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Abstract The total inclusive cross section for charged and
neutral Higgs production in heavy-quark annihilation is pre-
sented through NNLO QCD. It is shown that, aside from an
overall factor, the partonic cross section is independent of
the initial-state quark flavors, and that any interference terms
involving two different Yukawa couplings vanish. A simple
criterion for defining the central renormalization and factor-
ization scale is proposed. Its application to the bb̄φ process
yields results which are compatible with the values usually
adopted for this process. Remarkably, we find little variation
in these values for the other initial-state quark flavors. Finally,
we disentangle the impact of the different parton luminosi-
ties from genuine hard NNLO effects and find that, for the
central scales, a naive rescaling by the parton luminosities
approximates the full result remarkably well.

1 Introduction

Models with an extended Higgs sector typically predict a
spectrum of Higgs bosons with very diverse properties (see,
e.g., [1]). This means that the relative importance of indi-
vidual processes for the total production cross section can
be very different compared to the Standard Model (SM)
Higgs boson H , where the main contribution to the total
cross section at the Large Hadron Collider (LHC) is given
by gluon fusion, gg → H (see, e.g., [2–4]). In particular,
quark-associated production can be much more important
than for SM Higgs production. For example, in supersym-
metric theories, it can naturally happen that at least one of
the neutral Higgs bosons φ would be predominantly pro-
duced at the LHC in association with bottom quarks, pp →
φbb̄. Also an enhanced coupling to charm quarks can occur
in many beyond-the-SM (BSM) scenarios, leading to non-
negligible contributions of associated Higgs–charm produc-
tion [5]. Similarly, the cross section for charged Higgs bosons
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φ± may receive contributions from associated cs̄φ−/c̄sφ+ or
cb̄φ−/c̄bφ+ production, and we could even imagine flavor-
violating contributions of the form (bs̄ + b̄s)φ to neutral
Higgs production [6].
The proper theoretical description of associated bb̄φ produc-
tion has a long and still ongoing history. The main argument
has been centered around the question whether the so-called
4- or 5-flavor scheme (referred to as 4FS or 5FS in the fol-
lowing) is more appropriate to obtain the best approximation
of the total inclusive cross section. In the 4FS, bottom-quark
parton densities are neglected, so that the dominant leading-
order (LO) partonic process for bb̄φ production is gg → bb̄φ
(the cross section for qq̄ → bb̄φ is about a factor of ten
smaller at the LHC). Integration over the final-state bottom-
quark momenta leads to logarithms of the form ln(mb/mφ)

in the total inclusive Higgs production cross section, where
mb and mφ is the bottom-quark and the Higgs-boson mass,
respectively. The 5FS resums these terms to all orders in
the strong coupling αs by introducing bottom-quark parton
densities, and describing the LO partonic cross section as
bb̄ → φ. In the partonic calculation, the bottom-quark mass
is set to zero (except where it occurs in the Yukawa cou-
pling), and all collinear divergences are absorbed into the
parton density functions (PDFs) through mass factorization.
Concerning the sub-process gg → φbb̄, there is a potential
mismatch of this approach with the treatment of the bottom-
quark threshold in the parton densities. However, by com-
paring the massless with a massive calculation in this sub-
channel [7], such effects could be shown to be negligible w.r.t.
the overall theoretical accuracy.
The current experimental analyses are based on a combina-
tion of results from both approaches through the so-called
Santander-matching formula [8], where the 4FS and 5FS
results—the former at next-to-leading order (NLO) [9,10],
the latter at next-to-NLO (NNLO) QCD [11]—enter with
Higgs-mass dependent weights. For larger Higgs mass, the
logarithms discussed above become more important, so the
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5FS is expected to provide the more reliable result, and
thus receives a larger weight. This is indeed confirmed by
approaches aiming at a theoretically better-founded match-
ing of the underlying processes [12–14].1

