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Abstract. The review covers recent developments and achievements in the dynamical description of fission
process at high excitation energy. It is shown that the dynamical approach based on multidimensional
Langevin equations combined with the statistical description of nuclear decay by particles evaporation is
capable of fairly well describing the formation of fission fragment mass-energy, charge, and angular dis-
tributions of fission fragments in coincidence with the pre- and post-scission particle emission. The final
yields of fission and evaporation residues channels products could be obtained. The detailed description
of fission dynamics allows studying different stages of fission process, indicating the most important in-
gredients governing fission process and studying in detail such fundamental nuclear properties as nuclear
viscosity and fission timescale. The tasks and perspectives of multidimensional dynamical approach are
also discussed.

1 Introduction

The nuclear fission is a magnificent phenomenon of a quan-
tal large-scale collective motion during which the substan-
tial rearrangement of initial compound nucleus results in
its splitting on two or more parts. However, the charac-
ter of the compound nucleus evolution is still not well
established, and it is not yet understood in detail how the
original compound nucleus is transformed into a variety
of fission products. Just after the discovery of induced-
fission of uranium by Hahn, Meitner and co-authors [1,2],
the substantial efforts in the experimental and theoretical
studies of this process were undertaken. The spontaneous
fission of the uranium was discovered in 1940 by Flerov
and Petrzhak. Since then the fission phenomenon is widely
investigated because of the military and the power plant
applications.

In given conditions almost every nucleus can split into
two or more fragments. However, in the present paper we
will mainly focus on the discussion of the fusion-fission
process. The compound nucleus (CN) is created in the
collision of two ions at moderate energies. Ordinarily, this
kind of reaction can provide even exotic systems, which
are far from the stability line. The energy of the colli-
sion is transformed into excitation energy of the created
nucleus. The hot system is unstable, thus the internal en-
ergy could be changed into the deformation energy, rota-
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tional energy and/or energy of emitted particles and γ-
rays. The sharp limits of beam energies and angular mo-
menta which define the fusion-fission process are difficult
to give but in general, this reaction can occur for excita-
tion energies E� = 0–250MeV and angular momenta 0–
100 h̄. There are obviously reactions which compete with
fusion-fission such as the quasi-fission, fusion-evaporation,
nucleon transfer or in extreme- deep-inelastic or multifrag-
mentation. However the most dominant in this range of
excitation energies and angular momenta are the fusion-
fission and fusion-evaporation and quasi-fission channels.
The quasi-fission channel becomes important at high an-
gular momenta.

Soon after the discovery of fission, Bohr and Wheeler
suggested to describe the fissioning nucleus [3] using the
macroscopic analogy of a charged liquid drop. Within this
picture, fission results from the competition between dis-
rupting Coulomb repulsion and stabilizing surface tension
effects. Following the ideas of Bohr and Wheeler, fission
models based on the level densities of the nucleus at the
ground state and at the transition state were developed.
The transition state may be assumed as the fission saddle
or scission point [4]. Different variants of the transition-
state model emerged in the mean time. The ideas devel-
oped in the scission-point model of Wilkins et al. [5] were
particularly successful in explaining fragment formation
in low-energy fission. However, the aforementioned models
based on statistical considerations, only, do not include the
dynamics of the fission process that starts from the ground
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state, passes through the saddle point and finally reaches
the scission point. Along this shape evolution, light parti-
cles (hereafter called pre-scission) may be emitted, mod-
ifying the excitation energy and potential-energy surface
of the system in the course of its decay. Additionally, in-
ertia and friction forces may be exerted on the system. In
order to account for the dynamics, an original idea was
given by Kramers [6], which considers fission as a dissi-
pative diffusion process. Indeed, the discrepancy between
experimental results and predictions by Bohr and Wheeler
transition-state model were interpreted as an indication of
the non-equilibrium dynamical nature of the fission pro-
cess. Following the Kramers idea [6], most recent dynam-
ical models of fission are transport theories. Inclusion of
dynamical effects removes uncertain assumptions, like es-
tablishment of statistical equilibrium at a specific transi-
tion state, the fact that the nucleus trajectory faithfully
follows the bottom of the fission valley, etc.

Since the mid-1980s, when deep inelastic transfer re-
actions were first discovered [7], stochastic methods have
also been widely used in nuclear physics. Using an ap-
proach that he named the diffusion model, Kramers pro-
posed describing nuclear fission with a small number of
degrees of freedom, which would then interact with a
thermostat formed by all the other single-particle degrees
of freedom. Under these circumstances, the collective-
variable dynamics becomes similar to Brownian-particle
dynamics, since the collective subsystem energy varies
only slightly during one act of interaction with a single-
particle subsystem. The motion in such a physical model
is adequately described by the set of the Langevin equa-
tions or by the physically equivalent Fokker-Planck equa-
tion (FPE), introduced for the description of the distribu-
tion function of collective coordinates and their conjugate
momenta.

Using the analogy between nuclear-fission dynamics
and Brownian-particle motion, Kramers calculated the
diffusion rate of Brownian particles, which are initially lo-
cated in a potential well, through a potential barrier sep-
arating the initial and final states of a system. With this
approach, Kramers refined the Bohr and Wheeler equa-
tion [3] for fission width obtained one year earlier. The
Kramers refining factor takes into account the influence
of nuclear viscosity on the fission rate (the fission width).

The stochastic approach has been successfully applied
to many problems related to collective nuclear dynam-
ics: theories of deep inelastic transfers [8], induced fis-
sion [9–12], and description of prescission neutron mul-
tiplicity [13, 14]. The Langevin approach was firstly ap-
plied to fusion process [15] followed by description of deep
inelastic collisions in [16] as it is more convinient than
Fokker-Planck equations. In recent years, preference also
in fission desciption has been given to the Langevin equa-
tions, since an exact solution of the FPE is substantially
more difficult and generally requires the use of various
approximations, in comparison with solution of the cor-
responding Langevin equations. However, even using the
Langevin equations involves serious difficulties at the cur-
rent level of computer engineering. In order to describe
a large number of experimentally observed fission charac-

teristics, it is necessary to introduce large number of col-
lective variables (coordinates). The introduction of each
new coordinate considerably increases the amount of cal-
culations. Therefore, it is natural that one-dimensional
Langevin calculations are performed first and, only after
that, two-dimensional calculations. One-dimensional mod-
els, combined with some particle evaporation code, make it
possible to calculate the fission probability and multiplici-
ties of evaporating prescission particles. Two-dimensional
models provide the additional possibility of calculating ei-
ther the fragment-mass distribution corresponding to the
most probable kinetic energy of fragments or the energy
distribution corresponding to a fixed ratio between frag-
ment masses.

The experimentally observed two-dimensional mass-
energy distribution cannot be obtained in terms of ei-
ther one-dimensional or two-dimensional Langevin calcu-
lations. In this case, it is necessary to have at least three
collective coordinates. For a simultaneous description of
the angular and charge distributions, it is inevitably nec-
essary to introduce the fourth and fifth collective coordi-
nates, which will determine the formation of the angular
distribution of fission fragments and the charge distribu-
tion between fragments.

Results from the first estimative three-dimensional cal-
culations of the parameters of the distribution of fis-
sion fragments over kinetic energy and the mean prescis-
sion neutron multiplicity [17] were published only in
1995. Since 2000–2001, the results of systematic four-
dimensional [18] and three-dimensional [19–27] Langevin
calculations began to appear regularly in publications.

At the present time, the theoretical basis of the
stochastic approach to collective nuclear dynamics based
on the Langevin equations and the results of calculations
are adequately described in the published reviews of Abe
et al. [28] and Fröbrich [29], and in the book by Fröbrich
and Lipperheide [30]. Some recent results and develop-
ments could be found also in the book of Krappe and
Pomorski [31]. For this reason, we mostly omit the funda-
mentals of the stochastic approach in this review and focus
our attention on clarification and discussion of the most
important results obtained in last years within the mul-
tidimensional stochastic approach applied to the fission
process of the highly excited nuclei. We place particular
emphasis on the specific problems and difficulties resulting
from the multidimensionality of the approach developed
and used in the calculations.

The main observables, which could be obtained within
the stochastic approach and compared with experimental
measurements are: the mass, charge and total kinetic en-
ergy distributions (MED) of the fission fragments (FF) or
evaporation residue (ER), their isotopic/isobaric/isotonic
distributions (ID) and light particles multiplicities and its
energy spectra. According to the theoretical model applied
to description of the reaction, there are several phenom-
ena which are studied. The most important is a collective
energy dissipation during the time evolution of the sys-
tem from two colliding ions through a compact shape to
scission into fragments. Usually an assumption is made
that the energy is lost for friction or/and inertia during
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the shape evolution, thus the transport coefficients govern
the splitting of the CN into fragments.

The fission observables could be studied fully stochas-
tically or using the thermodynamic properties. The dinu-
clear system model based on the thermodynamics with
Boltzmann factor included [32–35] allows to calculate
cross-section of fusion, fission and also evaporation or
quasi-fission. The potential energy surface is obtained with
two-center shell model (TCSM) and the emission barri-
ers for particles, clusters is obtained with Skyrme-type
nucleon-nucleon interaction. The evaporation and binary
decay are treated on the same footing as a collective mo-
tion of complex system in the mass asymmetry coordinate.
The dinuclear system model is applied already for various
reactions, starting with medium mass region [35–37], by
actinides [38–40] up to super-heavy nuclei [41].

There are two main directions in which stochastic mod-
els describing fission reactions are going: the statistical ap-
proach, based on well-defined physical theories and formu-
las, fitted to measured data, and the dynamical treatment
of the shape evolution of excited nuclei. The Monte Carlo
method is applied to vary the initial condition such as
the angular momenta or sort of emitted particles and its
energy. The outcome of the statistical approach is very ef-
fective in the regions where the experimental data are well
known and in many cases it provides interesting informa-
tion about measured data. The newest and probably the
most efficient statistical-like code describing the observ-
ables for spontaneous fission, neutron-induced fission and,
more generally, for fission of a compound nucleus from any
other entrance channels, with given excitation energy and
angular momentum is the GEF (GEneral description of
Fission observables) [42]. The GEF model is very power-
ful as it is used for a wide range of heavy and super-heavy
isotopes from Z = 80 to Z = 112 and beyond, up to exci-
tation energies of about 100MeV. The outcomes from this
models are: fission barriers, fission probabilities, fission
fragment mass and charge distributions, isomeric ratios,
total kinetic energies, and prompt-neutron and prompt-
gamma yields and energy spectra from neutron-induced
and spontaneous fission. The fission fragment distribu-
tions and deformations at scission is described by a sta-
tistical approach based on the estimation of the depths
and the widths of the fission valleys within localization of
nucleonic wave functions in a necked-in shape. Many well-
known theories and formulas are applied in this model and
fitted to known experimental observables. Thus, the GEF
code does not need any additional empirical data as many
of abstract theoretical systems important for fundamental
and applied science will never be measured.

The fully statistical code, which is used widely, from
fusion-evaporation up to spallation reaction is GEM-
INI++. First code was dedicated to a binary decay as it
was presented in [43]. Statistical model calculations were
applied to the Nb+Be and C reactions at bombarding en-
ergies of E/A = 11.4, 14.7 and 18.0MeV. The charge
distributions were estimated with the conditional barri-
ers predicted with the rotating Finite-Range Liquid Drop
model (FRLDM) [44]. The GEMINI code was developed
over the years and in [45] for the first time the results

with the improved version called “GEMINI++” appeared.
The charge distribution is based on fission barriers for
various rotational liquid drop models. The first assump-
tion was to reproduce systematically the wide range of
the evaporation spectra for light and heavy compound
nuclei excited in a broad energy range. The transmis-
sion coefficient are calculated within the global optical-
model potentials in place of global fits to elastic-scattering
data. Also the level-density parameter was changed from
the constant A/8 or A/10 prescription by including the
dependence on an excitation-energy of the system. The
third important change was the reduction of the macro-
scopic rotational energy of the nucleus predicted with the
FRLDM model by the relation of the angular momen-
tum with the level density in light nuclei at large spins.
Lately the GEMINI++ has been ameliorated by adding
the emission of collective excitation such as Giant Dipole
Resonances [46] or possibility to describe the multifrag-
mentation reactions or even a spallation processes [47].
As GEMINI++ code uses the Monte Carlo method for
choosing the sort and energy of emitted particles, there is
possibility to get the FF mass/charge distributions, and
after tuning some parameters the experimental data are
reproduced correctly.

There are other statistically-based codes on the mar-
ket such as THALYS, PACE, Monte Carlo Cascade, but
their descriptions of the fission reaction are focused mainly
on applications. These computer programs are still used
as they give good predictions in the region of the ener-
gies/masses/reaction for which they are dedicated. The
results are obtained quite fast and they obey wide range
of the estimated observables. Special attention should be
put on the possibility to calculate the angular distribution
of the fission fragments or evaporated particles. The codes
as GEMINI++ or PACE are easily connected to the fil-
ters used directly in the data analysis and this facilitate
the comparison between theory and experiment. As the
standard phenomena are included in these models, all the
inconsistencies which could appear, are the potentially in-
teresting cases for further, more time-consuming studies.

The second kind of approaches is a dynamical evolu-
tion of the compound nucleus in time. Such a method uses
also the Monte Carlo method for taking a decision not only
about the initial angular momentum or evaporation con-
ditions, but also the determination of the shape change is
taken into account in each time step. This kind of treat-
ment is more sophisticated and more time-consuming than
the statistical estimations but the main profit is control-
ling each constituent of the reaction on this same footing.
There are at least two procedures (classical and quantal)
to describe theoretically the fission process. The most fre-
quent is the solving of the set of stochastic equations such
as Smoluchowski, Langevin, or Master type in the collec-
tive coordinate space with dissipation energy included by
friction and inertia tensors. This method is combined with
the model responsible for the emission of the light particles
such as neutrons, protons, α, γ-rays and others. The main
ingredients which will be described later in this article are
the potential energy approaches, dissipation models and
various nuclear shape parameterizations.
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The fission dynamics of the medium mass nucleus at
low excitation energy has been investigated in [21, 22].
The set of Langevin equations has been solved in two-
dimensional deformation plane and the evaporation chan-
nel has been taken as a Master equation. The Strutinsky
shell correction with the BCS (Bardeen-Cooper-Schrieffer)
pairing model added to Liquid Drop macroscopic energy
allowed to describe an influence of the quantal effects, fric-
tion and scission condition on the shape of the mass dis-
tribution.

The set of Langevin equations in three-dimensional
collective coordinate space has been applied for the de-
scription of binary decay firstly in the heavy nuclei
(244Cm, 184Pt, 162Yb) [19, 48] and later for rare-earth
nuclei [49, 50]. The authors compared the fission frag-
ment distributions, angular momentum dependence, fis-
sion barriers and pre-scission neutron multiplicities cal-
culated with the FRLDM model to experimental data.
Later on the fission fragments angular anisotropy was
also investigated for series of nuclei at excitation energy
E� = 85–148MeV [51]. As the potential energy has been
obtained with the macroscopic approach, the physics of
moderate excitation energy was mainly discussed.

The low excitation energy reactions are also inquired
within a fully stochastic way by solving the set of Langevin
equations in a multidimensional collective coordinates
space. In the papers [52–54], a method is presented to
dynamically study the fission process, including the shell
effects, pairing effects, dissipation and fluctuation. The
choice of five deformation parameters, with three free de-
grees of freedom and an application of the two-center shell
model for receiving the single-particle energy spectra, al-
lows to investigate the shape of each fragment separately.
The liquid drop formula together with Strutinsky shell
corrections assures the proper treatment of the potential
energy. The dissipation is taken as the wall-and-window
formula [55–58] for friction tensor and hydrodynamical in-
ertia tensor is applied as the Werner-Wheeler approxima-
tion. The mass distributions for U and Pu isotopes are
used for investigation of the shell effects damping with an
increasing the excitation energy of the system [52]. The
importance of the scission point for the shape of the MED
is discussed in [54] and a new way to define nuclear defor-
mation with the optimal shape parametrization to study
the form of the nucleus before and after splitting is given
in [53].

The calculation in four-dimensional collective coordi-
nate space are done by three independent groups: the
authors of [59, 60] focused efforts on investigation of the
low-energy processes and in [61–66] the moderate excita-
tion energies are discussed. The collective coordinate space
contains three deformation parameters and a variable re-
sponsible for the space orientation of the fissioning system.
The details will be discussed in next chapters.

A similar methodology is widely used to estimate the
survival probability of the super-heavy nuclei. As the pro-
duction of super-heavy species is one of the most crucial
topics nowadays, the most efficient modes to create heav-
ier and heavier nuclei are the huge interest. The Langevin
transport equations based on two-center shell model PES

are used to estimate not only fission but also the fusion
probability. Obviously, super-heavy species deexcite by α
emission in the first stage, but later the fission is proba-
ble [67, 68]. The ternary fission of the super-heavy nuclei
into three similar fragments was studied as a new, com-
petitive channel to the binary decay [69].

The progress in describing the fusion-fission is done by
the group of Kosenko and collaborators [25, 70–72]. They
describe the motion of two nuclei toward each other and
the state of the interacting nuclei is defined in terms of
three collective coordinates. These parameters are the dis-
tance between the centers of mass of the nuclei and the
deformation parameter for each of them. Only the nose-
to-nose orientation of the nuclei is assumed. The set of
Langevin equations in three collective degrees of freedom
are solved to depict the evolution of the nucleus from con-
tact point to scission. The new and interesting idea is to
use as a nuclear interactions the Gross-Kalinovsky or even
Woods-Saxon potential which together with Coulomb en-
ergy gives the potential energy of the system. The shell
and pairing energies obtained within Strutinsky method
allow to treat low energy fission. In [72] the shell struc-
ture of colliding ions, their orientation in the space, and
the effect of tunneling of ions through the Coulomb bar-
rier are taken into account as well as the shell structure of
the compact system. Such a procedure estimates the com-
pound nucleus and evaporation residue formation cross
sections and the impact of the tunneling effect in the en-
trance channel on the fusion and evaporation residue cross
sections.

