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Abstract In this article, we review the status of the cal-
culation of nuclear currents within chiral effective field the-
ory. After formal discussion of the unitary transformation
technique and its application to nuclear currents we give all
available expressions for vector, axial-vector currents. Vec-
tor and axial-vector currents are discussed up to order Q
with leading-order contribution starting at order Q3. Pseu-
doscalar and scalar currents will be discussed up to order
Q" with leading-order contribution starting at order Q™*.
This is a complete set of expressions in next-to-next-to-next-
to-leading-order (N3LO) analysis for nuclear scalar, pseu-
doscalar, vector and axial-vector current operators. Differ-
ences between vector and axial-vector currents calculated
via transfer-matrix inversion and unitary transformation tech-
niques are discussed. The importance of a consistent regu-
larization is an additional point which is emphasized: lack of
a consistent regularization of axial-vector current operators
is shown to lead to a violation of the chiral symmetry in the
chiral limit at order Q. For this reason a hybrid approach at
order Q, discussed in various publications, is non-applicable.
To respect the chiral symmetry the same regularization pro-
cedure needs to be used in the construction of nuclear forces
and current operators. Although full expressions of consis-
tently regularized current operators are not yet available, the
isoscalar part of the electromagnetic charge operator up to
order Q has a very simple form and can be easily regularized
in a consistent way. As an application, we review our recent
high accuracy calculation of the deuteron charge form factor
with a quantified error estimate.

1 Introduction

The internal structure of nucleons and nuclei can be studied
by probing them with electromagnetic, weak, or even scalar
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probes. Scalar probes play an important role in beyond the
standard model searches of dark matter. The interactions of
hadrons with the external probes are well approximated by
one photon, W=, Z9. In this case, the full scattering ampli-
tude factorizes in a leptonic and a hadronic part. In case of
the electroweak interaction, the amplitude can be written as
a multiplication of leptonic and hadronic four-current opera-
tors. Leptonic four-current can be well approximated by per-
turbative calculations within the standard model. Hadronic
four-currentis less known. Electroweak nuclear currents have
been extensively studied in the last century within boson-
exchange (pions and heavier mesons) and soliton models,
see [1,2] for recent and [3,4] for earlier reviews on this topic.
Electromagnetic nuclear currents have been reviewed in [5—
8]. One of the simplest approximations of the nuclear current
operator is the impulse approximation (IA) where only one
nucleon in a nucleus is probed by an external source and
the other nucleons act as spectators. The TA can be expected
to work well at higher energies. However, this approxima-
tion is not satisfactory in the low-energy sector. Riska and
Brown showed in their seminal paper [9] on radiative cap-
ture of a thermal neutron on a proton, n + p — y +d,
that 10% discrepancy between the IA prediction and exper-
iment can be explained by taking into account the leading
pion exchange electromagnetic current between two nucle-
ons which was calculated by Villars [10] and took addi-
tionally A(1232) resonance and @ — m + y channel in
to account [11]. This was a start for the development of
more sophisticated meson exchange currents where heav-
ier mesons and nucleon resonances have been taken into
account. The currents have been studied both in relativis-
tic and non-relativistic formalisms. Relativistic approach is
more complicated than a non-relativistic one and is reviewed
e.g. in [12,13], see also [14] for relativistic Hamiltonian
approach. In a non-relativistic formalism one usually per-
forms a Foldy-Wouthousen unitary transformation [16] and
eliminates in this way antinucleon contributions. In practi-
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cal calculations, relativistic corrections are then treated in
terms of one-over-nucleon-mass expansion. Based on the
studies of Poincare algebra [17,18] one can give a sys-
tematic one-over-nucleon-mass expansion of wave functions
and currents [19-21]. One can even block-diagonalize the
full Poincare algebra simultaneously reducing in this way,
quantum field theoretical problem to quantum mechanical
one [22,23].! In this way one can either keep everything
relativistic or perform a large nucleon mass expansion of
block-diagonalized operators. Through the phenomenolog-
ical studies of the nuclear currents of the last century, one
could gain very important insights into a general construction
of nuclear currents. The interrelation between nuclear forces
and currents was clearly emphasized to keep gauge sym-
metry exact [24]. Gauging technique of nuclear forces were
developed to derive consistent nuclear currents out of nuclear
forces which respect explicitly the gauge symmetry [25,26].
Off-shell and energy-dependence of the nuclear forces and
currents had been extensively studied. Block-diagonalization
techniques were developed to construct energy-independent
nuclear forces [28,29]. Extension of these techniques, in par-
ticular unitary transformation technique, to a construction of
nuclear currents had been presented in [32]. The advantage of
the procedure presented in [32] is a systematic construction
of the nuclear currents if perturbation theory would work.
Within this procedure, a vector current has been studied up
to one-loop level in a meson exchange model [33] which is
of comparable complexity as the state of the art calculations
of nuclear currents in chiral effective field theory.

Already in the early studies of the nuclear current oper-
ators, the prominent role of the chiral symmetry (symmetry
of QCD if the quark masses are set to zero) in the nuclear
forces and currents was well appreciated [27]. Basically in
all realistic models the longest range interactions are gov-
erned by one-pion-exchange. For this reason, the chiral sym-
metry was respected in lowest order approximation in the
low energy-momentum expansion. How to further system-
atically improve phenomenological models and in particular
their connection to QCD was rather unclear. A groundbreak-
ing idea that made systematically improvable calculations of
nuclear forces and currents possible came with the birth of
the chiral perturbation theory [34,35]. Gasser and Leutwyler
showed in [34] that perturbative expansion in small momenta
and masses of pions divided by the chiral symmetry break-
ing scale A, can be systematically performed beyond a tree-
level approximation [35]. To organize the infinite number
of possible interactions they used naive dimensional analy-
sis (power counting scheme) which was proposed by Wein-
berg [35]. The price which one has to pay is the appearance

! This statement was proven by Gléckle and Miiller in [22] only for a
restrictive model. The proof for a general field theory was given only
recently [23].
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of more and more complicated Lagrangians with unknown
coefficients, so-called low energy constants (LEC), if higher
precision is required. The procedure in [34] allows one to
approximate Green functions of QCD in the pionic sector
by chiral perturbation theory in a systematically improvable
way [36]. Degrees of freedom in chiral perturbation theory
are pointlike pions which gain their structure at higher orders
in the chiral expansion (loop effects). Only a few years later
chiral perturbation theory was formulated in the presence
of matter field allowing to extend the formalism to nucleon
degrees of freedom [37]. Nucleon states appeared in [37] as
initial and final states which are on-shell. Strictly speaking,
the formalism does not allow to make any statement about
off-shell dynamics of the nucleons with a clear connection
to QCD. However, within QCD calculated matrix elements
with on-shell nucleons in the initial and final states can be
approximated in a systematically improvable way by chi-
ral perturbation theory. One technical difficulty which arises
with the description of nucleons within chiral perturbation
theory is the appearance of the nucleon mass which is a hard
scale. As a consequence nucleon mass divided by chiral sym-
metry breaking scale is not small but of the order one. Naive
application of dimensional regularization in loop diagrams
would generate also terms proportional to positive powers of
nucleon mass and would destroy in this way a power count-
ing. There are two solutions to this problem: the first one is to
perform a field redefinition and eliminate nucleon mass from
the nucleon propagator on the path integral level reducing
the theory to a non-relativistic approach. Poincaré invari-
ance is restored order by order in the form of a systematic
large nucleon mass expansion. The method is called heavy-
baryon approach [38,39] and was successfully applied to var-
ious scattering observables in the single-nucleon sector [40].
Another method, called infrared regularization, respects the
Lorentz-invariance of the theory resuming the whole large
nucleon mass expansion without violation of power count-
ing [41]. In this formulation, one introduces nonphysical cuts
far away from the applicability region of the theory. Never-
theless, in practical calculations, these cuts might have long
tails such that it is advantageous not to have them. Another
formulation of the relativistic theory without violation of the
power counting scheme can be realized by modification of the
subtraction scheme. In this modified scheme all power count-
ing violating terms which are caused by hard nucleon mass
scale are absorbed into available LECs. The method is called
extended-on-mass-renormalization-scheme [42,43]. Appli-
cations of relativistic and non-relativistic chiral perturbation
theory methods in the single-nucleon sector are reviewed
in [44].

Extension of chiral perturbation theory to two- and more-
nucleon sector was pioneered by Weinberg [45-47]. The
difficulty in the two- and more-nucleon sectors is the exis-
tence of bound states which makes the perturbative approach
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impossible. As a way out of this Weinberg suggested using
chiral perturbation theory for the calculation of an effec-
tive potential, which is called nuclear force. Observables like
nuclear spectra can be extracted out of the non-perturbative
numerical solution of the Schrédinger equation with chiral
nuclear forces as input. The effective potential was origi-
nally defined as a set of time-ordered diagrams without two-
nucleon or more-nucleon intermediate states. The absence
of these states makes a perturbative approach applicable.
This idea was followed by several groups. Already one year
after original publication [46] nuclear forces have been stud-
ied up to next-to-leading-order (NLO) in chiral expansion
by [48]. Soon after this publication next-to-next-to-leading-
order (NNLO) corrections have been calculated in [49-51].
At this order, one has to take two-pion-exchange corrections
into account. For two-nucleon operators, they appear as one
loop corrections and for three-nucleon forces as tree-level
diagrams. Time-ordered perturbation theory (TOPT) gives
a nice graphical interpretation of the forces but introduced
a drawback of energy-dependence in nuclear forces. This
makes it difficult to apply them in a few- and many-body sim-
ulations. This drawback, however, was cured with the appli-
cation of unitary transformation technique for construction
of nuclear forces [52,53] and lead to properly normalized
energy-independent nuclear forces. Next-to-next-to-next-to-
leading-order (N3LO) corrections to two-nucleon forces have
been calculated more than a decade ago [56-59]. Numeri-
cal studies of these contributions, including fits of various
short-range LECs which appear at this order, have been per-
formed by Bonn—Bochum [60] and Idaho group [61]. We call
these forces as first-generation nuclear forces in further dis-
cussion. At the same order, there are corrections to leading
three-nucleon forces which have been calculated in [62,63].
At N3LO also four-nucleon forces start to contribute. Their
analytical expressions can be found in [68,69]. Density-
dependent interactions which are needed for applications in
nuclear matter studies have been derived from the N3LO
three-nucleon forces in [64,65] and from the N3LO four-
nucleon forces in [66], see [67] for a review on this direction.
A first numerical estimate of “He expectation values of four-
nucleon forces has been performed in [70]. Numerical imple-
mentations of N>LO three- and four-nucleon forces in a few-
nucleon sector are non-trivial and still under investigation.
Only exploratory studies have been presented in [71-73] and
various perturbative applications in many-body sector have
been considered in [74—77]. In these studies, however, one did
not pay any attention to consistency issues of regularization
between the two-, three- and four-nucleon forces. Nowadays,
we know that a mismatch of dimensional and cut-off regular-
izations leads to a violation of the chiral symmetry at a one-
loop level in three-nucleon forces which is N3LO, the same is
true for the axial vector currents [78]. So a more careful inves-
tigation is needed which is work in progress. Construction

and application of nuclear forces in chiral EFT are reviewed
in several comprehensive review articles, see e.g. [79-83].
Three-nucleon forces within chiral EFT have been reviewed
in [84,85]. By now two-nucleon forces have been calculated
up to next-to-next-to-next-to-next-to-leading-order (N*LO)
for the two-nucleon forces [86-90]. Even partial N°LO
contributions have been considered [91]. First applications
of these second-generation chiral two-nucleon forces can
be found in [92-96]. N*LO corrections to three-nucleon
forces have been considered only partly [97,98]. Longest and
intermediate-range contributions have been calculated. Var-
ious short-range interactions, however, are still under con-
struction. Their numerical implementations are under con-
struction like in the case of N3LO three-nucleon forces.

In parallel to chiral EFT activities where numerical cal-
culations are performed within a finite cut-off range, there
was activity on non-perturbative renormalization of the the-
ory for arbitrary values of cut-offs. A pioneering work
towards this direction was published by Kaplan, Savage and
Wise (KSW) [99,100]. Based on unnaturally large nucleon-
nucleon scattering length the authors suggested using a dif-
ferent power counting and to reorganize a resummation
of the effective potential. In their power counting pion
physics and higher-order short-range interactions are treated
perturbatively. Only the leading-order short-range interac-
tions are resumed. Although this approach leads to a non-
perturbatively renormalizable theory it showed a poor con-
vergence in description of >S; —3 Dj channel in nucleon-
nucleon scattering [101], see also [102] for recent discussion.
In the same framework, electromagnetic form factors of the
deuteron [103] and radiative capture n + p — d + y were
analyzed up to next-to-leading-order. KSW power counting
isalsoused in a pionless EFT where pions are treated as heavy
degrees of freedom and are integrated out, see [104] and ref-
erences therein. The expansion is performed around the uni-
tary limit where two-nucleon scattering length diverges. We
are not going to discuss in this review all important develop-
ments in the pionless EFT. A comprehensive review on this
topic can be found in [105].

Soon after Weinberg’s seminal papers on nuclear forces
[45,46] Park et al. presented the first study of nuclear elec-
troweak currents based on chiral EFT [106, 107] up to N3LO?
in chiral expansion. However, these first calculations were
incomplete: only irreducible one-loop diagrams were con-
sidered, fourth-order pion Lagrangian contributions were not
taken into account, in the case of vector current considera-

2 Note that there is no contribution at the order Q2 for vector- and
axial-vector current operators. For this reason, order Q’l contributions
to vector- and axial-vector currents are denoted here as NLO. This con-
vention is similar to nuclear forces where order Q¥ and Q2 contributions
are denoted as leading-order (LO) and NLO, respectively. One advan-
tage of this convention is that axial-vector current at NNLO depends on
the same LECs as the three-nucleon force at NNLO.
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tions of two-pion-exchange diagrams were restricted to mag-
netic moment operator. The calculated vector currents lead
to an excellent description of the total cross section in radia-
tive neutron-proton capture at thermal energy in the hybrid
calculation with Argonne vg nuclear force [107,111]. They
also successfully calculated proton-proton fusion rate [112]
showing that at N>LO meson-exchange currents make a 4%-
effect on proton-proton fusion rate compared to the lead-
ing single-particle Gamow-Teller matrix element. Polar-
ized neutron-proton capture within N3LO currents was pre-
sented later in [113] where the authors included also a short-
range current contribution which was ignored in [107,111].
Deuteron electromagnetic form factors have been studied
in [108-110]. Magnetic moment and radiative capture of
thermal neutrons for three-nucleon observables had been
studied in [114]. After fitting short-range current to the mag-
netic moment of the deuteron the cut-off dependence of the
results was significantly reduced. Application of the currents
to the solar hep process followed where the authors calcu-
lated S-factor with an accuracy smaller than 20% [135,136].
Application to muon capture on deuteron can be found
in [137,138]. Although the absorption of the muon by the
deuteron leads to the energetically higher region, the part of
the capture rate where two neutrons carry higher energy is
known to be small such that the dominant contribution comes
from the energy region where two outgoing neutrons carry
low energy such that the formalism is still applicable. Also
contributions of meson-exchange currents to triton S-decay
were studied in [139] where the authors tried to extract the
low energy constant D which governs chiral three-nucleon
force at NNLO. Development of the second-generation of
chiral EFT currents started with the work [108,140,141],
where also reducible-like diagrams had been taken into
account. These diagrams show up when one defines an
effective potential as a transition amplitude with subtracted
iterated parts. In this way, one gets an energy-independent
nuclear force which is much easier to deal with in calcu-
lations of three- and more-nucleon observables. In [141]
(TOPT currents) the authors also considered chiral nuclear
forces at NLO level in order to derive consistent chiral forces
and currents using only chiral EFT and leaving in this way a
hybrid approach. In parallel to these activities chiral nuclear
vector currents have been derived by using unitary transfor-
mation technique [142,143] (UT currents)where the same
off-shell scheme had been used as in [60]. Various applica-
tions of the second-generation currents followed: Deuteron
electromagnetic form factors have been studied with UT cur-
rents in [144]. Application to >H and *He photodisintegration
with UT currents has been studied in [145]. TOPT currents
have been applied to thermal neutron captures on deuteron
and 3He in [115]. To solve the three- and four-body prob-
lem the authors used hyperspherical-harmonics technique,
see e.g. [116] for a review. Electromagnetic form factors
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of deuteron and 3H and *He and deuteron photo(electro)-
disintegration have been studied in [117,118]. Electromag-
netic moments and transitions have been studied for nuclei
with A < 9 by using quantum Monte Carlo (QMC) formal-
ismin[119,120]. The second-generation axial-vector current
has been presented in [125] within TOPT and in [23] within
UT methods. Application of the TOPT current to tritium S-
decay has been discussed in [126] and [134]. Inclusive neu-
trino scattering off the deuteron has been analyzed in [127]
where the authors find that the predicted cross-sections are
consistently larger by a couple of percents than those given
in phenomenological analysis of Nakamura et al. [128,129].
They also found a very tiny cut-off dependence of the cross
sections. QMC calculation of weak transitions for A = 6—10
have been presented in [130] where the authors calculated
B-decays of ®He and '°C and electron capture in 'Be. They
found an excellent agreement with experimental data for the
electron captures in 'Be and an overestimate of the ®He and
10C data by ~ 2% and ~ 10%, respectively. In the latter case,
aphenomenological AV18+IL7 wave function has been used.
Preliminary results presented in [130], however, indicate that
once chiral EFT wave functions [131-133] are used the dis-
crepancy for 19C decreases from 10 to 4%. In more recent
QMC studies of weak transitions in A < 10 nuclei [121] the
authors find in most cases an agreement with experimental
data. As input they used N3LO axial-vector currents and chi-
ral EFT wave functions [131-133]. Two-body currents con-
tribute at the 2-3% level with exception of 8Li, 8B, and ®He
B-decays. In the latter cases, the contribution of the impulse
approximation of the Gamow-Teller transition operator (LO
approximation) is suppressed. Two-body currents provide a
20-30% correction which is, however, insufficient to achieve
the agreement with experimental data. Extensive B-decay
studies from light-, medium-mass nuclei to 1008 have been
presented in [122]. The authors used interactions and currents
from chiral EFT [123, 124] in combination with no-core shell
model, valence-space in-medium similarity renormalization
group, and coupled-cluster approaches to cover the whole
light- and medium-mass nuclei sectors. They found an overall
good description of experimental data for light nuclei. Sim-
ilar to QMC studies, they found for A < 7 nuclei that two-
body current contributions to the Gamow-Teller operator are
relatively small. They also found a substantial enhancement
of 8He Gamow—Teller matrix elements due to two-body cur-
rents. For medium-mass nuclei the authors found a remark-
ably good agreement of Gamow—Teller matrix elements. The
inclusion of the two-body currents and three-nucleon forces
was essential for the description of the data in the medium-
mass nuclei sector.

The purpose of this work is to review the construction of
nuclear currents within chiral EFT. Electroweak, as well as
pseudoscalar and scalar two-nucleon current operators, will
be discussed up to one-loop (two-pion-exchange) approxi-
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mation. In the main part of this manuscript, we will con-
centrate on the unitary transformation technique. Gauge and
chiral symmetries as well as four-vector relations will be dis-
cussed. Another purpose of this work is to quantify the dif-
ferences between the unitary transformation technique used
in the derivation of all currents by our group and the currents
derived by time-ordered perturbation theory in combination
with subtraction technique by JLab-Pisa group. In the last
part of this review, we will concentrate on the symmetry pre-
serving regularization. We will show that keeping the chiral
symmetry at one-loop level will require a consistent regu-
larization of nuclear forces and currents which is still work
in progress. In all available calculations, sofar dimensional
regularization has been used in the construction of the cur-
rent. In the practical calculations of observable, the current
operators are usually multiplied with a cut-off regulator. We
will show that this mismatch of the regularizations leads to
the chiral symmetry violation at one-loop order. To cure this
it is necessary to calculate both nuclear forces and currents
with the same regulator which respects gauge and the chiral
symmetry by construction.

We start in Sect. 2 with the presentation of the unitary
transformation technique for nuclear forces. Extension of this
technique to nuclear currents will be discussed in Sect. 3.
In Sect. 4 we will discuss consistency checks like a four-
vector relation or continuity equations. Those have to be
satisfied with any effective current operators. Section 5 is
devoted to current operators within chiral EFT where we
list all expressions for vector, axial-vector, pseudoscalar, and
scalar current operators which are obtained within a uni-
tary transformation technique up to N3LO. In Sect. 6 we
compare our results with those obtained by JLab-Pisa group
via using time-ordered perturbation theory in a combina-
tion with a transfer-matrix inversion technique. In Sect. 7
we discuss a path towards construction of consistently regu-
larized nuclear forces and currents. We will demonstrate that
a naive use of the dimensional regularization for currents in
combination with a cutoff regularization of all operators in
the Schrodinger or Lippmann—Schwinger equations leads to
a violation of the chiral symmetry at N3LO. For this rea-
son at this level of precision, we have to use a consistent
regularization with the same symmetry-preserving regulator
in nuclear forces and currents. In Sect. 8 we will discuss a
deuteron charge operator which is calculated within a con-
sistent and symmetry-preserving higher derivative regulator.
A high precision determination of the deuteron charge form
factor allows for very precise extraction of the neutron radius.
Lengthy expressions for two-pion exchange vector and scalar
currents as well as technical details about folded-diagram
technique, transfer-matrix with time-dependent interactions,
and a derivation of the continuity equations are given in the
Appendices.

2 Block diagonalization of the Hamilton operator

The CHPT Hamiltonian up to a given order in chiral expan-
sion has a rather simple form but operates on the full Fock-
space which includes all possible pion-nucleon states. Non-
perturbative calculations of the amplitude with its input
requires the quantum field theoretical methods which are
very complicated. In order to reduce the complexity of the
calculation it is advantageous to decompose the full Fock
space F into a model space and a rest space. In our case the
model space M will be generated by states which include
only nucleons. All other states like the state with one or more
pions or delta resonance belong to the rest space R

F=M®a&R. D

Let us denote by 1 and A projector operators which project F
to M and R, respectively. In the absence of external sources
there is no energy-momentum flow into the system. Transla-
tion invariance guarantees energy conservation. For this rea-
son, after switching off pseudoscalar, vector and axial vector
sources, the Hamilton operator becomes time independent
and we can start with the stationary Schrodinger equation

H|y) = E[y). @)

In the first step we look for a unitary transformation which
brings the Hamilton operator H into a block diagonal form
such that the stationary Schrodinger equation is restricted to
model space

nUTHUn|¢) = Enle), 3)
where
19y = UT|y), )

and due to block - diagonalization we have
nU HUL = AUTHUn = 0. (5)

A unitary transformation which satisfies Eq. (5) can be con-
structed via an ansatz of Okubo [28]

nUn=(n+ATA)""2 qur=—at(1+ 44"
2 =A(1+A A2 aun=(n+ 44N (6
where the operator A satisfies

A = AAn, @)
and a nonlinear decoupling equation

AMH—[A H|—AHA)n = 0. ®)

Equation (8) can be solved within chiral perturbation the-
ory [52,53]. The effective Hamiltonian is given by

He = UTHU )

@ Springer
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It is important to note that the unitary transformation U of
Eq. (6) is not unique. Any additional transformation of the
n-space for example will not affect decoupling conditions
of Eq. (5). This degree of freedom can be used in order to
achieve renormalizability of the effective potential. Renor-
malizability of Hyr means that it becomes finite after per-
forming dimensional regularization with beta functions taken
from the pion and one-nucleon sector which are specified
in [54,55,182]. Explicit construction of the operator U is
reviewed in [83]. Recent calculations of nuclear forces are
performed up to N*LO in the chiral expansion which cor-
responds to the full two-loop calculation for NN- and full
one-loop calculation for 3N-operators.

