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Abstract In this paper we address the issue of the non-
perturbative quantization of Euclidean Yang–Mills theories
in the Curci–Ferrari gauge. In particular, we construct a
refined Gribov–Zwanziger action for this gauge, which takes
into account the presence of gauge copies as well as the
dynamical formation of dimension-two condensates. This
action enjoys a non-perturbative BRST symmetry recently
proposed in Capri et al. (Phys. Rev. D 92(4), 045039.
doi:10.1103/PhysRevD.92.045039. arXiv:1506.06995 [hep-
th], 2015). Finally, we pay attention to the gluon propagator
in different space-time dimensions.

1 Introduction

A fundamental task in theoretical physics is the understand-
ing of non-perturbative aspects of Yang–Mills theories due
to the confinement of quarks and gluons; see [2] for a gen-
eral and updated overview. In this regime, the standard well-
developed perturbation theory is not meaningful and differ-
ent techniques must be invoked. So far, we have a good
toolbox to access the strongly coupled regime with dif-
ferent approaches as lattice simulations, Dyson–Schwinger
equations, functional renormalization group methods, holo-
graphic techniques, effective models and others, see [2,3].
Despite the impressive progress achieved in the last decade,
it seems fair to state that many aspects of the confinement
are still to be unraveled.

A long standing problem in the quantization of Yang–
Mills theories is the presence of Gribov/gauge copies after
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the imposition of the gauge-fixing condition1 [4]. Within the
Faddeev–Popov quantization procedure, these spurious con-
figurations are still being taken into account in the path inte-
gral. In particular, a subclass of copies corresponds to zero-
modes of the Faddeev–Popov operator making the gauge-
fixing procedure itself ill-defined; see [4–6]. This feature can
be illustrated in a simple way in the Landau gauge, namely
∂μAa

μ = 0, where we are considering our space-time as a d-
dimensional Euclidean space with the SU (N ) gauge group.
Performing an infinitesimal gauge transformation over Aa

μ,

∂μA
a
μ = 0 �→ ∂μA

′a
μ = ∂μ

(
Aa

μ − Dab
μ (A)ξb

)
= 0

⇒ −∂μD
ab
μ (A)ξb ≡ Mab

L (A)ξb = 0 (1)

where ξa is the infinitesimal parameter of the gauge transfor-
mation, Mab

L (A) is the Faddeev–Popov operator in the Lan-
dau gauge, and Dab

μ (A) = δab∂μ − g f abc Ac
μ is the covari-

ant derivative in the adjoint representation of the SU (N )

group. From Eq. (1), we see that the equivalent configuration
A′a

μ satisfies the same condition as Aa
μ if Mab

L (A) develops

zero-modes. In [4] Gribov showed that the operator Mab
L (A)

develops zero-modes and therefore we have a residual gauge
symmetry after the gauge fixing ∂μAa

μ = 0. Gauge copies
generated by infinitesimal gauge transformations are called
infinitesimal copies. We still have the possibility of gener-
ating copies from finite gauge transformations and they do
exist indeed [7].

Already in [4], Gribov proposed a partial solution, in the
Landau gauge, to remove gauge copies from the domain of
integration of the path integral by restricting it to the so-called
Gribov region �L, which is free of infinitesimal copies. This

1 For a pedagogical introduction to the Gribov problem we refer to
[5,6].
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region is defined as

�L =
{
Aa

μ, ∂μA
a
μ = 0, Mab

L (A) > 0
}

, (2)

and enjoys very important properties: (1) it is bounded in
every direction in field space; (2) it is convex; (3) it contains
the trivial vacuum A = 0 configuration and; (4) all gauge
orbits cross it at least once. These results were proved in a
rigorous fashion in [8] and give strong support to Gribov’s
idea to restrict the path integral domain to �L . We should
mention, however, that �L is not free from Gribov copies.
Additional copies still exist inside �L [7]. Nevertheless, it is
possible to define a subset � of �L , which is fully free from
gauge copies. The region � is known as the fundamental
modular region (FMR). Yet, so far, the practical implemen-
tation of the restriction of the domain of integration in the
path integral has been worked out only for the Gribov region
�L .

Formally, Gribov’s proposal is written as

Z =
∫

�L

[D�] e−(SYM+Sgf). (3)

In his original paper, Gribov implemented this restriction in
the Landau gauge up to leading order in perturbation theory.
Subsequently, this computation was generalized to all orders
by Zwanziger in [9]. Although their methods are different, it
turns out that they lead to equivalent results [10]. The result
worked out by Zwanziger shows that the restriction to �L

can be effectively implemented by the addition of a non-local
term to the standard gauge-fixed Yang–Mills action and of a
vacuum term giving rise to the so-called Gribov–Zwanziger
action,

∫

�L

[D�] e−(SYM+Sgf) =
∫

[D�] e−SLGZ , (4)

with

SLGZ = SYM + Sgf + γ 4HL(A) − dV γ 4(N 2 − 1), (5)

where (SYM, Sgf) denote, respectively, the Yang–Mills action
and the Faddeev–Popov term corresponding to the Landau
gauge fixing, namely

SYM = 1

4

∫
dd x Fa

μνF
a
μν, (6)

Sgf =
∫

dd x
(
ba∂μA

a
μ + c̄a∂μD

ab
μ cb

)
, (7)

and

HL(A) = g2
∫

dd xdd y f abc Ab
μ(x)

[
M−1

L (A)
]ad

(x, y) f dec Ae
μ(y), (8)

is known as the horizon function. The quantity V in Eq. (5)
represents the Euclidean volume in d-dimensional space-
time, while γ is the so-called Gribov parameter, a mass
parameter which naturally emerges from the restriction to
�L . This parameter, however, is not free, being determined
in a self consistent way through the gap equation (or horizon
condition),

〈HL(A)〉 = dV (N 2 − 1), (9)

where expectation values are taken with respect to the mod-
ified measure of expression (4). It is apparent from the pres-
ence of the inverse of the Faddeev–Popov operator M−1

L that
the Gribov–Zwanziger action is non-local. Notably, it can be
cast in local form by the introduction of a suitable set of aux-
iliary fields, namely, a pair of commuting ones (ϕ̄ab

μ , ϕab
μ )

and another pair of anti-commuting fields (ω̄ab
μ , ωab

μ ). The
expression for the local Gribov–Zwanziger action is given
by

SLGZ = SYM + Sgf −
∫

dd x
(
ϕ̄ac

μ Mab
L (A)ϕbc

μ

− ω̄ac
μ Mab

L (A)ωbc
μ + g f adb(∂νω̄

ac
μ )(Dde

ν ce)ϕbc
μ

)

+ γ 2
∫

dd x g f abc Aa
μ(ϕ + ϕ̄)bcμ − dγ 4V (N 2 − 1),

(10)

and is easy to check that, upon integration over the auxil-
iary fields (ϕ̄ab

μ , ϕab
μ , ω̄ab

μ , ωab
μ ), we re-obtain expression (5).

Notice also that the fields (ϕ̄ab
μ , ϕab

μ , ω̄ab
μ , ωab

μ ) carry both
Lorentz and color indices in the adjoint representation of the
gauge group, i.e. (a, b) = 1 . . . (N 2−1). In this local picture,
the gap equation (9) is expressed as

∂E0

∂γ 2 = 0, (11)

where E0 stands for the vacuum energy of the theory, i.e.

e−VE0 =
∫

[D�] e−SLGZ , (12)

with � the complete set of fields.
Remarkably, the Gribov–Zwanziger action (10) is renor-

malizable to all orders in perturbation theory [6,11]. Thus, the
action (10) provides a local and renormalizable framework to
deal with the existence of (infinitesimal) copies. This action
also displays a very interesting feature: it breaks the BRST
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symmetry explicitly, although in a soft way. In particular,

sSLGZ = gγ 2
∫

dd x f abc
[
−Dad

μ cd(ϕ + ϕ̄)bcμ + Aa
μωbc

μ

]
,

(13)

whereby we can see that the explicit breaking is softened
by the Gribov parameter γ . Solving the gap equation (11)
to leading order, it is possible to show γ 2 ∝ exp

(−1/g2
)
.

