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Abstract It is predicted that an accelerating electron per-
forms a Brownian motion in the inertial frame. This Brow-
nian motion in the inertial frame has its roots in the inter-
action with the thermal excitation given by the Unruh effect
in the accelerating frame. If such a prediction is possible,
correspondingly we propose a prediction in this study that
the thermal radiation is emitted in the inertial frame from an
electron heated due to the Unruh effect in the accelerating
frame. The point in our prediction is, although the Unruh
effect is limited in the accelerating frame, as well as that the
Brownian motion rooted in the Unruh effect appears in the
inertial frame, the heat of the particle appears in the inertial
frame. Based on such a prediction in this paper, we investigate
phenomena in the neighborhood of an accelerating electron
in the inertial frame. The model we consider is the four-
dimensional Klein–Gordon real scalar field model with the
Higgs potential term at the finite temperature identified with
the Unruh temperature on the de Sitter space-time. We calcu-
late the one-loop effective potential in the inertial frame with
the corrections by the thermal radiation rooted in the Unruh
effect in the accelerating frame. In this calculation, we take
into account that the background space-time is deformed due
to the field theory’s corrected one-loop effective potential.
Based on such an analysis, we illustrate the restoration of the
spontaneous symmetry breaking and the dynamical variation
of the background space-time, and we examine the accel-
erating particle’s world-line and the amount of the energy
corresponding to the change of the acceleration.

1 Introduction

Ultra high intensity lasers have been developed significantly
in these days, which are said to enable the experimental con-
firmations for the theoretically predicted quantum effects [1].
One of them is the Unruh effect [6–8]. It is a prediction that
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one, moving in the Minkowski space-time with linear con-
stant acceleration, experiences the space-time as a thermal
bath given by a canonical ensemble with the Unruh temper-
ature, TU = h̄ a/(2πc kB) ≈ 4 × 10−23 a/(1 cm/s2) [K],
where a is the acceleration.

In the above situation, we think that it is timely and mean-
ingful to investigate the theoretical aspect of the phenomena
of the Unruh effect. There are already considerations and
attempts to detect the Unruh effect [1–5]. These exploit the
Larmor radiation that an accelerating electron emits. Here
the Larmor radiation they exploit is an additional Larmor
radiation emitted by the Brownian motion rooted in the ther-
mal bath given by the Unruh effect in the accelerating frame,
in addition to the normal Larmor radiation. Such an addi-
tional Larmor radiation is called “Unruh radiation” in these
papers.

One of the interesting points as regards the Unruh radia-
tion is that although the Unruh effect itself is a phenomenon
occurring only in the accelerating frame, the Brownian
motion rooted in the thermal bath given by the Unruh effect in
the accelerating frame is predicted in the inertial frame, and
as a result the Unruh radiation is emitted in the inertial frame.
If such a Brownian motion can be predicted, we assume for
the thermal radiation in the inertial frame, which a particle
heated by the Unruh effect in the accelerating frame emits,
could also be predicted.

We hence propose the prediction mentioned above in this
study. The point in our prediction is, although the Unruh
effect occurs only in the accelerating frame, the Brownian
motion rooted in the Unruh effect appears in the inertial
frame, and the heat of the particle appears in the inertial
frame. We call such a thermal radiation “Unruh thermal radi-
ation”, and perform this study based on such Unruh thermal
radiation.

Let us here turn to the recent detection of the Higgs par-
ticle [9,10]. This leads us to the prediction that the realistic
field’s vacuum energies are given by some Higgs potentials.
Since the spontaneous symmetry breaking described by the
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Higgs potentials is restored by the thermal effect [11], the
Unruh thermal radiation can also restore the spontaneous
symmetry breaking. In this case, the vacuum energies with
such a thermal correction affect the structure of the space-
time by its role as the cosmological constant.

Hence, the purpose of this study is, based on our predic-
tion for the Unruh thermal radiation mentioned in the fourth
paragraph, to calculate the thermal field theory’s vacuum
energy given by the Higgs type potential with the correction
becoming the cause for the restoration of the spontaneous
symmetry breaking. In this calculation we take into account
that the background space-time varies due to the field the-
ory’s corrected vacuum energy. Based on such an analysis,
we investigate the phenomena.

