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Abstract We have studied primordial non-Gaussian fea-
tures of a model of potential-driven single field DBI Galileon
inflation. We have computed the bispectrum from the three-
point correlation function considering all possible cross cor-
relations between the scalar and tensor modes of the proposed
setup. Further, we have computed the trispectrum from a four-
point correlation function considering the contribution from
contact interaction, and scalar and graviton exchange dia-
grams in the in–in picture. Finally we have obtained the non-
Gaussian consistency conditions from the four-point cor-
relator, which results in partial violation of the Suyama–
Yamaguchi four-point consistency relation. This further leads
to the conclusion that sufficient primordial non-Gaussianities
can be obtained from DBI Galileon inflation.
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1 Introduction

The physics of the early universe is a very rich area of the-
oretical physics, for there is a plethora of potential mod-
els that solve, at least partially, the well-known problems of
the standard cosmological paradigm. Inflationary cosmology
is the most successful branch which addressed all of these
problems meticulously. This can, however, be explained by
several classes of models originating from a proper field the-
oretic or particle physics framework. But from an observa-
tional point view a big issue may crop up in model discrim-
ination and also in the removal of the degeneracy of cosmo-
logical parameters obtained from Cosmic Microwave Back-
ground (CMB) observations [1–5]. In this context the study
of primordial non-Gaussian feature acts as a powerful com-
putational tool to discriminate among inflationary models.
In the very recent days the analysis of the bispectrum and
the trispectrum derived from the study of primordial features
of non-Gaussianity [6–54] from different models of inflation
has thus become an intriguing aspect in the context of infla-
tionary model building as well as studies of CMB physics.

Galileon based inflationary models [55–57] and DBI infla-
tionary models [58,59] have both been in vogue for quite
some time now. Despite its success, Galileon models gener-
ically give rise to unwanted degrees of freedom like ghosts,
Laplacian and tachyonic instabilities. Recently, a natural
extension to these class of models has been brought forth by
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the present authors [60] in which DBI was clubbed together
with Galileon. The framework, called the DBI Galileon
framework, consists of a D3 brane in the background of
N = 1,D = 4 SUGRA derived from the D4 brane inN = 2,
D = 5 bulk SUGRA background. The interesting feature of
this treaty is that this unwanted debris can be successfully
thrown away keeping all the good features of the Galileon
intact. In the present paper, our prime objective is to investi-
gate some more interesting features of this rich structure of
the DBI Galileon [60], which ultimately results in sufficient
non-Gaussianity in this framework. Specifically, we explic-
itly calculate the bispectrum and the trispectrum from three-
and four-point correlation functions by exploiting third- and
fourth-order actions. The calculations reveal, along with
the feature of large non-Gaussianity, some other interesting
results like the partial violation of the Suyama–Yamaguchi
four-point consistency relation. Subsequently, we demon-
strate that, in this framework, it is possible to have a parameter
space for both non-Gaussianity and tensor-to-scalar ratio (r )
consistent with the combined constraint obtained from the
Planck + WMAP9 + high-L + BICEP2 data [2–5].

The plan of the paper is as follows. First we explore pri-
mordial non-Gaussian features from the third-order action
through the nonlinear parameter fNL calculated from the
bispectrum (in equilateral limit configuration) including all
possible scalar-tensor type of cross correlations in the differ-
ent polarizing modes. Hence from the fourth-order action we
derive the expression for the other two nonlinear parameters
gNL and τNL through a trispectrum analysis considering the
contribution from contact interaction and scalar and graviton
exchange diagrams in the in–in picture. Finally, we explic-
itly derive the four-point consistency relation from the scalar
and graviton exchange diagrams and also find a partial vio-
lation of the standard Suyama–Yamaguchi relation [61,62].
We also attempt to give some possible explanations for this
violation. We end up with scanning the parameter space for
non-Gaussianity and the tensor-to-scalar ratio in the light of
Planck + WMAP9 + high-L + BICEP2 data.

2 The background model

For systematic development of the formalism, let us briefly
review from our previous paper [60] how one can construct
the effective 4D inflationary potential for the DBI Galileon
starting from N = 2,D = 5 SUGRA along with Gauss–
Bonnet correction in the bulk geometry and D4 brane setup
leads to an effective N = 1,D = 4 SUGRA in the D3
brane. Here the total five dimensional model is described by
the following action:

S(5)
Total = S(5)

EH + S(5)
GB + S(5)

DBI + S(5)
WZ + S(5)

BSUG (2.1)

where

S(5)
EH = 1

2κ2
5

∫
d5x

√
−g(5)[R(5) − 2�5], S(5)

GB

= α(5)

2κ2
5

∫
d5x

√
−g(5)[R ABC D(5) R(5)

ABC D

− 4R AB(5) R(5)
AB + R2

(5)],

S(5)
DBI = − T4

2

∫
d5x exp(−�)

√
−(γ (5)+ B(5)+ 2πα

′ F(5)),

S(5)
WZ = − T4

2

∫ ∑
n=0,2,4

Ĉn ∧ exp(B̂2 + 2πα
′
F2)|4 form

= 1

2

∫
d5x

√
−g(5)

×
{
ε ABC D

[
∂A�I ∂B�J

(
CI J BK L

4T4
∂C�K ∂D�L

+ πα
′
CI J FC D

2
+ C0

8T4
BI J BK L∂C�K ∂D�L

+ πα
′
C0

2
BI J FC D

)
+ 2π2α

′2T4C0 FAB FC D

− T4

(
ν0 + ν4

�4

)]}
,

S(5)
BSUG = 1

2

∫
d5x

√−g(5)e(5)

×
[

− M3
5 R(5)

2
+ i

2
�̄i m̃m̃ñq̃∇ñ�i

q̃ − SI J F I
m̃ñ F I m̃ñ

− 1

2
gαβ(Dm̃φμ)(Dm̃φν)

+ Fermionic + Chern − Simons + Pauli mass

]
,

(2.2)

where T(4) is the D4 brane tension, α
′

is the Regge Slope,
exp(−�) is the closed string dilaton and C0 is the Axion.
Here γ (5), B(5), and F (5) represent the determinant of the
5D induced metric (γAB) and the gauge fields (BAB, FAB),
respectively. Additionally here ν0 and ν4 represent the con-
stants characterizing the interaction strength between D4-
D̄4 brane. In the present context 5-dimensional coordinates
X A = (xα, y), where y parameterizes the extra dimension
compactified on the closed interval [−π R,+π R].

It is useful to introduce the 5D metric in conformal form

ds2
4+1 = gABdX AdX B

= b2
0

R2

(
exp(βy)+ �(5)b4

0
24R2 exp(−βy)

) × (ds2
4 +R2β2dy2),

(2.3)

and ds2
4 = gαβdxαdxβ is FLRW counterpart. The parameter

β determines the slope of the warp factor and R represents
the compactification radius. Applying dimensional reduction
technique via S1/Z2 orbifolding symmetry and using the
metric stated in Eq. (2.3) the total effective model for D3
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DBI Galileon in background N = 1, D = 4 SUGRA is
described by the following action [60]:

S =
∫

d4x
√

−g(4)[ ˆ̃K (φ, X) − G̃(φ, X)�(4)φ + l̃1 R(4)

+ l̃4(C(1)Rαβγ δ(4) R(4)
αβγ δ − 4I(2)Rαβ(4) R(4)

αβ

+A(6)R2
(4)) + l̃3], (2.4)

where

ˆ̃K (φ, X) = − D̃

f̃ (φ)

[√
1 − 2Q X f̃ − Q1

]

− C̃5G̃(φ, X) − 2X M̃(T, T †) − V (φ),

M̃(T, T †) = M(T, T †)

2κ2
(4)

, M(T, T †) =
√

2β R2

(T + T †)
,

D̃ = D

2κ2
(4)

,

G̃(φ, X) =
(

g̃(φ)k1C̃4

2(1 − 2 f̃ (φ)Xk2))

)
,

g̃(φ) = g̃0 + g̃2φ
2, f̃ (φ) � 1

( f̃0 + f̃2φ2 + f̃4φ4)

l̃1 =
{

1

2κ2
(4)

[
1 + α(4)

R2β2 (24I(2) − 24A(9) − 16A(10))

]

− α(4)C(2)

κ2
(4) R2β2

}
, l̃4 = α(4)

2κ2
(4)

,

l̃3 = 1

2κ2
(4)

[
α(4)

R4β4 (24C(4)−144I(4)−64A(5) + 144A(7)

+ 64A(8) + 192A(11)) − 3M3
5βb6

0

2κ2
(4)M2

PL R5
I(1)

]
,

(2.5)

where α(4), l̃1, l̃3, l̃4 are effective 4D couplings and κ(4)

be the gravitational coupling strength. Here X represents
the 4D kinetic term after dimensional reduction given by
X := − 1

2 gμν∂
μφ∂νφ. In this context (T, T †) are the four

dimensional background SUGRA moduli fields which are
constant after dimensional reduction.

The one-loop corrected Coleman–Weinberg potential is
given by [60]

V (φ) =
2∑

m=−2,m �=−1

C2m

[
1 + D2m ln

(
φ

M

)]
φ2m, (2.6)

where D0 = 0 and the other constants are functions of the
effective brane tension for the D3 brane and constant moduli
in 4D. Hence using Eq. (2.4) the modified Friedman equation
in the presence of effective 4D Gauss–Bonnet coupling can
be expressed as [60]:

H4 = �(4) + 8πG(4)ρφ

g̃1
≈ �(4) + 8πG(4)V (φ)

g̃1
, (2.7)

where ρφ plays the role of energy density of the inflation in
4D effective theory, g̃1 represents the effective 4D Gauss–
Bonnet coupling dependent function on FLRW background
which can be expressed in terms of the brane tension of
D3 brane and �(4) is the 4D effective cosmological con-
stant. It is important to note that in the 4D effective action as
stated in Eq. (2.4), the contribution of higher curvature effec-
tive Gauss–Bonnet like correction term is dominant com-
pared to Ricci scalar. More precisely one can interpret this
to be a non-perturbative solution of the effective field theory
where the effective coupling parameter l̃4 >> l̃1. Conse-
quently the effective Friedmann equation in 4D takes a non-
trivial form in the high energy regime, where energy density
of the inflaton ρφ ≈ V (φ) >> g̃1 of D3 − D̄3 system.
Here Eq. (2.7) also implies that within our prescribed setup
the non-perturbative regime of effective field theory cannot
able to produce the well-known solutions of GR in the low
energy limiting situation where ρφ ≈ V (φ) << g̃1. But
in the perturbative regime of the effective theory the situa-
tion is completely different compared the non-perturbative
case. In the regime where the effective coupling parame-
ter l̃4 << l̃1, it is possible to get back the known solu-
tion of GR. In literature it usually identified to be the low
energy regime, where the inflaton energy density, ρφ ≈
V (φ) << g̃1 in D3 − D̄3 system. But in the high energy
regime, where ρφ ≈ V (φ) >> g̃1, it is not possible to
realize the essence of the higher curvature terms through
Fridemann equations, which will finally control the cosmo-
logical dynamics in a nontrivial manner. For more details
see Ref. [60], where the Friedmann equations are derived in
detail.

3 Tree level bispectrum analysis

3.1 Three-scalar correlation

To calculate the scalar bispectrum for D3 DBI Galileon we
consider here the third-order action up to total derivatives.
Using the uniform field gauge analysis the third-order action
for three scalar interaction can be written as

Sζ ζ ζ =
∫

dtd3x

{
a3C̄1 M2

PLζ ζ̇ 2

+ aC̄2 M2
PLζ(∂ζ )2 + a3C̄3 MPLζ̇ 3

+ a3C̄4ζ̇ (∂iζ )(∂i χ̃ ) + a3

(
C̄5

M2
PL

)
∂2ζ(∂χ̃)2

× aC̄6ζ̇
2∂2ζ +

(
C̄7

a

)
[∂2ζ(∂ζ )2 − ζ∂i∂ j (∂iζ )(∂ jζ )]
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+ a
C̄8

MPL
[∂2ζ∂iζ∂i χ̃ − ζ∂i∂ j (∂iζ )(∂ j χ̃)]

+RδL2

δζ
|1
}
, (3.1)

where

δL2

δζ
|1 = −2

[
d

dt
(a3YS ζ̇ ) − aYSc2

s ∂
2ζ

]
(3.2)

can be calculated from the second-order action [60]

(S(4))ζ ζ =
∫

dtd3xa3YS

[
ζ̇ 2 − c2

s

a2 (∂ζ )2
]

. (3.3)

Here C̄i (i = 1, 2, 3, . . . , 8) are dimensionless coeffi-
cients defined as

C̄1 = YS

M2
PL

[
3 − L1 H

c2
s

(
3 + ẎS

HYS

)
+ d

dt

(
L1

c2
s

)]
,

C̄2 = [
1 + 1

a
d
dt (aL1{YS − t1})

]
,

C̄3 = L1

MPL

[
L1(L1a1 + a3) + a12+(a9+L1a4)

YS

t1
+ YS

c2
s

]
,

C̄4 = − YS

2t1

{
1 + 2t1

[
d

dt

(
A5

t2
1

)
− 3H A5

t2
1

]}
,

C̄5 = M2
PL

2t2
1

[
3M2

PL

2
(1 − H L1)

]
− M2

PL

2

d

dt

(
A5

t2
1

)
,

C̄6 = L2
1[2M2

PL − L1a4],

C̄7 = L2
1 M2

PL(1 − H L1)

6
− c2

s YS L2
1 M2

PL

2t1
+ M2

PL

6

d

dt
(L3

1),

C̄8 = MPL

{
L1 M2

PL

t1
(H L1 − 1) + c2

s YS L1 M2
PL

t2
1

}

(3.4)

and the coefficient of δL2
δζ

|1 involving spatial and time deriva-
tives in Eq. (3.1) is defined by the following expression:

R = A5

t2
1

{(∂kζ )(∂k χ̃) − ∂−2∂i∂ j [(∂iζ )(∂ j χ̃)]}

+ p1ζ ζ̇ − A5L1

2t1a2 {(∂ζ )2 − ∂−2∂i∂ j [(∂iζ )(∂ jζ )]}.
(3.5)

In this context R → 0 as k → 0 at large scale. Additionally

L1 =
(

M2
PL

H M2
PL − φ̇XG̃ X

)
, χ̃ = ∂−2(YS ζ̇ ), A3 = 2YS,

A5 = − L1 M2
PL

2
,

YS = t1(4t1t3 + 9t2
2 )

3t2
2

, c2
s = 3(2Ht2t2

1 − t4t2
2 − 2t2

1 ṫ2)

t1(4t1t3 + 9t2
2 )

,

t1 = l̃1, t2 = (2Hl̃1 − 2φ̇XG̃ X ),

t3 = −9l̃1 H2 + 3(X ˆ̃K X + 2X2 ˆ̃K X X )

+ 18H φ̇(2XG̃ X + X2G̃ X X ),

a1 = 3M2
PL H2 − X ˆ̃K X − 4X2 ˆ̃K X X

−4X3

3
X ˆ̃K X X X − 2H φ̇(10XG̃ X + 11X2G̃ X X

+ 2X3G̃ X X X ) + 2XG̃φ + 14X2

3
G̃φX + 4X3

3
G̃φX X ,

a3 = −3a4 = −3[2M2
PL H − 2φ̇(2XG̃ X + X2G̃ X X )],

a9 = −2

3
a12 = −2M2

PL. (3.6)

It is important to mention here that for scalar and tensor
modes ghosts and Laplacian instabilities can be avoided iff
c2

s > 0, Ys > 0. Throughout the paper we use the required
parameters from [60] to compute the bispectrum and trispec-
trum.