This exhibits the non-perturbative nature of γ since, in the
deep ultraviolet region, it implies that γ 2 → 0. Also, from
Eq. (13), the BRST invariance is recovered in the UV. Nev-
ertheless, in the IR the breaking is present. This BRST soft
breaking is one of the outstanding points of the Gribov–
Zwanziger scenario and has been debated up to now; see
[12–29].

Tracing back to the foundations of the Gribov and
Zwanziger ideas to remove gauge copies from the domain
of integration of the path integral, it is rather clear that the
Hermitian nature of the Faddeev–Popov operator ML(A) in
the Landau gauge plays a pivotal role. In particular, the very
definition of the Gribov region �L relies on the positivity
of ML(A), a meaningful concept due to the real spectrum
of such operator. Nevertheless, hermiticity of the Faddeev–
Popov operator is generally lost outside of the Landau gauge.
This is the case, for instance, of the linear covariant gauges.
Therefore, a very natural question arises, since the Gribov
problem is not a particular feature of Landau gauge, but of
all gauge conditions that are continuous in field space [30]:
How to construct a consistent resolution of this problem in
different gauges?

This requires the need for strategies different from the
one described above. Also, in perturbative gauge theories,
BRST symmetry plays a prominent role in the proof of gauge
independence of physical operators. Since in the Gribov–
Zwanziger setting in the Landau gauge BRST is broken, it is
rather natural to expect this will pose some difficulties in the
proof of gauge-independence as soon as we move away from
Landau gauge. It is worth mentioning that the construction of
the Gribov–Zwanziger action following the aforementioned
method to maximal Abelian and Coulomb gauges is viable
due to the hermiticity of their Faddeev–Popov operators; see
[18,31–34]. Different frameworks to handle the Gribov prob-
lem in a one-parameter family of Landau gauges were pro-
posed in [22–24]. However, a soft BRST breaking is still
present.

Recently, particular attention was devoted to the lin-
ear covariant gauges in the Gribov–Zwanziger context2

[1,35–37]; see also [38] for the very first attempt. These
gauges bring about two challenging features for the Gribov–

2 See [39–42] for developments outside the Gribov–Zwanziger set up.

Zwanziger set up: First, the gauge condition is given by

∂μA
a
μ = αba, (14)

with α a non-negative gauge parameter and ba a fixed field
configuration. This entails a non-Hermitian Faddeev–Popov
operator. Second, the presence of the gauge parameter α

allows us to check the gauge independence of physical quan-
tities in a very explicit way.

Dealing with this problem has enabled us to introduce a
non-perturbative BRST symmetry i.e. a set of transforma-
tions corresponding to a non-perturbative generalization of
the standard BRST transformations, which result in an exact
symmetry of the Gribov–Zwanziger action [1]. Furthermore,
this non-perturbative symmetry turns out to be generated by
a nilpotent operator, a feature which preserves the important
concept of the BRST cohomology. Remarkably, this frame-
work allows for the construction of a Gribov–Zwanziger
action in linear covariant gauges which, due to its exact non-
perturbative BRST symmetry, enjoys the important feature
that the correlation functions of quantities which are invari-
ant under the new non-perturbative BRST symmetry are in
fact independent from the gauge parameter α.

In this paper, we address the quantization of a class of
non-linear gauges, known as Curci–Ferrari gauges [43,44],
generalizing the non-perturbative BRST introduced in the
class of the linear covariant gauges [1,35,36]. As we shall
discuss, the non-linearity of these gauges brings about novel
effects as the formation of ghosts and gluon–ghost conden-
sates. This topic was already investigated in [45–47]. In this
paper we will comment on these effects in light of the new
non-perturbative BRST symmetry. We emphasize that recent
studies on the same issue were done in [23,24].

Meanwhile, before going any further, it is worth spending
a few words on the important and intensively investigated
issue of the understanding of the behavior of the gluon prop-
agator in the non-perturbative IR regime [49]. It is widely
accepted that the IR analysis of the gluon two-point corre-
lation function brings us quantitative information as regards
gluon confinement. In particular, very recent lattice simu-
lations in the Landau gauge have shown an IR suppressed,
positivity violating gluon propagator which attains a finite
non-vanishing value at zero-momentum in d = 4 [50–53].
The violation of positivity hinders a Källén–Lehmann rep-
resentation of such propagator which makes impossible the
interpretation of gluons as stable particles of the physical
spectrum. This positivity violation of the gluon propagator
occurs at the confinement scale and is interpreted as a strong
signal of gluon confinement. Also, due to the finite value of
the form factor at zero-momentum, this propagator is referred
to as the decoupling/massive solution. A similar behavior
for the Landau gluon propagator is found in d = 3, while
in d = 2 the gluon propagator attains a vanishing value at
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zero-momentum; see [53]. In the latter case, the propagator
is known as being of the scaling type.

Working out the two-point gluon correlation function from
Eq. (10), it turns out that the Gribov–Zwaniger framework
gives rise to a propagator which is of the scaling type for
d = 2, 3, 4. However, in [54,55], it was noted that the
Gribov–Zwanziger action suffers from IR instabilities giv-
ing rise to the formation of dimension-two condensates. In
particular, albeit introduced to cast the framework in a local
fashion, the auxiliary fields (ϕ̄, ϕ, ω̄, ω) develop their own
dynamics which results in the formation of dimension-two
condensates in both d = 3, 4 [55–57]. These condensates
modify the behavior of the gluon propagator, turning it from
scaling to a decoupling type. Moreover, as discussed in [55–
57], in d = 2 the formation of the aforementioned conden-
sates cannot occur due to the presence of infrared singulari-
ties, a fact in agreement with the observed scaling behavior
for the gluon propagator. The introduction of such conden-
sates in d = 3, 4 gives rise to the so-called refined Gribov–
Zwanziger action [55–57] which predicts a decoupling type
gluon propagator. Moreover, in d = 2, infrared singulari-
ties prevent the formation of the condensates. As a conse-
quence, in d = 2, the Gribov–Zwanziger action does not
suffer from refinement, generating a scaling type gluon prop-
agator. These results are in good qualitative agreement with
recent lattice numerical simulations [53,58].

A non-trivial fact is that these results on the IR behav-
ior of the gluon propagator are not peculiar to the Landau
gauge, but also displayed by the Gribov–Zwanziger approach
to linear covariant, maximal Abelian and Coulomb gauges
[36,59,60], a feature which suggests the possible existence
of a general pattern for the gluon two-point correlation func-
tion. In this paper we show how this extends to Curci–Ferrari
gauges as well.

The paper is organized as follows: Sect. 2 is devoted to a
brief historical overview of the relevance of the Curci–Ferrari
gauges. In Sect. 3 we provide a review of the non-perturbative
BRST quantization in the linear covariant gauges and set the
key tools of the framework. In Sect. 4, the Gribov problem
in the Curci–Ferrari gauges is discussed. In particular, we
shall be able to show that, by means of a suitable redef-
inition of the Lagrange multiplier ba , it can addressed in
a similar way to the case of the linear covariant gauges,
allowing us to use the techniques introduced in Sect. 3.
Section 5 is devoted to the construction of the Gribov–
Zwanziger action for the Curci–Ferrari gauges, while in
Sect. 6 we present its refined version. We devote Sect. 7
to the tree-level gluon propagator computed with the refined
Gribov–Zwanziger action. In Sect. 8, a local form of the
refined Gribov–Zwanziger action is obtained, providing thus
a local and non-perturbative BRST invariant framework for
the Curci–Ferrari gauges. Finally, we present our conclusions
and perspectives.

2 Usefulness of the Curci–Ferrari model

In this paper the Gribov problem is addressed in the Curci–
Ferrari gauges. One might ask if there are reasons to study
such problem in a rather non-trivial gauge such the Curci–
Ferrari case beyond an intrinsic interest on the Gribov prob-
lem itself. It is worth emphasizing, though, that different
investigations of non-perturbative effects generated in Yang–
Mills theories quantized in Curci–Ferrari gauges have wit-
nessed great interest since many years.