We now will more specifically mention what we will do.
We first consider a particle moving with a linear constant
acceleration in the four-dimensional Minkowski space-time.
Then, as mentioned earlier, if the prediction for the Brownian
motion rooted in the Unruh effect is possible in the inertial
frame, we propose a prediction in this paper for the thermal
radiation, which we call the Unruh thermal radiation in the
fourth paragraph, as well. As a result, in the inertial frame,
the field in the neighborhood of the particle gets heated and
the field’s vacuum energy gets a thermal correction. The field
we consider in this study is a real scalar field described by the
Klein–Gordon equation with a Higgs potential term, at finite
temperature, where the temperature is brought about accord-
ing to the imaginary time formalism. It is identified with the
Unruh temperature. We then calculate the one-loop effec-
tive potential with the correction given by the Unruh thermal
radiation, where the corrected one-loop effective potential
describes the restoration of the spontaneous symmetry break-
ing. We perform this calculation taking into account that the
background space-time is deformed due to the corrected one-
loop effective potential’s role as the cosmological constant.
Although the cosmological constant in our actual cosmol-
ogy is not zero, taking the approximation that the space-time
will be flat at zero temperature for simplicity in this study,
we define the corrected one-loop effective potential to van-
ish at zero temperature. Based on such a corrected one-loop
effective potential, we examine the amount of the energy cor-
responding to the change of the acceleration and the acceler-
ating particle’s world-line for each acceleration.

We refer to a few basic papers on the spontaneous sym-
metry breaking and its restoration induced by the thermal
effect and Unruh effect. In Ref. [11], the symmetry break-
ing and restoration in a flat space at finite temperature have
been investigated. In Ref. [12], the restoration of the sponta-
neous symmetry breaking in a real scalar field in a Rindler
space has been investigated. Further, the chiral condensation
and the quark and diquark condensation in the Nambu–Jona-
Lasinio model in the Rindler space have been investigated in
Refs. [13] and [14], respectively. There are also papers con-

cluding that the Unruh effect does not restore the spontaneous
symmetry breaking in Rindler space [15,16].

One may notice that the symmetry restorations in Refs.
[12–14] are the ones in the accelerating frame. On the other
hand, the symmetry restoration in this paper is the one in the
inertial frame. Further, the phenomena in the situation that
the spontaneous symmetry breaking is being restored with
the deformed background space-times due to the corrected
field’s vacuum energy by the Unruh thermal radiation have
never been investigated so far, and we first investigate these
in this paper. As for Refs. [15,16], their conclusion does not
apply to this study readily. Because their issue is how the
restoration of the spontaneous symmetry breaking is in the
accelerating frame. On the other hand, the issue we address in
this paper is a phenomenology in the inertial frame provided
that a particle becomes hot in the inertial frame by the Unruh
temperature in the accelerating frame. Further, the thermal
source in the restoration of the spontaneous symmetry in this
paper is not the Unruh effect itself but the heat of the particle
in the inertial frame rooted in the Unruh effect. As long as
they can provide some mechanism that can cancel the Unruh
effect in the accelerating frame, their conclusion does not
apply to our study readily.

For the reason that the effective potentials in the realistic
fields can be predicted to be some Higgs potential type, there
is a certain probability that the phenomena similar to what we
investigate in this paper are actually occurring in our world.
This study would for this reason be important and intriguing.

We mention the organization of this paper. In Sect. 2, we
give the background space-time and the model in the field the-
ory in this study. In Sect. 3, introducing the finite temperature
according to the imaginary formalism, we calculate the one-
loop effective potential in the field theory at the finite tem-
perature, and then we define it such that it can vanish at zero
temperature. In Sect. 4, by regarding the one-loop effective
potential obtained in Sect. 3 as the cosmological constant, we
give the relation to fix the background space-time. In Sect. 5,
we show the results in this study: the Hubble constant charac-
terizing the variation of the de Sitter space and the variation
of the shape of the one-loop effective potential against the
temperature, and after that the amount of the energy corre-
sponding to the change of the temperature at the each tem-
perature and the accelerating particle’s world-line with the
corrections. In Sect. 6, we make remarks on this study.

