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Abstract We present the first multiscalar singlet exten-
sion of the original 3-3-1 model with right-handed neutri-
nos, based on the A (27) family symmetry, supplemented by
the Z4 ® Zg ® Z14 flavor group, consistent with current low
energy fermion flavor data. In the model under consideration,
the light active neutrino masses are generated from a dou-
ble seesaw mechanism and the observed pattern of charged
fermion masses and quark mixing angles is caused by the
breaking of the A (27) ® Z4 ® Zg ® Z14 discrete group at
very high energy. Our model has only 14 effective free param-
eters, which are fitted to reproduce the experimental values of
the 18 physical observables in the quark and lepton sectors.
The obtained physical observables for the quark sector agree
with their experimental values, whereas those for the lepton
sector also do, only for the inverted neutrino mass hierarchy.
The normal neutrino mass hierarchy scenario of the model
is disfavored by the neutrino oscillation experimental data.
We find an effective Majorana neutrino mass parameter of
neutrinoless double beta decay of mgg = 22 meV, a leptonic
Dirac CP violating phase of 34°, and a Jarlskog invariant of
about 1072 for the inverted neutrino mass spectrum.

1 Introduction

The observation of the 125 GeV Higgs boson at the LHC
[1,2], confirmed the great success of the Standard Model
(SM) as the right theory of electroweak interactions. Despite
the couplings of this scalar state with the SM particles being
very consistent with the properties expected of the SM Higgs
boson, the possibility that new scalar states may exist and
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play a role in the Electroweak Symmetry Breaking (EWSB)
mechanism is still open. The current priority of the LHC
experiments will be to make very precise measurements of
the Higgs boson selfcouplings as well as of its couplings to
the SM particles with the aim to shed light on the underly-
ing theory behind Electroweak Symmetry Breaking (EWSB).
Furthermore, despite its great experimental success, there
are several aspects not explained in the context of the SM,
such as, for example, the smallness of the neutrino masses,
the observed pattern of fermion masses and mixing angles,
and the existence of three generations of fermions. The SM
does not explain why in the quark sector the mixing angles
are small, whereas in the lepton sector two of the mixing
angles are large and one is small. The Daya Bay [3], T2K
[4], MINOS [5], Double CHOOZ [6], and RENO [7] neutrino
oscillation experiments clearly indicate that at least two of
the light active neutrinos have non-vanishing masses. These
experiments have provided important constraints on the neu-
trino mass squared splittings and leptonic mixing parameters
[8]. Furthermore, the SM does not provide an explanation for
the charged fermion mass hierarchy, which is extended over
a range of about 11 orders of magnitude, from the neutrino
mass scale up to the top quark mass.

The unexplained SM fermion mass and mixing pattern
motivates us to consider models with extended symmetry and
larger scalar and/or fermion content, addressed to explain the
fermion mass and mixing pattern. There are two approaches
to describe the observed fermion mass and mixing pattern:
assuming Yukawa textures [9—35] and implementing discrete
flavor groups in extensions of the SM (see Refs. [36-39] for
recent reviews on flavor symmetries). Recently, extensions of
the SM with A4 [40-61], S3 [62-76], S4[77-86], D4 [87-96],
T7 [97-106], T13 [107-110], T/ [111-116], and A(27) [117-
130] family symmetries have been considered to address the
flavor puzzle of the SM.
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On the other hand, the existence of three fermion fami-
lies, which is not explained in the context of the SM, can
be understood in the framework of models with SU(3)¢ ®
SU3). ® U(1)x gauge symmetry, called 3-3-1 models for
short, where U (1)x is a nonuniversal family symmetry that
distinguishes the third fermion family from the first and sec-
ond ones [25,59,60,72,73,103,105,131-161]. These mod-
els have several interesting features. First, the existence of
three generations of fermions is a consequence of the chiral
anomaly cancellation and the asymptotic freedom in QCD.
Second, the large mass hierarchy between the heaviest quark
family and the two lighter ones can be understood from the
fact that the former has a different U (1) y charge from the
latter. Third, these models include a natural Peccei—Quinn
symmetry, which addresses the strong-CP problem [162—
165]. Finally, versions with heavy sterile neutrinos include
cold dark matter candidates as weakly interacting massive
particles (WIMPs) [166]. Besides that, the 3-3-1 models can
explain the 750 GeV diphoton excess recently reported by
ATLAS and CMS [167-170] as well as the 2 TeV diboson
excess found by ATLAS [171].

In the 3-3-1 models, the electroweak gauge symmetry is
broken in two steps as follows. First the SU(3);, ® U(1)x
symmetry is broken down to the SM electroweak group
SU2)L®U (1)y by one heavy SU (3) triplet field acquiring
a Vacuum Expectation Value (VEV) at high energy scale v,
thus giving masses to non SM fermions and gauge bosons.
Second, the usual EWSB mechanism is triggered by the
remaining lighter triplets, with VEVs at the electroweak scale
v, and v, thus providing SM fermions and gauge bosons
with masses [25].

In Ref. [130] we have proposed a 3-3-1 model with A (27)
flavor symmetry supplemented by the U(1l), new lepton
global symmetry that enforces to have different scalar fields
in the Yukawa interactions for the charged lepton, neutrino,
and quark sectors, thus allowing us to treat these sectors
independently. The scalar sector of that model includes 10
SU (3) 1, scalar triplets and three SU (3), scalar antisextets.
The SUB)c @ SUB)L @ U(1)x @ U(1) 2 ® A (27) assign-
ments of the fermion sector of our previous model require
that these 10 SU (3) scalar triplets be distributed as fol-
lows: four for the quark sector, three for the charged lep-
ton sector and three for the neutrino sector. Furthermore the
three SU(3)1 scalar antisextets are needed to implement a
type-I seesaw mechanism. In that model, light active neu-
trino masses are generated from type-I and type-II seesaw
mechanisms, mediated by three heavy right-handed Majo-
rana neutrinos and three SU (3) scalar antisextets, respec-
tively. Since the Yukawa terms in that model are renormaliz-
able, to explain the charged fermion mass pattern one needs
to impose a strong hierarchy among the charged fermion
Yukawa couplings of the model.

@ Springer

Itis interesting to find an alternative and better explanation
for the SM fermion mass and mixing hierarchy, by formulat-
ing a 3-3-1 model with less scalar content than our previous
model of Ref. [130]. To this end, we propose an alterna-
tive and improved version of the 3-3-1 model based on the
SUB)c®SUB)LRUMx®RARTQZsQZs® Z14 Sym-
metry that successfully describes the observed fermion mass
and mixing pattern and is consistent with the current low
energy fermion flavor data. The particular role of each dis-
crete group factor is explained in detail in Sect. 2. The scalar
sector of our model includes three SU (3), scalar triplets and
22 SU(3) 1 scalar singlets, assigned into triplet and singlet
irreducible representations of the A(27) discrete group. This
scalar sector of our current A(27) flavor 3-3-1 model is more
minimal than that one of our previous model of Ref. [130]
and does notinclude SU (3) ., scalar antisextets. Furthermore,
our current model does not include the U(1), new lepton
global symmetry presented in our previous A(27) flavor 3-
3-1 model. Unlike our previous A(27) flavor 3-3-1 model of
Ref. [130], in our current 3-3-1 model, the charged fermion
mass and quark mixing pattern can successfully be accounted
for, by having all Yukawa couplings of order unity, and arises
from the breaking of the A (27) ® Z4 ® Zs ® Z14 discrete
group at very high energy, triggered by SU (3) scalar sin-
glets acquiring vacuum expectation values much larger than
the TeV scale.