In particular, the study of the condensation of dimension-
two operators was closely analysed in [45–48,61], bring-
ing about novel non-perturbative modifications to the gluon
and ghost propagators. Moreover, investigations on the lat-
tice formulation of the BRST quantization of Yang–Mills
theory have already relied on the use of the Curci–Ferrari
model; see for example [62–64]. In fact, it turns out that
the inclusion of the so-called Curci–Ferrari mass provides
a regularization for the well-known Neuberger problem; see
[65]. More recently, the Curci–Ferrari action was used to
construct a non-perturbative miodel for Yang–Mills theory
whose results are in agreement with the decoupling/massive
solution for the gluon propagator, without making use of the
Higgs mechanism, [66,67].

Let us also mention that the issue of the Gribov copies
in Yang–Mills theory quantized in Curci–Ferrari gauges was
recently addressed in [23,24], where it was shown that they
affect significantly the infrared regime of the theory. In par-
ticular, in the present paper, such effects are studied within
the context of the recently proposed non-perturbative BRST
symmetry [1] which emerges from the elimination of the
Gribov copies.

These considerations provide a good motivation for the
present investigation, while giving an overview of the efforts
which are currently made, from both analytical and numer-
ical sides, to access the non-perturbative regime of Yang–
Mills theory quantized in gauges different from the Landau
gauge.

3 An overview of the non-perturbative BRST
quantization

In this section, we briefly review the main aspects of the
non-perturbative BRST quantization introduced in [1,36]. To
begin with, we construct the non-perturbative BRST symme-
try from a reformulation of the Gribov–Zwanziger action (5)
in terms of the transverse gauge invariant field,

Ah
μ =

(
δμν − ∂μ∂ν

∂2

)(
Aν − ig

[
1

∂2 ∂A, Aν

]

+ ig

2

[
1

∂2 ∂A, ∂ν

1

∂2 ∂A

])
+ O(A3), (15)
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obtained from the minimization with respect to U of the
functional

A2
min = min{U } Tr

∫
dd x AU

μ AU
μ , (16)

with

AU
μ = U †AμU + i

g
U †∂μU, (17)

where U is a SU (N ) matrix. Working out the minimization
process, for A2

min one gets the highly non-local, albeit gauge
invariant, expression

A2
min = Tr

∫
dd x Ah

μA
h
μ. (18)

Our conventions are such that Aμ = Aa
μT

a , with T a

denoting the hermitian SU(N ) generators satisfying the alge-
bra [T a, T b] = i f abcT c. For details of the derivation of (15)
we refer to e.g. [1]. From Eq. (15) it is clear that the formal
power series starts with Aμ itself and then all terms contain
at least one power of ∂A. With this in mind, we can rewrite
the horizon function (8) as

H(A) = H(Ah) −
∫

dd x dd y Ra(x, y)(∂μA
a
μ)y, (19)

where the explicit form of Ra is not relevant for our pur-
poses. The Gribov–Zwanziger action in Landau gauge is then
rewritten as

S̃GZ = SYM+
∫

dd x
(
bh,a∂μA

a
μ+c̄a∂μD

ab
μ cb

)
+γ 4H(Ah),

(20)

where bh,a stands for the redefined Lagrange multiplier

bh,a = ba − γ 4R(A). (21)

Notice that Eq. (21) corresponds to a field redefinition with
unit Jacobian, as it is easily checked. Again, we introduce
the Zwanziger auxiliary fields (ϕ̄, ϕ, ω̄, ω) and rewrite the
Gribov–Zwanziger action as

SGZ = SYM +
∫

dd x
(
bh,a∂μA

a
μ + c̄a∂μD

ab
μ cb

)

−
∫
dd x

(
ϕ̄ac

μ

[
M(Ah)

]ab
ϕbc

μ −ω̄ac
μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
. (22)

Differently from the standard Gribov–Zwanziger formula-
tion in the Landau gauge (10), the action (22) is not local
after the introduction of the auxiliary fields. The reason is

that, when written in terms of Ah , the horizon function dis-
plays two sources of non-localities. First, the standard one
comes from the presence of the inverse of M. The second
type of non-locality comes from Ah itself, which so far was
written as a formal power series as in (15). Nevertheless, the
action (22) enjoys a non-perturbative BRST symmetry given
by

sγ 2 Aa
μ = −Dab

μ cb, sγ 2ca = g

2
f abccbcc,

sγ 2 c̄a = bh,a, sγ 2bh,a = 0,

sγ 2ϕab
μ = ωab

μ , sγ 2ωab
μ = 0,

sγ 2 ω̄ab
μ = ϕ̄ab

μ − γ 2g f cdb
∫

dd y Ah,c
μ (y)

[
M−1(Ah)

]da
yx

,

sγ 2 ϕ̄ab
μ = 0, (23)

with

sγ 2 SGZ = 0 and s2
γ 2 = 0. (24)

We emphasize that the gauge invariance of Ah automatically
implies

s Ah,a
μ = 0 ⇒ sγ 2 Ah,a

μ = 0, (25)

because s Aμ = sγ 2Aμ. As discussed in [1], the trans-
formations generated by sγ 2 are such that when γ → 0,
sγ 2 → s. Therefore, in the perturbative regime where the
Gribov parameter can be set to zero, we recover the standard
BRST transformations. Due to the explicit presence of the
non-perturbative Gribov parameter γ 2 in Eq. (23), the nilpo-
tent operator sγ 2 can be naturally seen as a non-perturbative
extension of the standard BRST operator s.

Therefore, when written in terms of the variable Ah , the
Gribov–Zwanziger action displays an exact and nilpotent
non-perturbative BRST symmetry given by (23). Also, when
employing Ah , the Gribov–Zwanziger action is non-local
even after the introduction of the Zwanziger auxiliary fields
as well as the BRST transformations. Nevertheless, recently,
a full localization of the entire set up has been constructed,
as presented in [37].

With (23) at our disposal, a non-perturbative BRST quanti-
zation was proposed in [1,36] for the linear covariant gauges.
The resulting Gribov–Zwanziger action in linear covariant
gauges is

SLCG
GZ = SYM + sγ 2

∫
dd x c̄a

(
∂μAaμ − α

2
bh,a

)

−
∫

dd x

(
ϕ̄acμ

[
M(Ah)

]ab
ϕbc
μ

− ω̄ac
μ

[
M(Ah)

]ab
ωbc

μ + gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
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= SYM +
∫

dd x
(
bh,a

(
∂μAaμ − α

2
bh,a

)
+ c̄a∂μDab

μ cb
)

−
∫

dd x

(
ϕ̄acμ

[
M(Ah)

]ab
ϕbc
μ − ω̄ac

μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
. (26)

The action (26) is manifestly invariant under non-perturbative
BRST transformations.

An important aspect of the action (26) is that it is possi-
ble to show that it restricts the domain of integration in the
path integral to a region which is free from a large set of Gri-
bov copies [1,36]. It is worth mentioning here that, besides
Yang–Mills theories, other models have been investigated
within the approaches outlined by Gribov and Zwanziger.
Let us quote the case of 2d gravity and string theory [68],
where the powerful and deep knowledge of the topology
of two-dimensional Riemann surfaces has allowed one to
see explicitly the removal of all Gribov redundancies by the
restriction of the path integral to a particular domain. For
instance, in the case of the torus, an explicit check of the
positivity of the eigenvalues of the Faddeev–Popov operator
when restricted to the analogous of the Gribov region has
been worked out in [68].
Coming back to gauge theories, a non-perturbative BRST
quantization leads thus to a Gribov–Zwanziger action in lin-
ear covariant gauges. An immediate consequence of the man-
ifest non-perturbative BRST invariance is the independence
from the gauge parameter α of the gap equation [1,36],

〈H(Ah)〉 = dV (N 2 − 1). (27)

This equation determines the Gribov parameter γ and its
gauge invariance ensures that γ itself is independent of α,
namely, it is a physical parameter of the theory. We recall
in fact that the parameter γ enters in an explicit way the
correlation functions of gauge invariant operators as reported,
for instance, in the evaluation of the spectrum of the glueballs
in the Landau gauge [69,70]. The α-independence of γ is
thus an important outcome of the consistency of the non-
perturbative BRST set up developed in [1,36].

