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Abstract An exact formulation of two-dimensional chiral
hydrodynamics with diffeomorphism and conformal anoma-
lies is provided. The constitutive relation involving the stress
tensor is computed. It reveals a one parameter class of solu-
tions which is a new result. For a particular value of this
parameter, the results found in the gradient expansion scheme
are reproduced. Moreover, the constitutive relation is analo-
gous to the corresponding relation for an ideal fluid, appro-
priately modified to include the chirality property, which has
also been derived here.

1 Introduction

A universal effective picture of any finite temperature quan-
tum field theory on large time and length scales is provided
by hydrodynamics [1]. This has led to a revival of interest in
this topic. Also, the fluid-gravity map of AdS/CFT has fur-
ther bolstered this activity. The fundamental equations gov-
erning the dynamics in this description are the conservation
laws manifesting the global symmetries of the underlying
theory. While the space-time symmetry leads to the conser-
vation of the stress tensor, the charge symmetry leads to the
conservation of charge current. Furthermore, the conserva-
tion laws are supplemented by constitutive relations express-
ing the stress tensor and the current in terms of the basic
fluid variables which are velocity, temperature, and chemi-
cal potential. These constitutive relations, naturally, have to
be consistent with the conservation laws and are thus usu-
ally obtained by requiring compatibility with the second law
of thermodynamics [1]. This standard picture is nontrivially
modified in the presence of quantum anomalies.

In this paper we investigate the structure of constitutive
relations in the presence of gravitational anomalies in two
dimensions. Using techniques peculiar to two dimensions
we obtain new results with novel interpretations and impli-
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cations. We consider a chiral theory having both diffeomor-
phism and trace anomalies. The constitutive relation which
is exact and not any order-by-order expansion, accounts for
both these anomalies. Incidentally, two dimensions are very
special and merit a separate study that is distinct from an arbi-
trary dimensional analysis. The metric in two dimensions
is conformally flat which ensures that the effective action
is exactly obtainable. A derivative expansion approach that
is appropriate for calculating the effective action in higher-
dimensional fluid dynamics [2–4] now becomes redundant.
In fact much of the two-dimensional physics is hidden if one
adopts the standard derivative expansion method or its vari-
ations [5–8].

In Sect. 2 we provide a brief overview of chiral gravi-
tational anomalies in two dimensions [9] highlighting the
role of the diffeomorphism anomaly vis-à-vis the confor-
mal (trace) anomaly. This is necessary to appreciate the dis-
tinction between a chiral anomalous theory and a nonchiral
anomalous theory. Section 3 contains the constitutive relation
involving the stress tensor. An exact relation is obtained that
is put in the form of the corresponding relation for an ideal
chiral fluid. It may be observed that the constitutive relation
for an ideal chiral fluid is different from a normal one. This
is explained and the relevant relation is derived in Sect. 4.
The last section contains our concluding remarks.

2 General notions on gravitational anomalies

Consider a relativistic quantum field theory on a manifold
with a time-like Killing vector. Since the manifold has a time-
like Killing vector, the metric can be chosen to be static. By
an appropriate coordinate redefinition, the metric on such a
manifold can be expressed as

ds2 = −e2σ(x̄)(dt + ai (x̄) dxi )2 + gi j dxi dx j (1)

where the coordinates x̄ = xi (i = 1, 2, 3 . . . , p) specify
(p) spatial degrees of freedom. For the special case of (1 + 1)
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dimensions, the Riemann manifold is conformally flat and we
may write

ds2 = −e2σ(r)dt2 + g11(r)dr2 (2)

where the above form is taken for its resemblance with (1)
and also for comparing with results given earlier. Precisely
because two-dimensional Riemann spaces may be put in
the form (2), it is feasible to explicitly calculate the effec-
tive action. Variation of the effective action immediately
yields the exact expression for the energy momentum ten-
sor. This should be contrasted with higher dimensions where
the effective action and hence, the stress tensor, is obtained
approximately as a power series expansion. Nevertheless
even though the stress tensor may not have a closed form, its
conservation law (whether normal or anomalous) is obtained
as an exact result.

