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Abstract In this article we theoretically construct circu-
lar thin-shell wormholes in a 2 4+ 1-dimensional spacetime.
The construction is symmetric with respect to the throat. We
present a general formalism for the study of the mechanical
stability under perturbations preserving the circular symme-
try of the configurations, adopting a linearized equation of
state for the exotic matter at the throat. We apply the formal-
ism to several examples.

1 Introduction

Traversable wormhole geometries [1,2] have been widely
studied in the last 3 decades. Several articles considering
wormholes in low-dimensional (2 + 1) spacetimes have
appeared in the literature [3—7]. In the framework of General
Relativity, wormholes must be threaded by matter not satis-
fying the energy conditions. A particular class of wormholes
consists of those constructed by cutting and pasting two man-
ifolds to obtain a new one with a joining shell at the throat [2].
In recent years shells around vacuum (bubbles), around black
holes and stars, and supporting traversable wormholes, have
received considerable attention [8—25]; spherically symmet-
ric shells have been studied in detail in four and also in
more spacetime dimensions [26-31]. We have recently ana-
lyzed four-dimensional spherical shells for Einstein grav-
ity coupled to Born-Infeld electrodynamics in relation with
thin-shell wormholes [32,33] and shells around vacuum or
around black holes [34]. The dynamical evolution of collaps-
ing shells in three spacetime dimensions has been presented
and applied to several examples in Refs. [35-39]. Shells in
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a three-dimensional background within Einstein—-Maxwell
theory have been associated to thin-shell wormholes [40,41],
and the analysis of 2 4+ 1-dimensional charged shells around
vacuum and around black holes in Born—Infeld electrody-
namics was introduced in our paper [42]. Cylindrical thin-
shell wormholes have also been studied, which because of
their symmetry along their axis constitute a related problem,;
see for instance Refs. [43-46].

The most famous black hole solution in 2 + 1 dimensions
is the Bafiados—Teitelboim—Zanelli (BTZ) geometry [47]. In
the non-rotating case the metric has the form

ds* = — f(rydt* + f(r)"'dr* + r?de*, (1)

where

Fo)=—M— Ar?—20%In <1> ?)
ro

The dimensionless constant M is identified as the Arnowitt—
Deser—Misner (ADM) mass, Q is the electric charge, and
A = —I7% is the cosmological constant with dimensions
[length] 2. The metric has the right signature only if A < 0.
So in what follows we will assume that A < 0. This choice
makes possible a standard horizon structure in which the met-
ric function is always positive beyond a certain radius, and
the geometry is asymptotically Anti-de Sitter. This behavior
has made this metric of great interest within the framework
of string theory.

Another interesting 2+ 1-dimensional geometry, obtained
by Chan and Mann [48], is associated to the existence of a
dilaton field coupled to the electromagnetic field. In the pres-
ence of a cosmological constant background, the spherically
symmetric solution includes a dilaton with a radial logarith-
mic behavior, and a one-parameter family of metrics of the
form
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A
ds> = — f(r)dt> + M + r2de>, 3)
N2y W f(r)
with
foy= Mg _SAC 80,
N BN —2)N ' (2—N)N

Here M is the mass, Q is the electric charge, A is the cos-
mological constant, y and N are integration constants; the
parameter N, in particular, determines the character of the
solution (existence of an event horizon, etc.). If M > 0,
A < 0Oand 2/3 < N < 2, the solution corresponds to a
black hole; in this case, the asymptotic behavior is that of
Anti-de Sitter spacetime. The particular case with N = 1
corresponds to the metric of Mandal, Sengupta and Wadia
(MSW) [49,50].

A recently introduced spherically symmetric solution in
2+ 1 spacetime dimensions is the Schmidt-Singleton metric
of the form [51]

ds®> = —Kr?dt*> +dr* + r?do?, (5)

with K a constant. This solution results from a matter source
in the form of a real self-interacting scalar field, which has
a logarithmic behavior with the radial coordinate. The most
interesting aspect of this geometry is that, while its spatial
part is flat, the temporal part has a behavior which corre-
sponds to the asymptotics of Anti-de Sitter. This unusual
difference between the spatial and temporal parts is associ-
ated to the fact that the spacetime curvature is determined
only by the radial pressure of the scalar field.