In the following we summarize the most important dif-
ferences of our current A(27) flavor 3-3-1 model with our
previous 3-3-1 model also based on the A(27) family sym-
metry. First of all, the scalar sector of our current 3-3-1 model
has three SU (3), scalar triplets plus 22 very heavy SU(3),
scalar singlets. On the other hand, our previous A(27) fla-
vor 3-3-1 model has a scalar sector composed of 10 SU (3)
scalar triplets and three SU (3); scalar antisextets. Second,
the charged fermion mass and quark mixing pattern can
successfully be accounted for in our current 3-3-1 model
with A(27) family symmetry by having the Yukawa cou-
plings of order unity, whereas in our previous A(27) flavor
3-3-1 model, a strong hierarchy of the Yukawa couplings
is needed to accommodate the current pattern of charged
fermion masses and the CKM quark mixing matrix is pre-
dicted to be equal to the identity matrix. Third, in our current
3-3-1 model with A(27) family symmetry the light active
neutrino masses arise from a double seesaw mechanism
whereas in our previous A(27) flavor 3-3-1 model, type-I and
type-1II seesaw mechanisms generate the masses for the light
active neutrinos. Finally, our current 3-3-1 model with A(27)
family symmetry, does not include the U(1), new lepton
global symmetry presented in our previous A(27) flavor 3-3-
1 model, butithasinstead a Z4 ® Z3 ® Z14 discrete symmetry,
whose breaking at very high energy gives rise to the observed
pattern of charged fermion masses and quark mixing angles.
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It is noteworthy that our previous A(27) flavor 3-3-1
model corresponds to an extension of the original 3-3-1
model with right-handed Majorana neutrinos (which includes
3 SU(3) scalar triplets in its scalar spectrum), where seven
extra SU (3), scalar triplets and 3 SU (3), scalar antisextets
are added to build the charged fermion and neutrino Yukawa
terms needed to give masses to SM charged fermions and
light active neutrinos. On the other hand, in our current A(27)
flavor 3-3-1 model, one preserves the content of particles of
the 3-3-1 model with right-handed Majorana neutrinos, but
we add additional very heavy SU(3), singlet scalar fields
with quantum numbers that allow one to build Yukawa terms
invariant under the local and discrete groups. Consequently
our current model corresponds to the first multiscalar sin-
glet extension of the original 3-3-1 model with right-handed
neutrinos, based on the A(27) family symmetry. As these sin-
glet scalars fields are assumed to be much heavier than the 3
SU (3) . scalar triplets, our model at low energies reduces to
the 3-3-1 model with right-handed neutrinos.

In this paper we propose the first implementation of the
A(27) flavor symmetry in a multiscalar singlet extension of
the original 3-3-1 model with right-handed neutrinos. In our
model, light active neutrino masses arise from a double see-
saw mechanism mediated by three heavy right-handed Majo-
rana neutrinos. This paper is organized as follows. In Sect.
2 we outline the proposed model. In Sect. 3 we discuss the
implications of our model in masses and mixings in the lep-
ton sector. In Sect. 4 we present a discussion of quark masses
and mixings, followed by a numerical analysis. Finally we
conclude in Sect. 5. Appendix A provides a description of
the A (27) discrete group. Appendix B includes a discussion
of the scalar potential for two A(27) scalar triplets and its
minimization equations.

2 The model

The first 3-3-1 model with right-handed Majorana neutri-
nos in the SU (3) lepton triplet was considered in [134].
However, that model cannot describe the observed pattern of
fermion masses and mixings, due to the unexplained hier-
archy among the large number of Yukawa couplings in the
model. Below we consider a multiscalar singlet extension
of the SUQB)c ® SU (3)r ® U (1)x (3-3-1) model with
right-handed neutrinos, which successfully describes the SM
fermion mass and mixing pattern. In our model the full sym-
metry G experiences the following three-step spontaneous
breaking:

G=SUB)c®SUB), QU (1)y ® A(27)
®Z4® Zs ® Z14~25SUB)e ® SU (3), ® U (1)x

SUBR)c ® SU Q) @ U ()y =5 SUB)c @ U (1),
Q.1

and the symmetry breaking scales obey the relation Aj >
Uy > Uy, Vp.

We define the electric charge of our 3-3-1 model as a
combination of the SU(3) generators and the identity, as
follows:

Q:T3—%T8+XI,

with I = diag(1,1,1), T3 = jdiag(l,

(ﬁ)diag(l, 1, —2) for the triplet.
From the requirement of anomaly cancellation, it follows

that the fermions of our model are assigned in the following

SUB)c, SUQB)L, U(1)x) left- and right-handed represen-

tations:

2.2)

—1,0), and Ty =

D2 2.3,1,-1/3),
0,7 =|-U"| :3.3%.0.1 UF?*:(,1,2/3),
", T¥r (3.1, -1/3),
U3 Us:(3,1,2/3),
0} =|D3| :3,3,1/3),{ D}:(3,1,—1/3),
T), Tk : (3,1,2/3),
1,2,3
p123 :1’2,3 313, 61’2’3:(1,1,—1),
(1:2:3)c 1 (1,1,0),

(2.3)

where Ui and D’]; fori = 1, 2,3 are three up- and down-
type quark components in the flavor basis, while v; and
ei are the neutral and charged lepton families. The right-
handed fermions transform as singlets under SU (3); with
U(1)x quantum numbers equal to their electric charges.
Furthermore, the model has the following heavy fermions:
a single flavor quark 7" with electric charge 2/3, two fla-
vor quarks J -2 with charge —1/3, three neutral Majorana
leptons (v!:%3)¢ | and three right-handed Majorana leptons
Ng*2.

Regarding the scalar sector of the 3-3-1 model with right-
handed Majorana neutrinos, we assign the scalar fields to the
following [SU (3) 1, U (1) x] representations:

X = 3, —-1/3),
f(vx +$X Tigy)

0= (U,o + €p +ifp) | :(3,2/3), 2.4
f(Un-l-%',]:l:lC,]

n= 1 (3, —1/3).