This naturally leads us to the topic of anomalies. An
anomaly is a breakdown of classical symmetry upon quan-
tization. Generally this is manifested as a clash of symme-
tries. For instance, in QED if a gauge invariant regularization
is chosen, then axial symmetry is violated leading to non-
conservation of the axial current. Likewise, it is possible to
preserve conservation of axial current by using a different
regularization but then gauge invariance gets violated. The
essence of the anomaly is that there is no regularization that
simultaneously preserves both the vector and axial symme-
tries.

A similar feature holds for the gravitational case. Here
there is a clash between general coordinate invariance and
conformal invariance. Preserving the first yields covariant
conservation of the stress tensor whose trace, however, is
non-zero. A vanishing trace follows by involving a conformal
invariant regularization, but this leads to non-conservation
of the stress tensor. Since general coordinate invariance is
regarded as more fundamental, this is usually kept intact at
the expense of a trace anomaly. The above comments, which
are valid for a vector theory, have to be modified if the the-
ory is chiral (i.e. chiral fermions moving in a curved back-
ground). In this case both general coordinate invariance and
conformal invariance are violated. There is a diffeomorphism
anomaly (non-conservation of the stress tensor) as well as a
trace anomaly. This point is usually not appreciated, leading
to confusion. Moreover, for a chiral theory, there is a further
subtlety. Chiral expressions may be regularized in various
ways but there are particularly two which are useful for differ-
ent reasons. Using a covariant regularization one may obtain
covariant expressions. However, these do not satisfy the so
called Wess–Zumino consistency condition or the integrabil-
ity condition and hence cannot be directly obtained from a
variation of the effective action. Expressions that are derived
in this manner are termed ‘consistent’. They satisfy the Wess–
Zumino consistency condition but do not transform covari-

antly under a general coordinate transformation.1 For gravita-
tional theories covariant expressions are preferred; otherwise
the basic transformation laws of tensors are violated.

Since we will be dealing with a chiral theory, let us
analyze it in more detail. For chiral fermions in a two-
dimensional gravitational background the possible struc-
tures of the covariant diffeomorphism anomaly and the trace
anomaly are uniquely fixed, up to some normalization, from
general considerations as

�μT μ
ν = Nd ε̄νμ∇μ R, T μ

μ = Nt R (3)

where Nd and Nt are normalization constants for the diffeo-
morphism anomaly and trace anomaly, respectively. Here R
is the Ricci scalar, which for the metric (2) is given by

R = 1

g2
11

(g′
11σ

′ − 2g11σ
′2 − 2g11σ

′′
) (4)

and ε̄μν = √−gεμν , with g = det gμν and εμν is the
antisymmetric numerical tensor ε01 = −ε10 = −1. The
functional form for the anomalies given in (3) is dictated by
dimensionality, covariance and parity. The stress tensor Tμν ,
due to its chiral nature, satisfies the property [13].

Tμν = −1

2
(ε̄μρT ρ

ν + ε̄νρT ρ
μ ) + 1

2
gμνT α

α , (5)

which is a generalization of the property satisfied, for exam-
ple, by a chiral current,

Jμ = −ε̄μν J ν . (6)

The chiral property is best manifested in the null coordinates,

u = t − r∗, v = t + r∗, dr

dr∗ = − eσ

√
g11

. (7)

In these coordinates the metric is given by

ds2 = −1

2
e2σ (dudv + dvdu) (8)

and the antisymmetric tensor ε̄μν is given by

ε̄uv = e2σ

2
. (9)

In our chosen system of coordinates it is easy to check
from (5) that chirality is manifested by the vanishing of vv-
component while, expectedly, the uv-component yields the
trace

1 Covariant and consistent forms are related by local counterterms [10–
12].
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Tvv = 0, Tuv = guv

2
T α

α = −e2σ

4
T α

α . (10)

It is interesting to observe that the above results follow
from general considerations. Subsequently we shall repro-
duce these from a direct calculation of the stress tensor
obtained from the chiral effective action.

