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INTRODUCTION AND DESCRIPTION
OF THE MODEL

After the transition of the clusters (para�H2)13 and
(para�H2)18 to superfluid state at temperatures below
2 K was predicted theoretically in the work [1], the
interest in small nanoclusters of molecular hydrogen
and deuterium has increased considerably [2–12].
The current stage in studying such clusters started with
the paper [13], where it was found by Raman spectros�
copy that the clusters (para�H2)13, (para�H2)33, and
(para�H2)55 are more stable than the parahydrogen
clusters (para�H2)N with the neighboring values of N.
Lately, many theoretical investigations of nanoclusters
of molecular hydrogen and deuterium were published
[14–27]. In these works, the energy characteristics,
the spatial structure, and the superfluidity properties
of clusters (H2)N(D2)n at temperatures no higher than
several degrees Kelvin were determined by various
(mainly stochastic) methods of quantum mechanical
simulation.

The papers [1–27] studied almost exclusively clus�
ters of parahydrogen and orthodeuterium, i.e. clusters
of H2 and D2 molecules with even values of the rota�
tional quantum number j (actually, only the case j = 0
was considered). The authors are aware of only two
theoretical works where one explores clusters
(H2)N(D2)n including orthohydrogen or paradeute�
rium, i.e. H2 and D2 molecules with odd values of the
rotational quantum number j. In the paper [7], the

clusters (ortho�D2)10(para�D2)3, (ortho�D2)8(para�
D2)5, and (para�D2)13 were simulated at temperatures
from 1 to 3 K. In the recent article [20], the cluster
(para�H2)24(ortho�H2)1 was examined at temperatures
of 0.5 and 1 K. In both the works, one treated ortho�H2

and para�D2 molecules with j = 1.

On the other hand, from the viewpoint of applica�
tions, clusters of orthohydrogen and paradeuterium
are no less interesting than clusters of parahydrogen
and orthodeuterium. Recall that normal hydrogen n�
H2 widely used in industry, power engineering, and
scientific research and corresponding to thermody�
namic equilibrium of the para� and ortho�components
at room temperatures and higher is the mixture of 1/4
of parahydrogen and 3/4 of orthohydrogen whereas
normal deuterium n�D2 is the mixture of 2/3 of orth�
odeuterium and 1/3 of paradeuterium (e.g., see the
review [28]). Some experimental works explored nor�
mal hydrogen clusters [29] and orthohydrogen clusters
doped with an impurity molecule, for instance that of
OCS [30] or N2O [31]. In crossed molecular beam
studies of the dynamics of elementary processes
involving H2 and D2, beams of normal hydrogen or
deuterium are used very often. As an example, one
can mention the papers [32–35] which considered
the F + n�H2  H + HF reaction and the articles
[36, 37] devoted to elastic and inelastic F + n�D2 scat�
tering. Small H2 and D2 clusters, even not very stable
ones (first of all, dimers), containing molecules with
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odd j values may play a noticeable role in such pro�
cesses.

In the present paper, we have carried out system�
atic simulation of hydrogen nanoclusters
(para�H2)N–m(ortho�H2)m in the ground state with the
total number N of molecules ranging from 4 to 40 and
with the number of ortho�molecules m = 0, 3, 5 at
temperatures T = 1.5, 3, and 4.5 K using the quantum
mechanical path integral Monte Carlo (PIMC)
method. At a temperature of 1.5 K for some values of
N, clusters containing m = 2, 4, and 6 hydrogen ortho�
molecules have also been simulated. The main princi�
ples of the PIMC method are expounded in detail in
the works [7, 38–42]. Various modifications of this
method were employed for simulating hydrogen and
deuterium clusters in the papers [1, 3, 4, 7–10, 15, 16,
18–20, 25–27].