4 Establishing the Gribov problem in Curci–Ferrari
gauges

In [43,44] a family of non-linear gauges containing only one
gauge parameter was introduced. Quite often, these gauges
are called Curci–Ferrari gauges because the Lagrangian is
exactly the same introduced in [71,72] by Curci and Ferrari.
There, however, a mass term for the gluons is introduced to
discuss massive Yang–Mills theories. Here, we will deal with
the massless case.

4.1 Conventions and standard BRST quantization

The gauge-fixed Yang–Mills action in Curci–Ferrari gauges
in d-dimensional Euclidean space-time is given by

SFP = SYM + s
∫

dd x c̄a
[
∂μA

a
μ − α

2

(
ba − g

2
f abcc̄bcc

)]

= SYM +
∫

dd x
[
ba∂μA

a
μ + c̄a∂μD

ab
μ (A)cb

− α

2
baba + α

2
g f abcbac̄bcc + α

8
g2 f abc f cdec̄a c̄bcdce

]
.

(28)

This action is manifestly invariant under the standard BRST
transformations,

s Aa
μ = −Dab

μ cb

sca = g

2
f abccbcc

sc̄a = ba

sba = 0,

(29)

and it is renormalizable to all orders in perturbation theory
[44]. It is worth mentioning that the action (28) contains an
interaction term between Faddeev–Popov ghosts and the aux-
iliary field b and a quartic interaction of ghosts. As we shall
see, the presence of such terms is responsible to drive differ-
ent dynamical effects with respect to linear covariant gauges.
In particular, the equations of motion of the auxiliary field b
and of the the anti-ghost c̄ do not correspond anymore to Ward
identities, due to the non-linear character of this gauge. We
recall that, in the case of the linear covariant gauges, these
equations do correspond to Ward identities, which play an
important role in the proof of the renormalizability.

On the other hand, the action (28) enjoys another global
symmetry besides BRST which will generate a Ward identity
that plays a role analogous to that of the anti-ghost equation
in linear gauges. This symmetry is known as the SL(2,R)

symmetry3 and its associated Ward identity, together with
the Slavnov–Taylor identity, guarantees the all-order proof
of renormalizability of such gauge [44]. The SL(2,R) sym-
metry is defined by the following set of transformations:

δc̄a = ca .

δba = g

2
f abccbcc, (30)

δAa
μ = δca = 0,

and

δSFP = 0. (31)

An useful property is that the SL(2,R) operator δ commutes
with the BRST operator s, i.e. [s, δ] = 0.

3 We refer to the appendix for more details of the SL(2,R) algebra.
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4.2 Construction of a copies equation

As shown in the example of Eq. (1), given a gauge condition4

F[A] = 0, we can characterize the existence of Gribov copies
by performing a gauge transformation over F[A] = 0 and
looking for solutions of the resulting equation—the copies
equation. Nevertheless, in the case of Curci–Ferrari gauges,
due to its non-linear character, is not clear how to read off
from the action (28) the gauge condition F[A] = 0, with
F being a functional of the gauge field. As it is immedi-
ately checked, in the cases of the Landau and linear covari-
ant gauges, the gauge-fixing condition, i.e. F[A] = 0, is
expressed through the equation of motion of the Lagrange
multiplier field ba . However, looking at this equation in the
case of the Curci–Ferrari gauge, one gets

δSFP

δba
= ∂μA

a
μ − αba + α

2
g f abcbac̄bcc. (32)

One sees thus that, due to the presence of the ghost term
α
2 g f

abcbac̄bcc, this equation cannot be interpreted as a gen-
uine gauge-fixing condition F[A] = 0.

On the other hand, it is possible to cast the Curci–Ferrari
gauges in a form similar to that of the linear covariant gauges
by means of a suitable shift on the b field [43]. To that pur-
pose, we perform the following shift in the path integral:

ba −→ b′a = ba − g

2
f abcc̄bcc, (33)

which entails a trivial Jacobian. The Yang–Mills action in
Curci–Ferrari gauges is then rewritten as

SFP = SYM + s
∫

d4x c̄a
(
∂μA

a
μ − α

2
b′a) , (34)

which looks the same expression as in the linear covariant
gauges. However, the difference between the two cases arises
from the fact that the corresponding BRST transformations
will now also change. Nevertheless, we can still exploit the
similarity between these gauges at the formal level and keep
in mind the different roles played by b and b′. So, as a gauge-
fixing condition, we express the Curci–Ferrari gauges as

∂μA
a
μ = αb′a . (35)

We can treat (35) as our desired F[A] = 0 equation. Since
it is formally identical to the gauge-fixing equation for lin-
ear covariant gauges, we can immediately conclude that their
solutions are formally the same. As a consequence, the frame-
work contructed in [1] to deal with the Gribov problem in
linear covariant gauges can be employed as well in the case

4 For example, F[A] = ∂μAμ = 0 in the Landau gauge, while F[A] =
∂μAμ − αb = 0 in the linear covariant gauges.

of the Curci–Ferrari gauges. This is precisely the subject of
the next section.

The shifted BRST transformations are expressed as

s Aa
μ = −Dab

μ cb

sca = g

2
f abccbcc

sc̄a = b′a + g

2
f abcc̄bcc

sb′a = −g

2
f abcb′bcc + g2

8
f abc f cdec̄bcdce.

(36)

Explicitly, the Faddeev–Popov action in terms of the field b′
is given by

SFP = SYM +
∫

dd x

[
b′a∂μA

a
μ + 1

2
c̄a(∂μD

ab
μ +Dab

μ ∂μ)cb

− α

2
b′ab′a + α

8
g2 f abc f cdec̄ec̄acbcd

]
, (37)

and the equation of motion of b′a enforces the gauge condi-
tion (35),

δSFP

δb′a = ∂μA
a
μ − αb′a, (38)

The SL(2,R) symmetry takes now the simpler form

δc̄a = ca

δb′a = 0 (39)

δAa
μ = δca = 0.

We see that the shift over the b field simplifies the structure of
the action and of the SL(2,R) transformations. In particular,
there are no (b′ − c − c̄) interaction vertices. However, the
use of the variable b′ introduces a more involved form for the
BRST transformations, Eq. (36). In the following, we shall
exploit the use of the shifted variable b′ whenever it will be
more useful.

5 Construction of the Gribov–Zwanziger action

In the last section we have established a connection between
the Gribov problem in Curci–Ferrari and in linear covariant
gauges. The latter were object of recent investigations in the
context of the refined Gribov–Zwanziger set up; see [1,35–
37]. In particular, since the copies equation for Curci–Ferrari
and linear covariant gauges is formally identical, the removal
of Gribov copies in the Curci–Ferrari gauges follows exactly
the same route as in linear covariant gauges. As a byprod-
uct, the resulting Gribov–Zwanziger action in Curci–Ferrari
gauges enjoys non-perturbative BRST invariance. From a
different perspective, we can establish from the beginning
a non-perturbative BRST quantization as already proposed
in [1,36]. Following this prescription, we begin with the
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standard form of the gauge-fixed action in the Curci–Ferrari
gauges given by Eq. (28) and employ the non-perturbative
BRST quantization, namely

SCF
GZ = SYM + sγ 2

∫
dd x c̄a

[
∂μAaμ − α

2

(
bh,a − g

2
f abcc̄bcc

)]

+
∫

dd x

(
ϕ̄acμ

[
M(Ah)

]ab
ϕbc
μ − ω̄ac

μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)

= SYM +
∫

dd x
[
bh,a∂μAaμ + c̄a∂μDab

μ cb − α

2
bh,abh,a

+ α

2
g f abcbh,a c̄bcc + α

8
g2 f abc f cdec̄a c̄bcdce

]

+
∫

dd x

(
ϕ̄acμ

[
M(Ah)

]ab
ϕbc
μ − ω̄ac

μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
, (40)

with sγ 2 being the non-perturbative and nilpotent BRST oper-
ator; see Eq. (23).