We now reveal a connection between the normalization
constants Nd and Nt appearing in (3). For ν = v, the left
hand side of the first relation in (3) becomes,

∇μT μ
v = ∇u T u

v + ∇vT v
v = ∇u(guvTvv)

+ ∇v(g
vu Tuv) = ∇v

[(
− 2

e2σ

)(
−e2σ

4

)
T α

α

]

(11)

where the results (10) have been exploited. Substituting the
expression for the trace T α

α from (3) we find

∇μT μ
v = Nt

2
∇v R. (12)

Now the right hand side of the first relation in (3) for ν = v,
simplifies to,

∇μT μ
v = Nd ε̄vμ∇μ R = −Nd

e2σ

2
∇u R = Nd∇v R. (13)

Equating (12) and (13) immediately yields the cherished con-
nection,

Nt = 2Nd. (14)

It is now important to stress that chirality enforces both
the trace and diffeomorphism anomalies. Note that the triv-
ial(anomaly free) case Nt = Nd = 0 is ruled out since, using
the unidirectional property of chirality, it is feasible to prove
the existence of the diffeomorphism anomaly in 1+1 dimen-
sions [14]. This implies that both Nd and Nt are non-zero,
connected by the relation (14). For a non chiral theory, on
the contrary, the relation (14) does not hold and the absence
of a unidirectional property leads to a scenario where there
is no diffeomorphism anomaly but a trace anomaly exists or
vice versa. This is the crucial distinction between a chiral and
a non-chiral theory. In any formulation of the chiral theory,
therefore, it is imperative to properly account for both dif-
feomorphism and trace anomalies—a feature that we claim
has not been accounted for or emphasized in the literature on
hydrodynamics with anomalies.

The general analysis is now supplemented by explicit
structures. The two-dimensional chiral effective action is
defined as [15,16],

Z(ω) = − 1

12π

∫
d2xd2 yεμν∂μων(x)�−1(x, y)∂ρ

×[(ερσ + √−g gρσ )ωσ (y)] (15)

where �−1 is the inverse of the d’Alembertian � = (∇μ∇μ)

= 1√−g
∂μ[√−g gμν∂ν] and ωμ is the spin connection.

This is an exact result. It is basically the determinant of the
Weyl operator D = σ aeμ

a (∂μ + iωμ) where the expression
has been appropriately normalized to include the chiral (half)
factor.

The stress tensor may now be obtained by a variation of
this effective action. That would yield the consistent expres-
sion. The covariant form that is relevant for our purpose
is obtained by adding a local polynomial. This is allowed
since energy momentum tensors and currents are only defined
modulo local polynomials, which manifest the regularization
freedom. We obtain

δZ =
∫

d2x
√−g

(
1

2
δgμνT μν

)
+ l (16)

where the local polynomial is given by

l = − 1

12π

∫
d2xεμν

[
ωμδων + 1

8
Rea

μδea
ν

]
(17)

where the zweibein vectors ea
μ fix the metric gμν .

The covariant energy momentum tensor is easily read off
from the above relations as

T μ
ν = 1

96π

(
1

2
DμG DνG − DμDνG + δμ

ν R

)
. (18)

The chiral nature is highlighted by the presence of the chiral
covariant derivative Dμ defined in terms of the ordinary
covariant derivative ∇μ,

Dμ = ∇μ − ε̄μν ∇ν = −ε̄μν Dν, (19)

while R is defined in (4). The auxiliary field G in (18) is given
by

G(x) =
∫

d2 y
√−g �−1(x, y)R(y), (20a)

so that

�G(x) = R(x). (20b)

Calculating the covariant divergence and the trace of T μ
ν

from (18) we find

∇μT μ
ν = ε̄νμ

96π
∇μ R, T μ

μ = R

48π
. (21)

These are the covariant expressions for the diffeomorphism
anomaly and the trace anomaly [9]. They agree with the struc-
tures (3, 14) given on general grounds. Furthermore, exploit-
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ing (19) it is simple to establish the chirality property (5)
following from (18).

Solving (20b) we obtain

G = G0(r) − 4pt + q, ∂r G0 =
√

g11

eσ

(
−2σ ′eσ

√
g11

+ z

)

(22)

where p, q, and z are constants.
As a consistency check we show how the general solution

(22) yields the results for flat space which may be directly
obtained from (20b). The covariant d’Alembertian � simpli-
fies to ∂2 while the Ricci scalar R vanishes. Then (20b) is
just the massless Klein–Gordon equation,

∂2G = 0. (23)

In the null variables this equation takes the form

∂u∂vG(u, v) = 0, (24)

whose general solution is expressed as a sum of the left (L)
and right (R) moving modes,

G(u, v) = φL(u) + φR(v). (25)