Randrup and Möller with coworkers in a series of ar-
ticles show the evolution of the methodology based on
Brownian motion and performing random walks on five-
dimensional fission potential-energy surfaces [73–80]. The
potential energy space is obtained within finite-range liq-
uid drop model (FRLDM) [81] for the macroscopic part
and folded-Yukawa for the single-particle energy spec-
tra. The Strutinsky shell corrections with BCS+Lipkin-
Nogami method [82–84] responsible for pairing parts com-
bined with macroscopic energy permit to reproduce the
known fission barriers. The Metropolis walk used here as
a way to obtain the random character of the description
is based on the assumption that inertial effects and the
MED are insensitive of the dissipation tensors. Despite
this simplification the wide range of the actinide nuclei
has been studied [78–80] and its charge/mass distribu-
tions of the fission fragments estimate fit well quantita-
tively and qualitatively the experimental data, not only
for spontaneous fission but also for the neutron induced
reactions [80]. The self-consistent approach are also used
to investigated the fission dynamics. The Time-Dependent
Hartree-Fock (TDHF) with BCS pairing [85,86] was used
firstly for the description of the fusion reactions but later
also for studies the nucleon transfer in symmetric heavy-
ion reactions at energies below the Coulomb barrier. The
self-consistent calculation of isotopic distribution have
been also compared to the phenomenological mean-field
potential [87].

The new methodology has been proposed by Sadhu-
khan, Nazarewicz and Schunck [88], where they obtained
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microscopically the mass and charge distributions of spon-
taneous fission yields. The Langevin dynamics has been
combined with a nuclear density functional theory used
to calculate the potential energy and also the inertia ten-
sors in collective coordinate space. The collective coordi-
nate space contains not only the deformation but also the
pairing parameters. The method allows to track the fis-
sion trajectories from ground state to the scission. The
results reproduce with good accuracy the experimental
charge and mass distributions in the spontaneous fission
of 240Pu.

The step forward is done by an American-Polish col-
laboration of Bulgac and Magierski [89], where the fission
dynamics of 240Pu has been investigated as a configura-
tion in the proximity of the outer fission barrier to full
scission. They extended nuclear density functional theory
to superfluid systems and real-time dynamics. Also the
formation of the fission fragments is done microscopically.
All collective degrees of freedom are included in this fully
nonadiabatic approach of nuclear dynamics. The complic-
ity of the calculation is such that only mean values of
mass/charge/TKE of the fission fragments is obtained but
it permits to trace dynamically the influence of various
pairing forces during the way of the compound nucleus to
the separation into two daughter nuclei. The methodolo-
gies proposed in [88] or [89] are big steps in direction of
fully microscopic description of the processes in hot nu-
clei. However still some work has to be done to correctly
describe the ion-induced fission.

The statistical and dynamical models are complemen-
tary and very important. The main advantage of the sta-
tistical codes is treating all well-known physical phenom-
ena and giving the results for many observables in rea-
sonably fast time. The discrepancies between experimen-
tal data and statistical estimations are hints for the new
physical effects [90, 91]. These exotic cases are frequently
investigated by dynamical calculations as they are usually
more time-consuming and there is no reason to employ
them for every reactions. From other side the physics stud-
ied by the dynamical approach, for instance charge varia-
tion, energy dissipation effects, brings the extra-push for
the development or a justification of the phenomenology
in the statistical models.

The present review demonstrates mainly the results
obtained at high energy fission and contains six sections.
Section 2 describes the models used to obtain the fis-
sion dynamics and, as main results, the fission fragments
mass/charge and total kinetic distributions. These observ-
ables and their sensitivity on potential energy models,
level-density parameters, viscosity and other model con-
stituents are discussed in sect. 3. Section 4 is dedicated to
the angular distribution of the fission fragments as it fa-
cilitates the comparison with a measurement. The present
developments in the detection techniques allow to obtain
not only full charge and mass distributions but also the
detailed isotopic/isobaric/isotonic distributions of the fis-
sion fragments and evaporation residues, which is a step
forward in comparison to the MED, thus in sect. 5 a short
presentation of various calculations is done. The last part
consists of a brief summary and perspectives.

2 The model and basic equations

2.1 Parametrization of nuclear surface and collective
coordinates

One of the main ingredient of the dynamical fission model
is the nuclear shape parametrization. From one side it
should be flexible enough in order to generate all pos-
sible shapes, which could be realized during the fission
process, and from the other side it should not be com-
plicated in order to avoid unnecessary difficulties during
the numerical solution of the Langevin equations. An axi-
ally symmetric nuclear shape can be described in cylin-
drical coordinates by the profile function ρs(z), whose
rotation around the symmetry axis determines the nu-
clear surface. The most frequently used parameterizations
are the {c, h, α} [92], three-quadratic surface [93], Trenta-
lange [94], Brosa [95], Cassini ovaloids [96–98], and two-
center parametrization [99, 100]. A comprehensive collec-
tion of formulas and relevant comments are given in mono-
graphs [31,101].

The use of a particular nuclear-shape parametrization
is closely connected to the problem of choosing collective
coordinates. All the possible collective coordinates can be
conditionally divided into coordinates describing a nuclear
shape and coordinates not associated with nuclear shape
degrees of freedom. The chosen parametrization should
involve at least three parameters for an adequate descrip-
tion of nuclear shape evolution in fission process and allow
introduction of the following shape coordinates: nuclear
elongation, a coordinate determining neck evolution in a
nuclear shape, and a mirror-asymmetry coordinate. Such
a minimal set of collective coordinates permits the cal-
culation of the two-dimensional mass-energy distributions
(MEDs) of fission fragments. All relevant collective coordi-
nate should be related directly with the experimental ob-
servables. The mass-asymmetry collective coordinate de-
termines the mass distribution of fission fragments. The
elongation parameter determines the relative distance of
the future fragments, and, as a result, influence on the
total kinetic energy of fission fragments, as well as the
prescission particles multiplicities and fission width. The
coordinate determining neck evolution in a nuclear shape
for given elongation influence the total kinetic energy of
fission fragments. Among the collective coordinates not as-
sociated with nuclear shape, we mention, for example, the
charge-asymmetry coordinate specifying the charge distri-
bution between formed fragments. In general, the fission
model should contain the dynamic coordinate - charge
asymmetry, as it is done, for example, in refs. [69,102–104].
However, these theoretical calculations show that charge
coordinate has quite small relaxation time, thus, it very
fast reaches the statistical equilibration, and, therefore,
this coordinate could be considered using statistical ap-
proximation. The calculations [103, 104] show that such
consideration gives quite close results to the pure dynam-
ical modeling.

A successful choice of collective coordinates could pro-
vide substantial simplification of the dynamical calcula-
tion procedure. In this context, we now discuss the in-
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troduction of collective shape coordinates using the well-
known {c, h, α} parametrization [92]. In refs. [92, 105], it
was shown that, in terms of this parametrization, it is
possible to reproduce accurately different characteristics
of nuclear saddle point configurations obtained on the ba-
sis of variational calculations [106].

This parametrization has been also used for static
calculations performed with the Strutinsky shell correc-
tion method [92], dynamic calculations of MEDs in the
diffusion model [12], and for calculating a large num-
ber of different fission characteristics in the Langevin ap-
proach [19, 20, 107–109]. The parameter c describes nu-
clear elongation (the nuclear length, in units of the initial-
sphere radius R0, is equal to 2c), the parameter h defines
neck-thickness variation for a given elongation, and the
coordinate α sets the ratio between the masses of future
fragments. The nuclear-surface equation in the {c, h, α}
parametrization is written as

ρ2
s(z) =

⎧
⎪⎪⎨

⎪⎪⎩

(
c2 − z2

) (
Asc

2 + Bz2
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c

)
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(
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) (
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c

)
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(1)
where z is the coordinate along the symmetry axis and ρs

is the radial coordinate of the nuclear surface. In eq. (1)
the quantities As and B are defined as
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c − 1

2
;

As =
⎧
⎪⎪⎨
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√
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Nuclear shapes in the {c, h, α} parametrization are en-
closed within zmin = −c and zmax = c. If the function
ρs(z) vanishes within these limits only at z = ±c, we have
continuous nuclear shapes. If there are two more roots at
the interval [zmin, zmax], such shapes are interpreted as
being discontinuous. Other cases (with an odd number of
roots within [zmin, zmax]) cannot be considered as nuclear
shapes and are frequently referred as forbidden or “non-
physical” shapes (for a more detailed discussion of such
shapes, see [110]).

It is useful to determine the neck condition for the
{c, h, α} parametrization. The coordinate z for which the
function ρs(z) reaches a minimum is defined as the neck
coordinate zN . The neck coordinate is determined from
the condition

∂ρ2
s(z)
∂z

= 0, (3)

which results in an algebraic equation. If there are three
real roots lying within [zmin, zmax], one of them (a mini-
mum) is the neck coordinate zN and other two (maxima)
are coordinates of the thickest positions of the nascent fis-
sion fragments. These maxima determine the coordinates
of formed fragments.

The following conditions should be taken into account,
when choosing the collective shape coordinates: i) Collec-
tive coordinates are functions of the nuclear-shape param-
eters. Therefore, the simpler the form of these functions,
the easier to use these coordinates. By simplicity, we also
refer to the possibility of finding analytical inverse func-
tions for the dependence of the shape parameters on the
collective coordinates. ii) The mesh for dynamic calcula-
tions should involve the largest possible variety of nuclear
shapes that can be given by the chosen parametrization
and no forbidden shapes. iii) The choice of collective co-
ordinates is closely related to boundary conditions at the
mesh edges. One boundary condition can be extracted
from the scission criteria, which determines the rupture
of the neck connecting nascent fragments. The remaining
limits for the collective coordinates should be chosen in
such a way that their values do not affect the calculated
results. It could be guaranteed by the large values of po-
tential energy at the limits of the mesh. The potential
energy should be larger than excitation energy of the fis-
sioning compound nuclei. Therefore, Langevin trajectory
will not have opportunity to reach the limits of the grid.
The substantial uncertainty to the calculated results could
be brought in this case.

Usually, collective coordinates are chosen by two meth-
ods. First, physical values describing nuclear shape are
chosen as collective coordinates, for example, the distance
between the mass centers of nascent fragments R (elonga-
tion coordinate), neck thickness rN , ratio of the difference
between the masses of formed fission fragments and the
total nuclear mass ηA (the mass-asymmetry coordinate)

ηA =
AR − AL

AR + AL
=

3
4R3

0

(∫ zmax

zN

ρ2
s(z)dz −

∫ zN

zmin

ρ2
s(z)dz

)

,

(4)
where AR and AL are the mass numbers of the formed
fragments (here and below, the subscripts R and L marks
right-hand and left-hand fragments, respectively). How-
ever, such definition of collective coordinates is not sim-
ple, as it works for the nuclear shapes, which have well
defined neck. In case of the mononuclear shapes, featur-
ing no neck, it could be difficult to introduce degrees of
freedom connected with nascent fragments. Thus, second
possibility is to use shape parameters as a collective co-
ordinates. This way is convenient from the first condition
mentioned above and frequently extremely inconvenient
according to the second and third conditions. Therefore,
in the case of the {c, h, α} parametrization we perform
transformation of the shape parameters c, h and α to the
collective coordinates q1, q2, and q3, as described below.

First of all, we discuss the problem of forbidden shapes.
It should be noted that forbidden shapes exist only for
α �= 0. In addition, for each c and h, it is possible to find
αmax such that nuclear shapes are within |α| ≤ αmax and
forbidden shapes lie in the remaining region. We note that
the ultimate values of the parameter ηA (±1) are attained
when the mass of one of the fragments is equal to zero.
This condition can be written as

(
∂ρ2

s(z)
∂z

)

z=zmin(zmax)

= 0. (5)
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Condition (5) means that the minimum (the neck) is at
one of the extreme points (zmin or zmax) of a nuclear shape.
Using eq. (5) and taking into account that the function
ρs(z) vanishes at the extreme points, we obtain, for the
{c, h, α} parametrization,

αmax =

{
(As + B) , B ≥ 0;

As, B < 0.
(6)

Thus, αmax essentially depends on c and h. This depen-
dence creates the problem of constructing a mesh with the
use of the shape parameter α as the mass-asymmetry co-
ordinate. It is impossible to construct a rectangular mesh
with respect to c, h, and α collective coordinates excluding
forbidden shapes. In order to avoid this we proposed [27]
a method of introducing the mass-asymmetry coordinate,

q3 =
α

αmax
=

{
α/ (As + B) , B ≥ 0;

α/As, B < 0.
(7)

For such a choice, the problem of forbidden shapes is com-
pletely solved: all the possible asymmetric nuclear shapes
(for given c and h) are enclosed within |q3| ≤ 1.

It is convenient to choose the collective parameter re-
sponsible for formation of the neck in a nuclear shape in
such a way that the condition of zero neck thickness is
satisfied for the same (or nearly the same) value of this
parameter. In the case of α = 0, zero neck thickness is
attained for

h = hsc =
5

2c3
+

1 − c

4
. (8)

From eq. (8), it follows that the value hsc depends strongly
on c. Therefore, we introduce the collective neck coordi-
nate as follows:

q2 =
h + 3/2

hsc + 3/2
. (9)

The coordinate q2 has the following properties: if q2 =
0, h = −3/2 which guarantees reasonably high values of
potential energy, inaccessible for Langevin trajectory; if
q2 = 1, the neck thickness is equal to zero for symmetric
shapes. For asymmetric nuclear shapes, the neck thickness
vanishes for somewhat smaller, but close to unity, values
of q2.

Thus, in our opinion, the collective coordinates q =
(q1 = c, q2, q3) are optimal for dynamical modeling at
rectangular mesh of collective coordinates in case of the
{c, h, α} parametrization. We use these coordinates with
the following limits: q1 ∈ [0.5, 4.5], q2 ∈ [0, 1] and q3 ∈
[−1, 1]. When studying the charge mode, it is convenient
to additionally introduce [102–104] a charge-asymmetry
coordinate in the form of q4 = ηZ = (ZR−ZL)/(ZR+ZL),
where ZR and ZL are the charges of the formed right-
hand and left-hand fragments. The nuclear forms (fig. 1)
are calculated by eq. (1) for a combination of collective
coordinates (q1, q2) and q3 = 0 in some cases to visualize
the influence of variables. Unrealistic spindle-like shapes
are obtained for small values of q2 and increasing this val-
ues the neck formation is visible. The curves mark the
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Fig. 1. (Color online) The nuclear shapes are calculated within
eq. (1) for several sets of variables (q1, q2) and q3 = 0. The full,
dashed and dotted lines mark the scission lines calculated for
asymmetry coordinates q3 = 0.5, 0.75 and 1.0.

scission lines for several values of mass asymmetry coor-
dinates q3 = 0.5, 0.75 and 1.0. The left top corner of the
plane (q1, q2) contains values of the deformation papame-
ters provided to the shapes, which are already separated
into two parts and the limits of creation compound shapes
depend mainly on the asymmetry parameter.

2.2 Equations of motion

In the stochastic approach [6, 28, 29, 31], evolution of the
collective coordinates is considered as motion of Brownian
particles which interact stochastically with a large num-
ber of internal degrees of freedom, constituting the sur-
rounding “heat bath”. The hydrodynamical friction force
is assumed to be derived from the random force averaged
over a time larger than the collision time scale between
collective and internal degrees of freedom. The random
part is modeled as a Gaussian white noise which causes
fluctuations of the collective variables resulting in fluctu-
ations of the physical observables in fission process. The
coupled Langevin equations describing this process have
the form:

dqi

dt
= μijpj ,

dpi

dt
= −1

2
pjpk

∂μjk

∂qi
−

(
∂F

∂qi

)

T

− γijμjkpk + θijξj(t),

(10)

where q is the vector of collective coordinates, p is the vec-
tor of conjugate momenta, F (q,K) = V (q,K) − a(q)T 2

is the Helmholtz free energy, V (q) is the potential energy,
mij(q) (‖μij‖ = ‖mij‖−1) is the tensor of inertia, and
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γij(q) is the friction tensor. The ξj(t) is a random vari-
able satisfying the relations

〈ξi〉 = 0,
〈ξi(t1)ξj(t2)〉 = 2δijδ(t1 − t2). (11)

Thus, the Markovian approximation is assumed to be
valid. The strength of the random force θij is given by
Einstein relation

∑
θikθkj = Tγij . The temperature of

the “heat bath” T has been determined by the Fermi-gas
model formula T = (Eint/a)1/2, where Eint is the inter-
nal excitation energy of the nucleus and a(q) is the level-
density parameter. It should be stressed that the driving
force in an excited system is not simply the negative gradi-
ent of the conservative potential V (q), but should contain
a thermodynamical correction. It can be derived from the
well-known thermodynamical relations [29]

Qi = −
(

∂F

∂qi

)

T

= T

(
∂S

∂qi

)

E

. (12)

Thus, the conservative driving force for the Fermi-gas
model can be expressed in the form

Qi = −∂V (q)
∂qi

+
∂a(q)
∂qi

T 2. (13)

During a random walk along the Langevin trajectory
in the space of the collective coordinates, the energy con-
servation law is used in the form E� = Eint + Ecoll +
V + Eevap(t). Here E� is the total excitation energy of
the nucleus, Ecoll = 0.5

∑
μijpipj is the kinetic energy

of the collective degrees of freedom. The value Eevap(t)
is the energy carried away by the evaporated particles by
the time t. The potential energy of the nucleus, as well as
level-density parameter could be calculated within differ-
ent models, allowing to probe in the numerical modeling
of fission process the influence of various parameters on
the calculated observables, comparable with experimental
data. As will be shown later the use of the level-density
parameter calculated with the coefficients taken from the
work of Ignatyuk and coauthors [111] and the potential
energy calculated within the framework of a macroscopic
model with finite range of the nuclear forces [112] provide
good qualitative and quantitative description of experi-
mental data in multidimensional Langevin calculations.