3 Nuclear current operator

In order to construct a nuclear current we start with the chiral
perturbation theory Hamiltonian in the presence of external
sources, see Appendix A, and define the effective Hamilto-
nian in a similar way via

Heg[s, p,a, vl = U'Hl[s, p,a, v]U, (10)

where s, p, a and v denote scalar, pseudoscalar, axial-vector
and vector sources, respectively. Here we use the same uni-
tary transformation U which leads to a block-diagonal effec-
tive Hamiltonian in the absence of external pseudoscalar,
axial-vector and vector sources. Scalar source is set to the
light quark mass matrix. Note that the effective Hamiltonian
of Eq. (10) is not block-diagonal such that in general

nHest[s, p,a, vIx # 0 # AHegt[s, p, a, vin. (11

Only the strong part of the Hamiltonian is block-diagonal:
nHeff[mq, 09 0’ 0])\' = )&Heff[mq» 05 07 0]}7 = 0’ (12)

There is, however, no reason for block-diagonalization of
Hege[s, p, a, v] since we only want to consider expectation
values of the current operator and are not interested in its non-
perturbative iterations. We can derive a current operator out
of the effective Hamiltonian in the presence of the external
sources by

)
JX = _Heff[sv p,a, U] (13)

86X s=mg, p=a=v=0
where X stays for s, p,a or v depending on which kind
of nuclear current we are interested in. With Heg from
Eq. (10), however, we will get a singular current which
is non-renormalizable. In order to work with renormaliz-
able current we need to apply further unitary transformation
on the effective Hamiltonian which depends explicitly on
external sources. Due to its explicit dependence on external
sources this additional unitary transformation becomes time
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dependent. In order to understand how Heg changes under
time-dependent unitary transformation U () consider a state
in the Schrodinger picture which satisfies a time-dependent
Schrodinger equation

a
i@l(b(l)) = Heft[s, p, a, v]|¢(1)). (14)

The state |¢ (1)) contains all information of the quantum sys-
tem in the presence of external sources. We can rewrite this
equation by multiplying left hand side and right hand side by
U(t)" and inserting a unity operator we get

L 16/0) = Higls. p.a. w10 @), .
where

19'(1)) = U@ (1)) 16
and

Hlls, s, p, p,a,a, v, 0] = U(t)" Hege[s, p, a, v]U (1)
+(i3U"'(r)>U(t). (17)
ot

The renormalizable current operator can be generated out of
H/;. The momentum space currents are defined

~ 8

Jx (k) = ———Hy, (18)
5X (k) eff

where H/; is taken at xo = Oand s = my,§ = p = p =

a=a=v=0=0.X stays for s, p, a or v in dependence

which current we are considering and

% d*x ikex

Note, that due to time derivative term in Eq. (17), the cur-
rent Jy (k) becomes energy-transfer dependent. The explicit
form of the unitary transformations U and U (¢) can be found
in [23].

The energy-transfer dependent current of Eq. (18) has a
specific general structure. To see this, let us parametrize the
unitary transformations from Eq. (17) by

U(t) =exp(U(2)), (20)

where the hermitian operator ¢/ has a form
U@ = / d3x [vz ()VE(x) + ay, (x) A" (x)

+Pe(D)P(X) + 5:(0)S ()], 2n

where we use Einstein-convention for the space-time and
isospin-indices. The momentum-space form of this operator
is given by
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u(r)—/ /(2 T LRI
+a,(p) A (X) + pe(p)PC(X) + 5(p)S (%) ]

/ d*p e P [T (p)VC (—p) + &, (p) A (—p)
+pe(P)PE(—P) + 5c(p)S (—p)]. (22)

For the current operator of Eq. (18) we get

1)
X(k) F ett[s, p, a, vl

(k)

+i [Herlmg, 0,0,01, - )u<0)] - —u<r>

t=0

= — Hegsls, p, a, v]
sX(k) P

+i [Hettlmg, 0,0, 01, X (—k)] — iko X(—k), (23)

where X stays for S , 75, AorV dependent on which current
we consider, and all sources are set to zero after the functional
derivative is taken. Eq. (23) shows a general form of the
energy-transfer dependent current. In the first line of Eq. (23)
we see a current operator

— H; 24
530 it[s, p, a, v] 24

which denotes the current with all phases of the time-
dependent transformations put to zero. The part proportional
to the phases of the additional time-dependent transforma-
tions is in the second line of Eq. (23). We see that the energy-
transfer dependent part of the current is always accompa-
nied with the commutator of the same structure with the
nuclear force. An expectation value of the the second line
of Eq. (23) vanishes on-shell when kg = Ey — E; where
Ey and E; are final and initial eigenenergies of the nuclear
force Hegt[my, 0,0, 0], respectively. This result is certainly
expected since unitary transformations can not affect observ-
ables.

4 Consistency checks

There are various consistency checks which the nuclear vec-
tor and axial-vector current have to satisfy, in general. These
relations are rooted in various symmetries of the currents.

4.1 Four-vector relation

Vector and axial-vector currents are four-vectors and thus
satisfy

e ()l = A@) " T (AG)x), (25)

where J, f is a (axial) vector current in Heisenberg picture, K
is a boost generator, e is a boost direction, 6 is a boost angle
and A(6) is a4 x 4 boost matrix. After a block-diagonalizing
unitary transformation this equation turns to

emietent pHet (x)eleKet® = A(9), " T (AB) '), (26)

where

Hg = U'HU,

K = UTKU, (27)
and

T (x) = ! Hero T 1, (x)U e Hemxo, (28)

In order to keep the notation short we denote from now on
the effective current U TJM (x)U in the Schrodinger picture
by J,,(x) such that Eq. (28) turns in this notation to

Jlf]eff (x) = ¢! Hefixo Iy (X)e_i Hegexo (29)

Note that the effective boost operator Kef has a block-
diagonal form like the effective Hamiltonian H.fr. The rea-
son is that the whole Poincaré algebra get’s a block-diagonal
form after the application of unitary transformation U. A per-
turbative proof of this statement to all orders can be found
in [22] for a special model and in [23] for an arbitrary local
field theory.

Expanding Eq. (26) in 6 and comparing the coefficients
we get
—i [e Ketr, J eff(x)] JHet () —x F0 TR (), (30)

a“x v

where we used

AB)x = x +0xT + 01>, (31)
and
xt = (e-x,exp), (32)

where e is a unit vector which is a boost direction. In the next
step, we use the Poincaré algebra relation to get

e HMXOK ol Helf¥0 — Ko — xoP, (33)

where P denotes the momentum operator. Using Eq. (33) we
can rewrite Eq. (30) into a well known relation [20]

_i [e  Keir, Jﬂ(x)] = JE ) —ie- x[Her, J,®], (34)
where we used the relation’

[ie P, Ju(x)] = —eV,J,(X). (35)
Now we transform Eq. (34) into momentum space and get

—i e Ker JuR)] = 71 (0) — e V[ Herr, Ju ()] (36)

3 Forx =0 e.g. this relation can be found in Eqgs. (93a) and (93b) of
the seminal work of Friar [21], see also [19] for more general case.
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where
Ju(k) = / d*x ¥ ], (x). (37)

At this stage the effective current operator J~,L (k) does not
depend on energy-transfer ko since sofar we did not apply
any time-dependent unitary transformation. As we are inter-
ested in a more general current operator we apply now these
transformations and get

Ju(k) — Ju(K) +i koY, (K) — i [Hetr, Y, (K)], (38)

where Y, 1 (K) is some local hermitian operator. Our goal is
to derive a consistency relation for the operator J, 1. (k) which
should be a generalization of Eq. (36). The only information
about an operator Yu (k) which we will use is its locality

property
[P. Y, (k)] = —k Y, (k). (39)
In particular, we do not require the operator Y (k) to be a

four-vector. In order to derive the relation we rewrite the
commutator

[Ketr, [Hetr, Y (K)]] = [Hetr, [Ketr, Y, ()]]
+[[Ketr, Hett ], Yo (K)]].  (40)

Using Poincaré algebra relation

[Ketr, Hett] = —i P, (41)
we get
[Ker, [Hefr, Y (K)]] = [ Heir, [Kesr, Y, (K)]]

+i kY, (k). (42)

Using this result in combination with Eq. (36) we get
—ifeKar, Ju0)] = T — e Vi Her, Ju (b
o - . o .
— e kT, (k) +i [Heff, Xu(k)] —ikoXuK),  (43)
ko

where a hermitian operator X, is defined by
X (k) =Y (k) +i[e (K +i Hr Vi), Vu(K)].  (44)

Note, ju (k) is linear in kg, so we have

Y (k) = —i iiu (k). (45)
ko

For this reason, we can rewrite the X 1 (K) operator in terms

of J,, (k).

Equation (43) is a final consistency relation which builds
on a four-vector property of the (axial) vector current. A
somewhat different derivation of this result can be found
in [23] where, however, we did not specify the form of the
operator X 1 (K). In this respect, Eq. (43) with the additional
Eq. (44) includes more information than Eq. (2.78) of [23].

@ Springer

Equation (43) relates the charge and current operators with
each other. In particular it allows to extract a charge opera-
tor out of the current operator. To see this we multiply the
Eq. (43) by (0, —e) and get

- 0 =~ Jd -~
Jo(k Hegr, — Jo(k) | — ko— Jo(k
o( )+|: eff ok o( )] Oako o0(k)

. ad ~ 9 ~

—i [H t, [Z ie j(k)]} (46)
l eff » s ko ,
where
Z =e- (Keff + i Hef V). 47)

Since the sum of the second and third term on the left hand
side of Eq. (46) is unobservable,

9 - 0 -
<a|<|:Heffa %Jo(k)] - koa—kOJo(k)>|ﬁ>

0 -
= (Eq — Eg — ko)(alﬁfo(k)lﬂ) =0, (48)
0

Equation (46) determines the charge operator (modulo unob-
servable off-shell effects) once the current operator is known.
So for practical calculations one can always use the righthand
side of Eq. (46) as an energy transfer independent charge
operator. This operator, however, can not be used to test the
continuity equation since in that case the off-shell informa-
tion of the charge operator is essential, see next paragraph
for explanation. It is interesting that the boost transforma-
tion constrains the charge operator in such a way that one
can express it either by longitudinal current, for the choice
e = k/|k|, or by transverse current for the choice e = k=,
or by linear combination of them for other choices of boost
direction.

4.2 Continuity equation

Chiral effective field theory is by construction invariant under
chiral SU(2); x SU(2)g as well as U (1)y transformations.
As a consequence this leads to various Ward — identities for
amplitudes and continuity equations for current operators.
Continuity equation for the currents follows directly from
the requirement that the Hamilton operator in the presence
of external sources is unitary equivalent to the Hamiltonian
in the presence of transformed external sources. This means
that there exists a (time-dependent) unitary transformation
U(t) such that

ad 3
Hels', 5", p', p'od',d/ v/, 0] = (iEU(tﬂ)U(t)

U Hlgls, $, p, p,a,a, v, 0U(). (49)
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Here, the primed external sources denote the transformed
sources. Considering infinitesimal chiral or U (1)y transfor-
mations, expanding both sides of Eq. (49) up to the first order
in transformation angles, and comparing the coefficients in
front of transformation angles we get the continuity equation.
For the vector current, we get

d
Cv,a(k,0) + [ Hefr, %CV,A(k, ko)] =0, (50)

where for the electromagnetic vector current, the quantity Cy
is defined via

Cy (k) = [Hefr, Vok)] — k - V(k), (51)
and for the axial vector current, C4 is
Ca(k) = [Hetr, AG(K)] — k- A%(k) + img P (k). (52)

Here we denote vector, axial vector and pseudoscalar currents
in momentum space by \7“ k), AZ(/{) and P4(k), respec-
tively. In the derivation of the continuity equation (50), we
used the fact that the energy-transfer dependence of the cur-
rentis at most linear. For more general energy-transfer depen-
dence the continuity equation gets more complicated form
with increasing number of nested commutators if the power
of energy-transfer dependence increases. There is, however,
a way to give a general continuity equation for currents
without specification of their energy-transfer dependence.
In Appendix B we prove the following general continuity
equations: for the vector current one gets

Kl F)
Heit— | KMV, (k — Heff — =0,
exp( eff8k0> u( )CXP< eff8k0> oo
(53)
and for the axial-vector current
F
exp  Hetr —— [kMAM(k) +i mqi’(k)]
ko
F)
x exp | —Heff — =0. (54)
oko k=0

Between exponential operators in Egs. (53) and (54), we
find structures which should vanish in the classical limit as
a consequence of the continuity equation. ko-derivatives in
the exponentials generate an increasing number of nested
commutators with the effective Hamiltonian. If we sandwich
continuity equations (53) and (54) between initial and final
eigenstates of the full Hamiltonian

Hegrli) = Eili), Hetlf) = Eyli), (55)

we get the classical continuity equations
KV () k=, —E; =0,
kA, (k) +img P(K)|y=£,—E = 0. (56)

For derivation of Eq. (56) we used the relation for energy-
shift operator

%

d
exp (Ef%) Sfko) = fko+ Ey),
<

d
) = flko — Ey), (57)

(ko) exp (_Ei ko

which are valid for any infinitely differentiable function f.
So one can interpret the continuity equations (53) and (54)
as an energy-independent form of classical continuity equa-
tion (56). The energies are replaced by corresponding effec-
tive Hamiltonians by using energy-shift operator.

5 Nuclear currents in chiral EFT

In this section, we summarize all expressions of the nuclear
currents up to order Q in chiral expansion. Q denotes
momenta and masses which are much smaller than the chi-
ral symmetry breaking scale. We skip here the discussion of
their construction. As an example, we discuss here Feynman
diagrams which contribute to the two-nucleon vector cur-
rent at leading order Q~!. All other details about Feynman
diagrams and specification of unitary phases can be found
in [23,142,143,166,171].

5.1 Power counting

To organize chiral EFT calculations of nuclear current oper-
ators we follow Weinberg’s analysis [45,46]. A Feynman
diagram contributing to the current operator counts as Q".
To derive the expression for the chiral dimension v, we con-
sider a generic Feynman diagram which is proportional to
the integral written symbolically as*

1 1
P [t oo TTa. (58)
90 i

where L is the number of loops, I, and I, are number of
internal pion and nucleon lines, respectively. d; is the number
of derivatives or pion mass insertions in the vertex “i”, V;
denotes how many times the vertex “i” appears in a given
diagram, and C denotes the number of connected pieces in
the diagram. From Eq. (58) we read off the index v:2019

4 This expression is valid for irreducible Feynman diagrams. Nuclear
forces and currents are derived within the Hamiltonian approach where
one has to deal with time-ordered structures. Propagators are given in
form of energy denominators, one has to take into account phase space
factors, and loop integrals are three-dimensional. However, dimensional
counting in the Hamiltonian approach leads to the same expression for
v as if one would deal with an irreducible Feynman diagram in a four-
dimensional formalism [45,46].
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v:4—4C+4L—21p—In+dei, (59)
1

The couplings of external sources are not taken into account

in Eq. (59). We treat them as small but count them separately.

They are also not taken into account in d;. For example,

d; = 0 for the leading-order photon-nucleon coupling. Using

the identities

Z Vin; =21, + E, (60)
i

> Vipi =21, + E), (61)

1

where n; and p; denotes the number of nucleon and pion
fields in the vertex “i”, respectively. E, and E, denote the
number of external nucleon and pion lines, respectively. A
well known topological identity which connects the number

of loops with the number of internal lines is given by

L=C+Iy+1—Y Vi (62)

1

Using Eqgs. (60), (61) and (62) we get

3 i
u:4—§En—E,,+Xi:V,~m, (63)

where k; is given by
- 3
ki =d; + Eni + pi — 4. (64)

We are not interested here in the pion production, so the
number of external pions E, = 0. The number of nucleons
is always conserved and we denote it by

N =2E,. (65)
The expression for the chiral dimension is then given by

v=4-3N+> Vik. (66)
1

As was pointed out in [68], Eq. (66) is inconvenient since
it depends on the total number of nucleons N. For example,
one-pion exchange diagram in the two-nucleon system has
the chiral order v = 0since N =2,ky = land V| = 2.1n
the presence of a third nucleon which acts as a spectator, it has
chiral order v = —3 according to Eq. (66) since N = 3. The
origin of this discrepancy lies in the different normalization
of two- and three-nucleon states:

2N : (p1pa2lp) py) = 8P () — PV () — ),
3N : (p1p2Ps3lp| P> P3)
=59y — P08V s — p2)3Y (0 — ). (67)
One can circumvent this if one assigns a chiral dimension
to the transition operator rather than to its matrix element

in N-nucleon system. In this case, we have to modify the
expression for v by adding 3N to Eq. (66), accounting in

@ Springer

this way for the normalization of the N-nucleon system. The
expression for v becomes independent of N but gives v = 6
for one-pion-exchange. As was proposed in [68], we adjust
the final expression for v by subtracting from it 6 to get
v = 0 for one-pion-exchange, which is a convention. The
final expression for the chiral dimension of the transition
operator becomes

v=-2+) Vi (68)
i

Similar to [149], we can also express the chiral dimension
v in terms of the inverse mass dimension of the coupling

[T

constant at a vertex "1
3
K =di+§ni+Pi+Si_4, (69)

where s; is the number of external sources which for the
current operators can be only 0 or 1. Consistent with [149],
we get

v=-3+Y V. (70)
i

for the current operator and

u=—2+2vﬂ<i. (71)
i

for the nuclear force.

For the counting of the nucleon mass m, we adopt a two-
nucleon power counting where 1/m-contributions count as
two powers of Q [46]

2
Q. /Q‘—z (72)
mn X
Here A, ~ 700 MeV and m are the chiral symmetry break-
ing scale and the nucleon mass, respectively.

5.2 Vector current up to order Q
5.2.1 Single-nucleon current

We start our discussion with electromagnetic vector cur-
rent. Leading contribution to the vector current starts at the
order Q3. At this order there is only a contribution to the
single-nucleon charge operator. It is well known that chiral
expansion of the single-nucleon currents does not converge
well [5,176,177]. For moderate virtualities 0> ~ 0.3 GeV?,
an explicit inclusion of p-meson is essential. For this reason
the usual practice is to parametrize single-nucleon vector cur-
rent by e.g. Sachs form factors and use their phenomenolog-
ical form extracted from experimental data in practical cal-
culations [199-203]. The general form of the single-nucleon
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current can be characterized by its non-relativistic one-over-
nucleon-mass expansion given symbolically by

0 0 0 0
VIN = ViNstatic T ViNaym T ViNym2o
Vin = ViNstatic + ViNet/m + Viniym2 + ViNoot—shell-
(73)

In terms of Sachs form factors, the non-relativistic charge is
parametrized by

0 2
VlN:static =eGEp(0),

0 ie 2
ViN'ym = —2m2k (ki x ) Gm(Q7),

Vi = —53[Q° +2ik - (i x 0)]GE(Q)).  (74)

and the non-relativistic current is given by

ie 2
V iN:static = _Ek x o Gy (0,

e
ViNi/m = Zkl Gg(0%),

VlN:l/m2 = L[lk)(()'(zklz‘|'Qz)‘i‘zlkXk]kl -0

16m3
+2ki (i k- (k1 x o) + 0%) — 2kk - k;

+6ik; x o k- kl}GM(Q2), (75)

where K is a photon momentum, k| = (p’ + p)/2, and p’ (p)
are outgoing (incoming) momenta of the single—nucleon
current operator. Virtuality in our kinematics is given by
Q2 = k2. Note, that the form factors GE(QZ) and GM(QZ)
in Egs. (74) and (75) are operators in isospin space. The
proton and neutron electromagnetic form factors can be
extracted out of them by projecting these to the correspond-
ing state.

As already briefly explained in Sect. 3 (see [149] for more
comprehensive discussion) we apply unitary transformations
on the Hamilton operator which explicitly depends on an
external source and thus on time. These unitary transforma-
tions generate off-shell contributions to the longitudinal com-
ponent of the current which depend on energy transfer kg and
additional relativistic 1 /m corrections. This contribution can
also be parametrized by Sachs form factors via

QZ
L k. Gu(0» —Gu(0
+ﬂ (k1 x 0)(Gp(Q%) — Gu( ))]
(76)

k- -k
V INcoff—shell = k<ko - l>i[(GE(Q2) — Gr(0)

5.2.2 Two-nucleon vector current

We switch now to a discussion of the two-nucleon vector cur-
rent operator. Various contributions can be characterized by

- L

Fig. 1 Feynman diagrams which contribute to the two-nucleon vector
current operator at order Q!

the number of pion exchanges and/or short-range interactions

Voin = Vaneix + Vanar + Veont: a7

One-pion-exchange vector current Leading contribution to
the one-pion-exchange (OPE) current shows up at the order
Q~!. The corresponding Feynman diagrams are listed in
Fig. 1.

At this order we get a well known result for current oper-
ator

N A 3 92°02
N = Lo [T X 12]
T 4F2 3+ M2
q1 -0}
q——>75 —01|+1 <2, (78)
( qi + M2 )
and for the charge operator
0, -1
ViNitr | =0. (79)

Here e is electric coupling, g4 axial vector coupling to the
nucleon, F; pion decay constant, M, pion mass, o; and
7; are Pauli spin and isospin matrices with label i = 1,2
labeling a corresponding nucleon. Momenta q  are defined
by

q =p; —pi, (80)

where i = 1,2 and p; or p; are outgoing or incoming
momenta of the i-th nucleon, respectively.

There is no contribution at order Q° such that the next
correction starts at the order Q which are leading one-loop
contributions in the static limit and/or leading relativistic cor-
rection to OPE current

w,(Q) _ v 1,(Q) w,(Q)
V2N:17r - V2Nzl7r, static + V2N:17r,1/m’ (81)

The corresponding set of diagrams can be found in [143]. The
explicit form of static contributions can be given in terms of
scalar functions f1. (k). The vector contribution is given
by [143]

(Q) 02 (q2 3
VoNiiz, static = q%Jr—M%(h X (2 [[12] fi(k)
02 Q2
+11-T2 fz(k)] +T x 0 55—
q3 + M2
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X{k[QZ xa1] f3(k) + k x [q1 x 1] fa(k)

k qi
. - __ 1 k
+o1-qi (kz q%+M§>f5()

o1-q]
+ [—(h - O'Ii|f6(k)}+1 <2,
qi + M3
(82)

where the scalar functions f; (k) are given by

. 8A 5 . 8A 5
f1 (k) =2ie—5ds, fr(k) = 2ie— dy,

Fz F2

. 8A <
5 0) = —ie i [ CL® — 1)+ 32277 |

. 8A 5
Ja (k) = —ie——= dn,

4F2
g 2,42
k) = —i —[241\/[ k)L (k
15 (k) 18384F]‘T‘n2 (4M3; + k=) L(k)
-5
-+ (616 - 3) k28M,%:| ,

. 8A =

fs ) = —ie S5 M2 dis. (83)

b

Here d; are low-energy constants (LEC) from the order 03
pion-nucleon Lagrangian [183]. lg is a LEC from Q* pion-
Lagrangian [37]. Their values can be fixed from pion-nucleon
scattering and pion-photo- or electroproduction. The charge
contribution is given by

0,(Q) 02 q2 3

VZN:ln, static — 6122 + M% [z2] |:Gl ‘kqa-kf7(k)
+0 -qus(k)]+1 <2, (84)
where
0 gh A + My —4M2 A(k)
= e —_— |,
7 64Fim 2
4
84 [ 2, 2 ]

k) = AMZ + k*)A(k) — M |. 85
J3(k) e64F7‘T‘rr @AMy + k) Ak) e (85)
The loop function L(k) and A(k) are defined
o = | 2 amz (,/k2+4M,%+k>

= - Og —_—— s
2 k VK2 +4M2 —k
1 k
A(k) = % arctan (2M7r> . (86)
Relativistic corrections for the vector operator vanish
ViZhm =0. (87)
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Relativistic corrections for the charge operator are

egi 1

v0-(@)
16F2m q3 + M2

ON:7,1/m —

{(1 —2B9)

x ([T + 11 12) 01 koo - q —i(1+2B9) [1) x 1]

AL R
g7 + M2

><|:01'k102'Q2—02~k201'Q2—2

2
€8xy 01-q202-(q2

xqp -k +

a ‘“ 16Fzm (g5 + M2)?

x([T2l + 11 - 1)@ -k +i[11 x 12’ (285 — 1) q2 - Ky

- (258+1)q2-k2)]+1<—>2.

[(258 -D

(88)

Here fBg and By are phases from unitary transformations
which are not fixed. The same phases show up in nuclear
forces. Usually they are fixed by requirement of minimal
non-locality of the OPE NN potential.

Two-pion-exchange vector current Contributions to two-
pion-exchange (TPE) vector current start to show up at order
Q. They are parameter-free. The corresponding diagrams can
be found in [142]. Due to the coupling of the vector source
to two pions there appear loop functions which depend on
three momenta k, q; and q» which are momentum transfer
of the vector source, momentum transfer of the first and sec-
ond nucleons, respectively. This leads to a somewhat lengthy
expression which have been derived in [142] and are listed
in Appendix D for completeness:

Short-range vector current The first contribution to short-
range two-nucleon current shows up at the order Q. The
diagrams with short-range interactions at this order can be
found in [143]. There are two contributions [143]

yi (@ Q) + Y1)

2N:cont — " 2N:cont,tree 2N:cont,loop*

(89)
The current contribution coming from tree-diagrams is given

by

Q) _ i 3
V2N:cont,tree =€ 1_6 [t1 X 2]

—(—C2+C4+C7) (01-02) q1 +C7 (62-q107

|:(C2 +3C4+C7) qu

Csi
+0o1-qi 02)] —6%[11]3 [(01402) x qi]

+ieLi[t1] [(61 — 02) x K]

+ieLs [(01+02) x qi] . (90)

As can be seen from Eq. (90) there are C; LECs which also
contribute to the two-nucleon potential and appear here due
to the minimal coupling, and there are two additional con-
stants L1 » which describe entirely electromagnetic effects.
Charge short-range contribution from tree diagrams at order
Q vanishes
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v = 0. 1)

2N:cont,tree

There are also contributions from one-loop diagrams which
include one leading-order two-nucleon contact interaction
and two-pion propagators. They only contribute to charge
0perat0r5

AN

2N:cont,loop — Cr [Tl]3 [o1 koo -k fo(k)

+o01-02 flo(k)], (92)
where
2 2
8 M, — 4M2 A(k)
folk) = e 16F 2% (A(k) LT R ) ,
8/24 2 2
fio) = et (Mn = M3 +38) AK) . O3

Corresponding contributions to the current operator vanish
V(Q)

cont:loop

= 0. (94)
5.2.3 Three-nucleon vector current

At the order Q there are first contributions to three-nucleon
vector current [149]. There are no contributions to the vector
operator

v =o. (95)

Contributions to the charge operator can be parametrized in

the form
0. _ | @Wi+q)-0o3 q3-03
|G — 2 2 2 2
(@1 +q)*+Mz; g5+ M:

X (v3N;10ng + v3N:Short) + 5 permutations. (96)

where the long- and short-range contributions are given by
e q1-01
16F7 g + M2
2
91 +q1 - q2 2
x| —28f —1—F—"—5+¢ )
( SCIRR O .
i +d1- @ ]
(@1 +q)> + M2 |

;¢ 85CT (q1 +q) - (01 X 02)
2F2  (qi+q2)? + M2

3 3
U3N:long = [(Tl cr3[tl — 12 [T ])

—i[Ty x T3]°2¢% (97)

U3N:short = —[T1 X 73]
(98)

Due to the approximate spin-isospin SU(4) Wigner symme-
try [150], C7 appears to be small such that we do not expect
large contributions from short-range part of the three-nucleon
vector current.