@ Springer
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We extend the scalar sector of the 3-3-1 model with right-
handed Majorana neutrinos by adding the following SU (3),
scalar singlets:

¢:(1,0),0 ~(1,0),& :(1,0),n=1,2,
;2 (1,0), 85 : (1,0), 8 : (1,0), j = 1,2,3,
®;:(1,0),2;:(1,0),0;: (1,0), j =1,2,3. 2.5)

The scalar fields are assigned to different singlet and triplet
representations of the A (27) discrete group, as follows:

n~110,0 ~ 120, x ~ lo,0.0 ~ 190,
¢ ~ g0, 11 ~ 1o, 2 ~ 12,
3~ 192,81 ~ 19,0, 52 ~ 10,0,

S~3,82~3,0~3,02~3,0~3. (2.6)

The Z4 ® Zg ® Z14 assignments of the scalar fields are

i

n~ (LD~ (D~ (i1 e T,
o~ (L1eT) ¢~ (=i, —1. -1,
3in in 4im
T~ (—1, —i,eT>,t2 ~ (1,677,67),
o (1oie® )b (e
& ~ ( ) ( 7”,1),
=~ (11, e*#) ~(1.1.67),

Q~(=1.1,1).0 ~ (-1, l,e_i7ﬂ>.

*"::

\"::

Q2.7)

Regarding leptons, we group left-handed leptons and right-
handed Majorana neutrinos in A (27) triplets, whereas right-
handed charged leptons are assigned as A (27) triplets, as
follows:

Ly ~3,eg ~ 11,0, ug ~ 12,0,

R ~ 19,0, Nr ~ 3. (2.8)

The Z4 ® Z3 ® Z14 assignments for the leptons are

. im 4in
l,e4,e 7 .

(2.9)

L~@anR~( f—o
TR ~ (i,eiTﬂ,eZiT”>,NR ~ (1, l,e%n).

Regarding quarks, we assign quark fields into different sin-
glet representations of the A (27) discrete group, as follows:

1 2 3

0; ~ 190, 07 ~ 10,0, O7 ~ 10,0,
1 2 3

Ug ~ 120, Ug ~ 12,0, Ug ~ 12,0,
1 2 3

Dp ~ 119, Dy ~ 111, Dy ~ 110,

Tr ~ 19,0, J}e ~ 19,0, ./1% ~ 19.0- (2.10)

@ Springer

The Z4 ® Zg ® Z14 assignments for the quarks are

0l ~(1,—i, 1), 0% ~ <1,e_i7”, 1) LO3~ (L1,
Uk~ (i 1), U ~ (—1,!7”, 1>,UI33 ~1,1,1),
Dl ~ (i,i, e*’%”) DA~ (1,1,1), D} ~ (. 1, 1),
Tx ~ (—i, 1,ei7”),

Ik~ (i, i, e—'%”) IR~ (i, e—%”,e—’%”).

Here the dimensions of the A (27) irreducible representa-
tions are specified by the numbers in boldface. As regards
the lepton sector, we recall that the left- and right-handed
leptons are grouped into A (27) triplet and A (27) singlet
irreducible representations, respectively, whereas the right-
handed Majorana neutrinos are unified into a A (27) triplet.
Regarding the quark sector, we assign the quarks fields into
A (27) singlet representations. Specifically, we assign the
left-handed SU (3); quark triplets and right-handed exotic
quarks as A (27) trivial singlets, whereas the right-handed
SM quarks are assigned as A (27) nontrivial singlets. Further-
more, it is worth mentioning that the SU (3), scalar triplets
are assigned to one A (27) trivial and two A (27) nontrivial
singlet representations, whereas the SU (3), scalar singlets
are accommodated into five A (27) triplets, six A (27) trivial
singlets and four A (27) nontrivial singlets. Out of the five
SU (3), scalar singlets A (27) triplets, only one is charged
under the Zg discrete symmetry whereas the remaining ones
are Zg neutral. As we will see in the following, the Zg dis-
crete symmetry separates the A (27) scalar triplets partici-
pating in the charged lepton Yukawa interactions from those
one appearing in the neutrino Yukawa terms. Furthermore, as
regards the Zg neutral A (27) scalar triplets participating in
the neutrino Yukawa interactions, it is worth mentioning that
they are distinguished by their Z4 charges. Those Zg neu-
tral A (27) scalar triplets, transforming trivially under the Z4
symmetry, contribute to the right-handed Majorana neutrino
mass matrix, whereas the remaining Zg neutral A (27) triplet
scalar fields are Z4 charged and give rise to the Dirac neutrino
mass matrix.

With the above particle content, the following Yukawa
terms for the quark and lepton sectors arise:

@2.11)

3
]¢ (U)-~2 7 T10
RAT + 45 QLIO*URF

2.2
3610 (o 3610
R 4T + i3 QL * R
1¢06

I (U)QL U
U)—=2
+3550;,0*U

D)y

U)—=3
+y§3)QL'7UR +y1 QL *D

'5305
A6

o4
D)= (D
+y£2)QL77*D2 +y12)QL’1 Dy

RA5



Eur. Phys. J. C (2016) 76:242

Page 50f 17 242

352

R A3
¥

+)’2 )QL)(*JR +Y(T)QLXTR + H.c,

(D)7

j—l
+ 33 QLPD + 30 Tk

(2.12)
04

) < S e R

+h(L) (ZLPS) TR* + h(L) (LLxNg)

10,0

+ = (Nrng) o2
2 RR 351 A
+hay (NRN,‘g) E* + hay (NRNg) o+ 2
35, 35, A

hin « . han (7
gt 4 2N (NN )
351 + 2 RR

(2.13)

wherey P j=1,2,3), yD, 30, hi m = 1,2),

how (s = 1,2,3,4), B, 1D, hlE) and 1Y are 0(1)
dimensionless couplings. We assume that all of these dimen-
sionless couplings are real, except for y13) h;f;}, nd h;,l;),
taken to be complex. In the following we provide a justifica-
tion for the aforementioned assumption. As shown in Sect.
3, having hﬁ,ﬁ) and hﬁ,];) complex is required to yield leptonic
mixing angles consistent with the current neutrino oscilla-
tion experimental data. Furthermore, as shown in Sect. 4, the
quark assignments under the different group factors of our
model will give rise to the SM quark mass texture where
the Cabbibo mixing arise from the down-type quark sector,
whereas the up-type quark sector contributes to the remaining
mixing angles. As indicated by the current low energy quark
flavor data encoded in the standard parametrization of the
quark mixing matrix, the complex phase responsible for CP
violation in the quark sector is associated with the quark mix-
ing angle in the 1-3 plane. Consequently, in order to repro-
duce the experimental values of the quark mixing angles and
the CP violating phase, yl(g]) is required to be complex.