In fig. 1 of article [63], we present the potential energy
in the coordinates q1 and q2 at q3 = 0 for the 224Th com-
pound nucleus. The dashed line in this figure represents
the mean trajectory calculated under the assumption of a
one-body mechanism of nuclear viscosity with ks = 0.25,
and the crosses mark the saddle point and nuclear ground
state. In addition, this figure shows examples of nuclear
shapes for the given q1 and q2 values.

Quite often the applications of Langevin dynamics to
fission process imply zero spin about symmetry axis of
the fissioning compound nucleus, in other words it was
always assumed that angular momentum is not only per-
pendicular to the reaction plane, but also to the fission
direction. As first pointed out by Lestone in ref. [113],

this assumption is not consistent with statistical model
as well as with dynamical treatment of the orientation
degree of freedom [114]. Subsequently, Lestone and Mc-
Calla introduced the overdamped Langevin equation to
describe the dynamical evolution of orientation degree of
freedom (K coordinate) and stressed that a large volume
of heavy-ion induced fission data needs to be reanalyzed
with dynamical treatment of the orientation degree of
freedom [115]. Clearly, consideration of K coordinate as
an independent collective coordinate in multidimensional
Langevin dynamics is necessary for dynamical treatment
of the fission fragment angular distribution. Yet, in almost
all cases, the analysis of the latter is restricted only by the
framework of statistical transition-state model. An alter-
native dynamical description of the evolution of the orien-
tation degree of freedom on the basis of a Metropolis al-
gorithm and an algorithm of Kubo-Anderson process was
previously developed in refs. [51,116–118]. This approach
was successfully applied to describe the fission fragment
angular distribution obtained in fission of highly excited
compound nuclei.

However, the description of evolution of the K col-
lective coordinate using the Langevin equation for over-
damped motion is more consistent than the application
of Metropolis algorithm [51, 118]. The Langevin equa-
tion for K coordinate allows to model the relaxation pro-
cess of K states depending on the instantaneous physical
properties of fissioning system like temperature, moment
of inertia instead of treating the corresponding relaxation
time τK as a free parameter [51,116,118]. The overdamped
Langevin equation for the K coordinate has the form

dK = −γ2
KI2

2
∂V

∂K
+ γKI

√

dt
T

2
ξ(t), (14)

where ξ(t) has the same meaning as in (10) and γK is a pa-
rameter controlling the coupling between the orientation
degree of freedom K and the “heat bath”. As the level
density parameter a(q) does not depend on K, the con-
servative force in the Langevin equation (14) is calculated
as a derivative of the potential energy.

The Langevin equations for the shape parameters (10)
and Langevin equation for the K coordinate (14) are con-
nected through the potential energy. The Langevin dy-
namics of K coordinate is influenced by the actual value
of potential energy V (q, I,K). At the same time, the ro-
tational part of the potential energy is dependent on the
actual K value at time t, and this way it influences the
dynamical evolution of shape parameters.

The rotational part of the potential energy is deter-
mined by the expression

Erot(q, I,K) =
h̄2K2

2J‖(q)
+

h̄2[I(I + 1) − K2]
2J⊥(q)

=
h̄2I(I + 1)

2J⊥(q)
+

h̄2K2

2Jeff(q)
. (15)

The functionals J‖ and J⊥ are the rigid body moments of
inertia, about and perpendicular to, the symmetry axis.
The effective moment of inertia is J−1

eff = J−1
‖ − J−1

⊥ .
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2.3 Initial and final conditions

In the most general case, the initial values of collective
coordinates q0, momenta p0, and total compound-nucleus
momentum I can be sampled by the Neumann method
using the generating function

P (q0,p0, I, t = 0) ∼ P (q0,p0)σfus(I)P (K, t = 0). (16)

The function σfus(I) describes the initial momentum dis-
tribution of compound nuclei and is frequently approxi-
mated by the expression

σfus(I) =
2π

k2
(2I + 1)T (I), (17)

where k2 = 2μElab/h̄2, μ is the reduced mass of the
projectile-target system, and T (I) is the penetrability co-
efficient, which is defined within a model reproducing ex-
perimental fusion cross sections. When performing Lange-
vin calculations, the difference between the total nuclear
spin I = |l+st+sp| (sp and st are the spin of the projectile
and target nuclei, respectively) and the angular momen-
tum l is usually disregarded.

In our calculations, the following form of the function
T (I) was used:

T (I) =
1

1 + exp[(I − Ic)/δI]
. (18)

In the first approximation, Ic and δI values were defined
according to the scaled prescription [29], which reproduces
to a certain extent the dynamical results of the surface
friction model [119] for the fusion of two heavy ions. Fi-
nally, the quantities Ic and δI were constrained from the
experimental fusion cross section and 〈I2〉.

When studying the fission of excited compound nu-
clei, the initial values of the collective coordinates are fre-
quently chosen for use as the compound-nucleus ground
state. In this case, the initial momentum distribution is
chosen as the equilibrium value. Then,

P (q0,p0)∼exp
{

−V (q0, l)+Ecoll (q0,p0)
T

}

δ (q0−qgs) ,

(19)
where qgs are the coordinates of the nuclear ground state.
For spinless ions participating in fusion reactions and pro-
jectile energies substantially exceeding the fusion barrier,
states with different values of K(t = 0) must be populated
with nearly equal probabilities. Bearing this in mind, we
took the initial distribution P (K, 0) to be uniform over
the interval [−I; I] in just the same way as in [115, 116].
In case of subbarrier energies or compound nucleus with
nonzero spin the above-mentioned assertion about unifor-
mity is not valid, and more detail complicated analysis of
the entrance channel should be considered [120].

The choice of initial conditions in the form of eqs. (16)–
(19) means that we begin the Langevin calculations with a
completely statistically equilibrium state of a compound
nucleus with a fixed initial excitation energy. It should
be noted that such a choice of initial conditions can be

Fig. 2. (Color online) The Langevin trajectory for the fission-
ing 248Cf.

considered only as an approximation of a real compli-
cated situation. Different reaction mechanisms including
fast-fission, quasi-fission reactions are possible in case of
heavy colliding ions at high excitation energies and an-
gular momenta. These reaction mechanisms not necessary
lead to formation of statistically equilibrated compound
nucleus at ground state. Moreover, in case of light com-
pound nuclei fission near the Businaro–Gallone point it
is difficult to distinguish fission fragments from the prod-
ucts of the deep-inelastic scattering. Therefore, the most
natural choice of initial conditions can be obtained from
consideration of the nuclear reaction entrance channel.

As a final condition of the compound nucleus evolution
we consider the formation of an evaporation residue nu-
cleus and fission of compound nucleus into two fragments.
Evaporation residue is formed, as a result of light-particle
and γ-quanta emission, if the sum Eint + Ecoll(q,p) be-
comes lower than min(Bf , Bn), where Bf and Bn are the
fission barrier and the neutron binding energy, respec-
tively. We assume that the fissioning compound nucleus
disintegrates into fission fragments after crossing the scis-
sion surface by the Langevin trajectory in space of col-
lective coordinates. The scission surface is determined on
the basis of some scission criteria. At present, there is
no unambiguous approach to the choice of the scission
criterion. However, the most frequently used criterion is
imposing conditions to the equality of the neck thickness
radius to some constant value, which is determined by the
implementation of some instability criteria (see for exam-
ple refs. [92, 95, 121]). In view of the above discussion, we
consider that the fission of a nucleus into fragments occurs
for a neck radius equal to 0.3R0, since this condition is in
good agreement with the instability criterion of a nucleus
with respect to the variations of the neck thickness [92].
The equation for the scission surface can be written as

ρs(zN ) = rN , (20)

where rN is the neck radius corresponding to the prescis-
sion shapes. Example of Langevin trajectory is shown in
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fig. 2. A spherical nuclear shape is chosen as the ini-
tial deformation q1 = 1 and q2 = 0.375, and numerical
integration of the Langevin equations stops when a nu-
cleus reaches the scission configuration around q1 � 2 and
q2 � 0.98. Different fission observables were calculated by
simulating the ensemble of Langevin trajectories, which
represents the ensemble of fissioning nuclei.

2.4 Transport tensors

The so-called transport coefficients, i.e., the mass (iner-
tia) and friction parameters, are important components of
dynamical models. As numerous calculations have shown,
they generally define the character of the motion of a fis-
sile system and directly influence both the fission frag-
ment MED parameters and the fission timescale, as well as
the multiplicities of prescission and postscission particles.
Thus, calculation of the transport coefficients is extremely
important.

The inertia and friction tensors are frequently calcu-
lated within the hydrodynamic approximation for incom-
pressible irrotational flow. In this case, the mechanism
of nuclear viscosity is a two-body one. In the hydrody-
namic approximation, the Navier-Stokes equations for a
viscous medium are usually solved on the basis of the
Werner-Wheeler approximation [122,123], which makes it
possible to obtain reasonably simple expressions for the
inertia and friction tensors. When calculating the mass
tensor, it was found that the Werner-Wheeler approxi-
mation provides very high accuracy for the elongation de-
gree of freedom. For example, when describing the nuclear
shape using the Lawrence parametrization [124], mass ten-
sor components calculated from the elongation coordinate
in the Werner-Wheeler approximation coincide with the
exact solution of the corresponding hydrodynamic Neu-
mann problem [125], which was obtained by a method
based on potential theory [126]. In ref. [122], it was shown
that the difference between mass parameters determined
by solving the corresponding Neumann problem and with
the Werner-Wheeler method increased proportionally to
the multipolarity of the vibrations near a spherical shape.

For the friction tensor, the Werner-Wheeler approxi-
mation of the collective coordinate associated with elon-
gation is in good agreement with the result obtained for
the exact solution of the corresponding Neumann prob-
lem [125], as in the case of the mass tensor. At the same
time, for the coordinate related to the neck evolution,
the Werner-Wheeler approximation for the Lawrence pa-
rametrization results in a 30–40% overestimation of the
corresponding friction tensor components.

In addition to the two-body mechanism of nuclear vis-
cosity, the one-body mechanism [55, 127] is more widely
used in calculations of the friction tensor. In this mech-
anism of nuclear viscosity, the Pauli blocking principle,
which forbids nucleon scattering into occupied states, is
taken into account in calculation of dissipation strength.
The Pauli blocking principle imposes restrictions on the
mean free path of particles (it increases up to the size of
the system itself); therefore, the role of two-particle col-

lisions decreases, i.e., particles move almost freely inside
the nuclear shape and elastically hit only a moving “wall”
simulating the nuclear surface.

In refs. [55, 127, 128], two formulas were presented
for calculations of the one-body friction strength: The
first, named the “wall” formula, describes the dissipa-
tion of nuclear shapes without a neck, and the second,
called the “wall-plus-window” formula, was introduced for
strongly necked-in nuclear shapes featuring two formed
fragments. A quantum consideration of one-body dissipa-
tion showed [129] that the nuclear viscosity amounts to
only about 10% of the values calculated using the wall
formula [55, 128], although the functional dependence of
viscosity on nuclear shape is adequately reproduced by
this formula. In this context, Nix and Sierk [130] proposed
a modified variant of the one-body dissipation that led to
the surface-plus-window formula. In this case, the contri-
bution from the wall formula to the dissipation is reduced
by almost four times. The reduction coefficient ks = 0.27
was found from an analysis of the experimental width of
giant resonances. From a comparison of the calculated av-
erage values of the kinetic energy of fission fragments with
the experimental data, it was found [57] that ks is in the
range 0.2 < ks < 0.5. The friction tensor corresponding to
the surface-plus-window formula can be written in cylin-
drical coordinates as [20]

γij =
1
2
ρmv̄

{
∂R

∂qi

∂R

∂qj
Δσ +

32
9

1
Δσ

∂V1

∂qi

∂V1

∂qj
+

+ksπ

[ ∫ zN

zmin

(
∂ρ2

s

∂qi
+

∂ρ2
s

∂z

∂D1

∂qi

)(
∂ρ2

s

∂qj
+

∂ρ2
s

∂z

∂D1

∂qj

)

×
(

ρ2
s +

(
1
2

∂ρ2
s

∂z

)2
)− 1

2

dz +

+
∫ zmax

zN

(
∂ρ2

s

∂qi
+

∂ρ2
s

∂z

∂D2

∂qi

)(
∂ρ2

s

∂qj
+

∂ρ2
s

∂z

∂D2

∂qj

)

×
(

ρ2
s +

(
1
2

∂ρ2
s

∂z

)2
)− 1

2

dz

]}

, (21)

where ρm is the mass density of the nucleus, v̄ is the av-
erage nucleon speed inside the nucleus, Δσ is the area
of window between two parts of the system, D1, D2 are
the positions of mass centers of two parts of the fissioning
system relative to the center of mass of the whole system,
zmin and zmax are the left and right ends of the nuclear
shape, zN is the position of the neck plane which divides
the nucleus into two parts.

We have chosen the position of the zN at minimum
of ρ2

s(z). The case ks = 1 corresponds to the total one-
body viscosity, then eq. (21) corresponds to the “wall-
plus-window” formula. The two terms in square brack-
ets in eq. (21) correspond to the “wall” formula for the
left-hand and right-hand fragments. For compact nuclear
shapes, featuring no neck, the friction tensor is usually
calculated from the “wall” formula multiplied by the ks

coefficient, the “surface-plus-window” formula is applied
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Fig. 3. (Color online) The components of the mass tensor for the 224Th in collective coordinates (q1, q2) at q3 = 0. The unit
for the components of the mass tensor is 10−42 MeV s2.

to strongly necked-in shapes. In order to describe the dis-
sipation in an intermediate case, expressions of the type
γij = ksγ

w
ijf(RN )+γsw

ij (1−f(RN )) are usually used. The
choice of the function f(RN ) is quite arbitrary. As a rule,
it is chosen to satisfy the conditions f(0) = 0 to f(1) = 1.
However, this choice is ambiguous [8,131–133] and can af-
fect the calculated characteristics [128]. In our model we
usually choose f(RN ) = sin2(πRN/(2RL)), where RL is
the maximum value of ρs(z) for lighter fragment.

The components of the inertia and friction tensors cal-
culated on two dimensional mesh in collective coordinates
q1 and q2 (q3 = 0) under the assumption of the one-body
mechanism of nuclear viscosity are displayed in figs. 3
and 4. As can be seen from last figure, the deformation
dependence of various components of the friction tensor is
substantially different and strongly dependent on the val-
ues of collective coordinates. It should be emphasized that
it is difficult to compare these components of the inertia
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Fig. 4. (Color online) The components of the friction tensor for the 224Th calculated with the one-body dissipation mechanism
in collective coordinates (q1, q2) at q3 = 0 for ks = 1. The unit for the components of the friction tensor is 10−21 MeV s.

and friction tensors with the results of other studies. Even
in case of using the same parametrization to describe nu-
clear shape, the qualitative behavior of the components
depends on the chosen collective coordinates.

The assumptions used in derivation of the “wall” for-
mula do not apply under certain conditions as it was
shown in refs. [55, 134–136]. For example, the assump-
tion of the randomness of the particle motion inside a

nuclear shape cannot be applied to the motion of par-
ticles in integrable potentials such as spherical or ellip-
soidal sharp edged potentials. In this case, the particle
motion inside the nuclear shape is ordered. For this reason,
the dissipation predicted by the wall formula is consider-
ably overestimated. In this context, the authors of [137]
proposed a deformation-dependent reduction coefficient in
the wall formula reflecting the degree of particle motion
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randomization. However, it had already been shown in [55]
that, even in integrable potentials, it is possible to obtain
values close to those given by the wall formula if the par-
ticle motion is randomized. In refs. [25, 138], it was also
shown that collisions between particles could result in ran-
domization of the particle motion, whose degree depends
on the temperature and density of states near the Fermi
energy.

In [139], the reduction coefficient of the contribution
from the “wall” formula was defined through the measure
of chaos in the single-particle motion of nucleons inside
a nuclear shape. The measure of chaos (the randomness
of nucleon motion) depends on the nuclear shape, i.e.,
on the collective coordinates. The degree of randomness
was found to vary from zero to one during the evolution
of a nucleus from the spherical to scission configurations.
Thus, the reduction coefficient explicitly depends on de-
formation, and this dependence is calculated on the basis
of the general principles of the chaos theory [140] instead
of being introduced as an adjusting constant parameter
to reproduce experimental data. The first application of
such an approach to describing fission widths, prescission
neutron multiplicities, and cross sections for evaporation
residues appeared to be reasonably successful, although
the calculations were carried out in the one-dimensional
model [141].

The systematics of the parameters of fission fragment
kinetic energy (mean value of the kinetic energy and
its variance) were fairly well reproduced [28, 55, 128] us-
ing both the two-body and the one-body mechanisms of
nuclear viscosity. However, it was shown [28, 142] that
one-body dissipation is preferable in order to describe
the prescission neutron multiplicity data. The assumption
that the mechanism of nuclear viscosity has the nature of
one-body dissipation is physically better justified.

In the present paper we do not consider the re-
sults of calculations with two-body viscosity. Our cal-
culations [143, 144] with analysis of intermediate fissility
system 132Ce have shown that in case of two-body dis-
sipation one needs to use ν00.15 × 10−21 MeV s fm−3 to
get the best description of experimental data on fission
fragment MED parameters, fusion-fission and evaporation
residue cross sections, and prescission particles multiplic-
ities. This value is in agreement with previous findings
in ref. [145], where the value ν00.125 × 10−21 MeV s fm−3

has been found to be more suitable for the description of
experimental values of npre, as well as fusion-fission and
evaporation residue cross sections. We have to mention
here that in ref. [145] this value of ν0 is considered to give
rise to an unrealistically strong two-body viscosity (close
to infinite viscosity) and a smaller fission fragment kinetic
energy. This latter point occurs also in our study and con-
stitutes an additional reason why we continue our analysis
only with the one-body dissipation model.