Due to the small value of the charm-quark massmc ∼ 1 GeV,
a charm-initiated approach for the calculation of the total
inclusive cross section, cc̄ → φ, is preferable over a 3-flavor
scheme (3FS) description (LO process gg → cc̄φ) already
for much smaller values of the Higgs-boson mass. It can be
evaluated both in the 4FS and the 5FS, where in the latter
case the bottom quark plays the role of a spectator. Since,
as we will show below, interference effects involving the
bottom and the charm Yukawa coupling are absent, the only
technical difference in evaluating the 4FS and the 5FS result
for σ(cc̄ → φ) is a change of the PDF set. All results in this
paper are obtained in the 5FS.
Analogous considerations apply to other quark-associated
production modes. As we will show in this paper, the cor-
responding NNLO partonic cross sections differ only by an
obvious overall factor, given by the ratio of the respective
Yukawa couplings, as long as the dynamical quark masses
(as opposed to the Yukawa couplings) are neglected. The lat-
ter condition is anyway necessary in a partonic formulation
of these scattering processes.
We can therefore use the known partonic NNLO results for
the process bb̄ → φ [11], and translate them into hadronic
cross sections for arbitrary initial-state quarks. This will be
explained in more detail in the next section. Section 3 uses
these results to determine the central renormalization and fac-
torization scales for all heavy-quark initiated Higgs produc-
tion processes, and provides theoretical predictions through
NNLO. In addition, the impact of hard radiation is disentan-
gled from the purely PDF-induced effects. Section 4 contains
our conclusions.

2 Calculation

We denote by Q′ Q̄φ the process for the associated produc-
tion of a Higgs boson φ with a Q′ Q̄ pair in the 5FS, whose
LO Feynman diagram is given by Fig. 1. Depending on the
specific flavors of Q and Q′, φ can be electrically neutral or
charged. Within QCD, renormalization of the Q′ Q̄φ coupling,
and thus also its anomalous dimension, is independent of the
quark flavors Q and Q′. Since we work in the massless-quark
limit throughout this paper, the underlying theory is chirally
symmetric, which means that all our results apply to scalar
as well as pseudo-scalar Higgs bosons φ (see also Ref. [11]);
scalar/pseudo-scalar interference terms vanish.

1 For a comparison of differential distributions in bb̄φ production based
on the 4FS and the 5FS, see Ref. [15].

Fig. 1 LO Feynman diagram
for QQ̄

′ → φ, defining the
process pp → Q′ Q̄φ in the 5FS

φ

Q

Q̄

At NLO QCD, aside from the virtual corrections to the LO
process, the real radiation processes QQ̄

′ → gφ, gQ → Q′φ,
and gQ̄′ → Q̄φ need to be taken into account in the calcula-
tion of the total cross section. Similarly, at NNLO QCD, there
are the 2-loop virtual corrections to the LO process, and the 1-
loop virtual corrections to the NLO real-emissions processes.
In addition, double-real emission processes occur. Those
with two external gluons are: QQ̄

′ → ggφ, Qg → Qgφ,
Q̄

′g → Q̄
′gφ, gg → Q̄Q′φ. The squared amplitude com-

posed of these processes contains only a single fermionic
trace.

This may be different for processes with four external
quarks. Their amplitudes are given by

A: QQ̄
′ → qq̄φ

B: qq̄ → Q′ Q̄φ

C: Qq → Q′qφ, Q̄
′q → Q̄qφ, Qq̄ → Q′q̄φ, Q̄

′q̄ →
Q̄q̄φ

and correspond to the Feynman diagrams shown in Fig. 2.
Here, q denotes a quark of arbitrary flavor, and q̄ the corre-
sponding anti-quark. The square of each of these processes
involves two fermionic traces, one of which contains both
Higgs couplings.

Let us now look at potential interference terms. If q /∈
{Q, Q′}, the initial and final states of A, B, and C are different,
and they obviously cannot interfere. If q ∈ {Q, Q′}, there
are AC and BC interference terms, which involve a single
fermionic trace.

All contributions above are independent of the specific
quark flavors Q and Q′. For Q = Q′ = q, however, it seems
that also A and B interfere with each other, leading to a term
with two fermionic traces, each of which contains one Higgs
coupling. However, in the limit of zero quark masses, the
traces are over an odd number of Dirac matrices and vanish.