> Different conventions are being used in the literature for the leading-
order two-nucleon contact interactions o« Cs 7. To match the conven-
tion of Refs. [88-90], the factors of 32F,% in Eq. (5.7) of [143] should
be replaced by 16F§.

5.3 Axial vector current up to order Q

The weak sector of nuclear physics can be probed by a nuclear
axial-vector current. We give here its expressions up to order
Q in chiral expansion.

5.3.1 Single-nucleon axial vector current

The leading-order contribution to an axial vector current
shows up at order Q3 where axial-vector source couples
directly to a single-nucleon or to a pion, which itself propa-
gates and couples to a single-nucleon generating in this way
a pion-pole term. It is convenient to parametrize the single-
nucleon current by the axial and pseudoscalar form factors.
Up to the order Q the parametrization is given by

wa _ 4p,a w.a
AlN - AlN:on—shell + AlN:off—shell' (99)

The charge operator is parametrized by

0, [t]° k| o k-ki/k-o
All\?:on—shell = _|: - Ga() + T

2 m 4m?
k-0 (k> +4k?) + 4k - kik; - o
32m4
XGP([):|,

AO,u

IN:off—shell = 0- (100)

The current operator is parametrized by

A _ ' (4012 — 41,k
IN:on—shell — D) _U+W( O K| — 1Ky -0

12ik x K, —|—kk-a)>GA(t)

k-o 1
k(— - —(k-0k*
+ (4m2 32m4< ’

+4k -0k} + 4k ‘ak-k1)>Gp(t)j|,

k-k1> [z]

16m3

AfNcoff—shell = k<k0 - [ — (14 289)

xKi -6 Gp(t)+(1+26)k kik-o G;D(t)],
(101)

Chiral EFT results are given by chiral expansion of the axial
and pseudoscalar form factors. Corresponding expressions
are worked out in [23]. To make this review self-consistent
we will briefly discuss them here.

The well-known leading-order result for the axial charge
and current operators have the form

-3
A0%a©@ _ g

IN: static
a3 _  8A - kk-g;
A (o 5 )

IN:static —

(102)

@ Springer



234 Page 14 of 55

Eur. Phys. J. A (2020) 56:234

There are only vanishing contributions at order Q2. At order
0~ !, we encounter three kinds of corrections. First, there are
terms emerging from the time-dependence of unitary trans-
formations which have the form

0,a(Q™ 1 8A ko a
A , = "=———Kk-0;[1;]% 103
IN:UT 2 k2+M].2[ Gl[rl] ( )
o _
AtllN:UT’ = (104)

and contribute to A’f Ntfoff—shell' Sec%ndly, at order Q_l there
are static limit contributions to Al&zon_sheu which are given
by

0,a(Q7") _
AII\?:static _07
—1 1-
ALlll\(Igtati)c = Edzz(aikz —kk- U[)[Ti]a
3 kk-o;
—digMZ 11— (105)
R+ M

Finally, there are leading relativistic 1/m-corrections which
in our counting scheme start contributing at order Q! to

w,a
AlN:on—shell and read

A?i\?;i/Qm )= —i—m[fi]a o;-k;, (106)
-1
AN =0, (107)
where
-/ .
k=pi - pi, ki=p'T+pl. (108)

There are no corrections to the 1N charge and current opera-
tors at the order QO. Finally, there are various contributions
at order Q. The off-shell contributions coming from time-
dependent unitary transformations give different contribu-
tions. One of them is coming from relativistic corrections
which are proportional to ky/m and are given by

0,a(Q) _
ANt mur =05
Ac@ gk K e(o0 42 Boyer ok
IN:1/m,UT 8m k2 + M2
12 2
- p —_— p
—(1 428k -0, i), 109

They explicitly depend on unitary phases fg and B9. Note
that these are the same unitary phases that influence a non-
locality degree of relativistic 1/m? corrections of the one-
pion-exchange nuclear force. For the static part which is pro-
portional to kg, we get nonvanishing contributions

g 2

0,a (Q) _ [z;] - 2d1gM.

AlN:static,UT’ = —ko ) k-oi|dn+ K2+ MnZ ’
T

A(Q)

IN:static, UT" — 0.

(110)
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The second class of order-Q contributions involves relativis-
tic 1/m?-corrections:

0.0 _
ANt /m2 =05
- P = p))?
ACQ - 84 [r]“(kk Lo (1= 2fg) L
IN:1/m?2 16m2" " ! (kz_,_M%)z
o (P E DK 0 —2B9(p? — pDKi -0

k? + M2
+2i[k xk;]+kk-0; —4k;Kk; - 0;

+a: (2% + p}) —kz)). (111)
These are a linear combination of on-shell and off-shell con-
tributions. The third kind of order-Q contributions emerges
from relativistic 1/m-corrections to the leading one-loop
terms which contributes to A‘f I;T‘fonfshell:

_ k2
AT = doaki - 0ilTi) S (112)
AN =0. (113)

Finally, static two-loop contributions to the on-shell current
are given by

0,a(Q) _
AlN:stalic =0,
1
ALllI\(I:Qs)tatic = _E[Ti]ao'i( - fOAMrzrkz + flAk4

s 1
+G'2 >(—k2)) + gkk- cn[n]“( —4fgm;

e G}QZ)(—kz)) . (114)
Here we perform the chiral expansion of the axial form factor
which can be found e.g. in [151,152], see also [153,154]
for results obtained within Lorentz-invariant formulations.
Rewritten in our notation, the chiral expansion of the axial
form factor is given by

- 4
Galt) = ga+ (dn + fiM>i + A + GV 0)

+0(0). (115)
where fl.A are LECs of dimension GeV~* and
3 poo (0"
4 t ImG t
G2 = —/ AmGy W) (116)
w Jou2 t'3(t —t — i€)

with the imaginary part calculated utilizing the Cutkosky
rules [151]

8A 2 2
—_— dwidwy| 6 tw — M
19273 3 /z2<1 w] wz[ ga(Vtw 7)

l arccos(—
x(2+z) (=2)

L NI

mG' 2 =
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+2gf;(M§ —Viw —wf) + M2 —Viw

+2w%], (117)
where
wj =/l +M2% with i=1,2, and
e d o 22 Vi +w2) 30+ M7) wis)

hilp

Here and in what follows, [; = |I;|, while f, = I;/I;. The
pseudoscalar form-factor up to order Q* is given by [159]

4mganFr 2 2,.2 20P
W—g&xm (ra) +m” fit

+m* G2 1)+ 0(0),

Gp(t) =

(119)

where fiP denotes the corresponding linear combinations of
the LECs of dimension GeV ™ from 57(151)\/ and

2 poo Q%

2 t ImG t

G2 =— / G ) 4y (120)
m Jom2 t'2(t' — 1t — i€)

with the imaginary part calculated using the Cutkosky
rules [159]

m G20 () = mGW (1) + Im GP (1) (121)

and

4

M 8a 1 M3
mGY ) = dodws| — — —1
mGp (1) = g5 /zz<1 @1 “’2[18 12(t — M2)?

T
+4w% - M2 @}3M:-1)
6t (t — M2)?
2M]27a)1a)2zl_2
1t —M2) L |

mGY ) =

3
8a 2
dwid M — A/t

x( N lz) arccos(—z) n l%
4= | == 1
h) J1-22 3

+
+Ma (T 2oz

Vt—w —o w1Z-
(= M2\3 A

i+ (0 + M2 o — VD) — 4t

N arccos(—z) )]
21 =221

It is important to note that the induced pseudoscalar form
factor is related to the induced pseudoscalar coupling con-
stant

(122)

M, 2
gp = %Gp(t = —088Mﬂ), (123)

which is measured in muon capture experiment [155]. For
theoretical determination of gp by using chiral Ward iden-
tities of QCD we refer to a groundbreaking work [156], see
also [157,158].

In practical calculations, alternatively to the chiral expan-
sion of the axial and pseudoscalar form factors, one can take
their empirical parametrization [157]. This is in particular
reasonable if we would like to consider electroweak probes
of nuclei without being affected by the convergence issue of
the chiral expansion of electroweak single-nucleon currents.

5.3.2 Two-nucleon axial vector current

We now switch to a discussion of the two-nucleon axial vector
current operator. Various contributions can be characterized
by the number of pion exchanges and/or short-range interac-
tions

n.a 4 l.a nw,a n,a
A2N - A2N: 1 + A2N:2n + A2N:cont‘ (124)
One-pion-exchange axial vector current Leading contribu-
tion to the one-pion-exchange (OPE) current shows up
at the order Q~!. At this order we get a well known

result [137,160,161]

A40a Q™ _ _igaqi-oifry x 2]

. fle2, 125
e 4F2 (af + M3) =
A58 =o. (126)

At the order QU there are only contributions to the vector
operator

0 .
Aa(Q) _ 8A 01-(q1 {[Tl]a[_“'ClM;%

MNAT T 2F2 g2 4 M2 k2 + M2

kk-ql a
+2c3{ q1 — m +calty x 2] q1 x 02
b1
kk~q1 X 02 Ky
—W> — E[T] X Tz]ak X 0'2}
+1 < 2, (127)

where ¢; denote the LECs from Eftzl)\, and «, is the isovector
anomalous magnetic moment of the nucleon.

At the order Q there are leading one-loop contributions in
the static limit and/or leading relativistic correction to OPE
current

ARA(O) _ qpa(@) L apa(@) L gpa(0)

2N:1m 2N:17, static 2N:1m,1/m 2N:17z,UT"* (128)

The explicit form of static contributions can be given in terms
of scalar functions 1 g(g2). The vector contribution is given
by

A0Q  _4F7 ai-or
2N: 1, static g4 q12+M7%

X ([ql x 02]hi1(q2) +[q2 x 02] hz(qz))

{[Tl X 12]"
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2 qr-o1k

g4 (K2 + M2)(g? + M2)
<{iz11ha(g) + 71 x T2l ar - a2 x 021hs(92)]
+ 1< 2, (129)

+r11% (a1 — Q2)h3(Q2)} +

and the charge contribution is given by

AF2 qp -0
Ton @2+ M2
+i2h1(g2) + 7111 - (@2 x 02) hs(g) | +1 < 2.
(130)

0,a(Q) —
AZN: 17, static —

{[n x 721 (he(q2)

where the scalar functions %; (g2) are given by

6
_ 8aMy
ha(qy) — SAMr €34 (4M; +43)
2567 FS 2567 FS ’
hatas) = ghlea+1) My giA(q) (M7 +q3)
= T8 F 1287 F§ ’
4
8 4 2.2 4
ha(a2) = 5ge e (A@) (M5 + 5043 +243)
+ (463 +1) M3 +2 (g3 +1) Magd),
g4
hs(a) = — 5o (A (472 + 3 )
g

+ (Zg%\ n 1) M,T),
g3 (3 (64 +128g3) M2 +8(19g% +5) 43)
3686472 FS

he(g2) =

2
8A ( 2 ) 2
———L 8 4\ M
g]ggAMZ c%giM%
+(5g3‘+1>q22)+ T —
S 2

g0 +ds) (M2 +43)

16F3 ’
e -
84 (2dy — dg)
h71(q2) = ~———,
16F2
5 - -
ga(dis — 2d23)
hg(q2) = —~———7—— (131)
8F4

Here d; are low-energy constants (LEC) from Q3 pion-
nucleon Lagrangian. Their values can be fixed from pion-
nucleon scattering and axial-pion-production.

@ Springer

The relativistic corrections for the charge operator vanish

A%a(Q) 0,

ON: Iz, I/m = (132)

and for the current operator are given by

A9Q)

ON: Iz, 1/m = {i[Tl x 12

|: 1 (B kk - B; )
X — _— —_—_—
@+ M\ K+ M2

8A
16F7%m

1 B> 3
+ + +B
g7 + M2 <(k2+M%>2 k2 + M2 4)}

. kk - Bs
+[71] |: )

TR+ M2

S
(g7 + M2)?

P Bo . B g
PAMI\R M2 KMz

+1 < 2,

(133)

where the vector-valued quantities B; depend on various
momenta and the Pauli spin matrices and are given by

B = g3qi - o1[-2(1 +2Bs)q1 ki - qi
—(1-2B3)q1 k2 -q1 —iqi x o2k - qi],
By = (1 — 285)gikk -qiqi - 012k - ko — ik - q1 x 02],
B3 = 2k| — g3 ((1+2B0)k - qiky - 0y
+(1 —=2B9)q; -o1(k - ky +ka - q1))
+qr-o1k-ko+ik-q; xo2 —ki-q +k2~‘I1)],
By = g412(1 + 2B9)qik; - 01
+(1 —289)q; - 01(2ky — ik x 02)]
—2q; -o1(iq) x 02 — ik x 03 + 2k3),
Bs = gi‘ll '01[(1 —2B)(qi k- q1 —2i q1 x 02kz - q1)
—2i(1 4+ 2B3)q; x 02k '(h],
Bo = —(1 —2B3)g3kq; - o1[(k - q1)°
—2ik-kok-q; x02],
By = k[ (1 - 2f)a1 - 01(~2i(k ks x 0
+ky - q1 x 02) + k% +g})
—2i(1 +2Bg)k1 -o1k-qp x 0'2],
Bs = —gi[(1 —2Bo)q; - o1(k — 2i ka x 02)

—2i(1+2B9)q1 x o2k -a1]. (134)

Finally, there are also energy-transfer dependent contribu-
tions to OPE axial vector current at order Q which are given
by

A4 ()

2N: 17, UT" — 0, (135)



Eur. Phys. J. A (2020) 56:234

Page 17 of 55 234

a(Q) . 8A kokq-o
AN drur = Tigs 2
o 8F7 (K + M2) (g7 + M32)
2¢5k - qu 2¢3[T11k - [q1 x 02]
x| [t x t2]%( 1 — 2A 5 | - A 5 5
K2+ M2 K2+ M2
+1 < 2.

(136)

Itis important to note that it is not enough to know the currents
at vanishing energy-transfer Ky = 0. As will be demonstrated
later the knowledge of the slope in energy-transfer k is essen-
tial for checking the continuity equations. All expressions
proportional to the energy-transfer ko are off-shell effects
which disappear in the calculation of on-shell observables.
Energy-transfer contributions are always accompanied by the
commutator with the effective Hamiltonian. On-shell a linear
combination of ko-term and the commutator with the effec-
tive Hamiltonian
koX — [Heff, X] (137)
vanishes. Here X denotes some operator. More on this will
be discussed in Sect. 5.6.

Two-pion-exchange axial vector current Contributions to
the two-pion-exchange axial vector current start to show up
at order Q. These contributions are parameter-free. The final
results for the two-pion exchange operators read

A9Q _2F7 Kk

a
S =T —q - 'k
IN: 27 oa K2 M,ZT{[H] ( q1-02q1 - kgi(q1)

+q1-028(q1) —k-02 g3(£]1))

+[12]”< —qi-01q;-kgalq) —k-01g5(q1)
—q1-02q1 -kgelqr) +q1-0287(q1)
+k-02q1-kgs(q1) —k-o2 89(611))

+[T1 x 12]“(—q1 “[o1 x 02]4q1 - K gio(g1)
+q1 - [o1 x 021 g11(q1)

—q1-024q - [q2 x 61]812(611))}

2F? .
+— (h([Tz] q1 - 01 813(q1)
8A

+[r1]°q1 - 02 814(41)) —[t11? 02 815(q1)

—[12]" 02 g16(q1) — [T2]" 01 gl7(‘]l)}

+1 < 2, (138)
2F2
0 .
ARSY = l—gA” {[Tl x 12]°q1 - 02 g18(q1)

+z21%q1 - [o1 % 02]g19(611)} +1<2, (139

where the scalar functions g;(q) are defined as

_ ghAq) (883 —4) M7 + (83 +1) 47)

 §aMx (883 —4) Mz + (383 — 1) 47)
2567 Foq? (4M2 + q?)
) = ghAWq) M2 +q}) | giMx
201 = 1287 F§ 1287 F8
(1) = _SaA@D (885 —4) Mz + (3¢3 — 1) 4i)
3k = 2567 FS
(g3 — 1) gaMax
2567 F6
6
_ _gAA(C]l)
ga(q1) = 1287 Fe”

g5(q1) = —q7 ga(q1),
g6(q1) = gs(q1) = gio(q1) = gi2(q1) = 0,
gaA(q) M2 +qf) (285 +1) giMx

g76q1) = 1287 F8 1287F8
6
_ gAMn
89(q1) = 6ATFE’
o = _EAA@D (M3 +a7) g4 M
5127 F® 5127 F¢’
6
__8aAqD)
g13(q1) = 1287 FS
ea(qn = ARV (885 —4) Mz + (g5 + 1) 47)
2567 Foq}
gaMx (4 —823) Mz + (1 - 323) a7)
2567 FSq? (4M2 + ¢?) ’
ers(aqn) = $AA@D (85 —4) Mz + (3¢5 — 1) 47)
2567 F9
(383 — 1) g4 Mx
2567 FS
ero(qn) = $AA@) @Mz +47) | &M
64w Fo 647 FS’
6 2
__8a9iAGq)
g17(q1) = 1287 FE
ers(an) = L@V (4 —883) Mz + (1 —3¢3) ai)
12872 FS (4M2 + ¢7)
4
gaLl(q1)
819(q1) = S 5r¢- (140)
3272 F8

Short-range axial vector current The first contribution to
short-range two-nucleon current shows up at the order Q°.
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Agi\?; EOQ:t) =0, where spin-isospin dependent vector structures, which include
. up to four pion propagators are given by

A;N:conl__ZD[tl]a<al_m + 1 <—>2, .

(141) { = 84 (I2~62[[12]“[Q3((Q2~Q3+qg)(11 ‘T3

16F8
where D denote the LEC from Ej(:})vzv' At the order Q we —01-03)+q-01(qx-03+q3-03))
decompose the short-range current in three different compo- —q(q3 - 01(q2 03+ q3-03) — (q2 - q3 +¢3)01 - 03
nents —(@2 g3+ 93)T1 - T3) —03((q2 - g3 + 43)q2 - 0
w,a,(Q) _ pm.a,(Q) w,a,(Q) w,a,(Q)
A2N:cont - A2N:cont, static + A2N:c0nt,1/m + A2N;com, ur” —(q2-q3 + qg)q3 : 0'1)] —[t2 x 73] (q2 x 01
Static contributions are given by +q3 x 01)(@2 - q3 +93) — (q2 + q3)
a(Q) —
A2N:cont, static — 0, (142) x([t1 x 12)q2 - q3 x 03 + [73]97; - T2(q2 - q3 + q%))]
0, .
A2I:IJ:(cgr)1t, static — izi[ty x 12]" 01 - q2 x 1
+izo[ty x 2] 01 - q1 + iz3[T1]°q2 - 01 x 02 lg3 + M21[(q1 —k)> + M2]>’
ta(nl — [0l -0 ki + 12, (143) & !
4 =
. 32F6 142 2 — k)2 2
where LECs z; are unknown coefficients and have to be fitted v Loy + M”][(czl k)7 + Mz]
to experimental data. Relativistic corrections are given by xqa - 02[12 x T3] (K x 0} — q1 X 01)
o4 K +(k —q)([T3]"t1 - 12 — [12]"71 - 73)],
a(Q) _ 2
A2N:cont, \m = _Ekz—i-—l\/lz[rl]a{(l - 2/39)(CS‘12 10 ci— 9 1
2z =
_ 7 32FS (gf + M211g3 + M21lg3 + M2]
+CT(q2 c02 + 21 kl 01 X 0-2)) X(k — 2q3)[13]a-[] -T2q] -01q2 - 02
1 —2p5 (Ck ko014 Crik- ok x(k-03—2q; - 03),
—_——_— . . a’ . . o’
k% + M2 SRR ! rik-Q 2 i — gh 0192 -02q3 - o3([T11972 - T3 — [T3]9T1 - T2)
, Y ORFES 43 + M21(q3 + M2] ’
12k kik- o) va)) t1o2 (144) )
o — _8a kq; -0
- ibuti T I6FL K2 + M2lg} + M21I(a1 + q2)? + M2P
Finally, the energy-transfer dependent contributions are ™ il RS TR & ™
given by X[—[Tl]aQ1'Q2X02(k'Q1><03+k'CI2><03)
AO’“ Q) =0
2N:cont, UT/ — —[t1x13]°q1 - q@ x o2 (k- q1 + kK- q)
AN o = —ikkBACTR T Bl Flrx ol @ g+ gDk g o
:cont, UT/ .
(k2 + Mfzr) +k-q2 x 03) — (12 T3[T1]° — 71 - T3[72]%)
145
(145) x(q1~qz+q12)(k-q1+k-qz)],
5.3.3 Three-nucleon axial vector current co = gi kKq) -0,

o ©32F8 (K2 + M2lq} + M21((a1 + q2) + M2]
At the order Q there are first contributions to three-nucleon
axial vector current. We decompose it into long and short- X [(k “q1 xo3+k-q2 x03) [t x 2]

range contributions )
—k-q+k-q@+q-q+4q7)

a(Q) ,a(Q) 2a(Q)
AgNa @ = AgNaan + AgNa:cglt (146) x (12 T3[11] — 71 - 73[12]°)
We start with the long-range part. There are no charge con- —qi-q x o2 [T] x 13]° ]
tributions such that
4
8A a
Ci=— kq-01q2-02q3-037] - T2[T
Agi\?:(ng) —0 (147) 7 32FS q1-01q2-02q3 - 037 - T2[73]
x (M3 +2q1 - @2 + 47 +43)
Current contributions are given by 1
X k)
— (k2 + M21lg7 + M21lg3 + M21lq3 + M2]
. 4
AglfIsz =-—= Z C{ + 5 permutations, (148)  (a _ __84 kqy-02q3-03
84 i PR IR+ M2gs + M21lg3 + M2)
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x(t2-w3[t1](q2- 01+ q3-01)

— 211 - 12[13]"(q1 - 01 +q2 - 01)). (149)

The short-range contributions to the charge operator vanish

Ao’a Q) — 0’

3N:cont

(150)

and the short-range vector contributions are given by

3
ACQ 2F; D¢ 45 .
3N:cont — 24 E ; + 5 permutations,
i=1

(151)

with
_giCT
4F3
—qi 02 x03) — ([12]" = [13])((k — q1)0o1 - 02
x(k-03—q1-03)+o03(k-01—q-01)
x(k-02—q1-02)+ k- qi — k> — g])o1 - 02))]
1
x 2 72
[(q1 —k)* + M3]
L giCr k

DS = 0] X O
2= 4R 1 M2+ qp)? M2 o s

D =

[k —q)[r1 x 13]°(k- 02 X 03

+q3 -0 X 03) ([rg]“k Qo X 02 + [12 x T3] (K*
- k-q)),
_g%CT k

8F} [K2 4+ M21[(a1 + q3)* + M2]
+q3-01 x 03) [T2 X T3]°.

DY =

(q-01 x03
(152)

Due to the smallness of Crp, these contributions are
expected to be small.

5.4 Pseudoscalar current up to order Q°

Approximate chiral symmetry leads to relations between
pseudoscalar current and axial-vector current. In the follow-
ing, we list all expressions for pseudoscalar current up to
order QY.

5.4.1 Single-nucleon pseudoscalar current

Single-nucleon pseudoscalar current can be parametrized by
pseudoscalar form factors and their derivatives via

i mq PlaN = im‘i PlaNzonfshell +i mq PlaNzofffshell7 (153)
where
; [z:]" t
Lmg PlaNzon—shell = # Ga() + WGP(I)
4k +K\ k- kiki-o ;
x<k.a<1— = )— T +O00/m )),

Mz

i1 PiNcofr—shell = ~ 72 K * AlN:off—shell (154)
Chiral EFT results for pseudoscalar current are given by chi-
ral expansion of the axial and pseudoscalar form factors. Cor-
responding expressions are worked out in [23]. Here we will
briefly discuss them.