The reduced friction coefficient βq2q2 = γq2q2/mq2q2

is an important characteristic of the fission process and
is frequently used during its analysis. In fig. 5, we show
the component βq2q2 calculated using the one-body mech-
anisms of nuclear viscosity. As our calculations show,
this component generally defines the timescale and char-

Fig. 5. (Color online) The component βq2q2 = γq2q2/mq2q2 at
different ks options.

acter of the motion of a fissile nucleus to scission, al-
though the coordinate q2 is not the pure elongation co-
ordinate. From this figure, it can be seen that the con-
stant values of the ks coefficient and one obtained from
the chaos theory deformation-dependent ks(q) generate a
substantially different behavior of the βq2q2 component.
In case of constant ks the βq2q2 has a decreasing behav-
ior from the local maxima for compact shapes around the
ground state to the scission direction. The deformation-
dependent ks(q) on the contrary generate the local min-
ima for the ground state region and demonstrate increase
to the scission direction. The similar qualitative behav-
ior was proposed in ref. [146] in order to reproduce a large
amount of fission observables in one-dimensional Langevin
calculations.

An important aspect of studying fusion-fission reac-
tions in terms of the stochastic approach is consideration
of the temperature dependence of kinetic coefficients [147].
The different theoretical approaches used to calculate ki-
netic coefficients apply various approximations and pa-
rameters, which, however, are determined with insufficient
accuracy. For this reason, the obtained temperature de-
pendencies of the friction tensor differ dramatically. For
example, when the wall formula is derived with the ap-
proximations used in [55], it predicts a friction coefficient
that is almost temperature independent. The expression
for the wall formula also can be derived within linear-
response theory [25, 134, 138], but, in this case, the tem-
perature dependence of the friction coefficient is such that
the friction increases with temperature proportionally to
T 2. In turn, the two-body viscosity decreases with temper-
ature in accordance with 1/T 2 [148]. Experimental stud-
ies of the temperature dependence of the friction was per-
formed in refs. [149–151] and it was found that the friction
coefficient increases with temperature. A different result
was found for the 220Th system by Rubchenya et al. [152],
on the basis of pre-scission neutron multiplicities: the ef-
fective average value of nuclear viscosity decreases with
increasing excitation energy, similar to the temperature
dependence of the two-body friction. A systematic study
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was also carried out by Bhattacharya et al. [153]: the val-
ues of viscosity coefficient used to reproduce the observed
neutron multiplicities should increase with the mass and
the excitation energy per nucleon of the composite system.

Different studies both from statistical and dynamical
models, provide a contradictory picture of the values of β,
which range over an order of magnitude, and rather con-
troversial conclusions on the nature of nuclear dissipation
and its dependence on the shape and temperature. There-
fore, nuclear studies should analyze more observables in
order to impose severe constraints on the model parame-
ters, which can help better understand the physics of the
fission process.

The transport coefficients can also be calculated within
microscopic approaches [25, 135, 138, 154, 155]. This can
help to remove many of the approximations that are in-
evitably applied in calculations of the transport coeffi-
cients within macroscopic models. Nevertheless, perform-
ing these calculations within microscopic approaches is
complicated. In addition, the transport coefficients ob-
tained in these calculations and their temperature and de-
formation dependencies hinge on the method used, the set
of constants, etc., and tend to differ considerably. There-
fore, the transport coefficients most frequently used in
dynamic simulation of reactions involving heavy ions are
calculated within macroscopic models. Moreover, recently
in ref. [156] it was shown that under certain conditions
the predictions of Langevin calculations performed with
the transport coefficient obtained from microscopic ap-
proach and from macroscopic considerations are almost
the same.

The friction component for the K coordinate could
be determined based on the works of Døssing and Ran-
drup [157, 158]. Later on Lestone and McCalla [114, 115]
have shown that in the case of a dinucleus γK can be ex-
pressed as

γK =
1

RNRcm

√
2π3n0

√
J‖|Jeff |JR

J3
⊥

, (22)

where RN is the neck radius, Rcm is the distance be-
tween the centers of mass of the nascent fragments,
n0 is the bulk flux in standard nuclear matter (0.0263
MeV zs fm−4) [158], and JR = M0R

2
cm/4 for a reflection-

symmetric shape. In a limiting case γK → 0 and with
an initial K value equal to zero, the present 4D Langevin
model is reduced to 3D model [19,20,27].

The deformation dependence of the dissipation coef-
ficient γK given by (22) should be used with caution, as
stated in [115], because eq. (22) was obtained by assuming
the nuclear shapes featuring a well-defined neck.

The eq. (22) predicts the values of γK quite low, in
average around 0.0077 (MeV zs)−1/2, which is 10 times
less than the constant γK = 0.077 (MeV zs)−1/2 value
found from the fit of experimental data. Moreover, our
recent results [63] demonstrate that constant γK �
0.077 (MeV zs)−1/2 is suitable for heavy nuclei and a larger
value of γK � 0.2 (MeV zs)−1/2 is needed for the nuclei
with mass ACN � 200. This inconsistency of the model

from the theoretical point of view and inability of the
constant γK coefficient to reproduce anisotropy of the fis-
sion fragment angular distribution for fissioning nuclei in
a wide mass range motivated us to investigate the pos-
sible deformation dependence of the γK coefficient. The
outcome of this investigation is presented in ref. [159].

Using such a different value of γK for deformations be-
fore the saddle and deformations along the saddle-scission
descent the dynamics of the K coordinate tends to the pre-
dictions of the transition-state model at the saddle point.
As the large values of γK at the region of compact shapes
assume quick equilibration of the K coordinate to the mo-
ment when saddle point shapes will be reached by the
fissioning system.

2.5 Statistical description of the compound nucleus
decay

When performing dynamic calculations, the statistical
model is usually used for description of the light-particle
emission, which accompanies fission and competes with
it. A combination of the dynamical and statistical mod-
els makes it possible to describe theoretically the nu-
clear decay process, where fission fragments or evapora-
tion residues formed. Such a combination was used for the
first time in [13, 14], where the standard Fokker-Planck
equation was supplemented with a term describing the
continuous-mode emission of light particles. In spite of the
fact that, in this study, the authors restricted the analy-
sis to only one collective coordinate and continuous-mode
particle emission, they succeeded in reproducing the prin-
cipal effects produced by the influence of particle emission
on the nuclear fission dynamics. Later, discrete particle
emission scheme was used in dynamical calculations [160].
Both the continuous [28] and the discrete [19,20,29] meth-
ods of taking into account particle emission are now widely
used.

Within the statistical model, the probability of emis-
sion of a certain particle is specified by the nuclear de-
cay width in the corresponding channel. The decay widths
are expressed according to the density of nuclear excited
states, which, in turn, depends on the excitation energy,
angular momentum, compound nucleus deformation, and
its nucleonic composition.

As a rule, the expression for the nuclear level density is
chosen within the Fermi-gas model and has the following
form [161]:

ρ(Eint, I) =
(2I + 1)a(q)

12

(
h̄2

2J⊥

)3/2
exp (2

√
aEint)

E2
int

×KvibKrot. (23)

Here, A is the mass number, T is the temperature, Eint

is the excitation energy, and I is the spin. The values of
Kvib and Krot (the collective and rotational enhancements
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of the level density) are given by the expressions [162]

Kvib = exp(0.0555A2/3T 4/3),

Krot =

{
1, for spherical shape,

J⊥T, for deformed shape.
(24)

The importance of including collective enhancements
when calculating the level density, as well as their damp-
ing with the increase of the temperature, was noted, for
example, in [162–164]. Nevertheless, collective enhance-
ments were seldom taken into account in the Langevin
models. In ref. [165], it was shown that the inclusion of
collective corrections produces a substantial effect on the
calculated observables such as the mean prescission neu-
tron multiplicity and the fission probability. Therefore, it
is necessary to pay special emphasis on the accuracy of the
level-density calculation when performing such an analy-
sis, as these characteristics are frequently used to obtain
information about, for example, nuclear viscosity.

It is well known that, for small nuclear deformations, it
is possible to introduce only a vibrational enhancement of
the level density, while rotational mode is small due to the
symmetry effects. In contrast, for strongly deformed nu-
clei, it is possible to take into account only a rotational en-
hancement of the level density, while the vibrational term
proves to be 10–100 times lower and is usually disregarded.
However, for the intermediate region of deformations, it
still remains unclear how to pass from vibrational to ro-
tational enhancements as the deformation increases [162].
In this context, an estimation was made in [162] showed
that, for quadrupole deformations with β2 < 0.15, it is
possible to consider a nucleus to be reasonably close to a
spherical deformation and that, correspondingly, there is
only vibrational enhancement of the level density in this
deformation region. The rotational term sharply increases
to the values given by eq. (24) and becomes predominant
for the more deformed shapes.

The partial widths of nuclear decay with the emission
of a particle j (j = n,p,d, t, 3He, and α particles) can be
expressed [161] through the single-particle level density
ρj of a residual nucleus and the cross section σ

(j)
inv for the

absorption of this particle by the residual nucleus:

Γj =
gjmj

(πh̄)2
1

ρ0(E
(0)
int )

∫ E
(j)
int−Bj

Vj

σ
(j)
inv(E)ρj

×
(
E

(j)
int − Bj − E

)
EdE, (25)

where gj , mj , Vj , Bj are the spin factor, the mass, the
Coulomb barrier, and the binding energy of the j-particle,
respectively, and E

(0)
int , E

(j)
int are the internal excitation en-

ergy of the initial and residual nuclei.
The radiation widths of γ-quanta emission are calcu-

lated from the equation

Γγ =
1

(πh̄c)2
1

ρ0(E
(0)
int )

∫ E
(0)
int

0

σγ(E)ργ

(
E

(0)
int − E

)
E2dE,

(26)

where σγ(E) is the inverse cross section for absorption of
the j-particle or γ-quanta with kinetic energy E by the
residual nucleus. However, it should be noted that, for a
correct description of the particle emission when numer-
ically simulating fission within the Langevin models, it
is necessary to take into account the deformation depen-
dence of statistical-model parameters such as the emission
barriers, binding energies of particles, and cross sections
for inverse processes [21, 22,166]. This necessity is caused
by the fact that a compound nucleus goes through ground
state to strongly necked in shapes, substantially different
from spherical.

The statistical model can be used in dynamic calcula-
tions related to description of not only light-particle emis-
sion but also nuclear fission. With a decrease in the fissil-
ity parameter and/or the excitation energy of a compound
nucleus, the mean fission time very quickly increases and
the fissility decreases. Therefore, due to the long calcula-
tion time needed, the use of a purely dynamic approach
becomes impossible for fissile systems with low fissility.
We instead switch to the statistical branch, where not
only light-particle evaporation but also fission width is
calculated. This approach was proposed for the first time
in [160]. Such an approach can be used if the following
conditions are met: i) a system is in the ground-state re-
gion before the ridge, ii) the time of calculations exceeds
a certain time t > tstat, and iii) the ratio between the
nuclear temperature and a fission barrier is T/Bf < 0.2.
The parameter tstat is selected so that it is certain to sat-
isfy the condition that the particle flux through the fission
barrier attains its quasisteady value.

Within the statistical branch of calculations, the fis-
sion width can be found in the multidimensional case [9].
Because, as was mentioned above, a nucleus is a thermo-
dynamic system, the quasistationary fission width should
be calculated using thermodynamic potentials. Below, we
give an expression for the quasistationary value of the fis-
sion width in the case of the Helmholtz free-energy poten-
tial

Γf =ωK

(
det Ω2

ij(qgs)
det |Ω2

ij(qsd)|

) 1
2

exp (− (F (qsd)−F (qgs)) /T ) .

(27)
Here

Ω2
ij(qgs) = μik(qgs)

(
∂2F (q)
∂qk∂qj

)

q=qgs

, (28)

Ω2
ij(qsd) = μik(qsd)

(
∂2F (q)
∂qk∂qj

)

q=qsd

(29)

and ωK is the Kramers frequency, which is a unique pos-
itive root of the equation

det

(

E

(
2πωK

h̄

)2

+
2πωK

h̄
μik(qsd)γkj(qsd) + Ω2

ij(qsd)

)

= 0. (30)
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Here, E is the unit matrix, and the coordinates qsd and qgs

determine the saddle-point and ground-state positions, re-
spectively. In the statistical branch of the model, the prob-
ability of the fissioning system deexcitation by the emis-
sion of particles or fission is calculated using the Monte
Carlo method, with the decay probabilities proportional
to the partial decay widths Γj and Γf . If the system has
to go to fission, we switch back from the statistical branch
to the dynamic simulation, but, in this case, the calcula-
tion proceeds from the ridge surface and the return of a
nucleus to the ground-state region is blocked.

It is necessary to note that the choice of the Helmholtz
free-energy potential F (q) for calculating the quasista-
tionary fission width is ambiguous, because entropy could
be used instead of F (q) and eq. (27) could have a differ-
ent form. Further discussion of this question and results of
dynamic calculations using the entropy can be found, for
example, in [29]. However, in our opinion, the use of the
entropy for calculating the fission width is not the best so-
lution, since only the behavior of the potential energy near
the ground state and at the saddle point is taken into ac-
count in eq. (27) and not the potential-energy landscape.
In this sense, a more consistent method of fission-width
calculation is based on the concept of a mean first pas-
sage time [167,168] or the alternative concept of mean last
passage time [169]. Such a method has been successfully
applied for a long time in other fields of physics [170].
Nevertheless, until now, it has been developed only for
the non general case of system motion in an overdamped
mode. Therefore, the development and improvement of
this method is currently one of the important problems to
be solved in fission physics.

3 Mass, charge and TKE distributions

3.1 Two-dimensional MEDs of fission fragments

The mass, charge and total kinetic energy (TKE) distri-
butions of the fission fragments, prescission and post scis-
sion particle multiplicities together with the evaporation
residues (ER) and fusion-fission (FF) cross sections has
been widely investigated in the theoretical and experimen-
tal studies.

Mass-energy distributions (MEDs) of fission fragments
are usually used as a source of information about fis-
sion dynamics. They were fully investigated for the first
time by Nix and Swiatecki in their zero-viscosity dynamic
model [93, 171]. Within the framework of this model, the
authors succeeded in describing MED parameters for fis-
sion fragments of light fissile nuclei with fissility Z2/A ≤
31. The zero-viscosity model [93, 171] predicts the values
of the variances of mass and energy distributions lower
than experimental data for heavier fissioning nuclei.

Considerable success was attained in relation to de-
scription of the MED characteristics of fission fragments
and understanding of the role of nuclear dissipation within
the diffusion model based on the multidimensional Fokker-
Planck equation for the distribution function of collective
variables [11, 12, 172]. The important achievement of the

Fig. 6. (Color online) Fission fragment mass-energy distribu-
tion for the reaction 16O(128 MeV) + 232Th → 248Cf (E∗ =
83 MeV).

diffusion model is the possibility to explain the strong
increase in the variances of mass and energy distributions
that is observed experimentally with increase of the Z2/A
parameter. However, the model still has a number of defi-
ciencies. Its main drawback consists in the fact that it uses
approximate methods for solving the Fokker-Planck equa-
tion. In ref. [173], the variances of energy distributions cal-
culated from the diffusion and two-dimensional Langevin
models were compared. As a result, the uncertainty, which
is due to the approximate nature of the methods used for
solving the Fokker-Planck equation, was estimated as be-
ing equal to about 30%. Another important characteristic
of the fission process, which was not taken into account, is
the emission of prescission light particles. The evaporation
of prescission particles not only changes the A and Z of
the compound nucleus, but also significantly decreases the
excitation energy of the fissioning nucleus. In turn, this
strongly affects the evolution of the collective degrees of
freedom, and finally influences the calculated observables.

The stochastic approach based on the set of 4D
Langevin equations enables to study the process of for-
mation of the fission fragment MEDs in detail, presenting
at every time step the exact value for each physical quan-
tity. The method used for the calculation of the observed
characteristics applies the concept of a rupture surface. It
is assumed that the distribution of the collective variables
and their conjugate momenta are formed during the whole
evolution of the fissioning system from a ground state to
a certain scission configuration at which an instantaneous
rupture of the nuclear neck takes place without any change
in elongation. The further evolution of the collective vari-
ables produces only a minor effect on the formed mass
and kinetic energy distributions of the reaction products.
In the present calculation it was considered that the to-
tal kinetic energy EK of fission fragments is the sum of
the Coulomb repulsion energy VC , the nuclear attraction
energy Vn of the fission fragments, the rotational energy
Vrot, and the kinetic energy of their relative motion (the
prescission kinetic energy Eps).
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All the terms in this sum (EK = VC +Vn +Eps +Vrot)
were calculated at the scission surface. The calculated for-
mulas for the VC and Vn in the FRLDM could be found
in ref. [174], while exact relations for Vrot are discussed,
for example, in [49]. The calculated fission fragment MED
for the 248Cf compound nucleus is shown in fig. 6. It can
be seen that the shape of the fission fragment MED qual-
itatively corresponds to the experimentally observed re-
sults. Usually the quantitative comparison between the
calculated results and experimental data are performed
in terms of the parameters of one-dimensional mass (or
charge) and kinetic energy distributions of fission frag-
ments.

3.2 Mass distribution of fission fragments

One-dimensional mass and kinetic energy distributions
can be obtained by integration of the two-dimensional
MED over the corresponding parameter. In case of heavy
fission nuclei at high excitation energy the mass and en-
ergy distributions are characterized by single-peak curves
which are usually approximated by Gaussian curves with
average values and variances, which are the principal char-
acteristics of these distributions. In case of light fission-
ing nuclei which are below the Businaro-Gallone (BG)
point the mass distribution is characterized by the U-
like shape of the mass distribution. The Bussinaro-Gallone
point [175] indicates the transition between the mass dis-
tributions for nuclei which prefarably fission in mass sym-
metric fragments (“W” shape) and those which nascent
fragments differ in mass (“U” shape). The BG point de-
pends on the fissility of the compound nucleus but in sec-
ond order also on its spin and excitation energy. The dis-
cussion of the details are presented in [176].