In conclusion, aside from an overall constant Yukawa fac-
tor,2 the NNLO partonic cross section for the process Q′ Q̄φ

is independent of the quark flavors Q and Q′, as long as quark
masses are neglected. Along the same lines, one observes
that, for Q �= Q′, any interference terms between QQ̄- and
Q′ Q̄′-initiated Higgs production vanishes through NNLO.
Let us remark that in the analogous case of Drell–Yan pro-
duction, i.e. φ = V ∈ {W, Z}, the AB interference term,

2 Recall that the anomalous dimension of the Q′ Q̄φ vertex is indepen-
dent of Q and Q′; see above.
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Fig. 2 NNLO contributions to
the Q′ Q̄φ process which involve
four external quarks. c is a
representative for three more
diagrams which are obtained by
replacing q → q̄, or
(Q, Q′) → (Q̄′, Q̄), or both

φ

Q

Q̄

q

q̄

φ

q

q̄

Q̄

Q

φ
Q

q

Q

q

(A) (B) (C)

which exists only for Z -production, is not zero. The double-
quark emission corrections for W -production are therefore
different from those of Z -production [16,17].3

It follows that the hadronic Q′ Q̄φ cross section for the
collision of hadrons h1 and h2 can be obtained by simply
convolving the 5FS partonic cross section for bb̄φ production
with the appropriate PDFs. For example, we may define

σbb̄( f, f ′) = [
f1 ⊗ f ′

2 + f ′
1 ⊗ f2

] ⊗ σ̂bb̄ , (1)

where σ̂bb̄ = σ̂bb̄(m
2
H/ŝ) is the partonic cross section for the

SM process bb̄ → H + X , which can be found in Ref. [11],
ŝ is the partonic center-of-mass energy, and ⊗ denotes the
convolution

( f ⊗ g)(x) =
∫ 1

0
dx1

∫ 1

0
dx2 f (x1)g(x2)δ(x − x1x2) . (2)

Furthermore, f j (x) and f ′
j (x) are the parton densities (mul-

tiplied by x) in the hadron h j , with f, f ′ ∈ {q, q̄, g} and
q ∈ {d, u, s, c, b}. The component of the hadronic Q′ Q̄φ

cross section which is induced by the partonic QQ̄
′ initial

state can then be written as

σ(QQ̄
′ → φ + X) = βQQ′ σbb̄(Q, Q̄′) , (3)

where βQQ′ is the squared ratio of the QQ̄
′φ and the SM

bb̄H coupling. In particular, we have σ(bb̄ → H + X) =
σbb̄(b, b̄).

Similarly, we can define

σbg( f, f ′) = [
( f1 + f ′

1) ⊗ g2 + g1 ⊗ ( f2 + f ′
2)

] ⊗ σ̂bg ,

σbb( f, f ′) = [
f1 ⊗ f2 + f ′

1 ⊗ f ′
2

] ⊗ σ̂bb ,

σbq( f, f ′) =
[
( f1 + f ′

1) ⊗ �2 + �1 ⊗ ( f2 + f ′
2)

]
⊗ σ̂bq ,

σgg = g1 ⊗ g2 ⊗ σ̂gg ,

σqq̄ = ∑
q(q1 ⊗ q̄2 + q2 ⊗ q̄1) ⊗ σ̂qq̄ ,

(4)

3 This effect adds to the difference between W - and Z -production aris-
ing from other contributions; see Refs. [16,17] for more details. Note
that the same discussion also applies to the Higgs-Strahlung process,
pp → V H . In this case, however, there is a much more important dif-
ference between V = W and V = Z arising from the gluon induced
gg → HZ process [18–21].

where

�i =
∑

q

(qi + q̄i ) − fi − f ′
i , (5)

and the sum runs over all quark flavors q. The partonic cross
sections σ̂i j on the right hand side are i j-initiated components
of the partonic SM bb̄H cross section; explicit expressions
can be found in Ref. [11].

In this way, we can calculate

σ(Qg → φ + X) + σ(Q̄′g → φ + X) = βQQ′σbg(Q, Q̄′) ,

σ (QQ → φ + X) + σ(Q̄′
Q̄

′ → φ + X) = βQQ′σbb(Q, Q̄′) ,

σ (Qq → φ + X) + σ(Q̄′q → φ + X) = βQQ′σbq(Q, Q̄′) ,

σ (gg → φ + X) = βQQ′σgg,
σ (qq̄ → φ + X) = βQQ′σqq̄ ,

(6)

where q may be any (anti-)quark except Q or Q̄
′. The total

inclusive hadronic cross section is then given by the sum of
all the terms in Eqs. (1) and (6).

