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Abstract We apply the holographic principle to a flat dark
energy dominated Friedmann—Robertson—Walker spacetime
filled with a tachyon scalar field with constant equation of
state w = p/p, both for w > —1 and w < —1. By using a
geometrical covariant procedure, which allows the construc-
tion of holographic hypersurfaces, we have obtained for each
case the position of the preferred screen and have then com-
pared these with those obtained by using the holographic dark
energy model with the future event horizon as the infrared
cutoff. In the phantom scenario, one of the two obtained holo-
graphic screens is placed on the big rip hypersurface, both
for the covariant holographic formalism and the holographic
phantom model. It is also analyzed whether the existence of
these preferred screens allows a mathematically consistent
formulation of fundamental theories based on the existence
of an S-matrix at infinite distances.

1 Introduction

The holographic principle was put forward in 1993 [1,2] and
asserts that all of the information contained in some region
of space can be represented as a hologram, a theory located
on the boundary of that region. This theory should contain at
most one degree of freedom per Planck area. Since then, the
holographic principle has been fruitfully developed, as in its
most well-known implementation, the AdS/CFT correspon-
dence [3], as well as in its connection with M-theory [4]. A
cosmological version of the holographic principle was pro-
posed in [5].

We shall study in this paper how the holographic princi-
ple applies to an accelerating universe filled with a tachyon
scalar field with a constant equation of state (EoS) w = p/p,
for both the spacetimes of the region —1 < w < —1/3 and
the phantom domain w < —1. In order to do so, we shall
make use of a covariant procedure [6] and the results will be
confronted with those given by the holographic dark energy
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model with the future event horizon as the infrared cutoff
[7]. Our analysis is relevant in at least two aspects. On the
one hand, dark energy should contain a large amount of the
relevant degrees of freedom and hence, in order to constrain
the EoS for dark energy, it is important to investigate whether
such degrees of freedom are projected on the same boundary
surfaces as those characterizing the remaining non-vacuum
energy. On the other hand, a universe with constant EoS w
that accelerates indefinitely will exhibit a future event hori-
zon [8] (see, however, [9]), presenting a challenge for string
theories because it is not possible to construct a conventional
S-matrix as the local observer inside his horizon is not able
to isolate particles to be scattered. The emergence of an event
horizon at the future, which would behave as a holographic
screen, would aggravate this problem.

This paper can be outlined as follows. Section 2 contains
the spacetime of a flat Friedmann—Robertson—Walker (FRW)
universe filled with a tachyon scalar field in the region w >
—1.In Sect. 3 acovariant formalism is used to derive the holo-
graphic preferred screens that correspond to the spacetime
presented in Sect. 2. In Sect. 4 we discuss the covariant holog-
raphy of a flat tachyonic phantom energy scenario. In Sect.
5, the dark and phantom holographic dark energy models are
constructed for a flat geometry in order to insert holographic
screens in terms of the future event horizon [7] or the horizon
at the big rip [10]. The conclusions are drawn in Sect. 6.

2 The spacetime of a universe filled with tachyonic dark
energy

The explanation of dark energy is a central preoccupation of
present-day cosmology. In the ACDM paradigm, in which
the cosmological constant accounts for the acceleration of
the universe, the universe would asymptotically tend to the de
Sitter spacetime whose holographic properties have already
been studied in some depth [11,12]. However, the dark
energy could perfectly be dynamical in nature, even favoured
over the cosmological constant [13].
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If we consider the tachyon as a dark energy candidate, the
spacetime structure that results presents some holographic
properties that have not been considered yet and that deserve
our attention.

The fact that the tachyon can act as a source of dark energy
with different potential forms have been widely discussed in
the literature [14-20]. The tachyon can be described by an
effective field theory corresponding to a tachyon condensate
inacertain class of string theories with the following effective
action [21-23]:

T m
S_/d XA/ g[l6nG V(g)y/1+ gt 3#‘/{’3\)‘?]

ey

where V (¢) is the tachyon potential and R the Ricci scalar.
The physics of tachyon condensation is described by the
above action for all values of ¢ provided the string coupling
and the second derivative of ¢ are small.

