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1 Introduction

One of the biggest problems in fundamental theoretical
physics is a great difficulty to reconcile quantum mechanics
and general theory of relativity in order to formulate consis-
tent theory of quantum gravity. It is argued that at very high
energies the gravitational effects can no longer be neglected
and that the spacetime is no longer a smooth manifold, but
rather a fuzzy, or rather a non-commutative space [1,2]. Phys-
ical theories on such non-commutative manifolds require a
new framework. This new framework is provided by non-
commutative geometry [3]. In this framework, the search for
generalized (quantum) symmetries that leave the physical
action invariant leads to deformation of Poincaré symmetry,
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with k-Poincaré symmetry being one of the most extensively
studied [4-10].

k-Deformed Poincaré symmetry is algebraically des-
cribed by the k-Poincaré—Hopf algebra and is an example
of deformed relativistic symmetry that can possibly describe
the physical reality at the Planck scale. « is the deformation
parameter, usually interpreted as the Planck mass or some
quantum gravity scale. It was shown that quantum field the-
ory with «-Poincaré symmetry emerges in a certain limit of
quantum gravity coupled to matter fields after integrating
out the gravitational/topological degrees of freedom [11—
15]. This amounts to an effective theory in the form of a
non-commutative field theory on the k-deformed Minkowski
space.

It is well known [16-19] that the deformations of the sym-
metry group can be realized through the application of the
Drinfeld twist on that symmetry group [20-23]. The main
virtue of the twist formulation is that the deformed (twisted)
symmetry algebra is the same as the original undeformed
one and that there is only a change in the coalgebra struc-
ture which then leads to the same free field structure as the
corresponding commutative field theory.

In [24] it was shown that the coproduct of D = 2 and
D = 4 quantum «-Poincaré algebras in the classical basis
cannot be obtained by the cochain twist depending only on
the Poincaré generators (even if the coassociativity condition
is relaxed). However, the deformation used in [24] is the so-
called time-like type of deformation, and it is well known
[25-27] that for light-like deformation such a twist indeed
exists [28-32].

In this work, we work the other way round. Starting from
k-Minkowski space, we obtain its linear realizations, then
coproducts of momenta from realizations, and, finally, we
present a method for obtaining corresponding twists from
those coproducts. We show that, for linear realizations, those
twists are Drinfeld twists, satisfying normalization and cocy-
cle conditions. The method for obtaining Drinfeld twists
corresponding to each linear realization is elaborated and
it is shown how these twists generate new Hopf algebras.
The resulting symmetry algebras are «-deformed ig((n) Hopf
algebras. In special cases we obtain «-Poincaré—Weyl-Hopf
algebra and «-Poincaré—Hopf algebra, but the former is
obtained only for the case of light-like deformation.

The paper is organized as follows. In Sect. 2, k -Minkowski
spacetime with deformation vector @, in various directions
(time-like, space-like and light-like) is introduced. In Sect.
3, notion of linear realizations is introduced and all linear
realizations in n dimensions for n > 2 are found. Those real-
izations are then expressed in terms of generators of gl(n)
algebra. In Sect. 4, the deformed Heisenberg algebra is pre-
sented, along with the star product and coproducts of the
momenta. At the end of this section, the twist operator is
introduced and the relation between star product, twist oper-
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ator and coproduct of momenta is given. In Sect. 5 itis shown
that the twist operator from the previous section is a Drinfeld
twist, satisfying normalization and cocycle conditions. It is
shown that initial linear realizations follow from these twists,
which confirms the consistency of our approach. At the end of
Sect. 5, the R-matrix is presented. In Sect. 6, the x-deformed
igl(n) Hopf algebra is presented, in the general and for four
special cases. In Sect. 7, a left-right dual x-Minkowski alge-
bra is constructed from the transposed twists. Alternatively,
the x-Minkowski algebra is obtained from the transposed
twists with @, — —a,. The corresponding realizations are
nonlinear. In Sect. 8, nonlinear realizations of «-Minkowski
space and related Drinfeld twists, known in the literature so
far, are presented. Finally, in Sect. 9, an outlook and a dis-
cussion are given.

2 k-Minkowski space

«-Minkowski space is usually defined by [4-8,33]:

A~ 120N A A
[X0, Xi] = ;Xi, [%i, x;1=0. )

Equation (1) can be rewritten in a covariant way [34-37]:
[)epbs ] = i(aufv - auiu)a (2)

where a, € M" (M" being undeformed n-dimensional
Minkowski space) is a fixed deformation vector, which for
the choice ap = k! anda; = 0 corresponds to (1). The non-
commutative coordinates X, of k-Minkowski space form a
Lie algebra.

Note that the Lie algebra (2) is independent of metric.
However, we point out that our physical requirement is that
in the limit a,, — 0, we get ordinary Minkowski spacetime.
Hence, it is natural to assume and treat a,, as a vector in unde-
formed Minkowski space. There are two possibilities. One
is to fix real parameters a, and the other is when a,, are not
fixed (transforming together with non-commutative coordi-
nates X,,) [38]. In this paper we choose the first possibility.

Throughout the article, indices are raised and lowered
by the Minkowski metric n, i.e. a* = »*'a, and a, =
nuva’, where the convention with positive spatial eigen-
values of the metric is used, e.g. in (3 + 1) dimensions
n = diag(—1, 1, 1, 1). Also, indices are contracted the same
way,i.e.a-b =a,b" =n"’a,b,anda® = a-a = aya* =
n*’aya, for any vectors a, and b,.

The deformation vector can be time-like (a2 < 0), light-
like (@2 = 0) and space-like (a® > 0), so it can be written
like

a, = ;uﬂ, 3)
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where « ! is an expansion parameter and u> € {—1,0, 1},

which corresponds to the previously mentioned three cases.
Light-like deformation a> = 0 was first treated in context of
null-plane quantum Poincaré algebra [39]. Depending on the
sign of a2, the x-Minkowski Lie algebra is invariant under
the following little groups:

o If a, is time-like (a®> < 0), the little group is SO(n — 1).

o If a, is light-like (@ = 0), the little group is E(n — 2).

o If a, is space-like (a®> > 0), the little group is SO(n —
2,1).