As already discussed in the context of linear covariant
gauges, the proposed non-perturbative BRST quantization
gives rise to a non-local action. From Eq. (23), even the
non-perturbative BRST transformations are non-local. It is
of uttermost interest to cast all the framework in a local fash-
ion so that all the powerful machinery of local quantum field
theories is at our disposal. It turns out that it is possible to
localize all this setting, as presented in [37]. The extension
to Curci–Ferrari gauges is straightforward and we will report
the explicit local form in Sect. 7. However, before turning to
this issue, we shall work out some features of the tree-level
gluon propagator which do not require one to go through all
the localization procedure.

For completeness, we present the form of the Gribov–
Zwanziger action in Curci–Ferrari gauges in terms of the
shifted field b′h , see (33),

SCF
GZ = SYM+

∫
dd x

[
b′h,a∂μA

a
μ+ 1

2
c̄a(∂μD

ab
μ +Dab

μ ∂μ)cb

− α

2
b′h,ab′h,a + α

8
g2 f abc f cdec̄ec̄acbcd

]

+
∫

dd x

(
ϕ̄ac

μ

[
M(Ah)

]ab
ϕbc

μ −ω̄ac
μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
, (41)

which is invariant under the non-perturbative set of BRST
transformations,

sγ 2 Aa
μ = −Dab

μ cb, sγ 2ca = g

2
f abccbcc,

sγ 2 c̄a = b′h,a + g

2
f abcc̄bcc,

sγ 2b′h,a = −g

2
f abcb′h,bcc + g2

8
f abc f cdec̄bcdce,

sγ 2ϕab
μ = ωab

μ , sγ 2ωab
μ = 0,

sγ 2 ω̄ab
μ = ϕ̄ab

μ − γ 2g f cdb
∫

dd y Ah,c
μ (y)

[
M−1(Ah)

]da
yx

,

sγ 2 ϕ̄ab
μ = 0. (42)

As in the linear covariant gauges, the gap equation which
determines the Gribov parameter reads

∂E0

∂γ 2 = 0 ⇒ 〈g f abc Ah,a
μ (ϕ + ϕ̄)bcμ 〉 = 2dγ 2(N 2 − 1).

(43)

The integration over b′h can be performed and the resulting
action is

SCF
GZ = SYM +

∫
dd x

[
(∂μAa

μ)2

2α
+ 1

2
c̄a(∂μD

ab
μ + Dab

μ ∂μ)cb

+ α

8
g2 f abc f cdec̄ec̄acbcd

]

+
∫

dd x

(
ϕ̄ac

μ

[
M(Ah)

]ab
ϕbc

μ − ω̄ac
μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
.

(44)

From the action (41) or, equivalently (44), the tree-level gluon
propagator is given by

〈Aa
μ(p)Ab

ν(−p)〉

= δab
[

p2

p4 + 2g2Nγ 4

(
δμν − pμ pν

p2

)
+ α

p2

pμ pν

p2

]
.

(45)

The transverse part turns out to be affected by the restric-
tion of the domain of integration in the path integral due to
the presence of γ , while the longitudinal part is equal to the
perturbative result. We emphasize this is a tree-level compu-
tation only. The transverse part has the Gribov type behavior.
It is IR suppressed and its form factor goes to zero at zero-
momentum. Also, this propagator violates positivity and as
such, no physical particle interpretation can be attached to
the gluon field. However, as already discussed in the Intro-
duction, the Gribov–Zwanziger action suffers from IR insta-
bilities and dimension-two condensates are formed. In the
next section we take into account these effects and discuss
their consequences for the gluon propagator.
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6 Dynamical generation of condensates

6.1 Refinement of the Gribov–Zwanziger action

In the Landau gauge, it was noted that the Gribov–Zwanziger
action suffers from IR instabilities, [55]. In particular, already
at the one-loop level it is possible to obtain a non-vanishing
value for the dimension-two condensates which turn out to
be proportional to the Gribov parameter γ . This shows that
the formation of these condensates is deeply related to the
presence of the Gribov horizon. In [35,36], these results were
extended to linear covariant gauges in the non-perturbative
BRST framework. Also, analogous results were obtained for
the maximal Abelian and the Coulomb gauges, [59,60].

For the Curci–Ferrari gauges, we can proceed in full anal-
ogy with the case of the linear covariant gauges. In particular,
both condensates considered in [55], namely,

〈Ah,a
μ (x)Ah,a

μ (x)〉 and 〈ϕ̄ab
μ (x)ϕab

μ (x) − ω̄ab
μ (x)ωab

μ (x)〉,
(46)

are dynamically generated. This is easily proved by cou-
pling the aforementioned dimension-two operators to con-
stant sources into the Gribov–Zwanziger action. Therefore,
let us consider the generating functional E(m, J ) defined as

e−VE(m,J ) =
∫

[D�] e
−

(
SCF

GZ+m
∫
dd x Ah,a

μ Ah,a
μ −J

∫
dd x(ϕ̄ab

μ ϕab
μ −ω̄ab

μ ωab
μ )

)

(47)

with m and J being constant sources. Hence

〈ϕ̄ab
μ ϕab

μ − ω̄ab
μ ωab

μ 〉 = −∂E(m, J )

∂ J

∣∣∣
m=J=0

,

〈Ah,a
μ Ah,a

μ 〉 = ∂E(m, J )

∂m

∣∣∣
m=J=0

. (48)

At one-loop order, employing dimensional regularization,

E(m, J ) = (d − 1)(N 2 − 1)

2

∫
dd p

(2π)d

× ln

(
p2 + 2γ 4g2N

p2 + J
+ 2m

)
− dγ 4(N 2 − 1),

(49)

which results in

〈ϕ̄ac
μ ϕac

μ − ω̄ac
μ ωac

μ 〉 = g2γ 4N (N 2 − 1)(d − 1)

×
∫

dd p

(2π)d

1

p2

1

(p4 + 2g2γ 4N )

(50)

and

〈Ah,a
μ Ah,a

μ 〉

= −2g2γ 4N (N 2−1)(d−1)

∫
dd p

(2π)d

1

p2

1

(p4+2g2γ 4N )
.

(51)

From Eqs. (50) and (51), we see immediately the presence
of the Gribov parameter as a prefactor. This implies the non-
triviality of the value of such condensates due to the restric-
tion of the path integral domain to the Gribov region, encoded
in γ . Also, as discussed in [36,57], the integrals appearing
in (50) and (51) are perfectly convergent for d = 3, 4, while
for d = 2 they develop an IR singularity. This behavior sug-
gests the inclusion of (46) to the Gribov–Zwanziger action
for d = 3, 4, while keeping the action untouched for d = 2.
The absence of refinement of the Gribov–Zwanziger action
in d = 2 can be made more precise; see [36,57]. Essen-
tially, in d = 2 it turns out to be impossible to remain within
the Gribov region by introducing dimension-two condensates
[36,57]. The same argument is easily extended to Curci–
Ferrari gauges.

Taking into account these considerations, for the refined
Gribov–Zwanziger action in d = 3, 4 we obtain

SCF
RGZ = SYM +

∫
dd x

[
bh,a∂μA

a
μ + c̄a∂μD

ab
μ cb

−α

2
bh,abh,a + α

2
g f abcbh,a c̄bcc + α

8
g2 f abc f cdec̄a c̄bcdce

]

+
∫

dd x

(
ϕ̄ac

μ

[
M(Ah)

]ab
ϕbc

μ − ω̄ac
μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
+ m2

2

∫
dd x Ah,a

μ Ah,a
μ

− M2
∫

dd x
(
ϕ̄ab

μ ϕab
μ − ω̄ab

μ ωab
μ

)
, (52)

while in d = 2 the Gribov–Zwanziger action is left unmod-
ified and Eq. (40) is preserved.

