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Abstract. We are considering polytopes with exact reflection symmetry group G in the real 3-dimensional
Euclidean space R

3. By changing one simple element of the polytope (position of one vertex or length of an
edge), one can retain the exact symmetry of the polytope by simultaneously changing other corresponding
elements of the polytope. A simple method of using the symmetry of polytopes in order to determine
several resonant frequencies is presented. Knowledge of these frequencies, or at least their ratios can be
used for control of some principal changes of the polytopes.

1 Physical introduction

The process, which we want to consider in the paper, in-
volves changing the positions of the vertices and edges of a
given polytope P while preserving its original symmetry.
Necessarily, even the change of one quantity (position or
distance on the shell) requires other modifications of the
shell of the polytope if the symmetry is to be preserved.
Viewing it as a dynamical process, if the change occurs
periodically, then it will lead to the vibration of other el-
ements on the polytope shell causing the vibration of the
whole polytope structure [1,2]. Describing some of the vi-
brations is the main goal of the paper.

The possibility of deforming the polytopes by changing
the position of vertices raises the question of whether we
can exploit the dynamical properties of the polytopes [3].
Taking the displacement of vertices as generalized coor-
dinates in Lagrange mechanics, corresponding oscillations
and movements can be found. We will use Hooke’s Law ap-
proximations for isotropic materials, which holds at least
for small amplitudes so that the atomic bond forces can be
described spring forces. Using the polytope structures de-
scribed in [4,5], we discuss below three reasons to analyze
the dynamical properties of polytopes.

The first reason for analyzing polytope properties is to
allow us to determine the presence of polytopes in a sub-
stance. Using polytope vibration frequency modes we can
determine quantitatively and qualitatively the presence of
polytopes in a material.

a e-mail: m.szajewska@math.uwb.edu.pl

Analysis of the frequencies identifies the components
of the substance. Analysis of the amplitudes determines
the relative amount of components.

The second reason for analyzing polytopes is that it
enables us to determine the tension of atomic bonds, i.e.
molecular forces between atoms in a polytope. This follows
from the fact, that in all described cases we determine the
frequencies of four modes, and all of them are perpen-
dicular to the square root of their tensions. From spectral
analysis one can identify the frequencies once we know also
the ratio. The ratio of resonant frequencies can be found
using the parameters like masses, number of vertices and
number of edges.

The third reason is the possibility to use these frequen-
cies to control the transition between polytopes or their
destruction. These frequencies are resonant frequencies. It
means that at these frequencies small periodic oscillations
cause large amplitudes and increase the kinetic energy.
These properties can be used for example for controlling
some behaviours of viruses of polytope shape [6].

The description of the transition between some poly-
topes was shown in [4,5] using several parameters. This
enables us to find the vibration modes connected to these
parameters. The polytopes generally have N modes, where
N is the degree of freedom.

The calculation of all modes and describing the corre-
sponding movements is complicated, because of their in-
terdependence and because of a great number of variables.
It prevents us to find the exact solution.

There are some modes, which can be exactly calculated
using the symmetry of the polytope. These modes deter-
mine the oscillations that can be visualized. The proper
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manipulations of polytopes connected to the modes can
be used for their transitions. Moreover, the knowledge of
frequencies of modes can help to find the ratio of poly-
topes of different type in the mixture of polytopes in a
material. In order to find the composition of a material
one can identify varies polytopes by either their frequen-
cies or by ratios of their frequencies (in some cases the
ratios are unique).

The symmetry also plays a role in the determination
of the velocities of mass points at the vertices.

The symmetry which we used guarantees that the ve-
locities of all points of polytopes are the same at each mo-
ment. The positions of atoms obey the symmetry group
and the calculations of tension of atomic bonds is straight-
forward.

There is an additional mode connected to central sym-
metry, which is described by the radial vibration of a poly-
tope. The resonant frequencies depend on the ratio of ten-
sion and mass.

2 Construction of polytopes

In the paper G stands for the Weyl groups of the sim-
ple Lie groups of rank 3, namely A3, B3, C3, and also
the non-crystallographic Coxeter group H3 of order 120
(the icosahedral group). All the four groups are acting in
the 3-dimensional real Euclidean space R

3.
The simplest polytopes P, generated by G, are shells

of points/vertices that are equidistant from the origin of
R

3. All its vertices are generated from any one of them
by repeated application of the reflections r1, r2, r3 that
generate all the elements of G [7]. For each of the four
groups the reflection mirrors have different relative angles.