Itisuseful to introduce an enveloping algebra A, generated
by the elements %, of the «-Minkowski algebra.
3 Linear realizations

Commutative coordinates x,, and momenta p,, generate an
undeformed Heisenberg algebra H given by

[x;u x,] =0,
[P/u x] = _in;/.v’ 4)
[Py, pv]1 =0.

Analogously to Ain the previous section, commutative coor-

dinates x,, generate an enveloping algebra .4, which is sub-

algebra of undeformed Heisenberg algebra, ie. A C H.

Momenta p,, generate algebra 7, which is also a subalge-

bra of the undeformed Heisenberg algebra, i.e. 7 C H. The

undeformed Heisenberg algebra is, symbolically, H = A7 .
In general, the realization of an NC space is given by

2;/. =xa</)au(P)’ (5

where ¢“ «(p) is a function of p,,, which should reduce to
8;‘ in the limit when the deformation goes to zero [40—42].

It is important to note that different realizations %, =
xg 9%, (p) = x,¢",(p') are related by similarity transfor-
mations, where (x,,, p,) and (xl’u p,,) satisfy the undeformed
Heisenberg algebra [43—46]. In this section, the additional
label for x;, and p,, is omitted for the sake of simplicity.

We are looking for linear realizations of «-Minkowski
space, that is, the realizations where the function ¢ M( p)is
linear in p,. They can be written in the form

Xy =xu 1y, (©)
where [, is linear in momentum p,,. It is given by

L= Kgp&xap’ )
where Kg, % € R. Inserting it in (2) shows that K;,* has to
satisfy

K., — Ky* =a,8) — aUBz, )

Kyu“Kpo" — Ky Kpp” = auKpy* —avKpp*. ©))

It also follows that /,, satisfies the same commutation rela-
tions as X,

[l;u L] = i(aulv - avlu)~ (10)
3.1 Classification of linear realizations

Since we assume that Egs. (8) and (9) transform under a
Lorentz algebra, the most general covariant ansatz for K,,*
in terms of deformation vector a,, for arbitrary number of
dimensions! n > 2 is

K% = Aoagana® + Ana® + AZ(SZaV + Aza, 8y,
(11)

leading to the following /,,:

l/t = AOa;L(a -x)(a-p)+ Ai(a 'X)Pu + AZQ/L(X - p)
+Aszx,(a - p). (12)

From Eq. (8) it follows that
A3 =Ar+ 1. (13)

Using (9) in combination with (13) yields the following equa-
tions:

Al(Aga®> + A1+ 1) =0, (14)
A3(Aoa® + Az 4+ 1) =0, (15)
A1Aza® = 0. (16)

Those equations have four solutions:

1. A; =0,4, = —1,43 =0,a%*Ag = c,

2. A1 =0,A=—c,A3=1—c,a’Ag =c,
3. Ai=—1—c, Ay =—1,A3 =0,a%A¢ =,
4. Ay =—1,A,=0,A3=1,a°> = Ag =0,

where ¢ € R is a free parameter. We will denote these four
types of realizations by Cy, Ca, C3, and Cy4, respectively.?
Explicitly for the tensor K, we have

c .
K B a—zauavaa — Npaly, if a? # 0,
- BDopva =
—Npaly, if a2 =0,
Co: K/tUO(
c .
B a—zauavaa — ety + (1 = )nygay, if a? #0
r’l)()taljn lf az == O,

! In two dimensions there are additional terms constructed with two
dimensional Levi-Civita tensor €,,. For example, there is a solution

a‘;;" (craq + czeaﬂaﬁ), where ¢, c2 € R are parameters and

K;wk =
a? #0.

2 Here C stands for covariant.
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Cs: K va

— Nuaay, ifa*#0

ifa? =0,

c
—a,dydy —
224

3 (' +)nuvaa

—Npvla — Nuady,
Ca: Kjva = —Npvla + Mvaday, only for a® =0. 17
Inserting (17) into (6) and (7) gives
Ci: Xy
Xy +ay [a%(a~x)(a~p)—(x~p)], a? #0

Xy —ayu(x - p), a- =0,

Co: iy

Y1+ =0)a-p)

=1 Hau] @ 0@ p —cp)]. @20
xu 1+ (@ p)l, a>=0,
Cs3: Xy
C
S+ @ 0@p) = p)|
=1 1+ 0, a* #0
Xy —au(x - p)—(a-x)py, a’ =0,

Ca: Xy =x4[14+(a-p)l—(a-x)p,, only for a*=0.
(13)

Linear realizations for «-deformed Euclidean space were
studied in [42]. However, in k-Minkowski spacetime, we
have found four new linear realizations corresponding to
light-like deformations (> = 0). Only one of them, Cy,
corresponds to a k-Poincaré—Hopf algebra [30,31]. C; and
C; are equivalent for ¢ = 1, while C; and C3 are equiva-
lent for ¢ = —1. It is important to note that the first three
solutions Cj, Cz, and C3 are valid for all a®> € R, and the
fourth solution C4 is only valid in the case of a light-like
deformation.

The inverse matrices ¢
C1,Cy, C3, and Cy4 are

-1

v+ such that gouo‘w;‘,l = Ty, for

Ci: o
1 qu 2
_ et I—fa-p)+c (Pu—cZ5)an a*#0
ud 2
—_— =0,
T @ p) ‘
Ca: oy,
Nuv _ 4
I+ -a@-p) [+d-0@ pP
= x (szaﬂ + pu ) av, a? #0
M s a? =0,
1+ (a-p)
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Cs: oy

1 a
N = g p(—@p) [C(a - p) (ﬁ +I7u> _Pu] ay
(I+o)[(1—a-p)ay+a®p, ] py

2
+ 1—-2a-p+(1+c)((a-p)2—a?p?)’ a”#0
Pupav [(l—a'P)au+a2Pu]Pv 2
Nuv + I—a-p + 1—2a-p+((a-p)2—a?p?)’ a® #0,
_ +a
Cy: (plwl = v T by (19)

1+ (@-p)’

The special cases of C1, Cp, and C3 when ¢ = 0, we denote
S, &2, and S3, respectively:

St Xy =x, —au(x - p),
Srixpy=x,[14(a-p)l, (20)
Szt xy=xp—au(x-p)—(a-x)pu,

where a? € R.
3.2 Symmetry algebra igl(n)

