalazH ,3)/1 ﬂy1H0l+12a1H0 ﬂ(ﬂ+5)a%a2)/1

2
% Hgagm Py Hot+1201 H;

— Bafoayi(n — DHGa" P2 > 0 (4

Here, we discuss the energy constraints for the dS f (R, ¢)
model; the inequalities representing these conditions depend
on five parameters, namely, o1, a2, 8, m, and 7. One can see
that WEC only depends on o, oy and . We find that WEC
is satisfied for two cases depending on the choice of «: (i)
a1 > 0 with ap > 0, (il) @1 < O with for all @p. Now we
discuss NEC for three viable cases depending on the choice
of o1 and a. If both o1 and oy are positive then NEC is
valid for (8 < O withm > —2) and (8 > 0 withm < =2).
Taking o1 negative and « positive, NEC is valid for g > 3
with m < —5 and for 8§ < —1 with m > 0.8, similarly for
a1 < 0, ar < 0 the validity of NEC requires 8 > 3.5 with
m<-5and 8 < —1 withm > 1.

e de Sitter model independent of R

Now we take the function f (Y, ¢) and insert Eq. (27) along
with Eqgs. (25) and (26) in Eq. (4); we get

1 1
18Hy Bfro — 42Hy fr + 5 (Y, $) = Swof” Hjg"
—k2pp a%(1+w)¢ 0, (42)
whose solution yields
F.9) = a1one® ¢" + y2g? + yag?”, 43)
where «/s are constants of integration and
7 n 1 5212
= —— sy E— = .
V1 3,3 36H4051 ﬂ V2 0 0
3
yr=m+2, ya=-23pa T, ys=—2. (44

Using model (43) in the constraints (14)—(17) it follows that

NEC . K2p06—3H0(1+w)t + sz
_ woﬂzHOzag(mH)eﬁ(erz)Hoz _

688 —1)

4
xa%azyl Hétagm oBY1 Hot+3601 Hy

4 By

—6p%atary (1 — 1) Hial"" x P36ty > o,

(45)

_ 1 4
WEC : szoe 3Hy(1+w)t + —alozzagy' ePv1Hot+36a1 Hy

1
+ 2y4aﬂV5 eBvsHot + 18“120(2]/1 H4 ﬂ)/l ﬁVlHot+36oz1H4
_ 180!%052H61a63y‘ oPv1Hot+3601 H >0, 46)
SEC : «%pge 3Ho(+wit 4 3,2,
_ Ol]OQaﬂyl By1 Hot+36a Hy _ yzagmeﬂ”HO’
_ )/4aﬂy5 BysHot __ 2w ,32H2 ﬁ("1+2)eﬁ(m+2)H0t

— 1881 + B)adaay Hial " x efriHor+36ciHy
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—188%atanyi(y1 — 1)
% Ha‘agyl eﬂ}/l Hot+36a Hé + 360{%(12
x Hyalf?" ePritor+36 g > 47)

DEC : k2 pge 3Ho+wr _ 2,

4
+ 01101261(})3)/1 ePv1Hot+36a1 Hy + )/zclgy3€ﬂy3H0t

+yaal PS4 6B (B + 5)ataryi Hyal "

4
Xeﬂy1H0t+36a1H0 + 6[320512062]/] %

4
X(J/l _ I)H(;la(l)g)’l eﬂy1H0t+36(x1H0

— 36ajar Hial" ef 1 Hot+36i g > o (48)

Here, WEC depends only on a1, a2, and 7 as in the previous
case. We find that WEC is satisfied only if o < 0 for all
values of 1. Now we discuss the validity of NEC by varying
o1 and ap. If o1 and «p both are positive then NEC violates
this whereas for all other cases, (o; < 0, ap > 0) (o7 > 0,
oy < 0)and (o) < 0, ar < 0) it is valid for all values of m
and B except 8 = 0.