2 The model

We start with the following action:

SM =
∫

d4x
√

−gM
(
RM+ 1

2
∂μφ ∂μφ− 1

2
m2φ2− λ

4 !φ
4
)

≡
∫

d4x
√

−gM
(
RM + LM

)
, (1)
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where R and φ are the scalar curvature and the real scalar
field, respectively. m2 is some constant, negative in order
to have a Higgs potential. In this paper, we attach “M” to
the quantities given in the Minkowski space-time. On the
other hand, we denote the quantities given in the Euclid space
without “E”, except for the case that we need to distinguish
it explicitly.

It will turn out later that the field’s effective potential plays
the role of a positive cosmological constant. Hence we take
the four-dimensional de Sitter space-time,1

ds2
M = dt2 − e2HMt

(
dx2 + dy2 + dz2

)
, (2)

as our background space-time, where the Hubble constant
HM is not fixed at this stage.

We now address the case of a particle moving with a linear
constant acceleration a. Following the Unruh effect’s pre-
diction, the particle experiences the space-time where the
particle exists as a thermal bath with the Unruh temperature,

TU = a

2π
, (3)

in the accelerating frame (we use the natural units.). Follow-
ing our prediction for the Unruh thermal radiation mentioned
in the fourth paragraph of Sect. 1, the particle is thought to
have some temperature rooted in the Unruh temperature and
to emit thermal radiation. The thermal radiation gradually
decreases, getting away from the particle due to thermal dis-
sipation in nature, and the radiation range is finite. However,
in this paper, we take the radiation range from zero to infinity
for simplicity in the analysis. We further regard the temper-
ature distribution as uniform in the entire region.

3 One-loop effective potential at finite temperature

We calculate the one-loop effective potential of the real scalar
field at finite temperature. To introduce the temperature, we
perform a Wick rotation, t → −i τ , and pose the requirement
of periodicity with the period β = 1/T to the imaginary time
direction. This T is identified in this study with the Unruh
temperature TU given in Eq. (3) as mentioned in the last
paragraph of Sect. 2. Then the background geometry (2) is
transformed as

ds2
M → ds2 = −dτ 2 − e2H τ

(
dx2 + dy2 + dz2

)
(4)

1 We consider the finite temperature according to the imaginary time
formalism. Thus, the de Sitter space in static coordinates, ds2

M =(
1 − r2/α2

)
dt2 − (

1 − r2/α2
)−1

dr2 − r2
(
dθ2 + sin2 θ dφ2

)
, is con-

venient, because the metric is time-independent. (α is the radius of the de
Sitter space in a Minkowski space-time, with one higher dimension, in
which the de Sitter space-time is embedded.) However, for convenience
in the actual analysis, we take a physically equivalent other coordinate,
the flat slicing coordinate (2). Even in this coordinate, we can get a
time-independent effective potential as mentioned under Eq. (21).

with HM → i H , where we described the Hubble constant
in the usual form using a scale factor and its time derivative,
and the symbol “→” means the manipulation of the Wick
rotation. We use it in this sense in this paper. Correspondingly
the probability amplitude with the action (1) is changed to
the partition function by

Z =
∫

Dφ exp

(
i
∫

d4x
√

−gM
(
RM + LM

))
(5)

→
∫

Dφ exp

(∫ β

0
dτ

∫
d3x

√
g (R + L)

)

= exp

(∫ β

0
dτ

∫
d3x

√
g R

)

·
∫

Dφ exp

(∫ β

0
dτ

∫
d3x

√
gL

)

≡ exp

(
−

∫ β

0
dτ

∫
d3x

√
g

( − R
)) · Zφ. (6)

We denote the determinant of the metric and the Lagrangian
density after the transformation as g and L, respectively.