Now following the prescription of the in–in formalism in
the interacting picture the three-point correlation function for
the quasi-exponential limit, after some trivial algebra, look:

〈ζ( �k1)ζ( �k2)ζ( �k3)〉 = −i
8∑

j=1

∫ 0

−∞
dη a

×
〈
0|[ζ( �k1)ζ( �k2)ζ( �k3), (H ( j)

int (η))ζζζ ]|0
〉

= (2π)3δ(3)( �k1 + �k2 + �k3)Bζ ζ ζ ( �k1, �k2, �k3),

(3.7)

where the total Hamiltonian in the interaction picture can be
expressed in terms of the third-order Lagrangian density as
(Hint(η))ζζζ = ∑8

j=1(H ( j)
int (η))ζζζ = − ∫

d3x(L3)ζζζ .

Throughout this article we use the Bunch–Davies mode
function as

um(η, k) =
√−kηcm

a
√

2Ym
H(1)

νm
(−kηcm)

→ (−kcmη)
1
2 −νm exp

(
i
[
νm − 1

2

]
π
2

)
2νm− 3

2

2a
√

Ymcmk

(
(νm)

( 3
2 )

)
,

(3.8)

with m = (S[scalar], T [tensor]). Moreover, following the
momentum dependent ansatz given in [45,46,63] the bis-
pectrum Bζ ζ ζ ( �k1, �k2, �k3) is defined as

Bζ ζ ζ ( �k1, �k2, �k3) = (2π)4P2
ζ∏3

i=1 k3
i

Aζ ζ ζ ( �k1, �k2, �k3)= 6

5
fNL;1 P2

ζ

(3.9)

where the symbol ; 1 is used for the three-scalar correlation.
Here Aζ ζ ζ ( �k1, �k2, �k3) is the shape function for bispectrum
and P2

ζ is used for normalization of E-mode polarization
expressed in terms of the new combination of the cyclic per-
mutations of two-point correlation functions given by

P2
ζ = Pζ (k1)Pζ (k2)+Pζ (k2)Pζ (k3) + Pζ (k3)Pζ (k1). (3.10)
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The Power spectra for scalar (Pζ (k)) and tensor modes
(PT (k)) at the horizon crossing can be written as

Pζ (k)=
⎛
⎝22νs−3

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
2 (

1−εV −sS
V

)2 √
V (φ)

8π2YSc3
s

√
g̃1 MPL

⎞
⎠ ,

PT (k)=
⎛
⎝22νT −3

∣∣∣∣∣
(νT )

( 3
2 )

∣∣∣∣∣
2 (

1−εV −sT
V

)2 √
V (φ)

2π2YT c3
T

√
g̃1 MPL

⎞
⎠ .

(3.11)

Here for the tensor modes we use (PT (k))i j;kl = |uh(η, k)|2
Ni j;kl , PT (k) = (PT (k))i j;i j with the following helicity/spin

dependent normalization factor:Ni j;kl = ∑
λ eλ

i j (
�k)e†(λ)

kl (�k).

In this context fNL represents the nonlinear parameter car-
rying the signature of primordial non-Gaussianities of the
curvature perturbation in bispectrum. The explicit form of
fNL characterizing the bispectrum can be expressed as

fNL;1 = 10

3
∑3

i=1 k3
i

(
k1k2k3

2K 3

)nζ −1
∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
2

×
{

C̄1

[
3

4
I1(nζ − 1) − 3 − εV

4c2
s

(
1 + YS

1 + εV

)2

I1(ν̃)

]

+ 3(1 − εV − sS
V )

2YS

[
F3I3(nζ − 1) + E3

c2
s
I3(ν̃)

]

+ C̄4

8
I4(ν̃) + C̄5YS

4c2
s
I5(ν̃)

+ 3(1 − εV − sS
V )2

YS

[
F6I6(nζ − 1) + E6

c2
s
I6(ν̃)

]

+ C̄7(1 − εV − sS
V )2

2YSc2
s

I7(ν̃) + C̄8(1 − εV − sS
V )

8c2
s

I8(ν̃)

}
,

(3.12)

where the functional form of the momentum dependent func-
tions Ii (x)∀i are explicitly mentioned in Appendix B. From
the coefficients of Ii (ν̃) with i = 1, 3, 5, 7, 8 it seems that
the non-Gaussian parameter fNL;1 is inverse proportional
to the sound speed square for the scalar mode. But these
coefficients are not solely characterized by the sound speed
for the scalar mode since they depend on other factors like
(1) effective Gauss–Bonnet coupling (α(4)) and (2) higher-
order interaction between the graviton and the DBI Galileon
in the presence of a quadratic correction of gravity in the
Einstein–Hilbert action. Additionally in this context counter
terms which appears as the coefficients of Ii (nζ − 1) with
i = 1, 3, 6, and I4(ν̃) originated from the effective Gauss–
Bonnet coupling (α(4)) and higher-order interaction between
the graviton (via a Gauss–Bonnet correction) and the DBI
Galileon degrees of freedom in the D3 brane in the back-
ground of four dimensional N = 1 SUGRA multiplet play
a very crucial role in this context. In α(4) �= 0 limit such
counter terms and dependence on the interaction between
the graviton and the higher derivative DBI Galileon cannot
be negligible in the slow-roll limit.

Consequently, depending on the signature and the strength
of the effective Gauss–Bonnet coupling three situations arise:
(1) the counter terms drive other terms, (2) the counter terms
and other terms are tuned in such a way that the system is
in equilibrium with respect to the sound speed and (3) the
sound speed dominated terms win the war.

Here the second situation is not physically interesting and
the third situation leads to the trivial feature of the DBI
Galileon. Only the nontrivial features comes from the first
situation in the context of single field DBI Galileon inflation.

In Eq. (3.12) we have defined K = k1 + k2 + k3, x =
(nζ − 1, ν̃), and

ν̃ :=
(

sS
V − 2εV

1 − εV − sS
V

)
, nζ − 1=(3 − 2νs)=−

(
2εV + sS

V +δV

1 − εV −sS
V

)

F3 := −YS(1+YS)

1+εV

[
1+2

YS −εV +(1+YS)ρ3

1+εV
+ 2T3

]
,

φ̇X2G̃ X X

H
=

(
ρ3 + ρ4

c2
s

)
,

νs

�G
:=

(
T3 + T4

c2
s

)
,

E3 := −YS(1 + YS)

1 + εV

[
2T4 − 1 + YS

1 + εV
(1 − 2ρ4)

]
,

F6 := 2(1 + YS)3

(1 + εV )3

[
YS − εV

1 + YS
+ ρ3

]
, E6 := 2ρ4(1 + YS)3

(1 + εV )3

(3.13)

with the four new constants ρ3, ρ4, T3, T4. In the present
context sS

V = ċs
Hcs

is an extra slow-roll parameter appearing
due to the sound speed, cs �= 1 as defined in [60]. For the
numerical estimation we have further used the equilateral
configuration (k1 = k2 = k3 = k and K = 3k) in which the
nonlinear parameter fNL can be simplified to the following
form:

f equil
NL;1 = 10

9k3

(
1

54

)nζ −1
∣∣∣∣∣
(νs)


( 3

2

)
∣∣∣∣∣
2

×
{(

3

(
1 − 1

c2
s

)
− YSδV

c2
s

+ Y 2
S

c2
s

− 2YSsS
V

c2
s

)

×
[

3

4
Iequil

1 (nζ − 1) − 3 − εV

4c2
s

(
1 + YS

1 + εV

)2

Iequil
1 (ν̃)

]

+3(1 − εV − sS
V )

2YS

[
F3Iequil

3 (nζ − 1) + E3

c2
s
Iequil

3 (ν̃)

]

−1

8

[
YS

2
+ YS

2
(3 − YS)

]
Iequil

4 (ν̃)

+ YS

4c2
s

(
4εV − YS(3 − εV )

4(1 + εV )

)
Iequil

5 (ν̃)

+3(1 − εV − sS
V )2

YS

[
F6Iequil

6 (nζ − 1) + E6

c2
s
Iequil

6 (ν̃)

]

− (1 − εV − sS
V )2(1 + YS)2(YS − εV )

2YSc2
s (1 + εV )3 Iequil

7 (ν̃)

+ (1 + YS)(YS − εV )(1 − εV − sS
V )

4c2
s (1 + εV )2 Iequil

8 (ν̃)

}
. (3.14)
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Now using the tensor-to-scalar ratio at the pivot scale k∗:

r =
⎛
⎝16.22(νT −νs )

∣∣∣∣(νT )

(νs)

∣∣∣∣
2
(

1 − εV − sT
V

1 − εV − sS
V

)2

csεs

×
[

1 − 3

2
O(ε2

T )

]⎞
⎠

�

, (3.15)

the sound speed cs can be eliminated from Eq. (3.14) also.
Here sT

V = ċT
HcT

appears due to the sound speed, cT �= 1.

See [60] for the details. The numerical value of f equil
NL;1 in the

equilateral limit is obtained from our setup as 4 < f equil
NL;1 < 7

within the window for tensor-to-scalar ratio 0.213 < r <

0.250 [60]. This is extremely interesting result as it is differ-
ent from other class of DBI models. The most impressing fact
is that the upper bound of f equil

NL;1 in the quasi-exponential limit
is in good agreement with the combined constraint obtained
from the Planck + WMAP9 + high-L + BICEP2 [2–5] data.

3.2 One-scalar two-tensor correlation

After applying the gauge fixing condition to uniform gauge
the one-scalar and two tensor interaction can be represented
by the following third-order action:

Sζhh =
∫

dtd3x a3
{
F1ζ ˙hi j

2 + F̃2

a2 ζhi j,khi j,k

+ F̃3ψ,k ḣi j hi j,k + F4ζ̇ ḣ2
i j + F̃5

a2 ∂2ζ ḣ2
i j

+F̃6ψ,i j ḣik ḣ jk + F̃7

a2 ζ,i j ḣik ḣ jk

}
, (3.16)

where the dimensionful coefficients Fi (i = 1, 2, . . . , 7) are
defined as

F̃1 = 3YT

[
1 − H L1YT

c2
T

+ YT

3

d

dt

(
L1

c2
T

)]
,

F̃2 = Ysc2
s , F̃3 = −2Ys ,

F̃4 = L1

c2
T

(
Y 2

T − ˆ̃K X X

)
+ 2σ

×
[

Ys

YT
− 1 − H L1YT

c2
T

(
6 + Ẏs

HYs

)]
+2Y 2

T
d

dt

(
σ L1

YT c2
T

)
,

F̃5 = 2σYT L1

(
c2

s

c2
T

− 1

)
, F̃6 = −4σYs

YT
,

F̃7 = 4σYT L1, (3.17)

where we use σ = φ̇XG5X . Now following the prescription
of the in–in formalism in the interaction picture three-point
one scalar two-tensor correlation function can be expressed
in the following form:

〈ζ(�k1)hi j (�k2)hkl(�k3)〉 = −i
7∑

q=1

∫ 0

−∞
dη a

×〈0|[ζ(�k1)hi j (�k2)hkl(�k3), ([H (q)
int (η)]i j;kl)ζhh]|0〉

= (2π)3δ(3)(�k1 + �k2 + �k3){Bζhh}i j;kl(�k1, �k2, �k3), (3.18)

where the total Hamiltonian in the interaction picture can
be expressed in terms of the third-order Lagrangian den-
sity as ([Hint(η)]i j;kl)ζhh = ∑7

q=1([H (q)
int (η)]i j;kl)ζhh =

− ∫
d3x[(L3)ζhh]i j;kl . Moreover, the cross bispectrum

{Bζhh}i j;kl(�k1, �k2, �k3) is defined as

{Bζhh}i j;kl(�k1, �k2, �k3) = (2π)4P2
u∏3

i=1 k3
i

(Aζhh)i j;kl( �k1, �k2, �k3)

= 6

5
[ fNL;2]u

i j;kl P2
u (3.19)

where the symbol ; 2 stands for one scalar two-tensor
correlation. Here (Aζhh)i j;kl( �k1, �k2, �k3) is the shape func-
tion for bispectrum and the polarization indices are u =
1(E − mode), 2(E

⊗
B − mode), 3(B − mode). We adopt

the following normalization depending on the polarization
in which we are interested:

P2
u =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pζ (k1)Pζ (k2) + Pζ (k2)Pζ (k3) + Pζ (k3)Pζ (k1)

: u = 1 (E − mode)

Pζ (k1)Ph(k2)+Pζ (k2)Ph(k3)+Pζ (k3)Ph(k1)

: u = 2 (E
⊗

Bmode)

Ph(k1)Ph(k2) + Ph(k2)Ph(k3) + Ph(k3)Ph(k1)

: u = 3 (B − mode).