The corresponding energy-momentum tensor of the
tachyon field has the form
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Let us now consider a spatially flat FRW spacetime with
line element

ds? = —dt* + a(t)*dx>, 3)

in which a(t) is the scale factor. The Friedmann equations
then read

w= (4 " _ 87Gp (4)
a 3
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where the energy density p; and the pressure p; are given by

Vi(g)

_ 70 _
pr = —T = (©6)
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and the dot stands for the derivative with respect to cosmic
time.

From Egs. (6) and (7) we obtain the tachyon EoS param-
eter

w="P—42_1 8)
Pr

and we shall consider w in what follows to obey w > —1. We

shall also restrict ourselves to consider a description of the

current cosmic situation where it is assumed that the tachyon
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component largely dominates and therefore we shall disre-
gard the non-relativistic and relativistic components of the
matter density and pressure.

If we assume a linear time-dependence of the tachyon field
¢ and hence constancy of the parameter w, then the general
expression for a(¢) can be written as

2/B3(1+w)]
} )

3
a(t) = [a3“+w>/2 + 3+ w)(t — 1)

where ay is the initial value of the scale factor at the initial
time 7o > 0. This solution describes an accelerating universe
in the interval —1 < w < —1/3. In order to facilitate the
study of the holographic properties of the tachyonic space-
time, it is best to express solution (9) in terms of the conformal
time

/ dr 2a(1+3w)/2
n= =—a

a0 - 113w 10

Note that —oo < n < 0 for w < —1/3. Therefore, the scale
factor in terms of the conformal time now reads

(1 + 3w)n ]2/(1+3w)

5 Y

a(n) = [

3 Covariant holography in a tachyonic accelerating
universe

In this section we shall carry out the study of the holographic
properties of the spacetime presented in Sect. 2, following the
covariant formalism developed in [6] for general spacetimes.
We shall start first by drawing the Penrose diagram for our
tachyonic asymptotic spacetime and then we shall construct
the embedded holographic hypersurfaces (screens), which
are surfaces on which the information in the spacetime bulk
can be encoded at less than one bit per Planck area [1,2].
In order to construct screens, we must slice the spacetime
into a family of light cones centered at r = 0 that can be
parameterised by time and then identify in which direction
to project among the two inequivalent null projections, which
go along past or future-directed light cones.

The Penrose diagram is constructed by mapping our FRW
spacetime on a part of the Einstein static universe [24], whose
causal structure is that of an infinite cylinder R x $3, and
determining the regions of it that are conformal to our FRW
spacetime. In the resulting Penrose diagram, every point rep-
resents a 2 sphere and each diagonal line represents a light
cone. The two inequivalent null slices can be represented
by the ascending and descending families of diagonal lines.
We then proceed to identify the apparent horizons, which
are defined geometrically as the spheres (hypersurfaces) at
which at least one pair (past or future) of orthogonal null
congruences has zero expansion. These horizons will divide
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the spacetime into normal, trapped and anti-trapped regions
[6,24].

We shall finally determine the preferred and optimal (if
any) screen hypersurfaces which are going to encode all the
information in the universe. A preferred screen is a surface
in which the expansion of all projected null hypersurfaces
becomes zero at every point [6]. If the expansions of both
independent pairs of orthogonal families of light-rays van-
ish on one of the preferred screens, it becomes an optimal
screen [6].

A flat FRW spacetime is described, in terms of the con-
formal time 7, by a metric of the form

ds® = a(y)? (—dn2 Tdrt+ r2dsz§) , (12)

where 0 < r < 00, and dQ% = d6?+sin? 9d¢2 is the metric
on the unit $2 sphere, with0 < 0 < 7w and 0 < ¢ < 27.
This metric can be reduced to a more convenient form [24] by
defining some new coordinates, p and ¢, such thatt’ = p+gq
and v’ = p — q. This allows the metric (12) to be expressed
in a form which is conformal to that of Minkowski space in
spherical coordinates, and hence locally identical to that of
the Einstein static universe