An explanation of the role of each discrete group factor
of our model is provided in the following. The A (27), Za,
and Zg discrete groups are crucial for reducing the num-
ber of model parameters, thus increasing the predictivity of
our model and giving rise to predictive and viable textures
for the fermion sector, consistent with the observed pattern
of fermion masses and mixings, as will be shown later in
Sects.3 and 4. The Z4 and Z14 symmetries reduce the num-
ber of parameters in the neutrino sector. Besides that, the Z4
and Zg discrete group determine the allowed entries of the
SM quark mass matrices. As a result of the Z4 ® Zg charge
assignments for the SM quark sector given by Eq. (2.10),
the Cabbibo mixing will arise from the down-type quark
sector, whereas the up sector will contribute to the remain-
ing mixing angles. Furthermore, thanks to the A (27) dis-

crete symmetry, SM quarks do not mix with the exotic ones.
This arises from the fact that the right-handed SM and exotic
quarks are assigned as nontrivial and trivial A (27) singlets,
respectively. The Z14 symmetry give rises to the hierarchical
structure of the charged fermion mass matrices that yields
the observed charged fermion mass and quark mixing pat-
tern Let us note that the five dimensional Yukawa operators

(LL,OS) €Rs % (LL,OS) , MR, and 7 (_L,OS) TR
are 1nvar1ant. under the A (27) famlly symmetry but do not
respect the Z14 symmetry, as the right-handed charged lep-
tons transform nontrivially under the Z4 cyclic group. Let us
note that the Z14 symmetry is the smallest lowest cyclic sym-
metry, from which a charged lepton Yukawa term of dimen-
sion 12 can be built, by inserting £ on the + (LL,oS) eRr
operator. It is noteworthy that the small value of the electron
mass can naturally arise from the aforementioned charged
lepton Yukawa term of dimension 12.

Furthermore, since the breaking of the A (27)QZ1® Z3®
Z14 discrete group gives rise to the charged fermion mass and
quark mixing pattern, we set the VEVs of the SU (3)  singlet
scalar fields ¢, &, (n = 1,2), 7;, §; (j = 1,2,3), and 0,
with respect to the Wolfenstein parameter A = 0.225 and the
model cutoff A, as follows:

~ Aim =AA.
(2.14)

U ™~ V¢ ™~ Vg ™ Vg Uy ™ Vg ™~ Vg, ~ Vo

Let us note that the SU(3); singlet scalar fields ¢, &,
n=12),7;,S;, 2;,0; (j = 1,2,3), and o having
the VEVs of the same order of magnitude are the ones that
appear in the SM charged fermion Yukawa terms, thus play-
ing an important role in generating the SM charged fermion
masses and quark mixing angles.

As we will explain in the following, we are going to imple-
ment a double seesaw mechanism for the generation of the
light active neutrino masses. To implement a double seesaw
mechanism, we need very heavy right-handed Majorana neu-
trinos, which implies that the SU (3), singlet scalars should
acquire very large vacuum expectation values. In addition, in
order to simplify our analysis of the scalar potential for the
A(27) scalar triplets, we need that the A(27) scalar triplets
E and @ contributing to the right-handed Majorana neutrino
masses should acquire much lower VEVs than the A(27)
scalar triplet S that gives rise to the charged lepton masses.
That hierarchy in their VEVs will allow to neglect the mix-
ings between these fields as follows from the method of recur-
sive expansion of Ref. [172] and to treat their scalar potentials
independently. Because of these reasons, we assume that the
VEVs of SU(3) singlet scalar fields E;, @; (j = 1,2,3)
satisfy the following hierarchy:

vy K Vg ~ Vg K Ajpt. (2.15)

@ Springer
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Furthermore, implementing a double seesaw mechanism also
requires that the A(27) scalar triplets £2 and @, contributing
to the Dirac neutrino Yukawa terms, should acquire VEVs
much lower than the electroweak symmetry breaking scale
v = 246 GeV. Consequently, the scalar fields of our model
obey the following hierarchy:

Ve ~ Ve KUy ~ Uy~ UKL vy L vg ~ v K Aint
(2.16)

Thus, the SU(3)r scalar singlets, presented in the right-
handed Majorana neutrino Yukawa interactions, acquire very
large vacuum expectation values, which implies that the
Majorana neutrinos acquire very large masses, hence allow-
ing one to implement a double seesaw mechanism to generate
the light active neutrino masses. Consequently, the neutrino
spectrum is composed of very light active neutrinos as well
as heavy and very heavy sterile neutrinos.

In summary, for the reasons mentioned above and con-
sidering a very high model cutoff A > v,, we set the vac-
uum expectation values (VEVs) of the SU(3) scalar sin-
glets at a very high energy, much larger than v, ~ O(1)
TeV, with the exception of the VEVs of §2; and ®; (j =
1, 2, 3), taken to be much smaller than the electroweak sym-
metry breaking scale v = 246 GeV. It is noteworthy the
SUB)c®SU 3),®U (Nx®AQRT®Z4QZ3® Z14 sym-
metry is broken down to SU(3)c ® SU(3)L ® U(1)x, at the
scale Ajy, by the vacuum expectation values of the SU (3)1,
singlet scalar fields ¢, §, (n = 1,2), 7;, §; (j = 1,2,3),
and o.

In the following we comment on the possible VEV pat-
terns for the A(27) scalar triplets S, E, @, £2, and . Since
the VEVs of the A(27) scalar triplets satisfy the following
hierarchy: vp ~ vg K vz ~ vp K vgs, the mixing angles
of § and E with @, §2, and vg are very small since they
are suppressed by the ratios of their VEVs, which is a conse-
quence of the method of recursive expansion proposed in Ref.
[172]. Thus, the scalar potential for the A(27) scalar triplet
S can be treated independently from the scalar potentials for
the two sets of A(27) scalar triplets E, @, and 2 and ®. Fur-
thermore, because of the reason mentioned above, one can
treat the scalar potential for E, @ independently from the one
that involves §2 and ®. As shown in detail in Appendix B,
the following VEV patterns for the A(27) scalar triplets are
consistent with the scalar potential minimization equations
for a large region of parameter space:

vs
— (1,1, 1), (&) =vz(1,0,0),
V3

(@) =09 (0,0, 1), (£2) = v (1,0,0),
(@) =vp(0,0,1).

(8) =

(2.17)

@ Springer

3 Lepton masses and mixings

From the lepton Yukawa terms given by Eq. (2.13), we find
that the mass matrix for charged leptons takes the form

M = RITLPldiag (me,my, me),

1 1 1
R, = L 1 o o
V3 1 0? o
1 0 O .
PP=10¢% 0 |, 0o=e3, 3.1
0 0 éF

a and B being the complex phases of hg,‘} and hg;), respec-
tively, and the charged lepton masses given by

v v v
l))hgﬁ, my = ag))\sﬁ, my = a§l>k3ﬁ.
A = 0.225 is one of the Wolfenstein parameters, v = 246
GeV the electroweak symmetry breaking scale, and al-(l)
(@ = 1,2,3) O() dimensionless parameters. Let us note
that the charged lepton masses are connected with the scale of
electroweak symmetry breaking, through their power depen-
dence on the Wolfenstein parameter A = 0.225, with O(1)
coefficients.