We say that the simplest polytopes have vertices from
one orbit of G. The radius of the shell carrying vertices
of such polytopes does not enter into the calculations. If
however, more than one orbit of G should be used in form-
ing the vertices of the polytope P, the relative length of
their radii is of importance.

If more than one orbit of G constitute the points of the
polytope, two complications of the structure may arise.
The first one is the presence of greater number of vertices
on the outer shell of the polytope. The second complica-
tion would have more points of the polytope present in
the interior of the outer shell.

In all cases we assume that the exact symmetry of
G is preserved. That assumption allows us to limit our
consideration to a smaller number of cases that appear to
be most interesting at present.

The single shell/orbit polytopes P are constructed by
repeated reflections r1, r2, r3, applied to any one of its
points/vertices [7].

3 Vibrations of A3 polytope

In this symmetry case we illustrate the method, which is
then used in the other cases as well. The case is differ in the

Lagrangians and therefore in resulting movements, i.e. the
frequencies of modes and the corresponding movements of
polytopes.

The generic A3 polytope consists of 24 vertices, 12
edges a, 12 edges b and 12 edges c.

Cartesian coordinates of tetrahedral polytope are ex-
pressed in terms of three variables a, b and c, which rep-
resent the lengths of three types of edges connecting the
masses of atoms m at the vertices

�x =
(
−a

2
− 2b

3
− 5c

6
,−a

2
− 2b

3
+

c

6
,−a

2
+

b

3
+

c

6

)
.

The corresponding velocities are rewritten as:
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where dot means time derivative.
For the solution of the vibration we apply Lagrange

mechanics. The kinetic energy of all masses moved ac-
cording the prescription to preserve the required symme-
try, and which are described by the three variables is the
following:

T =
∑ 1

2
mv2

i = 12m

(
3
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ȧ2+ȧḃ+ ḃ2+

1
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3
4
ċ2

)
,

and the potential energy in all atomic bonds is

U =
∑ 1

2
k(Δa)2 +

∑ 1
2
k(Δb)2 +

∑ 1
2
k(Δc)2)

= 6k((Δa)2 + (Δb)2 + (Δc)2),

where Δa, Δb and Δc are the prolongations of the lengths
of the edges connecting the mass points on the vertices of
polytopes, i.e. the displacements in the directions of these
edges. Because of Δ̇q = q̇ we can rewrite Δa = a, Δb = b
and Δc = c, and these displacements can be understood
as three generalized coordinates for the vertices of the
polytopes.

Then the Lagrangian for the vibration preserving the
symmetry is expressed by:

L = T − U = 24m

(
3
4
ȧ2 + ȧḃ + ḃ2 +

1
2
ȧċ + ḃċ +

3
4
ċ2

)

− 12k(a2 + b2 + c2).

The corresponding general Euler-Lagrange equations are:

d

dt

∂L

∂q̇i
− ∂L

∂qi
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In coordinates form we have three equations
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)
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m
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)
+ kc = 0.
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Fig. 1. Imagination of vibration of polytopes of type A3, where E = (1, 1, 1), δ = 0.1 and Xi is eigenvector taken from Table 1.

Table 1. Resonant frequencies for case A3.

Eigenvalue Eigenvector
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In order to find out the modes corresponding to the vibra-
tions with respect to the preserving symmetry, we look for
the solution in the form⎛

⎝a
b
c

⎞
⎠ =

−→
X cos(ωt + ϕ), where

−→
X =

⎛
⎝A

B
C

⎞
⎠ ,

where ϕ is an arbitrary constant phase in a general solu-
tion, according to the initial conditions.

Three Euler-Lagrange equations can be written in the
matrix form

A
d2

dt2
−→
X + B

−→
X = 0, i.e. − ω2

A
−→
X + B

−→
X = 0.

The matrix A is

A =
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and B is

B =
k
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⎞
⎠ .

The matrices A and B commute, therefore they have com-
mon eigenvalues and eigenvectors. Then the solutions have
the following form

ω2
i αi

−→
X i =

k

m

−→
X i, for i = 1, 2, 3,

where αi are eigenvalues,
−→
X i eigenvectors and ωi corre-

sponding angular frequencies of three modes.
In all cases we can determine one more mode, corre-

sponding to the radial oscillations. During the oscillation
it preserves the shape of polytope, i.e. the central symme-
try. The prolongation (r = ΔR) of the radius (R) of the
peripheral sphere is the generalized coordinate, because
of the equidistant positions of neighbouring points. The
total kinetic and potential energies (up to rest state) are:
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k
(
2r sin

α

2

)2

,

for N vertices and Ñ edges, and where α is a central angle
of the edge, because all of the edges are of the same length.