1 1 1
ds* = Zaz sec? |:5(t’ + r’)} sec? |:§(t’ — r’):|

x [—(@r'? + (@r)? +sin? r'ag3 ] (13)
where —7 < t'4+r' < w,—m <t'—r' < m,r’ > 0. The new

coordinates r" and ¢’ are related to the original coordinates n
and r by

1 1 ’ ’ 1 1 ’ ’
n= ztan |:§(t +r):| —l—ztan [5(1 —r):| (14)
—1t 1t’+’ —1t 1/—’ 15
r=5tan E( r) zanz( )| a3

Obviously, our flat FRW spacetime filled with a tachyon
scalar field and whose EoS liesintherange —1 < w < —1/3
can be mapped into the part of the Einstein static uni-
verse determined by the values taken by 7 in the interval
—o00 < 1 < 0, which corresponds to theranges — <t < 0
and 0 < r’ < 7. From these, the resulting Penrose diagram
follows after determining the region of the Einstein static
space which is conformal to our tachyonic flat spacetime.

The parts of the Einstein static cylinder which are con-
formal to the tachyonic flat FRW spacetime for —1 < w <
—1/3 are shown in Fig. 1. The conformal region runs from
t" = 0 to an extreme ' < 0. The corresponding Penrose
diagram is plotted in Fig. 2.

Now, following the prescription given in [6], we can con-
struct the holographic screens in our tachyonic flat FRW uni-
verse. The apparent horizon is given by n = 2r/(1 + 3w).
The interior of the apparent horizon, n > 2r/(1 4+ 3w), can
be projected along future light cones centered at » = 0, or by

)
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Fig. 1 The flat FRW spacetime filled with a tachyonic scalar field is
conformal to the Einstein static universe for the EoS range —1 < w <
—1/3. This representation looks similar to that of the de Sitter space,
although it covers a larger ¢'-interval

means of a space-like projection, onto the apparent horizon.
The exterior, n < 2r/(14+3w), can also be projected by future
light cones, but in the opposite direction, onto the apparent
horizon. Alternatively, the entire flat tachyonic universe can
be projected along past light cones onto the past null infinity.
The two holographic preferred screens that encode the entire
spacetime, given by the apparent horizon n = 2r/(1 4 3w)
and the past null infinity Z—, are plotted in Fig. 2.

4 Covariant holography in a tachyonic phantom
universe

Phantom dark energy [25,26] has already confirmed its valid-
ity as a dark energy candidate [27-30]. Moreover, Planck’s
latest results [31] plus WMAP low- polarisation (WP), when
combined with Supernova Legacy Survey (SNLS) data, favor
the phantom domain (w < —1) at 20 level for a constant w

w = —1.137512 (95%; Planck + WP + SNLS),  (16)
while the Union2.1 compilation of Type Ia supernovae (SNe
Ia) is more consistent with a cosmological constant (w =

—1). If we combine Planck+WP with measurements of Hy
[32], we get for a constant w
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(a) n=0 normal region
P

0
« ! i
e
r=0 > n= (apparent
1+ 3w horizon)
I (n=—00)
- trapped region
1
(b)
2r ( .
n= apparen
143w horizon)
(c)
7 (n=—00)

Fig. 2 Penrose diagram of a flat FRW universe filled with a tachyonic
scalar field for the range —1 < w < —1/3. The apparent horizon,
n = 2r/(1 + 3w), divides the spacetime into a normal and a trapped
region (a). The information contained in the universe can be projected
along future light cones onto the apparent horizon (b), or along past
light cones onto past null infinity Z~ (¢). Both are preferred screen-
hypersurfaces

0.18
w=—124"713 (17)

which is in tension with w = —1 at more than the 2o
level. Also, for the SNLS3 and the Pan-STARRSI1 survey
(PS1 SN) data sets, the combined SNe Ia + Baryon acoustic
oscillations (BAO) + Planck data yield a phantom equation
of state at ~1.90 confidence [33]. The above observational
results, in addition to theoretical motivations, are compelling
enough to justify the study of the phantom sector in more
depth.