(3.20)

Consequently [ fNL;2]u
i j;kl represents the nonlinear parameter

which carries the signature of primordial non-Gaussianities
of the one-scalar two tensor interaction. The explicit form of
[ fNL;2]u

i j;kl characterizing the bispectrum can be calculated
as

123
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[ fNL;2]ui j;kl = 10QP O L
u

3
∑3

i=1 k3
i

(
3
2−νT

)2
K 4νT +2νs−9

[
Cos

([
νs − 1

2

]
π
2

)] 1
3
[
Cos

([
νT − 1

2

]
π
2

)] 2
3

c2νs−3
s c4νT −6

T (k1)νs (k2k3)νT

×
⎛
⎜⎝22νs+4νT −12

∣∣∣∣∣∣
(νs)


(

3
2

)
∣∣∣∣∣∣
2 ∣∣∣∣∣∣

(νT )


(

3
2

)
∣∣∣∣∣∣
4 (

1 − εV − sS
V

)2
(1 − εV − sT

V )4V
3
2 (φ)

YSY 2
T c4

T c3
s g̃

3
2
1 M3

PL

⎞
⎟⎠

×[32F̃1(∇1)u
i j;kl + 4F̃2(∇2)u

i j;kl + 2(F̃3(∇3)u
i j;kl + F̃4(∇4)u

i j;kl + F̃5(∇5)u
i j;kl + F̃6(∇6)u

i j;kl + F̃7(∇7)u
i j;kl )] (3.21)

with polarization index u = 1(E), 2(E
⊗

B), 3(B). The
functional form of the coefficients (∇i )

u
i j;kl∀i are explic-

itly mentioned in Appendix B. In this context we define
K := csk1 + cT (k2 + k3).

The overall normalization factor for the three types of
polarization can be expressed as

QPOL
u =

⎧⎨
⎩

8 : u = 1 (E − mode)
128 : u = 2 (E

⊗
Bmode)

2048 : u = 3 (B − mode).
(3.22)

Further, to make the computation simpler without losing any
essential information we reduce the complete set in terms of
the two-polarization (helicity) mode instead of four compli-
cated tensor indices. For this purpose let us define the reduced
physical quantity:
⊕λ

(�k) = hi j (�k)e†(λ)
i j (3.23)

in terms of which the one-scalar two-tensor correlation is
defined as

〈ζ(�k1)
⊕λ2

(�k2)
⊕λ3

(�k3)〉
= (2π)3δ(�k1 + �k2 + �k3)B(λ1;λ2)

(ζhh) (�k1, �k2, �k3). (3.24)

where the cross reduced bispectrum is defined as

B(λ2;λ3)
(ζhh) (�k1, �k2, �k3) = (2π)4P2

u∏3
i=1 k3

i

A(λ2;λ3)
(ζhh)

= 6

5
[ fNL;2]u;(λ2;λ3) P2

u . (3.25)

Applying the basis transformation the explicit form of
[ fNL;2](λ2;λ3) characterizing the crossed bispectrum can be
written as

[ fNL;2]u;(λ2;λ3) = 10QP O L
u

3
∑3

i=1 k3
i

( 3
2 − νT

)2
K 4νT +2νs−9

[
Cos

([
νs − 1

2

]
π
2

)] 1
3
[
Cos

([
νT − 1

2

]
π
2

)] 2
3

c2νs−3
s c4νT −6

T (k1)
νs (k2k3)

νT

×
⎛
⎝22νs+4νT −12

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
2 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
4 (

1 − εV − sS
V

)2 (
1 − εV − sT

V

)4
V

3
2 (φ)

YSY 2
T c4

T c3
s g̃

3
2
1 M3

PL

⎞
⎠

×[32F̃1(∇1)
u;λ2;λ3 + 4F̃2(∇2)

u;λ2;λ3 + 2(F̃3(∇3)
u;λ2;λ3 + F̃4(∇4)

u;λ2;λ3 + F̃5(∇5)
u;λ2;λ3 + F̃6(∇6)

u;λ2;λ3

+ F̃7(∇7)
u;λ2;λ3)]. (3.26)
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The functional form of the coefficients (∇i )
u;λ2;λ3∀i

after a basis transformation are explicitly mentioned in the
Appendix. In the equilateral limit we have

[ f equil
NL;2]u;(λ2;λ3) = 10QPOL

u

9k3

( 3
2 − νT

)2
((cs + 2cT )k)4νT +2νs−9

[
Cos

([
νs − 1

2

]
π
2

)] 1
3
[
Cos

([
νT − 1

2

]
π
2

)] 2
3

c2νs−3
s c4νT −6

T kνs+2νT

×
⎛
⎝22νs+4νT −12

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
2 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
4

(1 − εV − sS
V )2(1 − εV − sT

V )4V
3
2 (φ)

YSY 2
T c4

T c3
s g̃

3
2
1 M3

PL

⎞
⎠ [32F̃1(∇1)

u;λ2;λ3
equil + 4F̃2(∇2)

u;λ2;λ3
equil

+ 2(F̃3(∇3)
u;λ2;λ3
equil + F̃4(∇4)

u;λ2;λ3
equil + F̃5(∇5)

u;λ2;λ3
equil + F̃6(∇6)

u;λ2;λ3
equil + F̃7(∇7)

u;λ2;λ3
equil )], (3.27)

where each coefficients and functions are evaluated in equi-
lateral limit.

3.3 Two-scalar one-tensor correlation

After gauge fixing the interactions involving one tensor and
two scalars are given by the following third-order action:

Sζ ζh =
∫

dtd3x a3
{Y1

a2 hi jζ,iζ, j + Y2

a2 ḣi jζ,iζ, j

+Y3ḣi jζ,iψ, j + Y4

a2 ∂2hi jζ,iψ, j + Y5

a4 ∂2hi jζ,iζ, j

+Y6∂
2hi jψ,iψ, j

}
, (3.28)

where the dimensionful coefficients Yi (i = 1, 2, . . . , 6) are
defined as

Y1 = Ysc2
s ,

Y2 = L1
ˆ̃K X X

4
(Ysc2

s − YT c2
T )

+ L1Y 2
T

⎡
⎣−1

2
+ H L1

ˆ̃K X X

4

(
3 + ẎT

HYT

)

− 1

4

d

dt

(
L1

ˆ̃K X X

)]
+ σYsc2

s

YT
+ 2H L1YT σ

−YT
d

dt
(L1σ),

Y3 = Ys

[
3

2
+ d

dt

⎛
⎝ ˆ̃K X X L1

2
+ σ

YT

⎞
⎠

−
(

3H + ẎT

YT

)⎛
⎝ ˆ̃K X X L1

2
+ σ

YT

⎞
⎠

]
,

Y4 = Ys

⎡
⎣− (YT − ˆ̃K X X c2

T )L1

2
− 2Hσ L1 + d

dt
(L1σ)

+ σ

Y 2
T

(YT c2
T − Ysc2

s )

⎤
⎦ ,

Y5 = Y 2
T L1

2

⎡
⎣ (YT − ˆ̃K X X c2

T )

2
+ 2H L1σ

− d

dt
(σ L1) − σ

Y 2
T

(3YT c2
T − Ysc2

s )

⎤
⎦ ,

Y6 = Y 2
s

4YT

[
1 + 6Hσ

YT
− 2YT

d

dt

(
σ

Y 2
T

)]
. (3.29)

Following the prescription of the in–in formalism in the
interaction picture three-point two scalar one tensor corre-
lation function can be expressed in the following form:

〈ζ(�k1)ζ(�k2)hkl(�k3)〉 = −i
7∑

q=1

∫ 0

−∞
dη a

× 〈0|[ζ(�k1)ζ(�k2)hkl(�k3), ([H (q)
int (η)]kl)ζζh]|0〉

= (2π)3δ(3)(�k1 + �k2 + �k3){Bζ ζh}kl(�k1, �k2, �k3),

(3.30)

where the total Hamiltonian can be expressed in terms of
the third-order Lagrangian density as ([Hint(η)]kl)ζζh =∑7

q=1([H (q)
int (η)]kl)ζζh = − ∫

d3x[(L3)ζζh]kl . Here the
cross bispectrum {Bζ ζh}kl is defined as

{Bζ ζh}kl = (2π)4P2
u∏3

i=1 k3
i

(Aζ ζh)kl = 6

5
[ fNL;3]u

kl P2
u , (3.31)

where (Aζ ζh)kl is the two scalar one tensor correlation shape
function and the symbol ; 3 represents two scalar one tensor
correlation. Consequently the nonlinear parameter [ fNL;3]u

kl
can be expressed as
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[ fNL;3]u
kl = 10LPOL

u Ni j;kl

3
∑3

i=1 k3
i

K 4νs+2νT −9
[
Cos

([
νs − 1

2

]
π
2

)] 2
3
[
Cos

([
νT − 1

2

]
π
2

)] 1
3

c4νs−6
s c2νT −3

T (k1k2)νs kνT
3

×
⎛
⎝24νs+2νT −12

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
4 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
2 (

1 − εV − sS
V

)4 (
1 − εV − sT

V

)2
V

3
2 (φ)

Y 2
S YT c6

s c3
T g̃

3
2
1 M3

PL

⎞
⎠

(
6∑

v=1

Yv(∇̂v)i j

)
, (3.32)

where the functional dependence of the coefficients (∇̂v)i j∀v

are explicitly mentioned in Appendix B. In this context K :=
cs(k1 + k2) + cT k3.

For the quasi-exponential limit the overall normalization
factor for the three types of polarization can be expressed as

LPOL
u =

⎧⎨
⎩

1 : u = 1 (E − mode)
16 : u = 2 (E

⊗
Bmode)

256 : u = 3 (B − mode).
(3.33)

As mentioned in the previous subsection, performing a
basis transformation cross bispectrum for two scalars and
one tensor can be expressed as

〈ζ(�k1)ζ(�k2)
⊕λ

(�k3)〉
= (2π)3δ(3)(�k1 + �k2 + �k3)B(ζ ζh)

λ (�k1, �k2, �k3). (3.34)

where we have used the following parameterization:

B(ζ ζh)
λ = (2π)4P2

u∏3
i=1 k3

i

Aλ
(ζζh) = 6

5
[ fNL;3]u;λ P2

u . (3.35)

The polarized non-Gaussian parameter for two scalar and
one tensor mode[ fNL;3]u;λ can be rewritten as

[ fNL;3]u
λ = 20LPOL

u δ
λλ

′

3
∑3

i=1 k3
i

K 4νs+2νT −9
[
Cos

([
νs − 1

2

]
π
2

)] 2
3
[
Cos

([
νT − 1

2

]
π
2

)] 1
3

c4νs−6
s c2νT −3

T (k1k2)νs kνT
3

×
⎛
⎝24νs+2νT −12

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
4 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
2 (

1 − εV − sS
V

)4 (
1 − εV − sT

V

)2
V

3
2 (φ)

Y 2
S YT c6

s c3
T g̃

3
2
1 M3

PL

⎞
⎠

(
6∑

v=1

Yv(∇̂v)λ′

)
, (3.36)

where all the coefficients (∇̂v)λ′ ∀v after a basis transforma-
tion are explicitly written in Appendix B.

In the equilateral limit the expression for the non-Gaussian
parameter ( fNL) reduces to the following form:

[ f equil
NL;3]u

λ = 20LPOL
u δ

λλ
′

9k3

((2cs +cT )k)4νs+2νT −9
[
Cos

([
νs − 1

2

]
π
2

)] 2
3
[
Cos

([
νT − 1

2

]
π
2

)] 1
3

c4νs−6
s c2νT −3

T k2νs+νT

×
⎛
⎝24νs+2νT −12

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
4 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
2

×
(
1 − εV − sS

V

)4 (
1 − εV − sT

V

)2
V

3
2 (φ)

Y 2
S YT c6

s c3
T g̃

3
2
1 M3

PL

⎞
⎠

(
6∑

v=1

Yv(∇̂v)
equil

λ
′

)
.