4.2 Power law solutions

It would be very useful to discuss power solutions in this
modified theory according to different phases of cosmic evo-
lution. These solutions are helpful to explain all cosmic evo-
lutions such as dark energy, matter and radiation dominated
eras. We discuss power law solutions for two models of
f(R,Y, ¢) gravity. The scale factor for this model is defined
as [25,46]

a(t) = apt", H(t) = ? R=6n(1—2n)"2,  (49)

where n > 0. For a decelerated universe we have 0 < n < 1,
which leads to the dust dominated (n = %) or radiation dom-
inated (n = %) cases, while n > 1 leads to an accelerating
picture of the universe.

e Power law solution independent of R

Here, we take the function f (Y, ¢), inserting Egs. (26), (27),
and (49) in Eq. (4); we obtain
2(3n —2) Y2/ n(3n —2)
an? =3n+1 T 22 Z3n )
Tn® — 19n + 4
—Y
T @ —an+ 1) fr

oY fre

1 _3 1 2 _2
- Ef —szoag(”rw)qb P+ Ewoﬂznzaél mt2=55 = 0,
(50)
whose solution results in the following f (Y, ¢) model:

F(Y, ) = 12" Y7* + y3¢™ + y5¢™, (S

@ Springer

where the os are constants of integration and

_ 2Bn—2a; | Tn* =3ln+12  2(4n? —3n + 1)
=42 “ 3041 n(Gn —2) 22Gn — 2)%a;
n(3n — 2)a 2
v2 vs = —wop’n’ag,

T 2@ 3+ 1)

va=m+2— % Y5 = —2K2,00613(1+w), Yo = —% (52)
Introducing (51) in the energy constraints (14)—(17), one
can find the inequalities for this model to depend on the six
parameters o1, oz, B, m, n, and t. We will only discuss the
WEC and NEC for different values of 8 and m by fixing n
and «;’s where i = 1, 2. Starting with «1 and o both posi-
tive, WEC is valid forn > 1 with < —0.1,m > 0,7 > 1.1
and NEC is valid for all values of m withn > 1 and 8 > 0.
Now taking o negative and o positive, WEC is valid for
1 <n<18with < —3,m > 0 and for n > 2.3 with
B > 2 and m < —1. Similarly, NEC is valid for all values
of m withn > 1, 8 < —0.12, and r > 1.01. Now taking
a1 positive and o negative, WEC is valid for n > 1.7 with
B > 0.1 and m < —10 and NEC is valid for all values of
m withn > 1, 8 > 0 and ¢t > 1.07. Taking o1 and ap
both negative, WEC is valid for | < n < 1.9 with g > 0,
m < —6.5,and ¢ > 1 and forn > 2 WEC is valid for 8 < 0
with m > 4. In this case NEC is valid for 1 < n < 1.5 with
B>0,m < —2.6,and r > 1.9 and for n > 2 it is valid for
B < O0withm > 0,¢ > 1.05, and for 8 > 0 withm < —4,
t > 1.08.

e Power law solution independent of Y

Now we take the function f (R, ¢); inserting Eq. (26) along
with Eqs. (27) and (49) in Eq. (4) yields

-1
R frr + n—RfR
3n—1 2B3n—1)
np 3 -3
= 3 1y Rfre — e e
1 1 22 2 my2-2
—5f + so0pn’a] W =0, (53)

Solving this we have

(R, ¢) = a1009” R + y3¢™ + 507, (54)

where «;s are constants of integration and

o n—3 2@n-1)>2

= +
=3, np n2p%ay
nn —3)Bay 2 9 2
V2 - (3’”1 _ 1)2 ’ 7/3 - a)oﬂ n a() ’
2 3
va=m+2— —, J/5=—2K2p0618(1+w), Yo=——.

np
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Inserting (54) in the energy conditions (14)—(17) we can find
the energy conditions for this model. Here we are discussing
the validity of NEC and WEC for different values of 8, m,
and ¢ by fixing n and o;’s where i = 1, 2. Starting with
a1 and ay both positive, WEC is valid for all values of m
and B # 0 with n = 3 while NEC is valid for n = 3 with
B <—2,m>0,andr > 1.03. Now taking «; negative and
ay positive, WEC is valid form > Owithn = 3, 8 > 2.6 and
t > 0.65 and form < —2itis valid forn = 3 with § > 22.5.
For this choice of «;’s NEC is valid forn > 1 with 8 > 1,
m < —5andt > 1.05. Next we are taking o« positive and
oy negative, here WEC is valid for n = 3 with (1) g > 2.7,
m > 0,and t > 0.65 and with (ii) 8 < =2, m < —5.5 and
t > 0.65. NEC is valid for n = 3 and for all values of m and
B except B = 0. If we take o; and «y both negative, both
WEC and NEC are valid for all values of m and 8 # 0 with
n=3.