We now consider the quantum fluctuation ofφ as φ = φ0+
δφ, where φ0 is the scalar field’s condensation independent
of the space-time at the symmetry breaking phase, and δφ is
the quantum fluctuation. Then Zφ can be written as

Zφ =
∫

Dφ exp

(∫ β

0
dτ

∫
d3x

√
gL

)

= exp

(
−

∫ β

0
dτ

∫
d3x

√
gL0

)

·
∫

D(δφ) exp

(
−1

2

∫ β

0
dτ

∫
d3x δφ G−1 δφ

)
,

(7)

where

L0 = m2

2
φ2

0 + λ

4! φ4
0 , (8)

G−1 = eHτ ∂2
z + √

g (M2 − 3H∂τ − ∂2
τ ). (9)

Here

M2 ≡ m2 + λ

2
φ2

0 . (10)

Then integrating out the δφ, we obtain

Zφ = exp

(
−

∫ β

0
dτ

∫
d3x

√
gLE

0 − 1

2
log Det G−1

)

≡ exp(−ΓE ). (11)

Performing the Fourier transformation and evaluating the
functional determinant, we obtain
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ΓE =
∫ β

0
dτ

∫
d3x

√
g L0

+ 1

2β (2π)3

∞∑
n=−∞

∫
dτ d3x d3k log

(
eHuk2 + √

g

(
M2 − 3i Hωn + ω2

n

) )

≡
∫

d3x · V, (12)

where ωn ≡ 2πn/β (n is integer). We make one comment.
Now we have factored out

∫
d3x . If factoring out the volume

factor, the factor
∫

d4x
√
g should be factored out. However,

our integrand function depends on u. Hence factoring out
of all volume cannot be done at this moment. We, however,
factor out the rest,

∫
dτ

√
g, in view of Eq. (21).

We now evaluate the summation of n. To this aim, we
rewrite the part concerned as

∞∑
n=−∞

log
(
eHτ k2 + √

g
(
M2 − 3i Hωn + ω2

n

) )

= lim
n→∞ 3Hτ (2n + 1) +

∞∑
n=−∞

log
(
e−2Hτ k2 + M2

− 3i Hωn + ω2
n

)
. (13)

Then once performing the derivative as ∂χ log
(
χ2 − 3i Hωn

+ω2
n

)
, where χ2 ≡ e−2Hτ k2 +M2, we perform the summa-

tion. After that, we integrate it. As a result, we obtain

V = V0 + V1, (14)

where

V0 =
∫ β

0
dτ e3Hτ L0, (15)

V1 = 1

(2π)2β

∫
dτ dk

√
g k2 log

[
− sinh

(
β

4

(√
9H2 + 4

(
e−2Hτ k2 + M2

) − 3H

))

× sinh

(
β

4

(√
9H2 + 4

(
e−2Hτ k2 + M2

) + 3H

))]

+ 1

2(2π)3β

∫
dτ dk3 lim

n→∞ 3Hτ (2n + 1). (16)

Performing the rescaling k → eHτ k, we can write V1 as

V1 = 1

(2π)2β

∫
dτ dk

√
g k2 log

[
− sinh

(
β

4

(√
9H2 + 4

(
k2 + M2

) − 3H

))

× sinh

(
β

4

(√
9H2 + 4

(
k2 + M2

) + 3H

))]

+ 1

2β (2π)3

∫
dτ dk3 lim

n→∞ 3Hτ (2n + 1). (17)

Pushing forward the calculation, we can write V1 as

V1 = V1, (T=0) + V1, (T>0), (18)

where V1, (T=0) and V1, (T>0) are the contributions indepen-
dent of the temperature and depending on the finite temper-
ature as

V1, (T=0) = 1

4

∫ β

0
dτ

√
g

∫
d3k

(2π)3

√
9H2 + 4

(
k2 + M2

)
,

(19)

V1, (T>0) = 1

(2π)2β

∫ β

0
dτ

√
g

∫
dk k2 log

×
[(

1 − e
− β

2

(√
9H2+4(k2+M2)−3H

))

×
(

1 − e
− β

2

(√
9H2+4(k2+M2)+3H

))]
+ Ω,

(20)

and

Ω = 1

2β (2π)3

∫
dτ dk3

(
lim
n→∞ 3Hτ(2n + 1)

+ e3Hτ (−2 log(2) + iπ)
)

. (21)

Now it can be seen that we can factor out by V →∫
dτ

√
g · V . By combining this with the factoring out of

the space part performed in Eq. (12), we can now think of
the factoring out of the whole volume factor as having been
done.