The version of the PIMC method that we used is
described in detail in the article [7] where it had
been applied to studying the deuterium clusters
(ortho�D2)10(para�D2)3 and (ortho�D2)8(para�D2)5.
Following [7], we assumed that all the hydrogen para�
molecules are in the ground rotational state j = 0 while
all the ortho�molecules are in the state j = 1. This is
fully justified at temperatures of the order of a few
degrees Kelvin. Two types of the rotational Hamilto�
nian basis had been considered in the paper [7] for a
cluster containing m molecules with j = 1: the full basis
consisting of 3m functions (“the A�basis”) and an
approximate basis (“the B�basis”). In order to obtain
more accurate results, we performed calculations
employing the full basis. However, since the number of
functions in this basis grows exponentially as m
increases, the use of the A�basis is confined in practice
with values m ≤ 6.

Recall that the particles of the cluster are repre�
sented in the PIMC method by ring “polymers,” each
consisting of some number M of “beads” [7, 38–42].
The larger M is, the more accurate and simultaneously
more laborious are the calculations and the smaller is
a temperature T that can be sampled. The case of clas�
sical particles corresponds to the value M = 1. For
temperatures T = 1.5, 3, and 4.5 K, we used numbers
M lying in the intervals 741 ≤ M ≤ 765, 679 ≤ M ≤ 684,
and 540 ≤ M ≤ 550, respectively. Several tests showed
that increasing M further does not affect the calcula�
tion results. While determining any spatial character�
istics of the cluster (e.g., the radial density profile or
the distribution of the interparticle distances), one
calculates the corresponding quantities (such as the
distance to the center of mass or the pairwise dis�
tances) separately for each cluster “replica,” i.e. for
the collection of the i�th beads of all the polymers,
i = 1, …, M.

The version of the PIMC method developed in the
work [7] treats the intermolecular exchange effects in
the Boltzmann statistics framework and, conse�
quently, does not enable one to simulate superfluidity
[1, 16, 18–20, 25–27, 40]. However, the energy char�

acteristics and the spatial structure of small nanoclus�
ters seem to depend slightly on the exchange effects
[18].

Also following [7], we represented the isotropic
component of the intermolecular H2–H2 interaction
by the Lennard�Jones (12, 6) potential with the
parameters ε = 34.2 K (the potential well depth) and
σ = 2.96 Å (the distance at which the potential van�
ishes). In the last 20 years, in most of the works
devoted to hydrogen and deuterium nanoclusters [1–
6, 8, 13–20, 22–27], the more accurate Silvera–
Goldman potential [28, 43] or Buck potential [44, 45]
have been employed. However, these two potentials
yield qualitatively the same results as the Lennard�
Jones potential [8, 18]. For classical clusters of N ≤
1000 particles with a Lennard�Jones (12, 6) pairwise
interaction potential, the configurations correspond�
ing to the global minima of the potential energy are
known [46] (for N ≤ 110, such configurations are
described in the paper [47]). We used these configura�
tions scaled according to the value σ = 2.96 Å as the
initial ones while simulating the hydrogen clusters by
the PIMC method. The anisotropic component of
the intermolecular potential was assumed to be other
than zero for the ortho�H2 –ortho�H2 pairs only and
was represented as the quadrupole�quadrupole inter�
action [7].

CALCULATION RESULTS

Our calculations consisted mainly of the following
seven series: simulation of parahydrogen clusters
(para�H2)N at temperatures T = 1.5, 3, and 4.5 K for
4 ≤ N ≤ 40, 6 ≤ N ≤ 40, and 15 ≤ N ≤ 40, respectively;
simulation of clusters (para�H2)N–3(ortho�H2)3 with
three orthohydrogen molecules at temperatures T =
1.5, 3, and 4.5 K for 5 ≤ N ≤ 40, 6 ≤ N ≤ 40, and
15 ≤ N ≤ 40, respectively; and, finally, simulation
of clusters (para�H2)N–5(ortho�H2)5 with five ortho�
hydrogen molecules at temperature T = 1.5 K for
5 ≤ N ≤ 40. For N values smaller than the indicated
ones, clusters “evaporated,” i.e. some molecules were
leaving the cluster rapidly during the simulation by the
PIMC method.