The lowering of excitation energy will result in man-
ifestation of shell effects in the potential energy surface,
which finally could be seen in structured mass distribution
of fission fragments.

A very important parameter which influence the shape
of the mass/charge distribution is the viscosity reduction
factor ks appeared in eq. (21). Its influence on the fric-
tion tensor is shown in fig. 5. In the present 4D Langevin
code there is possibility to use one-body or two-body dis-
sipation models with constant reduction coefficient ks and
also the chaos weighted viscosity parameters described in
details in [61]. The dissimilarity between two treatments
of the dissipation reduction parameters for the compound
nucleus 250Cf at E� = 45MeV is shown in fig. 7. The sad-
dle point for heavy nuclei 250Cf is for rather small elon-
gation and the path from saddle to scission is quite long,
thus for ks = 0.5 the FF charge distribution is almost
identical for the chaos-weighted (ks(q1)) reduction factor.
This is a consequence of the mass tensor behavior pre-
sented in fig. 5 where curves for βq2q2 (ks = 0.5) cover
with βq2q2 (ks(q1)) for elongation q1 ≥ 1.6 when for full
viscosity there is substantial difference. Similar behavior
is observed in other mass regions.

As is shown by the performed calculations, the vari-
ances of the mass and energy distributions are sensitive
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Fig. 7. (Color online) Fission Fragment charge distribution for
binary decay of 250Cf at E� = 45MeV produced in reaction
238U(6.1 AMeV) + 12C: experimental data [177] (full squares)
are compared to calculations obtained with the “wall-and-
window” (ks = 1) (full red line), reduced “wall-and-window”
(ks = 0.5) (dotted pink line) and the chaos-weighted (ks(q1))
(dashed green line) friction.

Fig. 8. Variance of the fission fragment mass distribution for
different fissioning heavy nuclei at different ks values. The re-
sults for the following reactions are presented: 93Nb + 12C →
105Ag (Elab = 1060MeV); 18O + 144Sm → 162Yb (Elab =
158.8 MeV); 18O + 154Sm → 172Yb (Elab = 158.8 MeV);
18O+197Au → 215Fr (Elab = 158.4 MeV); 16O+208Pb → 224Th
(Elab = 108 MeV); 16O + 232Th → 248Cf (Elab = 128 MeV);
18O + 238U → 256Fm (Elab = 159 MeV); 20Ne240Pu → 260Rf
(Elab = 174 MeV); 18O + 246Cm → 264Rf (Elab = 102.5 MeV).

to the viscosity used in the theoretical calculations, de-
tails of PES calculations, parameters taken for descrip-
tion of particles emission and the character of the descent
of trajectories from the saddle to the scission surface. In
fig. 8, we show the variance of the mass distribution as
a function of the parameter Z2/A. Following this figure, it
is possible to reproduce the sharp increase observed in the
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experimental values in the heavy-nuclei range within the
stochastic approach and using the modified variant of the
one-body viscosity. The explanation for the increase of the
fission fragment mass distribution widths as ks decreases
is as follows: on the one hand, the rigidity of the potential
energy with respect to the mass-asymmetry coordinate
during the descent from the saddle to the scission steadily
increases; correspondingly, the mass distribution also nar-
rows. On the other hand, the system keeps a “memory”
of the former wider mass distribution because the descent
process takes a finite time, which is lower than the relax-
ation time of the mass mode. Thus, the faster the descent,
the larger the “stored” variance. The rate of descent gen-
erally depends on the viscosity, whose value depends on
the coefficient ks. A detailed discussion of this mechanism
of formation of the mass distribution can be found in [11].

The results of the dynamical calculations based on
the 4D Langevin model demonstrate the advantage of
such approach, because the 4D dynamical model allows
consistent calculations of fission fragments MED, angular
distribution of fission fragments, and prescission particle
multiplicities. The calculations performed in refs. [61, 63]
have shown that the 4D model could describe the fis-
sion fragment MED parameters and prescission particles
multiplicities for heavy nuclei using almost the same dis-
sipation strength, which is not possible within the 3D
calculations [27]. We performed calculations for several
heavy fissioning systems, where the 3D Langevin calcula-
tions [19,20] fail to reproduce simultaneously the prescis-
sion neutron multiplicities and the width of fission frag-
ments mass and kinetic energy distributions. Reproduc-
tion of MED parameters in the 3D calculations required
small values of ks � 0.1, whereas ks ≥ 1 values are needed
to reproduce prescission neutron multiplicities [19]. In the
4D calculations the consistent description of MED param-
eters and the 〈npre〉 could be obtained with much closer
ks values. In fig. 9 we present the prescission neutron mul-
tiplicity of the fissioning compound nuclei obtained in 4D
Langevin calculations, for the same nuclei as in fig. 8. As
x-axis we choose initial temperature multiplied by squared
isospin in order to present the npre values in a more sys-
tematized way, as the npre increases with the increase of
initial temperature and isospin of the fissioning compound
nucleus.

We obtain around 10% increase of 〈npre〉 and at the
same time around 80% increase of σ2

M in comparison
with 3D, as a result of the dynamical calculations with
non-zero K values, which increase fission barrier heights,
and decrease the stiffness of the nucleus with respect to
mass-asymmetry deformations. Thus, for very heavy nu-
clei Z2/A > 38 the experimental 〈npre〉 values could be
reproduced with ks around 1.0, or with deformation de-
pendent ks(q1). At the same time these large ks values
also allow to have a wide mass distribution. For lighter
nuclei 35 < Z2/A < 38 the experimental 〈npre〉 values
could already be reproduced with ks(q1). Such ks values
allow to obtain the variance of mass distribution σ2

M in the
calculations, which is close to the experimental one (the
difference between experimental and calculated σ2

M val-
ues does not exceed 30%). Considering the deformation-

Fig. 9. Prescission neutron multiplicity for different fissioning
heavy nuclei at different ks values as a function of initial tem-
perature T multiplied by squared isospin (I = (N − Z)/A).
The reactions are the same as in fig. 8.

dependent ks(q1) obtained from the chaos-weighted wall
formula one can see that these calculations predict larger
〈npre〉 values compared to that with ks = 0.25. This is due
to the enhanced emission during the descend from saddle
to scission point, where ks(q1) > 0.25.

For the lighter systems the mean prescission neutron
multiplicity could be reproduced with lower ks values.
The calculations with ks = 0.25 are already very close
to the experimental data. At the same time the calcu-
lated σ2

M values exceed the experimental data by about
20%, and the best reproduction of σ2

M could be obtained
with ks = 1. Thus, the calculations with ks(q1) provide a
reasonable balance ensuring satisfactory reproduction of
both σ2

M and 〈npre〉 experimental values with a reasonable
quality. A detailed investigation of this effect from static
and dynamical point of view is presented in refs. [61, 63].
More subtle tuning of the parameters of the statistical
model [144] that governs the particle evaporation, for ex-
ample, the level-density parameter a, could also provide a
better reproduction of prescission particle multiplicities.

Powerful microscopic calculations of fission dynamics
became possible during the last decade [178, 179]. Never-
theless, a fully microscopic model is still challenging to
implement. Huge computational resources are required,
and existing models do not reach the potential of sys-
tematic and widespread comparison with experiment yet.
Even current large-scale shell-model studies are not able
to provide a fully-microscopic and global description of
nuclear structure in heavy/deformed nuclei, due to the
dimension of the Hamiltonian matrix. Also, the exten-
sion and application of microscopic models becomes dif-
ficult with increasing excitation energy. On the contrary,
classical approaches based on the macroscopic diffusion
equation can readily be implemented, and provide a large
variety of observables for comparison with experiment. In
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this context, the combination of macroscopic and micro-
scopic methods developed by Strutinsky [92] showed to
be both pertinent and powerful; it attracted much at-
tention during the last decades, being rapidly growing
field of research, as it allows to avoid computer-consuming
fully microscopic calculations. At the same time, calcula-
tions within the shell correction method are rather sim-
ple, in contrast to pure microscopic calculations. Recent
elaborate dynamical investigations demonstrated that the
macroscopic-microscopic method provides the possibility
to consider a large variety of nuclear shapes and predict
many experimental observables [73,180,181].

The fission fragment mass distribution has been cal-
culated at low excitation energies in the framework of
Langevin dynamics. In refs. [21, 22], the results of two-
dimensional Langevin calculations of the mass distribu-
tion were presented for the 227Pa compound nucleus at
low excitation energies. Moreover, the shell corrections
were taken into account when calculating the potential en-
ergy, level-density parameter, and the deformation depen-
dence of the penetrability coefficient in determining the
particle-emission widths. In these studies, multimodal fis-
sion was obtained in theoretical calculations. In addition,
the mass-distribution shape appeared to be very sensitive
to the nuclear viscosity (to the value of the coefficient
ks). Therefore, the authors of [21, 22] concluded that the
mass-distribution parameters are more sensitive to viscos-
ity at low excitation energies than to prescission particle
multiplicity. In addition, the authors of [21, 22] stressed
the importance of taking into account the temperature
dependence of the nuclear viscosity.

3.3 Energy distribution of fission fragments

The total kinetic energy-distribution parameters have
been investigated for various nuclei in a large number of
experimental [182–184] and theoretical [107,173,185,186]
studies. From an analysis of the available experimental
data, it was found that 〈EK〉 is virtually independent of
both angular momentum and an excitation energy [182].
In addition, it was shown in [182, 183] that 〈EK〉 is not
a linear function of the parameter Z2/A1/3, as follows
from the Viola systematics [187], and has a break at
Z2/A1/3 � 900. It was proven that 〈EK〉 could be approx-
imated by the two different linear functions. The fracture
is observed if only the results on strongly heated nuclei are
selected from the experimental data and low-energy and
spontaneous fission strongly influenced by shell effects, as
well as quasi-fission reactions, are excluded. The system-
atics proposed in [182,183] has the form

〈EK〉 =

{
0.104Z2/A1/3 + 24.3MeV (Z2/A1/3 > 900);

0.131Z2/A1/3 MeV (Z2/A1/3 ≤ 900).
(31)

According to the Viola systematics [187], 〈EK〉 is given
by the expression

〈EK〉 = 0.1189Z2/A1/3 + 7.3MeV. (32)

Fig. 10. (Color online) The fission fragment mean kinetic en-
ergy 〈EK〉 as a function of Z2/A1/3. The closed squares are
the results of the 4D calculation obtained with ks = 0.25
and γK = 0.077 (MeV zs)−1/2. The solid red line is the Viola
systematics [187]. The black dashed curve is the systematics
from [182,183]. The reactions are the same as in fig. 8.

The mean kinetic energy of fission fragments obtained
in 4D Langevin calculations with the one-body viscosity as
a function of the fissility parameter Z2/A is presented in
fig. 10. From fig. 10, it can be seen that the calculated val-
ues of 〈EK〉 agree well with the experimental data and lie
closer to the Viola systematics. It is necessary to empha-
size that the calculated 〈EK〉 values [20,188] decrease with
the reduction coefficient ks, as the mean scission deforma-
tion of the fissioning compound nuclei increases a little bit
with decrease of the ks. A similar result was obtained in
two-dimensional calculations [56] with a neck radius equal
to zero taken as the rupture condition. In [56], the best
description of the experimental data was attained with ks

approximately equal to 0.3. The values obtained in 3D and
4D calculations of 〈EK〉 do not appear to be as sensitive
to ks; therefore, it is difficult to make conclusions about
the value of viscosity based on them. The fact that 〈EK〉
actually ceases to depend on ks is associated with the
inclusion of the evolution of a nucleus in the mass asym-
metry coordinate of the three-dimensional calculations, in
contrast to that of the two-dimensional calculations [56].
Indeed, in paper [28] the influence of the mass-asymmetry
coordinate on the 〈EK〉 is quantitatively demonstrated.

The results [189] of dynamical calculations of 〈EK〉
show that the mean distance between the centers of mass
of nascent fragments at the scission configuration in-
creases linearly with the parameter Z2/A1/3. This dis-
tance changes approximately from 2.35 R0 for 119Xe to 2.6
R0 for 256Fm. In spite of this increase in mean distance
between future fragments at scission, the linear depen-
dence of 〈EK〉 on the parameter Z2/A1/3 remains approx-
imately valid over a wide range of the Coulomb parameter
Z2/A1/3.

Calculated values of σ2
EK

for different ks are shown
in fig. 11. It can be seen that the calculations in the 4D
Langevin dynamics with ks � 0.25 or ks(q1) make it possi-
ble to reproduce qualitatively the increase of the variances
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Fig. 11. Variance of the fission fragment kinetic energy dis-
tribution for different fissioning heavy nuclei at different ks

values. The reactions are the same as in fig. 8.

σ2
EK

with Z2/A, as it is obtained in experimental studies.
The inclusion of the mass-asymmetry collective coordinate
results in an increase of the calculated σ2

EK
values in com-

parison with the calculations performed in 2D Langevin
models [185] for symmetric fission. However, the 4D cal-
culations fails to reproduce quantitatively the slope of the
increase of experimental data, especially for very heavy
fissioning nuclei.

The present 4D calculations as well as previous cal-
culations in 3D model [19,20] substantially underestimate
the experimental σ2

EK
values. As we discussed [27,61,121],

the main reason of this underestimation is the insuffi-
cient flexibility of the (c, h, α)-parametrization, which can-
not generate the elongated shapes with a thick and long
cylindrical neck. The inclusion of the K coordinate can
only a little improve theoretical description of σ2

EK
in

4D calculations in comparison with 3D one. As exam-
ples of the nuclear shape parameterizations, which can
improve the description of the σ2

EK
in multidimensional

Langevin calculations, we can mention the ones used in
refs. [73, 95, 190, 191]. The consideration of post-scission
dynamic can also influence on the parameters of kinetic
energy distribution.

3.4 MED dependent on the PES choice

The estimation of the shape evolution of the hot, rotat-
ing nucleus in its path to fission allows accurate studies
of the potential energy approaches as the fission fragment
mass/charge distribution are very sensitive on the choice
of the potential energy (PES) model used in calculation.
The final MED is governed by the energy space in which
the nucleus is moving. Each macroscopic model has the pa-
rameters fitted to known observables. Part of them are fit-
ted to the ground state energies, means measured nuclear
masses, others are adjusted also to the experimentally ex-
tracted fission barrier heights. The statistical codes take

into account usually this two observables thus the choice
of the potential energy landscape model is not so crucial.
The dynamical approaches are the best choice to verify
the ability of the phenomenological models to describe the
reaction phenomena such as fission or evaporation.

The move of the nucleus through the PES space as it
was described in sect. 2, allows to trace step by step the
fine details of the energy space generated by various mod-
els. As the Monte Carlo method is applied to randomize
trajectories, not only ground-state and saddle points plays
a role but also all saddles and scission points are studied.
As it was already mentioned the choice of the collective
coordinates is crucial to correctly describe the reality. This
is not only the problem of computing time but also com-
patibility between the nuclear shape parametrization and
the energy model. The stiffness of the landscapes obtained
with two various energy formulas in this same deforma-
tion plane could differ dramatically and this is visible in
the MED shape.

The influence of the potential energy surface on the fis-
sion dynamics has been investigated in few articles, see for
example refs. [62, 192] and references therein. The poten-
tial energy surface determines the fission barrier height,
and, as a result, the fission rate. The sensitivity of the
potential energy on the collective coordinates like neck
and mass-asymmetry of compound nucleus is reflected in
the mass and energy distributions of fission fragments. In
the present study the two widely used models for poten-
tial energy are investigated. There are finite range liquid
drop model (FRLDM) [44,112] with a recent modifications
(FRLDM+W) [73,81] and Lublin-Strasbourg drop (LSD)
approach [193] with congruence energy (LSD+C.) [194].

The FRLDM takes into account the diffusive density
profile of nuclear surface and includes the deformation-
dependent nuclear, rotational and Coulomb parts [112,
195]. The inclusion of the deformation dependent Wigner
plus A0 macroscopic energies in the FRLDM [73] allows
to decrease substantially the large discontinuities that ap-
pears in the potential energy at the transition point be-
tween single and separated systems [81]. The parameters
of FRLDM with deformation-dependent Wigner plus A0

terms obtained in ref. [81] have been found from the fit of
1989 nuclear masses and 31 fission barriers for the nuclei
with 16.5 < Z2/A < 38.1.

The LSD model is one of the newest versions of
the drop formula which takes into account the deforma-
tion dependence of the surface, curvature, rotational and
Coulomb parts. The parameters of this approach have
been fitted to 2766 nuclear masses with the rms devi-
ation of the binding energies 〈δB〉 = 0.698MeV and
it reproduced the fission barrier heights with the rms
deviation 〈δVB〉 = 3.56MeV [193] for the nuclei with
15 < Z2/A < 38.

The existing expressions for the shape-dependent
Wigner plus A0 terms in FRLDM and the congruence en-
ergy in LSD model, are widely used in calculations of static
properties of nuclei [81, 190, 193] and dynamical model-
ing [73, 80, 192]. They are the subject of the [62] where
apart of a study the sensitivity of MED parameters on
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Fig. 12. (Color online) Calculated fission fragment charge
distribution for the reaction 84Kr + 27Al → 111In at
5.9 MeV/nucleon (a) and 10.6 MeV/nucleon (b) bombarding
energy, as obtained for various PES variants: FRLDM without
(blue dotted) and with (red dashed) deformation-dependent
Wigner term, LSD without (pink full) and with (green dash-
dotted) deformation-dependent congruence term.

the choice of the PES model, also multiplicities of prescis-
sion light particles, obtained from dynamical calculations
with various macroscopic approaches, are discussed.