Let us next turn to the squared mass in the effective poten-
tial, which is the coefficient of φ2

0/2 and currently given as
m2. It is assumed that it should be written asm2

eff = m2+ δm2

after evaluating the finite temperature contribution, where
m2

eff is generally called the squared effective mass, and δm2

formally represents the finite temperature contribution to the
coefficient of φ2

0/2. (Our result at the one-loop order is given
in Eq. (28).) Using this m2

eff , M2 given in Eq. (10) is thought
to be indeed given by M2

eff ≡ m2
eff + λ

2 φ2
0 . Correspondingly,

the M2 in Eq. (20) are rewritten M2
eff . We expand V1, (T>0)

around M2
eff = 0 to the linear order. Around the symmetry

breaking restoration, m2
eff and φ2

0 take small values, and M2
eff

takes small values.
Finally, the one-loop effective potential we obtain with

the factor out of the volume factor done above is

V = V0 + V1, (T=0) + V1, (T>0), (22)

where now Zφ = exp

(
−

∫ β

0
dτ

∫
d3x

√
g · V

)
and

V0 = L0, (23)

V1, (T=0) = 1

4

∫
d3k

(2π)3

√
9H2 + 4

(
k2 + M2

eff

)
, (24)
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V1, (T>0) = 1

(2π)2

∫
dk k2

{
1

β
log

[(
1 − e

− β
2

(√
9H2+4k2−3H

))

(
1 − e

− β
2

(√
9H2+4k2+3H

))]

+ 1√
9H2 + 4k2

⎛
⎝ 1

e
β
2

(√
9H2+4k2+3H

)
− 1

+ 1

e
β
2

(√
9H2+4k2−3H

)
− 1

⎞
⎠ M2

eff

⎫⎬
⎭ + Ω, (25)

and

Ω = 1

2β (2π)3

∫
dk3

(
1

Vu

∫ β

0
dτ lim

n→∞ 3Hτ(2n + 1)

− 2 log(2) + iπ

)
. (26)

Here,Vu is defined asVu ≡
∫ β

0
dτ

√
g =

(
−1 + eH β

)
/3H .

The above may agree with the case of flat space at H = 0.2

It can be seen from order-counting that Eq. (24) diverges at
the ultraviolet region. On the other hand, Eq. (25) does not
diverge.

We now fix δm2 in m2
eff = m2 + δm2. It can be read out

from the coefficient of φ2
0/2. It specifically turns out that δm2

is given by the coefficient of M2
eff in V1, (T>0) given in Eq.

(25), and the result is

m2
eff = m2 + λ

(2π)2

∫
dk

k2

√
9H2 + 4k2⎛

⎝ 1

e
β
2

(√
9H2+4k2+3H

)
−1

+ 1

e
β
2

(√
9H2+4k2−3H

)
−1

⎞
⎠ .

(28)

We now define the effective potential in our study. For
this purpose, we think of the approximation that the space-
time will be flat at T = 0. For this reason, we set our one-
loop effective potential such that it can be zero when T = 0
at the symmetry breaking phase.3 Writing such an effective
potential as �V (β), we set �V (β) as

�V (β) ≡ V (β) − C = V0(φ) − V0(φ0) + V1,(T>0), (29)

2 Equation (25) can be regarded as the result in the high temperature
expansion in the condition |Meff/T | � 1. Equation (25) at H = 0 can
be written as

V1, (T>0)

∣∣
H=0 = −π2/90 β4 + M2

eff/24 β2. (27)

This is the well-known result in the high temperature expansion in flat
space.
3 The cosmological constant in our actual cosmology is not zero.

by subtracting a constant C ≡ V0(φ0) + V1,(T=0) + Ω from
V (β). Correspondingly, Zφ is rewritten as follows:

Zφ = exp

(
−

∫ β

0
dτ

∫
d3x

√
g · V (β)

)

→ exp

(
−

∫ β

0
dτ

∫
d3x

√
g · �V (β)

)
. (30)

We can see that Ω given in Eq. (26) is diverging. In this
paper, we just ignore Ω in �V (β).