Figure 1 presents the total specific energies E(N)/N
of the clusters with three ortho�molecules (i.e. the
total energies E(N) per molecule) at temperatures T =
1.5, 3, and 4.5 K. The total specific energies of the
pure parahydrogen clusters and of the hydrogen clus�
ters with five ortho�molecules are almost undistin�
guishable in the scale of Fig. 1 from the total specific
energies of the clusters (para�H2)N–3(ortho�H2)3 at the
same total number N of molecules and the same tem�
perature.

In the framework of the so�called liquid drop
model (e.g., see [48, 49]), the function E = E(N) is fit�
ted at a fixed temperature T (and a fixed number m of
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orthohydrogen molecules) by the three�parameter
expression

(1)

where the terms A
v
N and AsN

2/3 correspond to the
“volume” and “surface” energies, respectively. One
can interpret the quantity –A

v
 as the bond energy of a

molecule in a macroscopic hydrogen drop. Of course,
such an interpretation is rather relative because liquid
parahydrogen freezes at much higher temperatures
(T = 13.8 K at the triple point) than those sampled in
this work, cf. the discussion in [50]. One sometimes
uses the more general expression [51]

For each of the seven calculation series indicated
above, we fitted the total energies E(N) of the clusters
by expression (1) by the least square method. The
results are compiled in the table. As one sees from this
table, each of the quantities –A

v
, As, and –Ac is posi�

tive and increases as the temperature rises at a fixed
number of ortho�molecules in the cluster and as the
number of orthohydrogen molecules is raised at a fixed
temperature. One expects that if the fitting is per�
formed over wider N ranges, the dependence of the
coefficients A

v
, As, Ac on the number m = 0, 3, 5 of

ortho�molecules in the cluster will vanish.
Another principal energy characteristic of a cluster

(in addition to the total energy E(N)) is the chemical
potential

(2)

which is defined at the given temperature T and the
given number m of orthohydrogen molecules. The N
values corresponding to the local minima of the func�
tion μ = μ(N) are usually called the magic numbers: a
cluster with a magic number of molecules is more sta�
ble than the clusters containing one more or one less
molecule [14, 17–19, 21–24, 26]. More general con�
cepts about cluster magic numbers are discussed, e.g.,
in the reviews [52, 53]. The cluster chemical potentials
μ(N) obtained in our calculations are presented in
Figs. 2–4. For comparison, the same figures show the
differences

(3)

where U(N) denotes the global minimum of the poten�
tial energy of a classical Lennard�Jones cluster of N
particles [46, 47] found under the condition that the
potential well depth for the interaction of two particles
is ε = 34.2 K. One may call the quantity θ(N) the
“classical chemical potential at zero absolute temper�
ature.”

At temperature T = 1.5 K (Fig. 2), the chemical
potentials μ(N) in all the three cases we considered
(parahydrogen clusters, hydrogen clusters with three
ortho�molecules, and hydrogen clusters with five
ortho�molecules) are very close and attain minima at

E N( ) A
v
N AsN

2/3 AcN1/3
,+ +≈

E N( ) A
v
N AsN

2/3 AcN1/3 Ad.+ + +≈

μ N( ) E N( ) E N 1–( ),–=

θ N( ) U N( ) U N 1–( ),–=

the same values N = 13, 19, 23, 26, 29, 32, 34, and 37
(which confirms the data of most of the preceding
works [14, 17–19, 21–24, 26]). These magic numbers
almost coincide with the positions of the local minima
of the function θ = θ(N) which are attained at N = 7,
13, 19, 23, 26, 29, 32, 36, and 38 in the range of N val�
ues we sampled. Thus, the first six magic numbers N =
13, 19, 23, 26, 29, and 32 of hydrogen clusters at T =
1.5 K are of a purely geometric origin and caused by the
structure of the energy�minimal configurations (for a
given number of particles) of classical Lennard�Jones
clusters [46, 47]. The magic number N = 13 which
agrees with the experimental data [13] (as well as the
magic number N = 55 found experimentally [13]) cor�
responds to a closed icosahedral configuration [47].
The magic numbers for many other cluster character�
istics known in the literature are also of a geometric
nature (and connected with filling successively the
cluster shells) [52, 53]. Being based on the experimen�
tal results [13], one would expect the magic number
N = 33 rather than N = 32 or 34; the reasons for this
discrepancy are not quite clear. As the temperature T
is raised to 3 K (Fig. 3) and especially to 4.5 K (Fig. 4),
the similarity between the chemical potentials (2) of
the parahydrogen clusters and those of the hydrogen
clusters with three ortho�molecules deteriorates, the
minima of these potentials become much less pro�
nounced, and the connection of the corresponding
magic numbers with the local minima of function (3)
disappears in essence (with the exception of the magic
number N = 13 at T = 3 K).