In this work we mathematically introduce the shells which
support traversable Lorentzian wormholes by applying the
well known cut and paste procedure; then we present a gen-
eral formalism for the study of the mechanical stability under
perturbations preserving the symmetry of the circular shells.
We apply the formalism to the geometries described above.
Finally, we discuss the results obtained. We set the units so
that G =c = 1.

2 General formalism

The mathematical construction of a symmetric wormhole
geometry starts from two equal copies of a 2+ 1-dimensional
manifold, which in coordinates x* = (z, r, 0), has a metric
with the generic form

ds? = — f(r)di* + g(r)dr® + h(r)do?, ©)

where the metric functions f, g and & are non-negative from
a given radius to infinity. These copies are cut and pasted at
a radius a; when in the original manifold there is an event
horizon with radius r;, we take a > ry. Provided that the
flare-out condition is fulfilled, so that the geodesics open up
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at the throat, the resulting construction is a traversable worm-
hole. At the radius a where the two copies of the geometry
are joined, the components of the extrinsic curvature tensor
read

ij 14 agiagj

y 0x% axP 7
Flevae ver ) @

where £/ = (z, #) represent the coordinates on the shell, and

n are the normal unit (n¥n, = 1) vectors

Y
aF oF |7'/% oF
+ off
=+ _— —_— 8
"y axe dxh IxY ®)

with F(r) = r — a(t). Using the metric functions, the non-
zero components of n}f take the form

ny = Fay/g(a) f(a), ©))
ny = £/g@I[1 +a’g(a)l. (10)

Then the extrinsic curvature is given by

K= Vg(a)

A ZF—
T 21+ d2%g(a)

) f' (@)
X{2a+a [f(a) *

/ 22
Kkt — M@ [1+adg@ (12)
00 2h(a) g(a)

where the hats are used to denote that we are working in an
orthonormal basis; the dot means a derivative with respect
to the proper time t on the shell, and a prime stands for a
derivative with respect to r. With these definitions we can
write down the Lanczos equations [52—-57], which relate the
extrinsic curvature at both sides of the one-dimensional sur-
face with the energy-momentum tensor Sff = diag(A, p) on
it

g/(a)] f'(@) }
+ , 11
7 (11

g(a) (a)g(a)

—[K;;1+[K1g;; = 87S;;. (13)

Here the brackets denote the jump of a given quantity across
the surface, K is the trace of K i and A and p are the energy
density and the pressure on the shell. The cut and paste proce-
dure removes the interior regions r < a and joins the exterior
parts of the two identical geometries described by a metric
like (6). The jump of the extrinsic curvature components at
the surface r = a is associated with the linear energy density

" L W@ [1+a%g(a) (14)
8w h(a) g(a)
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and to the pressure

_ b g(a)
P= 3V 1+ a%e()

. o[ fl@ g’(a)] (@)
2 2
X{ @ [f(a) e | T F@s@

Itis useful to introduce the conservation equation [57], which
is obtained using the “ADM?” constrain (also called Codazzi—
Mainardi equation) and taking into account the Lanczos
equations

}. (15)

. 0x%
— VS = [Taﬁ@nﬂ} , (16)

where the operator V stands for the covariant derivative and
Typ denotes the bulk energy-momentum tensor. Defining the
one-dimensional area A = 27 +/h(a), we can write the con-
servation equation in a form that relates the energy on the
shell with the work done by the pressure and the energy flux

d dA arA
TP =
[f’(a) g'(a) h(a) Zh”(a)]
x - . (17)
fla) gla)  h(a) h'(a)

In the case where g(r) = [ f(r)]~ ! and 2(r) = r? in a neigh-
borhood of » = a, it is easy to see that the factor between
the brackets vanishes and the flux term is zero. By using
o= /a, we can write the condition (17) in the form

Jh@  A+p  rh(a)
W (a) 2 2W(a)
[f’(a) g'(a) h'(a) Zh”(a)]
x — . (18)
f@ g  ha) h'(a)