(3.37)

3.4 Three-tensor correlation

The interactions involving three tensors are given by the fol-
lowing third-order action:

Shhh =
∫

dtd3x a3

{
σ

12
ḣi j ḣ jk ḣki + YT

4a2c2
T

×
(

hikh jl − 1

2
hi j hkl

)
hi j,kl

}
. (3.38)

Now following the prescription of the in–in formalism in the
interaction picture the three-point three-tensor correlation
function can be expressed in the following form:
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〈hi1 j1(
�k1)hi2 j2(

�k2)hi3 j3(
�k3)〉

= −i
∫ 0

−∞
dη a〈0|[hi1 j1(

�k1)hi2 j2(
�k2)hi3 j3(

�k3),

× ([Hint(η)]i1 j1i2 j2i3 j3)hhh]|0〉
= (2π)3δ(3)(�k1 + �k2 + �k3){Bhhh}i1 j1i2 j2i3 j3(

�k1, �k2, �k3),

(3.39)

where the total Hamiltonian is expressed in terms of the
third-order Lagrangian density as ([Hint(η)]i1 j1i2 j2i3 j3)hhh =
− ∫

d3x[(L3)hhh]i1 j1i2 j2i3 j3 . In this context the bispectrum
for the three-tensor correlation can be expressed as

{Bhhh}i1 j1i2 j2i3 j3(
�k1, �k2, �k3) = (2π)4P2

u∏3
i=1 k3

i

Ahhh
i1 j1i2 j2i3 j3

= 6

5
[ fNL;4]P2

u , (3.40)

where the symbol ; 4 represents three-tensor correlation.
Also, the non-Gaussian parameter is given by

[ fNL;4]i1 j1i2 j2i3 j3 = 10WPOL
u

3
∑3

i=1 k3
i

K 9−6νT Cos
([

νT − 1
2

]
π
2

)
(k1k2k3)2νT

×
⎛
⎝23(νs+νT )−11

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
3 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
3

×
(
1 − εV − sS

V

)3 (
1 − εV − sT

V

)3
V

3
2 (φ)

Y
3
2

S Y
3
2

T c
9
2
s c

9
2
T g̃

3
2
1 M3

PL

⎞
⎠

×
⎛
⎝ 3∑

p=1

�
(p)
i1 j1i2 j2i3 j3

⎞
⎠ , (3.41)

where K = k1 + k2 + k3 and the polarization index
u = 1(E−mode), 2(E

⊗
B − mode), 3(B − mode). The

functional dependence of all the coefficients �
(p)
i1 j1i2 j2i3 j3

∀p
are summarized in Appendix B. For the quasi-exponential
limit the overall normalization factor for the three types of
polarization can be expressed as

WPOL
u =

⎧⎨
⎩

4 : u = 1 (E − mode)
64 : u = 2 (E

⊗
Bmode)

1024 : u = 3 (B − mode).
(3.42)

After performing a basis transformation the relevant three-
point correlation function for the three-tensor interaction can
be expressed in terms of the bispectrum as〈⊕λ1

(�k1)
⊕λ2

(�k2)
⊕λ3

(�k3)

〉

= (2π)3δ(3)(�k1 + �k2 + �k3)Bhhh
λ1,λ2,λ3

. (3.43)

where

Bhhh
λ1,λ2,λ3

= (2π)4P2
u∏3

i=1 k3
i

Aλ1,λ2,λ3
(ζ ζh) = 6

5
[ fNL;4]u

λ1,λ2,λ3
P2

u ,

(3.44)

where the nonlinear parameter is given by

[ fNL;4]uλ1,λ2,λ3
= 10WPOL

u

3
∑3

i=1 k3
i

K 9−6νT Cos
([

νT − 1
2

]
π
2

)

(k1k2k3)2νT

×
⎛
⎜⎝23(νs+νT )−11

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
3 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
3

×
(

1 − εV − sS
V

)3 (
1 − εV − sT

V

)3
V

3
2 (φ)

Y
3
2

S Y
3
2

T c
9
2
s c

9
2
T g̃

3
2
1 M3

PL

⎞
⎟⎠

×
⎛
⎝ 3∑

p=1

�
(p)
λ1λ2λ3

⎞
⎠ . (3.45)

Once again, all the helicity dependent coefficients
�

(p)
λ1λ2λ3

∀p after a basis transformation are explicitly men-
tioned in Appendix B.

In the equilateral limit we have

[ f
equil
NL;4]uλ1,λ2,λ3

= 10WPOL
u

9k3

(3k)9−6νT Cos
([

νT − 1
2

]
π
2

)

k6νT

×
⎛
⎝23(νs+νT )−11

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
3 ∣∣∣∣∣

(νT )

( 3
2 )

∣∣∣∣∣
3

×
(

1 − εV − sS
V

)3 (
1 − εV − sT

V

)3
V

3
2 (φ)

Y
3
2

S Y
3
2

T c
9
2
s c

9
2
T g̃

3
2
1 M3

PL

⎞
⎟⎠

×
⎛
⎝ 3∑

p=1

�
(p);equil
λ1λ2λ3

⎞
⎠ . (3.46)

The numerical values of all such non-Gaussian parameters
from three-point correlation for different polarizing modes
are mentioned in the Table 1. In this context PC and PV
stands for the parity conserving and violating contribution
for the graviton degrees of freedom.

4 Tree level trispectrum analysis from four-scalar
correlation

To derive the expression for scalar trispectrum for D3 DBI
Galileon let us start from fourth-order action up to total
derivatives. Consequently the fourth-order action in the uni-
form gauge can be expressed as

Sζ ζ ζ ζ = SCI + SSE + SGE, (4.1)

where SCI, SSE, and SGE represent the contribution from the
contact interaction, scalar exchange and graviton exchange
appearing in the four-point correlator. In the next subsections
we will discuss the individual contributions separately.
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Table 1 Different non-Gaussian ([ fNL;A]u;(λ1λ2λ3)) parameters related
to the primordial bispectrum for A = 1 (three scalar), 2 (one scalar and
two tensor), 3 (two scalar and one tensor), 4 (three tensor) with polariza-
tion index u = 1(E − mode), 2(E

⊗
B − mode), 3(B − mode) includ-

ing all helicity degrees of freedom represented by λ1, λ2, and λ3 esti-

mated from our model. In this context “+” and “−” stand for the two
projections of helicity for the graviton degrees of freedom and “0” rep-
resents the helicity for the scalar mode. Here PC and PV stand for the
parity conserving and violating contributions appearing in the tree level
primordial bispectrum analysis

[ fNL;A]u;(λ1λ2λ3) (E-mode) ×10−3 [ fNL;A]u;(λ1λ2λ3) (E
⊗

B-mode) ×10−3 [ fNL;A]u;(λ1λ2λ3) (B-mode) ×10−4

[ fNL;1]1;(0 0 0) (PC) 4000–7000 [ fNL;1]2;(0 0 0) (PC) 0 [ fNL;1]3;(0 0 0) (PC) 0

[ fNL;2]1;(0++) (PV) 3.2–6.7 [ fNL;2]2;(0++) (PV) 2.1–4.5 [ fNL;2]3;(0++) (PV) 2.8–8.7

[ fNL;2]1;(0−−) (PV) 1.4–5.7 [ fNL;2]2;(0−−) (PV) 2.1–8.9 [ fNL;2]3;(0−−) (PV) 2.7–7.2

[ fNL;2]1;(0+−) (PV) 2.6–9.6 [ fNL;2]2;(0+−) (PV) 2.9–11.0 [ fNL;2]3;(0+−) (PV) 2.7–8.4

[ fNL;2]1;(0−+) (PV) 1.7–6.9 [ fNL;2]2;(0−+) (PV) 3.5–7.4 [ fNL;2]3;(0−+) (PV) 1.8–10.6

[ fNL;3]1;(0 0 +) (PC) 121–432 [ fNL;3]2;(0 0 +) (PC) 78–349 [ fNL;3]3;(0 0 +) (PC) 45–221

[ fNL;3]1;(0 0 −) (PC) 549–878 [ fNL;3]2;(0 0 −) (PC) 304–883 [ fNL;3]3;(0 0 −) (PC) 189–588

[ fNL;4]1;(+++) (PV) 0.23–0.97 [ fNL;4]2;(+++) (PV) 0.08–0.32 [ fNL;4]3;(+++) (PV) 0.02–0.34

[ fNL;4]1;(−−−) (PV) 0.06–0.41 [ fNL;4]2;(−−−) (PV) 0.09–0.67 [ fNL;4]3;(−−−) (PV) 0.23–1.7

[ fNL;4]1;(++−) (PV) 0.23–0.93 [ fNL;4]2;(++−) (PV) 0.18–0.67 [ fNL;4]3;(++−) (PV) 0.03–0.53

[ fNL;4]1;(+−−) (PV) 0.01–0.35 [ fNL;4]2;(+−−) (PV) 0.07–0.44 [ fNL;4]3;(+−−) (PV) 0.02–0.42

[ fNL;4]1;(−+−) (PV) 0.04–0.39 [ fNL;4]2;(−+−) (PV) 0.02–0.32 [ fNL;4]3;(−+−) (PV) 0.09–0.51

[ fNL;4]1;(−++) (PV) 0.03–0.56 [ fNL;4]2;(−++) (PV) 0.1–0.43 [ fNL;4]3;(−++) (PV) 0.17–0.63

[ fNL;4]1;(−−+) (PV) 0.09–0.34 [ fNL;4]2;(−−+) (PV) 0.07–0.41 [ fNL;4]3;(−−+) (PV) 0.05–0.44

4.1 Contact interaction

Taking into account the contribution coming from contact
interaction of effective DBI Galileon in the fourth-order
action in uniform gauge we get

SCI =
∫

dtd3x
a3

4

{
Ū1ζ̇

4 − (∂ζ )2

a2 ζ̇ 2Ū2 + Ū3
(∂ζ )4

a4

}
,

(4.2)

where the coefficients Ūi (i = 1, 2, 3) for the effective DBI
Galileon are defined as

Ū1 =
(

φ̇4

6
[ ˆ̃K4X − G̃4X φ̇2] + φ̇2[ ˆ̃K X X X − G̃ X X X φ̇2]

+ 1

2
[ ˆ̃K X X − G̃ X X φ̇2]

)
,

Ū2 = (φ̇2[ ˆ̃K X X X − G̃ X X X φ̇2] + ˆ̃K X X − G̃ X X φ̇2),

Ū3 = 1

2
[ ˆ̃K X X − G̃ X X φ̇2], (4.3)

where ˆ̃K (φ, X) and G̃(φ, X) are explicitly mentioned in Eq.
(2.5). Using the in–in procedure the four-point correlator
function for quasi-exponential situation can be expressed in
the following form:

〈ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4)〉CI = −i
3∑

j=1

∫ 0

−∞
dη a

×〈0|[ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4), (H ( j)
int (η))CIζ ζ ζ ζ ]|0〉

= (2π)3δ(3)( �k1 + �k2 + �k3 + �k4)T CI
ζ ( �k1, �k2, �k3, �k4), (4.4)

where in the interaction picture the Hamiltonian can be writ-
ten as (Hint(η))CIζ ζ ζ ζ = ∑3

j=1(H ( j)
int (η))CIζ ζ ζ ζ .

Here following the ansatz used in [22] the trispectrum
T CI

ζ ( �k1, �k2, �k3, �k4) for contact interaction is defined as

T CI
ζ ( �k1, �k2, �k3, �k4) = 1∏4

i=1 k3
i

×[(k3
1k3

2 +k3
3k3

4)(k−3
13 +k−3

14 )+(k3
1k3

4 +k3
2k3

3)(k−3
12 + k−3

13 )

+ (k3
1k3

3 +k3
2k3

4)(k−3
12 +k−3

14 )]{τCINL P3
ζ(1)+

54

25
gCINL P3

ζ(2)}, (4.5)

where

P3
ζ(1) = ∑

j<p,i �= j,p
Pζ (ki j )Pζ (k j )Pζ (kp),

P3
ζ(2) = ∑

i< j<p
Pζ (ki )Pζ (k j )Pζ (kp),

(4.6)

such that
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P3
ζ = P3

ζ(1) + 3456

25

1

K̄ 3
[(k3

1k3
2 + k3

3k3
4)(k−3

13 + k−3
14 )

+ (k3
1k3

4 + k3
2k3

3)(k−3
12 + k−3

13 )

+ (k3
1k3

3 + k3
2k3

4)(k−3
12 + k−3

14 )]P3
ζ(2), (4.7)

and τCINL and gCI
NL are the two nonlinear parameters which

carry the signatures of primordial non-Gaussianities of the
curvature perturbation in the trispectrum analysis. By know-
ing τCINL the other parameter gCI

NL can be calculated by making
use of the following relation [65]:

gCI
NL = 64

K̄ 3
[(k3

1k3
2 + k3

3k3
4)(k−3

13 + k−3
14 )

+ (k3
1k3

4 + k3
2k3

3)(k−3
12 + k−3

13 ) + (k3
1k3

3

+ k3
2k3

4)(k−3
12 + k−3

14 )]τCINL, (4.8)

where K̄ = k1 + k2 + k3 + k4. Therefore, there is only
one independent piece of information, namely τCINL, which
carries information as regards the trispectrum obtained from
the contact interaction.

To proceed, we denote the angle between �ki and �k j (with
i �= j) by �i j ; then

Cos(�12) = Cos(�34) := Cos(�3),

Cos(�23) = Cos(�14) := Cos(�1),

Cos(�13) = Cos(�24) := Cos(�2)

(4.9)

subject to the constraint
Cos(�1) + Cos(�2) + Cos(�3) = −1 comes from the

conservation of momentum. Additionally we have used

k14 = k23 = | �k1 + �k4| = | �k2 + �k3|
=

√
k2

1 + k2
4 + 2k1k4Cos(�1)

=
√

k2
2 + k2

3 + 2k2k3Cos(�1),

k24 = k13 = | �k2 + �k4| = | �k1 + �k3|
=

√
k2

2 + k2
4 + 2k2k4Cos(�2)

=
√

k2
1 + k2

3 + 2k1k3Cos(�2),

k34 = k12 = | �k3 + �k4| = | �k1 + �k2|
=

√
k2

3 + k2
4 + 2k3k4Cos(�3)

=
√

k2
1 + k2

2 + 2k1k2Cos(�3).