For fixed solution K, we define the undeformed igl(n)
algebra generated by p,, and L ,:

[Luv, Lipl = nuaLlpp — nupLiv,

[L;wa Pl = —DPvluars 2D
[p/u pv] = O

In addition to the commutation relations (21),

[L;w, x] = XuTva (22)

also holds.
Linear realizations can be written in terms of L, :

R =xy — iKpgug L. (23)

Particularly, for (18)

c
N X —iay (—zaaaﬂL“ﬂ — La"‘) . a? # 0,
Ci: %, = a
Xp+iauLy”, a? =0,
X —iia agagL® +icLy%a
Iz g2 e B a Hp
CoiXp =1 —i(1 —)a”Lq, a? £0,
Xy —ia%Lyg, at=0,
c
Xp —l;a#aaaﬂL"‘/3
Cy: k= +i(l+c)a*Loy +iLo%ay, a’ #0,
Xy +ia% Loy +iLy%ay,, a’ =0,

Ca: Xy =xp +ia*(Lay — Lua) = x4 +ia*Meyy,,

only for a®> = 0,
(24)

where M, = L, — L,, generate Lorentz algebra. Note
that Cy4 is the only solution that can be written in terms of
Lorentz generators.
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Commutation relations between generators of igl(n) alge-
bra with X, are

[p;u = _iﬁl);w = _i(np,u + Kozvp,pa)’ (25)
[L/w’ 0l= J?;mvx + i(KﬂAanvA - Kﬂkv’?au
— Kupanpn) L. (26)

The algebra generated by L,,,, p,, and %, satisfies all the
Jacobi relations. Only for solution Cy4 this is also true for an
algebra generated by M,,,, p,, and %,,.

At the end of this section let us introduce the anti-
involution operator by A" = X, for A € C and a bar denot-
ing ordinary complex conjugation, (£,)" = %, (x,)T = x,,,
(pp)" = pu, and (M,,)" = —M,,. Since (a,)" = a,
Egs. (2), (4), (25), and (27) remain unchanged (i.e. they
are invariant) under the action of . Note that the realiza-
tions Cy, Cp, and C3 are generally not hermitian. In order
to get the hermitian realizations, one has to make follow-
ing substitutions: x, — %()@L + )2;2), I, — %(l,t + l;),
Ly — %(L,w — (LW)T) throughout the whole paper [47].

4 Deformed Heisenberg algebra, star product, and twist
operator

Non-commutative «-Minkowski coordinates X, and mo-
menta p, generate a deformed Heisenberg algebra H given

by [48]

[)2#, ] = i(ap,x,\v - LIVXAM),

[p/u Xl = _iﬁp;w(p) = _i(n;w + Kavupa)a (27)
[p;m pv]l=0.

From the previous section, it follows that H is isomorphic

to H. Algebra Ais a subalgebra of H,ie. A C H. The
deformed Heisenberg algebra is, symbolically, H = A7 .

4.1 Actions » and >

The action » is a map »: HeoA—> A satisfying the fol-
lowing properties:

freé=rs vigeA (28)

pu® f=Ipu, f1» 1, VfeA, (29)

puw 1=0. (30)
It follows that

e 1=A,

A 1= A (31)

In complete analogy, the action>isamap>: HRA — A
satisfying the following properties:

frg=1rg VfgeA (32)

pu> f=Ipu flol, VfeA, (33)

pur>1=0. (34)
Also, it follows that

Hel=WA,

A1 = A. (35)
» and > are actions, so they satisfy

forwh=fr@rh, (36)

(fe)eh=fr>(grh). (37

4.2 Star product

For a k-Minkowski space, there exists an isomorphism (as
vector spaces) between A and A, defined by

fol=7f
frel=7,

where f € fl, and also, using the realization for iu %),
f € 'H. Similarly, f € A, and also the inverting realization
forx,, f € H.

Using this identification, the star product x: A® A — A
is defined by

(38)

fre=(foel=Frg (39)
For «-Minkowski space, the star product is associative:
(fxg)xh=fx(gxh). (40)

The star product defines an algebra A,, which is defined
like A, but with a non-commutative star product instead of
ordinary multiplication. The algebras .4, and A are isomor-
phic as algebras, not only as vector spaces. It follows that

(fxg)» 1= fg, (41)
7:(|>1 =.A*,
A1 = A,, (42)
Hr1=A,
Ap 1= A (43)

It can be shown that
eik-)’& > 1 — eiK(k)-x’ (44)

where K, (k) is an invertible function K, : M" — M",
which is calculated in “Appendix A” for linear realizations
of X,,. The inverse relation is

e 1= e"Kfl(kM. (45)
It can also be shown that there is a function P, (k1, k2),

such that

@ Springer
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eikyx l>el‘kz-x — eiP(kl,kz)-x' (46)

The star product between such exponentials is then given by

ok pikax _ JIKT k)R | pikaex i P(KT! (K1) ko)

= ei@(kl,kz)-x_ (47)

Note that K, (k) = P, (k,0) and D, (ki, k2) = P, (K~
(k1), k2). Dy (k1, ko) describes deformed addition of mo-
menta (k1) @ (k2), = Dyu(ki, kz) (for more details see
[49]). Calculation of P, (k1, k2), Dy (k1, k2) and K (k) for
linear realizations (described in previous section) is given in
“Appendix A”.