6.2 A remark on the gluon–ghost condensate

In the last decade, many efforts have been made to understand
the QCD vacuum and, in particular, the pure Yang–Mills vac-
uum. Much attention was devoted to the dynamical forma-
tion of condensates which could introduce non-perturbative
effects related to chiral symmetry breaking (in the specific
case of QCD) and color confinement. Also, dimension-two
gluon condensates were on the mainstream of analytical and
numerical approaches to confinement due to the possibility
of giving rise to a possible mechanism for dynamical mass
generation. On the other hand, the dimension-two gluon con-
densate 〈Aa

μA
a
μ〉 is not gauge invariant for a generic choice

of a covariant renormalizable gauge and a direct physical
interpretation is unclear. Moreover, a genuine gauge invari-
ant expression is provided by 〈Ah

μA
h
μ〉. Albeit gauge invari-

ant, this quantity is highly non-local, with the notable excep-
tion of the Landau gauge, where A2

min reduces to the simple
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expression Aa
μA

a
μ. This is a very special feature of Landau

gauge. On the other hand, the existence of other dimension-
two condensates is also possible. A particular example is the
ghost condensate 〈c̄aca〉. Yet, Yang–Mills theories quantized
in Landau gauge display an additional Ward identity, the
anti-ghost equation of motion, which forbids the existence
of 〈c̄aca〉. The same Ward identity holds for linear covariant
gauges. Therefore, in these cases, just the gluon condensate
is allowed. However, in the Curci–Ferrari gauges, the anti-
ghost equation is not a Ward identity anymore and there is
no a priori reason to exclude the condensate 〈c̄aca〉. Hence,
we can introduce the general term

S̃cond =
∫

dd x
(
κ1A

a
μA

a
μ + κ2c̄

aca
)
, (53)

and we require invariance under BRST and the SL(2,R)

symmetry. The latter does not impose any constraint on the
coefficients κ1 and κ2. BRST, however, does:5

s S̃cond =
∫

dd x
(
2κ1(∂μA

a
μ)ca + k2b

′aca
) ≈ 0 ⇒ κ2

= −2ακ1, (54)

where the symbol ≈ denotes that we have used the equa-
tions of motion. Therefore, modulo a prefactor, the (on-shell)
BRST invariant operator is

O = 1

2
Aa

μA
a
μ − αc̄aca . (55)

Some remarks concerning Eq. (55) are in order: (i) The limit
α → 0 corresponds to the Landau gauge. In this case, the
operator (55) reduces to the dimension-two gluon opera-
tor Aa

μA
a
μ and no ghost condensate is included. (i i) As is

well known, the presence of the quartic interaction term of
Faddeev–Popov ghosts is responsible for (eventually) gener-
ating a non-vanishing ghost condensate 〈c̄aca〉.

Evidence for the existence of the condensate (55) was pre-
sented in [45,46]. In [45] the modification of the OPE for the
gluon and ghost due to the dimension-two condensate (55)
was pointed out, while in [46] an effective potential analysis
was carried out. Unfortunately, the lack of lattice simula-
tions results for Curci–Ferrari gauges does not allow us to
give more conclusive statements concerning the relevance of
the condensate (55).

Nevertheless, within the new non-perturbative BRST
framework, we introduced directly the gauge invariant quan-
tity 〈Ah

μA
h
μ〉 in the refinement of the Gribov–Zwanziger

action. This condensate, as the gluon–ghost condensate (55),
reduces to 〈Aa

μA
a
μ〉 in the Landau gauge. In this sense, the

5 There is no difference in making use of the standard BRST or the non-
perturbative one, due to the fact that for (A, c, c̄) these transformations
are identical.

introduction of both condensates seems to be redundant.
Moreover, as will be discussed in Sect. 7, we have a local
set up for 〈Ah

μA
h
μ〉, evading the main difficulties that earlier

studies had to deal with this operator. In summary, 〈Ah
μA

h
μ〉

should be responsible to carry all physical information of
(55). A very attractive feature is that the gauge invariance of
〈Ah

μA
h
μ〉 together with the non-perturbative BRST symmetry

gives to us full control of the independence from α of corre-
lation functions of gauge invariant operators. Therefore, the
inclusion of (55) seems to be superfluous, due to the use of
the operator Ah

μA
h
μ.

We remark that the formation of different ghost conden-
sates was also studied in Curci–Ferrari gauges; see [47,73].
In principle, we should take them into account as well. How-
ever, in this work we are concerned with the behavior of the
gluon propagator and, for this purpose, the inclusion of these
extra condensates is irrelevant. Moreover, these condensates
affect the ghost propagator and, again, it would be desirable to
have access to lattice simulations for such propagator in order
to estimate the relevance played by these novel condensates.

7 Gluon propagator

In the last section we discussed non-trivial dynamical effects
generated in Curci–Ferrari gauges. As it happens in the
Gribov–Zwanziger theory in the gauges already studied in
the literature, the presence of the Gribov horizon contributes
to the formation of dimension-two condensates. The refined
Gribov–Zwanziger action in Curci–Ferrari gauges is given
by (52), where such condensates are taken into account from
the beginning through the presence of the dynamical param-
eters (M2,m2). Hence, we can easily compute the gluon
propagator from (52), namely

〈Aa
μ(p)Ab

ν(−p)〉d=3,4

= δab
[

p2 + M2

(p2 + m2)(p2 + M2) + 2g2γ 4N

×
(

δμν − pμ pν

p2

)
+ α

p2

pμ pν

p2

]
, (56)

while in d = 2, we use the Gribov–Zwanziger action (40),

〈Aa
μ(p)Ab

ν(−p)〉d=2

= δab
[

p2

p4 + 2g2γ 4N

(
δμν − pμ pν

p2

)
+ α

p2

pμ pν

p2

]
.

(57)

Several remarks are in order. For d = 3, 4:

• The form factor of the transverse part of the propaga-
tor is IR suppressed, positivity violating and attains a
finite non-vanishing value at zero-momentum, a property
which follows from the inclusion of the dimension-two
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condensate of the auxiliary fields 〈ϕ̄ϕ−ω̄ω〉. Also, at tree-
level, this form factor is independent from α. Hence, the
transverse component of the gluon propagator displays
the so-called decoupling/massive behavior.

• The limit α → 0 brings us back to the gluon propagator
for the refined Gribov–Zwanziger action in the Landau
gauge.

• In the linear covariant gauges, the longitudinal part of
the gluon propagator does not receive non-perturbative
corrections. It remains as in perturbation theory, which
is known to be just the tree-level result without quan-
tum corrections. However, in Curci–Ferrari gauges, non-
linearity jeopardizes this property as follows, for exam-
ple, from the existence of the b–c–c̄ interaction vertex.
Therefore, here we expect that loop corrections will affect
the longitudinal sector, although an explicit verification
is far beyond the scope of this work.

In the case of d = 2:

• Since in d = 2 the Gribov–Zwanziger action does not
suffer from refinement, the gluon propagator is of the
Gribov type i.e. the transverse part is IR suppressed, pos-
itivity violating and vanishes at zero-momentum. This
characterizes the so-called scaling behavior.

• As in d = 3, 4, the Landau propagator is easily obtained
for α → 0, giving the scaling Gribov gluon propagator
in d = 2.

From these comments we can conclude that, for d = 3, 4, the
transverse gluon propagator displays a decoupling/massive
behavior while in d = 2 it is of scaling type. This is precisely
the same behavior obtained in the Landau gauge and reported
by very large lattice simulations. As pointed out in [36,59,
60], this feature is more general than a particular property of
the Landau gauge, being also present in the linear covariant,
maximal Abelian and Coulomb gauges. Inhere, we provide
evidence that this property should also hold in Curci–Ferrari
gauges. The novelty here with respect to the gauges already
studied is the non-triviality of the longitudinal part which, due
to the very non-linear character of the Curci–Ferrari gauges,
might very well acquire corrections from higher loops.