The phenomenological potential for the rotating nu-
cleus contains also the rotational part. The rigid body
model has been applied to calculate the rotational energy
with eq. (15). With increasing the angular momentum,
the fission barrier lowers, thus the fission is more proba-
ble. The K coordinate behaves in the opposite way as it
was shown in figs. 1 and 2 of [61]. The lowest barrier is
for K = 0 and it increases with K value. The rotational
energy depends on the nuclear deformation by moments
of inertia. The influence of the rotation on PES is well
visible in medium mass nuclei, which can sustain up to
very high spins (even around 100 h̄). The heavier nuclei
undergo fission more easily so the effect of rotation is less
pronounced.

The main goal of the PES investigation was a verifica-
tion of the newest models and its ingredients by applying

the full Langevin calculation on top of it for various com-
pound nucleus mass regions and excitation energies. The
crucial point was discovering the nuclear mass range and
also physical observables sensitive on changing the PES
model.

Below there are series of figures obtained for various
compound nuclei. The differences between PES models
have been shown for few cases in [62,192,196]. The influ-
ence of the PES on the mean multiplicities of the emit-
ted particles was investigated in [62, 197] for reactions
84Kr + 27Al at beam energy 5.9 and 10.6MeV/nucleon
thus presently the attention will be focused on the MED
distributions.

Figure 12 allows to observe the evolution of the
mass distribution for various PES models for the
reaction 84Kr + 27Al at 5.9MeV/nucleon, (a) and
10.6MeV/nucleon (b) beam energies. As it was pre-
viously mentioned for the mass distribution of this
reactions [62], the shape of the MED distribution is
mainly governed by the PES: flat energy maps in case
of FRLDM or FRLDM+C. provide mostly asymmetric
fission. A steep LSD and LSD+C. energy landscapes
dependence on mass-asymmetry coordinate bring the
symmetric division of compound nuclei more pronounced.
Such a behavior was noticed also earlier in reaction
78Kr + 40Ca → 118Ba [192]. Despite the shape of the PES
for different macroscopic approaches, the fission barrier
heights for the FRLDM+C. and LSD+C. have similar val-
ues thus in the statistical codes, which are based mainly
on these variables, the results are very close to each other.

The comparison of the full distribution of the detected
species containing the fission fragments is shown in fig. 13.
The difference between experimental and theoretical cross
section for charges more than 40 is due to evaporation
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Fig. 13. (Color online) Fission Fragment charge cross-
section distribution for the reaction 84Kr + 27Al → 111In at
10.6 MeV/nucleon. The data [198] (black squares) are com-
pared to predictions by various model variants: FRLDM
without (blue dotted) and with (red dashed) deformation-
dependent Wigner term, LSD without (pink full) and with
(green dash-dotted) deformation-dependent congruence term.
Experimental error bars are not shown for clarity.
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Fig. 14. Fission fragment charge distribution in the reaction
20Ne + 232Th → 252Fm for beam energy 1.25 AMeV.

residues included in measured data as it was shown in [62]
fig. 7. Comparison of this two plots brings the conclusion
that the PES is more important for the fission channel
than in evaporation part.

Figure 14 shows the charge distribution for re-
action 20Ne + 232Th → 252Fm with beam energy
1.25AMeV [199]. The choice of the mass range of the
compound nucleus is crucial for effective investigation of
the PES dependence of fission-driving observables. The
huge difference in the mass/charge distribution noticed
in medium mass nuclei such as 111In are almost invisi-
ble for heavy and super-heavy systems. The explanation
comes directly from the shape of the PES as it was dis-
cussed in [196]. The energy maps calculated for heavy and
super-heavy nuclei with various macroscopic approaches
are much more consistent than for the medium mass com-
pound nuclei.

The excitation energy of the compound nucleus de-
cides mainly about the number of particles evaporated
during the motion to fission, thus in fig. 15 for the re-
action 22Ne + 238U → 260No for beam energy 6AMeV
and 7.4AMeV [200] we show a comparison between re-
sults obtained with FRLDM and LSD potential energy
models. Although the system is very heavy, the difference
in the widths of the distribution is slightly visible. This
behavior is hardly dependent on the excitation energy of
the system.

4 Angular distribution of fission fragments

4.1 Transition-state model

Until the past decade the standard transition-state
model [201,202] is conventionally used in theoretical anal-
ysis of the data on angular distribution of fission frag-
ments. The essence of this model consists in the assump-
tion that there is a certain chosen (transition) configura-
tion of a fissile system that determines the angular distri-
bution of the fission fragments. Thus, there are two lim-
iting assumptions on the position of the transition state
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Fig. 15. Fission fragment mass distribution in the reac-
tion 22Ne + 238U → 260No for beam energies: 132 MeV and
162 MeV. The calculation are done with LSD+C. model (a)
and FRLDM+C. (b).

and, correspondingly two variants of the transition-state
model: the saddle-point transition-state (SPTS) model
and the scission-point transition-state (SCTS) model.

The SPTS model uses the following assumptions: i) the
mean time of stay of a nucleus in the saddle-point region
is sufficiently larger than a characteristic time of equili-
bration of K mode. In other words the time τgs of the
motion of the system from the ground state to the sad-
dle point is much longer than the relaxation time of the
K degree of freedom (τgs  τK). ii) The mean time of
descent of a nucleus from the saddle to scission is short
in comparison with τK . In this case the K distribution is
formed at the saddle point and stays approximately the
same. iii) The K distribution P (K) is determined by the
factor exp(−Erot/T ) [203], and Erot is given by eq. (15).

Analyzing angular distributions, one usually assumes
that fission fragments fly apart along the symmetry axis
of the nucleus. In that case the angular distribution is de-
termined by the following three numbers: I, K and M .
Here, I is the total angular momentum of the compound
nucleus, K is the projection of the total angular momen-
tum onto the symmetry axis of the nucleus and M is the
projection of the total angular momentum onto the axis
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of the projectile-ion beam. In the case of fusion of spinless
ions we have M = 0. The angular distribution at fixed
values of I and K then has the form

W (θ, I,K) = (I + 1/2)|DI
M,K(θ)|2, (33)

where the quantum number M is the projection of the to-
tal angular momentum I on the space-fixed axis, θ is the
angle with respect to the space-fixed axis, and DI

M,K(θ) is
the symmetric-top wave function. In case of zero spin tar-
get and projectile nuclei, M is zero. The experimentally
observed angular distribution of fission fragments can be
obtained upon averaging over the distributions with re-
spect to I and K in the form

W (θ) =
∞∑

I=0

σ(I)
I∑

K=−I

P (K)W (θ, I,K), (34)

where σ(I) and P (K) are the distributions of compound
nuclei with respect to the total angular momentum and
its projection, respectively.

A frequently used approximation of the fission frag-
ment angular distribution reads as follows:

W (θ, I) =
(2I + 1) exp[−p sin2 θ]J0[−p sin2 θ]

erf[
√

2p]
, (35)

where J0 is the zeroth-order Bessel function, p = (I +
1/2)2/(4K2

0 ), and the variance of the equilibrium K-dis-
tribution K0 is

K2
0 =

T

h̄2 Jeff , Jeff =
J‖J⊥

J⊥ − J‖
. (36)

Here T , J‖, and J⊥ are the nuclear temperature and the
parallel and perpendicular moments of inertia taken at the
transition state. Equation (35) is known as the Halpern-
Strutinsky formula [201, 203], if one considers the saddle
point as a transition state.

An average angular distribution is obtained by aver-
aging the expression (35) over the ensemble of stochastic
trajectories The anisotropy of the fission fragment angular
distribution is given by

A =
〈W (00)〉
〈W (900)〉 . (37)

There are three factors, which determine the angular dis-
tribution: the initial spin distribution of compound nuclei,
the effective inertia moments, and the nuclear tempera-
tures at the transition states.

In the case p  1 the anisotropy of the angular distri-
bution is given by the approximate relation

〈W (00)〉
〈W (900)〉 � 1 +

〈I2〉
4K2

0

. (38)

Equation (38) could be used for qualitative analysis of
the anisotropy of angular distribution. Equation (35) is
used for quantitative analysis in the present paper.

The expression similar to eq. (35) could be applied
in the SCTS model, but factors determined by eqs. (36)
should be calculated at the scission point, i.e. it is assumed
that τK is much shorter than the descent time from the
saddle to the scission point. In this case the equilibration
of the K degree of freedom is supposed to be at the scission
point.

4.2 The effect of model dimension on the angular
distribution

The set of all the accessible transition states is determined
by the potential energy landscape and, hence, by the num-
ber of collective coordinates. At the same time, the partic-
ular ensemble of transition points strongly depends on the
fission dynamics and, consequently, is sensitive to all the
components of the model used: the conservative force, the
friction and mass tensors, etc. For instance, in the case
of the SPTS model in the one-dimensional case there is
only one transition state, the saddle point, for each an-
gular momentum, while in the multidimensional case the
entire ensemble of conditional saddle points forms the set
of transition states. The multidimensional dynamic mod-
els, in comparison with the one-dimensional ones, take into
account the multidimensional nature of the fission barrier.
This circumstance can strongly influence the anisotropy of
angular distribution predicted by models with a different
number of collective coordinates involved.

In ref. [20], we assumed that the model dimension in-
fluences the calculated angular distribution anisotropy. In
addition, this influence should be stronger with increase of
the nuclear fissility and excitation energy. In fact, under
these conditions, the fission barrier becomes lower and a
number of transition states accessible for a fissile nucleus
becomes larger. An increase of the nuclear excitation en-
ergy also results in an increase of the accessible phase
space to a nucleus at the ridge.

The one-dimensional Langevin equations was applied
to explore the main features of angular distribution [204,
205]. In 2007 Jia and Bao [206] have published the re-
sults of the angular distribution calculations within two-
dimensional Langevin dynamics. Their results are in a
good agreement with the experimental data. The results
of the one-dimensional Langevin model are in agreement
only at low excitation energies [206].

In order to investigate the dependence of the calculated
angular distribution of fission fragments on the number
of collective coordinates involved in dynamical considera-
tion in more detail, we calculated the angular distribution
anisotropy in the one-dimensional and three-dimensional
Langevin models for two reactions: 16O + 208Pb → 224Th
and 16O+ 232Th → 248Cf. We disregarded particle evapo-
ration in order to study only dependence of the anisotropy
of the angular distribution on dimensionality. Figure 16
shows that although the anisotropy of the angular distri-
bution almost coincides in the one-dimensional and three-
dimensional calculations at low excitation energies, the
three-dimensional model predicts considerably higher val-
ues than the one-dimensional model at high excitation
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Fig. 16. (Color online) The anisotropy of the angular distribution obtained in one-dimensional (open squares) and three-
dimensional (squares) Langevin calculations for the one-body mechanism of nuclear viscosity with the reduction coefficient
equal to 0.25 for 224Th (a) and 248Cf (b) nuclei.

energy. It can be seen that the anisotropy of the angu-
lar distribution obtained in the three-dimensional calcu-
lations for the 224Th nucleus at E� � 150MeV is 30%
higher than that obtained in the one-dimensional calcula-
tions. For the nucleus 248Cf this difference reaches almost
40%. Such dependence agrees with the assumption that
the influence of model dimensionality should be stronger
for heavier nuclei.

One should consider Jeff at the saddle point and its
dependence on c, h and α coordinates in order to explain
the dependence of A on dimensionality. The saddle point
is located at h � 0 and α = 0. A weak dependence of
the effective moment of inertia on the mass-asymmetry
parameter and a stronger dependence on the parameter
h takes place. In this case, the values of Jeff decrease if
the parameter h deviates from zero either on the positive
or the negative sides. In the multidimensional model the
anisotropy of angular distribution is calculated by aver-
aging over the ensemble of transition points, while, in the
one-dimensional model, only one transition state (the sad-
dle point) is realized. Therefore, the values of K0 obtained
in the three-dimensional calculations are lower on average
than in the one-dimensional case both due to an increase
in the effective moment of inertia and a decrease in the
transition-state temperature. Lower values of the param-
eter K0 correspond to a narrower angular distribution.

4.3 Energy dependence of the anisotropy of the
angular distribution

In fig. 17 the calculated results for the anisotropy of
the angular distribution are presented for the reactions
16O + 208Pb → 224Th, 16O + 232Th → 248Cf, 16O +
238U → 254Fm and 16O + 248Cf → 264Rf. The solid
and dashed curves show the results predicted by the
SPTS and SCTS models, respectively. The experimental
data (open squares) are taken from the work [207]. It is
known [201,208,209] that the SPTS model provides good
reproduction of the experimental data on the anisotropy

of the angular distributions for reactions where 3He, α-
particles are used as projectiles. The compound nuclei
formed in such reactions have a temperature of about
1MeV and low angular momenta. It was found that the
standard SPTS model regularly predicted low values of the
angular distribution anisotropy for reaction with massive
ions of carbon, oxygen and heavy ions [208], in compari-
son with the experimental data, and the values obtained
according to the SCTS model.

It is seen from the figure, that the experimental data
on the anisotropy of the fission fragment angular distribu-
tion can not be reproduced neither of the SPTS or SCTS
models especially for compound nuclei heavier than 224Th
and for high excitation energies. Experimental data are
between the predictions of the both transition-state mod-
els. For the case of the light compound nuclei (see results
for 224Th), experimental data are reproduced rather well
by the SPTS model.

It was assumed that the transition state determining
the angular distribution of fission fragments could be lo-
cated somewhere between the saddle point and the scis-
sion point. The existent uncertainty with the position of
the transition state indicates that it is necessary to take
into account the dynamical features of the angular dis-
tribution formation. In this case, the tilting mode could
be considered as an independent collective coordinate in
the multidimensional Langevin approach. Such completely
dynamical approach makes it possible to determine, in the
most general form, the non-equilibrium K-mode distribu-
tion P (K, t). However, in this case, the problem of calcu-
lating the conservative force and the transport parameters
(inertial and friction) for the tilting mode arises. At the
same time there is no theoretical approach for calculat-
ing the transport coefficients for the tilting mode. The
calculation of the transport coefficients is one of the in-
volved problems in nuclear dynamics. Therefore, a fully
dynamical consideration of the evolution of the K degree
of freedom is still difficult.

The dynamical aspects of the angular distribution for-
mation can be evaluated using the relaxation time τK for
the tilting mode. In refs. [116–118], it was proposed that
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Fig. 17. (Color online) The anisotropy of the angular distribution for the compound systems 224Th (a), 248Cf (b), 254Fm (c),
and 264Rf (d). The solid and dashed curves present the results predicted by the SPTS and SCTS models, respectively. The
experimental data (open squares) are taken from the work [207].

the evolution of the tilting mode can be considered using
the Monte Carlo method. In refs. [116, 117] the dynam-
ical treatment of the tilting mode was joined with one-
dimensional Langevin dynamics for shape degree of free-
dom, while 3-dimensional Langevin equations for shape
degree of freedom were employed in refs. [51, 118]. The
K equilibration time is deduced to be (20–30) × 10−21 s
in refs. [116, 117] and (2–4) × 10−21 s in [51, 118] from
fits of the calculated values to experimental data on the
anisotropy of the angular distribution for heavy fissioning
compound systems.

Theoretical estimates of the relaxation time for the
K mode and for other rotational modes in deep-inelastic-
transfer reactions were obtained in [157,210], where use of
the ideas of nucleon-transport theory in nuclear collisions
with allowance for quantum effects [211] was made. In
refs. [157,210], the relaxation time τK for the tilting mode
was estimated in the limits at (2–20)×10−21 s, the specific
value being dependent on the total angular momentum of
the system.

The energy dependence of the anisotropy revealed from
the developed approach [51,118] was found to be closer to
the experimental data than the predictions of the statis-
tical models SPTS and SCTS. Such phenomenologically
estimated values for τK are comparable with the mean
time of the descent from the saddle point to scission [118].
This fact points out that K distribution changes during
the descent from the saddle point to scission. These first
attempts of using the Langevin dynamics joined with the
Monte Carlo algorithm that considers the tilting mode as

an independent collective degree of freedom brought a new
ideas and understanding about K distribution evolution.
It eventually resulted in another step ahead —the pure
dynamical consideration of this evolution.

4.4 Angular distribution within 4D Langevin dynamics

Within dynamical consideration of the angular distribu-
tion formation, the tilting mode could be considered as
an independent collective coordinate in the multidimen-
sional Langevin approach. Such completely dynamical ap-
proach makes it possible to determine, in the most general
form, the non-equilibrium K-mode distribution P (K, t).
However, in this case, the problem of calculating the
conservative force and the transport parameters (inertial
and friction) for the tilting mode arises. The works of
Døssing [157, 210], Randrup [158] and Lestone [115] par-
tially solved those problems, particularly by the use of
the overdamped treatment of the K-coordinate dynamic.
This assumption took away the open question with iner-
tial tensor for the tilting mode. Anyway, the calculation of
the transport coefficients is one of the involved problems
in nuclear dynamics, but multidimensional Langevin con-
sideration of the tilting mode relaxation became possible.

Recent theoretical dynamical 4D Langevin calcula-
tions [61, 63, 159, 212–214] realized the pure dynamical
treatment of the K-mode relaxation process. The investi-
gations were made for light, medium and heavy compound
nucleus formed in the heavy ion collisions (from 162Yb to
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264Rf). Solved together, Langevin equations for the shape
parameters (eq. (10)) and for the K collective coordinate
(eq. (14)) made it possible to obtain the new theoretical
results on many fission observables within stochastic dy-
namical approach. Most of them are presented in previous
section of our current work and reveal the better agree-
ment with experimental data, than previous 3D, 2D and
1D Langevin calculations.