Forelements f, g € A, which can be Fourier transformed,

f= / d"k f(kye'* >, (48)
g = / d"k g(kye'k~, (49)
we find corresponding elements f.g€ A,

f=fri= /d”k Fkyel K™ %, (50)
g=gr»l= /d”k F(kyetK T ®E QY

Then the star product f x g can be written in the following
way:

frg=fgv 1=/d"k1d"k2 Fk)g(k)e!PRrk)x - (52)
4.3 Coproduct of momenta

The undeformed coproduct Ag: 7 — 7 ®7 for momentum
Py is

Aopu =pu® 1+ 18 py. (53)

The deformed coproduct for the momenta A: 7 — 7 Q T
is [50-52]

Apy=Du(p®1,1® p). (54)
Using the results from “Appendix A”, we have

App=pu®1+A,}®p, (55)
where

Ay = (€, (56)
Kuv = =Kpuon(K~H%(p), (57)
and

ANy = Apg ® A%, (58)
AA D =ANaw @ (A™h," (59)

We also have

puf = > )+ g » Hp”, (60)

@ Springer

A f = (Ao » A%, (61)
A f = (A Da » HATH,S (62)
For example if f = X; we have
[A;u)a )ek] = iKﬂkaAav» (63)
(A, 8] = —i A K. (64)

In order to specify Ap),, we have to express K L(p) =

p/‘f in terms of momenta p, (see “Appendix A”). The

momentum p,, acts on e'k* and e** with > and », respec-

tively, in the following way:

Pt etkr — kueik'x, Du ®» ekt — K,L(k)eik'i, (65)
and the momentum pl‘f] acts as

pl‘iv L kueik"?, pzv > ek ¥ = K;l(k)eik'x. (66)

Itis useful to introduce the shift operator Z, with the prop-
erties

[Z,%,] = ia, Z, (67)
Z=er" (68)

Explicitly, for Cy, Ca, C3, and Cy4, the coproducts of the
momenta are

e Case(Cy:

a .
Apuzpu®l+Z®pM+a—;(Zl C—Z)®a-p,

(69)
_ aya _
A = [+ 2552 - 1] 2. (70)
a,a N _
A = [mo + 522z = D] 27", )
W ay InZ
p =%z -1+apl=
Z=0—-(-ca- plTe. (73)
e Case Cs:
c C
w -1 c
al,c p# Z —Z
ta) S AL - p.
+(Ca2+(c )an> 1+c¢ ©a-p
(74)
-1 _ C
A““_nﬂv<zc_l+c)
w —1 c
ay py \Z  —Z
L e—1 L2 35
+“M(Caz+(c )1nz> 3

. &
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VA A
+aﬂ< + (¢ — ) )—, (76)

1+c¢

ay InZ
p,L—[pu—a—U z' va- P)]ﬁ 77
—[1—(c—1)a-pleT. (78)

e Case Cs:

PXV Ay
Apy=pu®@1+ZQpu+a,|(d mz S22

x(Z —1)Z ® p“, (79)
B w
A;JZ nuv+((1+c)_ca> av(Z_l):|

(80)
i w
Apy = nuv‘i‘((l‘f‘c)—ca) ay(Z~ —1)]
_ 81)
InZ
=-S5z -1+a-p] 5 (82)

Z=[c+U-0)(1—a-p)* - azpz)]ﬁ . (83)
e Case Cy:

Apy=pu®1l+1Q@pu+p.®a-p

a

—aupuZ ® p* — P’ Z®a p, (84)

Al = 2 e,z 85

wv = My T appy — Pu‘f‘?P ay £, (85)

a
Apy =Ny + puay —ay (Pv + Evpz) Z, (86)
a InZ

Py = (P;L + ;Pz) T—Zz 1 (87)

= : (88)
Cd4a-p

4.4 Relation between star product, twist operator, and
coproduct

The star product is related to the twist operator F~! in the
following way:

frg=mF ') (f el (89)
where f, g € A. Furthermore,
f=mlFlea)(fel)], feA (90)

where f e Ais expressed in terms of x, p € H.
Using the above expressions for the star product, Egs. (52)
and (89), the twist operator can be written as [49,53,54]

Fl=expli(txg @ 1+ (1 — 1) ® xo)(A — Ag)p®1, (91)

where ¢ € R, generally defined up to the right ideal Zg C
H ® H defined by

m (Zo(> Q@) (A® A) =0. (92)

5 Drinfeld twists

Starting with Eq. (91) for the twist operator, we derive the
Drinfeld twists [16-21] in “Appendix B”. We have

F = exp(Kpy ® L) = exp(—ip¥ ®1%), (93)

where pZV is givenin Sect. 4.3 after Eq. (64) and in “Appendix
A”,and we have [, = —iK,g,w,L"‘ﬂ, where K, satisfies (8)
and (9), with solutions Eq. (17); /,, generate the x-Minkowski
algebra

[l;m L= i(aulu - avlu)s 94)

and L, generate the gl(n) algebra; see Eq. (21).
The classical r-matrix r.;, related to the twist (93) is

Fel = pa A% = pe @19 =1 ® py. 95)

For Cy, Ca, C3, and Cy4, the twists are

Fe, = exp {— (ﬁaﬂ - caa;lﬁ)an ® L“ﬁ}
a

_ c“‘;ﬂwﬂ)}, (96)

)1z

=exp{—an®(D

Fe, =6XP{ [ (Uaﬁ

+(1 = )agp) ] ®L°"3}, 97)
Fe, = exp {— [(naﬁ - Ca(;leﬂ) InZ
— (1 +0apl | @ 177, (98)
Fo, = exp ] (aunll —appl) & 1)
— exp {aa py ® M“ﬁ} L a>=0. (99)

Note that only for the case C4 (a> = 0), the correspond-
ing twist operator can be expressed in terms of the Poincaré
generators only [30,31,55].

Starting from the twist operator, the realization can be
obtained using

e =m[F e D, ® D] =x, —iKgua L. (100)

Using the twists (96)—(99) yields the realizations Cy, Cz, C3,
and Cy, respectively, which satisfy the x-Minkowski algebra.
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5.1 Undeformed igl(n) Hopf algebra

The coproducts Ag: igl(n) — igl(n) ®igl(n) in undeformed
igl(n) Hopf algebra are

Aoppu =pu®@1+1® py, (101)
AoLyy =Ly ® 1+ 1@ Ly, (102)
the counit € : igl(n) — Cis

e(pu) =€(p)) =€(L) =0, () =1, (103)
and the antipode Sp: igl(n) — igl(n) is

So(pu) = —pu,  So(Lw) = —Lyy. (104)

5.2 Normalization condition

Now we show that these twists satisfy the normalization con-
dition and the cocycle condition, i.e. that they are Drinfeld
twists.