8 Local refined Gribov–Zwanziger action in
Curci–Ferrari gauges

In this section we present a localization procedure to cast the
action (40) and the transformations (42) in a suitable local
fashion. This puts the (refined) Gribov–Zwanziger action
in Curci–Ferrari gauges within the well-developed realm of
local quantum field theory. Before starting the description
of the procedure, we emphasize the already mentioned fea-

ture that the original formulation of the Gribov–Zwanziger
action in the Landau gauge (5) relies on the introduction of a
non-local horizon function, displaying thus a non-local char-
acter. As shown previously, this non-locality can be handled
through the introduction of suitable auxiliary fields which
provide a local and renormalizable framework.

Nevertheless, as soon as we introduce the gauge invari-
ant field Ah , we introduce a new source of non-locality; see
Eq. (15). Hence, even after the introduction of the auxiliary
fields introduced in the standard construction, the resulting
action is still non-local due to the explicit presence of Ah .

The localization of the transverse gauge invariant field Ah

is performed by the introduction of a Stueckelberg type field
ξa in the form

h = eigξ
aT a

. (58)

With (58), we rewrite the Ah field as

Ah
μ = h†Aμh + i

g
h†∂μh, (59)

where a matrix notation has been employed. Equation (59)
is local albeit non-polynomial. For a SU (N ) element v, Ah

is left invariant under the gauge transformations

A′
μ = v†Aμv + i

g
v†∂μv, h′ = v†h and h′† = h†v,

(60)

i.e.

(Ah
μ)′ ← Ah

μ. (61)

Although gauge invariance of Ah is guaranteed by (60), we
still have to impose the transversality condition of Ah . This is
done by means of a Lagrange multiplier τ a , which enforces
this constraint, namely, we introduce the following term:

Sτ =
∫

dd x τ a∂μA
h,a
μ . (62)

Solving the transversality condition ∂Ah = 0 for ξ , we obtain
the non-local equation (15) for Ah ; see, for example, the
appendix of [1]. Then the Gribov–Zwanziger action in Curci–
Ferrari gauges can be expressed in local form as follows:

Sloc
CF = SYM +

∫
dd x

(
bh,a∂μA

a
μ − α

2
bh,abh,a

+ c̄a∂μD
ab
μ cb + α

2
g f abcbac̄bcc + α

8
g2 f abc f cdec̄a c̄bcdce

)

−
∫

dd x

(
ϕ̄ac

μ

[
M(Ah)

]ab
ϕbc

μ − ω̄ac
μ

[
M(Ah)

]ab
ωbc

μ

+ gγ 2 f abc Ah,a
μ (ϕ + ϕ̄)bcμ

)
+

∫
dd x τ a∂μA

h,a
μ , (63)

with Ah given by (60).
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The non-perturbative BRST transformations, which cor-
respond to a symmetry of (63), are also non-local. As shown
in [37], the localization of these transformations is achieved
through the introduction of extra auxiliary fields. Before
doing this, we note that the BRST transformations for τ and
ξ (written implicitly in terms of h) are

sh = −igch and sτ a = 0. (64)

Proceeding with the localization of the non-perturbative
BRST transformations, we make use of the following trick:
We rewrite the horizon function H(Ah) in the path integral
as

e−γ 4H(Ah) = e− γ 4

2 H(Ah)e− γ 4

2 H(Ah). (65)

Now, employing the same localization procedure as used in
the standard Gribov–Zwanziger framework, we obtain

e− γ 4

2 H(Ah) =
∫

[Dϕ] [Dϕ̄] [Dω] [Dω̄]

×e
− ∫

dd x

(
−ϕ̄ac

μ Mab(Ah)ϕbc
μ +ω̄ac

μ Mab(Ah)ωbc
μ +g γ 2√

2
f abc Ah,a

μ (ϕ+ϕ̄)bcμ

)

(66)

and

e− γ 4

2 H(Ah) =
∫

[Dβ]
[
Dβ̄

]
[Dζ ]

[
Dζ̄

]

×e
− ∫

dd x

(
−β̄ac

μ Mab(Ah )βbc
μ +ζ̄ acμ Mab(Ah)ζ bcμ −g γ 2√

2
f abc Ah,a

μ (β+β̄)bcμ

)

.

(67)

In (66), the fields (ϕ, ϕ̄, ω, ω̄) are Zwanziger’s localizing
fields, (β, β̄) are commuting ones, while (ζ, ζ̄ ) are anti-
commuting and play the same role as Zwanziger’s fields.
The resulting Gribov–Zwanziger action is given by

Sloc
CF = SYM +

∫
dd x

(
bh,a∂μA

a
μ − α

2
bh,abh,a

+ c̄a∂μD
ab
μ cb + α

2
g f abcbac̄bcc + α

8
g2 f abc f cdec̄a c̄bcdce

)

−
∫

dd x

(
ϕ̄ac

μ Mab(Ah)ϕbc
μ − ω̄ac

μ Mab(Ah)ωbc
μ

− g
γ 2

√
2
f abc Ah,a

μ (ϕ + ϕ̄)bcμ

)

−
∫

dd x

(
β̄ac

μ Mab(Ah)βbc
μ − ζ̄ acμ Mab(Ah)ζ bc

μ

+ g
γ 2

√
2
f abc Ah,a

μ (β + β̄)bcμ

)
+

∫
dd x τ a∂μA

h,a
μ .

(68)

The local Gribov–Zwanziger action written as (68) is invari-
ant under the following local non-perturbative BRST trans-
formations:

sl A
a
μ = −Dab

μ cb, slϕ
ab
μ = ωab

μ , slh = −igch,

slβ
ab
μ = ωab

μ ,

slc
a = g

2
f abccbcc, slω

ab
μ = 0, sl A

h,a
μ = 0, sl ζ̄

ab
μ = 0,

sl c̄
a = bh,a, sl ω̄

ab
μ = ϕ̄ab

μ + β̄ab
μ , slτ

a = 0, slζ
ab
μ = 0,

slb
h,a = 0, sl ϕ̄

ab
μ = 0, sl β̄

ab
μ = 0. (69)

It is an immediate check that sl is nilpotent, s2
l = 0. Integra-

tion over (β, β̄, ζ, ζ̄ ) gives back the non-local BRST trans-
formations (42).

In local fashion, the refinement of the Gribov–Zwanziger
action is obtained by the introduction of the following term
to (68):

Scond =
∫

dd x

[
m2

2
Ah,a

μ Ah,a
μ + M2

×
(
ω̄ab

μ ωab
μ − ϕ̄ab

μ ϕab
μ − β̄ab

μ βab
μ + ζ̄ abμ ζ abμ

)]
.

(70)

The resulting refined Gribov–Zwanziger action, written in
local form and invariant under (69), is

SRGZ
CF = SYM +

∫
dd x

(
bh,a∂μA

a
μ − α

2
bh,abh,a + c̄a∂μD

ab
μ cb

+ α

2
g f abcbac̄bcc + α

8
g2 f abc f cdec̄a c̄bcdce

)

−
∫

dd x

(
ϕ̄ac

μ Mab(Ah)ϕbc
μ − ω̄ac

μ Mab(Ah)ωbc
μ

− g
γ 2

√
2
f abc Ah,a

μ (ϕ + ϕ̄)bcμ

)
−

∫
dd x

(
β̄ac

μ Mab(Ah)βbc
μ

− ζ̄ ac
μ Mab(Ah)ζ bc

μ + g
γ 2

√
2
f abc Ah,a

μ (β + β̄)bcμ

)

+
∫

dd x τ a∂μA
h,a
μ +

∫
dd x

[
m2

2
Ah,a

μ Ah,a
μ

+ M2
(
ω̄ab

μ ωab
μ − ϕ̄ab

μ ϕab
μ − β̄ab

μ βab
μ + ζ̄ ab

μ ζ ab
μ

)]
. (71)

The refined Gribov–Zwanziger action (71) is an effective
action which takes into account the presence of Gribov copies
in the standard Faddeev–Popov procedure in Curci–Ferrari
gauges. Moreover, this action also incorporates further non-
perturbative dynamics effects as the formation of dimension-
two condensates. All these settings are written in local fash-
ion and enjoy non-perturbative BRST symmetry (69), which
ensures gauge parameter independence of correlation func-
tions of gauge invariant composite operators; see [37] for a
purely algebraic proof of this statement.