We make a comment. We have performed the expansion of
M2

eff to the linear order in the above. Generally the high tem-
perature expansion is an expansion with regard to the ratio of
Meff/T . Our situation that Meff is smaller can be regarded as
the situation that T is higher in the ratio of Meff/T . Because
of this, our expansion is equal to the high temperature expan-
sion.

We now consider the contribution from the functional inte-
gral measure. The functional integral measure can be con-
sidered to be written as Dφ = c βdφ, where c is some
dimensionless number.4 As a result, the contribution from
the functional integral measure to the effective potential can
be written in the following way:

Zφ =
∫

Dφ exp

(
−

∫ β

0
dτ

∫
d3x

√
g · L

)

=
∫

dφ c β exp

(
−

∫ β

0
dτ

∫
d3x

√
g · L

)

= exp

(
−

∫ β

0
dτ

∫
d3x

√
g

·
(
V (β) − 1

Vol
(log β + log c)

))
, (31)

where Vol ≡
∫ β

0
dτ

∫
d3x

√
g. We can see that the con-

tribution from the measure does not contribute due to the
infinite contribution of Vol. Consequently, it turns out that
we do not need to take into account the contribution from the
functional integral measure.

The effective potential we consider is finally Eq. (29), and
our Zφ can be written as

Zφ = exp

(
−

∫ β

0
dτ

∫
d3x

√
g · �V (β)

)
. (32)

4 The dimension of the real scalar fields is generally (n − 2)/2 by
counting the mass dimension, where n is the space-time’s dimension.
Since n is 4 in this study, it can be seen that [φ] = [M1]. Integral
measures in path-integrals for partition functions are dimensionless as
dim[Dφ] = dim[M dφ] = 0, where Dφ is the functional integral
measure and M is for the factor parts. The dimension of the inverse
temperature is [β] = [M−1]. Hence the functional integral measure can
be written as Dφ = c β dφ, where c is some dimensionless number.
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4 Fixing the background space-time

In this chapter, we obtain the equation to fix the background
geometry by regarding the effective potential as the positive
cosmological constant. Now our total partition function can
be written as

Z = exp

(
−

∫ β

0
dτ

∫
d3x

√
g · ( − R + �V (β)

))
. (33)

We can generally describe the Wick rotation to the
Einstein–Hilbert case as

i SM =
∫

d4x
√

−gM
(
RM − 2ΛM

)
(34)

→
∫

dτ

∫
d3x

√
g (R − 2Λ)

= −
∫

dτ

∫
d3x

√
g (−R + 2Λ) = −S. (35)

We can confirm that the Einstein equation in the Euclid de
Sitter space (4) can be satisfied when Λ = −3H2.

Hence comparing Eqs. (33) and (34), we have the follow-
ing equation:

6H2 = −�V (β)
∣∣
φ=φ0

, (36)

with ∂ (�V (β)) /∂φ = 0 to determine the condensation φ0

at the spontaneous symmetry breaking phase. We actually
have two unknown variables, H and φ0, and we have two
equations. Solving these simultaneously, we determine the
Hubble constant H that characterizes the background space-
time metric (4).

5 Space-time, and energy corresponding to the change
of the acceleration and particle’s world-line

Solving Eq. (36) numerically, we obtain the results of the
effective potential with the background space’s contribution
and the Hubble constant H against the temperature. Based
on these results, we perform an evaluation of the accelerat-
ing particle’s world-line and the amount of the energy corre-
sponding to the change of the temperature at the each tem-
perature. The temperature in the results is thought of as the
Unruh temperature (3).

In our presentation, the red results represent the results
obtained by solving for the two variables H and φ0. On the
other hand, the blue results represent the results obtained by
solving only for φ0 with fixing H to zero. Hence the blue
points are the results in the flat space.