The normalization condition
meNF=1=m(l®¢e)F (105)

follows trivially, since the twist is of the form F = e/, where
f= —ip;'v ® [“, therefore,

eDf=010®e)f =0, (106)
and from this follows

€@DF=(® e =1x1, (107)
(1R F=(1®ce =1®1. (108)
5.3 Cocycle condition

The cocycle condition is

(FRDAy®DF =1 F)(1® Ag)F. (109)

We shall prove it using the factorization properties of the
twist F,

(AQ® DF = FazFis, (110)
(1 ® Ao)F = FizFo, (111)
where

Fiy = e’Cﬂa@Laﬂ@)l, (112)
Fis = oL, (113)
Foy = ! OKpa®LY (114)

The first factorization property (110) can be proven to hold
in the following way:

Fo3Fi3 = @iy N8I j—ipy 1@

— (eip(?@l@l“el@ipy@l“)q

—iol (pVel,10p")e1

=e (115)

@ Springer

This holds because /,, generates the same algebra as X,, and

e e W %
etkl xelkzx — elD (k],kz)x.

(116)

Furthermore, since Q)LV (pW ®1,1® pW) = Apl‘f/, it follows
that

f23f13 — e—iAP;‘/@la — (A ® 1)6_”7;‘/@[& — (A Q 1)]_-
(117)

The second factorization property (111) for our twist fol-
lows trivially:

(1 ® Ag)F = (1 ® Ag)el ®Les
@ (Do Lap)

— KP®I®Lap KP*®Lop®1

= Fi3F12. (118)

To see that the cocycle condition follows from the fac-
torization properties, the first property, Eq. (110), should be
multiplied by 7, from the right and second one, Eq. (111),
by F>3 from the left:

[(AR DFI(F®1) = FnFizFie, (119)
(1®F)1Q® A)F = FzFi13Fi2, (120)
which implies

[(AQDFIF® 1) =(18®F)® Ag)F. (121)

Since [(A Q@ DFI(F®1) =(FQ 1)(Ag® 1).F, this is
the cocycle condition (109).

5.4 R-matrix

R-matrix is defined by [53,56]
R = FF-1 = g—il“epl jivg &

1
K

where F = 10F 10 is a transposed twist; see Sect. 7. for
details.
Up to the second order we have

1
IR =i(py @1 ~1"® p) = 5 (Apy 1P 1@ 1 p}f
—1%py @ [p) . 1P]) + O(K?), (123)
where

) L1=1[p) . % —x1=1[p) £1(av — ¢q (P)).
(124)
The commutator [pl‘f’,)%v] is given in Eq. (A21) and the

inverse matrices (p;vl are given in (19) and the relation
between p,, and p¥ is given in Eq. (A20).
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Generally, classical matrix ro; = In'R up to the first order
in % and the classical r.; matrices can be written in terms of
igl(n) generators as

reo = pu A* = —iKguap" AL, (125)

where Kg, are given in (17). Using (125) we find the clas-
sical r.;-matrices for twists (96)—(99):

n=a-pna[(1-2) D -5, (126)
n a
B
(Cz) _ 1 a“a
ryo =a-pAn |:<C—;>D—C ) Sa,g:|
o B 1
— (= )p* A Sup + 3 Map ) (127)
1
rglc’*) =a-pA |:(1+—>D—C@Saﬁi|
n a
o B 1
+ (A +0p" Aa? (Sup = 3Map ) (128)
P = a, Py A MOP, (129)
where
1 1
S = E(L;w + L) — ;me (130)

is the traceless symmetric part of L, D = L%, and M, =
L,» — L. Note that for the case Cy4, r (C“) in (129) coincides
w1th the r.; for the light-cone case dlscussed in [29]. Also

Lff‘) = r(CZ) for c = 1 and rc(lcl) = rilc3) for ¢ = —1, which
is consistent with the discussion in Sect. 3.

6 Twisted symmetry algebras

The family of twists (93), applied to an undeformed igl(n)
Hopf algebra (Sect. 5.1) produces the corresponding «-
deformed igl(n) Hopf algebras. For i € igl(n), the deformed
coproduct A#h is related to the undeformed coproduct Aph
via

Ah = FAohF~L. (131)

In the deformed igl(n) Hopf algebra the coproduct A is

Apy=FhopuF ' = pu® 1+ Ay, ® p%,
ALy = FAoLyyF!

(132)

_OAY,
=LW®1+<A ! pv+AﬁUAW>®L“ﬂ,

By apn
(133)
ANy = Ape ® A%, (134)
AA T = A NDa ® (ATH," (135)

where A, and A are given in Egs. (71), (70), (75), (74),
(81), (80), (86), and (85) for Cy, C, C3, and Cy4, respectively.

We point out that generators [, (see Eq. (7)) close k-
Minkowski algebra (see Eq. (10)) and [/,,, pv] = i Koy p*.
Note that the twists can be expressed in terms of /,, and
pp- From this it follows that Al = FAOIM]-'_I (where
Aoly =1, ®1+1®1I,)isclosedinl, and p,.

The counit is unchanged:

€(pu) = €(L) =0, €(Auw) =€(A}}) =T,

and the antipode S, obtained from coproduct and counit via
m[(S ® 1)Ah] = m[(1 ® §)Ah] = €(h), is given by

(136)

S(pu) = —Aylp®, (137)
—1
S(Lyy) = — (Aﬁ S0 M)S(pv) +A,3VAM> Lo,
(138)
S(Au) = AL, (139)
ST = Ap. (140)

The deformed Hopf algebra acting on X, ® 1, i.e. using
gf =mlAg» 1) (f ® )], Vg € igl(n) and f € A leads
to

[Lp(ry = 77(7\155,0 + inavKupo:Lom
— iK,ngPM —i—iKmeaO_ (141)

[Pus &) = =i (v + Kpup PP, (142)
which also leads to (2).

Let us consider special cases. For the case S, the twist
operator is

Fs, =exp{—In(1 —a-p)® D} (143)

and coproducts and antipodes of p,, D = Ly“
obtained from the twist (143), are

and M,,,,

Apy=pu®1+ZQ@pu=~Aopp—a-pQpu,
AD=D®1+Z7Z'®D,
AMyy = AoMyy + (appy
S(pu) = —2""py.
S(D)=—ZD =—-D+ (a-p)D,
S(My) = —Myy + (appy — avpp).

—ayp)Z ' @ D, (144)

The coproduct and antipode of /,, are

Al, =1, @1+Z7' &1,
Sy =—-2Z1,.
The symmetry of this case is the Poincaré—Weyl symmetry.