5 Energy conditions for some well-known models

To show how these energy conditions apply in the limits
on f(R,Y, ¢) gravity, we have also considered some well-
known functions in the following discussion.

5.1 f(R, ¢) models

Here, we present f(R, Y, ¢) gravity models which do not
involve a variation with respect to Y and correspond to
f(R, @) gravity. We present the energy constraints for the
following models:

1. f(R,¢) = R2AAZD)
2/n

B

SR @) = R(1 +£¢2),

Sl

For these models we explore the energy constraints in the
background of power law solutions with n > 1 favoring the
current accelerated cosmic expansion.

5.1.1 Model I

In [47], Myrzakulov et al. discussed the inflation in f (R, ¢)
theories by analyzing the spectral index and the tensor-to-
scalar ratio and found results in agreement with the recent
observational data. In our paper, we have selected the fol-
lowing f(R, ¢) model [47]:

R —2A(1 — PRy
F(R.¢) = — ,

w(p) =1, (56)

where «3 is introduced for dimensional reasons and b is a

dimensionless number of order unity.

Introducing this model in the energy conditions (14)—(17)
along with Eqgs. (26), (27), and (49), we find the following
constraints:

NEC . KZ(p0[—3n(l+w) + p) _ ﬂZHzagﬁthﬁ
+2AbkBH?al " (B —q —2)
Xe—6b¢/<3(l—q)H2 _ 12Ab2K4H4a§ﬂt2”ﬁ

x[(s+q2+8q+6)+ﬂ(1—q) x

XB-1=-q)+2B( —q—2)

+2/32(1—q)—(j—q—Z)—ﬂ(l—q)]

x e ~6be (1—q) H? + 72Ab3/<7H6a(3)ﬂt3”’3

x[/ﬂ(l —’+28(1-9)(j—q —2)]

xe 0P U= H 5 (57)
WEC : k2 ppt —>n1+w)

+ Kiz [30 = g2 = A (1= =Sto i) |

tzaéﬁtz"ﬂ - Ab/cHzagt"’g (B—6+69)

w000 1= H | 36 A p2c 4

a2l 27 (B(1 — q) + (j — q — 2)) e A-DH? 5 ¢
(58)

2

SEC : Kz(p()t_3n(l+w) +3p)

+ % (1 _ e—6b¢fc3(1—q)H2> _ 2ﬁ2H2a§ﬂt2nﬁ
K

+6AbicH?all 1 [,3(/3 —l-g)+p-2(1- q)]
xe PP U=DH> _ 36 712

it HAalP 2P |:(s + 4% +8q +6)
+BU—)(B—1—q)+4B(j —q—2)

+282 (1 =)+ (—q—2) + B0 —q)}

xe~ PO U=DH L 216Ab KT HO x ag 1P

[ﬂ2(1 —)?+280—q)j—qg -2+ (—q-— 2)2}

Xe—6b¢K3(l—q)H2 2 O, (59)

DEC : «?(pot ") — p)
B % (1 _ €—6b¢K3(1—q)H2> - 2Abe2agt"ﬁ
K

x [ﬂ(ﬁ —1—q)+5p—6(1— q)}e“")”“q”’z
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Validity of NEC

7 -100
100

Fig. 2 Plot of NEC for Model II versus the parameters m, 8 and ¢ with
n=1.1

+ 12002 HA P 2P
x[<s+q2+8q+6>+ﬂ<ﬂ— 1—g)(1—¢q)

+4B(j —q —2) +2B8%(1 —q)
+5( —q—2)+58(1 — q)}e“’q’”“‘f’)”2 YN

3 .
x Hoay 13" [/32(1 —@)’+280—q)(j —q—2)
+(—q- z)z}e—ﬁbw““—q)f’z > 0.