The single-nucleon pseudoscalar current starts to con-
tribute at the order 9~ and is given by

4 MZga k-o;
Pl = i =211
: static 2mq k2 + M7_2[
1 07
= —1 m_ k- AtllN:static’ (155)
q

-3
with Ai’l\ggtati)c given in Eq. (102). At the order 03, there
are only vanishing contributions. At order Q2 there are only

static limit contributions which are given by

a0 _ .M%gliikz . kK-o;
Nsatie = 1= — KTl m s
q T
1 —1
. 07
= mg k- AtllN:static’ (156)

-1
with ATl\ggtati)c given in Eq. (105). There are no contributions
to the single-nucleon pseudoscalar current at order Q.
Finally, there are various corrections at order Q°: There are
relativistic corrections that depend on the energy transfer.

Their explicit form is given by

2
pa(@”) MA@

IN: 1/m, UT = lmqk2 IN: 1/m,UT’> (157)

with A%\g:Q])/ mur given in Eq. (109). The second kind of

the order-Q° contributions is given by relativistic 1/m? -
corrections.

0 MZ2ga _ (pi* = pH?
Pa(Q) _ T ,ak. (1=2 i !
lN:l/mz ll6mqm2 [Tl] ol( 188) (kz + Mrzr)z
P2 pDk-0i = 2By(pi” = pDki -
k? + M?2 '
(158)

Notice that this expression is related to the pion-pole terms
in the corresponding axial current operator A‘lll\g%) /2 whose
expression is given in Eq. (111), via
2
a@) _ . Mx
2
mgk

IN:1/m2 — k-AfS

IN:1/m2| |
pion—pole terms

(159)

The third kind of order-Q° contributions are coming from
static two-loop contributions and is given by
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a(Q"
IN: static

1 4
=gk oilzil(4GY2 (k)

2 G0 (i), (160)
(o)) () :
where G ;° "(¢) and G~ “(¢) are defined in Egs. (116) and
(120), respectively.
Alternatively to the chiral expansion of the axial and
pseudoscalar form factors, one can take their empirical
parametrization in practical calculations.

5.4.2 Two-nucleon pseudoscalar current

Similar to axial vector current we can characterize two-
nucleon pseudoscalar current by the number of the pion
exchanges and/or short-range interactions

P2aN = P2aN11n + P2aN:27T + P2aN:c0nt' (161)

First contributions start to show up at order Q~'. At this
order, there are only OPE and contact contributions which can
be expressed by the longitudinal part of axial-vector current
via

pa(Q7) _ o A@ (@)

img P\ 15 ON: 17 ? (162)
; a, 07" _ a.(Q%
Lmg P2N:cont =k- A2N:cont’ (163)

0 0
where Agl\ng n) and A%:Qcoin are defined in Egs. (127) and

(141), respectively.

One-pion-exchange pseudoscalar current At the order Q°
leading one-loop static contributions and relativistic 1/m cor-
rections start to show up.

Q% Q% Q% Q%
P2aN: It = P2aN: 1, static + P2aN: 1w, 1/m + PZHN: 17, UT"" (164)
The corresponding static expressions are
0 4 M2 F? q1-01
imgPR8) = ET {[n]“[hp(qz)
4" 2N: 1m,static g4 412 + M727 1
h4(g2) a hs(q2)
—_— T XT . X 02l 5——
+k2+M7% + It x72]%q1 - [q2 2]k2+M7%
+1 « 2, (165)

where the scalar functions 44(g2) and hs5(g2) are defined in
Eq. (131), while 2f (¢2) is given by

gh

P —
hi(42) = 55 e

(1 =263 + M2 + 03 A(@2)).
(166)

The relativistic 1/m corrections are

2

. a (0% gaM; |,

Emg PN iym = — 16F27:n {I[Tl x 12]*
T

|: B -k n 1 < B, -k
| —
(qf +M2)2 (2 + M2) ~ qf + M2 \K*(k* + M3)>
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I T
k2 (k> + M3) l (g7 + M2)2(k2 + M2)

n 1 Bs - k n B; -k
qF + M2 \K2(k2 + M2)> " K2(k> + M2)
+1 < 2,
where the vector quantities B; are defined in Eq. (134).
Finally, the energy-transfer dependent contributions are

+

(167)

2
pa (@) MA@

EMmg Nz, uT = 2 2N: 17, UT" (168)

where A3(%) 1. is given in Eq. (136).
Two-pion-exchange pseudoscalar current Two-pion-ex-
change contributions can be expressed in terms of the longi-
tudinal component of the axial vector current. The expression
is given by

2
o opa(@) My a(Q)
lqu2N:27r __kz k'A2N:27r ’
813=814=815=816=817=0

(169)

with the scalar functions g1(q1), ..
in Eq. (140).

., &12(q1) being defined

Short-range pseudoscalar current The first contribution to
short-range two-nucleon current shows up at the order Q!
and is given in Eq. (163). At order QO we characterize short-
range contributions via

a, (0% _ pa, (0% a,(0% a,(0%

P2N: cont — P2N:cont,static + PZN:com,l/m + P2N:com,UT"
(170)

The static contributions at the order Q° vanish

a,(Q% _
PZN: cont,static — 0 (171)
The relativistic corrections are given by

2
, ady _ M a(Q)
img PygCont1/m = —k—é’ K - AoN:cont, 1/m> (172)
a(Q)

where Aj\“iont. 1 Jm is specified in Eq. (144). Finally, the
energy-transfer-dependent contributions are given by

2
pa@ My, a0

L Mg FHN: cont, UT! — 2 2N: cont, UT'* (173)

a(Q)
where A2N: cont, UT’

is specified in Eq. (145).
5.4.3 Three-nucleon pseudoscalar current

At the order QU there are first contributions to the three-
nucleon pseudoscalar current. Similar to the axial-vector cur-
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rent we decompose the current into the long and the short-
range contributions

a(Q% a(Q% a(0)
Py = P37+ Panccont- (174)
The long-range contributions are given by
0 2F2M2 &L ok
pal@y — ;2 in ! 5 permutations, (175
3N:m gamy Z 2 +5p ( )

i=5
where C{ are defined in Eq. (149). Short-range contributions
are given by
3
2 F2M? DY -k
gamy “ k2

a(Q)  _
P3N: cont —

+ 5 permutations,

(176)
with Df defined in Eq. (152).

5.5 Scalar current up to the order Q

Nuclear scalar current is important for the dark matter
searches. A scenario that dark matter is realized by weakly
interacting massive particles (WIMPs) can be tested via
nuclear recoil produced by the scattering of WIMPs off
atomic nuclei (see [162] and the references therein). If WIMP,
denoted by x, is a spin-1/2 particle and interacts with quarks
and gluons via [165,166]

1 . = -, —
Ly=—5). |:CqSSXXm¢]qq +C Kivsxmydq
q
+CP X xmqGivsq + C};P)Eiysxmqéimq}
1 o _ _
+5 0 [C,}/nyﬂquuq +CV Xy ysxavua
q

+CA v xavuysa + CoMNx V“stémysq},
(177)

where A is a beyond standard model scale and various Wil-
son coefficients C,; are dimensionless. Indices S, P, V and
A stay for scalar, pseudoscalar, vector and axial-vector quan-
tum numbers, respectively. g-field is a quark field and m, is
a quark mass. Eq. (177) can be considered as a starting point
for chiral EFT analysis where one needs to study scalar-,
pseudoscalar-, vector- and axial-vector currents within chi-
ral EFT. While vector- and axial-vector currents have been
extensively studied within standard model, scalar-current in
chiral EFT appears first in beyond standard model physics
and is much less known. Pioneering work towards this direc-
tion was the leading-order calculation of the scalar current
by Cirigliano et al. [164] and Hoferichter et al. [166], see
also [167-170]. Recently we derived leading one-loop cor-
rections to these results [171]. Although the information

about short-range physics at this order needs to be fixed these
calculations give long-range contributions in a parameter-
free way. In the following all contributions to scalar current
up to order Q.

5.5.1 Single-nucleon scalar current

Scalar current on a single-nucleon can be parametrized by a
scalar form factor which in principle can be calculated within
chiral perturbation theory. Due to the lack in convergence [41,
151] one prefers to use dispersion relation techniques where
7 scattering channel dominates #-dependence of the scalar
form factor [163].

5.5.2 Two-nucleon scalar current

Two- and three-nucleon scalar current will be formulated
here within chiral EFT. In the following, we characterize a
two-nucleon scalar current by the range of interaction

SoN = SoN: 1 + SaN: 2 + S2N:cont- (178)
One-pion-exchange scalar current First contributions to the
one-pion-exchange current show up at the order Q2 and are
given by

_8124M7% qi-01q2 02T -T2
AF7 (M2 +4q7) (M2 +q3)

2 _
MgSoN. 17 =

179)

Next correction shows up first at the order Q. The result is
given by

(% q; -0 o1(k) )
m S . = — -0 —— + 0 k
g 2N: 17, 7+ M2 [‘h 2<q22 M2 2(k)

+k~az<03(k)+q2204(k)>:| +1<2, (180)

where the scalar functions o; (k) are given by
gaM;
12872 F3
—gal () (26 + M2) + g (2 + M2) ],
gaM;
6472 F3
_4giLk) (K +3M3)
k? +4M2 '
_gaMg
12872 FAk?

dgaL(k)
2 2 4
+2gak 2 % <<2gA + l) k

o1(k) = [647%dis F2 My + gak®ly

02(k) = |:32712F§ (26716 — (718) - gAl_4

03(k) = [128n2d16F3k2 +g3 (—k2 + Mfr)

+ (565 +4) K22 + g m3) }
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_ giM;
12872 F3K2

k*> +4M2(1 — L(k))

k) =
o4(k) K2 + 4M2

(181)

The relativistic corrections and the energy-transfer depen-
dent contributions to one-pion-exchange at the order Q° van-
ish.

Two-pion-exchange scalar current Two-pion-exchange

current shows up first at order Q°. Due to the appearance
of three-point functions the results are lengthy. Their explicit
form can be found in [171] and, for completeness, is given
in Appendix E.

Short-range scalar current Short-range two-nucleon current
starts to contribute at order QO. The relevant LECs come from

C —_ .
£ = —TS(NTN)Z +2CrNTS,NNTS*N,

DS ¥ DT
__<X+>(N'N)2 + 7(X+>NTSMNNTSMN,

8
(182)

(Y
20
SR

Il

where N is the heavy-baryon notation for the nucleon field
with velocity v, S, = —ys5[yu, vv]v'/4 is the covariant
spin-operator, x4+ = 2B (u'(s +ip)u’ +u(s —ip)u), B,
Cs.r and Dg 7 are LECs. (.. . ) denotes the trace in the flavor
space. All the non-vanishing diagrams which contribute at
order QO are listed in [171]. After the renormalization of the
short-range LECs we got
myS\2) = o1 0as1 (k) + K- 01k - 0252(k) + 53(K),
(183)

with the scalar function s; (k) defined by

2

MJT
= e,
T

gACrL(k) (3k> + 4M2)
k% +4M? '
3g5CT M2 k> —4M2(L(k) — 1)
82 F2k*m, k> +4M2 '
M2
= ——%
56 1672 F2m,
 2g3CrL(k) (3k* +8M3)
k? 4+ 4M2 ’

I:Zgifr — 4JT2DT Fi

s2(k) =

[giET + 87‘[2D5F7$

(184)

The renormalized, scale-independent LECs DS, Dy are
related to the bare ones Dg, Dr according to

Di=Di+ Py L (Y=
! O F4 1672 F4 w )’

with the corresponding B-functions given by

NN NN
P fi (185)

1 _
BN =3 (1 +6g5 — 15g4 + 24F2834CT) :
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1 _
M= (1 +6g% — 15¢% +48F2g§,CT) , (186)
and the quantity A defined as
d—4
W 1 1
A= _ - —Indmr — 1)), 187
16n2<d—4+2(yE e )> (187)

where yg = —I'/(1) ~ 0.577 is the Euler constant, d the
number of space-time dimensions and y is the scale of dimen-
sional regularization.

Notice that the LECs 65, fT, DS and DT also con-
tribute to the 2N potential. The experimental data on nucleon-
nucleon scattering, however, do not allow one to disentangle
the M, -dependence of the contact interactions and only con-
strain the linear combinations of the LECs [172]

Cs=Cs+M2Ds, Cr=Cr+M?Dr. (188)

The LECs D s and Dy can, in principle, be determined once
reliable lattice QCD results for two-nucleon observables such
as e.g. the 3S; and 'Sy scattering lengths at unphysical (but
not too large) quark masses are available, see Refs. [173]
and references therein for a discussion of the current status
of research along this line.

5.5.3 Relativistic corrections

There are only vanishing 1/m-corrections and the energy-
transfer dependent contributions at the order Q°.

5.5.4 Three-nucleon scalar current

At the order Q° there are no three-nucleon current contri-
butions. Nonvanishing contributions start to show up first at
order Q.

Scalar current at vanishing momentumtransfer ~ Atthe van-
ishing momentum transfer, one can relate the scalar current
to a quark mass derivative of the nuclear forces. On the mass-
shell one gets

0 Hegr
omy

(f1SO1i) =<f

i>, (189)

where the states |i) and | f) are the eigenstates of the Hamil-
tonian Hegr. The on-shell condition requires that the corre-
sponding eigenenergies E; and E s are equal. For eigenstates
|W) corresponding to a discrete energy E,
Heft | W) = E|W), (190)
the Feynman-Hellmann theorem allows one to interpret the
scalar form factor at zero momentum transfer in terms of the
eigenenergy slope in the quark mass:
0E(my)

(Wlmg SO)|W) = my— .
q

(191)
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In particular, for | W) being a single-nucleon state at rest, the

expectation value on left-hand side of Eq. (191) is nothing

but the pion-nucleon sigma-term [174]
om@mg)

(WmgSO)W) = mg 1 = o7y

192
e (192)

and for an extension to resonances | R), see e.g. Ref. [175]. As
was demonstrated in [171] we explicitly verified the relation
in Eq. (189) up to order Q°. To get a slope in the quark
mass of the nuclear force at NLO we used the expressions
from [172] where the authors discussed the nuclear force at
NLO in the chiral limit.

5.6 Dependence on the unitary phases g and Bo

After renormalizability and matching constraints applied to
various nuclear currents we get in the static limit a unique
result. In the relativistic corrections of the vector and axial-
vector current, however, there remains a unitary ambigu-
ity which is parametrized by unitary phases fg and 9. In
Appendix C we give their explicit form and briefly review all
other transformations which are introduced to renormalize
nuclear currents. It is instructive to unravel how this depen-
dence disappears if we calculate the expectation values of the
corresponding currents. There are two different mechanisms
that we are going to discuss. In the first case, the dependence
on unitary phases is compensated by the wave function of
initial and final states. In the second case, which we call a kg-
dependent off-shell effect, the dependence on unitary phases
is not compensated by wave functions. However, it is pro-
portional to kg — Eg + E,, where E, and Eg correspond to
the energies of the initial and final states, respectively. Since
on-shell we have

ko = Eg — Eq, (193)

the unitary ambiguity disappears for observable quantities.
We can explicitly disentangle contributions which are going
to be compensated by the wave functions and which are to
disappear if the on-shell condition of Eq. (193) is satisfied.
In the case of the vector current, there are only contributions
proportional to B3 9 which are to be compensated by the wave
functions, see [197] for an explicit verification. The reason
is that ko-dependent terms in Eq. (76) do not depend on Bg,g.
Strictly speaking, there still remains a residual dependence
on the unitary phases fg g even if we calculate the expec-
tation value of the current operator. The reason is that the
transformation associated with phases fg 9 is only approxi-
mately unitary modulo effects of higher order in the chiral
expansion. Due to the expected higher order suppression, the

dependence on fg 9 should be weak in practical calculations®.

6 Provided that one works with consistent wave functions which incor-
porate the same dependence on unitary phases as does the vector current

Energy-transfer ko-dependent terms generated by time-
dependent unitary transformations are, in general, cancelled
on-shell by an accompanied commutator with the nuclear
force (see Eq. (23))

i koyu(K) — i [Hesr, y(K)].

In the case of the vector current the operator y, (k) can be
read off from Eq. (76)

Yo(k) =0,
y(k) = —i k%[(cE(kz) — GE(0)

(194)

2

Actually, Eq. (194) describes only the single-nucleon contri-
bution to the corresponding current operator

The remaining two- and more-nucleon contributions are
coming from the commutator

[Hegr — Ho, yu(K)],

+fﬁk«mXaxGMm%—GMm»} (195)

(196)

(197)

and is perturbatively taken into account in Vég?] = static iven
in Eq. (82). In particular, the commutator

0 0

cont °

(198)

contributes to the order Q vector current which is a part of
Vé%?lm static+ Here the operator y(&)'9 is given by

ﬂmwh:qké[mEm%W“—Gmmwﬂ} (199)

where the index in the square brackets denotes the chiral order
of the operator. Explicit expressions for the chiral expansion
of the electromagnetic form factors can be found e.g. in [149],
and the leading order nuclear force operator is given by

2
Q% 8a 01-4q02-q
HY) =24 ¢ . ¢p— = =
Iz Iy AV VE
Q@ _ ) )
Hypi = Cs+o01-02Cr, (200)

where q denotes momentum transfer between nucleons. In
practical applications one may include higher-order oper-
ators to the two- and more-nucleon current by using the
whole commutator of Eq. (197), instead of the commuta-
tor of Eq. (198). In this case, the expectation value of the
operator of Eq. (194) would not contribute on-shell and, for
this reason, does not need to be calculated explicitly. Obvi-
ously, if one would neglect the operator of Eq. (194) one has
to subtract the operator of Eq. (198) from Vgg) Lz, static*

operator. Hybrid approach, where phenomenological wave functions
(coming not from chiral EFT, like e.g. AV18 [195] or CD Bonn [196]
potentials) are used, should not be used for this current operator.
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Similar to the vector current, we can write an axial vector
version of Eq. (194) which is given by

i Koz, (k) — i [ Herr, 2% (K)], (201)
where
Z4(k) = 0,
2(k) = i k 1[;113 ((1 +2Bo)k; - 6G p(—k3)
—(1 + 2Bk - kik - aG/P(—kz)). (202)

Replacing Hefr by Hp in Eq. (201) we reproduce the off-
shell part of Eq. (101). The leading two-nucleon contribu-
0
tion of Eq. (201) is given by the commutator —i [He(f? ) _
Hy, z,, (k)] which depends on the unitary phases ,38,9- Its

explicit form is given by

g1
64F2m3

Al - — i [#9 a0l =k
ON: 177, off—shell — ¢ 54 ’Z( ) -

XM[[” X Tz]“( —2(1+2B9)ks - qiq; -0

xGp(~k*) + (1+ 2Bk - q1(2k - ky — i k- (q1 x 02))

X1 - 01Gp(—kD) + 111 = (1 +289) ke - (@1 x 02)

+iqDqr - 01Gp(—k) + (14 2B3) (i (k- q1)

+2k - kok - (q) x 02))q1 -alG’P(—kz)} +1 < 2. (203)
In addition, at order Q, one also needs to take into account

the relativistic corrections to the OPE 2N current that are not
associated with the terms in Eq. (201) and have the form

5Aa Q) —

ON: 1, 1/m = {i[fl x 1]

[ 1 (B kk-B; )
X —_
@+ M\ K+ M2

L B, 0By o
PAM\ R +M2? e mz

8A
16F7$m

. 1 kk - Bs
il [(q%+M,%>2< 5_k2+M§>
1 §Bg 6B7
i@ e tere )
+1 < 2, (204)

where By, B4, Bs and Bg are defined in Eq. (134), and
8By = —2g% ko1 -qik-qi(i k- (q1 x 02) — 2k -ka),

B3 = —2k<g%(1 +2B9)k - qik; -01 +01-q)
x(—ik-(qr x02) + (g5(1 —2B9) — )k - k»

+ki - qi 4 2¢% — Dk; - (11)>,
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8Be = —2g3 ko1 -qi(—2ik-(q1 x 02)k - k2
+(k-q1)?),

5B7 = —gik(% (1 +2B9)k; - o1k - (q1 x 02)
+q1-01(2i (1 —2B9)k - (ky x 02)

+4iky - (qi x 02) — (1 = 2Bo)k” — 2q%)>. (205)

Note that
a(Q) _ a(Q)
AN im 1/m = AN 1, off—shell T OAN:Tx. 1/m

+0(0%). (206)

In the same way, we can decompose the relativistic correc-
tions involving the contact interactions:

. (QO) [T]]a
AgN:cont, off—shell = 1 [Hcont ’ Z(k)] =k 16m3

><<— (142B9)(2i Crky - (01 x 02) + Csq2 - 0

+Crqa - 62)Gp(—K*) + (1 +2f8) (k - q2(Csk - 0
+Crk-02) +2i Crk-kik - (0] x 02))G’P(—k2)>
+1 & 2. (207)

The remaining relativistic corrections to short-range 2N cur-
rent at order Q are given by

(Q) ga [l .
AN cont, 1/m = — m i+ M2 2iCrky - (01 X 02)
1
+CSQ2 0]+ CT(]Q 0 — m(k . qz(CSk 0]

+Crk-02)+2iCrk-kik - (0 % 0'2)))

11 < 2. (208)

As in the case of the one-pion-exchange contributions, we
have

Q) Q)
A621N: cont, 1/m = A(21N: cont, off —shell + SAZN: cont, 1/m
+0(0%). (209)
The unitary ambiguity in the operator
A?N:off—shell + AgN: off —shell (210)

is proportional to ko — Eg + E, which vanishes on-shell.
Therefore, Bg o-dependence in this operators vanishes only
once kg = Eg — Ey. On the other hand, the unitary ,3_8,9—
ambiguity in SAngI:Ql)n’ 1/m is compensated by the same uni-
tary ambiguity of the initial and final state wave functions.
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Table 1 Chiral expansion of the
nuclear electromagnetic current
operator up to N3LO. LO, NLO,
NNLO and N3LO refer to chiral
orders 03, 01, 0% and Q,
respectively. The single-nucleon
contributions are given in

Eqgs. (2.7) and (2.16) of [149]

Table 2 Chiral expansion of the
nuclear electromagnetic charge
operator up to N3LO. LO, NLO,
NNLO and N3LO refer to chiral
orders 073, 01, 0% and Q,
respectively. The single-nucleon
contributions are given in

Eq. (2.6) of [149]

Table 3 Chiral expansion of the
nuclear axial current operator up
to N*LO. LO, NLO, NNLO and
N3LO refer to chiral orders
0. 07", 0%and Q,

respectively

Table 4 Chiral expansion of the
nuclear axial charge operator up
to N*LO. LO, NLO, NNLO and
N3LO refer to chiral orders
073, 07", 0%and 0,

respectively

Order Single-nucleon Two-nucleon Three-nucleon
LO - - -
NLO V IN: static VoN: 1z, Eq. (78) -
+ViN: 1/m
NNLO V IN: static - -
N°LO V IN: satic Von: iz » Eq. (82) -
+VIN:1/m +Von:2x 5 Eq. (299)
+V IN: off —shell +VN: cont> Eq. (89)
Order Single-nucleon Two-nucleon Three-nucleon
LO V(I)N:stalic - -
0
NLO VlN:stalic’ - -
0
NNLO VlN:stalic - -
N3LO V(I)N: static VgN: 1> Eq‘ (84) VgN:r[’ EqS. (96)’ (97)
+V?N:1/m +V(2)N:271’ Eq' (300) +V(3)N:com’ Eqs‘ (96)’ (98)
0 0
+V]N;1/mZ +V2N:com’ Eq. (89)
VN1, 1/m - EQ. (88)
Order Single-nucleon Two-nucleon Three-nucleon
LO ANstatic, Eq. (102) - -
NLO AN:static» Eq. (105) - -
NNLO — AoN:1x, Eq. (127) -
+AoN:cont» Eq. (141)
N3LO AlN:static,Eq‘ (1 14) AZNZIJT’ EQ~ (129) A3N:n7 ECl~ (148)
+AiN:1/m,ur» Eq. (109) +AoN:1z,ur» Eq. (136) +A3N:cont> Eq. (151)
+AN1/m2, Eq. (111) +AoN: 17, 1/m- Eq. (133)
+A2N: 27, Eq. (138)
+A2N:cont, ur» Eq. (145)
+A2N:com, 1/m> Eq. (144)
Order Single-nucleon Two-nucleon Three-nucleon
LO - - -
NLO A?N:UT,, Eq. (103) A(Z)N: 1z» Eq. (125) -
+A(1)N: 1/m> Eq' (106)
NNLO - - -
N°LO A(])N: static, u’» EQ- (110) AdN: 1 Eq. (130) -
+AN 1o Eq. (112) +A%.2,» Eq. (139)

+A)

2N:cont” Eq' (143)

5.7 Summary on current operators in chiral EFT

axial vector, pseudoscalar and scalar operators. Note that the
nucleon mass m is counted as

Let us now summarize the status of calculations of current
operators in chiral EFT. In Tables 1, 2, 3, 4, 5 and 6 all

possible contributions up to N3LO are summarized for vector,

LY
m

:>|~s

[ ]

S

@211)
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Table S Chiral expansion of the

nuclear pseudoscalar operator Order Single-nucleon Two-nucleon Three-nucleon
3
oM IOTONOND T :
07 072 0 "and 0", NLO Pi\: static EG- (156) - _
respectively NNLO _ Pl 1 Eq. (162) -
+P3N: cont» EQ- (163)
NLO Py satic EQ- (160) P\ 17 satie» G- (163) P& Eq. (175)
+PN: 1/m,ur> B (157) + P35\ 1. ur> EQ- (168) + PN cont> Eq- (176)
PN 1y B0 (158) +PiN: 17, 1/mo BQ- (167)
+ P\ 2 - Bq. (169)
P3N cont, ur> EQ- (173)
+P3N:cont, 1/m> EQ- (172)
Table 6 Chiral expansion of the Order Single nucleon e P——

nuclear scalar operator up to

N3LO. LO, NLO, NNLO and LO

N3LO refer to chiral orders Sisaic
Q,3’ Q,z’ Qil and QO, NLO S1N:static
respectively. The single-nucleon NNLO SIN:static
contributions are from +SIN:1/m
dispersion relation studies 3

N°LO SIN: static

where mwr scattering channel
dominates ¢-dependence of the
scalar form factor [163]

S$oN: 17> Bq. (179) -

SoN: 17, Eq. (180) -
+SZN: 27 Eq' (328)
+S2N: cont> Eq. (183)

where p denotes a low momentum scale and Ay, the break-
down scale of the theory [88]. These are complete studies up
to the order N°LO in chiral expansion.