The case S) corresponds to the right covariant realization
—ay,(x - p), see Eq. (20), and is related to [57], but

(145)

Xp=xp
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with interchanged left and right side in tensor product and
witha, — —a,.
For the case S;, the twist operator is

M ®Lﬂlﬁ} (146)

a-p

and the coproducts and antipodes of p, and L, are

Fs, =exp {—aﬁpa

App=Dopu+pu®a-p=p,@Z ' +1®p,,
ALyy = AoLyy —aup®Z @ Lgy,

S(pu) = —Zpy,

S(Luv) = —Lyw —aup®Lay.

(147)

The coproduct and antipode of /,, are
Al =Nl +aupaZ @17,
Sty ==l —au(p-1).

The case S corresponds to the left covariant realization X,, =
xu [1+ (a - p)l; see Eq. (20).
For the case &3, the twist operator is

(148)

f53 :exp{—an(X)D—i—aang@Laﬁ}, (149)
where
2
W aup InZ

_ 150
Pu (p/L+Z+l—a-p>Z—l (150
and
Z=\/(1—a-p)2—a2p2, (151)

and the coproduct and antipode of p,, are
ag P 2
Z—1+a-p

(152)

Apu:pu®1+|:’7ua+ap_(]7a_
xZ ® p“,

S = — (pu+aupr—2"1\z

Pu) = Pu HpZ—l—l—a'p .

Similarly one finds AL, and S(L,.,) using Egs. (133) and
(138), respectively. The coproduct and antipode of /,, are

zZ -1 a
Al#:lu®l+Z®lﬂ+|:—aﬂpr+a—pMi|®la,

InZ zZ2
_ 7—1
Sty =—-27", + vaﬂ(pW )

The case Sz corresponds to X, = X, —a, (x - p) — (@-x)py;
see Eq. (20).

For the case C4, i.e. for the light-like « deformation of
Poincaré—Hopf algebra, the twist operator is

In(14+a- p)

fc4 = exp {aapﬁ ap ®M"‘ﬁ} (154)
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and the coproducts and antipodes of p,, and M,,,, obtained
from the twist (154), are

1
Apy = Aopu + [Puaa —au (Pa + 5““!92) Z:| ® Pas
o o B 1 B2
AM,, = AogMy, + (8Mau —é&ya,) | pF + Ea P Z® Mg,

I _ l 2 o
S(pp) = Pu —au \ Pa + zaap P\ Z,

B B o 1 o 2
SMy) = =My, + (—a, Y +av8ﬂ) p+ Ea D7 Myg.
(155)

The coproduct and antipode of /,, are

Al = Aol +a,pe ® 1%,

(156)
SUy) =~y +a, Z(p - ).

The case Cs4 corresponds to the natural realization X, =
xull+(a-p)l — (a-x)pu; see Eq. (18). It is the only
solution compatible with the x-Poincaré—Hopf algebra [29—
31,48,58].

7 Transposed Drinfeld twists and left-right dual
k-Minkowski algebra

The transposed twist is F= 190F 10, where 79 : H Q H —
H®H is alinear map such that 70(AQ B) = BQAVA, B €
‘H. It is obtained from F by interchanging left and right side
of the tensor product, and it is also a Drinfeld twist satisfying
the normalization and cocycle condition. It is obtained from
(91) by taking + = 1 and using the transposed coproduct
Apy = 19Ap, o instead of Ap,,.

From the transposed Drinfeld twist, a set of left-right dual
generators of xk-Minkowski spacetime can be obtained:

S =mlF @ Dx, ® D] =x"A L,

(157)

where A;l} for Cy, Cs, C3, and C4 are given in (70), (75), (80),
and (85), respectively. For example, for cases Sy, Sz, S3, and
Cs, the generators y,, and X, are

St:yu=x,0—a-p), Xp=x,—aulx-p), (158)
Syt yu=xy—(a-xX)py, Xp=x,(1+a-p), (159)
R (a - x)p*
Ss3: = p——11|7Z,
Xp=xy—(a-x)p—au(x-p), (160)
N a-x
C4:yu:xu+(a-x)p#—aﬂ(x-p—}—sz)Z,
Xp=xy—(a-x)py —xyua-p), a’=0.
(161)
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The generators y,, satisfy the «-Minkowski algebra but with
—ay, instead of a,, [48]:
[)A’/xy)A’v] = _i(au)A’v _av)A’p,)- (162)
The generators of k -Minkowski space X,, commute with their
duals 3, [48]:

[Xu 3] =0. (163)

Generally, the dual basis ¥, is related to the basis X, via

o= £ e (164)
where Cp = —Cian( "), where C,.v are structure con-
stants (see “Appendix A” in [55]). From this relation, and
Egs. (5) and (157) for X, and §,,, respectively, it follows that

A;& = (e—IC)#v = (e_c)u.a‘l)va- (165)

7.1 k-Minkowski algebra from transposed twists with
aM — —Cl'u

Starting with the family of twists (93), we define the related

Drinfeld twists F . They lead to nonlinear realiza-

ay——ay
tions of X, satisfying (2):

Xpy=m |:.7-~"_1

QD ® 1)}

ayp——ay

=x* AL

L (166)

ay—>—ay '
Then the corresponding dual generators y,, are given by

P =xu +iKpua L = x, — 1. (167)

Compared to the case with the transposed twists Fin
the beginning of this section, here the roles of %, and ¥,
are interchanged, with a;, — —a,,. With this new family of
twists, )?M are nonlinear realizations of x-Minkowski space,
while §, are linear realizations of dual x-Minkowski space.

If we apply twists F to the undeformed coprod-

ayg—>—ay
ucts Agh, we get coproducts Alaﬂﬁ,aﬂh, i.e. the left and
right sides in coproducts Ah are interchanged and a, is
replaced by —ay,.

We point out that solution C4, and its transposed case,
are of special interest because they lead to a light-like «-
Poincaré—Hopf algebra. They are related to the result by
Borowiec and Pachot [29] (a comparison is given in Sect.
8.2).

8 Nonlinear realizations of x-Minkowski space and
related Drinfeld twists

We shall also present a few families of nonlinear realiza-
tions and the corresponding Drinfeld twist operators that have
occurred in the literature so far.