The phantom regime, which implies a violation of the
dominant energy condition

o Vg)dt
Pt T+ pr = —W

can be obtained by Wick rotating the tachyon field so that
¢ — i D, where the field ® can be viewed as an axion tachyon

0, (18)
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field [34], as the scale factor a(¢) and the field potential V ()
keep being positive. In this phantom case, the solution of Egs.
(4) and (5) for the scale factor yields [35].

s

B 3 2/[3(1—|w)]
a(t) = [aé“ D2 L2 (= ) (= to)]

2
(19)
which in terms of the conformal time
. / d 2 20)
=) e T A= 3[whatwDr
becomes
(1 =3lw)y 2/(1=3|wl)
a(n) = [T . (2D

It is worth noting that in this phantom case 1 runs from
n=-2/Glw| — Dad™ P =ny <0atr =1, 107 =0
at the big rip when

t=ty =1+ = 1o — 7o, (22)

2
3(|U)| _ l)ag(‘w‘_l)/z

to finally reach positive infinity as + — oo, therefore the
interval is ng < n < +00.
The field potential is given by [35]

3wl

2’
87G [ao_3(|w|_l)/2 — 3Tl = T(® - CDO)]
(23)

V(®) =

with &9 — —i¢p. We note that both this potential and the
phantom tachyon energy density,
3
Pt = 3 /2 2
87G [ao‘ (WwI=D72 3 | — 1)t]

(24)

increase with time up to blowing up at t = #,, to steadily
decrease toward zero thereafter.

However, in order for this description to be applicable
also after the big rip barrier at t = tp,, such that the scale
factor remains real and positive in that region, not all values
of w are allowed but only those that satisfy the discretization
condition [10]

1(1 2n+3

3

Similarly to what we did in Sect. 2, we locally obtain the
metric (12) for the Einstein static universe, where n and r are
given by Eqs. (14) and (15).

Hence, the flat spacetime filled with a phantom tachyonic
field we have just considered, which has an EoS p = wp with
—o0 < w < —1, can also be mapped into those parts of the
cylindric Einstein static universe which are determined by
the values of conformal time  we have discussed above. We

w=—— ) n=0,1,2,... (25)
n+1
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Fig. 3 The flat FRW spacetime filled with a tachyonic phantom energy
scalar field is conformal to the Einstein static universe for the range
—0o0 < w < —1. This flat space looks similar to that of the de Sitter
space (p = —p), although it covers a larger ¢'-interval

can see that the part 79 < n < 0 of the whole interval g <
n < 400 will correspond to a subinterval, which depends
on w, of the range —r < t' < 0and 0 < r’ < 7, and the
part 0 < n < 400 will correspond to the range 0 < ' <
and 0 < r’ < 7. This mapping is depicted in Fig. 3 and its
resulting Penrose diagram is shown in Fig. 4.

5 Holographic dark energy models

Based on the holographic bound on the entropy [1,2,36] and
on the validity of effective local quantum field theory in a box
of size L, Cohen et al. [37] suggested a relationship between
the ultraviolet and the infrared cutoffs due to the limit set
by the formation of a black hole. This led Li [7] to propose
a most popular model of holographic dark energy (HDE)
that can explain the accelerated expansion of the universe
and in which the infrared cutoff is taken to be the observer-
dependent future event horizon which makes the holographic
screen. This model is in good agreement with observational
data [38—44] but has attracted some criticisms, known as the
causality and circular logic problems [45]. Nevertheless, Li
[46] has recently proposed a new HDE model with action
principle in which these problems appear to be no longer
present and the evolution of universe only depends on the
present state of universe and the future event horizon cutoff
automatically follows from the equations of motion. This new

-+ trapped region
(@
I (r =00, = 00)
r=20
7:0
n =0 (Big Rip)
Mo normal region
(b)

Tlo

Fig. 4 Penrose diagram of a flat FRW universe filled with a tachyon
phantom scalar field for —oo < w < —1. The apparent horizon, also
located at n = 2r/(1 + 3w), divides the spacetime into a normal and
a trapped region (a). The information contained in the universe can
be projected along future light cones from the normal region or along
past light cones from the trapped region, both onto the apparent big
rip horizon. It can also be projected along future light cones onto the
future null infinity Z* (b). Both the big rip and Z are preferred screen-
hypersurfaces

HDE also complies well with the most recent observational
constraints [47].