Regarding the neutrino sector, we see that the neutrino
mass terms take the form

My = ai (3.2)

vL
1/ — _
—ﬁfﬁﬁsﬁz(vf VR NR)MV ve | +He, 33)
C
NR

where the A (27) family symmetry constrains the neutrino
mass matrix to be of the form

Mp 0343
O3x3 My, |,

033

2A
0 a O

100 1y 0
1\/1)(_h§(“”—)‘2 01 0|, Mp=hiyoz|y 0 x].

001 0 x z

‘o han haNve _ haNVe Vs y— hﬁf)v@vg_

hin' hinve hiyvs A’ P vg A
3.4

As the SU (3) scalar singlets presented in the right-handed
Majorana neutrino Yukawa interactions acquire very large
vacuum expectation values, the Majorana neutrinos are very
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heavy, thus giving rise to a double seesaw mechanism that
generates small masses for the active neutrinos.

The neutrino mass matrix is diagonalized by a rotation
matrix, which is approximately given by [152]

R, ByUy 0

U=|-BJR, U, BiUR|, (3.5)
0  BiU U
with
B —1
Bl = Mg' M}, Bl =Mp (M]) MMy, (3.6)

and the neutrino mass matrices for the physical states take
the form

—1
MO =Mp (M])  Meb' M}, 3.7)
MP = -M,Mx'M!, (3.8)
MO = Mg, (3.9)

where Mlsl) is the light active neutrino mass matrix, whereas
M 52) and M ,53) are the heavy and very heavy sterile neutrino
mass matrices, respectively. Thus, the double seesaw mecha-
nism produces a neutrino spectrum composed of light active
neutrinos, and heavy and very heavy sterile neutrinos. Fur-
thermore, let us note that the neutrino mass matrices MSI),
M, 52), and M 53) are diagonalized by the rotation matrices R,
Ug and U, respectively [152].

Using Eq. (3.7), we find that the light active neutrino mass
matrix takes the form

2
h1N<h§,1)) v%vévg 0 1 0 1y o0
Ml(,l): 5 -1 0 —a y 0 x
z(h;”) v2 A2 0 a 0)\0 x z
0 —-10
x|{1 0 a
0 —a O
2
th (h,(gl)) v%vévs
= 2
2(n) 03 42
0 —y —ax 0
x| —y—ax za®+1 —a (y +ax)
0 —a (y +ax) 0
0 A O
=|A C B (3.10)
0 B O

Then we find that, for the normal (NH) and inverted (IH) neu-
trino mass hierarchies, the light active neutrino mass matrix
is diagonalized by a rotation matrix R,, according to

0 O 0
RIMMR, =10 my, 0 |,my =0,
0 0 m,
c 1
My == F E*/E’ for NH,
___ B V2A V2A
VAZEBY  /k—cVK VEK+CVEK
R — 0 1 _c-VvK 1 _c+JK
v V2 k-cvE Y2k+cJVE |’
A V2B V2B
VA2 B? VEK-CVK VK+CVK
(3.11)
my 0 0 c 1
RTMPR, = 0 my, 0).m,,= > ;zx/i,
0 0 O
m,; = 0, for IH,
V2A V24 ___ B
VK-cJK VE+CVK VA2+B?
rRo—| L C—vK 1 _Cc+JK 0
VT V2Jk-cvE V2 Jk+CcVK ’
V2B V2B A
VK-CJVK VK+CVE VAT B2
(3.12)
where
K = 4A% +4B* 4+ C%. (3.13)

Using the rotation matrices in the charged lepton sector V7,
given by Eq. (3.1), and in the neutrino sector R,, given by
Egs. (3.11) and (3.12) for the normal (NH) and inverted
(IH) neutrino mass hierarchies, respectively, we find that
the Pontecorvo—Maki—Nakagawa—Sakata (PMNS) leptonic
mixing matrix takes the form

U=Rj, PR,
 pact 244286+ (C—VE) 2442868 +ei% (C+VR)
V3/ArR? Vo/K—CVE VoK+CVE
B Awe® 2442806+ (C—VE)  2442Bwelf +0?el® (C+VR ) for NHL
V3R Vo/K—CVE VoK+CVE
 Bace® 2A+23w23‘/‘+me'“(c—\/?) 2A+zsmze'/‘+me'"(c+ﬁ)
V3R Vo/K—CVE Vo K+CVE
2A42BeP 1ol (c—ﬁ) 2A+42BeiB feit (c+ﬁ) BAd?
Ve K—CVE VeK+CVK V3VA2+B?
2 BorelB o ei® (C— if 2 ia
2A4+2Bwe® +wle (c ﬁ) 2A42Bwelf +ale (c+¢?) B B*Ag’e'ﬁ7 for TH.
Vo K—CVK Vo K+CVK V3VAZ1B?
2A+2Ba»2e"/‘+<ue’“(c—ﬁ) 2A+2B<uze’ﬁ+we“’(C+«/7) Y
Ve K—CVE Vo K+CVE V3VAZ+B?

Let us note that, according to Egs. (3.1), (3.11), and ( 3.12),
the lepton sector of our model is described by eight effec-
tive free parameters that are fitted to reproduce the experi-
mental values of the eight physical observables in the lepton
sector, i.e., the three charged lepton masses, the two neu-
trino mass squared splittings and the three leptonic mixing

@ Springer
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Table 1 Experimental ranges of neutrino squared mass differences and leptonic mixing angles, from Ref. [8], for the case of inverted neutrino

mass spectrum

Parameter Am%I (lO*SeVZ) Am%3(10*3eV2) (sin2 012)exp (sin2 923)exp (sin2 913)exp
Best fit 7.60 2.38 0.323 0.573 0.0240

lo range 7.42 —17.79 2.32—-2.43 0.307 — 0.339 0.530 — 0.598 0.0221 — 0.0259
20 range 7.26 —7.99 2.26 —2.48 0.292 — 0.357 0.432 — 0.621 0.0202 — 0.0278
30 range 7.11 —8.11 220 —2.54 0.278 — 0.375 0.403 — 0.640 0.0183 — 0.0297

angles. Despite this parametric freedom, we found that the
normal hierarchy scenario of our model leads to a large value
of the reactor mixing angle, not consistent with the experi-
mental data on neutrino oscillations. On the contrary, for the
case of inverted hierarchy, as we will see in the following,
our obtained physical parameters in the lepton sector are in
excellent agreement with the experimental data. We fit the
parameters A, B, C, «, and S to reproduce the experimental
values of the neutrino mass squared splittings and three lep-
tonic mixing angles. By varying the parameters A, B, C, «,
and B, we find the following best fit result:

my, =/ Am3, + Am?; ~ 50meV,

my, =/Am}; ~49meV, o~ —60°, B~ —165°,
sin 012 = 0.323, sin®6y; = 0.573,  sin” 653 = 0.0240,
§~34° 7 ~196x 1072, A~ —2.94 x 10" > meV,

B~392x 10> meV,C ~7.76 x 10 *meV . (3.15)

Comparing Eq. (3.15) with Table 1 we see that the lep-
tonic mixing parameters sin? )5, sin? 03, and sin? 6,3 and
the neutrino mass squared splittings are in excellent agree-
ment with the experimental data. We found a leptonic Dirac
CP violating phase close to 34° and a Jarlskog invariant of
about 1072,

Now we compute the effective Majorana neutrino mass
parameter, which is proportional to the neutrinoless double
beta (OvBB) decay amplitude. The effective Majorana neu-
trino mass parameter is given by

mpg =Y UZmy|, (3.16)

J

Uezj being the PMNS mixing matrix elements and n,, the
Majorana neutrino masses.