To compare this solution with (22) we rewrite it in flat space
using the null coordinates (7),

G = − z

2
(v − u) − 4p

2
(u + v) + Q

=
( z

2
− 2p

)
u −

( z

2
+ 2p

)
v + Q (26)

and Q is a constant given by

Q = q + zk + k0. (27)

The constants q and z occur in (22) while the other constants
k0, k are the integration constants related to the solutions of
G0 and r ,

G0 =
∫

zdr = zr + k0, r = −
∫

dr∗ = −r∗ + k. (28)

Comparing (25) with (26) yields the desired identification,

φL(u) =
( z

2
− 2p

)
u + Q

2
, φR(v) = −

( z

2
+ 2p

)
v + Q

2
.

(29)

It is now possible to obtain the explicit form for T μ
ν . In the

null coordinates we have already found (see 10) that Tvv = 0

and Tuv is proportional to the trace. Using (10) and (21) we
get

Tuv = −e2σ

4
× R

48π
= − e2σ R

192π
. (30)

The only other component Tuu is obtained from (18) and
(22) after a slight calculation,

Tuu = 1

96π

e2σ

g2
11

(2g11σ
′′ − σ ′g11

′) + C (31)

where C is a constant defined as

C = 1

12π

(
p − z

4

)2
. (32)

Observe that although there are three distinct constants p, q,
and z, the physically relevant constant is a combination of
these2. That only one constant appears is a consequence of
the fact that the stress tensor T μ

ν is a solution of the anomaly
equation (21), which is a linear differential equation. This
constant may be fixed by choosing a boundary condition.
However, to keep the discussion general, we retain C . Rela-
tions (30), (31) along with Tvv = 0 yield the exact expres-
sions for the covariant stress tensor in the null coordinates.

3 Anomaly induced constitutive relation

The results for the stress tensor will now be used to deduce the
constitutive relation. This relation is obtained by expressing
the stress tensor in terms of the fluid variables. It is conve-
niently done by adopting the comoving frame. In this frame
the fluid velocity uμ is normalized as

uμuμ = −1. (33)

Note that the norm of the velocity has to be negative since
we are considering time-like trajectories. The absolute nor-
malization is fixed to unity by taking the comoving frame.
Subjected to the condition (33) and the metric (2), the usual
ansatz for the velocity follows:

uμ = e−σ(r)(1, 0), uμ = − eσ(r)(1, 0), (μ = t, r). (34)

Since the metric is static, expectedly the above ansatz for the
velocity is also time independent. Correspondingly, in the
null coordinates, we have

uμ = −eσ(r)

2
(1, 1), uμ = e−σ(r)(1, 1), (μ = u, v), (35)

2 The constant q, absent in (32), occurs in the construction of the gauge
current which is not considered here.
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which has a more symmetrical structure. Introduce the dual
vectors,

ũμ = ε̄μνuν = eσ(r)

2
(1,−1), ũμ = ε̄μνuν

= e−σ(r)(1,−1), (μ = u, v) (36)

where we have used (9) to obtain the explicit values. Observe
that the dual velocity fields satisfy a different normalization
from the original ones, since ũμũμ = 1.

To obtain the constitutive relation let us first write cer-
tain relations that express covariant combinations of the fluid
variables in terms of the metric coefficients,

uμ∇ρ∇μuρ = −1

2
R, uρ∇μ∇μuρ = σ

′2

g11
. (37)

Using the above equalities, the stress tensor (30, 31) in the
null coordinates is expressed as

Tuu = e2σ

48π
(uμ∇ρ∇μuρ − uρ∇μ∇μuρ) + C,

Tuv = e2σ

96π
(uμ∇ρ∇μuρ). (38)

These relations along with Tvv = 0 , are expressible as
follows:

Tμν =
{

1

48π
[(uα∇β − uβ∇α)∇αuβ ] + e−2σ C

}

×(2uμuν − ũμuν − uμũν)

−
{

1

48π
(uβ∇α∇αuβ) − e−2σ C

}
gμν. (39)

The tensorial character of this and other subsequent rela-
tions implies their general validity irrespective of the choice
of a particular ansatz like (34). This is also clear from the
observation that the expressions for the gravitational and
trace anomalies are correctly reproduced, a point that is elab-
orated at the end of this section. Of course wherever the vari-
able σ(r) appears explicitly, as in the term e−2σ C , it has to
be taken as time independent which just follows from the
choice of our original metric (2).