(4.10)

The explicit form of τCINL characterizing the trispectrum
obtained from the contact interaction can be expressed for
our model as

τCINL

= 28νs −6π6Cos
([

νs− 1
2

]
π
2

)

[(k3
1 k3

2+k3
3 k3

4 )(k−3
13 +k−3

14 )+(k3
1 k3

4+k3
2 k3

3 )(k−3
12 +k−3

13 )+(k3
1 k3

3+k3
2 k3

4 )(k−3
12 +k−3

14 )]

×
∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
8

(1 − εV − sS
V )8 H8

Y 4
S c12

s (k1k2k3k4)2νs

{
8Ū1 K̄ 8νs−5

13
[(17 − 8νs)

× K̄ 8G1 − i(16 − 8νs)K̄ 7G2

+ (15 − 8νs)K̄ 6G3 − i(14 − 8νs)K̄ 5G4

+ (13 − 8νs)K̄ 4G5 − i(12 − 8νs)K̄ 3G6

+ (11 − 8νs)K̄ 2G7 − i(10 − 8νs)K̄ G8 + G9
]

+ Ū2 K̄ 8νs−3

32

[
( �k3. �k4)Ī(3, 4; 1, 2) + ( �k2. �k4)Ī(2, 4; 1, 3)

+ ( �k2. �k3)Ī(2, 3; 1, 4) + ( �k1. �k4)Ī(1, 4; 2, 3)

+ ( �k1. �k2)Ī(1, 2; 3, 4) + ( �k1. �k3)Ī(1, 3; 2, 4)
]

+ Ū3 K̄ 8νs+12

8

[
( �k1. �k2)( �k3. �k4) + ( �k1. �k3)( �k2. �k4)

+ ( �k1. �k4)( �k2. �k3)
]( Z̄1(13 − 8νs)

(K̄ )13
+ Z̄2(14 − 8νs)

(K̄ )14

− Z̄3(15 − 8νs)

(K̄ )15
− Z̄4(16 − 8νs)

(K̄ )16
+ Z̄5(17 − 8νs)

(K̄ )17

)}

(4.11)

where the functional dependence of the momentum depen-
dent functions Gi∀i , Zq∀q and Ī(i, j; m, n) are given in
Appendix B. It is important to mention here that the 4D effec-
tive coupling and the interaction between the higher order
graviton and the DBI Galileon plays a significant role in the
slow-roll regime. From Eq. (4.11) it is evident that the non-
Gaussian parameter τCINL obtained from the contact interac-
tion is inversely proportional to the 12th power of the sound
speed for the scalar mode. But depending on the signature
and strength of the Gauss–Bonnet coupling the behavior of
the τCINL changes.

Further, using the equilateral configuration (k1 = k2 =
k3 = k4 = k and K̄ = 4k) and incorporating the contribution
from the maximum shape of the trispectrum (Cos(�1) =
Cos(�2) = Cos(�3) = − 1

3 and ki j (for i < j) = 2k√
3
) the

nonlinear parameter can be expressed as

τ
equil;CI
NL = 224νs−5π6Cos

([
νs − 1

2

]
π
2

)
9
√

3k3

∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
8

× (1−εV −sS
V )8 H8

Y 4
S c12

s

{
8Ū1

13312k5

[
65536(17−8νs)k

8Gequil
1

−16384i(16−8νs)k
7Gequil

2 +4096(15−8νs)k
6Gequil

3

−1024i(14 − 8νs)k
5Gequil

4

+ 256(13 − 8νs)k
4Gequil

5 − 64i(12 − 8νs)k
3Gequil

6

+ 16(11 − 8νs)k
2Gequil

7

−4i(10 − 8νs)kGequil
8 + Gequil

9

]
− Ū2

1024k
Īequil
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+ 838861Ū3

12

( Z̄equil
1 k3(13 − 8νs)

67108864

+ Z̄equil
2 k2(14 − 8νs)

268435456
− Z̄equil

3 k(15 − 8νs)

1073741824

− Z̄equil
4 (16 − 8νs)

4294967296
+ Z̄equil

5 (17 − 8νs)

17179869184

)}
. (4.12)

4.2 Scalar exchange

Within the in–in picture formalism, to calculate the four-point
correlation function resulting from a correlation established
via the scalar exchange mode of effective DBI Galileon we
start with the following action in the uniform gauge:

SSE =
∫

dtd3x a3
{
Aζ̇ 3 − (∂ζ )2

a2 ζ̇ B
}

, (4.13)

where the coefficients (A,B) are defined as

A =
(

φ̇

2
[ ˆ̃K X X −G̃ X X ]+ φ̇3

6
[ ˆ̃K X X X − G̃ X X X φ̇2]

)
,

B = − φ̇

2
[ ˆ̃K X X − G̃ X X φ̇2].

(4.14)

Using the in–in procedure the four-point correlator function
for the quasi-exponential limit can be expressed in the fol-
lowing form:

〈ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4)〉SE = −i
2∑

j=1

2∑
p=1

∫ 0

−∞
dη

∫ η

−∞
dη̃

× 〈0|[[ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4), (H ( j)
int (η))SEζ ζ ζ ], (H (p)

int (η̃))SEζ ζ ζ ]|0〉
= (2π)3δ(3)( �k1 + �k2 + �k3 + �k4)T SE

ζ ( �k1, �k2, �k3, �k4), (4.15)

where in the interaction picture the Hamiltonian can be
written in terms of the third-order Lagrangian density
as (Hint(η))SEζ ζ ζ = ∑2

j=1(H ( j)
int (η))SEζ ζ ζ = − ∫

d3xLSE
3 .

Hence following the ansatz used in [22] the trispectrum
T SE

ζ ( �k1, �k2, �k3, �k4) is defined as

T SE
ζ ( �k1, �k2, �k3, �k4) = 1∏4

i=1 k3
i

[(k3
1k3

2 + k3
3k3

4)(k−3
13 + k−3

14 )

+ (k3
1k3

4 + k3
2k3

3)(k−3
12 + k−3

13 )

+(k3
1k3

3 + k3
2k3

4)(k−3
12 + k−3

14 )]
×

{
τSENL P3

ζ(1) + 54

25
gSENL P3

ζ(2)

}
, (4.16)

where τSENL and gSE
NL are the two nonlinear parameters which

carry the signatures of primordial non-Gaussianities of the
curvature perturbation obtained from the scalar exchange
contribution in the trispectrum analysis. By knowing τSENL
the other parameter, gSE

NL, can be calculated by making use
of the following relation [65]:

gSE
NL = 64

K̄ 3
[(k3

1k3
2 + k3

3k3
4)(k−3

13 + k−3
14 ) + (k3

1k3
4 + k3

2k3
3)

× (k−3
12 + k−3

13 ) + (k3
1k3

3 + k3
2k3

4)(k−3
12 + k−3

14 )]τSENL,

(4.17)

where K̄ = k1 +k2 +k3 +k4. The explicit form of τSENL char-
acterizing the scalar exchange trispectrum can be expressed
for our model as:

τSENL = 28νs−14 K̄ 10νs−15Cos
([

νs − 1
2

]
π
2

)
[(k3

1k3
2 + k3

3k3
4)(k−3

13 + k−3
14 ) + (k3

1k3
4 + k3

2k3
3)(k−3

12 + k−3
13 ) + (k3

1k3
3 + k3

2k3
4)(k−3

12 + k−3
14 )]

×
∣∣∣∣∣
(νs)

( 3
2 )

∣∣∣∣∣
8

(1 − εV − sS
V )8 H8

Y 5
S c6

s (k1k2k3k4)2νs
{9A2[�1(−k1,−k2,−k12, k3, k4, k12) − �1(k1, k2,−k12, k3, k4, k12)]

+AB[3( �k3. �k4){�3(k1, k2,−k12, k12, k3, k4) − �3(−k1,−k2,−k12, k12, k3, k4)}
+ 6( �k12. �k4){�3(k1, k2,−k12, k3, k4, k12) − �3(−k1,−k2,−k12, k3, k4, k12)}
+ 3( �k1. �k2){�4(−k12, k1, k2, k3, k4, k12) − �4(−k12,−k1,−k2, k3, k4, k12)}
− 6( �k12. �k2){�4(k1, k2,−k12, k3, k4, k12) − �4(−k1,−k2,−k12, k3, k4, k12)}]
−B2[( �k1. �k2)( �k3. �k4){�2(−k12, k1, k2, k12, k3, k4) − �2(−k12,−k1,−k2, k12, k3, k4)}
+ 2( �k1. �k2)( �k12. �k4){�2(−k12, k1, k2, k3, k4, k12) − �2(−k12,−k1,−k2, k3, k4, k12)}
− 2( �k3. �k4)( �k12. �k2){�2(k1, k2,−k12, k12, k3, k4) − �2(−k1,−k2,−k12, k12, k3, k4)}
− 4( �k12. �k4)( �k12. �k2){�2(k1, k2,−k12, k3, k4, k12) − �2(−k1,−k2,−k12, k3, k4, k12)}]
+ 23 permutations of (k1, k2, k3, k4)}, (4.18)
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where the momentum dependent functions �i∀i are men-
tioned in the Appendix. Further, using the equilateral config-
uration the non-Gaussian parameter from the scalar exchange
contribution can be expressed as

τ
equil;SE
NL = 220νs−42k10νs−18Cos

([
νs − 1

2

]
π
2

)
9
√

3

∣∣∣∣∣
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( 3
2 )

∣∣∣∣∣
8
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V )8 H8

Y 5
S c6

s

×
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3
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3
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)}

+ 4
√

3
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(
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3
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2k√
3
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(
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3
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2k√
3
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{
�4

(
− 2k√

3
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2k√
3

)
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(
− 2k√

3
,−k,−k, k, k,

2k√
3
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−4
√

3

{
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(
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3
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2k√
3

)
− �4

(
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3
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2k√
3
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−k4B2
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)
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{
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(
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(
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(
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,
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−16
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{
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(
k, k,− 2k√

3
, k, k,

2k√
3

)
− �2

(
−k,−k,− 2k√

3
, k, k,

2k√
3

)}]

+23 permutations

}
. (4.19)

4.3 Graviton exchange

In this section we are interested to evaluate the contribu-
tion of four-point function of curvature perturbations from
the exchange of graviton. This process involves a third-order
interaction among scalar fluctuations and tensor perturba-
tions. To proceed, we need here only the significant third
order term in the action, which describes the graviton-scalar-
scalar vertex in the uniform gauge as

SGE = 1

2

∫
dt d3x a2Y1 hi jζ,iζ, j , (4.20)

where Y1 = YSc2
S . Using the in–in procedure the four-point

correlator function for the quasi-exponential limit can be
expressed in the following form:

〈ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4)〉GE

= −i limη�→0
∫ η�

−∞ dη
∫ η

−∞ dη̃

〈0|[[ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4), (Hint(η))GE
ζ ζ ζ ],

× (Hint(η̃))GE
ζ ζ ζ ]|0〉

= (2π)3δ(3)( �k1 + �k2 + �k3 + �k4)T GE
ζ ( �k1, �k2, �k3, �k4),

(4.21)

where in the interaction picture the Hamiltonian can be writ-
ten in terms of the third-order Lagrangian density as

(Hint(η))GE
ζ ζh = − ∫

d3x LGE
3 .

Here following the ansatz used in [22] the trispectrum
T GE

ζ ( �k1, �k2, �k3, �k4) obtained from the graviton exchange
contribution is defined as

T GE
ζ ( �k1, �k2, �k3, �k4) = 1∏4

i=1 k3
i

[(k3
1k3

2 + k3
3k3

4)(k−3
13 + k−3

14 )

+ (k3
1k3

4 + k3
2k3

3)(k−3
12 + k−3

13 )

+(k3
1k3

3 + k3
2k3

4)(k−3
12 + k−3

14 )]
{
τGE

NL P3
ζ(1)

+ 54

25
gGE

NL P3
ζ(2)

}
, (4.22)

where τGE
NL and gGE

NL are the two nonlinear parameters which
carry the signatures of primordial non-Gaussianities of the
curvature perturbation in the trispectrum analysis. By know-
ing τGE

NL the other parameter gGE
NL can be calculated by making

use of the following relation [65]:

gGE
NL = 64

K̄ 3
[(k3

1k3
2 + k3

3k3
4)(k−3

13 + k−3
14 ) + (k3

1k3
4 + k3

2k3
3)

×(k−3
12 + k−3

13 ) + (k3
1k3

3 + k3
2k3

4)(k−3
12 + k−3

14 )]τGE
NL ,

(4.23)
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where K̄ = k1+k2+k3+k4. The explicit form of τGE
NL charac-

terizing the trispectrum obtained from the graviton exchange
contribution can be expressed for our model as:

τGE
NL = lim

η�→0

28νs−31π2(1 − εV − sS
V )8(1 − εV − sT

V )2 K̄ 10νs−15Sin8
([

νs − 1
2

]
π
2

)
Sin2

([
νT − 1

2

]
π
2

)
[(k3

1k3
2 + k3

3k3
4)(k−3

13 + k−3
14 ) + (k3

1k3
4 + k3

2k3
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12 + k−3
13 ) + (k3

1k3
3 + k3

2k3
4)(k−3

12 + k−3
14 )]

×
∣∣∣∣∣
(νs)


( 3

2

)
∣∣∣∣∣
8 ∣∣∣∣∣

(νT )


( 3

2

)
∣∣∣∣∣
2

H10

Y 4
S Y 2

T c12
s c6

T

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∑
λ=+[+,−],

×[+,−]

∑
i, j,l,m

∑
a<b
c<d

23 perms.