At this order, various LECs appear which need to be
fixed. In the following, we give a summary of contributing
LECs. Single-nucleon sector is usually phenomenologically
parametrized by form factors. For this reason, we concentrate
here on two-nucleon contributions.

Vector current: At the order Q, ds, dy, dry, day from 57(131)\7
contribute to one pion-exchange current operator. These
can be determined from pion photo- and electroproduc-
tion [44,184]. As can be seen from Eq. (83) there is also
a contribution of djg LEC which accounts for Goldberger-
Treiman discrepancy. One can either directly determine d;g
from the Goldberger-Treiman discrepancy [40] or one can
express vector current operator in terms of effective axial
coupling

= [m8aN 212)

off Frgnn
8a
m

where pion-nucleon coupling constant up to given order is
given by
gam <l _ ZMJ%d_ug)
Fr 8A ’

For the most recent determination of the pion-nucleon
coupling constant with included isospin-breaking effects

gxN = 213)
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see [223]. Replacement of g4 by gf\ff and neglect of djg
in Egs. (78) and (83) changes the current first at the order
higher than Q.7 Finally in addition to various short-range
C; LECs which appear in the nuclear forces, there are also
short-range contributions of LECs L and L, which are to
be determined from isovector and isoscalar two- or three-
nucleon observables like magnetic moment of the deuteron,
np — dy radiative capture or isovector combination of trin-
ucleons magnetic moments [117,144].

Axial vector current: Apart from the djg-dependence, one-
pion-exchange contributions to the axial vector current
depend on ds, 35, cié and a linear combination d| 5 — 25123,
see Eq. (131). ds LECs is determined from pion-nucleon
scattering [98, 182]. Other LECs can appear in the weak pion
production amplitude. Their numerical values are less known
due to the lack of precise experimental data. A recent anal-
ysis shows that an assumption of the natural size of these
LECs leads to a satisfactory description of the available
data [179,181]. Short-range dependence on LECs is given
in Eq. (143). Apart from LECs coming from nuclear forces
there are additional contributions of z1, z2, z3, 4 short-range
LECs. Those can/should be fitted to weak reactions in two-
nucleon sector.

7 Similar procedure was adopted in pion-nucleon scattering ampli-
tude [98,182,222].
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Pseudoscalar current: Due to the continuity equation, the
pseudoscalar current is directly related to the longitudinal
component of the axial-vector current. Once LECs of the
axial-vector current are fixed there are no new parameters in
pseudoscalar current.

Scalar current: One-pion-exchange contribution to scalar
current is given in Eq. (181). As can be directly read off from
Eq. (181) itdepends on d1¢, d1g LECs from £(31)\, and [4 LEC

s

from £7(T4). Mesonic /4 LEC contributes to the scalar radius
of the pion and can be found in [178]. dy6 LEC contributes
to the quark mass dependence of the axial coupling g 4. For
this reason, careful chiral extrapolation of lattice QCD data
is needed for its determination. A recent lattice QCD deter-
mination of g4 can be found in [180]. Short-range part of
the scalar current depends only on short-range LECs that
already appear in nuclear forces. However, the LECs Dg and
Dy describe quark mass dependence of the LECs Cg and
Cr which appear in nuclear forces at LO. So careful studies
of chiral extrapolations of nuclear forces are needed to get
numerical values of Dg and Dy.

6 Comparison with the JLab-Pisa currents

As already mentioned previously, in our developments of chi-
ral nuclear currents we used the technique of unitary trans-
formation. In parallel to our activities there is a different
derivation of nuclear currents where time-ordered perturba-
tion theory combined with the transfer-matrix inversion tech-
nique has been used (see [1,117] and references therein). In
this chapter we would like to briefly discuss their method and
compare vector and axial-vector currents from two different
derivation methods.

6.1 Inversion of the transfer matrix method

The JLab-Pisa-group used the inversion of the transfer matrix
technique to derive energy-independent potential and current
operators. They start with the T-matrix and, by using a naive
dimensional analysis (NDA), introduce a power counting for
operators that appear in the T-matrix. Nucleon mass in their
approach is counted as a hard chiral symmetry breaking scale
m ~ A,. The starting point of TOPT-method of JLab-Pisa-
group is Eq. (6) of [187] given by

oo 1 n—1
T|i)=(f|H _ i), 214
(fITIi) = (f] 1;(Ei_H0+in) /i) (214)
where E; and E s are eigenenergies of initial and final states
|i) and | f), respectively. The full Hamiltonian H is decom-
posed here in a free part Hy and an interacting part H

H = Hy + H;. (215)

For E; # E this is a half-off-shell T-matrix. For E; = E ¢
this is an on-shell T-matrix. The T-matrix of Eq. (214) can
be than decomposed in chiral orders

T =7O + 7 + 7@ 4+ (216)

where the indices 1 of T"-matrix operator denote their chi-
ral order Q" and dots denote higher than Q2 order operators.
The same NDA can be used for nuclear force operators

p=® 4 M@ 217)

Inversion of the Lippmann-Schwinger equation can be used
iteratively to calculate the effective potential.

2O = 7

o = 7 _ 0 GO (218)

and so on. The first iteration of leading-order potentials
leads within NDA to order Q contribution: Loop integration
gives order Q3 and a free Green function gives order Q2
contributions corresponding to the inverse sum of kinetic
energies of the nucleons. For the half-off-shell T-matrix
the potential from Eq. (218) is equivalent to the potential
from the folded-diagram technique, which is manifestly non-
hermitian. Equivalence of inversion of T-matrix technique
and folded-diagram approach is demonstrated in Appen-
dices F and G. On top of the folded-diagram technique, the
authors of [ 187] analyzed off-shell effects in which they allow
contributions proportional to E ¢ — E; in the T-matrix.® This
has an influence on the form of the effective potential and
current operators and introduces differences between strict
folded-diagram and JLab-Pisa group techniques.

For vector- and axial-vector currents JLab-Pisa group pro-
ceeds in a similar way. They write a first-order perturba-
tion theory for T-matrix in the presence of vector- or axial-
vector source. For electromagnetic current, for example, the
T-matrix can be organized via

— 7(=3) (=2) =0 4 ...
r,=7,"+T7,7+T, "+ , (219)
where Ty(n) is of order e Q" with e the electric charge. Intro-
ducing
v, =V, -j", (220)
where V// is a nuclear vector current and j;; a correspond-
ing vector source they perform an inversion of a T-matrix to
derive nuclear current operator order by order:

8 Adding to a T-matrix contributions proportional to [Hp, X] with X
some operator will not affect the on-shell T-matrix but will change its
off-shell form. As a consequence, the effective Hamiltonian gets trans-
formed by a similarity transformation. In Appendix H we demonstrate
on a perturbative level that a unitary transformation of time-dependent
Hamiltonians does not affect the on-shell behavior of the T-matrix. Sim-
ilar arguments should work for a similarity transformation.
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-3 _ 7(=3)
v~ =T,

w2 =12 [v;—”Gov(O) + U(O)Gov)(,_3)i|. (221)

12 12

In the following, we will discuss the differences between
JLab-Pisa and Bochum—-Bonn—Currents. The differences in
the two methods appear first at the order Q.

6.2 Difference in the vector current at order Q

Atorder Q, we decompose the current in the number of pion-
exchange via Eq. (77).

6.2.1 One-pion-exchange contributions to the vector
current

We start with the static OPE contributions. OPE contributions
of the JLab-Pisa group have been presented in [141] where
they give only unrenormalized results. Even relaxing con-
straints on beta functions of d;-LECs from ES’})\, Lagrangian
we are unable to renormalize their Eqs. (3.30) — (3.42).
In a later publication [117] JLab-Pisa group decided to
parametrize the OPE in terms of form factors, see Egs.
(2.22)—(2.25) of [117]. Since they use this form in all their
numerical calculations, we compare if our results are compat-
ible with their parametrization. Replacing the form factor by
unity (which does not affect order- Q results) we consider the
difference between our results and that of JLab-Pisa group

syQhn

_ yQ,u JLab—Pisa(Q),
2N:1m,static — V. V .

ON:1m,static ~ ¥ 2N:1x,static

(222)

The OPE contributions can be written in the form of Eq. (82)
for current and Eq. (84) for charge contributions, respectively.
For this reason, it is enough to give the difference in terms
of scalar functions

8fitk) = fik) — f0Psaqy, i =1,...,8,

where the functions f; (k) are defined in Egs. (83) and (85).
fiJLab_Plsal (k) are extracted out of Eq. (2.22) and (2.24)
of [117]. The difference is given by

3fi(k) = df2(k) = 0,

(223)

. € 4 2 5
3fa(k) = ﬂm(&;(zuk) — 1)+ @nky) gAdzz),
. egA - iegaM2 -

Sfa(k) = —i—=dr, 6fsk) = —————dis,

fa(k) l4F7$ 2, Sfe(k) 2 18

5fs(k) = __iesh (o + K2(=5 + 2887 %)
> 115272 F2 4 o

+6(k* + 4M§)L(k)>. (224)

Note, that Piarulli et al. [117] discuss only tree-level con-
tributions to OPE and make a phenomenological extension

@ Springer

of these results. They multiply the tree-diagram results pro-
portional to d;’s with Gynak)/uyna and with Gy, (k)
form factors which are set here to unity. All other terms of
these form factors contribute to orders higher than Q. In con-
trast to the statement of Piarulli et al. [117], the difference
SV%?IH’ static contributes to the magnetic moment operator
= —(/2)Vi x V]x=o. The difference for the magnetic
moment operator is given by

4 3
. egy [T1 x12]

Sp=—(@i/2)Vi x SV Dy = A

[ (i/2)Vk k=0 64n2F3 g7 + M2

X<[¢11 xo2]qr-01 —[qq ><01](I1~02)- (225)

This difference, however, comes from §f3(k) and can be
absorbed into dp; if one makes a shift

&

dy — d .
21 21 + 3272 F2

(226)

Charge operator contributions have also been discussed by
JLab-Pisa group. Since they do not mention any static con-
tributions to OPE charge at order Q we conclude that
f7JLab—Pisa k) = ngLab—Pisa(k) =0, (227)
in clear disagreement to our results of Eq. (85).

At the same order Q there are also relativistic corrections
to OPE charge and current operators. Both groups give van-
ishing results for relativistic corrections® for current opera-
tors such that there is no disagreement on the current level
for relativistic corrections. Relativistic corrections to charge
contributions agree only if one fixes unitary phases to

(228)

which means that they are unitary equivalent. Parameters Sg
and B9 are directly related to unitary phase parameters
and v introduced by Friar [21,185,186] to describe an off-
shell dependence of relativistic 1/m? corrections to OPE NN
potential:

p=4pg+1, v=2p. (229)

These parameters are usually set to

fo=z Po=—1 (230)
8 = 47 9 = 4a

to achieve a minimal non-locality form of OPE NN poten-
tial [89]. From Eq. (228) we conclude that the charge operator

9 Piarulli et al. discuss 1/m? and 1/m? corrections to OPE current
operator. Although they do not vanish they contribute to higher orders
in the power counting adopted by our group.
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used by JLab-Pisa group does not correspond to the minimal-
nonlocality choice even for v = 1/2. For this reason, this
charge operator should not be convoluted with the available
chiral nuclear forces where minimal non-locality is used.

6.2.2 Two-pion-exchange contributions to the vector
current

At the level of the two-pion-exchange, there is an agreement
between our and JLab-Pisa group results on the current but
not on the charge operator. This disagreement was addressed
by JLab-Pisa group in [187] where they extensively discuss
the TPE charge operator. They claim that there exists a unitary
transformation that makes two charges unitary equivalent.
It is important to note that the potentials presented in [187]
are manifestly non-hermitian. One can see this directly in
Eq. (20) of [187] where one finds a non-hermitian contribu-
tion to their effective potential for the off-shell parameter
v = 1. They also give a similarity transformation (erro-
neously called a “unitary transformation”), see Eq.(25) of
[187] given by
Hw) =e VW H@W =0)/V™ (231)

which transforms v = 1 into v = 0 potential. One can imme-
diately see from Eq.(28) of [187] given by

(232)

iU p) = _g/vffo)(p’—S)véo)(s—p)
P 2 T w ot

that i UV (v, p, p) is not antihermitian. So H(v = 1) and
H (v = 0) potentials are not unitary equivalent but can be
transformed into each other by a similarity transformation.'°

Applying the same transformations on electromagnetic
current operator Pastore et al. [187] show that the Bochum—
Bonn and JLab-Pisa charge operators can be transformed
into each other. However, since the transformation given in
Eq. (28) of [187] is not unitary the charges are not unitary
equivalent. This is a similarity transformation that does not
change the spectrum of the nuclear force and the on-shell T-
matrix but changes, in general, the normalization of the wave
function.

10 1n a later publication [117] after Eq. (2.17) the authors remark that
“expressions for UM (v), contain a typographical error: the imaginary
unit on the left-hand side should be removed”. Without imaginary unit
Eq. (28) of [187] leads indeed to a unitary transformation which, how-
ever, does not transform H(v = 1) into H(v = 0). This is obvious
since H(v = 1) is non-hermitian and H (v = 0) is hermitian and there
is no unitary transformation which transforms a non-hermitian operator
into a hermitian one.

6.2.3 One-pion-exchange contributions to the vector
current

For axial vector current at order Q the situation is less
transparent than for vector current operator. The differences
for pion-exchange contributions have been extensively dis-
cussed in [23,134]. The authors of [125] considered only
static contributions so we can not compare recoil corrections
to OPE currents. In the static limit, there is a clear disagree-
ment between Bochum—Bonn and JLab-Pisa currents even at
vanishing momentum transfer. To clarify if the currents are
unitary equivalent we first perform a calculation of relativistic
corrections to box-diagrams for effective potential, all contri-
butions proportional to gi /m. Starting with folded-diagram
technique which is equivalent to the inversion of the transfer
matrix technique. The effective potential which one gets, in
this case, is non-hermitian and is in general given by [29, 188]

HEP = (1— A)H(1 + A), (233)

where A satisfies a non-linear decoupling Eq. (8). This poten-
tial is related to a hermitian potential via a similarity trans-
formation

Hep = S'2HEPS=1/2, (234)
with
S=1+AA" +ATA. (235)

The effective potential Her is a standard hermitian poten-
tial of Eq. (9) which one gets via Okubo transformations of
Eq. (6). In order to get effective potential of JLab-Pisa group
for the off-shell choice v = 0, see in particular Egs. (19) of
[187] where the pion-energy denominators w; and w, fac-
torize, we have to perform additional unitary transformation

HE P = Uy HerUna, (236)
with
Uz = exp (151 + @252), (237)

where antihermitian operators S and S> are defined in Eq.
(3.25) of [68]. In order to reproduce Eq. (19) of [187] we
have to fix the unitary phases to
1 1

o] = 5 o = 1

which is a standard choice of unitary phases for renormaliz-
able nuclear forces. With this unitary convention, relativistic
corrections to box-diagrams for nuclear forces of JLab-Pisa
and Bochum-Bonn groups coincide. In this way all transfor-
mations needed to bring folded-diagram HeFfP into the form
of Bochum-Bonn nuclear force are fixed. JLab-Pisa group
does not apply any time-dependent unitary transformations
on nuclear forces to get a current operator. For this reason,

(238)
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their current operator is transformed in the same way as
nuclear forces. For JLab-Pisa group current operator we get

sJLab—Pisa __ U;'ZSI/ZjEDS—l/ZUlz’ (239)

Ju
where the folded-diagram current can be extracted via an

inversion of the T-matrix in the presence of an axial-vector
source
—1
15(Ef, Ej) = (1 —vGo(Ey)) vs(Ef — E;)
x (1= Go(Epw) ™", (240)

where the T-matrix in the presence of an axial-vector source
is defined by

T(Ef, Ei) =2n8(Ef — E))(E)) +15(Ep, Ei). (241

E r and E; denote final and initial state energies, respectively.
Eq. (240) is derived in Appendix 1. The half-off-shell trans-
fer matrix 7(E;) here does not depend on axial source and
satisfies Lippmann-Schwinger equation

t(E;) = v+ v Go(E)) t(E)). (242)
The axial-vector source coupling is within
vs(E) = /d4x e Ej, (x) - al(x), (243)

where a'* denotes the axial-vector source. In [189] we explic-
itly performed inversion of Eq. (240) and performed a simi-
larity transformation of Eq. (239). The outcome of this calcu-
lation is supposed to be JLab-Pisa group expressions. How-
ever, we were unable to reproduce their results concluding
that either we misinterpret the method of JLab-Pisa group
or there is an error in their calculation which needs to be
clarified in the future.!!

7 Towards a consistent regularization of the currents

So far all reported calculations of current operators have been
performed by using dimensional regularization. So one could
take these operators and start to look at their expectation
values to study observables. This is indeed what has been
done by various calculations with JLab-Pisa TOPT-currents,
see e.g. [1] for a review. All these calculations should be
considered as a hybrid approach where no claim on consis-
tency between nuclear forces and currents is made. Even if
both nuclear forces and currents are calculated from the same
framework of chiral EFT the use of different regularizations
(cutoff vs dimensional regularization) leads to chiral sym-
metry violation in the very first iteration of the current with
nuclear forces. Here is the explanation:

I Note that the discussion here is restricted to box-diagrams such that
the transformation of Eq. (239) is incomplete for other diagrams. In par-
ticular, unitary transformations proportional to g, B9 are not included
in Eq. (239).

@ Springer

To solve the Schrodinger equation, nuclear forces have to
be regularized. The usual way is to use cutoff regularization.
Let us for example choose a semi-local regulator discussed
in [90]. The regularized form of the long-range part of the
leading-order nuclear force, which is one-pion-exchange dia-
gram, is given by

2 242
gA o-l.qo'2.q _9°+Mz
Viga = —~A 1) s 2e” A, 244
I, A ar2 T (244)

where q denotes momentum transfer between two nucleons.
A nice property of this regulator is that it does not affect
long-range part of the nuclear force at any power of 1/A. On
the other hand, a pion-pole contribution proportional to g4
of the relativistic correction of the axial-vector two-nucleon
current is given by

a 4101 k

AG(Q80)  _ _8A
g7+ M2 k> + M

2N: 1w, 1/m — 8F2m
T

it x 2]

x[ik~Q1 x o2 —Ki-qq +k2-(q1+k)]
+1 « 2, (245)

where K is the momentum transfer of the axial vector current,
and other momenta are defined by

P tpi

) i:1127
2

q =p; —pi. ki (246)
and momenta p;. and p; correspond to the final and initial
momenta of the ith nucleon, respectively. Note that this is
not the only contribution to the relativistic corrections of
the current, but the only one proportional to g4. Complete
expression (including terms proportional to gf‘) for the rela-
tivistic corrections can be found in [23]. After we regularized
the nuclear force and the axial vector current we can perform
the first iteration and take A — oo limit:

A%(Q:80) 1

N Um g1 e Ho + i€ Viz.a

Aa!(Q,gA)

+Viz.a IN: 17, 1/m

E — Hy+ i€
’;
84 a ay_ K
=A—————([1 — |7 " 0
32\/§7r3/2F7‘,‘([ 11" = [72] )k2+M,2,q1 1

+1 < 2 +0(A%. (247)

Since the one-loop amplitude should be renormalizable there
should exist a counter term which absorbs the linear singular-
ity in A. From Eq. (247) we see that this should be a contact
two-nucleon interaction with one-pion coupling to it. How-
ever, there is no counter term like this in the chiral EFT. The
counter term like this requires derivative-less coupling of the
pion which is forbidden by the chiral symmetry: There exists
only a counter term proportional to K - o 1, but there is none
which is proportional to q; - o 1. Here k is the momentum of
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the pion coupling to the two-nucleon interaction.!? If there
is no counter term that absorbs the linear cutoff singularity
there should be some cancelation in the amplitude with other
terms. Indeed the same singularity but with the opposite sign
we would get for the static limit of the axial vector current of
the order Q if we would calculate the current by using cutoff
regularization. Axial vector current at the order Q, however,
is calculated by using dimensional regularization and is finite.
It also remains finite if we just multiply the current with any
cutoff regulator we want. So at the level of the amplitude,
the mismatch between cutoff and dimensional regularization
used in the construction of operators leads to a violation of
the chiral symmetry at the one-loop level which, however, is
the order of accuracy of our calculations. So we see that it is
dangerous to multiply the current operators calculated within
dimensional regularization by some cutoff regulator and cal-
culate the expectation values of this. With similar arguments
one can show that dimensionally regularized three-nucleon
forces at the level of N°LO, which were published in [62,63],
can not be used in combination with the cutoff regularized
two-nucleon forces at the same order [79]. The mismatch
between dimensional and cutoff regularization will lead also
in this case to a violation of the chiral symmetry at the one
loop level.

To respect the chiral symmetry we need to calculate both
nuclear forces and currents with the same regulator. On top
of it the regulator which we choose should be symmetry pre-
serving. One possibility to construct a regulator, which man-
ifestly respects the chiral symmetry was proposed more than
four decades ago by Slavnov [190], where he introduced a
higher derivative regularization in a study of the non-linear
sigma model. Recently, the first applications of this technique
to the chiral EFT have been discussed in the literature [191,
192]. A basic idea of Slavnov is to change the propagator of a
pion field on the Lagrangian level. Since pion fields are orga-
nized in U-fields which are elements of SU(2) group and all
derivatives in the Lagrangian appear as covariant derivatives
to maintain gauge and chiral symmetry, the modified chiral
Lagrangian should be expressed in terms of covariant deriva-
tives of U-fields. In this way the gauge- and chiral symmetry
are maintained by construction. For our purpose, we change
the static pion propagator by a regularized one

>+M3
! ¢ 248
d .
@+ M2 q?+ M? (249)

The choice of this regulator is consistent with the semilo-
cal regulator used in nuclear forces where pion propagator is
regularized via Eq. (248) and contact interactions via a non-

12° At higher orders one can construct derivative-less pion-four-nucleon
interactions by multiplying low energy constants with M2. They are
coming from the explicit chiral symmetry breaking by finite quark mass.
However, at the order Q we can not construct a counter term like this.

local Gaussian regulator. The challenge is to construct the
modified chiral Lagrangian in terms of covariant derivatives
and chiral U-fields which leads to modified pion propagator
of Eq. (248), modified contact interactions and to regular-
ized forces and currents. Construction of consistent nuclear
forces and currents within the higher derivative approach is a
work in progress. However, the first results for the deuteron
charge in this consistent approach are already available [197]
and will be briefly discussed in the next section.

8 Two-nucleon charge operator

As already mentioned in Sect. 7, at the moment we can not
take expectation values of the current operators at the order
Q without violation of the chiral symmetry at the same order
of accuracy. This happens due to the mismatch of dimen-
sional and cutoff regularizations of nuclear forces and cur-
rents. Inconsistency between regularization of forces and cur-
rents leads in some cases to strong cut-off dependence in
the observables, see [145] for discussion of photodisintegra-
tion on 2H and *He calculated with order QO vector current.
In many cases, however, the inconsistent (hybrid) approach
gives a satisfactory description of the data. In the last decade,
there are various application of hybrid approach with JLab-
PIsa TOPT current operators, see [1] for a recent review and
[118,121,193,194] and references therein for the most recent
activities in this field. We are not going to report here on the
hybrid approach activities but rather concentrate on the con-
sistent calculation of the deuteron charge form factor [197].