Now hydrodynamics has to be formulated in terms of the
local fluid velocity and the local temperature. One would thus
expect the appearance of two independent local degrees of
freedom. However, the fact that there is a further constraint
(33) implies the existence of only one such degree of freedom.
Moreover, since the velocity is already a function of σ (see
34), the temperature should also be expressed through the
same function. The only way this can be done in (39) is to
capitalize on the term e−2σ C . Introducing the locally (red-
shifted) temperature T by the usual Tolman relation, T =
T0e−σ , we obtain

Tμν =
{

1

48π
[(uα∇β − uβ∇α)∇αuβ ] + C̄T 2

}

×(2uμuν − ũμuν − uμũν)

−
{

1

48π
(uβ∇α∇αuβ) − C̄T 2

}
gμν (40)

where C̄ = CT −2
0 is an arbitrary constant. This is the cher-

ished constitutive relation in the presence of chiral (covariant)
anomalies. It is an exact relation and is a new result. There are
no derivative corrections. Moreover, the specific functional
form of the factor involving the velocity is unique since it is
the only one that ensures chirality. This will be further clari-
fied in the next section. The constant C in (39) is rewritten in
terms of another constant C̄ 3 to facilitate comparison with
existing results in the literature, as explained later. A relation
similar to (40) was obtained in [7], where the coefficient C̄
was fixed by relating it to the coefficient of the trace anomaly.

It may be observed that the appearance of the fluid temper-
ature in the constitutive relation (40) is essentially linked with
the presence of the integration constant. This also explains
the apparent lack of any dependence of T0 in the effective
action (15). The point is that it is actually hidden in the non-
local structure of (15). In passing over to local expressions it
is mandatory to introduce the additional fields G which sat-
isfy a differential equation. The solution of G thus involves
an integration constant which is eventually instrumental in
introducing the fluid temperature.

In the fluid variables it is straightforward to show that
(39) or (40) correctly reproduces both the diffeomorphism
anomaly (21) as well as the trace anomaly (21) obtained
earlier from the equilibrium partition function. For example
the trace anomaly is trivially seen by contracting (39) and
using uμuμ = −1, ũμuμ = 0 to yield,

T μ
μ = − 1

24π
(uα∇β∇αuβ). (41)

This reproduces, on using (37), the expression (21) for the
trace anomaly. Likewise the diffeomorphism anomaly may
also be reproduced.

4 Correspondence with ideal chiral fluid constitutive
relation

We now show that the relation (40) can be put exactly in the
form governing an ideal chiral fluid. Let us recall that the
familiar (textbook) ideal fluid constitutive relation is given
by the well known formula

T 0
μν = (ε + p)uμuν + pgμν (42)

3 Note that T0 is also a constant. Here it is the equilibrium temperature.
In black-hole physics it is the Hawking temperature.
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where ε and p are the energy density and pressure, respec-
tively.

Just as the above relation (which is the zeroth order con-
tributing in a gradient expansion) cannot account for dissi-
pative effect it also fails to account for chirality. Here we
consider the modifications brought about by chirality. In two
dimensions chiral vectors or tensors must satisfy properties
similar to (6) or (5). Note that chirality is an algebraic prop-
erty which should be manifested at the classical level itself.
To incorporate these features in (42), replace the velocity uμ

by the chiral velocity vector,

uc
μ = uμ − ũμ = uμ − ε̄μνuν . (43)

It is easy to see that (43) satisfies the chiral condition

uc
μ = −ε̄μνuν(c), (44)

which is the analog of (6). Then the constitutive relation (42)
is replaced by the form,

Tμν = (εc + pc)uc
μuc

ν + pcgμν. (45)

Here εc and pc may be interpreted as the analogous of ε and
p in (42) for anomalous (chiral) sector. This stress tensor
satisfies the chirality condition

Tμν = −1

2
(ε̄μρT ρ

ν + ε̄νρT ρ
μ ) + pcgμν. (46)

Using the property,

uc
μuμc = 0, (47)

following from the basic definition (43) or (44), it follows
from (45) that pc gets identified with the trace of the stress
tensor,

pc = 1

2
(T μ

μ ). (48)

Putting this back in (46) immediately yields the standard
chiral property (5) for Tμν .