The implementation of this result in bbh@nnlo [11]
(which is now part of SusHi [22]) is straightforward and
will be publicly available in the next version of SusHi.4

3 Numerical results

3.1 Determination of the central scales

As a reference, the upper two plots of Fig. 3 show the
first three perturbative orders for the bb̄φ cross section for
mφ = 125 GeV and βbb = 1 as a function of the factor-
ization scale μF (left), and the renormalization scale μR

(right). These results are well-known [11]; they corroborate
the choice (μ̂R, μ̂F) = (1, 1/4) as the central values for
the scales [23–25], where we have introduced the normal-
ized scales

μ̂R ≡ μR/mφ , μ̂F ≡ μF/mφ . (7)

4 Watch http://sushi.hepforge.org/, or follow @sushi4physics on
Twitter.
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Fig. 3 LO (black dots), NLO (blue dashes), and NNLO result (solid
red) for the total cross sections of the processesbb̄φ, cc̄φ, andbs̄φ (top to
bottom) at mφ = 125 GeV. Left column μF-dependence for μR = mφ :
right column μR-dependence for μF = mφ/4. The vertical dotted lines

at μ̂F = 1/4 (left) and μ̂R = 1 (right) are introduced to guide the eye. At
NnLO order, the corresponding central MSTW2008 set and its associ-
ated value of αs(MZ ) has been used; αs(MZ ) and mb(mb) = 4.18 GeV
have been evolved to μR at (n + 1)-loop order

We may formalize the justification of this choice by consid-
ering the variation �F of the NNLO hadronic cross section
σ within the interval μ̂R ∈ [1/10, 10], while fixing μ̂F:

�F = 2
max σ − min σ

max σ + min σ

∣∣∣∣
μ̂F

. (8)

The central factorization scale μ̂
(0)
F can then be defined as the

value of μ̂F where �F is minimal. The analogous procedure

(with R↔F) can be used to define the central renormalization
scale μ̂

(0)
R .

We performed this study for all heavy-quark initiated pro-
cesses by calculating σ on an equidistant 21 × 21 loga-
rithmic grid in the (μ̂R, μ̂F) plane, i.e., using the values
μ̂R, μ̂F ∈ {10n/10 , n = −10,−9, . . . , 9, 10}. When quot-
ing numbers, we will round these values to two significant
digits; e.g., we will refer to μ̂F = 10−3/5 = 0.2512 . . . sim-
ply as μ̂F = 0.25, or μ̂F = 1/4 for that matter.
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Fig. 4 Same as Fig. 3, but for mφ = 600 GeV

For mφ = 125 GeV, we find μ̂
(0)
F = 1/4 in this way, inde-

pendent of the quark flavors Q and Q′. This is an interesting
observation, because this value has been derived specifically
for Q = Q′ = b using kinematical considerations [23–25];
the fact that all other quark-initiated processes seem to favor
the same μ̂

(0)
F is not at all obvious from these discussions.

Following the above procedure, the central renormalization
scale turns out to be μ̂

(0)
R = 0.79 for the bb̄φ process, while

for the other quark flavors we find μ̂
(0)
R = 0.63.

For mφ = 600 GeV, all processes favor an even smaller

value of the factorization scale, namely μ̂
(0)
F = 0.16. Also

the central renormalization scale comes out smaller: we find
μ̂

(0)
R = 0.63 for bb̄φ, μ̂

(0)
R = 0.5 for cc̄φ and bc̄φ+, and

μ̂
(0)
R = 0.4 for bs̄φ and cs̄φ−.

However, in all cases, the minima are sufficiently shallow
to justify also the choice (μ̂

(0)
R , μ̂

(0)
F ) = (1, 1/4). Exem-

plary plots for the bb̄φ, cc̄φ, and bs̄φ processes are shown
in Fig. 3 for mφ = 125 GeV, and in Fig. 4 for mφ =
600 GeV. All cross sections correspond to βQQ′ = 1, i.e.,
the Yukawa coupling is assumed identical to the one for SM
bb̄H production. For the NnLO curve, it is evaluated from
mb(mb) = 4.18 GeV by (n+ 1)-loop evolution with n f = 5
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active flavors to5 mb(μR) ≡ m(5)
b (μR). Thus, in order to

derive the cc̄φ cross section within the SM, for example,
the plots in the second rows of Figs. 3 and 4 should be
scaled by βcc = (m(5)

c (mb)/m
(5)
b (mb))

2 ≈ 0.049, where

we have used 4-loop running to determine m(5)
c (mb) =

0.926 GeV from m(4)
c (3 GeV) = 0.986 GeV [26]. In the

SM, the cc̄φ cross section is therefore about 6–7 times
smaller than the bb̄φ cross section. All plots have been pro-
duced with the MSTW2008 PDF sets [27] as implemented
in the LHAPDF library [28,29], and the associated value of
αs(MZ ) = 0.139/0.120/0.117 at LO/NLO/NNLO.