Here, we are left with the four parameters b, B, n, and ¢
and we constrain these according to WEC and NEC. Starting
with b > 0, NEC is valid for n > 1 with < —1.5 whereas
WEC is only valid forb = Owithn > 1,8 <0,andt > 1.1.
Moreover, for b < 0 with n > 1, NEC and WEC are valid
for all values of 8. In Fig. 2, we show the plot of NEC for
this model versus the parameters m, 8, and ¢ by fixingn > 1.

5.1.2 Model 11

Here, we have formulated a specific model in this theory
using the form f (R, ¢) = Rf (¢). We have calculated f (¢)
from the Klein—Gordon equation by using w(¢) = wo¢™
and ¢ = a(r)? given in [40],

20($)0¢ + wy (@)t — fp = 0. (60)
In this regard, we find the following expression:
F (R, $)
_ e[ ﬂznzag/n(mnﬂ +2nB + 6n —2) " 12-2
N mnpB + 2np — 2 '
(61)
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where w( and a are constants. Using this model in the energy
conditions (14)—(17) along with Egs. (26), (27), and (49) we
have energy conditions,

NEC : «2pot —3"0+W) 4 2 p
_ woﬂsza(()m+2)ﬂt(m+2)nﬂ + woﬂsza(()mH)ﬁ

x{(m +2)np +2Gn—D}{(m + 2)np—2(n + 1) —ng}

Xt(mnﬂ+2nﬂ72) >0, 62)
WEC : 2 pgr 3+ w) _ %wOﬂZHZa(()m+2)ﬂt(m+2)nﬁ

N 3won,32H2a(()m+2)ﬁ

X {(m 4 2)np 4 2(3n — 1)} P22 > (63)
SEC : «2(pot ™) 4 3p) — 2082 H2al" PP 1 n+ 28

2

+ 3a)0/32H2a(()m+ )8

X {(m + 2)nB + 2(3n — 1)} 1 "nB+2n6=2)

x{(mp —q)n+2(np -1} >0, (64)

DEC : k2(por —>"1+W) — py 4 woﬁsza(()mH)ﬁ
x {(m+2)np +23n — 1)}
x {n(g —mpB) + 2(1 —2n — np)} MPT21=28 >
(65)

We examine the NEC and WEC against the parameters S,
n, m and ¢. We find that WEC can be satisfied for all values of
m and B only if + > 1.3 while the validity of NEC requires;
(i)m>0withp <Oand¢t > 15@G)m < —-2with >0
andt > 1.2.

5.1.3 Model 111

In this case we present the energy constraints for the follow-
ing model [48]:

F(R,$) = R(1 + £x*¢?), (66)

where & is the coupling constant. Recently, this model has
been employed to discuss the cosmological perturbations for
non-minimally coupled scalar field dark energy in both the
metric and the Palatini formalisms. The interaction has been
analyzed depending on the coupling constant. Using this
model in the energy conditions (14)—(17) along with Egs.
(26), (27), and (49) we get

NEC : x2(pot "1+ 4 p) — w2 H2a" TP o 2mp
+2/3§"2H2a§ﬁf2nﬂ x(B—-1-q)+ 2/32%‘K2H2a§ﬁt2”ﬂ
—2p6* Hoag 127 2 0, (67)

1
WEC : 2 pgr 3+ w) _ EwOIBZHZa(()m+2)ﬂt(m+2)nﬁ

—6BHE> x a)’ " > 0, (68)
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SEC : «%(pot ") 4 3p) — 20082 H2ag" Py mt 2

+6§K2,3H2a§ﬁ x 12" 4 65k’ BH? (B — 1 — q)aéﬁtznﬂ

2

+ 6522 H? a2 > 0, (69)