As in the case of 3 + 1 dimensions (see Ref. [16,17]), if
there exists an equation of state in the form p = p(i) or
p = p(a, L), the expression (18) is a first order differential
equation that can be recast in the form A’ = F(a, 1), for
which always exists a unique solution with a given initial
condition, provided that F has continuous partial derivatives,
so it can be (formally) integrated to obtain A(a). Then from
Eq. (14) we obtain the equation of motion for the shell

a*+ V) =0, (19)

where we have defined the potential V (a) by

1 h(a)

The first and the second derivatives of the potential, using
Eq. (18) successively, have the form

V'(a) = [L} + 6472 [W(=R + WT)], 1)
g(a)

and

V" (a) = [gL] — 3277 { (R—=2WT)(R—WT)

(@)
"
—2WT +a(p—1)| S — 2Wh (@) +WT
W (a)
(22)
where we have introduced n = p’/A’, and the functions
/ , W
R=i—p, S=itp T=1D g@ I
fl@  gl@  hia)
)
h(a)

In the static configurations, all the equations are evaluated at
a fixed radius aop; in this case we have the energy density and
pressure for the static configuration

1 W(ao)
M=——————, 23
7 787 h(ao)/g@o) 9
1 S’ (ao) (24)

PO 8 flao)/g(ao)

Because the geometry must fulfill the flare-out condition that
the geodesics open up at the wormhole throat, 4’ (ag) > 0 is
required, and from (23) the energy density is always nega-
tive, so that the matter at the throat is exotic, i.e. it does not
satisfy the energy conditions. In the case of normal matter
the parameter 1 can be interpreted as the squared velocity of
sound (then 0 < n < 1); however, this is not necessarily the
case here, because of the exoticism of the matter at the shell.
The second derivative of the potential valued in ap can be
written in terms of the metric functions in the form

_ fao) f'(a0)g' (a0) + 2g(ao) {Lf'(a0)* — f(a0) f" (a0) }
2[f (a0)Plg(an)]?
. h(ag) [2g(ao)h” (ag) — &' (ap)h' (an) ]| — 2g(ap) [’ (ap)]?
2[g(ap)1[h(ao))? ’

V" (ap) =

(25)

From Eq. (19) itis clear that a stable static solution with throat
radius aq satisfies V(ag) = V'(ag) = 0 and V" (ag) > O.
Thus the stability analysis of the wormhole configurations is
essentially the analysis of the sign of the second derivative
of the potential.

3 Examples

In this section we will apply the formalism to some rele-
vant examples. The first and the second wormhole geome-
tries are locally indistinguishable from the exterior regions
of the associated black hole metrics, while the spatial part
of the third one is flat. The three cases considered share the
asymptotic Anti-de Sitter behavior of the temporal part of
the metric.
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3.1 The BTZ geometry

We first consider in our wormhole construction the BTZ met-
ric with £ (r) givenby Eq. (2), g(r) = f~'(r)and h(r) = r>.
We assume a negative cosmological constant A, so that the
asymptotic behavior of the geometry is that of the 2 + 1-
dimensional Anti-de Sitter universe (AdS3). Wormholes con-
necting two copies of the exterior region (i.e. radii beyond the
horizon) of this geometry have already been studied in Refs.
[40,41]. We will revisit the construction and the linearized
stability analysis of this geometry using our general formal-
ism in order to make straightforward the comparison with
the new results presented below for wormholes associated to
other spherically symmetric 2 + 1 geometries.

In the wormhole geometry resulting from the cut and paste
procedure, the features of the original metric, i.e. its hori-
zon structure, determine the form of the stability regions in
parameter space as the charge increases. Then that struc-
ture must be detailed. The position rj, of the event horizon
is given by the largest real positive solution of the equation
f(r) = 0, which gives r;, = /=M/A when Q = 0, and it
can be numerically solved for Q # 0. For low values of the
mass, i.e. M < —Arg, two critical values of the charge QO
exist: Q. and Q! are such that for a charge smaller than Q..
and for a charge larger than Q'/ an event horizon exists in
the original metric, while for0 < Q! < |Q| < Q' thereisa
naked singularity. For M = —Aroz, there is only one critical
value of the charge, Q% = Qi = /—Ar, and beyond that
value, i.e. M > —Arg, an event horizon always exists in the
original metric for any value of the charge. The critical values
of the charge are obtained as the positive real solutions of the
equation 02— 0%In [— QZ/(Arg)] —M = 0.In the dynamic
case, the energy density and the pressure are given, respec-
tively, by Egs. (14) and (15), with the corresponding metric
functions replaced. Because in this case g(r) = f (r)~! and
h(r) = r?, the conservation equation (17) simplifies to

dA

d
A+ P =0, (26)

which gives the condition
aX +r+p=0. (27)

The equation of motion of the shell (19) is obtained in terms
of the potential by replacing the metric functions in Eq. (20).