Recall that the role of the central values is to deter-
mine the position of a “reasonable” interval for μ̂F and
μ̂R; the variation of the cross section within this interval
should then give a clue of the associated theoretical error
induced by missing higher-order effects. Due to the unphys-
ical nature of the renormalization and factorization scale,
any procedure to “determine” their central values is formally
arbitrary, though not necessarily sensible. The fact that, at
(μ̂R, μ̂F) = (μ̂

(0)
R , μ̂

(0)
F ), the NNLO corrections are signif-

icantly smaller than the NLO ones in all cases studied here
(see Figs. 3, 4), confirms that the procedure defined above
is indeed sensible. Other observations concerning the choice
of the central scale in the case of the Q′ Q̄φ processes will be
recalled in Sect. 3.4.

3.2 Cross sections and uncertainties

Numerical values for the cross sections at the LHC with
13 TeV are shown in the form 〈σ 〉 ± �μ ± �PDF in Table 1,
where �μ and �PDF are the scale and PDF uncertainty,
respectively, to be defined below. Again, for all processes, we
assumed the Yukawa coupling to be equal to the SM bb̄φ cou-
pling. For these numbers, we evolvedmb(mb) = 4.18 GeV to
mb(mφ) at 4-loop level, and subsequentlymb(mφ) tomb(μR)

at 3-loop level. The numerical difference to the single-step
4-loop evolution from mb(mb) to mb(μR) as used in all the
plots of this paper is negligible.

The MMHT2014 PDF set is employed for the convo-
lution of the partonic cross section.6 At NNLO, it uses
αs(MZ ) = 0.118, and an on-shell bottom-quark mass of
mb,PDF = mOS

b = 4.75 GeV, which is very close to 4.78 GeV,
the value obtained by 2-loop conversion from mb(mb) =
4.18 GeV to the on-shell scheme (1-loop conversion gives
4.56 GeV, 3-, and 4-loop conversions both lead to 4.93 GeV).

5 The notation m
(n f )
q indicates that mq is renormalized in n f -flavor

QCD.
6 Since this section aims at presenting the most up-to-date cross section
predictions, we make use of latest-generation PDF sets here. The reason
for using older sets in Sect. 3.1 is a technical one; it has no effect on the
values for the central scales obtained there.

Table 1 Cross sections for the processes Q′ Q̄φ at 13 TeV. The Q′ Q̄φ

coupling is assumed equal to the SM bb̄H coupling in all cases. The
cross sections hold for both scalar and pseudo-scalar Higgs bosons.
The first uncertainty is due to scale variation, the second one denotes
the PDF error (see main text for more details)

Mφ/GeV Q′ Q̄φ σ/βQQ′/pb

125 bb̄φ (5.23 ± 0.58 ± 0.11)·10−1

cc̄φ (1.64 ± 0.08 ± 0.04)·100

bc̄φ+ (9.35 ± 0.76 ± 0.23)·10−1

bs̄φ (1.39 ± 0.09 ± 0.12)·100

cs̄φ− (2.44 ± 0.10 ± 0.21)·100

600 bb̄φ (1.19 ± 0.02 ± 0.05)·10−3

cc̄φ (3.38 ± 0.02 ± 0.15)·10−3

bc̄φ+ (2.02 ± 0.03 ± 0.08)·10−3

bs̄φ (2.97 ± 0.03 ± 0.28)·10−3

cs̄φ− (4.95 ± 0.03 ± 0.46)·10−3

750 bb̄φ (4.04 ± 0.06 ± 0.19)·10−4

cc̄φ (1.15 ± 0.01 ± 0.06)·10−3

bc̄φ+ (6.87 ± 0.06 ± 0.34)·10−4

bs̄φ (1.01 ± 0.01 ± 0.10)·10−3

cs̄φ− (1.70 ± 0.01 ± 0.17)·10−3

The dependence of the cross sections on the heavy-quark
masses will be discussed in more detail below.