DEC : «?(pot 3"+ — py — 108H?Ex%a)’ 1P
) 282
—2BH?*tk*(B—1—q) x ay 1"
2

—282H€ic%a)’ 12 > 0. (70)
We intend to discuss the NEC, WEC and constrain the param-
eters like B, &, n, m, and ¢. Here, we develop three cases
depending on the choice of scalar field power m. Starting
withm > O withn > 1, NEC is valid for all values of & with
B < —3.7 and r > 3 and WEC is valid for all values of &
with B < —3.4 and ¢ > 2.8. Now taking m < 0 withn > 1,
for B < —3.7 NEC is valid for all values of & with ¢ > 3.1
and for 8 > 0 it is valid for all values of r with & > 0. For
B < —3.4 WEC is valid for all values of & with t > 2.8
and for B > 0 WEC is valid for all values of r with & < 0.
Taking m = 0 with n > 1, WEC is valid in two regions:
(i) &€ < —8.35 with B > 0; (ii) for all £ with 8 < —3.4
and ¢+ > 2.8. Similarly, NEC is satisfied for: (i) 8 > 0 with
& > 0.28; (ii) for all £ with. 8 < —3.7and ¢ > 3.

5.1.4 Model IV

Bahamonde et al. have used the expression f(R) [49]

f(R,$) = ¢(R + aR?), (71)

where « is a constant with suitable dimensions. This gravi-
tational action is very familiar and enables one to reproduce
inflation. Inserting this model in the energy conditions (14)—
(17) along with Egs. (26), (27), and (49) we have the energy
conditions,

NEC : «2(pot ") 4 p)
_ woﬁsza(()erZ)ﬂt(erz)nﬁ _ 2401,3H4a68t”’3
x(j—q —2) — 2aH* s + q% + 8¢ + 6)ah 1 "*
+B(B—-1~— q)Hzagt”ﬂ
— 120BH*(B — 1 — g)(1 — q)ah 1"
+12aH*(j — g = 2)aft" — BH a1
+120pH* (1 — g)al " > 0, (72)
—18aH* (1 — ¢)2al "
+360H*(j — g — aht"? —3pHaf 1"
+36aBHY (1 — q)afi™ > 0, 73)
SEC : «2(pot 1) 4 3p) — 2082 H2al" PP 1 n+ 26
+36aH*(1 — g)° x agtnﬂ —36aH*(j —q — 2)agtn,3

—I—3,3H2agt"’S —36aH*(s + ¢> + 8q + 6)agt”ﬁ

—36aBH a1 +38H*(B — 1 — q)alt"’ — 120 H*

x(j = q —2)af " = 36aBH* (B — 1 - q)(1 - q)

xap " > 0, (74)
DEC : «2(pot 2"+ — p) + 360 H*(1 — g)%al 1"

+60aH (j —q —2) x abt" —58H?af 1"

+60aBH (1 — q)ab 1" + 24apH*(j — g —2)

xab " + 120 H*(s + ¢* + 8¢ + 6)al 1"

—BH*(B — 1 — q)ah "

+120BH*(B—1—q)(1 —q)al " > 0. (75)

We consider here NEC and WEC and check their validity
for different values of B8, «, n, m, and ¢. Following the previ-
ous case we vary the coupling parameter « and set the other
parameters for the validity of WEC and NEC. If ¢ > 0 with
n > 1, then WEC can be met in two regions, namely (8 > 0,
m < —1 with ¢ > 1) and (for all values of m with 8 < —9
and t > 6). Now taking @ < 0 withn > 1, WEC is valid for
all m with 8 < 0, and NEC is valid if 8 < —0.7 withm > 0
and 7 > 1 and for 8 > 0.85 withm < —1 and ¢ > 1. Taking
o = 0 withn > 1, for § > 0 NEC is valid for m < —1.05
with 7 > 1.01 and for 8 < O itis valid form > O witht > 1.
WEC is valid for all values of m with g < 0.