From Egs. (3.14), (3.15), and (3.16), we obtain the follow-
ing value for the effective Majorana neutrino mass parameter,

for the case of an inverted mass hierarchy:
mgg ~ 22 meV. (3.17)

Then we get a value for the Majorana neutrino mass parame-
ter within the declared reach of the next-generation bolomet-
ric CUORE experiment [173] or, more realistically, of the

@ Springer

next-to-next-generation ton-scale OvBB-decay experiments.
It is worth mentioning that the upper limit of the Majorana
neutrino mass parameter is mgg < 160 meV, which cor-
responds to Tl%ﬂﬂ(l%Xe) > 1.6 x 10% yr at 90 % C.L,
as follows from the EXO-200 experiment [174]. There is
expected an improvement of this bound within a not too
far future. The GERDA “phase-II"” experiment [175,176] is
expected to reach Tlo/vzﬁ b ("%Ge) > 2 x 10?° yr, correspond-
ing to mgg < 100 meV. A bolometric CUORE experiment,
using '30Te [173], is currently under construction and has
an estimated sensitivity close to Tf./éﬁ p (1B30Te) ~ 10% yr,
which corresponds to mgg < 50 meV. Besides that, there are
proposals for ton-scale next-to-next-generation Qv exper-
iments with **Xe [177,178] and "°Ge [175,179], which
claim sensitivities over Tlo/vz’3 b~ 10 yr, corresponding to
mgg ~ 12 — 30 meV. For a recent review, see for example
Ref. [180]. Consequently, our model predicts Tlo/vzﬁ b , which
is at the level of the sensitivities of the next-generation or
next-to-next-generation QvBf experiments.

4 Quark masses and mixings

From the quark Yukawa terms of Eq. (2.12), it follows that
the SM quark mass matrices take the form

Cl)»g 0 a1k4
My = 2 0 b])\4 az)»z
V2
0 0 as
61)»7 f1k6 0
Mp=-—=| 0 5 0 |, @.1)
V2 ;
0 0  g1A°

where ax (k = 1,2, 3), by, c1, g1, f1, f2, and e] are O(1)
parameters. Here A = 0.225 is one of the Wolfenstein param-
eters and v = 246 GeV the scale of electroweak symmetry
breaking. From the SM quark mass textures given above, it
follows that the Cabbibo mixing emerges from the down-type
quark sector, whereas the up-type quark sector generates the
remaining mixing angles. Besides that, the low energy quark
flavor data indicates that the CP violating phase in the quark
sector is associated with the quark mixing angle in the 1-3
plane, as follows from the standard parametrization of the
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quark mixing matrix. Consequently, in order to get quark
mixing angles and a CP violating phase consistent with the
experimental data, we assume that all dimensionless param-
eters given in Eq. (4.1) are real, except for a, taken to be
complex.

Furthermore, as follows from the different A(27) singlet
assignments for the quark fields, the exotic quarks do not mix
with the SM quarks. We find that the exotic quark masses are:

_ (M Y
mr =y’ —,
V2
) o &2
mlzyu)v—xz—yl m mzzy(J)v—Xz—y2 m
NEN R T @ = s =

Since the breaking of the A (27) ® Z4 ® Zg ® Z14 discrete
group gives rise to the observed pattern of charged fermion
masses and quark mixing angles, and in order to simplify
the analysis, we set e; = f1 as well as ¢c; = a3 = 1 and
g1 = by, motivated by naturalness arguments and by the
relation m. ~ my, respectively. Consequently, there are only
six effective free parameters in the SM quark sector of our
model, i.e., |a1l, a2, b1, f1, f2, and the phase y,. We fit these
six parameters to reproduce the 10 physical observables of
the quark sector, i.e., the six quark masses, the three mixing
angles, and the CP violating phase. By varying the parameters
la1l, a2, b1, f1, f> and y,, we find the quark masses, the three
quark mixing angles, and the CP violating phase § reported
in Table 2, which correspond to the best fit values:

lay| ~ 1.36,
fi1 ~0.58,

ar >~ 0.80, by ~1.43,

43
fr =057, y, =—112°. @9

In Table 2 we show the model and experimental values for
the physical observables of the quark sector. We use the Mz-
scale experimental values of the quark masses given by Ref.
[181] (which are similar to those in [182]). The experimental
values of the CKM parameters are taken from Ref. [183].
As indicated by Table 2, the obtained quark masses, quark

Table 2 Model and experimental values of the quark masses and CKM
parameters

Observable Model value Experimental value
my(MeV) 1.16 1.4510:3¢
me(MeV) 641 635 =+ 86
m;(GeV) 174 172.1 £0.6 £0.9
ma(MeV) 2.9 2.9%03
ms(MeV) 59.2 577148
my(GeV) 2.85 2.82100%

sin 012 0.225 0.225

sin 03 0.0407 0.0412

sin 63 0.00352 0.00351

s 68° 68°

mixing angles, and CP violating phase are highly consistent
with the experimental low energy quark flavor data. Note
that in our previous paper [130], the CKM matrix, at the tree
level, is the identity, which should be improved by higher
order loop corrections.