The parameters (m2,λ) are always taken to be (−1, 1).
At this time, it turns out that the critical temperature Tc

for the symmetry breaking restoration is given as Tc �
4.402482673. Here, we determined Tc from whether the val-
ues of the squared effective mass m2

eff (28) and the conden-
sation φ are numerically zero or not.
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2.5

0.0 1.0 2.0 3.0 4.0 5.0

H

T

H ≠ 0
Fitting

Fig. 1 The Hubble constant H defined in Eq. (2) against the tempera-
ture T . The dotted line is the fitting result

5.1 Effective potential and space-time

Let us first consider H against T . The points in Fig. 1 are the
calculated results for the Hubble constant H , and the dotted
line is a fitting result. The fitting function we have adopted
is c1 T + c2 T 2, where c1 and c2 are the fitting parameters.
These are fixed as (c1, c2) = (−0.0943597, 0.173624) in
our fitting.

We now have obtained the Hubble constant. We can see
that, as T gets higher, H grows as in Fig. 1. Hence we can
see that, as the temperature gets higher, the background space
transforms to the de Sitter space gradually.

It turns out that the scalar curvature R is given by −12H2

on the background space given in Eq. (4). Substituting H ,
we can evaluate the background’s contribution in the effec-
tive potential. Thus, we can obtain Fig. 2 in which the effec-
tive potential with the background space’s contribution is
plotted. We can see from Fig. 2 that the background space’s
effect lowers the critical temperature. We show Fig. 3 (the
numerical results of the squared effective mass m2

eff and the
field’s condensation |φ0|) to support this.

Here it would be noteworthy that the Lagrangian density
L was expanded originally as L ∼ ∑∞

n=0 δφ 2n before inte-
grating out δφ, where δφ means the fluctuation around the
vacuum. As the temperature increases, since the concaves in
the effective potential’s profile become locally shallower, the
quantum fluctuation can grow higher. As a result, the higher
order terms in the expansion become less able to be disre-
garded at higher temperatures. The profiles shown in Fig. 2
are the results obtained from the expansion to the one-loop
order. For this reason, properly speaking, there might be some
corrections in the shape at a greater distance away from the
vacuum (expansion point) in the higher temperature results.
We furthermore should notice that we have performed the
expansion equivalent to the high temperature expansion as
mentioned under Eq. (29). Hence one of the things we can

123



Eur. Phys. J. C (2015) 75 :404 Page 7 of 9 404

-150

-100

-50

0

-4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0

− 
 R

  +
ΔV

φ

T = 1.0
T = 2.0
T = 3.0
T = 4.0

Tc ≈ 4.4
-50

-25

0

-4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0

−  
 R

  +
ΔV

φ

T = 1.0
T = 2.0
T = 3.0

Fig. 2 The effective potential �V defined at Eq. (29) against the con-
densation value φ at various T . The red lines represent the results with
the background space’s contribution (H 
= 0), and the blue lines repre-
sent the results without the background space’s contribution (H = 0).
Although there is only an explanation for the red lines in the caption of

the figure, as to the blue lines, the same kind of line is used for the results
calculated at the same temperatures (Fig. 5). The right figure is just an
enlarged view of the left figure, so that the results for T = 1.0, 2.0, and
3.0 can be well inspected
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Fig. 3 The squared effective mass m2
eff in Eq. (28) and the condensation |φ0| against the temperature T

say is that our analysis at the neighborhood of the vacuum in
the higher temperature region that satisfies |Meff/T | � 1 is
precise.

5.2 Energy corresponding to the change of the acceleration
and particle’s world-line

The effective potential we have calculated can be regarded
as a free energy. We can hence read out the entropy density
according to the general relation S = −∂F/∂T (S and F are
the general entropy densities and free energies). We actually
have evaluated it numerically at several temperatures. These
results are shown in Fig. 4.

The entropy density in Fig. 4 can be interpreted as the
amount of the energy corresponding to the unit temperature
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Fig. 4 The entropy density against the temperature T , obtained by
calculating ∂F/∂T numerically, where F = −R + �V in Fig. 2
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Fig. 5 The world-lines of the uniformly accelerating particle at vari-
ous T . The red lines represent the results with the background space’s
contribution (H 
= 0), and the blue lines represent the results without
the background space’s contribution (H = 0). Although there is only
an explanation for the red lines in the caption of the figure, for the blue
lines, the same kinds of line are used for the results calculated at the
same temperatures as well as Fig. 2

growth at each temperature. The temperature in this study
is thought of as proportional to the acceleration through the
Unruh effect (3).