For completeness, we exhibit the Slavnov–Taylor identity
associated with the local non-perturbative invariance of the
refined Gribov–Zwanziger action in Curci–Ferrari gauges.
To do so, we introduce the following source action to control
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the non-linearity of the non-perturbative BRST transforma-
tions:

Ssources =
∫

dd x
(
−�a

μD
ab
μ cb+ g

2
f abcLacbcc+Kaslξ

a
)

,

(72)

with sl�a
μ = sl La = sl K a = 0. The resulting action �,

defined as

� = SRGZ
CF + Ssources, (73)

satisfies the following Slavnov–Taylor identity:

S(�) =
∫

dd x

(
δ�

δAa
μ

δ�

δ�a
μ

+ δ�

δca
δ�

δLa
+ δ�

δξa

δ�

δKa

+ bh,a δ�

δc̄a
+ ωab

μ

δ�

δϕab
μ

+ (ϕ̄ + β̄)abμ

δ�

δω̄ab
μ

+ ωab
μ

δ�

δβab
μ

)
= 0.

(74)

As is well known, the external sources (�a
μ, La, Ka) play

exactly the same role of the so-called anti-fields of the
Batalin–Vilkovisky formalism. As shown recently in the case
of the linear covariant gauges [37], the Slavnov–Taylor iden-
tity (73) can be employed to extract non-perturbative prop-
erties related to the physical content of the theory. In partic-
ular, the construction outlined in detail in [37], see Sects. 3
and 4, can be immediately repeated in the present case. This
shows that the correlation functions of composite opera-
tors belonging to the cohomology of the non-perturbative
BRST nilpotent operator turn out to be independent from the
gauge parameter entering the gauge-fixing condition. Fur-
ther, examples of non-trivial composite operators exhibiting a
Källén–Lehmann representation with a positive spectral den-
sity can be worked out by means of the use of the i-particle
formalism developed in [75]. Due to the positiveness of the
spectral density, these operators can be directly linked with
the physical spectrum of a confining Yang–Mills theory, as
shown in the case of the glueball states [69,70].

9 Conclusions

In this paper we have addressed the issue of the quantiza-
tion of Yang–Mills theories in a class of non-linear gauges,
the Curci–Ferrari gauges, by taking into account the exis-
tence of Gribov copies. By exploiting the formal similar-
ity with the Gribov problem in linear covariant gauges, the
non-perturbative BRST transformations recently introduced
in [1] have been used to achieve a non-perturbative BRST
quantization scheme in the Curci–Ferrari gauges, resulting
in an action akin to the Gribov–Zwanziger action in linear
covariant gauges [1,36].

As is well known, the Gribov problem entails modifi-
cations on the IR behavior of the theory due to its non-
perturbative nature. The so-called Gribov–Zwanziger frame-
work enables us to take into account the effects of the Gribov
copies within the realm of a local Euclidean quantum field
theory. Further, taking into account the dynamical genera-
tion of dimension-two condensates, gives rise to the refined
Gribov–Zwanziger framework. As discussed previously, the
introduction of such novel effects is not consistent in d = 2.
An immediate consequence of this fact is the difference of
the gluon propagator behavior in different dimensions: in
d = 3, 4, the dimension-two condensate of the auxiliary
Zwanziger field yields a decoupling/massive behavior for the
transverse part of the propagator, while in d = 2 this con-
densate cannot be consistently introduced and the transverse
component is of the scaling type. Remarkably, this different
behavior of the transverse component of the gluon propagator
has been also observed in other gauges, namely the Landau,
linear covariant, maximal Abelian, and Coulomb gauges; see
[36,57,59,60]. It strongly suggests a kind of universal behav-
ior for the transverse component of the gluon propagator, as
far as space-time dimensions are concerned.

Nevertheless, unlike the case of the Landau and lin-
ear covariant gauges, the non-linearity of the Curci–Ferrari
gauges might introduce non-trivial effects in the longitudinal
sector which cannot be anymore protected from higher loop
corrections.

The construction of the non-perturbative BRST invariant
(refined) Gribov–Zwanziger action in Curci–Ferrari gauges
relies on the use of the non-local variable Ah . In this work
we provided a procedure which allows the localization of
the action as well as of the non-perturbative BRST trans-
formations. The resulting local refined Gribov–Zwanziger
action in Curci–Ferrari gauges provides then a suitable arena
to apply standard local quantum field theories techniques
which might open new future investigations such as: (1)
the study of the all-order renormalizability of the action
(40), (2) gaining a better understanding of the longitudi-
nal sector of the gluon propagator when higher orders effect
are taken into account, (3) a detailed investigation of the
ghost two-point function and its possible relationship with
the ghost condensates already observed in the Curci–Ferrari
gauges [73]. Although this gauge is not yet well exploited
from the lattice point of view, we hope that our results will
stimulate future investigations in this direction, providing
an interesting interplay between analytical and numerical
results.

Acknowledgments The Conselho Nacional de Desenvolvimento Cien-
tífico e Tecnológico (CNPq-Brazil), The Coordenação de Aperfeiçoa-
mento de Pessoal de Nível Superior (CAPES), the Pró-Reitoria de
Pesquisa, Pós-Graduação e Inovação (PROPPI-UFF) and the DAAD
are acknowledged for financial support. A.D.P. would like to express
his gratitude to the Albert Einstein Institute for hospitality and support.

123



528 Page 14 of 15 Eur. Phys. J. C (2016) 76 :528

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.

Appendix: On the SL(2,R) symmetry

As pointed out in Sect. 3, the symmetry generated by δ is
crucial for the proof of the perturbative renormalizability of
Yang–Mills theory quantized in Curci–Ferrari gauges. This
symmetry is part of a SL(2,R) invariance. In this appendix,
we exhibit the full Nakanishi–Ojima algebra, which contains
the SL(2,R) algebra as a subalgebra. We refer the reader to
[44,47] for further details.

The nilpotent perturbative BRST operator s acts on the
fields (A, c̄, c, b) as in Eq. (29). Nevertheless, it is possible
to define the anti-BRST transformations generated by the
nilpotent operator s̄ as

s̄ Aa
μ = −Dab

μ c̄b

s̄ca = −ba + g f abccbc̄c

s̄c̄a = g

2
f abcc̄bc̄c

s̄ba = −g f abcbbc̄c.

(75)

Likewise, the operator δ acts as in Eq. (30) and we can define
an operator δ̄ which acts on the (A, c̄, c, b) as

δ̄ca = c̄a

δ̄ba = g

2
f abcc̄bc̄c (76)

δ̄Aa
μ = δ̄c̄a = 0.

The operators s, s̄, δ, δ̄ with the addition of the Faddeev–
Popov ghost number operator δFP form the so-called
Nakanishi–Ojima algebra, given by

{s, s̄} = 0, [δ, δ̄] = δFP,

[δ, δFP] = −2δ, [δ̄, δFP] = 2δ̄,

[s, δFP] = −s, [s̄, δFP] = s̄, (77)

[s, δ] = 0, [s̄, δ̄] = 0,

[s, δ̄] = −s̄, [s̄, δ] = −s.

From (77), it is clear that the operators δ, δ̄, and δFP generate
a SL(2,R) algebra. For this reason, the symmetry generated
by δ, defined by Eq. (30), is known as the SL(2,R) symme-
try, although one should keep in mind the existence of the
aforementioned algebraic structure.
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