In case of zero spin target and projectile nuclei,
M =0, and the angular distribution of fission fragments
is determined by averaging the expression (33) over the
ensemble of the Langevin trajectories

〈W (θ)〉 =
1

Nf

Nf∑

j=1

(Ij + 1/2)
∣
∣
∣DIj

0,Kj (θ)
∣
∣
∣
2

, (39)

where upper index j determines the value of the cor-
responding quantity at the scission surface for the j-th
trajectory and Nf is the total number of simulated tra-
jectories which go to fission channel. Applying eq. (39)
within the present 4D calculations we determine the fis-
sion fragment angular distribution at the scission surface.
This procedure does not use the assumptions of the stan-
dard transition-state model, as the K distribution is de-
termined at every time step. Thus, there is no need for
any assumptions of its distribution at any arbitrary tran-
sition point. The qualitative influence of the γK parame-
ter on the dynamical evolution of the K coordinate can
be found in refs. [61, 63]. The anisotropy of the fission
fragment distribution is then given by eq. (38) where the
angular distribution 〈W (θ)〉 can be found either from the
4D calculations using eq. (39) or from the equilibrium K
distribution at the transition-state model [201,202].

It is worth mentioning, that the most of the analyzed
observables, for instance, prescission particle multiplici-
ties and fission fragment MED characteristics do not get
the new “physics” or consideration within the 4D dy-
namics —it is like more evolutionary changes. But much
more substantial change we get for the fission fragment
angular distribution formation treatment —now we get
pure dynamical consideration of the process of its forma-
tion, because we get instant K values for any point along
the fission trajectory from the dynamical equation (14).
Eventually, we get a K-mode distribution for any given
moment of time or point along the fission trajectory. So
we need no assumption about some special point, where
the distribution is formed and does not change anymore.
While solving this kind of question, dynamical consider-
ation brings up a new one —the transport coefficients
and particularly the viscosity for a new dynamical vari-
able. The friction component for the K coordinate con-
trols the coupling between the orientation degree of free-
dom and “heat bath”. It plays the primary role for the
K-mode relaxation process and the angular distribution
formation.

Above-mentioned recent works [63, 159, 213, 214]
demonstrated that the impact of the dissipation coeffi-
cient for shape parameters (ks) and the one for the K-
mode (γK) on the calculated observables can be selec-

tively probed. The nuclear viscosity with respect to nu-
clear shape parameters influences the emitted particle
multiplicities (npre), the fission fragment MED parame-
ters, and the angular distribution of fission fragments. At
the same time the dissipation coefficient γK exerts the an-
gular distribution of fission fragments only. In other words,
in order to get close to the experimental values of the an-
gular distribution anisotropy, one could change the γK

value only, without affecting results for other observables
of interest.

The question of value and deformation dependence
of γK were investigated through several works [63, 159,
213, 214]. Initially deduced by Lestone constant value
γK = 0.077 (MeV zs)−1/2 was proved [61,63] to be a good
approximation for fission of heavy compound nucleus with
ACN � 250.

For lighter fissioning compound nucleus it could be
treated as an initial approximation, but substantial scal-
ing (up to several times) of γK might be needed in order
to get the experimental anisotropy values for each the-
oretically modeled fission reaction [63, 114, 115, 157, 158].
This fact motivated us to use a deformation-dependent γK

coefficient calculated following [115] for the shapes featur-
ing a neck, which predicts quite small values of γK =
0.0077 (MeV zs)−1/2. For compact shapes one should use
some kind of approximation [63, 214]. Eventually, to re-
produce the experimental data on the anisotropy of fis-
sion fragment angular distribution the γK value for the
compact shapes without the neck should be increased
up to 0.2–0.4 (MeV zs)−1/2 for the compound nuclei with
ACN � 200 and up to 0.1–0.2 (MeV zs)−1/2 for the heavier
nuclei with ACN � 250 [159].

An important observation on K-mode dynamical re-
laxation process could be done based on these results: the
dynamics of the K coordinate tends to the predictions of
the saddle point transition-state model. Due to the large
values of γK at the region of compact shapes, one gets the
quick equilibration of the K coordinate to the moment
when saddle point shapes will be reached by the fissioning
system.

5 Isotopic distribution

The fission fragment distribution usually is presented as
the charge distribution or the mass distribution of the
products. The isotopic distribution of FF produced in the
reaction in medium energy excitation is a very rare infor-
mation. Experimentally it was challenging over the years
to have the detectors with good enough resolution to dis-
criminate between different masses and various charges
of measured species. In the past the experiment focused
on the actinide region because of its application in power
plants. The neutron- or proton-induced fission of Th and
U isotopes have been discussed for example in [215, 216]
showing the isotopic distribution for indium, cesium and
rubidium isotopes.

The low energy process as proton- or neutron-induced
fission and also high energy reactions providing the nu-
cleon transfer or multifragmentation are very interest-
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Fig. 18. (Color online) The isotopic distribution of the fission fragments from reaction leading to excited 111In nucleus without
(a) and with (b) congruence energy implemented in FRLDM model and for LSD model ((c) and (d)).

ing but they cannot be treated within our stochastic ap-
proach. The evolution of the nucleus from its ground state
up to the scission point in the four-dimensional space
of the deformation degrees of freedom and the projected
angular momentum by solving transport equation of the
Langevin is well described for the process leading to CN
with the medium excitation energy and large spin.

The high energy physics shows also the interest in
study of the isotopic distribution. The examination of the
isotopic distribution has been done in few cases by the
observations of the γ-rays and a deduction of the yield for
each isotope separately [217], i.e. for the transfer reaction.
Also the fragmentation process was more productive to
give the isotopic distribution for various fragments. There
are attempts to connect the isotopic distribution with the
actual temperature of the system [218], which is very im-
portant in the multifragmentation reactions.

The experimental data, which contain the isotopic dis-
tributions for medium-energy reactions, are rare. One of
the examples is the isotopic distribution coming from
fusion-fission reaction, where the compound nucleus was
111In [198, 219]. Lately, the isotopic distribution for the
fusion-fission reaction of 238U+12C leading to a compound
250Cf with excitation energy of 45MeV has been measured
in GANIL, France with VAMOS spectrometer [177, 220].
As the isotopic distribution is a more detailed observ-
able than the total mass and charge distribution of FF,
it should provide the better understanding of dynamic of
fission process.

The average neutron excess 〈N〉/Z [177], which can
be extracted from the isotopic distribution shapes, allows
to discuss the equilibration of the neutron-to-proton ratio
with an evolution of the nuclear deformation. This observ-
able could discriminate the fusion-fission reaction, where

the 〈N〉/Z is smooth, on the transfer reaction where it
could be approximated by two separate lines, connected
with N/Z of projectile and target [64,177].

Another extremely interesting observable, which is ex-
tracted from the ID, is the width. The theoretical repro-
duction of these variables is very difficult, as it demands
correct description for all steps of the fission: the emission
of the particle before scission, the right treating of the
scission point and also an estimation of the postscission
emission. A more detailed comparison is provided by the
isotopic or isobaric distributions. From the experimental
and also from the theoretical point of view such a distri-
bution is quite demanding but also the most sensitive to
the model parameter changes.

5.1 Isotopic distribution and PES

The influence of the PES approach on the shape of the iso-
topic distribution is obvious as it changes dramatically the
mass/charge distributions. This conclusion is supported
by figs. 18 and 19 for medium mass CN. The isotopic maps
(figs. 18) reflect directly the shape of the mass/charge
distributions, the PES calculated with FRLDM and also
with FRLDM+W. predicts lower barriers for asymmet-
ric shapes and the LSD driven potentials give symmetric
partition of the CN.

Figures 18 and 19 display the final fission fragments.
In the path from the compound nucleus to the scission
point the prescission particles are emitted. After scission,
fragments could have still enough excitation energy to de-
excite by emission of particles. The isotopic distribution
is obviously very sensitive on the multiplicity of emitted
particles as the prescission emission changes the N/Z ra-
tio of the scissioning system. The detected particles are
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Fig. 19. (Color online) Isotopic cross-section distributions of fission fragments in the reaction 84Kr + 27Al → 111In at
10.6 MeV/nucleon for elements of Z = 7, 8, 10, 13, 15, 19 from (a) to (f). The data [198] (gray histograms) are compared
to predictions by various model variants: FRLDM without (blue dotted line) and with (red dashed line) deformation-dependent
Wigner term, LSD without (pink full line) and with (green dash-dotted line) deformation-dependent congruence term. Experi-
mental error bars are not shown for clarity; they are below 30% in most cases. The isotopic distributions for Z = 9, 12, 14, 16,
19, 20 are presented in [62].

cold thus the postscission emission is necessary to com-
pare isotopic distribution with experimental data [197].

The detailed comparison of the isotopic distribution
has been shown partially in [62] and supplemented with
other charges displayed in fig. 19. As it is seen distributions
are too narrow for heavier species for all macroscopic PES.
The centroids of the distribution are also shifted, which
could be a sign that not enough particles are still evapo-
rated. Plots similar to fig. 18 done for heavy compounds
such as 250Cf, 252Fm, 260No and others do not show a
visible difference and thus they are not displayed.

5.2 Charge variance

The phenomenological nature of our macroscopic models,
which are presented in this paper, permits to reproduce
wide range of observables but it includes few presuppo-
sitions. As we know the shape of the fissioning nucleus,
we can estimate the mass of the fission fragments but its
atomic number is unknown.

The assumption of uniformly charged matter and Un-
changed Charge Distribution (UCD) allows to divide the
charge of the fissioning nucleus into two parts but it is
not enough to reproduce the experimental data. One of
the first studies of the nuclear charge distribution [221]
suggested that fission products of actinides maybe formed
predominantly by beta decay processes starting from
products of lower Z than expected.

Later on such an idea has been connected with the
Equal Charge Displacement (ECD). In the article [222]

there is underlined that if the time scale for fission is com-
parable with time of collision, the polarization is impos-
sible. There is deviation of the FF charge density from
expected with assumption of uniformly charged matter.

The division of the nucleus into fragments is usu-
ally done with quite low excitation energy after emission
prescission particles so the structural effects could play a
role. However, our model is fully classical and any quan-
tum effects are negleted. Thus we can only approximately
estimate the importance of the charge variation on dif-
ferent fission observables. As we are working in the high
excitation energies the influence coming from scission mo-
ment is minor but still visible, especially in the isotopic
distributions.

The first attempt to include the charge as a collective
coordinate was done in [102–104]. The Langevin equations
have been solved in three-dimensional collective coordi-
nate space where apart from elongation and neck param-
eters, the charge asymmetry ηZ = (ZR − ZL)/(ZR + ZL)
(ZL, ZR are the charges of the left- and right-hand frag-
ments) is taken on this same footing. The PES was a sum
of the surface, Coulomb, symmetry and rotational ener-
gies, where only the surface part was independent on the
charge coordinate. The Werner-Wheeler method has been
applied to obtain the mass tensors not only for shape
parameters but also the charge one. From the one- and
two-body dissipation method also the friction coefficient
connected to the ηZ variables was deduced and taken into
calculations. The testing reaction was 4He+232Th → 236U
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at excitation energies E� = 39–160MeV. The influence of
the dissipation model was discussed as it changes the be-
havior of the relaxation time of the charge coordinates
from constant (one-body) to more complex (two-body
assumption). The widths of the charge distribution is
slightly dependent on the friction model, but it increases
with enlarging the excitation energy of the system. The
comparison of the results with experimental data allowed
to deduce that the statistical equilibration of the charge
mode is independent on the friction assumption and oc-
curs at each excitation energy.

The calculations have been done assuming the sym-
metric disintegration of the nucleus but the main outcome
permits to approximate the charge mode by statistical
limit as it has shorter relaxation time than deformation
degrees of freedom.

Thus we made an estimation of the influence of the
charge variation on various observables. In our previous
paper [62] the study of the reactions: 84Kr+27Al at 5.9 and
10.6MeV/nucleus provided good description of the iso-
baric distribution of the evaporation residues [219] but the
theoretical isotopic distributions of the fission fragments
have been too narrow in comparison to the experimen-
tal data [198]. The variables important for the noticeable
changes of the isotopic distribution is the charge variation.
Thus variance of the charge distribution of the fission frag-
ments affects various observables calculated by solving the
Langevin equations in the four dimensional collective co-
ordinate space. The newly published data [177] are perfect
for such an investigation as they comprise complete and
wide range of isotopic species, measured with good accu-
racy, producing in our favorable conditions.

The correct method to obtain the charge division be-
tween the nascent fragments requires calculations of the
charge density distribution in the fissioning nucleus. The
alternative idea was proposed in [102–104]. The variance
of the charge distribution was calculated as a function of
the mean internal excitation energy at scission for one-
body and two-body viscosities. They proposed to intro-
duce the collective coordinates connected to the ratio of
the fragment charges as a mimic of the charge density
distributions. In place of the mass asymmetry parameter
they introduced the charge asymmetry parameter. The
energy term depends on this coordinate by the stiffness
parameters and the friction parameter of the charge mode
have been shown within one-body dissipation model. In
this approach, the variance of the charge asymmetry pa-
rameters, obtained in the scission point, is directly trans-
lated into the variance of the charge distribution σ2

Z . The
main message was that the results obtained with constant
charge variance well estimate the calculation done with
charge-asymmetry coordinate. This statement is very sig-
nificant for our model, because when we already calculate
Langevin trajectories in four dimensions, we are legiti-
mated to add the charge fluctuation in the scission point,
instead of increasing the number degrees of freedom by
another collective degree of freedom.

Once the scission point is reached, mass division is
determined according to the volume of the nascent frag-
ments. In any Langevin code, whenever the dynamics of
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Fig. 20. (Color online) Calculated isotopic production for fis-
sion of 250Cf at E� = 45 MeV and with σZ = 0 (yellow dots)
and 0.8 (color boxes).

the charge asymmetry degree of freedom is not treated by
means of an explicit collective coordinate, an assumption
has to be made about partitioning of protons between the
fragments. A number of empirical hypotheses have been
proposed by various authors [201,223]. Sharing of neutrons
straightforwardly follows from mass and charge. In the
code used in this work, proton partitioning is based on the
Unchanged Charge Density (UCD) assumption, which is
a reasonable approximation for the most probable charge
at fixed mass at medium and high E� [224]. It implies con-
servation of A/Z between the fissioning nucleus and the
fragments at scission. For a specific mass split, the atomic
number of the fragments is then unequivocally defined by

ZUCD
FFi =

AFFiZfiss

Afiss
. (40)

where AFFi (ZFFi) is the mass (charge) of the ith frag-
ment before post-scission evaporation, and Afiss (Zfiss)
is the mass (charge) of the fissioning nucleus. In such a
“sharp” scheme, charge fluctuations are inexistent: the
isobaric charge variance σZ —given by the width of the
charge-dispersion curve at fixed mass [221]— is zero. To
our knowledge, the absence of charge fluctuations is com-
mon to (nearly) all available Langevin codes, although the
most probable charge may be derived from one or another
hypotheses [21,27,52,63,185,225–228].

The charge fluctuation in our model are taken into
account in the scission moment. The random Gaussian
distribution with fixed σZ widths is applied to differ the
estimated ZUCD

FFi by ±1,±2, . . .. This σZ widths has to be
fitted to existing data as there is no clear prescription what
should be the correct values and the study are in progress.
The dynamic calculation has been done for the fusion-
fission reaction of 238U on 12C leading to a compound
250Cf with excitation energy of 45MeV. The experimental
data are taken from [177,220].

The experimental set-up allows to measure the mass
and charge distributions with good resolution, it provides
the isotopic identification of the fission fragments. The
isotopic distribution has been obtained for Z = 30 up to
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Fig. 21. (Color online) Isotopic cross-section distributions of fission fragments in the reaction 84Kr + 27Al → 111In at
10.6 MeV/nucleon for elements of Z = 7, 8, 10, 13, 15, 19 from (a) to (f). The data [198] (gray histograms) are compared
to predictions without (dotted green line) and with account of charge fluctuations with σZ = 0.6 (dashed red line) and 0.8 (full
blue line).

64. Such data are unique in the literature for the medium
excitation energies. The neutron excess for the experimen-
tal data on fusion-fission reaction shows nearly constant
values about 1.46 while the NCN/ZCN of 250Cf is 1.55.
The total neutron evaporation multiplicity is around 9
which is in good agreement with our results, where we
have two prescission neutrons emitted and 6.7 postscis-
sion neutrons.

Figure 20 shows the influence of the charge variation
on the isotopic distribution. The yellow dots are the iso-
topic distribution obtained with UCD assumption. The
dispersion from the fixed ZFF /AFF = Zfiss/Afiss is due to
evaporated particles before and after scission. The color
boxes allow to estimate the isotopic cross-section and give
the impression how big change is done due to the imple-
mentation the charge variation in the scission process.

For the moderate mass of the compound nucleus
(111In), the experimental isotopic distribution is displayed
in fig. 21 together with the theoretical estimations. The
charge variation with σZ = 0.6 and 0.8 are verified. Al-
most for each element the better description of the mea-
sured data is done with σZ = 0.8. Similar investigation
was done for a heavy system 250Cf in [64] and comple-
mentary isotopic distributions are shown in fig. 22.

The reaction 22Ne + 238U → 260No with beam en-
ergies: 6AMeV (E� = 120MeV) and 7.4AMeV (E� =
149MeV) [200] permits to check the isotopic distribution
for higher excitation energies than in case of 250Cf at
E� = 45MeV. The experimental data are available only

for samarium and cesium (Z = 37 and 55) isotopic chains
and they are presented in fig. 23. The influence of the
charge variation parameter is clearly visible and the best
reproduction is obtained for σZ = 0.8. Further tests are
necessary but this preliminary discussion for fission of the
medium mass CN 111In and heavy system 250Cf allows to
draw a conclusion that the width of the charge variation
is independent of the size of the fissioning system. The
reaction 22Ne + 238U → 260No with different excitation
energy (fig. 23) shows, however, that the σZ = 0.8 works
slightly better for lower energy (E� = 120MeV) and the
calculation with σZ = 0.6 are better for higher excitation
energy (E� = 149MeV). As for 111In reaction the E� is
around 216MeV and better reproduction of the isotopic
distribution was with lower σZ = 0.6, the direct connec-
tion between excitation energy and width of the charge
fluctuation could not be drawn.