We hence conclude that the amount of energy correspond-
ing to the increase of acceleration at each acceleration is pro-
portional to the entropy density in Fig. 4 at each temperature
to which the acceleration corresponds. We further can see
from Fig. 4 that the higher the acceleration gets, the more
energy is required.

We next turn to the issue of the accelerating particle’s
world-line. In our study, the space-time in the neighborhood
of the accelerating particle is predicted to be the de Sitter
space. Hence it is assumed that the accelerating particle’s
world-line gets a correction compared with the case of a flat
space.

To investigate, writing the position of the particle as
rμ(u) (u is the proper time), we solve the geodesic equation in
the de Sitter space-time (2) with a force added for the uniform
acceleration of the particle, Fμ = ma (r1′

(u), r0′
(u), 0, 0).

Concretely,

e2HuH (r1′
)2 + r0′′ = F0, (37)

2H r0′ + r1′′ = F1, (38)

where we have confined the motion of the particle to the
(0, 1)-plane. H is assumed to have the temperature depen-
dence obtained from the fitting in Sect. 5.1 and a is propor-
tional to T through the Unruh effect (3). We solve the above
numerically with the boundary condition:(
r0(0), r0′

(0)
) = (0, 1) and

(
r1(0), r1′

(0)
) = (0, 0)

(39)

at several T . As a result, we obtain the results shown in Fig. 5.

We can see that the Unruh thermal radiation has the effect
of diminishing and enhancing the particle’s accelerations,
respectively. (The particle’s acceleration can be read out from
the gradients in Fig. 5.)

6 Remark

In this paper, corresponding to the prediction in Refs. [1–5]
that an accelerating particle performs a Brownian motion in
the inertial frame rooted in the Unruh effect in the accelerat-
ing frame, we have proposed that thermal radiation rooted in
the Unruh effect is emitted from an accelerating particle in
the inertial frame. We have named such a radiation “Unruh
thermal radiation” in the fourth paragraph of Sect. 1.

We then have calculated the one-loop effective potential
at finite temperature taking into account that the background
space-time is deformed from the flat space-time to the de
Sitter space-time due to the field theory’s corrected one-
loop effective potential. In this paper, the temperature being
expected to be proportional to the Unruh temperature, we
have simply thought of the temperature as the Unruh temper-
ature. The model we have considered has been a real scalar
field described by the four-dimensional Klein–Gordon model
with a Higgs potential term at finite temperature.

As for technicalities, we touch on a problem to be noticed
particularly. It is the region where the Unruh thermal radia-
tion can reach and the temperature distribution in that region.
We have taken the radial direction in that region from zero
to infinity and regarded the temperature distribution to be
uniform in the entire region. However, in a realistic world,
it should be finite and the temperature should gradually
decline, at greater distance away from the particle (working
as the thermal source). But if these were taken into account
in the analysis, it is expected that the factoring out of the
volume factor done in Eq. (12) becomes a problem. As a
result, the analysis would become highly complicated. We
are going to treat these issues more precisely in our future
work.

As for our results, when a deformed background space-
time is taken, it turns out that the critical temperature becomes
smaller than the case that the background space-time is fixed
to the static flat case. We further have revealed that the amount
of the energy corresponding to an increase in acceleration
at each acceleration increases as the acceleration gets higher
and we have a correction in the world-line of the accelerating
particle.

It would be intriguing to examine how our results turn out
in the future as we develop the model to more realistic cases,
and to confirm whether the tendencies obtained in our study
are consistent or not compared with the experiments. Further-
more, the Unruh effect has a close relation with the Hawking
temperature. The Hawking temperature at the moment is a
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result of semi-classical gravity, and it would be no surprise if
it would get some correction in the full quantum gravity. In
this sense, the future development of this study would also
be intriguing.
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