8.1 Time-like deformations

The realizations we are considering are [41,49]:

(168)
(169)

X = xip(A),
R0 = x0y (A) — aoxe p'y (A),
where A = —a - p and functions ¢(A), ¥ (A) are such that
¢(0) = ¥ (0) = 1 and related to y (A) by
_ YA de(4)

@(A) dA

Generically, the symmetry algebra is k -deformed ig((n) Hopf
algebra. We will present two cases.

y(A) (170)

(1) The first case is Y (A) = 1, with arbitrary ¢(A) and
v(A) = % + 1; see Eq. (170). The coproducts of the
momenta are

Apo = Aopo=po®1+1& po, (171)

Ap[=¢(A®1+1®A)(L®1+6A®L).

®(A) @(A)
(172)
The twist operator is Abelian [54]
P(AR1+1®A)
Fyo=expy(N®1)In
¢ {( e
<p(A®l+1®A)>}
+(1IRN)(A®1+1n )
( ) < p(1® A)
(173)

where N = ix,-pi and [N, A] = 0. Since this twist is
Abelian, it automatically satisfies the cocycle condition,
and therefore it is a Drinfeld twist. A special case is pre-
sented in [59-61].

(i1) In the second case, leading to Jordanian twists, given by
Borowiec and Pachot [62], ¥/ (A) is a linear function, i.e.
Y(A) = 14 rA, where r € R, and y(A) = 0, which

leads to
p=v " =(1+rA) . (174)
The coproducts of the momenta are

Apo = po ® ¢(A) +1® po, (175)
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The family of corresponding twist operators is
1

Fr = exp { (—L% + —ka> ®1In gz)(A)} ) 177)
r

The special Jordanian twist was studied by Bu et al. [57] and
corresponds to Sy, but with interchanged left and right side
of the tensor product, and with a9 - —aggpandc =r + 1,
i.e.

Fr = Fs, (178)

ap— —aop, c=r+1 '
8.2 Light-cone deformation

In the light-cone basis, the x-Poincaré algebra was studied
in [28,29]; the corresponding twist is an extended Jordanian
twist, written in terms of two exponential factors. It is iden-
tical to the transposed twist of F¢, with a, — —ay, ie.
Fe,
ap—>—ay

The extended Jordanian twist corresponding to a light-

cone deformation is

—iM,_QIn n+e—;;M+a®P“n;]
b

Frc=e (179)

where [P, X,] = —inuy [1 + (a - P)]+ia, P,,seeEq.(18),
and

1
Ny=1+-Py=1-a-P,
K

1
= _\/Zc’

ap = ap aj=0forj>1,
Py £+ P (180)
Py = ,
V2
i
My =iMoi, Myj=—=Mo;j +M;), j>1.
+ J NG J J
If we define
= —iM+_®1n H+,
i _ 181
=—iM,, ® PII}', (18D
then [A, B] = a8, where
a=1QInTll; (182)

and A, B, and « generate the algebra (Cl), given in
“Appendix C”. Using the result (C2) from “Appendix C”,
it follows that Fy ¢, written as one exponential function, is
given by

(H+ — 1)111 H+
My — 1

alnl_[+
M, —1]°

FLc = exp {—iM+_ ®

~M..eP (183)
K
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Using our notation, this result is

In(l—a-P
Fie :exp{Maﬂ ®a“Pﬁw}, (184)
a-P
which thus proves the relation
Fre = Fe, (185)
ayg——ay

The twist F7 ¢ leads to the nonlinear realization (157) and
the corresponding coproduct is a transposed coproduct with
ay — —dy.

9 Outlook and discussion

A full analysis of all possible linear realizations for «-
Minkowski space for time-, space-, and light-like deforma-
tions is given. These realizations can be expressed in terms
of the generators of the gl(n) algebra. The coproducts of
the momenta for linear realizations are constructed. We have
presented a method for constructing Drinfeld twist opera-
tors corresponding to each linear realization of k -Minkowski
space and proved that it satisfies the cocycle and normal-
ization conditions. We have constructed a whole new class
of Drinfeld twists compatible with x-Minkowski space and
linear realizations, denoted by Cy, C2, C3, and C4. The sym-
metries generated by the Drinfeld twists are described by
k-deformed igl(n)-Hopf algebras, and in the special case
of S; and C4 we get the Poincaré—Weyl-Hopf algebra and
light-like «-Poincaré—Hopf algebra, respectively. We fur-
ther illustrate how our method also works for construct-
ing Drinfeld twists for nonlinear realizations and we com-
pared our results to the examples already known in the
literature.

In this paper we were dealing mostly with linear real-
izations and the corresponding Drinfeld twists. However,
for any realization, in general, one can construct a twist
operator that does not have to satisfy the cocycle condi-
tion in the Hopf algebra sense (i.e. it is not a Drinfeld
twist), rather it satisfies the cocycle condition in a more
general sense (up to tensor exchange identities [44—46]),
i.e. in the framework of Hopf algebroids [44—46]. It is cru-
cial to notice that the x-Minkowski space can be embed-
ded into a Heisenberg algebra which has a natural Hopf
algebroid structure. One can show that the star product
resulting from this generalized twist operator is associa-
tive and that the corresponding symmetry algebra is a cer-
tain deformation of the igl(n)-Hopf algebra. This general
framework is more suitable to address the questions of quan-
tum gravity [63,64] and related new effects in Planck scale
physics.

The problem of finding all possible linear realizations is
closely related to a classification of bicovariant differential
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calculi on k-Minkowski space [55]. Namely, the requirement
that the differential calculus is bicovariant leads to finding
all possible algebras between NC coordinates and NC one-
forms that are closed (linear) in these NC one-forms. The
corresponding equations for the structure constants (from
the super-Jacobi identities) are exactly the same as Egs. (8)
and (9). The linear realizations elaborated in this paper are
expressed in terms of the Heisenberg algebra, but one can
extend this to a super-Heisenberg algebra, by introducing
Grassmann coordinates and momenta. This way one can
construct the extended twists [55,65] which have the same
desired properties, but which also give the whole differential
calculi.