5 Conclusions

We constructed the first multiscalar singlet extension of the
original 3-3-1 model with right-handed neutrinos, based on
the A (27) family symmetry supplemented by the Z4 ® Zg ®
Z14 discrete group. Contrary to the previous A(27) flavor
3-3-1 model [130], where the CKM matrix is the identity,
this model provides an excellent description of the observed
SM fermion mass and mixing pattern. The A (27), Z4, and
Zg symmetries allow one to reduce the number of parame-
ters in the Yukawa terms, increasing the predictivity power
of the model, whereas the Z;4 symmetry causes the charged
fermion mass and quark mixing pattern. In the model under
consideration, the light active neutrino masses are generated
from a double seesaw mechanism and the observed pattern of
charged fermion masses and quark mixing angles is caused
by the breaking of the A (27) ® Z4 ® Zg ® Z14 discrete group
at very high energy. The resulting the neutrino spectrum of
our model is composed of light active neutrinos, heavy and
very heavy sterile neutrinos. The smallness of the active neu-
trino masses arises from their scaling with inverse powers of
the large model cutoff A and by their quadratic dependence
on the very small vacuum expectation value of the A (27)
scalar triplets 2 and @ participating in the Dirac neutrino
Yukawa interactions. The SM Yukawa sector of our predic-
tive A (27) flavor 3-3-1 model has in total only 14 effective
free parameters (eight and six effective free parameters in
the lepton and quark sectors, respectively), which are fit-
ted to reproduce the experimental values of the 18 physical
observables in the quark and lepton sectors, i.e., nine charged
fermion masses, two neutrino mass squared splittings, three
lepton mixing parameters, three quark mixing angles, and
one CP violating phase of the CKM quark mixing matrix.
The obtained physical observables for the quark sector are
consistent with the experimental data, whereas the ones for
the Iepton also do but only for the inverted neutrino mass hier-
archy. The normal neutrino mass hierarchy scenario of our
model is disfavored by the neutrino oscillation experimental
data. We find an effective Majorana neutrino mass parameter
of neutrinoless double beta decay of mgg = 22 meV, a lep-
tonic Dirac CP violating phase of 34°, and a Jarlskog invariant
of about 1072 for the inverted neutrino mass spectrum. Our
obtained value of 22 meV for the effective Majorana neutrino
mass is within the declared reach of the next-generation bolo-
metric CUORE experiment [ 173] or, more realistically, of the
next-to-next-generation ton-scale OvBB-decay experiments.

@ Springer
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A Appendices
A.1 The product rules of the A(27) discrete group

The A(27) discrete group is a subgroup of SU (3); it has 27
elements divided into 11 conjugacy classes. Then the A(27)
discrete group contains the following 11 irreducible represen-
tations: two triplets, i.e., 3[0][1] (which we denote by 3) and
its conjugate 3[oj2; (Which we denote by 3) and nine singlets,
ie., 1x; (k,1 =0, 1, 2), where k and [ correspond to the Z3
and Z charges, respectively [36]. The A(27) discrete group,
which is a simple group of the type A(3n?) with n = 3, is
isomorphic to the semi-direct product group (Z5 x Z5) x Z3
[36]. Itis worth mentioning that the simplest group of the type
A(3n?)is A(3) = Zs. The next group is A(12), which is iso-
morphic to A4. Consequently the A(27) discrete group is the
simplest nontrivial group of the type A(31n%). Any element
of the A(27) discrete group can be expressed as bka™a’", b,
a, and a’ being the generators of the Z3, Zj, and Z7 cyclic
groups, respectively. These generators fulfill the relations
A =ad’=p = l,ad =da,
bab™' =a a7, ba'b ! = a. (A.])
The characters of the A(27) discrete group are shown in
Table 3. Here n is the number of elements, / is the order of

Table 3 Characters of A(27)

h Xlrs) X3p0.11 30,21

1C 1 1 3 3
1cf” 1 1 307 30
1c? 1 1 30 30’
3¢ 3 o 0 0
3¢c*? 3 W 0 0
cyt? 3 A 0 0
cy” 3 PR 0 0

@ Springer

2mi f

each element, and w = ¢ 3 = —% +1i 73 is the cube root
of unity, which satisfies the relations 1 4+ w 4+ w*> = 0 and
w3 = 1. The conjugacy classes of A(27) are given by

Cr: el h=1,
Cl(l) © Aa,d?), h=3,
c?: (a2, h=3,
Céo’l) : {a”a?), h =3,
c®? . (a2, a2, ad'), h =3,
P 1 (ba?, baP~'a'P2a?), h =3,
cP . (ba?, ba?~'a'P2a), h=3.

The tensor products between A(27) triplets are described
by the following relations [36]:

X1,—1 Y1,—-1
X0,1 ® | Yo,1
K107 30 Y=1.0/ 31
X1,—1Y1,—1 ] X0,1Y-1,0 + X—1,0Y0,1
=1 Xo,1Y0,1 @ 5 X-1,0Y1,—1 +X1,-1Y-1,0
X—1,0Y-1,0/ 3(51) X1,-1Y0,1 +X0,1¥1,-1 / 5(52)
[0112] [01(2]
X0,1Y-1,0 — X—1,00,1
@5 | X-roy1-1 = X1-1y-10 . (A.2)
X1,-1Y0,1 — X0,1Y1,—1 30
y2,-2 X2,-2Y2,-2
X0,2Y0,2

X-2,0Y-2,0 3[(0511[3]

X2,-2
X0,2 ) ® | Yo.2 =
*=20/ 30 Y=2.0/ 302
X0,2Y-2,0 + X-2,0Y0,2
X-2,0Y2,-2 + X2,-2Y-2.0

X2,-2Y02 t X0.2Y2,-2 3

o 1
2
0][1]
1 X0,2Y-2,0 — X-2,0Y0,2
)

X_2,0¥2,—2 — X2,-2Y-2,0 . (A3)
X2,-2)02 = X02V2,-2 /] 3
[o1r1]
X1,—-1 y-1,1
X0,1 ® | yo,—1
X_
107 301 YLO /30y
-
= Z(X1,71y71,1 + 0™ x0,1¥0,-1 + @ X-1,0¥1,0)14.,
-
2
® Z(Xl,fl)’O,fl + ™ x0,1¥1,0 + @ x-1,0Y-1.D14,,
-
-
® Z(xl,fl)’l,o + o™ x0,1y-1,1 + @ X-1,0%0,- D142 -
-
(A4)
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Table 4 The singlet multiplications of the group A(27)

Singlets 1oy 1,z Lo 1 1z I 1l 1z

101 1o loo 1 1z 1o I 1 1y
102 oo 1o Lz Lo 1 1 1y 1y
10 1y 1 I 1y 1 1o 1o 1e
1 iz Lio 1 1n 1y 1o 1l oo
112 iy 1 1 1p 1o 1z 1oo 1o
10 Ly 1 1o 1o 1oz Lio 1 12
12 1, 1o 1o 1o loo 1 1z 1y
12 1y 1o 1z 1o loo 1z 1o 1

The multiplication rules between the A(27) singlets and the
A(27) triplets are given by [36]

X(1,—-1) X(1,-1)Z

X©,1) @@y, =] @ xonz . (AS)
2r

L0/ 3 @THELOZ 3y

X(2,-2) X(2,-2)2

X(0,2) ® @y, = | @ x0.2z (A.6)
2r

Y200/ 3y @TXE20 34104

The tensor products of the A(27) singlets 1 ¢ and 1 take

the form [36]
1o ® 1y ¢ = L g mod3, ¢4+£/mod3- (A7)

From the equation given above, we obtain explicitly the sin-
glet multiplication rules of the A(27) group, which are given
in Table 4.