We evaluated the cross section for the seven pairs of
scales7

(μ̂R, μ̂F) = {(1/2, 1/8), (1/2, 1/4), (1, 1/8), (1, 1/4),

(1, 1/2), (2, 1/4), (2, 1/2)} ,

(9)

using the central NNLO PDF set of MMHT2014 [30]. The
corresponding maximal/minimal values of the cross sec-
tion, σmax/min

μ , then determine the scale error interval as
�μ = (σmax

μ − σmin
μ )/2 quoted in Table 1. The PDF

uncertainty �PDF is determined from the 25 eigenvector
sets of MMHT2014 while setting (μ̂R, μ̂F) = (1, 1/4);
the central value 〈σ 〉 is the mid-point of the PDF error
interval.

We checked that we obtain comparable results when using
theCT14 PDF set [31], while the defaultNNPDF3.0 set [32]
typically leads to larger bb̄φ and bc̄φ+ cross sections (15 %
and 11 % at mφ = 125 GeV, respectively), which is most
likely due to the significantly smaller bottom-quark mass
assumed in that set (mb|NNPDF3.0 = 4.18 GeV). This moti-
vates a study of the sensitivity of the results to the heavy-
quark masses mb,PDF, mc,PDF used in the PDF fits. To that

7 In Table 1, we do not use the grid values, but actually set 1/4 =
0.25000 . . ., etc.
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Fig. 5 Dependence of the hadronic cross section on the heavy-quark mass value mq,PDF used in the PDF fit (curves for MMHT2014). Upper row
q = b; lower rowq = c.Leftmφ = 125 GeV; rightmφ = 600 GeV. Normalization is to the default PDF set with (mb,PDF,mc,PDF) = (4.75, 1.4)GeV

aim, we use the mbrange_nf5 and mcrange_nf5 ver-
sions of MMHT2014, whose member sets correspond to dif-
ferent values of the bottom- and charm-quark masses. Fig-
ure 5 shows the Q′ Q̄φ cross sections (interpolated between
the discrete quark-mass values) for each of these sets. All
curves are evaluated at (μ̂R, μ̂F) = (1, 1/4) for fixed
Yukawa coupling (determined from mb(mb) = 4.18 GeV
as described above), and they are normalized to the one
with the default PDF quark-mass values (mb,PDF,mc,PDF) =
(4.75, 1.4)GeV. We observe that the cross sections and the
PDF quark masses are anti-correlated, and that a change of
mb,PDF by 1 % changes the bb̄φ cross section by about 1.5 %
at mφ = 125 GeV, and a little less at mφ = 600 GeV; the
bc̄φ+ and bs̄φ cross sections change by about 0.7 %. On the
other hand, the cc̄φ cross section formφ = 125 GeV changes
by about 0.9 % when varyingmc,PDF by 1 %, and a little more
at mφ = 600 GeV. Note that such a variation is largely com-
pensated by a corresponding change of the quark mass in the
Yukawa coupling (see Ref. [33]).

Note that, for the bb̄φ process, a much more thorough
account of the quark-mass effects has been obtained by
a consistent matching between the various energy regimes
involved in this process [13,14]. A similar analysis could be

performed for the general Q′ Q̄φ processes discussed here;
however, we expect the corresponding effects to be much
smaller than other theoretical and expected experimental
uncertainties for these processes.

3.3 Effects due to the hard process

At LO, the partonic Q′ Q̄φ cross section is

σ̂ (x) ∼ δ(1 − x) , x = m2
φ/ŝ , (10)

and thus the LO hadronic cross section for Q′ Q̄φ production
is proportional to the LO bb̄φ cross section,

σLO(Q′ Q̄φ) = βQQ′E(Q′, Q̄)

E(b, b̄)
σLO(bb̄φ) , (11)

where

E( f, f ′) ≡ f1 ⊗ f ′
2 + f ′

1 ⊗ f2 (12)

is the f f ′ parton luminosity in h1h2 collisions. To a first
approximation, one might be tempted to apply the rescaling
of Eq. (11) also at higher orders. In order to see to what extent
such an approximation is valid, let us study the double ratio
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RQ′ Q̄φ = σ(Q′ Q̄φ)/σ(bb̄φ)

βQQ′E(Q′,Q̄)/E(b,b̄) (13)

at NLO and NNLO QCD, where at each order it is understood
that we use the appropriate set of PDFs, e.g.,MSTW2008nlo
at NLO and MSTW2008nnlo at NNLO.