6 Conclusion

Scalar—tensor theories of gravity are very useful to discuss
accelerated cosmic expansion and to predict the universe
destiny. One of the more general modified theories of grav-
ity is f(R, RuvR"", ¢), which includes the contraction of
the Ricci tensors, ¥ = R, R*", and the scalar field ¢. In
this paper, we have applied the reconstruction programme
to f(R, Ry R*", ¢). The action (1) in the original and spe-
cific forms as regards f(R, ¢), f (Y, ¢) is reconstructed for
some well-known solutions in the FRW background. The
existence of dS solutions has been investigated in modified
theories [50-53]. Here, we have developed multiple dS solu-
tions which may be useful in explaining the different cosmic
phenomena. In a de Sitter universe, we have constructed the
more general case f(R,Y, ¢) and establish f(R, ¢), con-
sidering the function independent of Y, and f (Y, ¢), by tak-
ing the function independent of R. The power law expan-
sion history has also been reconstructed in this modified
theory for both general as well as a particular form of the
action (1). These solutions explain the matter/radiation dom-
inated phase that connects with the accelerating epoch. The
f(R, RwR™, @) model can also be reconstructed which
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will reproduce the crossing of the phantom divide exhibiting
the superaccelerated expansion of the universe.

The Lagrangianof f (R, R, R"", ¢) gravity is more com-
prehensive implying that different functional forms of f
can be suggested. The versatility in the Lagrangian raises
the question of how to constrain such a theory on physical
grounds. In this paper, we have developed some constraints
on general as well as specific forms of f(R, T, R,,,T"")
gravity by examining the respective energy conditions. The
energy conditions are also developed in terms of the decel-
eration, ¢, jerk, j, and snap, s, parameters. To illustrate how
these conditions can constrain the f (R, R, R"", ¢) gravity,
we have explored the free parameters in reconstructed and
well-known models. In the general dS case f(R, Y, ¢) the
energy conditions are depend on the six parameters 8, m, t,
and «;’s where i = 1, 2, 3. In this procedure we have fixed
the «;’s and observe the feasible region by varying the other
parameters.

IndS f(R, ¢) and f(Y, ¢) models, the NEC depends on
the five parameters o1, oz, 8, m, and t and WEC depends only
on the three parameters o, g, and 7. In the case of NEC we
have fixed o1 and op and we find the constraints on the other
parameters. In WEC we change «1 and explore the possible
ranges on «y and t. For power law f(R, ¢) and f(Y, ¢)
models, the functions depend on the six parameters a1, o3, S,
m,n,and t. In the power law case we have n > 1, and varying
o1, oy we have analyzed the viable constraints on 8, m, and
t. Furthermore, we have considered three particular forms
of f(R,Y, ¢) gravity taking the function independent of Y,
ie., f(R,®), Rf(¢), ¢f(R); from this we can gain a deep
understanding of the applications of the energy conditions.
Model I is a function of the four parameters b, 8, n, and ¢, and
we have checked the validity of NEC and WEC by varying
b. Model II depends on B, m, n, and t, for n > 1 we have
explored the viability of the other parameters. Next in model
IIT we have the five parameters 8, &, n,m, and ¢, forn > 1 we
find the feasible constraints on the other parameters by fixing
m. In model IV the conditions depend on the five parameters
B,a,n,m,and t. We have n > 1 and varying 8 we examined
the possible regions for the other parameters.

Finally, we generally discuss the variations of parameters
involved in power law solutions and the scalar field coupling
function, denoted by m and n, respectively. We have exam-
ined de Sitter models and found that the more general case
f(R, Y, ¢)is more effective as compared to the f (R, ¢) and
f (Y, ») models since in the general case one can specify
the parameters in a more comprehensive way. In all cases of
de Sitter models, WEC is valid for all m and NEC is valid
if (m > 1 and m < —5). In the power law case f(R, ¢),
for both NEC and WEC n has a fixed value n = 3 and m
shows variations (m > 0 and m < —5.5). For the f(Y, ¢)
case we have (n > 2.3 withm > 4, m < —1) for WEC and
for NEC we have n > 2 with (m > 0, m < —4). In other

@ Springer

well-known f (R, ¢) models, the validity of these conditions
require n > 1 with (m > 0, m < —=2).
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