With a linear realization it is much easier to understand
and to perform a practical calculation in the NC space. In
[66,67] it is proposed that the NC metric should be a cen-
tral element of the whole differential algebra (generated by
NC coordinates and NC one-forms). This NC metric should
encode some of the main properties of the quantum theory of
gravity. We hope that using the tool of linear realizations one
can perform such calculations for a large class of deforma-
tions, and for all types of bicovariant differential calculi and
predict new contributions to the physics of quantum black
holes and the quantum origin of the cosmological constant
[68,69].

Recently [32], the Drinfeld twist corresponding to C4 was
analyzed and the corresponding scalar field theory was dis-
cussed. We are planing to further analyze the properties of
quantum field theories [70], especially the gauge theories
that arise from this twist, but we are also interested in pursu-
ing further investigations of the physical aspects of the C; 2 3
cases.

Acknowledgments The authors would like to thank S. Mignemi, A.
Pachot, and Z. Skoda for comments. This work has been fully supported
by Croatian Science Foundation under the Project (IP-2014-09-9582).
The authors would also like to thank the anonymous referees for valu-
able remarks.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

Funded by SCOAP?.

Appendix A: Derivation of coproduct Ap,

Here we present construction of equations for K, (k) and
Py, (k1, k2) and their solutions for linear realizations.
From Eq. (46) we find

e—zkkl X

puel’)»kl*)e > eikz-x — PM()\'k19 kz)eikz*x, (Al)

where (k1) ., (k2),, € M" and p, € 7. Differentiating both
sides by 367 and using X, = x“@q, (p) we get the relation
between P, (Ak1, k2) and the realization ¢, (P (Aky, k2)):

0P, (Aky, k2)

— T = Gue(P Gk, k) (A2)
Note that for . = 0 the boundary condition is

P,(0, k) = k. (A3)

The coproduct for momentum p,, is calculated by [50-
52]:

Apy=Du(p®1,1Q® p), (A4)
where the function Dy, (k1, k2) is given by
Dy, (k1. k) = Pu(K ™' (K1), k2), (AS)

and K;l (k1) is the inverse function of P, (k, 0) = K, (k1).
The function ¢, (p) describes the choice of realization
in the following way:

)eu = xawa/L(P)- (A6)
In the case of linear realizations ¢g, (p) is

Papi = Nap + Kpua (A7)
therefore

OP,(Ak1, kp)

ST = (k) + Ky POkt kK (A8)

This can be solved by expanding P (Lk1, k2) in terms of A,

(0.¢]
Pu(ikr, k) =y PO ki, ko), (A9)

n=0
which, comparing the terms with the same power of X, leads
to

PO (ki ko) = (k1) + K¥pu P (k1 kK] (A10)

1
B do) = —— K gy P e, kK], forn > 1.

(A11)
The boundary condition (A3) leads to
PO ki, ko) = (k2) . (A12)
For the sake of brevity, let us define
Kyv (k) = =K pavk®. (A13)

Using (A12) and (A13), Egs. (A10) and (A11) become

PV (ky ko) = (k1) — K (k1S (Al4)
1
(n+1) _ (n)
P/ (ki ko) = —mJ{“M(lq)Pa” (k1, k2),
forn > 1. (A15)
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The solution for P, (ky, k2) is

Py(ki, ko) = (%ZC)W) k§ + (e_x(k”)w kS.
v (A16)
The solution for K, (k) = P, (k, 0) is simply
n — e~ %) .
K,(k) = (W)Wk . (A17)
It is useful to define
ky =K, (k). (A18)

Inserting this definition and the solution (A16) into (AS) we
get

. w
Dtk ko) = Pk k) = e + (7F00) kg,
(A19)

The momentum pleV =K ljl( p), introduced in Sect. 4.3
(see Eq. (66)), is related to p, via

K
PM=<—77 32 ) (PW)a
e

and is given in closed form in (72), (77), (82), and (87) for
the solutions Cy, C», C3, and C4, respectively. The momentum
pl‘f/ corresponds to a Weyl symmetric ordering [40,41,49],

(A20)

w
W a-p
[PM 5] = qum
w w
avp, a-p
1 A21
+a-pW(+e—‘1PW—1) (A21)
For pZV, it is useful to define
Kpv = Kpv (P") = =Kpaon (p")*. (A22)

Using this definition and the solution (A19) with Eq. (A4)
finally leads to the coproduct:

Apu=pu®1+ (e‘“) ® p. (A23)
o

Appendix B: Construction of the twist operator from
the coproduct of momenta

It can be shown that for any A, such that [A,,, Lsp] =0
and [A,,y, Asp] = 0, the following holds:
celp Al = Lp I+ LS (BI)

This identity is a generalization of the result presented in [49]
in Egs. (A. 16) and (A. 17). See also Sect. 2 in [71].

@ Springer

Twists can be calculated from the known coproducts of
the momenta using Eq. (91). We would like to write the twist
in the following form:

f = ef, (Bz)

where

f=Y_r (B3)
s=1

and f; € U [igl(n)] ® U [igl(n)] is the contribution to f in
sth order of %
Inserting (55) into (91), for t = 0 we get

Fl = exp {(A—1 e La/g} . (B4)
From Eq. (B1) it follows

F' —exp {(m A Y, ® La/g} . (B5)
Since A,y = (e’c)lw, we find the twist:

F = exp (Kpo ® L?). (B6)
Since Ky = —Kuav(p")® and I, = —iKpuoL*, the
result can also be written as

F =exp(—ip¥ @1%). (B7)
Appendix C: A special case of the BCH formula

Let us consider the algebra generated by A, BB, and «:

[A Bl =aB, [A «a]=[B,a]=0, (CDhH
then

oAB — ATB{@) (€2)
where

fla) = (C3)

| —e o’

This can be proved by representing A and 5 with 2 x 2
matrices:

a1l 0 0 1
“4:5(0 —1>’ Bz(o o)'

These matrices satisfy the algebra (C1). Their exponentials
are

(C4)

A (2 0 B (11

e —<0 e_g)’ e —1+B—<0 vk (C5)
leading to

eAB = (602 e"’%) (C6)
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On the other hand, since

arsio=(§ 1Y), 1)
2
it follows that
pAvBla _ (3 e ) (C8)
0 e 2

Comparing (C6) and (C8) gives f(«) in (C3).
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