The energy density and the pressure in the static case, with
throat radius ag, take the form

\/—M — Aa? — 202 In(ag/ro)

A 28
0 4 ag 28)
and
Aa? + Q?
po=— g (29)

4nao\/—M — Aa — 202 In(ag/ro)
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The second derivative of the potential, evaluated at ag, reads

(Ag3 + 0%
M + Ad3 + 202 In(ag/ro)

2
0

+|M = 0*+20In(ao/ro) | n] . G0

Figures 1, 2, 3 illustrate the behavior of the stability
regions (V" (ap) > 0) with an increase of the charge, for
a fixed value of the adimensionalized cosmological constant
Arg and three different values of the mass M. In particular,
only in the case in which there is no horizon in the original
metric, stability could be possible for vanishing or small neg-
ative . In all cases a null charge makes stability incompatible
with || < 1. The evolution of the regions is not monotonous:
as a larger charge is considered, so that the original geome-
try has an event horizon, the stability regions recover a form
similar to those corresponding to low values of the charge.
The analysis here extends the previous works [40,41] to a
larger range of the relevant parameters.

3.2 The Chan—Mann metric

In the case of the symmetric wormhole connecting two
charged Chan—Mann solutions, having a cosmological con-
stant and a dilaton field, the metric functions correspond to
£(r) given by Eq. (4), g(r) = 4r ¥ "2N=2y~% f~1(r) and
h(r) = r2. The associated scalar field is

k(T 31
¢—NH<E>, (31)

with B = y2/@ M and k = +/N2 — N)2B)~! (B is a
constant). When2/3 < N < 2the solutionrepresents a black
hole if 0 < |Q| < Q. or a naked singularity if |Q| > O,
where the critical value of the charge is given by

Qc = (32)

(N —2)3N —2)M JV/GN-2)
IR e

When 0 < |Q] < Q, for the wormhole construction we
take two copies of the region r > a > rj, where ry, is the
horizon radius determined by the greatest positive root of
the function f(r). When |Q| > Q. there is no horizon and
then no restriction exists on the possible radius of the throat.
The energy density and the pressure for the dynamic case are
obtained by replacing the corresponding metric functions in
Egs. (14) and (15). In this case, Eqs. (17) and (18) have,
respectively, the form

d dA (2
5 A + pg - = 2k <ﬁ - 1> (33)
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1Q|=0 1Q1=0.3 1Q1=0.990 IQI=1.010!

ag/ro

IQI=1.010"

0 1 2 3 0 1 2 3

4 5 6
ao/ro ao/ro ap/ro ao/ro
Fig. 1 BTZ wormhole geometry: stability regions (in gray) when two critical values of the charge exist. The values of the parameters are Arg =-1,

M = 0.5, so that Q'. = 0.432 and Q' = 1.468

1QI=0 1QI=0.3 1QI=0.990,

12 3 4
ap/ro

IQI=1.010Q,

ap/ro

Q=2

2.5
1.5
n 1
0.5

-0.5

4 5 6
ap/ry ap/ry ap/ro

Fig. 2 BTZ wormhole geometry: stability regions (in gray) for the case in which there is only one value of the critical charge. The values of the
parameters are Ard = —1, M = 1, so that 0. = QI =1

and The static configurations with shell radius ag, have the
energy density and the pressure given by

2
a)»’—}-)»—l—p:—)»(ﬁ—l). (34)

One obtains the equation of motion of the throat by intro-
ducing the metric functions in Eq. (20) and replacing this
potential in Eq. (19).