Moreover recent articles [79,229] show that the low en-
ergy fission described with the microscopic-like approaches
also needs the charge variation but there fluctuation are
implemented in less phenomenological way. The isotopic
distribution for actinide nuclei has been discussed in [229]
where the two-center shell model has been applied for the
Langevin model. Apart of deformation-driven collective
coordinates, also the charge variation is taken into account
on this same footing. The calculation done for fissioning
236U shows good agreement with experimental data basis
for isotopic distribution of Z = 39, 52 and also isotonic
distribution with A = 132. That paper confirms that also
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Fig. 23. Isotopic distribution for Z = 37 and 55 for reactions 22Ne+238U → 260No with beam energies: 6AMeV (E� = 120MeV)
and 7.4 AMeV (E� = 149 MeV) [200].
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for low-energy fission description, the charge variation is
crucial and should be applied.

The charge variation of the fission fragments was taken
into account also by another group [79], which use the
five-dimensional deformation space and Brownian-shape
motion as the approximation of the Langevin transport
equations. The model has been applied to actinide nuclei
excited in neutron- or γ-induced reaction to no more than
11MeV of excitation energy. The odd-even staggering in
charge distribution has been well reproduced and the in-
fluence of the pairing constituents on the amelioration of
the theoretical estimations is shown. The charge variation
is governed microscopically by changing the pairing gap,
which is partially responsible for the breaking the proton
pairs and providing the odd-even staggering in the charge
distribution of the fission fragments.

These two articles [79, 229] in addition to our previ-
ous [64] and present discussion show directly the impor-
tance of the charge variation in different mass regions and
also the excitation energies. Even if the charge/mass dis-
tribution in medium mass nuclei at 100–200MeV excita-
tion energy is not sensitive to the implementation of the
charge variation in the FF separation process, descriptions
of the proton-, neutron-induced reaction with actinides are
susceptible to the possibility of non-unified charge distri-
bution in the nascent fragments.

6 Summary and perspectives

Different kinds of the fission fragment distributions are the
most frequent observables studied and measured in vari-
ous reactions. The dynamical approach shortly presented
here is pinned by the stochastic theory. The differential
Langevin equations describe the time evolution of the ex-
cited nucleus. The change of its shape governed by the in-
terplay between potential energy and inertia and friction
coefficients. The statistical consideration joint with dy-
namical modeling provide the description of the particles
evaporation from the fissioning nucleus. Depending on the
excitation energy and the mass of the compound nucleus,
the calculated MED are more or less sensitive to various
constituents of the transport equations. The deexcitation
of medium mass compound nuclei is highly dependent on
the PES model used to calculate the deformation and ro-
tation energies, almost opposite to the heavy nuclei. The
moderate mass of CN attenuates the dissipation effects
thus differences between friction and mass tensor models
used in calculations are more pronounced for heavy nuclei.
The influence of viscosity on MED parameters depends
also on the excitation energy of the system.

During the past two decades dynamical approach
based on multidimensional Langevin equations has been
widely used for describing the dynamics of heavy-ion-
induced fission. In this review we showed potential of this
approach with regard to description of the large number
of different observables in fusion-fission reactions. In our
opinion, the results obtained in recent years with the use of
the multidimensional stochastic approach are impressive.
In particular, calculations in the 3D Langevin dynamics

naturally reproduce the variances of the MED distribution
of fission fragments and also their significant growth with
the compound nucleus fissility parameter. These charac-
teristic pronounced features of the MED distributions can-
not be explained within the framework of fission models
conventionally used for the analysis of fragment distribu-
tion and the previously favored 2D Langevin calculations.
Within 3D Langevin dynamics the angular momentum in-
fluence on the MED characteristics were thoroughly stud-
ied and well understood [48,49]. In addition, within the de-
veloped multidimensional approach it is possible [63, 213]
to describe quantitatively fine correlation characteristics
of the MED of fragments with evaporated prescission neu-
trons. Now there is evidently no doubt that a dynamical
stochastic approach combined with evaporation of light
prescission particles and gamma quanta provides the most
adequate description of the investigated fusion-fission re-
actions. At the same time, the ingredients of dynamical
equations are not well defined, and some ambiguity exists
in determination of inertia and friction parameters. As be-
fore, it primarily concerns the choice of the coordinate and
temperature dependencies of friction parameter (tensor).

It would also be desirable to emphasize that the sys-
tematic calculations of the MED distribution of fragments
and prescission neutron multiplicities performed within
3D [19, 27, 49] and 4D [61, 63, 159, 213, 230] stochastic ap-
proach have made it possible to unambiguously choose,
after a long discussion, which nuclear viscosity mechanism
(two-body or one-body) is realized during nuclear fission.
A simultaneous description of the fission fragment MED
parameters and the mean prescission neutron multiplici-
ties is attained for the one-body mechanism of viscosity
in its modified variant [56, 57] with the reduction coef-
ficient ks = 0.25–0.5 for the contribution from the wall
formula. The calculations performed in [63] have shown
that deformation-dependent coefficient ks(q) found on the
basis of “chaos-weighted” formula [137] yield almost the
same results as those using constant ks coefficient from the
interval 0.2 < ks < 0.5 [63,159,213,231]. The attenuation
of the dissipation relative to the wall-formula predictions
for a fissile nucleus with highly symmetric configuration
(such as a sphere or weakly deformed ellipsoid) is now un-
derstood well both from use of quantum-mechanical cal-
culations and from ideas of chaos theory. However, the
abnormally sharp increase of the dissipation for strongly
deformed configurations close to scission which was intro-
duced in the calculations of Fröebrich and Gontchar has
yet to receive a proper theoretical explanation despite the
good agreement of their calculations with experimental
data. Therefore, the character of the mechanism of dissi-
pation realized in fission requires further both theoretical
and experimental study.

One should note that the ks value found in different
theoretical studies should be compared with caution. The
important feature of any theoretical model is the num-
ber of collective coordinates included for the dynamical
consideration. As was found in refs. [63,213] the inclusion
of the K collective coordinate into the 3D model changes
the prediction for the ks value, which fits best the ex-
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perimental data. The same is true in case of comparison
of 3D model, and dynamical models with lower dimen-
sionality. For example, the sharp increase of the dissipa-
tion for strongly deformed configurations close to scission
was introduced in the 1D calculations of Fröebrich and
Gontchar in order to get the good agreement of theoret-
ical calculations with experimental data. In refs. [17, 28]
it was also shown how the inclusion of mass-asymmetry
collective coordinate to the 2D dynamical model will in-
fluence the parameters of fission fragment energy distribu-
tion. The influence of the dimensionality of the model on
the fission width and different experimental observables
is presented in refs. [232, 233]. Moreover, even details of
some specific parametrization of nuclear shapes could in-
fluence the calculated results, as it is shown for example
in ref. [234]. Another important point which influences
the predicted ks value is the number of observables taken
for the analysis. In order to have a severe constraints on
the predicted ks values theoretical model should consider
as many experimental observables as possible. Otherwise,
theoretical model dealing only with limited number of ob-
servables and/or modeling only one or two collective co-
ordinates could come to wrong conclusions about dissipa-
tion strength and its dependence on collective coordinates.
Therefore, it is extremely difficult to compare predictions
of dissipation strength found in various theoretical models,
which use different parameterizations of nuclear shapes,
different dimensionality and dealing with investigations of
different observables.

The extensions of 3D Langevin dynamics by adding
the tilting degree of freedom (K coordinate) [61, 63]
and the collective coordinate of the charge asymmetry
ηZ [64, 103, 104] to the three collective coordinates that
describe the shape of the fissioning nuclei were successful.
The 4D Langevin dynamics with K coordinate makes it
possible to treat dynamically the angular distribution of
fission fragments in addition to evaluation of the parame-
ters MED of fragments and the mean prescission neutron
multiplicities.

Different possibilities of the deformation-dependent
dissipation coefficient (γK) for the K coordinate are
investigated. The presented results [159, 213] demon-
strate that impact of the ks and γK parameters on the
calculated observables characteristics can be selectively
probed. The nuclear viscosity with respect to nuclear
shape parameters influences 〈npre〉, the fission fragment
MED parameters, and the angular distribution of fission
fragments. At the same time the dissipation coefficient
γK affects the angular distribution of fission fragments
only. It was found that it is possible to describe the ex-
perimental data on the angular distributions of fragments
consistently with the deformation-dependent γK(q) coef-
ficient for shapes featuring a neck, which predicts quite
small values of γK = 0.077 (MeV zs)−1/2 and constant
γK = 0.1–0.4 (MeV zs)−1/2 for compact shapes featuring
no neck.

The 4D Langevin dynamics with ηZ coordinate makes
it possible to calculate the charge and the isotope dis-
tributions of fission fragments in addition to the observ-

ables evaluated in 3D Langevin dynamics. The dynamical
approach to the formation of the charge distribution of
fission fragments shows [102–104] that statistical equilib-
rium with respect to the charge mode can be established
at each instant of time throughout the entire descent from
the saddle point to scission except for its very last stage
directly preceding the rupture of the neck. This explains
the successful use of the statistical model for calculations
of the fission fragment charge distribution. We mention
especially that in the method of calculation of isotopic
distribution of fission fragments suggested in [64] and de-
scribed in this review in sect. 5 statistical estimation of
the charge distribution variance is used as a key idea that
allows not to consider ηZ as an additional collective coor-
dinate. At the same time in the recent work [229] ηZ was
considered as an independent collective coordinate in 4D
Langevin dynamics with specific assumptions about iner-
tia and friction coefficient of the charge mode. Both meth-
ods of calculation of the isotopic distribution provide a suf-
ficient accuracy in description of the experimental data.

The isotopic/isobaric FF distributions are the most
detailed observables, but they demand much more exper-
imental and theoretical efforts. The iso-distribution con-
tains already information about multiplicities and sort of
emitted particles during full fission process and also about
the mass/charge/total kinetic distributions as it is integral
part. The isotopic distribution is sensitive to the poten-
tial energy models as well as to the dissipation mecha-
nism. Thus, the experimental and theoretical studies of
the iso-distributions can provide additional information
about fission dynamics.

The theoretical description of the fission dynamics is a
subject of deep studies and there are few ways to further
developments. As it is done by [53, 72, 80] the investiga-
tion of the most optimal shape parametrization for the
description of the fissioning nuclei is crucial because the
more flexible and reach ensemble of nuclear deformations
should help to reproduce in calculations the experimental
fission fragment kinetic energy distributions.

Another important point is tackling shell effects in
proper excitation energy range. The highly excited nucleus
cools down quite fast by evaporation of prescission parti-
cles and also its angular momentum is decreasing. Thus,
the shell effects in the last steps of evaporation chain are
important and could influence the final observables.

Finally, the time evolution of the excited nucleus is
substantially dependent on the initial condition used in
dynamical calculations. The dynamical description of the
movement of two nuclei toward each other and the emu-
lation of the time evolution of the di-nuclear system after
contact of colliding ions could provide the most complete
description of the fusion-fission, quasi-fission and fast-
fission process. The step in this direction has now been
performed [72,235,236].
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119. J. Marten, P. Fröbrich, Nucl. Phys. A 545, 854 (1992).
120. D.O. Eremenko, V.A. Drozdov, O.V. Fotina, S.Y.

Platonov, O.A. Yuminov, Phys. Rev. C 94, 014602
(2016).

121. M.V. Borunov, P.N. Nadtochy, G.D. Adeev, Nucl. Phys.
A 799, 56 (2008).

122. K.T.R. Davies, A.J. Sierk, J.R. Nix, Phys. Rev. C 13,
2385 (1976).

123. I. Kelson, Phys. Rev. 136, B1667 (1964).
124. J.N.P. Lawrence, Phys. Rev. 139, B1227 (1965).
125. F.A. Ivanyuk, V.M. Kolomietz, A.G. Magner, Phys. Rev.

C 52, 678 (1995).
126. H. Jeffreys, B. Swirles, Methods of Mathematical Physics,

3rd edition (Cambridge University Press, Cambridge,
1966; Mir, Moscow, 1970).

127. J. Randrup, W.J. Swiatecki, Ann. Phys. (N.Y.) 125, 193
(1980).

128. A.J. Sierk, J.R. Nix, Phys. Rev. C 21, 982 (1980).
129. J.J. Griffin, M. Dworzecka, Nucl. Phys. A 455, 61 (1986).
130. A.J. Sierk, J.R. Nix, Phys. Rev. C 21, 982 (1980).
131. G. Abal, R. Donangelo, C.O. Dorso, Phys. Rev. C 46,

380 (1992).
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167. I.I. Gontchar, P. Fröbrich, N.I. Pischasov, Phys. Rev. C
47, 2228 (1993).

168. H. Hofmann, F.A. Ivanyuk, Phys. Rev. Lett. 90, 132701
(2003).

169. J.D. Bao, Y. Jia, Phys. Rev. C 69, 027602 (2004).
170. P. Hänggi, P. Talkner, M. Borkovec, Rev. Mod. Phys. 62,

251 (1990).
171. J.R. Nix, W.J. Swiatecki, Nucl. Phys. A 71, 1 (1965).
172. O.I. Serdyuk, G.D. Adeev, I.I. Gonchar, V.V. Pashkevich,

N.I. Pischasov, Sov. J. Nucl. Phys. 46, 399 (1987).
173. G.I. Kosenko, I.I. Gonchar, O.I. Serdyuk, N.I. Pischasov,

Yad. Fiz. 55, 920 (1992) Sov. J. Nucl. Phys. 55, 514
(1992).

174. G.D. Adeev, P.N. Nadtochy, Phys. At. Nucl. 66, 618
(2003).

175. U.L. Businaro, S. Gallone, Nuovo Cimento 5, 315 (1957).
176. K. Mazurek, C. Schmitt, P.N. Nadtochy, A.V. Cheredov,

Phys. Rev. C 94, 064602 (2016).
177. M. Caamaño, O. Delaune, F. Farget, X. Derkx, K.H.

Schmidt, L. Audouin, C.O. Bacri, G. Barreau, J. Benl-
liure, E. Casarejos, A. Chbihi, B. Fernández-Domı́nguez,
L. Gaudefroy, C. Golabek, B. Jurado, A. Lemasson,
A. Navin, M. Rejmund, T. Roger, A. Shrivastava, C.
Schmitt, Phys. Rev. C 88, 024605 (2013).

178. H. Goutte, J.F. Berger, P. Casoli, D. Gogny, Phys. Rev.
C 71, 024316 (2005).

179. N. Schunck, L.M. Robledo, Rep. Prog. Phys. 79, 116301
(2016).



Eur. Phys. J. A (2017) 53: 79 Page 37 of 38
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232. P.N. Nadtochy, A. Kelić, K.H. Schmidt, Phys. Rev. C 75,
064614 (2007).

233. P.N. Nadtochy, E. Vardaci, A. Di Nitto, A. Brondi, G.
La Rana, R. Moro, M. Cinausero, G. Prete, N. Gelli, F.
Lucarelli, Phys. Lett. B 685, 258 (2010).

234. P. Nadtochy, C. Schmitt, K. Mazurek, Phys. Scr. T 154,
014004 (2013).

235. V.L. Litnevsky, V.V. Pashkevich, G.I. Kosenko, F.A.
Ivanyuk, Phys. Rev. C 85, 034602 (2012).

236. V.L. Litnevsky, V.V. Pashkevich, G.I. Kosenko, F.A.
Ivanyuk, Phys. Rev. C 89, 034626 (2014).



Page 38 of 38 Eur. Phys. J. A (2017) 53: 79

Katarzyna Mazurek is a the-
oretical nuclear physicist. She
received the doctoral degree
from Maria Curie-Sklodowska
University in Lublin, Poland
in 2004 and works as a re-
searcher at the Institute of Nu-
clear Physics, Polish Academy
of Science in Krakow. Her
participation in many exper-
iments allows her to develop
a phenomenological method to
study the Giant Dipole Reso-
nances emitted from hot, ro-
tating nuclei. When she was a
postdoc in GANIL, she started
a collaboration with the Omsk
group of P.N. Nadtochy and
G.D. Adeev; thus since 2009
she has been working on the
description of fission dynam-
ics. She received her habilita-
tion degree in 2012.

Pavel Nadtochy took his
doctorate in theoretical nu-
clear physics from Omsk
State University in 2002 and
worked as a researcher. In
2005 he was awarded the
Humboldt PostDoctoral Fel-
lowship and worked at GSI
Helmholtzzentrum für Schw-
erionenforschung, Darmstadt.
After a period spent in Ger-
many he moved to the Istituto
Nazionale di Fisica Nucleare,
Naples Section (Italy) as a
postdoc and worked there in
2007–2009. Now he is working
as a Professor at the Omsk
State Technical University. His
main research interests are the
theoretical nuclear physics, dy-
namics of fission reactions and
multifragmentation process.

Ryabov Eugeny is a theoret-
ical nuclear physicist. He re-
ceived the PhD Russian degree
in 2006 from Tomsk Technical
University in Tomsk and has
been working at the Physical
Department of the Omsk State
University as a senior teacher
since 2007. His main works are
devoted to the application of
the stochastic methods to nu-
clear fission dynamics and par-
allel programming.

Adeev Gennady is a theoret-
ical nuclear physicist. He re-
ceived the PhD Russian degree
in 1973 from Tomsk Techni-
cal University in Tomsk and
worked as researcher at the
Institute for Nuclear Physics
of the Tomsk Technical Uni-
versity. In 1976–1977 he was
a postdoc at the Niels Bohr
Institute in Copenhagen. In
1978 he started his work at
the Physical Department of the
Omsk State University as an
associate Professor and since
1990 as a full Professor. In
1989 he was awarded Doctor
of Sciences Russian degree by
the Laboratory of Theoretical
Physics of the Joint Institute
for Nuclear Research in Dubna.
His main works are devoted to
the application of the stochas-
tic methods to nuclear fission
dynamics.