In a flat dark energy dominated FRW universe, Li’s model
[7] is based on the following relation between the Hubble
parameter H = a/a and the size of the future event horizon
Ry,

a2 _ 87Gpr c?

H?> =" -
29
Rh

a? 3 (26)
where R, = a(t) ftoo dt’/a () is the proper size of the future
event horizon which plays the role of the holographic screen
and c is a numerical parameter of order unity which is related
towbyw = —(142/c)/3. If we now express the scale factor
given by Eq. (9) as a function of ¢
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27
the proper size of the future event horizon is then given by
Ry = —cT 1)</« D (T(t’)*‘/@*”]‘oo) . (28)

t

Obviously,if w > —1 (i.e.c > 1) then R;, = ¢T (), whichis
finite for finite 7. Therefore, Li’s model is only well defined
when w > —1.

In the phantom case of Sect. 4, w < —1 (i.e. ¢ < 1),
and the proper size of the future event horizon inexorably
becomes infinity, so we may say that it will vanish for phan-
tom energy.

Since Eq. (26) is not well defined for ¢ < 1 as it leads to
H = 0, Li[7] argued that holographic phantom models were
not viable. However, in the phantom scenario we should use
instead of Eq. (26) the following [10]

) 2
a 8t Gp c
ph ™ 52 3 Rl%r 29
where
R (D/%dﬂ (30)
= d —_—
b ¢ a(t’)

is the proper size of the future event horizon for the holo-
graphic phantom model, being 75, the time at which the big
rip takes place.

For the tachyon phantom model Eq. (30) yields

2/13(1—|w)]
3-jwh2 | 3
RmZCPJ|M/+§U—WDU—m}

€1y

We have then seen that Eq. (26) is no longer valid for a
covariant holographic description of an accelerating universe
and that the appropriate holographic screens for the covariant
specification are the one at the big rip hypersurface and the
one at the future null infinity ZT (see Sect. 4).

6 Conclusions

We have considered the holography of a flat FRW dark energy
dominated universe in which the cause of its accelerated
expansion is due to the presence of tachyon scalar field with
constant EoS w. In order to do so, we have applied a covariant
formalism [6] and then have compared the results with those
obtained by the HDE model with the future event horizon as
the infrared cutoff [7,46].

The more general covariant formalism gives rise to two
different holographic preferred screens. In the dark energy
case (w > —1) these are located at the apparent horizon n =
2r/(14-3w) and at the pastnull infinity Z ™. On the other hand,
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in the phantom energy scenario (w < —1) one is also located
at the apparent horizon, which is the big rip hypersurface in
this case, and the other at the future null infinity Z+. When
we establish the comparison of these results with the ones
obtained by using the HDE model [7,46], whose holographic
screen is positioned at the future event horizon, we see that
the former allow the definition of fundamental theories based
on the existence of a S-matrix at infinite distances, at least
when one approaches Z~ or ZT.

There is in addition an apparent contradiction between the
implications from the covariant treatment of phantom holog-
raphy and the fact that phantom energy is characterized by a
negative temperature [48]. We may be led to think that if the
preferred holographic screens for phantom energy are located
at the big rip and the future null infinity, then the entropy that
should be associated with that phantom fluid would be nega-
tive definite, implying a definite positive temperature. How-
ever, this would be mistaken because the entropy involved in
this case is the one defined by the surface area of the future
preferred holographic screen, given in this case by Eq. (31).

The relevant entropy would actually coincide with the
entropy of entanglement [49] and would be given by

Sew = o R}, (32)

1>1py

where « is a constant of order unity. In order to calculate
the entropy of entanglement we have used the equivalence
between the regions before and after the big rip hypersurface.
In this case, we have integrated out the region before that
surface. This entanglement entropy is definite positive and
increases with time, leading again to the conclusion that the
temperature of a phantom fluid is definite negative.
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