ελ
i j (

�kab)ε
λ
lm(�kcd)

ki
ak j

b kl
ckm

d

kνT +3
ab (kakbkckd)2νs

· ϑabcd(η�)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

. (4.24)

The momentum dependent functions ϑabcd(η�) are given
in the Appendix. Here to write Eq. (4.24) we have used the
fact that the exchange momentum dependent polarization
tensor ελ

i j (
�kab) is a symmetric tensor and also the four-point

correlator obtained from the graviton exchange is invariant
under the exchange of the subscripts of the momenta, a ↔ b
and c ↔ d. Additionally in Eq. (4.24) the sum is performed
only over different indices a, b, c, d, and we have extracted
an overall symmetry factor of 4, which takes care of the
exchanges a ↔ b and c ↔ d. Rewriting the sums appearing
in Eq. (4.24) we get the following reduced formula for the
non-Gaussian parameter:

τGE
NL = 28νs−31π2(1 − εV − sS

V )8(1 − εV − sT
V )2 K̄ 10νs−15Sin8

([
νs − 1

2

]
π
2

)
Sin2([νT − 1

2 ]π
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13 + k−3

14 ) + (k3
1k3
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3)(k−3
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13 ) + (k3
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3 + k3
2k3

4)(k−3
12 + k−3

14 )]

×
∣∣∣∣∣
(νs)

( 3
2 )
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( 3
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2

H10

Y 4
S Y 2

T c12
s c6

T

{ ∑
λ=+[+,−],

×[+,−]
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i, j,l,m
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ελ

i j (
�k12)ε

λ
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1k j

2 kl
3km

4

kνT +3
12 (k1k2k3k4)2νs

· (ϑ̂1234 + ϑ̂3412)

+ ελ
i j (

�k13)ε
λ
lm(�k24)

ki
1k j

3 kl
2km

4

kνT +3
13 (k1k3k2k4)2νs

· (ϑ̂1324 + ϑ̂2413) + ελ
i j (

�k14)ε
λ
lm(�k23)

ki
1k j

4 kl
2km

3

kνT +3
14 (k1k4k2k3)2νs

· (ϑ̂1423 + ϑ̂2314)

]}
, (4.25)

where we define limη�→0 ϑabcd(η�) := ϑ̂abcd . There are
divergent contributions in the limit η∗ → 0 that appear with
a logarithmic dependence on the momenta, but the additive
cumulative contributions of Iabcd and Icdab give rise to a
finite contribution at late times.

To represent Eq. (4.25) in a simpler form, let us start with
the polarization sum

∑
s εs

i j (
�k12)ε

s
lm(�k34)ki

1k j
2 kl

3km
4 in terms

of the relative angles between the �ka and �k12. The polarization
tensors εs

i j can be rewritten as

ε+
i j = �ei ⊗ �e j − �̄ei ⊗ �̄e j , ε×

i j = �ei ⊗ �̄e j + �̄ei ⊗ �e j ,

(4.26)

where �e and �̄e are orthogonal unit vectors perpendicular to
exchange momentum vector �k12. It is convenient to write
the momentum vector �ka in a spherical polar coordinate

system having {�e, �̄e, �̂k12 ≡ �k12/k12} as a basis. In this
coordinate system one can express the momentum vec-

tor as �ka = ka(sin θa cos φa, sin θa sin φa, cos θa) , where

cos θa ≡ �̂ka · �̂k12 and cosφa ≡ �̂ka · �e. This implies

ε+
i j ki

1k j
2 = k1k2 sin θ1 sin θ2 cos(φ1 + φ2),

ε×
i j ki

1k j
2 = k1k2 sin θ1 sin θ2 sin(φ1 + φ2), (4.27)

with an identical relation holding for ε+
i j ki

3k j
4 and ε×

i j ki
3k j

4 ,
which will contribute to the polarization sum also. The pro-
jections of the momentum vectors �k1 and �k2 (similarly for �k3

and �k4) on the plane orthogonal to the exchange momentum
vector �k12 (�k34) have the same amplitude but opposite direc-
tions. Consequently we have two additional sets of constraint
relationships given by

k2 sin θ2 = k1 sin θ1 and φ2 = φ1 + π,

k4 sin θ4 = k3 sin θ3 and φ4 = φ3 + π.
(4.28)

Using these relations we get

∑
s

εs
i j (

�kab)ε
s
lm(�kcd)ki

ak j
b kl

ckm
d

= k2
ak2

c sin2 θa sin2 θc cos 2ϒab,cd , (4.29)

where we define a new angular coordinate ϒab,cd ≡ φa −φc

with a = 1, (b, c) = 2, 3, 4, d = 3, 4, and b > a, d >

c, a �= b �= c �= d, which physically represents the angle
between the projections of the two momentum vectors �ka

and �kc on the plane orthogonal to �k12. Alternatively this can
be interpreted as the angle between the two planes formed by
the pair of momentum vectors {�k1, �k2} and {�k3, �k4}. Thus, the
expression for the non-Gaussian parameter calculated from
the graviton exchange contribution from the trispectrum can
be simplified to the following expression:

123



241 Page 16 of 28 Eur. Phys. J. C (2015) 75 :241

τGE
NL = 28νs−31π2(1 − εV − sS

V )8(1 − εV − sT
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⎫⎬
⎭ . (4.30)

Further, incorporating the contribution from the maxi-
mum shape of the trispectrum one can show that the graviton
exchange contribution does not contribute anything in the
equilateral limit. Now summing up all the significant con-
tributions of the four-point four-scalar correlation coming
from the contact interaction, scalar exchange, and graviton
exchange interaction the numerical value of τ

equil
NL in the equi-

lateral limit is obtained from our setup as 48 < τ
equil
NL < 97 in

the quasi-exponential limit within the window for tensor-to-
scalar ratio 0.213 < r < 0.250 which is significantly large
from other class of DBI models and consistent with the com-
bined constraint obtained from the Planck +WMAP9+high-
L+BICEP2 [2–5] data.

5 Four-point consistency conditions and violation
of Suyama–Yamaguchi relation

In the counter-collinear limit collecting the contribution from
the scalar exchange diagram we derive the following expres-
sion for the four-point consistency condition:

〈ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4)〉SE ≈ (2π)3δ3(�k1 + �k2 + �k3 + �k4)

× (nζ − 1)2

4
Pζ (k12)Pζ (k1)[Pζ (k3) + · · · ], (5.1)

which can be interpreted as the scalar exchange contribution
arising from the product of two back-to-back bispectra in the
squeezed limit. Additionally, we consider the contribution
from the graviton exchange diagram from which we derive
another expression for the four-point consistency condition:

〈ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4)〉G E ≈ 9csεs(2π)3δ3

(�k1 + �k2 + �k3 + �k4)Pζ (k12)Pζ (k1)

×

⎡
⎢⎢⎣

∑
λ=+[+,−],

×[+,−]

∑
i, j,l,m

ελ
i j (

�k12)ε
λ
lm(�k34)

ki
1k j

1 kl
3km

3

k2
1k2

3

Pζ (k3) + · · ·

⎤
⎥⎥⎦ .

(5.2)

Here using k12 → 0, θ1, θ3 → π the polarization sum
appearing in Eq. (5.2) can be simplified to the following
expression:

∑
λ=+[+,−],

×[+,−]

∑
i, j,l,m

ελ
i j (

�k12)ε
λ
lm(�k34)

ki
1k j

1 kl
3km

3

k2
1k2

3

= cos 2ϒ12,34.

(5.3)

Further substituting Eq. (5.3) in Eq. (5.2) and using Eq. (3.15)
the four-point correlation function from the graviton exchange
contribution in the counter-collinear limit (k12 << k1 ≈
k2, k3 ≈ k4) reduces to the following expression:

〈ζ( �k1)ζ( �k2)ζ( �k3)ζ( �k4)〉GE = 9.22(νs−νT −4)r�.[
1 + 3

2
O(ε2

T )

]
�

(
1 − εV − sS

V

1 − εV − sT
V

)2

�

.

∣∣∣∣ (νs)

(νT )

∣∣∣∣
2

×(2π)3δ3(�k1 + �k2 + �k3 + �k4)Pζ (k12)Pζ (k1)

×[cos 2ϒ12,34 Pζ (k3) + · · · ]. (5.4)

To check the validity of the well-known Suyama–Yamguchi
consistency relation we start with the in–in picture where the
four-point correlator can be written as

〈ζ 2(�x)ζ 2(0)〉�k =
∑

n

|〈n�k |ζ 2(0)〉|2, (5.5)

where n is a label for the individual states or particle number
within the momentum eigenspace. Here the sum is written
over positive definite terms. On the other hand in this context
one of the contributions is the square of the squeezed limit of
the three-point correlation function of the scalar contribution.
This implies

〈ζ 2(�x)ζ 2(0)〉�k = |〈ζ(�k)|ζ 2(0)〉|2
Pζ (k)

+
∑

ñ

|〈ñ�k |ζ 2(0)〉|2.

(5.6)
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As the second term in Eq. (5.6) is always positive definite

we conclude that 〈ζ 2(�x)ζ 2(0)〉�k ≥ |〈ζ(�k)|ζ 2(0)〉|2
Pζ (k)

. Further

using this result in the quasi-exponential limit we get

lim
q→0

∫
�k1

d3k1

(2π)3

∫
�k3

d3k3

(2π)3 〈ζ( �k1)ζ(�q − �k1︸ ︷︷ ︸
�k2

)ζ( �k3)ζ(−�q − �k3︸ ︷︷ ︸
�k4

)〉

≥ limq→0

∣∣∣∣∣∣∣∣
∫

�k2

d3k2
(2π)3

〈ζ( �k︸︷︷︸
�k1

)ζ( �k2)ζ(−�q − �k2︸ ︷︷ ︸
�k3

)〉

∣∣∣∣∣∣∣∣

2

Pζ (q)
.

(5.7)

Hence using Eq. (5.7) finally we get

lim
q→0

∫
�k1

d3k1

(2π)3

∫
�k3

d3k3

(2π)3 Pζ (k1)Pζ (k2)

{
τNL − 36

25
( fNL)2

}

≥ 0, (5.8)

resulting in a generic outcome of the DBI Galileon inflation,
viz.,

τ̂NL ≥ 36

25
( f̂NL)2 (5.9)

where τ̂NL and f̂NL are used to represent the soft limits
of the three- and four-point correlator functions. This rela-
tion directly confirms the partial violation of the standard
Suyama–Yamaguchi relation [61,62,64] τ̂NL = 36

25 ( f̂NL)2.
These nontrivial features allow us to go beyond the no-go
theorem in the present context. Some other aspects of the
violation of the well-known consistency relations in the con-
text of single field inflation have been studied in [65,66].

Let us now investigate some possible explanations of the
partial violation of the standard Suyama–Yamaguchi rela-
tion. The standard relations and limits of Non-Gaussianity
are usually derived under the following assumptions:

• The background is Einsteinian gravity.
• Inflation is driven by a single scalar field.
• The scalar field action is canonical.
• Perfect slow-roll conditions hold good throughout.
• The vacuum is Bunch–Davies.

Of course, most of the results derived using these assump-
tions are true to a great extent; it is not obvious that they will
still hold good if one or more assumptions are relaxed. Only
when one deals with a context where one has to relax one or
more assumptions, one can investigate the consequences and
conclude if the relations are still valid or not. In the present
scenario, a non-Einstein framework forms the background
along with a non-canonical action appearing in the matter
sector for a DBI Galileon. The contributions of them arise
through the first two terms of Eq. (2.4) which will further
effect Eqs. (5.1) and (5.4). On top of that, we have higher

derivative contributions for the DBI Galileon matter sector,
for the contact interaction, and scalar and graviton exchange
contributions are coupled with the higher curvature contri-
butions through highly nonlinear terms as appearing in the
perturbative action as mentioned in Eqs. (4.2), (4.13), and
(4.20), which directly affects the interaction vertex factors as
well as the propagators of the setup, resulting in a deviation
from the standard results. We suspect that these non-standard
inputs might have reflected in the violation of the no-go the-
orem.

Having said this, we do admit that this can at best serve as
a qualitative explanation of the violation. A huge amount of
work needs to be done before one can comment conclusively
on the deviation from which the assumption still respects the
relation and the deviation which leads to violation, and, in
case it does, to what extent. This is a highly nontrivial task
which one can only hope to attempt in the future.

6 Summary and outlook

In this article we have explored primordial non-Gaussian fea-
tures of the DBI Galileon inflation in the D3 brane. We have
derived the expressions for three- and four-point correlator
functions in terms of the nonlinear parameters fNL and τNL

for the equilateral type of non-Gaussian configurations in the
nontrivial polarization modes. This resulted in a significantly
large value for the non-Gaussianity from this setup. We could
also find a parameter space for both non-Gaussianity and the
tensor-to-scalar ratio (r ) consistent with the combined con-
straint obtained from the Planck+WMAP9+high-L+BICEP2
data. The detectable features of primordial non-Gaussianity
lead to the conclusion that this type of models can directly be
verified by upcoming data. Moreover, the calculations reveal
some other interesting results like a partial violation of the
Suyama–Yamaguchi four-point consistency relation.

Some issues which can be addressed in the context of non-
Gaussianity for the DBI Galileon are studies of mass spec-
trum of primordial black hole formation [67,68] as a tool for
constraining non-Gaussianity at small scales; the effect of
the presence of one loop and two loop radiative corrections
in the presence of all possible scalar and tensor mode fluctu-
ations in the bispectrum and trispectrum; the study of differ-
ent shapes in equilateral, local, orthogonal, squeezed limit
configuration for the tree, one and two loop level of non-
Gaussianity and calculation of other higher-order n-point
correlation functions to find the proper consistency relations
between all higher-order non-Gaussian parameters as well
as the analysis of CMB bispectrum and trispectrum in the
presence of a Galileon in a SUGRA background. Given the
promising results of the present paper, these open issues are
worth exploring in the future as they may give rise to inter-
esting results.
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Appendix

In this section we mention all the momentum dependent func-
tions appearing in the context of the bispectrum and trispec-
trum analysis coming from all scalar-tensor three-point cor-
relators and the four-point scalar correlation.