8.1 Deuteron charge

Deuteron form factors have been extensively studied within
EFT in pion-full and pion-less approaches, see [12,13,198]
for reviews. To perform a consistent calculation of deuteron
form factors, we need to construct a regularized NN potential
and electromagnetic current operator with the same off-shell
properties. Up to order Q the expressions for unregularized
current have been discussed in Sect. 5.2. At the order Q
meson-exchange contributions to the deuteron charge form
factor are given by just relativistic corrections to the one-
pion-exchange charge operator, Eq. (88). Such a simplifica-
tion for the charge operator appears since the deuteron is
an isoscalar. All complicated one-loop terms proportional
to [t1]° and [71]® do not contribute to expectation values
after convolution with the deuteron wave function. The only
non-vanishing order Q pion-exchange contribution to the
deuteron charge operator is given by

3eg? 1 —-258
0,(0) _ 84 9
V2N:1n,1/m =- 16F2m [q% n Mzal -koo - q2
T
285 — 1

1"1262'(12(12~k:|+1<—>2~ (249)

— 0
(g3 + M2)?
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For the single-nucleon charge operator, we use Eq. (74)
where the charge operator is expressed in terms of electro-
magnetic form factors. Due to poor convergence of chiral
expansion for electromagnetic form factors we used their
phenomenological parametrization. For the calculation of the
deuteron charge form factor we used a global analysis of the
experimental data of Refs. [199,200]. To estimate a system-
atic error we also used dispersive analyses of Refs. [201—
203]. In derivation of Eq. (249) we applied unitary trans-
formations of nuclear forces on the leading-order single-
nucleon charge operator. Since we work now with the form
factor parametrization of the single-nucleon contribution we
apply the same transformation on the electric form factor and
replace Eq. (249) by

3eg? 1 —-28
0.(0) _ 84 9
VZN:ln,l/m == 16F2m [‘122 n M201 -koo - qo
b
283 — 1

— 0] 'Q202-Q2Q2-k}65(k2) +1o2,
(g3 + M3)? ¥

(250)
where G% (k?) is the isoscalar part of the electric form factor

Gy (k%) = Gh(kH) + Gk, (251)
and G’g (k?) and G (k?) are electric form factors of proton
and neutron, respectively. To regularize Eq. (250) we have to
take the same regulator which was used in the construction of
nuclear forces. This requires to make following replacements
in Eq. (250) for pion-exchange propagators

q%+M%
1 e A2
9 9
QG+ M2 g+ M2

2 2 e
+ M e A2
2 212 - ( + q2 2 n) 2 212°
[q; + M7:] A [q; + M7]

Note the dependence of the deuteron charge operator in
Eq. (250) on unitary phases fg and f9. The same unitary
phases appear in relativistic 1/m?-corrections to one-pion-
exchange in nuclear force. They are usually chosen as

(252)

| R 1

By = —, Po=—-, 253

B3 1 Bo 1 (253)
to maintain a minimal non-locality of the nuclear force. How-
ever, they might be chosen differently, and any calculated
observable should only weakly depend on them in a consis-
tent calculation.'3 To test the consistency of our calculation

we generated two versions of nuclear forces, the non-minimal

13 If unitary transformations with the phases Bg and Bg would be imple-
mented in an exact way without any approximation the observables
would be independent on them.

@ Springer

coupling choice of Eq. (253) and

Bo=fo=12. (254)
2

for which the deuteron pion-exchange charge contribution
disappears. Both versions lead to the same results for the
deuteron charge form factor. It is important to note that reg-
ularization prescription in Eq. (252) works only due to the
simple structure of the charge operator in Eq. (250). For the
current operator or even for the charge operator for isovector
observables the regularization of the current operator needs
more effort and can be worked out within higher derivative
regularization. This is still a work in progress.

At the order Q there are no short-range contribution to
deuteron charge form factor, as can be directly followed from
Eq. (92). The first short-range contributions show up at the
order Q2 and can be parametrized by three parameters mul-
tiplied with isoscalar electric form factor

ViN-cont = 2eG§(k2)<A k> + BK3 (o - 02)

+Ck-61k-02), (255)

where A, B, and C are low-energy constants (LECs) [5].
Although these are Qz—order effects, they catch the short-
range off-shell dependence of N*LO nuclear forces. This is
adirect consequence of the fact that contributions in Eq. (255)
can be generated with unitary transformations acting on the
single-nucleon charge density. The same unitary transfor-
mations acting on the kinetic energy term produce off-shell
short-range contributions to nuclear force at N*LO. Not all
three LECs contribute independently in the deuteron charge
form factor. Only a linear combination A + B 4+ C /3 appears
as a free parameter that we fitted to the deuteron charge form
factor data. We regularize these charge contributions in the
same non-local way as was done in N*LO nuclear force [90]

0,reg S .2
V2N:c0nt = 2eGE(k )

_ /_ /
x[(A+B(al-az))F1<p‘ P2 Py pz,k)

2 2
_ /_ /
yCp, (RL2P2 PP ) (256)
2 2
where the functions F| and F, are defined as
/ k / k /
Fi(p.p . k) = E; p—5.P)tE|\pt7.P
vE (0 - Xp)+E (0t K
12 p va 1 p 2’p s
(257)
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p>+p?

Ey (p.p) := (p2 - p’z) e A,

Ey(p.p) :==[(61-p)o2-p) — (01 -p)(02-p)]
_p2+p’2
xe A2,

(258)

In order to give a theoretical error quantification due to
truncation of chiral expansion one can use the algorithm pro-
posed in [88]. Namely, one can estimate the truncation error

8(X)® of an observable X at i-th order of the chiral expan-
sion, withi = 0, 2, 3, ....If Q denotes the chiral expansion
parameter, the expressions for truncation errors are

S(X)(O) > max (Q2lx(0)| ; IX(IEO) _ X(jio)l) ,
500 = max (QX V1, 0lAX @], x= — xU=D))

5000 = max (Q"1X ], ' 11aX ], 02| ax D))

fori > 3.

(259)

In the above formulas X ) is a prediction for the observable
X at ith order, AX® = X@ — X@ and AX®D = x©@ —
XD fori > 3. The algorithm of Eq. (259) is very simple.
However, it does not give a statistical interpretation of the
error estimate. An interesting algorithm based on Bayesian
approach was developed in [204—206]. Based on these studies
we employed a Bayesian model specified in [207] to give a
theoretical truncation error estimate of the deuteron charge
form factor.

Deuteron charge form factor based on the consistently reg-
ularized charge operator, defined in Egs. (250), (252), (256)
is shown in Fig. 2 for cutoff A = 500 MeV. A fit to the data
up to Q = 4fm~! was performed to fix a linear combina-
tion of LECs A 4+ B 4 C/3. It was verified that the cutoff
variation in the range of A = 400 ---500 MeV leads to the
results which are lying well within the truncation error band.
Out of the calculated deuteron charge form factor one can
extract the structure radius of the deuteron

ror = 1.9731709013 fm, (260)

Individual contributions to the uncertainties are given in
Table 7. This structure radius was calculated with the
minimal-nonlocality choice of Eq. (253) of unitary phases
Bs and Bg. We repeated the calculation of the structure radius
with the choice of Eq. (254) for which the deuteron contri-
butions of long-range charge operator vanish. The result for
the structure radius for this choice agreed with the one in
Eq. (260) which confirms that off-shell ambiguities do not
affect the final result. With this finding, we were able to make
aprediction for neutron root-mean-square (RMS) radius. The
structure radius of the deuteron can be expressed as the RMS
radius of the deuteron minus individual nucleon contributions
and minus relativistic correction (Foldy—Darwin term):

2 2 2 2 3

re.=r;—r. —r, — ——
str d p n 2
4mp

(261)

[Gc(Q)l
0.100}
00108 4 ol venmmgodinn| || W L
0.001} N
0 i 2 3 4 5 6

Fig. 2 Deuteron charge form factor from the best fittodataupto Q = 4
fm~! evaluated for the cutoff A = 500 MeV (solid blue lines). Band
between dashed (blue) lines corresponds to a lo error in the determi-
nation of the short-range contribution to the charge density operator at
N*LO. Light-shaded (orange dotted) band corresponds to the estimated
error (68% degree of belief) from truncation of the chiral expansion at
N*LO. Open violet circles, green triangles and blue squares are exper-
imental data from Refs. [208-210], respectively. Black solid circles
correspond to the parameterization of the deuteron form factors from
Ref. [12,211] which is not used in the fit and shown just for compari-
son. The rescaled charge form factor of the deuteron, G¢(Q)gcaled, S
defined in Ref. [12], is shown on a linear scale

where rg4, r, and 1, are deuteron, proton and neutron RMS
charge radii, respectively. m, denotes here a proton mass.
The extraction of the deuteron-proton RMS charge radii
difference can be made from the hydrogen-deuterium 1S—
2S isotope shift measurements [214] accompanied with an
accurate QED analysis up to three-photon exchange accu-
racy. According to [214] the deuteron-proton RMS charge
radii difference is given by
rg — ry = 3.82070(31)fm". (262)
See also [215] for an earlier determination. This relation leads
immediately to a very precise prediction of the neutron rms
radius
r2 = —0.10670907 fm?. (263)
which is 1.70 smaller than the one given by the PDG [216].
It is important to note that our results for neutron radius
rely on chiral nuclear forces fitted to the Granada-2013
database [217]. Isospin breaking effect analysis in the nuclear
force was done along with the treatment of Nijmegens
group [218]. Isospin-breaking in one-pion-exchange due to
different pion masses Mo and M+ as well as charge depen-
dence of the short-range interactions in the 'Sy wave was
explicitly taken into account. These are the dominant isospin-
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Table7 Deuteron structure radius squared predicted at N*LO in x EFT
(1st column) and the individual contributions to its uncertainty: from the
truncation of the chiral expansion (2nd), the statistical error in the short-
range charge density operator extracted from Gc(0?) (3rd), the errors
from the statistical uncertainty in w N LECs from the Roy—Steiner anal-
ysis of Ref. [212,213] propagated through the variation in the deuteron

wave functions (4th), the errors from the statistical uncertainty in 2N
LECs from the analysis of the 2N observables of Ref. [90] (5th), the
error from the choice of the maximal energy in the fit (6th) as well
as the total uncertainty evaluated using the sum of these numbers in
quadrature (7th). All numbers are given in fm?

2

Tsir

Truncation oS 7N LECs

2N LECs Total

QO range

3.8933 £0.0032 +0.0037

£0.0004

+0.0010 +0.0053
T0.0047 +0.0017 20,0070

breaking effects that are needed for a correct description
of the phase-shifts. For calculation of scattering observ-
ables in the two-nucleon system, the isospin-breaking due
to long-range electromagnetic interaction have been con-
sidered. Improved Coulomb potential [219], the magnetic-
moment interaction [220] as well as the vacuum-polarization
potential [221] were taken into account [79]. There are, how-
ever, further corrections that are systematically worked out
within chiral EFT. Expressions for the leading and sub-
leading isospin-breaking two-pion-exchange-potential and
irreducible pion-photon exchange contributions are already
available. Also charge-dependence of the pion-nucleon cou-
pling constant needs to be accounted for in a systematic treat-
ment within chiral EFT. Chiral nuclear force which takes
into account these isospin-breaking effects was presented
in [223]. It will be interesting to repeat the calculation of the
deuteron charge form factor by using the new chiral nuclear
force [223] and extract in this way the value for neutron RMS
radius.

9 Summary

As reviewed in this article, chiral EFT provides a power-
ful framework for the description of nuclear forces and cur-
rents in a systematically improvable way. Nuclear forces con-
structed up to N*LO achieved already a tremendous precision
such that they describe two-nucleon data with x> ~ 1 and
can be considered as a partial wave analysis [90]. Nuclear
vector and axial-vector current operators have been worked
out up to order Q with the leading-order starting at Q3.
They have been calculated by using the T-matrix inversion
technique by JLab-Pisa group and the unitary transformation
technique by Bochum-Bonn group. Pseudoscalar (scalar)
current operators have been worked out up to order Q° with
the leading-order starting at Q% (Q3). They have been
calculated within the unitary transformation technique by
Bochum—Bonn group. To get a renormalizable current our
group used time-dependent unitary transformations which
explicitly depend on external sources. This leads to energy-
transfer dependent currents with the modified continuity
equations for vector and axial-vector currents. The behav-
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ior of four-vectors under the Lorentz transformation further
constrains the currents. Expressions for vector as well as
for axial-vector currents derived by JLab-Pisa and Bochum—
Bonn group differ at order Q. It was shown that for the vec-
tor current, two-pion-exchange operators can be transformed
into each other by a similarity transformation. For the axial-
vector current the situation is more confusing. We recalcu-
lated box-diagram contributions to the axial vector current,
which are proportional to gf‘, by using the T-matrix inver-
sion technique. At the level of Fock-space we came to the
conclusion that these currents should be unitary equivalent
to Bochum-Bonn current. However, we could not reproduce
the final results of JLab-Pisa group. This issue should be
clarified in the future.

In most available calculations of nuclear currents, dimen-
sional regularization has been used to regularize loop dia-
grams. Additional regularization of the current operator is,
however, required when it is sandwiched between wave func-
tions for calculation of observables. Nuclear wave func-
tions themselves are calculated from the solution of the
Schrodinger equation with an input of nuclear force where
cutoff regularization was used. A naive procedure to multiply
the current operators with some cutoff function does not work
atorder Q. In the case of axial-vector current we have explic-
itly shown that this procedure leads to violation of the chiral
symmetry. This happens due to different divergent pieces in
dimensional and cutoff regularization. A completely pertur-
bative one-loop calculation of two-nucleon axial-vector cur-
rent observable does not exist in this case in an infinite cutoff
limit. To renormalize the theory one has to include derivative-
less pion-two-nucleon vertices. Chiral symmetry constraint,
however, does not allow the existence of such a vertex. This
shows that regularization artifacts in such a procedure are not
under control. This happens just due to different regulariza-
tions used in the calculation of currents (dimensional regular-
ization) and in the iteration procedure (cutoff regularization).
If one would use the same regularization in the calculation
of forces and current operators this problem would not arise.
We conclude that to achieve order-Q precision, the current
operators have to be calculated with the same cutoff regular-
ization which was used in nuclear forces. On top of this, a
chosen cutoff regularization should preserve the chiral sym-
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metry. A higher derivative regularization approach, where
cutoff regularization is introduced on the Lagrangian level
with all derivative operators being covariant, seems to be a
promising tool to achieve this goal. Calculation of nuclear
current operators within this procedure is in progress.

Concerning numerical studies with nuclear current oper-
ators, we restricted our discussion only to consistently reg-
ularized current operators. It is important to mention that
deuteron form factors and many other observables for the
vector and axial-vector current have been extensively dis-
cussed in the literature within a hybrid approach, see Sect. 1
for references. We claim, however, that at the order Q the
consistency issue becomes essential and should be carefully
investigated.

As the first application of a consistently regularized elec-
tromagnetic charge operator, we discussed the deuteron
charge form factor. Although consistently regularized cur-
rent operators are not yet available, it is already possible to
get a consistently regularized electromagnetic charge opera-
tor for isoscalar observables like deuteron charge form factor.
The reason is that the meson-exchange charge operator at the
order Q has a very simple form. Only relativistic 1/m — cor-
rections to the leading one-pion-exchange charge operator
survive at this order. A consistent regularization of this oper-
ator is very simple and was discussed in Sect. 8.1. On top of a
parameter-free long-range charge operator, there is one short-
range operator that we fitted to the deuteron charge form fac-
tor. The constructed charge operator inherits automatically
unitary ambiguities of the nuclear force. Thus, a nontrivial
test of the consistency is a test if the deuteron form factor is
independent of the chosen unitary ambiguity in nuclear forces
and currents. This consistency check was performed and we
were able to describe the deuteron form factor with a quan-
tified truncation error analysis. The Bayesian approach was
used to give a statistical interpretation of truncation errors.
It was demonstrated that working with consistently regu-
larized forces and currents allows for very precise extrac-
tion of the RMS radius of the neutron out of the deuteron
radius. At this level of precision isospin-breaking effects in
nuclear forces play a significant role. So far they have been
taken into account only partly, in the same way as was done
in most phenomenological potentials. Chiral EFT, however,
allows for more precise treatment. In particular, contribu-
tions of the leading and subleading isospin-breaking two-
pion-exchange-potential, irreducible pion-photon exchange
and charge-dependence of pion-nucleon coupling constant
needs to be accounted for in a systematic treatment within
chiral EFT. The construction of this force is by now finished.
So it will be very interesting to repeat the calculation of the
deuteron form factor with the consistently regularized cur-
rent operator and the state of the art chiral nuclear force. This
is work in progress.
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Appendix A: External sources in chiral EFT

In this appendix, we briefly review the role of external sources
in chiral perturbation theory. External sources played an
essential role in the original formulation of chiral pertur-
bation theory by Gasser and Leutwyler [34]. They allow
for a systematic inclusion of chiral symmetry breaking
effects, they provide a tool for generating all possible Ward-
identities, and they can be used to define nuclear current
operators. Let us briefly follow the discussion of [34] for
two-flavour case. We start with QCD Lagrangian in the chi-
ral limit where up and down quark masses are set to zero,

0 —
Lo = )
quark flavors

1

_. . X
qiy" <8M + lgTGZ> q

—ZGZUG”“”, (264)
with the gluon-fields G}, and
G4, = 8,G% — 3,G% — gf** G’ G (265)

the corresponding field strength tensor. A% are 3 x 3 hermitian
traceless Gell-Mann matrices in color space, which satisfy
the relations

Tr (AgAp) = 28ap, (266)
Aa Ab . ahc)‘C

5| = - 267
5. 2] = i 61)

with f¢¢ the totally antisymmetric SU(3) structure con-
stants. It is easy to show that £0QC p 1s invariant under the
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global chiral SU(2); x SU(2) g transformation which can be
decomposed in vector and axial transformations. The invari-
ance of LOQ cp under vector transformation is equivalent to
isospin-symmetry. The invariance under axial transforma-
tion is not shared by the ground state. So the axial symmetry
of QCD is spontaneously broken. As a consequence there
exist three (number of broken generators) massless Gold-
stone bosons which one identifies with pions. Due to their
Goldstone boson nature, the interaction between pions van-
ishes if their four-momenta vanish. This gives us an expan-
sion parameter in low energy sector given by low momenta of
pions divided by chiral symmetry breaking scale A, . Inreal-
ity, quark masses are not equal to zero but are much smaller
than A,. A massive version of QCD violates chiral sym-
metry. However, since the quark masses are small one can
use perturbation theory for the systematic inclusion of chiral
symmetry breaking effects. Additional to quark-gluon inter-
action, quarks also interact with photons and W+, Z° bosons.
A convenient method for the description of these interac-
tions and incorporation of quark masses is the introduction
of axial-vector, vector, pseudoscalar, and scalar sources. One
extends massless QCD to

Locp = LYep +av* u + vsaw)g — q(s —iysp)q,
(268)

where the external fields v, (x), a, (x), s(x), p(x) are hermi-
tian, color-neutral matrices in flavor space. The quark mass
matrix is included in s(x). If we require that the external
fields transform under a local chiral transformation as

v, +a), = R(v +a,)R +iRo,R",

v, —a), = Ly —a,)L" +iLy, LT,

s'+ip' = R(s +ip)L", (269)

then Locp is invariant under a local chiral transformation,
and the generating functional

exp(iZ[v, a, s, pl) = /[dG][dq][dé]exp (i/d4x£QCD>

is invariant under the transformation given in Eq. (269):

ZW',d',s', p'l = Z[v, a, s, pl. (270)

Equation (270) can be used as a master equation for gener-
ating all possible Ward identities of QCD. In the absence of
anomalies, the Ward identities are equivalent to the statement
that the generating functional is invariant under the gauge
transformation of the external fields [36]. In order that the
Green functions of the effective field theory obey the Ward-
Identities of QCD it is sufficient to construct an effective
generating functional in the presence of the same external
fields such that it is invariant under the same gauge transfor-
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mation:

Zeff[v/a a/v Slv P/] = Zeff[vaa9 S’ p] (271)

The generating functional Z.f is built out of the point-like
pion and nucleon degrees of freedom. A path-integral form
of the effective generating functional is given by

exp(i Zegt[v, a, 5, p]) = /[dN][dN][dU] exp (i/d4x£eff>,

where N and U denote nucleon and pion fields, respectively.
U field is parametrized in form of a unitary matrix with
det U = 1. The effective Lagrangian Lefr in Zegr is the most
general Lagrangian compatible with Eq. (271). To achieve
this, one replaces the usual derivative of pion fields by the
covariant one:

U = VU = 9,U —i(vy + a)U + iU (v, — ay).
(272)

Under local chiral transformations the above term transforms
as

v,U — R(V,U)L". (273)

The scalar and pseudoscalar external fields can be embodied
in the field

X = 2B(s +ip), (274)

where the constant B is related to the non vanishing quark
condensate by

(0liu|0) = (0|dd|0) = —F2B + O(my, my). 275)

The lowest order contribution to L with only pionic degrees
of freedom which is invariant under a local chiral transfor-
mation is then given by
o _ Fz i i t

LO =TT (VMU(VMU) v xU T+ Uy ) .76
The only requirement for the pion field U is that it has to be a
unitary matrix with det U = 1. Their explicit parametrization
affects only off-shell objects but does not affect observables.
We see that the introduction of external sources can be used
as a tool for the systematic construction of chiral perturba-
tion theory where explicit chiral symmetry breaking (due
to the non-vanishing quark mass) as well as electro-weak
couplings are taken into account. In the same framework, it
is natural to use external sources to derive nuclear currents
where nuclei are probed by photon or W*, Z° exchange.
For this purpose, one can derive effective Hamiltonian out of
the effective Lagrangian. The effective Hamiltonian which
we get in this way depends on external sources and is time-
dependent. Explicit expressions for the effective Hamiltonian
can be found in [23,125,142]. Nuclear currents are derived
out of the quantized effective Hamiltonian by taking func-
tional derivatives in external sources.
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Appendix B: Continuity equation

Here we derive a continuity equation which is a direct con-
sequence of chiral or U(1)y symmetry. The effective Hamil-
tonian in the presence of external sources can be written in
the form

Hest[s, p, a, v] = Hefr +/d3X[S(X)fs (i%> (s(x) —mg)
+P(x) fp (l%) p(x)+ AuX) fa (l%) -at(x)

- 277)

+V,.X) fy <13> . v“(x)] + O(source?),
where “source” denotes one of the sources s, p, a or v. The
sources depend on a four-vector x = (¢, x). Note that we
allow here a dependence of the Hamiltonian not only on
the sources but also on arbitrary many time-derivatives of
the sources which we denote by functions fs, f,, fu, and
fv. Under an infinitesimal local chiral transformation, the
sources transform via

/
Vy >V, =V, +V, X€y+a, Xes+ o€y,
/
"

50— S)=50— P €A,

a, —~>a,=a,+a, xey +v, X€s+0,€4,
s =5 =s+5Xe€y — po€a,

. . .

ipo—>ipy=1i(po+s-€a),

ip—ip =i(p+pxey+spes). (278)

Due to the chiral symmetry, there exists a unitary transfor-
mation U (¢) such that

Hegtls', p',a',v'] = U(0) Hegels, p, a, v]U (1)

+ (z’ %U(r)T> U(r). (279)
We make an ansatz
U(t) = exp (ifcﬁx[R”(x, i9/01) - €y (x, 1)
FRY(x,19/01) - €A(X, t)]) (280)

We concentrate now on the vector part and set €4 = 0. The
derivation of the continuity equation for the axial-vector fol-
lows the same path. Keeping only linear terms in ey and set-
ting all sources to zero, besides so which is set to so = mg,
we get

/d3x[VM(x)fv (:%) " 4+ i[R”(x, i9/01), Heff]

—Rv(x,ia/at)g] -ey(x, 1) =0, (281)

for arbitrary €y (X, ). We can solve this equation perturba-
tively in i /0t writing

RV(x,i3/01) = ZR;(x) (;%) ,

n=0

00 9 n
foGajon =3 f} (z;) :

n=0

With this ansatz we can rewrite Eq. (281) into a series of
equations

(282)

/d3x [— iVox) fi =3l V(x) £ + i[RZ(x), Heff]

ti Rz_l(x)] : (;%) ev(x,1) =0, (283)

with fv_1 = RY (x) = 0. Eq. (283) gives a recursive def-
inition of R)_,(x) operator. The vector current operator in
momentum space is given by

V,u(k, ko) = /d4xVﬂ(x)fv (;%) exp(—ik - x)

= V) fy (ko).
Rewritten in momentum space Eq. (283) is given by

l al‘t
n! 9k}

(284)

KAV (k) + [ Her, Ry 0] = Ry_y (o) =0,
ko=0

One can also write this in a following form

KV (00 + [ Herr, R 00| =0,

~ d - ~
R0 = | KV + [ Her R0 .
0 1ko=0
v 1 9? e =0
20 = S| K0 + [ Her, RS0
+9kg kg=0

and so on. So altogether we get

0 n
3 ! [H w2 KV (k)] —0 (285)
- effs 5777 % =Y,
= n! ak(’)‘ ko=0 n
where we used a definition of n-th commutator
[A.B], =[A.[A.B], ,].and [A, B]o = B. (286)
Using the Baker—Campbell-Hausdorff formula
o0
1
exp(A)Bexp(—A) = Z —|[A, B],, (287)
=

we can write the continuity equation (285) in a more compact
form
El Bl
exp | Hegr— | kM ‘N/M(k) exp | —Heff — =0.
dko ko | 130

(288)
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In a similar way one can derive the continuity equation for
the axial-vector current

—
3 . i
exp (Heﬂ‘a—ko> [k“AM(k) +i qu(k)]

B
X exXp (—Heffa—ko>

Note that without exponential operators Egs. (288) and (289)
reduce to the on-shell continuity equations. So the exponen-
tial operators in Egs. (288) and (289) seem to switch on the
on-shell condition. In order to prove that this is indeed the
case we put Egs. (288) between initial and final states which
are the eigenstates of the nuclear force

=0. (289)
ko=0

Herli) = Eili), Hest|f) = Eflf). (290)
Using Eq. (290) we get
Fl b
Ep— | (fIKMV (k)i —E;— =0
eXP( f3k0> (fIEV u( )|l>6Xp< ’ako) o
(291)

Since the exponential operators in Eq. (291) are just the trans-
lation operators with the property

—
3
exp (Efa—ko> F(ko) = F(ko+ Ef), (292)

for any smooth function F(kg). Applying exponential oper-
ators from the left and right hand sides we get

Fl b
exp (Efa_ko> F (ko) exp (—Eia—]q))

= F(ko)
ko=0

ko=0

= Flko+ Ef — E;) (293)

ko=E;—E;

Applying this result to the continuity equation for the vector
current we get
(FIKMV (K i) =0. (294)
ko=Ey—E;

But the condition on the left-hand side of Eq. (294) is just
the on-shell condition. So we see that the exponential oper-
ators in Egs. (288) and (289) do just switch on the on-shell
condition. Note that for the energy-transfer independent cur-
rents Egs. (288) and (289) reduce to the ordinary continuity
equations

[ Herr. Vo) | = k- V ko),
[Heff, Ao(k)] =k A(K) —imyP(K), (295)

For the linear dependence on the energy-transfer Eqs. (288)
and (289) reduce to Eq. (50). For the quadratic and the higher-
order dependence on the energy-transfer Egs. (288) and (289)
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produce an increasing number of commutators which, how-
ever, is always finite, as long as the currents are polynomials
of the energy transfer.