The total stress tensor is a sum of the usual (non-
anomalous) part (42) and the chiral (anomalous) part (46),
T total

μν = T 0
μν + Tμν . The diffeomorphism invarient part of

the total effective action yields T 0
μν (satisfying ∇μT 0

μν = 0)
while the anomalous part yields Tμν (satisfying (21)).

It is now possible to recast (40) precisely in the form (45)
with appropriate identifications for εc and pc. Using (43) the
relation (45) is expressed as

Tμν =(εc+ pc)(2uμuν −uμũν −ũμuν) + (εc+2pc)gμν

(49)

where, at an intermediate step, the identity,

ũμũν − uμuν = gμν, (50)

has been exploited. We regard (49) as the appropriate consti-
tutive relation for an ideal chiral fluid in two dimensions.

As announced earlier the constitutive relation (39) in the
presence of anomalies has precisely the same form, (49), as
the ideal case once we identify

εc + pc = 1

48π
(uα∇β − uβ∇α)∇αuβ + C̄T 2,

εc + 2pc = − 1

48π
uβ∇α∇αuβ + C̄T 2. (51)

Solving (51) yields

εc = 1

48π
(2uα∇β − uβ∇α)∇αuβ + C̄T 2,

pc = − 1

48π
uα∇β∇αuβ. (52)

We reiterate that εc and pc are introduced to mimic the
actual energy density ε and pressure p so that the constitutive
relation for the anomalous sector bears a resemblance to the
usual ideal structure.

Let us wind up by stating that we have developed a novel
way of analyzing chiral hydrodynamics where special prop-
erties of chirality in two dimensions were exploited. Apart
from other features discussed above, this explains the func-
tional structure of the velocity factor in (39, 40, 49). It is the
unique form that ensures the chirality of Tμν . This was elab-
orated by explicitly working out the constitutive relation for
an ideal (chiral) fluid. Given in (49) this is a new structure
that is different from the familiar relation (42) for a nonchiral
ideal fluid.

5 Conclusion

Gravitational anomalies in 1 + 1 dimensions have played a
ubiquitous role in physics. Besides producing surprising con-
nections between physics and mathematics, they have been
used extensively to understand the Hawking effect in black
holes [13,14,16–18] or the thermal Hall effect in topologi-
cal insulators [19]. Very recently their influence in hydro-
dynamics has generated considerable interest [2–7]. The
two-dimensional example, in particular, is somewhat unique,
because of its special features.

In this paper we have developed a new formulation for
two-dimensional chiral hydrodynamics with anomalies. The
special characteristics of both chirality and two dimensions
have been taken into account. While the specific nature of
two dimensions ensures that the formulation yields exact
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results, chirality puts additional restrictions on the structure
of the constitutive relations. These restrictions are algebraic
in nature and are thus valid even for an ideal (chiral) fluid.
We have explicitly given the form for the constitutive rela-
tion (see 49) for an ideal (chiral) fluid. This new structure
helps to understand the eventual nature of the constitutive
relation for quantum chiral hydrodynamics. At the quantum
level, chirality implies the presence of both diffeomorphism
and conformal (trace) anomalies. It was reassuring to note
that the constitutive relation (40) for quantum chiral hydro-
dynamics was compatible with both types of anomalies as
well as the algebraic restriction imposed by chirality in two
dimensions. Finally, the constitutive relation involves an arbi-
trary constant manifesting a one parameter class of solutions.

A particular value of this constant (c̄ = π

12
) exactly repro-

duces the results found by the gradient expansion approach.
While this consistency check definitely supports our analy-
sis, we feel that the explanation of the functional form of the
velocity factors in (49) in terms of chirality is an important
point that was missing in the existing literature.

This analysis illuminates a similarity between hydrody-
namics and quantum field theory. Two-dimensional mod-
els in QFT are exactly solvable and using the technique of
bosonization, may be put in a form that resembles the free the-
ory but with a different normalization of the parameters [20].
Something analogous happens here also. The exact consti-
tutive relation for two dimensional anomalous chiral hydro-
dynamics is put in the corresponding form of an ideal chiral
fluid but with a different normalization of the parameters.