Euler-Lagrange equation is a harmonic oscillator
equation
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2
= 0,

and the corresponding mode angular frequency is ω2
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2 = Ñk
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a2

R2 . For A3 case it is ω2
0 = 3k

5m .

4 Vibrations of H3 polytope

The vertices of the icosahedral polytopes can be written
in orthonormal basis when the points of the orbit are ex-
pressed as purely imaginary quaternions-icosians [8]
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Unlike the three crystallographic groups A3, B3 and C3

the natural basis for the vertices of the polytopes of H3

contains one irrationality τ , which represents the golden
ratio. The most naturally it is done by icosians [8], more
precisely for H3 only the 3 purely imaginary icosians.

The corresponding velocities are their time derivatives
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Fig. 2. Imagination of vibration of polytopes of type H3, where E = (1, 1, 1), δ = 0.1 and Xi is eigenvector taken from Table 2.

Table 2. Resonant frequencies for case H3.

Eigenvalue Eigenvector
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We can identify the letters a, b and c with the general
coordinates – the displacements of masses in correspond-
ing directions. The polytope consists of 120 vertices and
60 edges of each type a, b and c.

The kinetic energy of all atoms is the same as a conse-
quence of the fact that the displacement of a single point
causes the displacement of all remaining points, moving
with the same velocity. The total kinetic energy of move-
ment according symmetry is equal

T = 60m

(
1
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+
1
2
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3
4
ċ2(1 + τ)

)
,

and the potential energy in all bounds is equal

U = 30k(a2 + b2 + c2).

Then the Lagrangian for the vibration preserving the sym-
metry is calculated by:

L = 120m

(
1
4
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+
1
2
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)

− 60k(a2 + b2 + c2).

The corresponding Euler-Lagrange equations have a form

m
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The matrix A is then
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⎞
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k

m
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Because of the commutativity of both matrices there are
common eigenvectors, and the solutions are

ω2
i αi

−→
X i =

k

m

−→
X i, for i = 1, 2, 3,

where αi are eigenvalues,
−→
X i eigenvectors and ωi corre-

sponding angular frequencies of three modes.
The additional mode of the prolongation (r) of the

radius (R) of the peripheral sphere is similar as in A3 case.
The neighbour points are equidistant. The Euler-Lagrange
equation is

Nmr̈ + 4Ñkr sin2 α

2
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and the corresponding mode angular frequency is ω2
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Fig. 3. Imagination of vibration of polytopes of type B3, where E = (1, 1, 1), δ = 0.1 and Xi is eigenvector taken from Table 3.

Table 3. Resonant frequencies for case B3.

Eigenvalue Eigenvector

α1 = 3.13805 X1 = (1.09477, 1.84067, 1) ω1 =
√

k
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√
0.318669

α2 = 0.424101 X2 = (−2.29387, 0.821037, 1) ω2 =
√

k
m
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α3 = 0.18785 X3 = (0.199104, −0.661702, 1) ω3 =
√

k
m

√
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√

k
m

√
2
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5 Vibrations of B3 polytope

The octahedral polytope consists of 48 vertices and
24 edges of each type a, b and c.

The vertices of polytope in Cartesian coordinates and
the corresponding velocities have the following form:
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The total kinetic and potential energies are

T = 24m

(
ȧ2 + 2ȧḃ + 2ḃ2 + ȧċ + 2ḃċ +

3
4
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)
,

U = 12k(a2 + b2 + c2).

The Lagrangian for the vibration preserving the symmetry
is equal

L = 48m

(
ȧ2 + 2ȧḃ + 2ḃ2 + ȧċ + 2ḃċ +

3
4
ċ2

)

− 24k(a2 + b2 + c2).

The matrix A has a form

A =

⎛
⎝ 1 1 1/2

1 2 1
1/2 1 3/4

⎞
⎠ ,

and B is

B =
k

m

⎛
⎝1 0 0
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⎞
⎠ .