Appendix C: Unitary transformations

In this appendix we review all unitary transformations which
are needed for derivation of renormalizable nuclear forces
and currents. As already explained in Sect. 3, the unitary
transformations which bring nuclear Hamiltonian into a
block-diagonal renormalizable form are time-independent.
The renormalizability of the chiral nuclear force constrains
strongly the choice of the unitary phases and leaves only two
phases g and B9 unfixed. These unitary transformations can
be parametrized via

6
U" = exp (Za,&) ,
i=1

where S; are antihermitian operators. Their explicit form as
well as the values of the phases «; can be found in [68]. These
transformations act on n-space only, and are applied to the
effective Hamiltonian on top of Okubo transformations of
Eq. (6). U" are needed to make nuclear forces renormaliz-
able.

Additionally to these transformations there are further two
time-independent transformations which contribute to rela-
tivistic corrections:

U™ = exp (BsSs + BoSo) ,

where antihermitian operators Sg and Sy are given by [143,
149]

(296)

(297)

1
52 (A )
Sg = T]HZO nHZ] EHZ] — h.C.,
T
oL
S9 = T]H21 EHZI —h.c..

e

(298)

The operators H éz) refer to the vertices in the effective chiral
Hamiltonian with a nucleon and b pion fields. « denotes the
inverse mass dimension of the coupling constant in the given

vertex, see Eq. (69). The operators H ;Z) refer to the 1/m-
correction of the corresponding vertices. The phases fg and
Bo are known to be responsible for the degree of non-locality
of the relativistic 1/m?-correction to the one-pion exchange.
Minimal nonlocality is achieved for the values in Eq. (253).

There are various time-dependent unitary transformations
which depend on external sources. Those are extensively dis-
cussed in [143,149] for vector currents and in [23] for axial-
vector and pseudoscalar currents. Most of the phases of these
unitary transformations are either fixed by renormalizability
and matching to nuclear forces requirements or they do not
affect the final expressions of the current operators.
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Appendix D: Vector current: two-pion-exchange

In this appendix, we give two-pion-exchange contributions
to the vector current operator. Due to the coupling of the
scalar source to two pions there appear loop functions which
depend on three momenta k, q; and q» which are momen-
tum transfer of the vector source, momentum transfer of the
first and second nucleons, respectively. This leads to lengthy
expressions which have been derived in [142] and are listed
here for completeness:

5 24
JZZZL] (Q1,Q2) Tin, (299)
i=1 j=1
5 8 '
0= Z Z fi'IS (q1,92) TiOf , (300)
i=1 j=1

where f/ = f/ (q1, q2) are scalar functions and the spin-
momentum operators O; and OiS are given by

O =q +qo,

0, =q1 —qo,

03 =[q1 x 02] + [q2 x 01],
04 =[q1 x 02] — [q2 x 01],
Os =[qi1 xo1]+]

07 =qi(q1-[q2 x 02]) +q2 (q1 - [q2 x 01])
O3 =qi(q1-[q2 x 02]) —q2 (q1 - [q2 x 01])
09 =q(q1 - [q2 x 02]) +q1 (q1 - [q2 x 01]).
010 =q2 (q1 - [q2 x 02]) —qi (a1 - [q2 x 01]),

011 =(q1+q)(01-02),

O12=(q1 —q2)(01-02),
Oi3=qi(q1-01)(q1-02)+q2(q2-01)(q2-02),
Ois=qi(qi-01)(q1-02) —q2(q2-01)(q2-02),
Oi5=(q1+q2)(q2-01)(q1-02),

Ois=(1 —q2)(q2-01)(q1-02),

O17=(@i +q)(q1-01)(q2-02),
Ois=(q1—q2)(q1-01)(q2-02),

O =o01(q1-02)+02(q2-01),

Ox =01(q1-02) —02(q2-01),

02 =01(q2-02) +02(q1-01),

0 =01(q2-02) —02(q1-01),

023 =qi(q2-01)(q2-02) +q2(q1-01)(q1-02),
O =qi(q2-01)(q2-02) —q2(q1 - 01) (q1 - 02),(301)

—_

05 =q; [q x 021 +q1 - [q2 x 0],

05 =q;-[q x 021 —q1 - [q2 x 0],
05?:01-02,

05 =(q1-02) (q2-01),

08 =(q1-01)(q2-02),

07 =(a2-01)(@2-02) +(qi-01) (qi-02),

05 = (q2-01)(q2-02) — (q1 - 01) (q1 - 02). (302)

As a basis for the isospin operators we choose

Ty = [0 + [12],
=[] - [12],
T3 = [11 x 12]°,

Ty=11-12,

Ts = 1. (303)

The nonvanishing long-range contributions to the scalar func-

tions fl.j = fl.] (q1, q2) are given by

. iegiLz(qz) [gi@Mé +3q7) 1}
12872F | aM2 + ¢
+% [gj M) + angh M2qP 1S hY)
—8wgh Maq11(s 1) (@1 — 422) — 96w ghai qazlfy 1)
+321%ghalaa 1550 (@12 + q2z* + q2)

d+4
—2mghqil 1Y) (g1 +2922) — 2(g5 — Dgi M2

(d+2) 2 2 2 5(d+4)
x1o 10 —4m(€a — Dgadi 7.0
d+4
+87(8% — DAqly 10 (@1 — q22)

27 (g3 - 1)2155;‘21,0)} —(1<2), (304)

fi=

iegi(ga + 1) fegiLa)[g3BMz +3qD)
2562 F4 12872 F2 4M2 +q}

e d+4
+8F4 [—64n2giq11((3,t2)) (M2(q1 — q22) + ¢} q22)
s

d+4
+67%85q1153 73 (0193 + 1)
d+2
—2M2(q1 — q20)) — 2784 1|13 2M2 + q1422)

d+2
+8mgh M2IG 1) (M2 + q1(q22 — q1))

—768n3giq13qzzl((zt% - 256n3giq12q21((;;%
x(q12 — g2 + 1) + 167°g4q1 1515 (@1 — 2422)
+2r(gh — VIS o) — 8783 — DI T h)
X (2M2 + q1(g2z — q1)) + 32283 — Dgha1 150

d
x(q1 — q2z) + 647% (g3 — 1)&’31411((3{%))(611 — q27)

2,2 2 y(d+4) 4 3 s4 7 (4)
—1677(84 — DL ieq 0.1.0) T 8aMz 1)) o)

—2(g% — 1)gi M? 1((;‘,)1,0)] +(1<2), (305)
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s degh(gi+ 1) | iegiL(q)

L™ 25672 F4 12872 F4

[gz<8M+3q%>_
4M2 +q}

= iegiL;qL ) [gi(sMg +347) _
12872 F2 4M2 +q}

iegiL(k) iegiL(ql) eg%rr

3272F%  64n2FY T 2F3

1] + (1 < 2), (306)

1] —(1<2), (307

5_ iegi
12872 F2

f

—_

d+2 d+4
x [gi(—M,%)l(‘l,l,zﬁ +amglqily | @ — q22)

I(d+2)

+(g3 — DI (LLOJ + (1 < 2), (308)

.4 4_2
i = T - A @+ o
~(1 o2,

egim
213

(309)

2,2 2 y(d+4) 2 2 g2 7 (d+2)
[8778/1(41 —2M)15 0 5 — 8aMz 1 1 5
d+6 d+6
+1927t2giq121((4’1’2)) — 64712g124q1qzzl((3’2’2))
2 y(d+4) 2 (d+2)
H8mguln 10 + (84— Din )

+167 (g5 — 1)1}5?‘&] —(1<2), (310)

3 iegi _ iegiL(k) egirr
T 32n2FAR? 32m2FAk? T 4F:

s 5 2. (d+4 2 as2 7(d+2

x [l6ngA(41 - ZMn)I((3,1,2)) - ngMnI((Z,l,Z))
2 2 2 .(d+6 2 d+4
+384m°g4qi I(&,lﬁ) - 8”5’/4‘11421[((2,2,2))

2.2 (d+6) 2 7(d+2) 2 y(d+4)
—1287 8A4161221(3,2,2) + gAI(l,l,z) + 1671gAI(2,],2)

d+2 d+4
+2(g5 — DISTY) +327m(g3 — 1)1((310))] +(1 < 2),

(311)
2
9 _ C8AT| 2.2 4(d+2) 2 2 7(d+4)
= 2 FA |:8AMnI(2,1,2)_8”8A‘11I(3,1,2)
T

d+6 d+4
—64ﬂ2giq11((3,2,2))(q1 +q22) + 47183;1((2,1,2))

+(1 —gi)l{iiéﬁ] — (1< 2), (312)

ieg4A iegf\L(k) eg%r[
3272 FAk2 32m2FXk2 4R

10
fir =

d+4 d+2
X [_8”834[((2,2,2)) QM2 + q1q22) — 285 M> I((2,1,2))
d+4
+6m ity 13 + 12872 g4

2 y(d+2) 2 y(d+4) 2 (d+2)
+8al12) 8784l 1) +2(84 — Dl

d+6
153’2’2)) (ql - thz)

(d+4)

+167(g3 — 1)1(2,2,0)} +(1 < 2). (313)

These two-pion exchange contributions have been calculated
by using dimensional regularization. In addition, there are
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nonvanishing functions fzj given by
B=R B=rR B=-f ==
A= R=f A=/ n=n

In the above equations, z = 41 - §2, ¢; = |q;j| and the loop
functions L(q) and A(q) are defined by

1
L(g) = Egln(jfg with s = /g2 +4M2 |

1
Ag) = 5 arctan (21qv1n> . (315)

Further, the functions I correspond to the three-point func-
tions via

(d)

(314)

sy = 1(d: 0,15 g1, vi; —g2,v2: 0, v3) (316)
with the notation for the momenta
qi =0, q;) (317)

and a scalar one-loop three-point function in d space-time
dimensions defined by

dle
(27.[)(1

1(d; p1,vi; p2, v2; p3, v3; pa, va) = ;L‘HI/

1

[(€+ p1)* — M2 [(£+ p2)? — M212[(€ + p3)? — M2][v - (€ + pa)]™s
(318)

Note that in this definition higher power of covariant and
heavy-baryon propagators are allowed. Here, all propagators
are understood to have an infinitesimal positive imaginary
part. Notice that here and in what follows, we will only need
the functions 7 for four-momenta with vanishing zeroth com-
ponent. We further emphasize that all functions 7 ((Udl +:2 ) )
which enter the above equations except / ((ﬁt%)), 1 ((; Tf(l))) and

1 ((fl;r%)) are finite in dimensional regularization in the limit

d — 4. For these functions, we define reduced functions by
subtracting the poles in four dimensions

7@+ 7@+2) i L(w) i | MTZ[
— J— — — 1N I )
red (11,0) = f(110) T g MW T g s I e
. . 2
(d-+4) @+ , 1 ! M
I -7 . ———In{ — ),
red (2,1,0) 21,0 T 48772 (1) + 153674 ( w? )
. - 2
(d+4) (d+4) l ! M
I} -7 L ——In{— ),
red (1,2,0) (1,2,0) + 48772 () + 153674 ( w? )
(319)
where
tw= s iomam]. oo
=2 [— 4 —1—In4m))]|.
W= Ten2 |a—a"2VE

Here, 1 is the scale introduced in dimensional regularization
and yg = —T’(1) =~ 0.577. Finally, for scalar functions
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contributing to the charge density we obtain the following
expressions:
4 2,04
25 eg A(k) imTegy |:
3

— _2M21(d+4) 167 2[(d+6)
G4r F2 Fa +1oma

7T7(2,1,3) (3,1,3)

(d+6) (d+4)

—$rq1apal$39 + 1(1,1.3)] o), (321

35 2imtegy 2, (d+6) 2 (d+4)
37 = — 8ﬂq11(3,1,3) — Mn1(2,1,3) — (1< 2), (322)
T
egi My (12M2 +TM247 + q343)
647 F2(4M2 + q})(AM2 + ¢3)
egh ACME +4q]) | egh AlqD(CMZ +47)
167 F2 2 FA

15
fl =

iegjzr

+
Fz

d+2 d+4
[M,‘i(—l{l,],;)) +8TM2qi1(5 5 (1 — 422)
d+6 d+6
642 gl gzl § %) — 167%97q3 (2 + DI 3%

+2nq1q2zléﬁ{‘§))] +(1 <2, (323)

4 2 s ood 2
45 e8adqiAlq1) 2iegym 2 2,2 (d+6)
U T eagpd g |P4i@ — Dlgag)

—qlqzzl((ﬁf‘?)] +(12), (324)

2ieghm? d+6 d+4
55 - 27047 8nq1qzzl((2’2’3))—I((lyl’;) +(1<2), (325)

F
16im3egt
FA 2
4 34
75 _ €8aAlq1)  16im7egy 5 (4t
T = Tgepr ~ pr a2y o2
4 34
gs _ _€84Aq1)  16im egy 5 (at6)
== 1287F4  F# il — (1 <2,
1S _ egi M3 qi
h°= 4 2 2 2 2 (326)
64m F7 (4M; + q7)(4M; + g5)
Le8Aleh ~ DA@ICM +qt)
327 FA ’
4
78 egAA(QI)
=240 (1 2),
f2 sepd 12
4
ss _ e8aAlq1)
=4 —— 1 (1<2). 327
) 1287 F2 +1 <2 (327)

Note that we use here an overcomplete basis for three-point
functions in d + x space-time dimensions. One could reduce
them and express everything through just one three-point
function. In this case, however, we would produce a lot of
unphysical singularities which would cancel in the final result
but would make expressions more lengthy.

Appendix E: Scalar current: two-pion-exchange
In this appendix, we give two-pion-exchange contributions

to the scalar current operator. Due to the coupling of the
scalar source to two pions there appear loop functions which

depend on the three momenta k, q; and q2 which denote
the momentum transfer of the scalar source, the momentum
transfer of the first and the second nucleons, respectively.
This leads to lengthy expressions which have been derived
in [171] and are listed here for completeness:

0
Sél%:%n =Tl 'TZ(QI o1k 021y +t2)
+q1-0192-023+ Q2 -01q] - 0214

4+q1-01q1-02t5+01-02t6+1 <2, (328)

The scalar functions #; are expressed in terms of the two and
three-point functions. The notation for the three-point func-
tion is
I(d : p1,vi; p2, v2; p3, v3; 0, 04)
_[odU li[ 1 1
S @nyd {1+ pp)? - ME i€l oLl
(329)

For our purpose we need only

1(4:0,1;91,1;k,1;0,0)

i 1 t 1 1
1672 Jo o " CO=yDO =)

with

_D . D24+4AC D D2 +4AC
STe acz 2T ac To

and A = M>+¢2(1 —1)t, B = —2q1 - q2, C = ¢35 and
D = 2q;-q2+ q% +1tB. For k = 0, the three-point function
reduces to a two-point function

(330)

i L
87‘[24M%+q12'
(331)

I(4:0,1: 1, 1:k, 1:0,0)],_, =

Deploying Eq. (331) in the following expression for ; we get
the scalar current at the vanishing momentum transfer k = 0.

@ _ M} [

S | L(q1)
N = G EE 42 + g7

4M2 +q}

><<6gf\ (4M2 +q}) (g1 -02—q1 0191 -02)
+(16M7 (—8gh + 4¢3 + 1) +8M2q7 (—10g5 +5g5 +1)

T} (<118} + 653 + 1))71 - 72)

1
=5 (4M7 (15g5 — 285 +1) +a7 (1 - 23 +17g3) )

XTq -‘rz].

Using the expressions from [172] one can evaluate the slope
of the nuclear forces in respect to the quark mass. Combining
these with expressions for the scalar current at k = 0, it is
straightforward to show the validity of Eq. (189), see [171]
for more details. The final expressions for #; are given by

(332)
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S gaMz gAM2L(k)
1 12872 F}k? 3272 Fk2 (k2 4+ 4M2)’
2 2 2 2.2.2
(63— 1) Mz (s — D) Kaig; 2 2 2 2\
Moty = — +<3gA+1)M +2¢2q% )i 14:0,1: 41, 1:k, 1, 0,0)
! 8F; 4((a1 - 92)* — g143) "
M3 L(q1)

4
84 8 4 2 2
- - 248 (8M2 +3M
25672 F7 ((a1 - 42)% — 4743) ( (4M2 + q3) (q7q3 (k2 +4M2) — 4M2(q1 - q2)?) ( ( ” ”ql)

— K0 (M3 (5247 + 6403 ) + M2 (19g1 + 369703 ) +4i'a3) + k* (M3 (60q} + 524793 + 9643
+ M2 (21q? +35q1q5 + 646112613‘) + 54193 (6112 + 2422))

+1202 (M3 (=281 + 124743 + 64q3) + M2 (=94f + Sqtq? + 444743

+atad (a7 +843) ) + 0° (43 (af - 403) + M2 (g — 104343) — 24143) )

M?ZL(k)
—2g% (k* = k% (g% +243) — 43 0> G 2)_ '
gA( (q1 - qz) CIzQ—>+‘11< 0 ) 51272 F4 (1 - )% — 4743)

4
8A ( 10 442 8( 4 2 2 22
— 51002 + 18 (20M* — 46M2q —7qq>
( (k2 +4M2) (g7q3 (K> +4M2) — 4M2(q:1 - q2)?) i g il 112

+2k5g7 (—92M7 + M2 (3747 + a3 ) + 154703 ) +2k* (52M343 (af + 303 ) + M2 (839143 — 234

—8¢0q3 + 84?613) — 4k’ M7 q1 Q% (58M§ —qi + 27!1%) +4M3q1 Q% (16M§ (CI]Z -~ 34%)

2 2.0
ga+l)™ M
+qf - 26112(12?) —+- +) + 8¢5 (26112613 +43q1-q — (qi - q2)2> —2k%q; - qz) et ) My

12872F3
mts = 3igh 1(4;0, 151, 15k, 1;0,00M2(q; - q2)? 34 M2q7q3 (K> + Q%) L(g)q1 - q»
8F (4743 — (q1 - q)?) 64n2F (243 — (@1 - 42)?) (€22 (K2 + 4M2) — aM2(q1 - 0)?)
IeaMaL () ( L _ a3 (¥~ 04) )
64n2F  \k* +4MZ  4(qiq7 — (a1 - 42)?) (q7q5 (K> +4M2) —4M2(qi - q2)?) )

Mgty = mgt3 + e gi [40,1;91, Lk 150, O)Mg(‘hzqg —(q1 - q2)?) ’
8F% (4795 — (a1 - q2)?)
myts = SEAMzasLU) (KM + I (3M 0% +2q143) — 3K M3 02 + Mz 0% 0F)
642 F (k2 +4M2) (q7q3 — (a1 - 42)%) (9793 (K2 + 4M2) — 4M2(q1 - q2)?)
_ 3g4MZqiqs (k2 — 02) L(g2)
6472 F4 (22 — (a1 - 42)?) (q242 (K2 + 4M2) — 4M2(q; - q2)?)
3igh 1(4:0,1:1,1:k, 1:0,00M243q: - q
- 4F7 (795 — (a1 - @2)?)
3¢AMzaiqs (K + Q%) L(q1)
642 F (q2q2 — (@1 - 42)?) (g2q3 (K2 + 4M2) — 4M2(q1 - q0)?)
myts = — 3¢ M7 L(k) (—k°M + k* (3M7 0% +247q3) — 3K° M7 0 + M7 0% 0)
12872 FF (k2 +4M2) (q7q5 (K2 + 4M3) — 4MZ(q1 - q2)?)
3¢aMraia; (¥ + %) Lign)
647 F (afa3 (k> +4M7) — 4M7 (a1 - 92)%)

where 0% = g7 +43.

(333)
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Appendix F: Folded-diagram technique I

An energy-independent potential can be easily derived within
a Releigh—Schrodinger perturbation theory. We will fol-
low the arguments of [29]. The starting point is a time-
independent Schrodinger equation

H|V) = E|V). (334)
We project Eq. (334) to model and rest spaces and get

(E — Ho)nlW) = nVn|W¥) + nVA|¥),

(E — Ho)k|lll) = AVy|W¥) + AVA|Y). (335)
Eliminating 1| W) from Eq. (335) we get
(E — Ho)nl¥) = Q(E)n|¥), (336)

with an energy-dependent potential also called a Q-box
defined by

Q(E) = nVy +nVA V. (337)

S ——
E — Hy— AV

For scattering observables we get

+y +
|V )_|¢>+E—H0+ie W)
1
= |¢) + mT(E)Iqﬁ) (338)
with
(H—E)|WT)y=0 and (Hy— E)|¢) =0. (339)

For the initial state from the model space |¢) = n|p) we
project Eq. (338) to the model space and get

—1
et = (1 Q(E)) nl¢)

 E — Hy + i€

1
= (1 + m’?T(E)’?)ﬁkb)-

From Eq. (340) we get the T-matrix

(340)

. 1 -
nT(E)n = (E — Ho + l€)|:(1 - mQ(E)) - 1i|

= Q(E) + Q(E) (341)

E—Ho— 0E) +ic 2B

To define an energy-independent potential we introduce a
Mgiller operator 2 which is defined by

V) = Qn|W¥), (342)
with the requirement
Q= o (343)

So this operator reproduces the original state out of projected
state.'* By projecting Eq. (342) to the model space one imme-

diately gets
N =n. (344)

One applies now the operator €2 to the original Schrodinger
equation and gets

(E — Ho)@n|W) = V| W),
(E — QHo)n|W) = QnV|W),

(345)
(346)

where Hp denotes a free Hamiltonian. In order to get
Eq. (346) one first projects the original Schrédinger equa-
tion Eq. (334) to the model space and applies on the resulting
equation the operator 2. Subtracting Eq. (346) from Eq. (345)
we get

[Q. HoJnlW) = (V — QqV)|¥)

= (V —QnV)Qn|v) (347)
In this way we get a non-linear equation for the $2-operator
[Q.Ho]—Vae+QVva=0. (348)

We can rewrite this equation into an equation for an operator

A defined by
Q=n+A, (349)

with A = XLAn. The last relation follows from Eqs. (343)
and (344). From Eq. (348) we get
AMH+[H, A] — AVA)n = 0. (350)
The effective energy-independent potential is defined by

R =nVQn. (351

If one projects the Schrodinger equation to the model space

one immediately gets
(Ho +nVQ)nW) = (Ho + R)n|V) = En|V) (352)

For the initial state from the model space |¢) = n|p) we
project Eq. (338) to the model space and get

Wty = 1——1 R71|>
mE = E — Ho +ic e

1
= (1 + m’?T(E)ﬂ)U|¢)~

For the projected transfer matrix we get in this way

. ! -

(354)

(353)

=R+R

R
E— Hy— R+ ie

14 This is only true in the restricted energy range which should be below
the pion-production threshold.
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Note that Egs. (354) and (341) describe the same T-matrix.
The right-hand sides of these equations are identical even
half-off-shell. Energy independent potential can be easily
described in the form of Q-boxes by using Eq. (350). To
do this we multiply the energy-independent potential R with
an initial state from model space |i) = n]i) and get

Rli) = nVnli) +nV Anli) (355)

Rewriting the decoupling equation Eq. (350) into

MV+HA—AHy—AR)np =0 (356)

and applying it to the model state ) we get

Ala) = ——(AVn — AR)|a), 357
@) = g (V= AR)Ie) (357)

with Hyla) = Ey|a). After multiplication of Eq. (357) with
nV from the left we get
Rla) = Q(Eq)|a) —nV

A|B)(BIRle).  (358)

Ey —XHA
Here we use Einstein-convention where we sum over double
appearing states (in this case |8)(8|). Eqgs. (357) and (358)
provide an iterative solution for energy-independent poten-
tial. Applyinge.g. Eq. (357) to Eq. (358) we can eliminate A-
dependence and get iterative non-linear solution for R given
by

Rla) = Q(Eo)|a) + Q1(Eq, Ep)|B)(BIR|a)

1

1
+77VEa —AHL Ejp - 1 ANV IRIB)(BIR| ).