It is possible to extend or generalize the present work. For
example, one can consider the case of a charged chiral fluid so
that the analysis has to be performed in the presence of gravi-
tational as well as gauge anomalies. Another aspect would be
to drop the chirality condition and treat a nonchiral fluid in the
presence of anomalies. This case is fundamentally different
from chiral hydrodynamics considered here because the lack
of unidirectional property ensures that both diffeomorphism
and coformal anomalies do not coexist. There would be a dif-
feomorphism anomaly but no trace anomaly or vice versa.
Since for gravitational theories diffeomorphism invariance
is more fundamental it is retained at the expense of a con-
formal anomaly. Its consequences for hydrodynamics have
been considered, albeit briefly, in [7,8] within the deriva-
tive expansion scheme. Nevertheless, here also one expects

exact results in the two-dimensional case. Implications of
this analysis to higher dimensions is yet another possibility
to be explored. Work in these directions is in progress and
will soon be reported [21].

Open Access This article is distributed under the terms of the Creative
Commons Attribution License which permits any use, distribution, and
reproduction in any medium, provided the original author(s) and the
source are credited.
Funded by SCOAP3 / License Version CC BY 4.0.

References

1. L.D. Landau, E.M. Lifshitz, Course of Theoretical Physics, vol. 6
2. K. Jensen, M. Kaminsky, P. Kovtun, R. Meyer, A. Ritz, A. Yarom,

Towards hydrodynamics without an entropy current. arXiv:1203.
3556

3. N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Jain, S. Min-
walla, T. Sharma, JHEP 1209, 046 (2012)

4. S. Bhattacharyya, S. Jain, S. Minwalla, T. Sharma, Constraints
on superfluid hydrodynamics from equilibrium partition functions.
arXiv:1206.6106

5. S. Dubovsky, L. Hui, A. Nicolis, Effective field theory for hydro-
dynamics: Wess–Zumino term and anomalies in two space–time
dimensions. arXiv:1107.0732

6. M. Valle, JHEP 1208, 113 (2012)
7. K. Jensen, R. Loganayagam, A. Yarom, Thermodynamics, grav-

itational anomalies and cones. JHEP 02(2013), 088. arXiv:1207.
5824

8. C. Eling, Y. Oz, S. Theisen, S. Yankielowicz, Conformal anomalies
in hydrodynamics. arXiv:1301.3170

9. R. Bertlmann, E. Kohlprath, Ann. Phys. (N.Y.) 288, 137 (2001)
10. W.A. Bardeen, B. Zumino, Nucl. Phys. B 244, 421 (1984)
11. H. Banerjee, R. Banerjee, Phys. Lett. B 174, 313 (1986)
12. H. Banerjee, R. Banerjee, P. Mitra, Z. Phys. C32, 445 (1986)
13. R. Banerjee, S. Kulkarni, Phys. Rev. D 79, 084035 (2009)
14. S. Fulling, Gen. Relativ. Gravit. 18, 609 (1986)
15. H. Leutwyler, Phys. Lett. B 153, 65 (1985)
16. R. Banerjee, S. Kulkarni, Phys. Lett. B 659, 827 (2008)
17. S. Iso, H. Umetsu, F. Wilczek, Phys. Rev. D 74, 044017 (2006)
18. R. Banerjee, S. Kulkarni, Phys. Rev. D 77, 024018 (2008)
19. M. Stone, Phys. Rev. B 85, 184503 (2012)
20. E. Abdalla, M.C.B. Abdalla, K. Rothe, Non-perturbative Methods

in 2 Dimensional Quantum Field Theory (World Scientific, Singa-
pore, 1991)

21. R. Banerjee et al, in preparation

123

http://arxiv.org/abs/arXiv:1203.3556
http://arxiv.org/abs/arXiv:1203.3556
http://arxiv.org/abs/arXiv:1206.6106
http://arxiv.org/abs/arXiv:1107.0732
http://arxiv.org/abs/arXiv:1207.5824
http://arxiv.org/abs/arXiv:1207.5824
http://arxiv.org/abs/arXiv:1301.3170

	Exact results in two-dimensional chiral hydrodynamics  with gravitational anomalies
	Abstract 
	1 Introduction
	2 General notions on gravitational anomalies
	3 Anomaly induced constitutive relation
	4 Correspondence with ideal chiral fluid constitutive relation
	5 Conclusion
	References