A= + (35)

_yZ/NW\/ Mag PN 2nad 202
ama2™ 2 3N—2 2-N
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ap/ro

ap/ro

ap/ro

Fig. 3 BTZ wormhole geometry: stability regions (in gray) when there is no critical charge, so an event horizon always exists in the original

manifold. The values of the parameters are Arg =—1,M=15
and
. YN TN

 8walVN VINGN —2)
—142/N

M2 —3N)2 — N)a, —8ANa}

—142/N

X .
\/M(Z —3N)(2 - N)g, —4AQ2 = N)aZ +4(3N —2)Q?

(36)

The second derivative of the potential evaluated at ap has the
form

—4
V" (ag) = (Yo + xom) ag VNN, 37)

where

2—N) [M(N +2)a) + 4aoQ2} a3 A (13N? — 20N +4)

Yo = 4N - NGN —2)
. 462(N = 2)(3N —2) (a3 A + 02)
N [M(N ~2)BN = 2)a2™ + 4a3 A(N = 2) + 4ag(3N — 2)Q2]
(38)
and

~ MWV 42 4ag [af AN —2)? + (4 — 6N) 0]
N 2 (N—-2)3N -2)

(39)

The stability results (which correspond to (V" (ap) > 0)
are shown for some representative values of the parameters
in Figs. 4, 5, 6, 7. For fixed values of the parameters N,
the adimensionalized cosmological constant AB2, and the
adimensionalized mass MBZ~N)/N the largest ranges of the
parameter n compatible with stability take place for values
of the charge near the critical one; in particular, large ranges
of n including values within the interval [0, 1) correspond
to stable solutions if the charge is slightly above the critical
value. In general, stable configurations with 0 < n < 1
require |Q| > Q.. The behavior with MB2~N)/N for a fixed
parameter N and AB% only shows a change in the range of
ap/p for which configurations are stable, without changing
the range of the parameter 1. For given AB? and MBZ—N/N |
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decreasing values of N (within the range 2/3 < N < 2)
move the stability regions to smaller ap/f8, and for a fixed
|Q| < Q¢ to higher positive values of the parameter 7.

3.3 The Schmidt—Singleton metric

Now we consider the particular case of a wormhole con-
necting two exterior geometries with the Schmidt—Singleton
metric given by f(r) = Kr?, g(r) = 1, h(r) = r’. The
associated scalar field is given by

1 r

where « is the coupling constant in the Liouville potential of
the field and rg is a constant. The metric presents no event
horizon, so there is no restriction to the possible radius for the
wormhole throat. After applying the formalism, we have the
energy density and pressure given by the simple expressions

1 .
r=——+/1+4a2, (41)
4rra
11 i 14 a? “2)
=— a .
i V1+a? a
The conservation equation for this case is
d dA
— @A) + p—— = —2mah, (43)
dr dr
which gives the condition
Ma+2x+p=0. (44)

The resulting equation of motion is > 4+ V(a) = 0 where
the potential has the form

V(a) =1— drar)?. (45)

The simplicity of V(a) makes possible a fully analytical
treatment; no plots are needed in order to obtain the con-
ditions required to render the wormhole construction stable
under radial perturbations. Using Eq. (44), the first and sec-
ond derivatives of V (a) read
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1QI=0 1QI=0.1 1QI=0.990,
5 5 5
4 4 4
3 3 3
n 2 n 2 n 2
1 1 1
0 0 0
-1 -1 -1 3
09 12 15 06 09 12 03 06 09
ao/B ao/B ao/B
IQI=1.01Q, 1QI=0.2 1QI=0.3
5 5 5
4 4 4
3 3 3
n?2 n2 n2
1 1 1
0 0 0
-1 1 1
0 03 06 09 03 0.6 09 03 06 09
ao/P ao/p ao/B
Fig. 4 Chan—Mann wormhole geometry: stability regions (in gray) for the case N = 9/5, A% = —1, MB2~N/N = 0.5, for which Q. = 0.137
1QI=0 1QI=0.2 1QI=0.990.
5 5 5 i
4 4 4
3 3 3
n 2 n 2 n -2
1 1 1
0 0 0
-1 -1 -1
1.2 .8 5 06 09 12
ao/ﬁ ao/,B ao/B
|QI=1.01Q. 1QI=0.3 1QI=0.5
F i 5 5
4 4
3 3
n 2 n 2
1 1
i 0 0
] == : -1 -1
0 03 06 09 0 03 06 09 0 03 06 09
ao/B ao/B ao/B