A. Functions appearing in three-scalar correlation

The functions appearing in the context of the three-scalar
correlation can be expressed as

I1(x) = Cos
([

x − 1
2

]
π
2

)
(1 + x)

[
2+x

K

∑
i> j k2

i k2
j − 1+x

K 2

∑
i �= j k2

i k3
j

]
,

I2(x)=Cos
([

x − 1
2

]
π
2

)
(1 + x)

[
K

1−x − 1
K

∑
i> j ki k j − 1+x

K 2 k1k2k3

]
, I3(x) = (k1k2k3)

3

K 3

(3 + x)

2
Cos

([
x − 1

2

]
π

2

)
,

I4(x) = Cos
([

x − 1
2

]
π
2

) { ( �k1. �k2)k2
3

K

[
(3 + x)(1 + x) − (2 + x) k3

K

]
+ ( �k2. �k3)k2

1
K

[
(3 + x)(1 + x) − (2 + x) k1

K

]

+ ( �k3. �k1)k2
2

K

[
(3 + x)(1 + x) − (2 + x) k2

K

]}
,

I5(x) = Cos
([

x − 1
2

]
π
2

) { ( �k1. �k2)k2
3

K

[
(1 + x) + (2 + x) k3

K

]
+ ( �k2. �k3)k2

1
K

[
(1 + x) + (2 + x) k1

K

]

+ ( �k3. �k1)k2
2

K

[
(1 + x) + (2 + x) k2

K

]}
,

I6(x) = (k1k2k3)
2

K 3 Cos
([

x − 1
2

]
π
2

)
(6+x)(3+x)

12 ,

I7(x) = Cos
([

x − 1
2

]
π
2

) 2+x
2

[
(1 + x) + (2 + x)

(
k1k2+k2k3+k3k1

K 2 + (3 + x) k1k2k3
K 3

)]{
( �k1. �k2)k2

3
K + ( �k2. �k3)k2

1
K + ( �k3. �k1)k2

1
K

}
,

I8(x) = Cos
([

x − 1
2

]
π
2

) { ( �k1. �k2)k2
3

K

[
(3 + x)(1 + x) + (3 + x)(2 + x) k3

K − (3 + x)
k2

3
K 2

]
+ ( �k2. �k3)k2

1
K [(3 + x)(1 + x)

+ (3 + x)(2 + x) k1
K − (3 + x)

k2
1

K 2

]
+ ( �k3. �k1)k2

2
K

[
(3 + x)(1 + x) + (3 + x)(2 + x) k1

K − (3 + x)
k2

1
K 2

]}
.

(6.1)

In the equilateral configuration these functions are related
through the following expression:

Iequil
1 (x) = Iequil

5 (x) = Iequil
4 (x)

2
, Iequil

2 (x) = 3Iequil
8 (x)

2(1 − x)
,

Iequil
6 (x) =

(
1 + x

2

)
Iequil

3 (x). (6.2)

Additionally in the squeezed limit these functions are
reduced to the following expressions:
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Isq
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,
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π
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π
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,
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π
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3

2
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4
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.

(6.3)

B. Functions appearing in the one-scalar two-tensor
correlation

The functional dependence of the coefficients appearing in
the context of the one-scalar two-tensor correlation can be
expressed as

(∇1)
u
i j;kl =

6∑
p=1

{ [Jp( �k1, �k2, �k3)]u
i j;kl

kνs
1 (k2k3)νT

+ [Jp( �k2, �k1, �k3)]u
i j;kl

kνs
2 (k1k3)νT

+ [Jp( �k3, �k2, �k1)]u
i j;kl

kνs
3 (k2k1)νT

}
(7 + p − 4νT − 2νs)

c
2νs− p

3 − 7
3

s c
4νT − 2p

3 − 14
3

T K 7+p−4νT −2νs

,

(∇2)
u
i j;kl =

[
( �k1. �k2)

kνs
1 (k2k3)

νT
+ ( �k2. �k3)

kνs
2 (k1k3)

νT
+ ( �k3. �k1)

kνs
3 (k2k3)

νT

]
( 3

2 − νT
)2

c2
T

4∑
p=1

Hp
(9 + p − 4νT − 2νs)

c
2νs− p

3 −3
s c

4νT − 2p
3 −6

T K 9+p−4νT −2νs

N u
i j,kl ,

(∇3)
u
i j;kl = [( �k1. �k2)Y123 + ( �k1. �k3)Y132 + ( �k2. �k3)Y213 + ( �k2. �k1)Y231 + ( �k3. �k2)Y312 + ( �k3. �k1)Y321]N u

i j,kl( 3
2 − νT

)2
c2

T

,

(∇4)
u
i j;kl =

(
3

2
− νs

)
[J̃123 + J̃132 + J̃213 + J̃231 + J̃312 + J̃321]N u

i j,kl , (6.4)

(∇5)
u
i j;kl = [C̃123 + C̃132 + C̃213 + C̃231 + C̃312 + C̃321]u

i j,kl ,

(∇6)
u
i j;kl = [Ŵ123 + Ŵ132 + Ŵ213 + Ŵ231 + Ŵ312 + Ŵ321]N u

i j,kl ,

(∇7)
u
i j;kl = [k1mk1m′ {X̄123 + X̄132} + k2mk2m′ {X̄231 + X̄213} + k3mk3m′ {X̄312 + X̄321}]N u

i j,klN u
mn,m′ n,
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with

[
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(6.6)

After using the basis transformation mentioned in Eq.
(3.23) the reduced form of the above mentioned coefficients
can be expressed in the following form:
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(∇1)
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(6.8)

C. Functions appearing in two scalar one tensor correlation

The functional dependence of the coefficients appearing
in the context of two scalar one tensor correlation can be
expressed as
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(∇̂1)i j =
[
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kνT
2 (k1k3)νs

+ k2
3
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(6.9)
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3 = [( 3

2 − νT
)
(kakb + kbkc + kcka) + k2

a

]
, mabc

4

= [( 3
2 − νT

)
kakbkc + k2

a(kb + kc)
]
, mabc

5 = k2
akbkc,

(6.10)

Rabc = L1

(
3

2
− νT

)

×
5∑

p=1

Āabc
p

(8 + p − 2νT − 4νs)

c
4νs− 2p

3 − 16
3

s c
2νT − p

3 − 8
3

T K 8+p−2νT −4νs

+
{

a2Ys

t1

( 3
2 − νT

) ( 3
2 − νs

)
k2

c

6∑
q=1

[
Ĵq ( �ka, �kb, �kc)

]u

× (7 + p − 2νT − 4νs)

c
4νs− 2p

3 − 14
3

s c
2νT − p

3 − 7
3

T K 7+p−2νT −4νs

}
,

(6.11)
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[
Ĵ1( �ka, �kb, �kc)

]u =
(

3

2
− νs

)(
3

2
− νT

)
,
[
Ĵ2( �ka, �kb, �kc)

]u = ic
− 2

3
s c

− 1
3

T K
[
Ĵ1( �ka, �kb, �kc)

]u
,

[
Ĵ3( �ka, �kb, �kc)

]u = −
[(

3

2
− νs

)
k2

a +
(

3

2
− νT

)
k2

b +
(

3

2
− νs

)(
3

2
− νT

)
{kakb + kbkc + kcka}

]
,

[
Ĵ4( �ka, �kb, �kc)

]u = −i

[(
3

2
− νs

)
k2

akc +
(

3

2
− νT

)
k2

c ka +
(

3

2
− νs

)
k2

akb

+
(

3

2
− νT

)
k2

c kb + kakbkc

[
Ĵ1( �ka, �kb, �kc)

]u
]
,

[
Ĵ5( �ka, �kb, �kc)

]u =
[

k2
ak2

c +
(

3

2
− νs

)
k2

akbkc +
(

3

2
− νT

)
kakbk2

c

]
,
[
Ĵ6( �ka, �kb, �kc)

]u = ik2
akbk2

c ,

Āabc
1 =

(
3

2
− νT

)
, Āabc

2 = ic
− 2

3
s c

− 1
3

T K Āabc
1 , Āabc

3 = −
(

3

2
− νT

)[
kakb + kbkc + kcka + k2

a

]
,

Āabc
4 =

[
kakbkc

(
3

2
− νT

)
+ k2

a(kb + kc)

]
, Āabc

5 = k2
akbkc,

R̃abc = k2
a L1 Õ + a2Ys

t1

k2
a

k2
b

(
3

2
− νs

)
Pabc,

Labc = L2
1 Õ − L1a2Ys

( 3
2 − νs

)
t1

5∑
p=1

nabc
q

(8 + p − 4νs − 2νT )

c
4νs− 2p

3 − 16
3

s c
2νT − p

3 − 8
3

T K 8+p−4νs−2νT

+ a4Y 2
s

( 3
2 − νs

)2

t2
1 k2

bk2
c

6∑
r=1

dabc
r

(7 + p − 4νs − 2νT )

c
4νs− 2p

3 − 14
3

s c
2νT − p

3 − 7
3

T K 7+p−4νs−2νT

,

nabc
1 =

(
3

2
− νs

)(
1

k2
a

+ 1

k2
b

)
, nabc

2 = ic
− 2

3
s c

− 1
3

T K nabc
1 ,

nabc
3 = −

[
2 +

(
3

2
− νs

)(
kc

kb
+ kb

kc

)
+

(
3

2
− νs

)
k2

a(kb + kc)

(
1

k2
a

+ 1

k2
b

)]
,

nabc
4 = −i

{
(kc + kb) + ka

[
2 +

(
3

2
− νs

)(
kc

kb
+ kb

kc

)]}
, nabc

5 = ka(kc + kb),

dabc
1 =

(
3

2
− νs

)2

, dabc
2 = ic

− 2
3

s c
− 1

3
T K dabc

1 , dabc
3 = −(k2

b + k2
c + kbkc + kakb + kakc), dabc

6 = ikak2
bk2

c

dabc
4 = −i

[
k2

bk4
c +

(
3

2
− νs

)
{kbk2

c + ka(k2
b + k2

c + kbkc)}
]

, dabc
5 =

[
k2

bk2
c + ka

(
k2

bkc + kbk2
c

(
3

2
− νs

))]
.

(6.12)
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After using the basis transformation mentioned in Eq.
(3.23) we get

(∇̂1)λ′ =
[

(kλ
′

2 kλ
′′

3 + kλ
′

3 kλ
′′

2 )

kνT
1 (k2k3)νs

+ (kλ
′

1 kλ
′′

3 + kλ
′

3 kλ
′′

1 )

kνT
2 (k1k3)νs

+ (kλ
′

1 kλ
′′

2 + kλ
′

2 kλ
′′

1 )

kνT
3 (k1k2)νs

]
Õδλ′λ′′ ,

(∇̂2)λ′

cs
( 3

2 − νT
) =

[
(kλ

′
2 kλ

′′
3 P123 + kλ

′
3 kλ

′′
2 P132)

kνT
1 (k2k3)νs

+ (kλ
′

1 kλ
′′

3 P213 + kλ
′

3 kλ
′′

1 P231)

kνT
2 (k1k3)νs

+ (kλ
′

1 kλ
′′

2 P312 + kλ
′

2 kλ
′′

1 P321)

kνT
3 (k1k2)νs

]
δλ′λ′′ ,

(∇̂3)λ′ = cs

[
(kλ

′
2 kλ

′′
3 R123 + kλ6′

3 kλ
′′

2 R132)

kνT
1 (k2k3)νs

+ (kλ
′

1 kλ
′′

3 R213 + kλ
′′

3 kλ
′′

1 R231)

kνT
2 (k1k3)νs

+ (kλ
′

1 kλ
′′

2 R312 + kλ
′

2 kλ
′′

1 R321)

kνT
3 (k1k2)νs

]
δλ′λ′′ ,

(∇̂4)λ′ =
[

k2
1
(kλ

′
2 kλ

′′
3 R̃123 + kλ

′′
3 kλ

′′
2 R̃132)

kνT
1 (k2k3)νs

+ k2
2
(kλ

′
1 kλ

′′
3 R̃213 + kλ

′
3 kλ

′′
1 R̃231)

kνT
2 (k1k3)νs

+ k2
3
(kλ

′
1 kλ

′′
2 R̃312 + k2kλ

′′
1 R̃321)

kνT
3 (k1k2)νs

]
δλ′λ′′ ,

(∇̂5)λ′ =
[

k2
1
(kλ

′
2 kλ

′′
3 + kλ

′′
3 kλ

′′
2 )

kνT
1 (k2k3)νs

+ k2
2
(kλ

′
1 kλ

′′
3 + kλ

′
3 kλ

′′
1 )

kνT
2 (k1k3)νs

+ k2
3
(kλ

′
1 kλ

′′
2 + kλ

′
2 kλ

′′
1 )

kνT
3 (k1k2)νs

]
Õδλ′λ′′ ,

(∇̂6)λ′ =
[

k2
1
(kλ

′
2 kλ

′′
3 L̃123 + kλ

′′
3 kλ

′′
2 L̃132)

kνT
1 (k2k3)νs

+ k2
2
(kλ

′
1 kλ

′′
3 L̃213 + kλ

′
3 kλ

′′
1 L̃231)

kνT
2 (k1k3)νs

+ k2
3
(kλ

′
1 kλ

′′
2 L̃312 + kλ

′
2 kλ

′′
1 L̃321)

kνT
3 (k1k2)νs

]
δλ′λ′′ ,

(6.13)

where kλ
i = ki where i = 1, 2, 3. Most surprisingly, the

above coefficients are independent of λ due to there being no
parity violation.