A.2 Scalar potential for two A(27) scalar triplets

The scalar potential for two A(27) scalar triplets, i.e., U and

W having different Zy charges can be written as follows:
V=Vu+Vw+Vuw (A.8)

where Vy and V), are the scalar potentials for the A(27)
scalar triplets U and W, respectively, whereas Vy w include
the interaction terms involving both A(27) scalar triplets U
and W. The different parts of the scalar potential for the two
A(27) scalar triplets are given by

Vo = —ui (UU*),,, + v (UUY),,, (UU)
Frua (UU9),,, (UU7)
s (UU), | (UUF)

10
12

102
trua[(UU),,, (UUY),,, + He]

+Kys (UU)3s1 (U*U*)3S1

+Ku.6 (UU)gSZ (U*U*)3S2

v [(UU)g (U Uy, + Hel. (A.9)

Vw =Vy (U — W, ny = pw.ku,j = kw,j), (A.10)

Vuw = yuw,i (UU*)lo_0 (WW*)lo,o
+Kuw.1 (UW*)IM (U*w)

10,0
+yowa | (UUY),,  (WW7),, +H.c
+Kruw,2 - " (UW*)lz,o + H.c

+yuw.3 [

(
(vu
+ruws | (U
+yuwa|(UU
(

+rowa [(UW)y,  (UW),,, + He
Trows |(UU)sg (W*W*)S’S1 + H.c]
+yuwe | (UU),, (WWH)y, + He]

+Kkuw.s (UW)gSl (U*W*)3Sl
+Kuw.6 (UW)§Sz (U*W*)3S2

+yow | (UU)3 (W*W*)SS2 + H.c]
Trow7 [(UW)3, (U*W*)‘,,s2 + H.c]

+ruws | (UW)3, (U*W*)3A + H.c]

uws [(UW), (UW), + Hee]

+Kkuw,10 [(UW)gA (U"‘W*)3S2 + H.c] (A.11)
where the A(27) scalar triplets U and W acquire the follow-
ing VEV pattern:

(U) = (u1, uz, u3) , (W) = (wi, wa, w3). (A.12)

Then, from the previous expressions, the following relations
are obtained:

E;% = —2u1u%] + 4y 1uy (u%+u%+u%>
+ 2ky 2u1 (214% — u% — u%)
+2ky 3 (uz + u3z) [uy (w2 + u3) + uous]
+Kky.4 [2u1u2u3 +uousz (uy+usz)—2uq <u§+u§)]
+ 2/([],514:;’ + 2Ky 61 (u% + u%)
+ 2y, 7uou3 Quy + us + u3), (A.13)
2‘:2] = —upu3; + 4Ky 2un (u%-i-u%—l—u%)

+ 2Ky pu2 (214% —ul - u%)

+ 2y 3 (uy +u3z) [uz (uy +u3) +ujus]
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+KU.4 [2u1u2u3+u1u3 (uy+u3)—2u> (u%—i—u%)]

+ 2/{U,5u% + 2Ky 62 <u% + u%)

+2xy quius Quy + uy + u3),

(A.14)

% = —Qu3ud + 4kyou3 (u%+u§—l-u§>
+ 2Ky pu3 (214% —u3 — u%)
+2ky 3 (w1 + uz) [uz (w1 +u2) + uruz]
+Ky.a [2141142“3 Fuquy (uy+u2)—2u3 (u%—i-u%)]
+2/<U,5u% + 2ky 63 (u% + u%)
+2ky quiuy Qus +uy + uz), (A.15)
AV . oVu
ow, - MU"MWWU,IJ'IE;IKW.ja”n"wn duy,
n=1,2,3,j=1,...,10, (A.16)
agg’lw =2yuw,1ui (w% + w3 + w%)
+ 2kywiwr (iwy + uowr + uzws)
+2yyw.au1 (2w12 - w% — w%)
+2kgwowr Cujwy — upwr — uzws3)
+2yuw,3 (U2 + u3) [wows + wi (w2 + w3)]
+2kyw.3 [2u1w2w3 + uy (w1w2 + w%)
+ u3 <w1w3 + w%)]
+yuwa{uz 2wiws — wa (wi + w3)]
+ uz [2waws — wy (w2 + w3)]}
+Kkuw.4 {4u1w2w3 — un <w1w2 + w%)
— u3 <w1w3 + w%)]
+dyuw suiwi + 2yuw,ewi (uawr + uzws)
+ 26y suwi + dyyw guiwaws
+ KU2W‘6 [m <w§ + w§)+w1 (u2w2+u3w3)]
+xuw,7 [H2w3 (w1 + w2) + uzwz (wi + w3)]
+KUw.s [ul <w§ + w%) — wy (u2w2 + M3w3)]
+xuw,9 [uaws (wy — wp) + uzwz (w3 — wy)]
+kuw, 1011 (w% — w%), (A.17)
8;/% = 2yuw.1u2 (w% +wj + w%)

@ Springer

+ 2kpw w2 (w4 upwa + uzws)
2 2 2

+2yuwau2 <2w2 —wi — w3)

+2kyw w2 Quowy — uiwy — uzws3)

+2yuw,3 (U1 + u3) [waws + wy (w2 + ws)]

aVuy.w
du,

WVyw
ow,

+2kyw.3 [2u2w1w3 + uy (w1w2 + w%)

+ u3 <w2w3 + wlz)]
+yuw.a {uz Qwiwy — w3 (wy + wy)]
+ uy 2wiwz — w2 (wy + w3)]}

+KUW,4 {4M2w1w3 —uj (wlwz + w%)

— u3 <w2w3 + w%)}

+ayyw suaw; + 2yuw.ewa (1w + uzws)

+ 2Ky W suaws + dyyw suawiws

4+ 2Uws [uz (wf + w§)+wz (1w + u3w3)]
+ruw,7 [H1ws (wy + w2) + uzw; (wa + w3)]
+KUw,s [uz (w12 + w%) —wy (wiw + M3w3)]
+ruw,o [wiws (wr — wz) + uzw; (w2 — w3)]

+Kkuw,10U2 (w% - w12) ) (A.18)

= 2yuw.1u3 (w% + w% + w%)

+ 2kpw,iws (wwy 4+ upwy + uzws)
+2yuw,aus (2w§ — w% — w%)
+2kgwow3 Cuzws — ujwy — uawr)
+2yuw,3 (1 + u2) [wows + wy (w2 + w3)l
+2kyw.3 [2u3w1w2 +uy (w1w3 + wg)

+ un <w2w3 + w%)]
+yvuw,a {uz Rwiwy — w3 (wy + wy)]

+ up [2waws — wy (w2 + w3)]}

+Kkuw.4 {4u3w1w2 —uj (w1w3 + w%)

— Uup (w2w3 + w%)}
+ayyw susws + 2yuw,ews (1w + uzws)
+ 2Ky w, sU3W3 + 2Yuw,7U3 W w2

kuw. [wl (u% + u%) +u1 (upwy + ugwg)]
+ruw,7 [w1wz (wi + w3) + uswy (w2 + w3)]
+ruw,s [M3 <w12 + w%) — w3 (uw + Mzwz)]
+ruw,9 [uiwr (w3 — wi) + upwy (w2 — w3)]

(A.19)

2 2
+Kkuw, 1043 (w1 - wz) ,

2