Fig. 5 Chan—-Mann wormhole geometry: stability regions (in gray) for the case N = 9/5, AB? =

V'(a) = 327%ar (A + p), (46)
V(@) = —3272 {,\2 +Qr+ p) [+ Dr+ p]} @)

In the static case the energy density and pressure are

1 1

= . 48
dragy (48)

A= —

4dray’

—1, MB@=NM/N = 15 for which Q. = 0.246

Hence, the second derivative of the potential evaluated at the
radius of the static configuration is given by

m+1
5
a

V"(ap) = -2 (49)

This result implies that the mechanical stability under radial
perturbations is possible only for the interval n < —1. Had
the ring been constituted by normal matter, the requirement
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|QI=0 |Q|=0.05 |QI=0.990,
SR —
6.
4.
n n n
2.
0.
0.2 03 04 0.1 02 03 04 0.1 02 03
ao/B ao/PB ao/p
1Q=1.010. 1Q]=0.08 1Q]=0.12
_ X _
4
n n 0
0.1 02 03 0O 01 02 03 0O 01 02 03
ap/B ao/B ao/p

Fig. 6 Chan—Mann wormhole geometry: stability regions (in gray) for the case N = 1 (MSW metric), A% = —1, MBZ—N/N = (.5, for which
Q. = 0.0625

Q=0 1QI=0.1 |QI=0.990,
n n n
04 05 06 04 05 06 03 04 05
ao/pB ao/B ao/p

QI=1.010, Q=03 Q=04

0 0.1 02 03 0 0.1 02 03 0 0.1 02 03
ap/B ao/B ao/p

Fig. 7 Chan—Mann wormhole geometry: stability regions (in gray) for the case N = 1 (MSW metric), A% = —1, MBR~N/N = 1.5 for which
Q. =0.1875

of negative values of the parameter n would rule out stability. 4 Discussion

But the matter of the ring does not fulfill the energy condi-

tions, i.e. we are dealing with an exotic fluid, then the result =~ We have developed a general formalism for the construction
n < —1does not necessarily discard stable configurations. In  and the analysis of stability of the static configurations corre-
particular, phantom energy, common in current cosmology,  sponding to circular thin-shell wormholes in 2 4 1 spacetime
has an equation of state with this feature. dimensions. We have used the usual cut and paste proce-

@ Springer



Eur. Phys. J. C (2014) 74:3015

Page 90of 9 3015

dure in the construction, and we have adopted a linearized
equation of state for the exotic matter at the throat. The sta-
bility analysis then has been reduced to the study of the
sign of the second derivative of an effective potential eval-
uated at the throat radius ag. We have applied this formal-
ism to three examples: the charged BTZ, Chan—Mann, and
Schmidt-Singleton geometries. Though the steps followed
are the same, the difficulties are different in each case. In
particular, in two examples the energy flux in the right hand
side of the energy conservation equation does not vanish,
while in the other one (BTZ) it is identically zero.

In all cases we have found the stability regions in terms
of the adimensionalized throat radius and the parameter n
associated with the equation of state. In the BTZ worm-
hole, for low values of the mass and when the charge is very
close or between the two critical values (corresponding to the
extremal black hole in the original metric) small values of 7,
in particular with 0 < n < 1, are compatible with stability.
If the mass is higher than a certain value, this feature is lost.
The results corresponding to the Chan—Mann wormhole are
qualitatively similar, when the charge is very close to the crit-
ical one, to those of the low mass BTZ geometry. The main
difference is that the behavior does not change for large val-
ues of the mass as in the BTZ case. The Chan—Mann metric
is characterized by the parameter N (with 2/3 < N < 2).
Decreasing values of N shift the regions of stability to smaller
adimensionalized throat radius, and to higher positive values
of the parameter n when the charge is lower than the critical
one. The Schmidt-Singleton wormhole spacetime, which has
no charge and admits the simplest treatment, is stable only
when n < —1. This characteristic makes this geometry less
interesting than the other two analyzed in our work, but it
does not rule out its stability.
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