D. Functions appearing in three-tensor correlation

The functional dependence of the coefficients appearing in
the context of three-tensor correlation can be expressed as

�
(1)
i1 j1i2 j2i3 j3

= σ

12
Ni1 j1;i jNi2 j2; jkNi3 j3;ki c

3
s

(
3

2
− νT

)3

[M123 + M132 + M213 + M231 + M312 + M321] ,

�
(2)
i1 j1i2 j2i3 j3

= YT

2c2
T

Ni1 j1;ikNi2 j2; jlNi3 j3;i j [k3kk3l + k2kk2l + k1kk1l ]Q, (6.14)

�
(3)
i1 j1i2 j2i3 j3

= − YT

2c2
T

Ni1 j1;i3 j3Ni2 j2;kl [k3kk3l + k2kk2l + k1kk1l ]Q

with

Q =
4∑

p=1

Op
(9 + p − 6νT )

K 9+p−6νT
, Mabc =

7∑
p=1

babc
p

(6 + p − 6νT )

K 6+p−6νT
, babc

1 =
(

3

2
− νT

)3

, babc
2 = babc

1 K ,

babc
3 =

(
3

2
− νT

)2

[ka(kb + kc) + k2
b + k2

c + kbkc + k2
a],

babc
4 =

[
k2

a(kb + kc)

(
3

2
− νT

)
+ {ka(k2

b + k2
c + kbkc) + kbkc(kb + kc)}

(
3

2
− νT

)2
]

,

babc
5 =

[(
3

2
− νT

)
{k2

a(k2
b + k2

c + kbkc) + k2
bk2

c } +
(

3

2
− νT

)2

kakbkc(kb + kc)

]
,

babc
6 =

(
3

2
− νT

)
kakbkc[kbkc + ka(kb + kc)], babc

7 = −k2
ak2

bk2
c .

(6.15)
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After using the basis transformation mentioned in Eq. (3.23)
the helicity dependent functions are given by

�
(1)
λ1λ2λ3

= σ

12
δ
λ1λ

′ δ
λ2λ

′′ δ
λ3λ

′′′ c3
s

(
3

2
− νT

)3

[Mλ
′
λ

′′
λ

′′′
123 + Mλ

′
λ

′′
λ

′′′
132 + Mλ

′
λ

′′
λ

′′′
213 + Mλ

′
λ

′′
λ

′′′
231 + Mλ

′
λ

′′
λ

′′′
312 + Mλ

′
λ

′′
λ

′′′
321 ],

�
(2)
λ1λ2λ3

= YT

2c2
T

δ
λ1λ

′ δ
λ2λ

′′ δ
λ3λ

′′′ [kλ
′

3 kλ
′′

3 + kλ
′

2 kλ
′′

2 + kλ
′

1 kλ
′′

1 ]Qλ
′′′
, (6.16)

�
(3)
λ1λ2λ3

= − YT

2c2
T

δ
λ

′′
λ

′ δλ2λ1δλ3λ
′′′ [kλ

′′′
3 kλ

′′
3 + kλ

′′′
2 kλ

′′
2 + kλ

′′′
1 kλ

′′
1 ]Q,

with

Mλ
′
λ

′′
λ

′′′
abc =

7∑
p=1

(babc
p )λ

′
λ

′′
λ

′′′ (6 + p − 6νT )

K 6+p−6νT
,Qλ

′′′ =
4∑

p=1

Oλ
′′′

p
(9 + p − 6νT )

K 9+p−6νT
,

(babc
1 )λ

′
λ

′′
λ

′′′ =
(

3

2
− νT

)3

, (babc
2 )λ

′
λ

′′
λ

′′′ = (babc
1 )λ

′
λ

′′
λ

′′′
K ,

(babc
3 )λ

′
λ

′′
λ

′′′ =
(

3

2
− νT

)2

[kλ
′

a (kλ
′′

b + kλ
′′′

c ) + (kλ
′′

b )2 + (kλ
′′′

c )2 + kλ
′′

b kλ
′′′

c + (kλ
′

a )2],

(babc
4 )λ

′
λ

′′
λ

′′′ =
[
(kλ

′
a )2(kλ

′′
b + kλ

′′′
c )

(
3

2
− νT

)
+ {kλ

′
a ((kλ

′′
b )2 + (kλ

′′′
c )2 + kλ

′′
b kλ

′′′
c ) + kλ

′′
b kλ

′′′
c (kλ

′′
b + kλ

′′′
c )}

(
3

2
− νT

)2
]

,

(babc
5 )λ

′
λ

′′
λ

′′′ =
[(

3

2
− νT

)
{(kλ

′
a )2((kλ

′′
b )2 + (kλ

′′′
c )2 + kλ

′′
b kλ

′′′
c ) + (kλ

′′
b kλ

′′′
c )2} +

(
3

2
− νT

)2

kλ
′

a kλ
′′

b kλ
′′′

c (kλ
′′

b + kλ
′′′

c )

]
,

(babc
6 )λ

′
λ

′′
λ

′′′ =
(

3

2
− νT

)
kλ

′
a kλ

′′
b kλ

′′′
c [kλ

′′
b kλ

′′′
c + kλ

′
a (kλ

′′
b + kλ

′′′
c )], (babc

7 )λ
′
λ

′′
λ

′′′ = −(kλ
′

a kλ
′′

b kλ
′′′

c )2,

Oλ
′′′

1 = 1, Oλ
′′′

2 = i K λ
′′′
, Oλ

′′′
3 = −(kλ

′′′
a kb + kλ

′′′
b kc + kλ

′′′
c ka), Oλ

′′′
4 = −ikλ

′′′
a kbkc,

(6.17)

where kλ
′

1 = λ
′
k1, kλ

′′
2 = λ

′′
k2, and kλ

′′′
3 = λ

′′′
k3.

E. Functions appearing in four-scalar correlator

1. Contact interaction

The functional dependence of the momentum dependent
functions appearing in the context of contact interaction of
the four-scalar correlation can be expressed as
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G1 =
(

3

2
− νs

)4

, G2 = i K̄ G1, G3 = G
3
4
1

4∑
i=1

k2
i + G1

4∑
i> j=1

ki k j , G4 = iG1

4∑
i> j>m=1

ki k j km + iG
3
4
1

4∑
i �= j=1

k2
i k j ,

G5 = √
G1

4∑
i> j=1

k2
i k2

j + G
3
4
1

4∑
i> j>m=1

k2
i k j km + G1

4∏
i=1

ki , G6 = i
√

G1

4∑
i, j,m=1

k2
i k2

j km + i
4∏

i �= j>m>n=1

k2
i k j kmkn,

G7 = G
1
4
1

4∏
i> j>m=1

k2
i k2

j k
2
m + √

G1

4∏
i< j,m<n,i �=m, j �=n=1

k2
i k2

j kmkn, G8 = iG
3
4
1

4∏
i> j>m �=n=1

k2
i k2

j k
2
mkn,

G9 =
4∏

i=1

k2
i , Z̄1 = 1, Z̄2 = i K̄ , Z̄3 =

4∏
i> j=1

ki k j , Z̄4 =
4∏

i> j>m=1

ki k j km, Z̄5 =
4∏

i=1

ki

(6.18)

and

Ī(i, j; m, n) =
[

K̄ 4
√

G1(10 − 6νs) + K̄ 3
√

G1(ki + k j + km + kn)(11 − 6νs)

−K̄ 2
{

k2
mk2

n − iG
1
4
1 kmkn(km + kn) − kmkn

√
G1 − ki k j

√
G1 − (ki + k j )(km + kn)

√
G1

}
(12 − 6νs)

+K̄
{

ki k j (km + kn)
√

G1 − (ki + k j )kmkn

√
G1

}
(13 − 6νs) + kmkn

√
G1(14 − 6νs)

]
.

(6.19)

2. Scalar exchange

The functional dependence of the momentum dependent
functions appearing in the context of scalar exchange contri-
bution of the four-scalar correlation can be expressed as

�1(k1, k2, k3, k4, k5, k6) :=
( 3

2 − νs
)6

(k5k6)νs

6∑
b=0

6∑
p=0

Sb(k1, k2, k3)Sp(k4, k5, k6)
(−1)b+p−12νs (i(k4 + k5 + k6))

b+p−6νs

(k4 + k5 + k6)4

×

(
3

2
+ b − 3νs

)
(3 + b + p − 6νs) 2 FREG

1

[
3 + b + p − 6νs; 3

2
+ b − 3νs; 5

2
+ b − 3νs;− (k1 + k2 + k3)

(k4 + k5 + k6)

]
,

(6.20)

�2(k1, k2, k3, k4, k5, k6) :=
( 3

2 − νs
)2

cS(k5k6)νs

4∑
m=0

4∑
n=0

Em(k1, k2, k3)En(k4, k5, k6)
(−1)2(m+n)−9νs (i(k4 + k5 + k6))

1−m−n+6νs

(7 + 2m − 6νs)(k4 + k5 + k6)8

×(7 + m + n − 6νs) 2 F1

[
7 + m + n − 6νs; 7

2
+ m − 3νs; 9

2
+ b − 3νs;− (k1 + k2 + k3)

(k4 + k5 + k6)

]
,

(6.21)

�3(k1, k2, k3, k4, k5, k6) := cS
( 3

2 − νs
)4

(k5k6)νs

6∑
p=0

4∑
q=0

Sp(k1, k2, k3)Eq(k4, k5, k6)
(−1)2(p+q)−12νs+3(i(k4 + k5 + k6))

1−p−q+6νs

(k4 + k5 + k6)6

×

(
3

2
+ p − 3νs

)
(5 + p + q − 6νs) 2 FREG

1

[
5 + p + q − 6νs; 3

2
+ p − 3νs; 5

2
+ p − 3νs;− (k1 + k2 + k3)

(k4 + k5 + k6)

]
,

(6.22)
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�4(k1, k2, k3, k4, k5, k6) := cS
( 3

2 − νs
)3

(k5k6)νs

4∑
t=0

6∑
r=0

Et (k1, k2, k3)Sr (k4, k5, k6)
(−1)2(t+r)−12νs+3(i(k4 + k5 + k6))

1−t−r+6νs

(k4 + k5 + k6)6

×

(
3

2
+ t − 3νs

)
(5 + t + r − 6νs) 2 FREG

1

[
5 + t + r − 6νs; 3

2
+ t − 3νs; 5

2
+ t − 3νs;− (k1 + k2 + k3)

(k4 + k5 + k6)

]
,

(6.23)

where we use the regularized hypergeometric function

defined as 2 FREG
1 [a ; b ; c ; d] = 2 F1[a ; b ; c ; d]

[c] . Addi-

tionally here we define two new sets of momentum dependent
functions given by

S0(ka, kb, kc) =
(

3

2
− νs

)3

,S1(ka, kb, kc) = −i(ka + kb + kc)

(
3

2
− νs

)3

,

S2(ka, kb, kc) = −
(

3

2
− νs

)2 [
(k2

a + k2
b) +

(
3

2
− νs

)
kakb

]
− kc(ka + kb)

(
3

2
− νs

)3

− k2
c

(
3

2
− νs

)2

,

S3(ka, kb, kc)= ikakb(ka + kb)

(
3

2
− νs

)2

+ ikc

(
3

2
−νs

)2 [
(k2

a + k2
b)+

(
3

2
− νs

)
kakb

]
+ ik2

c (ka + kb)

(
3

2
− νs

)2

,

S4(ka, kb, kc) = k2
ak2

b

(
3

2
− νs

)2

+ kakbkc(ka + kb)

(
3

2
− νs

)2

+
(

3

2
− νs

)
k2

c

[
(k2

a + k2
b) +

(
3

2
− νs

)
kakb

]
,

S5(ka, kb, kc) = −ik2
ak2

bkc

(
3

2
− νs

)
− ikakbk2

c (ka + kb)

(
3

2
− νs

)
,S6(ka, kb, kc) = −k2

ak2
bk2

c ,

E0(ka, kb, kc) =
(

3

2
− νs

)
, E1(ka, kb, kc) = −i(ka + kb + kc)

(
3

2
− νs

)
, E2(ka, kb, kc) = −kakb

(
3

2
− νs

)

− ka(ka + kb)
( 3

2 − νs
) − k2

a, E3(ka, kb, kc) = ikakbkc

(
3

2
− νs

)
+ i(ka + kb)k

2
a, E4(ka, kb, kc) = k2

akbkc,

(6.24)

where the superscript indices of the momentum are a =
(1, 4), b = (2, 5), and c = (3, 6).

3. Graviton exchange

In this context the divergence free contributions of the
momentum dependent functions appearing in the context of
graviton exchange can be written as

ϑ̂abcd + ϑ̂cdab = ka + kb

U 2
cd

[
1

2
(Ucd + kab)(U

2
cd − 2Dcd) + k2

ab(kc + kd)

]
+ (a, b ↔ c, d)

+ kakb

K̄

[
Dcd

Ucd
− kab + kab

Uab

(
kckd − kab

Dcd

Ucd

)(
1

K̄
+ 1

Uab

)]
+ (a, b ↔ c, d)

− kab

UabUcd K̄

[
Dab Dcd + 2k2

ab

(∏
a

ka

)(
1

K̄ 2
+ 1

UabUcd
+ kab

K̄UabUcd

)]
, (6.25)

where we define Uab ≡ ka +kb +kab, Dab ≡ (ka +kb)kab +
kakb.
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