Because of the commutativity of both matrices there are
common eigenvectors and the solutions are

ω2
i αi

−→
X i =

k

m

−→
X i, for i = 1, 2, 3,

where αi are eigenvalues,
−→
X i eigenvectors and ωi corre-

sponding angular frequencies of three modes.
The additional mode of the prolongation (r) of the ra-

dius (R) of the peripheral sphere is different as in A3 case.
The neighbour points are not equidistant, because there
are two different lengths of edges and so, two different
central angles. The Euler-Lagrange equation is

Nmr̈+4Ñakr sin2 α

2
+4Ñbkr sin2 β

2
+4Ñckr sin2 γ

2
= 0,

and the corresponding mode angular frequency is ω2
0 =

(Ña
a2

R2 +Ñb
b2

R2 +Ñc
c2

R2 ) k
Nm . For B3 case when a = b, b �= c

it is ω2
0 = 2k

7m .

6 Vibrations of C3 polytope

As for B3 case the octahedral polytopes of type C3 have
48 vertices and 24 edges of each type a, b and c. The ver-
tices of a polytope and the corresponding velocities we can
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Fig. 4. Imagination of vibration of polytopes of type C3, where E = (1, 1, 1), δ = 0.1 and Xi is eigenvector taken from Table 4.

Table 4. Resonant frequencies for case C3.

Eigenvalue Eigenvector

α1 = 2.52446 X1 = (0.445042, 0.801938, 1) ω1 =
√

k
m

√
0.396125

α2 = 0.321552 X2 = (−1.24698,−0.554958, 1) ω2 =
√

k
m

√
3.10992

α3 = 0.153989 X3 = (1.80194, −2.24698, 1) ω3 =
√

k
m

√
6.49396
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write in the following form

�x =
1√
2

(a + b + c, b + c, c) ,

�v = �̇x =
1√
2

(
ȧ + ḃ + ċ, ḃ + ċ, ċ

)
.

The total kinetic energy of movement is

T = 24m

(
ȧ2

2
+ ȧḃ + ḃ2 + ȧċ + 2ḃċ +

3
2
ċ2

)
,

and the potential energy in all “springs” is

U = 12k(a2 + b2 + c2).

The Lagrangian for the vibration preserving the symmetry
is calculated by:

L = 48m

(
ȧ2

2
+ ȧḃ + ḃ2 + ȧċ + 2ḃċ +

3
2
ċ2

)

− 24k(a2 + b2 + c2).

The matrix A is equal

A =

⎛
⎝1/2 1/2 1/2

1/2 1 1
1/2 1 3/4

⎞
⎠ ,

and B has a form

B =
k

m

⎛
⎝1 0 0

0 1 0
0 0 1

⎞
⎠ .

Because of the commutativity of both matrices there are
common eigenvectors and the solutions are

ω2
i αi

−→
X i =

k

m

−→
X i, for i = 1, 2, 3,

where αi are eigenvalues,
−→
X i eigenvectors and ωi corre-

sponding angular frequencies of three modes.
The additional mode of the prolongation (r) of the

radius (R) of the peripheral sphere is similar as in B3 case.
The neighbour points are not equidistant, because there
are two different lengths of edges and so, two different
central angles. The Euler-Lagrange equation is:

Nmr̈ + 4Ñakr sin2 α

2
+ 4Ñbkr sin2 β

2
+ 4Ñckr sin2 γ

2
= 0,

and the corresponding mode angular frequency is ω2
0 =

(Ña
a2

R2 +Ñb
b2

R2 +Ñc
c2

R2 ) k
Nm . For C3 case when b = c, a �= b

it is ω2
0 = (1
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(

1
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9

)
) k

m .

7 Concluding remarks

The method can be used for different constant tensions
of bonds in directions a, b, c. Then the matrices A and B
do not commute but both are symmetric and positive def-
inite. The algebraic solution is straightforward. The fre-
quencies and corresponding vibrations are the solutions of
the equation ω2

A
−→
X = B

−→
X , see [9].

Each polytope with G symmetry can be viewed as a
sum of several polytopes with the lower symmetry than G.
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Techniques for reducing orbits of the group G to the sum
of subgroups of polytopes are known. We could imagine
that vibration is caused not by a change of a single vertex
or edge but a part of the original polytope which is invari-
ant with respect to the subgroup of a symmetry group G.
The vibration of the subgroup of polytope will cause the
vibration of the entire polytope of G. Even more curi-
ous would be a situation when the subgroup of polytopes
arise from a polytope of dimension 4 although those can-
not be visualized easily. The vibration of the subgroup of
polytopes then can be studied and information about the
vibration of 4D polytopes can be inferred.

An interesting would also be studies of wave propaga-
tions along the infinite nanotubes in 3D.
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