= Q(E)la) + Y Qu(Ea. Eg,. ... Ep,)

n=1

X(Bn|R|Bn—1)(Bn-1IR|Bn-2) ... (B1IR|a), (359)
where higher Q-boxes are defined by
n+1
V. (360)

1
Ey,....E = (=D)"pV —_—
Qn(E) 1) = (=1)"n j]j[lEj_m

Up to three Q-boxes we get

Rla) = Q(Eo)|a) + Q1(Ea, Eg)|B)(BIRa)
+02(Eq. Eg;, Ep,)|2)(B2|RIB1)(B1IR|ct)
= Q(Eg)|a) + Q1(Eq, Ep)IB)(BIQ(Eq)ler)
+01(Eq, Eg)|B)(BIQ1(Ea. Ey)|y){v|Q(Eq)le)
+02(Ea, Egy. Ey)1B2) (B2| Q(Ep )| B1) (B11Q(Eo)ex).
(361)

One can get the same result (but derived in a more cumber-
some way) with the folded-diagram technique via inversion
of half-off-shell T-matrix, see Appendix G for derivation. For
application of Q-box formalism within chiral EFT see [188].
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Note that the potential R is manifestly non-hermitian.
Nevertheless, the half-off-shell T-matrix is exactly repro-
duced by iterations of the R potential. If one prefers to work
with the hermitian potential, what is usually the case, one
can derive them by applying the unitary transformation tech-
nique. Unitary transformations do not affect the spectrum
of the Hamiltonian and under some assumptions lead to the
same scattering matrix [30,31], see also [15] for a perturba-
tive proof. The perturbative proof of this statement is simple
and we show this here on the level of the T-matrix. We start
with the half off-shell T-matrix element and rewrite it into a
shorter form

. 1 )
(FIT(EDI) = <f|<V+ vmv>|l>
1
= (0120 gt
= (6= £ {15t

The T-matrix from the transformed Hamiltonian UTHU,
where U is a unitary transformation is given by

(362)

E;, — H+ie

i 1 B
=(E,— E vff1—- ——— v
(E f)<f| ( E; — Hy + ic )

i€
X———U|i
E; — Hy+ i€

<f|TU(El-)|i> = (E —Ef)<f|U“‘i—6U|i>

= (B — Ep)|flUF —=— i
T\ TR E; — Hy + ie
1
Ei— E/)fIU ————
+E: f)<f| E; — Hy + i€
1 - i€ .
x[1— —V —U|i
E; — Hy+ i€ E, — Hy+ie

(363)

We require now for the unitary transformation U = 1 + §U
to fulfill

HodU\i) # Eili) HodU|i) # Ef|f). (364)

This is a reasonable assumption if 6U is at least of the first
order in the interaction V. It is easy to see that the first term
of Eq. (363) does not contribute to the on-shell T-matrix,
i€
Ei — Ef)(fIU' ————Uli
(Ei = EQUIUT i U

(B — ; P L€ ;
= (Ei Ef)((f|U i) + (f1U E,'—H0+i68U|l)>
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= (Ei - Ef)[<f|U*|i> +(fl18U"
+ie(floU|i).

8U|i):|
(365)

Ei — Hy+ie

since the term in the rectangular bracket of Eq. (365) is by
assumption non-singular at E; = Ey. To see what remains
from the second term in Eq. (363) on the energy-shell we
note that

i€

Ul
E—Ho+ic =T

sU|i) (366)

E,’ — H() +ie
The contribution of the second term of Eq. (366) to the matrix
element in Eq. (363) is non-singular at E; = E y since it hits
at least once the interaction V from the left. So due to i€ in
front of it this term vanishes. On the other hand

(Ei = ESIWU eV =~V
1
o ¥
+(Ei — Ef){fIsU B Hoie (367)

Only the first term in Eq. (367) survives on the mass-shell
such that we get the T-matrix equivalence

(FITY(EDli) = (fIT(ENli) + O(E; — Ey). (368)

A more elegant proof where the authors use the Mgller oper-
ator can be found in [15].

Appendix G: Folded-diagram technique II

In this appendix, we would like to discuss the folded-diagram
technique introduced by Kuo et al. in the shell-model calcula-
tions, see [ 147] for comprehensive introduction. In particular,
we show here the transfer matrix equivalence formulation of
this technique presented in [148]. We start with Lippmann-

Schwinger equation for half-off-shell T-matrix given by
T(E) =V + VG(E)T(E)), (369)

where E; denotes the energy of initial state and the free Green
function and its Fourier transform are defined by

Gi(t) = —i O(t)e " Homior,

~ . 1
Gi(E)= | dteF'GLt) = ——— . 370
+(E) f G = e G70)
We can rewrite the transfer-matrix into
T(E) = Q(E;) + Q(E)G L (E)T(E)), (37D

where Q is an energy-dependent potential which satisfies

Q(E) =V +nVGi(E)Q(E)), (372)
and
G'L(E) = Gy(E)n, GYL(E) = G(E)). (373)

This result can be directly derived by rewriting Eq. (369) via
[1 - VGL(ENT(E) = V + VGL(ENT (E;). (374)

Multiplying both sides of Eq. (374) with [1 — VG2 (E))] ™
we get Eq. (371) with energy-dependent potential given by
~ -1
Q(E) =[1-VG(E)] V. (375)
Using Eq. (370) we can rewrite the effective potential into

Q(E) = [1 = VAE; — Hy)~'] v

=(E -—H —VA+VA)————-V
(E; 0 + )E,’—H()—V)»

=V+ va (376)
We project Eq. (371) to the model space and get
nT (Ei)n = Q"(E;) + Q"(E))G"L(E)nT (Ei)n, 377
with
Q"(Ei) = nQ(En. (378)

From now on we will work only with the model projected
potential Q" (E;) rather than with full Q(E;). To abbreviate
the notation we make a replacement in the notation Q" — Q
using from now on

1
QL) =nVn+nV——-+—Vn.

379
E; — A HA (379)

The effective potential Q(E;) is energy-dependent and is
difficult to deal with in practical calculation with A > 2. For
this reason, we can define an energy-independent potential
by using the folded-diagram technique. For this purpose, we
define higher Q-boxes by

n+l1
Qu(E1, ... Exp1) = Y Ci(EL, ..., Eqnt1)Q(Er), (380)
k=1
with
k—1 1 n+1 1
Cr(Eq, ..., E = . (381
K(E nt1) HEk_Ei I g G8D

i=1 j=k+1 J

The higher Q-boxed can be rewritten into a simpler form of
Eq. (360) by using the partial fraction decomposition

n+1 n+1

S G By = (1 [[ s
Pt Er—XHA plie E,—XHA
(382)
as well as
n+1
s Ens1) =0. (383)

> CGEr ...
k=1
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To define a folded-diagram we follow [148] and apply
the T-matrix equivalence approach. We start with the first
iteration of the energy-dependent potential and replace the
energy E; in the Q-box by the energy of the state on which
the Q-box operates. To compensate this change we need to
add to the changed expression a folded-diagram

(FIQENGL(E) Q(EIi)
—Z (fIQ(Ea)la) (| GL(E) Q(E)Ii) — fIQ/QIl
(384)

Equation (384) defines a folded-diagram by a difference
between the original and the modified iterations. Having
defined a folded-diagram we can express it in terms of the
higher Q-boxes:

<f|Q//QIi> = >

x (|G (E)) Q(ENIi )

o (FI(Q(Ew) — Q(ED)a)
- Z E; — E,

FI(Q(Eq) — Q(ED)|e)

(| Q(E)|i)

o

==Y (fIQ1(Ei, Eq)lar) (| Q(Ep)i), (385)

where in the last step we used the definition of the higher
Q-boxes given in Egs. (380) and (381). As a direct conse-
quence of Eq. (360) there are no pure nucleon cuts in a folded-
diagram. If we would define an effective energy-independent
potential by

(| Vesr|B) = <06|Q(E,3)|/3> - <06|Q//Q|ﬁ>, (386)

the sum of the zeroth and the first iteration of this potential
would reproduce the original result for the T-matrix (up to the
two Q-boxes approximation). This idea can be generalized to
any number of iteration. Let us demonstrate this for two iter-
ations. We define a twice-folded-diagram (f|Q’[Q [Qli)
by

<f|Q(E )G (E) Q(E)G'L(Ei) Q(E; )|l>

= Z<f|Q(E )|a><ot|G (Ei )Q(Eﬁ)|ﬂ>(ﬂ|G (EDQ(Ei)
a.p

—Z<f|Q/Q|ﬂ><ﬁ|G (E)Q(E)|t>
—Z<f|Q<E Yl (@G (E)|ﬁ><ﬂ|Q/Q|z>

<f|Q/ /Q|l>
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o Q(Eﬁ)|ﬂ>

_ Z(fIQ(Ea)|“>< Ei— Eq

o.p

(BIQ(ENIi)
E; — Eg

(ﬂIQ(E')|i>

<f|Q1(E,3 E )Iot><ot|Q(Eﬂ)|ﬂ> " E;

<f|Q(Ea)|ot

+ ﬁ<alQ1(Ei,E,s)|13><ﬁ|Q(Ei)|i>

(387)
For twice-folded-diagram we get

fIQf /QI

_{fIQ(Ea)|a) (OtIQ(Eﬂ)Iﬂ)

[ FIQ(ED|a) («|Q(EDIB)
Ei—E, E —Eg

— (f1Q1(Ep. Eo)la)

E; — E, E; — Eg
(@|Q(ER)IB)  (fIQ(Ed)|e) .

*TE - Eg E; — E, (| Q1(Ei, Eﬂ)lﬁ>]

X (BIQ(E|i)
. Z |:<<f|Q(Ei)|a> _ {f1Q(Eg)e)
- E; — E, E; — E,

a.p

(| Q(Ep)|B)

—(fIQl(Eﬁ,Ea)Iot)> + (f1Q1(E;, Eo)lar)

E —Eg

x (| Q1(E;, Eﬂ)|ﬁ>]<ﬁ|Q(Ei)|i>

_ (1QEDI)
B> (& 5w Ep "

(f1Q(Ey)|a)
(Eoz - Ei)(Eot - Eﬁ)

(f1Q(Ep)|)
(Ep — Ei)(Eg — Eq)

)(alQ(Eﬂ)|ﬁ>
+H(FIQ1(E:, Eo)ler) (e Q1(Ei, Eﬂ)|,3):|</3|Q(Ei)|i>

=) |:(f|Q2(Ei7 Eq, Eg)la)(a| Q(Ep)IB)
o.p

H(FIQ1(E:, Eo)ler) (| Q1(Ei, Eﬁ)|,3):|</3|Q(Ei)|i>-

(388)
For the effective potential we get
(al Vet B) = <0t|Q(Eﬂ)|ﬂ> —<aIQ//Q|ﬂ>
+<f|Q//Q/Q li). (389)

To reproduce higher number of iterations one should include
more and more foldings into the effective potential. Up to the
three Q-boxes one gets
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(| Ver|B) = («| Q(Ep)IB)
| Q1(Ep, Ey)|y)(vIQ(Ep)IB)
Ha|Q2(Ep, Es, Ey)|y){v|Q(Es)I8)(S|Q(Ep)|B)
| Q1(Ep, Ey)y ) (vIQ1(Eg, Es)|8)(5|Q(Ep)IB).
(390)
(From three and a higher number of iterations one can derive

in a similar way further corrections to the energy-independent
potential.

Appendix H: Unitary equivalence of the S-matrix

in this appendix we want to clarify under which condi-
tion the scattering matrix for original and transformed time-
dependent interactions remains the same? Assume that we
have a time-dependent Hamiltonian H(t) = Ho + V (¢) and
a state |W (¢)) which satisfies the Schrodinger equation
.0

lEI\P(ID = HO[V({)). (391)
Here Hy denotes a free Hamiltonian.!> Let |i (7)) and | £ (1))
be stationary eigenstates of the free Hamiltonian

a9
i5|a(t)) = Hyla(t)), o =1, f, (392)
which can be written in the form
li()) = e Eilliy, |f(0)) = e Eri) (393)

Let U(t) = 1 + 8U(t) be a time-dependent unitary trans-
formation with existing Fourier transform for U (¢). This
means, in particular, that U (¢) decreases fast enough with
increasing |7|. Then a transformed state

WY @) = UT)|w ) (394)
satisfies the Schrodinger equation

i%wU(r» =HY(1)|wY (1)), (395)
with

HYt) = U OHOU@® +i UT (U @), (396)

where dot on top of the letter denotes a time-derivative

. 3
U = 5U*(z).

We show now that the scattering matrices for both Hamilto-
nians H(¢) and HY (1) are the same. To give the scattering
matrix in terms of Hamiltonians and keep notation short we
change the notation for a free Green-function (compared to

(397)

15 1t could be also any time-independent Hamiltonian which e.g. can
have bound states as eigenstates. In our case this will be kinetic energy
of nucleons and pions.

Appendix G, see Eq. (370)) which we denote now by G(()H (1).
The free Green-function satisfies

.0 +)
(’E — H()) G, (1) = 8(2). (398)
The formal solution of this equation is given by
GoP (1) = —i O()e ", (399)
where 0(¢) is a step function
Ot =>0=1, 6@ <0) =0. (400)

The state | W) (¢)) which satisfies

W @) = i) + foo dr'GSP (= HyvaH e '),

(401)

satisfies also the original Schrodinger equation (391). The
ie-prescription chosen in Eq. (399) is chosen to make the
integrand of Eq. (401) vanish for ¢" approaching minus infin-
ity. The step function in Eq. (401) causes the state | W) (¢))

for t - —oo to become a free incoming asymptotic state
W) (=00)) = [i(~00)). (402)

The scattering matrix for the Hamiltonian H () is given
by [146]

(fISIE) = (f1i) =i (FIT1i),

where the on-shell T-matrix is defined by

(403)

(FITNi) = lim i /OO di'(f01GG" (t =WV AHYD ().
(404)

Note that in this formulation energy-conservation delta func-
tion is not yet extracted out of the T-matrix. A full Green-
function is defined via a differential equation

<i% - H(t)>G<+>(z, =580 —1),
&

G, r’)( 0 H(t’)) =80t —1). (405)

ot’

which is equivalent to an iterative solution of the integral
equation

G, 1)y =GP —1)
+/dtlcg+)(z—zl)V(zl)G<+>(t1,t/).(406)

Indeed applying i9/0t — H (t) on both sides of Eq. (406) we
get

(i% - H(r))G<+>(r, )y=8(t—1)-VWOGS 1 1)

+/dt1 (z% - H(t))G(()+)(t — V()G P ., 1)
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=80t —1)+ V(t)<G(+)(t, /) =GP —1")

- / dnGSPt — V)G @, z’))
=81t —1). 407)

If we know the full Green function we know the solution of
the Schrodinger equation

@) = i) + foo di'G P, YV (Hli)),

B (408)
Using Eq. (408) and
(FOIGSY (¢ —1') = (f(1)] (409)

we can rewrite the on-shell T-matrix to

FITNi) = i/ dnFEDIV i)

+i / dtydty (f(t)|V )G (11, )V ()i (1)),

—0oQ
(410)
We write now the step function as
dow eiwt
O(t) = lim [ — (411)

e—0+) 27miw—ie
0+ means here that ¢ > 0 condition is valid during the
limiting procedure. We let from now on € > 0 and take the
limit at the end of the calculation. This will slightly modify
the differential equation for a Green function. To see this
consider the derivative of the step function at € > 0

39([): d_a).ia)—ie.—l—ieeiwl
Jt 2mi w— i€
= 8(t) — €6(t). (412)

In the case of a free Green function, this leads to

0
(iE — Ho+ ie)G(()+)(t) = 8(1). (413)
For the full Green function, we get a similar relation

0
(iE —H@) + ie)G(+)(t, 1)y =68(t—1). (414)

We can explicitly see this if we apply the operator id/dt —
H(t) +ie to Eq. (406)

<i% —H@) + ie)G(+)(t, ")y =68(t—1")
—|—V(t)<G(+)(t, /) =GPt —1")

— / dnGSPt —t)ViGH @, t/)>

=680t —1"). (415)
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We use now V(1) = H(t) — Hy and rewrite
/ dnG™ (1, )V ()i (1))
_ / G 1y, 1) (H (1) — Ho)li(12))

- / dnGD (@, 1) <H(t2) - ii>|i(r2)>
it

<—
= /dtzGWm, 12)<H(z2) +i§ —ie +ie>|i(t2))
2
S / 3ty — )i () + i€ / G (11, )i (1))

= —|i(t1)) + ie/drzG(+>(n,tz>|i(rz>>. (416)

Using Eq. (416) we can rewrite T-matrix of Eq. (410) into

(fIT)i) = i/ dtidty (f 1)V (11)ieG P (11, 0)]i (12)).
417)

With the same steps as in Eq. (416) we get

/ dn(F DIV G (1, 1)

— (f(0)] + i€ f dn(f ()G (1, 1), 418)

Using Eq. (418) we can rewrite the T-matrix into

(fIT]i) ZE/ diy (f @pli(r))

—i62/ dtrdey (f(1)|GP (11, 12)]i (12))

—00

= _ie / didiy (f ()G (11, )i (12)).
419)

In the last step of Eq. (419) we used the fact that

e/ di(f(r)li(n)) = €2md(Ey — Ei)(fi), (420

—00
which vanishes in the limit e — 0+. Now we introduce unity
operators on the left and the right-hand side of the Green
function in Eq. (419) and get

(T = —ieZ/ didiy (f()IU (1)

xUT ()G (1, )U @)U ()i (). (421)
We denote the transformed Green function by
G 1) =UT (OGP, HUE, (422)
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which satisfies

(i% —~ HU(t)>G§J+)(r, ) =81 —1),

(423)

<«
G}ﬁ(r,t’)(—i% - HU(t’)) =8t —1').

Equation (423) follows directly from multiplying Eq. (407)
with UT(r) and U(¢") from left and right, respectively. Due
to Eq. (423) we also have

G, ty=6"u—-1)

+/dtlcf)+)(t—zl)vU(n)Ggﬁ(n,z/) =GP -1

+ / dn G . yVU )GS (1 — 1), (424)
where
vV = HY (r) — Hp. (425)

We see that the difference between G and GSr) is in the

Hamiltonian. G and G;}H are full Green-functions with
Hamiltonians H(z) and HY (¢), respectively. The original T-
matrix expressed in terms of GET) is given by

(fIT)i) = —iezf

o0

dndn(f()IU )G (11, 1)

xUT (1) i (12)).

On the other hand the T-matrix with the transformed Hamil-
tonian Hy; is given by

(426)

ATV )iy = —ieZ/ didiy (f (1)IGS (11, )i (12)).

—00

(427)

‘We want to show that in the limit ¢ — 0+ the two T-matrices
are equal:

lim (fIT)i) = lim (£]TY]i), (428)
e—>0+ e—>0+
if the unitary transformation satisfies

tim e [ dnGi 0 - w307 @li(e) =0,

€—

lim e/dtl(f(t1)|8U(t1)G(()+)(t1 — 1) =0. (429)
e—>0+

To do this we use Eq. (424) to rewrite the T-matrix into
o0

(fITliy = —ieZ/

—00

dzldr2<f(n>|U(n>[Gé*> (1 — 1)
+ / A6 (1 — VU ()G 13 — 1)
+ [ dnduGi @ - VU )GE .tV )

xGSP (14 — tz)] U ()i (1)) (430)

A time integration over the time #, gives

/ dnG§P (1, 0)lin) = / dnb(t) — 1)

Xe—i(Ho—ie)(tl—tz)e—iEilz|l-> —iEity

= li)e

1 1
x/ dte 172 = |i(1)) -, 431)
oo €
Similarly, for the integration over #; we get
+) !
du(f(m)lGy (n — 1) = (f(n)lg. (432)

Due to condition in Eq. (429) all contributions proportional
to §U (¢) do not generate poles in small € and for this reason
vanish in the limit e — 0+.1°

Appendix I: Transfer matrix with time-dependent inter-
action

In this appendix we derive a transfer matrix for time-
dependent interaction. We start with the Schrodinger equa-
tion

d
(i - = Ho)l\lf(t)) = VOI¥@)). (433)

at

To keep the notation short we again change the notation for
a free retarded Green function which satisfies

(i% - Ho> Gi(t—t)y=8@t—1) (434)
with a constraint

Gi(t—t')=0, for t <t . (435)
The solution is given by

Gt —1')=—i0(t —1t )e  Ho—ie)t=1) (436)

The solution of the Schroding equation can be written as

o]

@) = 160)) +/ di' Gt = 1)V )W),

(437)

with the state |¢ (7)) satisfying a free Schrodinger equation

a
(i - Ho>l¢(t)> =0. (438)

at

16 More elegant proof for time-independent unitary transformations can
be found in [15]. Note that we did not consider here nonperturbative
effects but concentrated only on perturbation theory. More rigorous
proof for time-independent unitary transformations can be found in [31].
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We take now a Fourier transform of Eq. (437) by multiplying
both sides by ¢/£* and integrating over time:

[WH(E)) = |9(E))

+f drdt' ¢ F'G Lt — ) V()W (). (439)
For the Fourier transform we use
N (E) = / dr & F W (1)),

IB(E)) = / dte'® o). (440)

To simplify Eq. (439) we Fourier-transform the free Green-
function G+

~ o0 . 00 ' '
G4 (E) :/ dtelEtG+(t) — _if dtez(E—HO.He),
0

—00
1
==\ (441)
E—Hy+ie
The backward Fourier transformations are given by
dE _. ., -~
G = [ Goe PG
2
dE _. ., -~
W) = / —e ' FUT(E)). (442)
2
Using Eq. (442) we can rewrite Eq. (439) into
[UF(E)) = $(E))
~ dE/ 7 / T+ /
+G4(E) o V(E — E")|VT(E)) (443)
It ~ dE/ / /
= () + Gu(E) [ ST EENBED).

(444)

Equation (444) defines the transition matrix in the presence
of an external source. It satisfies an integral equation

T(E,E") = V(E — E)

dE// - -
+/ o V(E — E")YG+(E")T(E",E").

(445)
which is also equivalent to

T(E,E") = V(E — E)

dE" - -
+/ 3 T(E,E")G(E")V(E" - E).

b4
(446)
Rewriting Eq. (446) into
~ E//
V(E—-E') = / dz T(E, E”)<2n5(E” —E)
b4
—G+(E//)V(E// _ E/)>, (447)

@ Springer

and replacing V(E — E’) in Eq. (443) by the left-hand side
of Eq. (447) we get

- - - dE' [ dE” )
1+ (E)) = IB(E)) + G+(E)/ : / T(E. E")
T 2
X (2n3(E” —E'Y—GL(E"V(E"—FE )) (U (E")).

Using

g 7 dE/ 7 /
G =[5 (ZJTS(E B

T

~G(E")V(E" — E’)) BT (E")), (448)

we indeed get Eq. (444).
We decompose now the interaction into the time-dependent
and the time-independent parts

V(E—E')=21n8(E — E')v+vs5(E — E), (449)

where v denotes the time-independent nuclear force and vs
an axial vector source dependent interaction which vanishes
when the axial-vector source is switched off. Similarly, we

can decompose the transition matrix
T(E,E') =2n8(E — E')t(E) +t5(E, E'). (450)

The off-shell transfer matrix ¢ (E) satisfies the Lippmann—
Schwinger equation

1(E) =v+vG(E)I(E). 451)
t5 transfer matrix satisfies

t15(E,E') = vs(E — E') + vG ((E)t5(E, E)
+us(E — E")G(ENt(E)

dE// ~
+ / v (E — ENG 4 (E"is(E", E).
JT
(452)

The last term contributes only to the processes with at least
two external sources, so we neglect this term here. If we only
concentrate on one external source coupling we get

(1 =vG4(E))ts(E,E') = vs(E - E')
x (14 G4+ (ENt(E")) =vs(E — E')
(14 G(EN(1 = G(EYWw) ") = vs(E—E')
x <1 — GL(ENv+ é+(E/)v> (1- G (EHw)™
= vs(E — E)(1 =G (E)”" (453)
So we get

i5(E,E') = (1= vG4(E)) vs(E — EN(1 = G4 ().
(454)
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We see that all energies which appear on the left-hand side of

vs are the final state energies and all energies which appear
on the right-hand side of vs are the initial state energies.
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