Any deviation from RQ′ Q̄φ = 1 is due to the hard scatter-
ing process. These effects depend on the choice of μ̂R and
μ̂F. Figure 6 shows the μ̂F dependence of RQ′ Q̄φ at μ̂R = 1
for mφ = 125 GeV; the effects typically decrease/increase
toward larger/smaller μ̂R. Interestingly, one observes that
also here the scale μ̂F = 1/4 plays a special role: in all cases,
the hard-scattering effects become minimal around this value.
Moreover, we have checked that this observation is virtually
independent of μ̂R (at least within μ̂R ∈ [1/10, 10]). For
mφ = 600 GeV, one observes an analogous behavior, albeit
again at slightly lower μ̂F; see Fig. 7.

3.4 Remarks on the central scale

Despite the fact that the “determination” of a central scale is
not an unambiguous concept, it may be worth recalling the
special role of this quantity for the Q′ Q̄φ processes. Let us
focus on the case mφ = 125 GeV for the sake of simplic-

ity. On the one hand, our studies of Sect. 3.1 have singled
out the values (μ̂R, μ̂F) = (1, 1/4) as preferable from a per-
turbative point of view; see also Ref. [11]. As noted above,
this is compatible with kinematic considerations based on
the behavior of the bottom-quark parton densities [23–25].
In addition, it turns out that, for the bb̄φ process, the LO
perturbative predictions within the 4FS and the 5FS agree
at the 5–10 % level for this choice of scales, while they dif-
fer by more than a factor of four for (μ̂R, μ̂F) = (1, 1), for
example [34]. Furthermore, it was found that the total cross
section is almost completely exhausted by the partonic bb̄
channel at (μ̂R, μ̂F) = (1, 1/4), while all other channels are
very small [35]. Specifically, for mφ = 125 GeV, one finds

σ(bb̄φ) = σ(bb̄φ) [1.04 − 0.06 + 0.02] at

(μ̂R, μ̂F) = (1, 1/4), (14)

where the first number in square brackets denotes the bb̄, the
second the (b + b̄)g, and the third the sum of the remaining
channels. For (μ̂R, μ̂F) = (1, 1), on the other hand, we find
a large cancellation between the bb̄ and the (b+ b̄)g channel:

σ(bb̄φ) = σ(bb̄φ) [2.39 − 1.56 + 0.17] at

(μ̂R, μ̂F) = (1, 1). (15)
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Fig. 7 Same as Fig. 6, but for mφ = 600 GeV

That latter observation seems closely related to the one of
Sect. 3.3 which shows that the differences between different
initial-state partons due to genuinely hard effects practically
vanish at (μ̂R, μ̂F) = (1, 1/4). For the sake of complete-
ness, let us note that analogous observations hold at larger
Higgs masses, albeit at slightly different values for the central
scales.

The author is not aware of any solid theoretical arguments
that would explain why all of these observations occur at
this one particular choice for the unphysical scales; one may
simply characterize them as a mere curiosity. On the other
hand, if there is an explanation, it would certainly be useful
for the reduction of the theoretical uncertainty in perturbative
calculations.

4 Conclusions

Cross sections for the production of neutral and charged
scalar and pseudo-scalar particles via quark annihilation have
been calculated through NNLO QCD. The results should be
useful for studying models with an extended Higgs sector
at hadron colliders. Explicit predictions for cross sections in
exemplary cases of a SM-like and a heavy Higgs boson have

been provided. For more general analyses, the next version
of the public program SusHi [22] will provide easy access
to these cross sections.

As a final remark, we note that the considerations of Sect. 2
can be extended to higher orders of perturbation theory and
are not restricted to the total inclusive cross section. The
N3LO results of Refs. [36,37] as well as the differential
results of Refs. [38–41] can therefore be generalized to Q′ Q̄φ

processes by a simple replacement of the parton densities as
well.
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