Figure 5 presents the rotational energies Erot of the
clusters with three and five orthohydrogen molecules.
We defined the rotational Hamiltonian of the cluster
to be the sum of the operator of the kinetic energy of
molecular rotation and the operator of the anisotropic
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Fig. 1. The total specific energies of the clusters (para�
H2)N–3(ortho�H2)3 at temperatures T = 4.5, 3, and 1.5 K
(from top to bottom). The standard deviations do not
exceed a few centidegrees Kelvin.
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component of the intermolecular interaction (the pre�
cise expressions are given in the paper [7]). The ratios
of the rotational energies of the clusters with five and
three ortho�molecules (for the same total number N of
molecules) at T = 1.5 K lie between 2.73 and 3.03. As
functions of N, the rotational energies Erot = Erot(N) at
temperature T = 1.5 K exhibit, in each of the two cases
(three ortho�molecules and five ortho�molecules in
the cluster), five local minima at N = 13, 19, 23, 26,
and 29, as well as three less pronounced minima at N =
32, 34, and 37. These eight values of N coincide
exactly with the positions of the local minima of the
chemical potentials μ(N) at the same temperature
(Fig. 2) and, apparently, are also of a geometric origin.
As the temperature is raised, the minima of the func�
tion Erot(N) smoothen.

The most important spatial characteristic of a clus�
ter is its radial density profile ρ(R), i.e. the number of
particles per volume unit at a distance of R to the cen�
ter of mass. The function ρ(R) satisfies the normaliza�
tion

(4)

the mean values 〈R〉 and 〈R2〉 of the distance of the par�
ticle from the cluster center of mass and of the square
of this distance, respectively, being calculated by the
formulas

In the case of clusters containing orthohydrogen mol�
ecules, we found the distributions ρ(R) for the whole
cluster (ρall) and separately for the para�molecules
(ρpara) and the ortho�molecules (ρortho). In these calcu�
lations, we employed the same normalization (4) for
all the three profiles:

which enabled us to compare directly the radial distri�
butions of the para� and orthohydrogen molecules.

Of course, while computing the radial density pro�
file ρ(R), we did not assume the cluster to be spheri�
cally symmetric. It is also worthwhile to note that the
function ρ(R) of the scalar argument R was deter�
mined directly, without finding first the spatial density
(as a function of the vector argument R) and its subse�
quent averaging over two angular variables.

As the calculations showed, the presence of several
ortho�molecules does not affect significantly the
radial density profile ρ(R) = ρall(R) of the whole clus�
ter, and this profile almost coincides with that of the
pure parahydrogen cluster for the same N and T. On
the other hand, the shape of the function ρ(R) varies
very strongly with N and T. For instance, at T = 1.5 K,
the density ρ(R) decreases as R  0 for 4 ≤ N ≤ 8,
makes a plateau or increases for 9 ≤ N ≤ 18 (see Fig. 6
for N = 13), decreases for 19 ≤ N ≤ 38 (see Fig. 7 for
N = 26 and Fig. 8 for N = 38), and increases again for
39 ≤ N ≤ 40. These differences in the behavior of the
radial density profile ρ(R) for small R values persist in
a somewhat smoothened form as the temperature is
raised to 3 or 4.5 K. They agree with the data of many
preceding works devoted to clusters (H2)N(D2)n [1, 3–
6, 14, 16–20, 22, 25–27]. An increase in the density
ρ(R) as R  0 is connected with the presence of a

ρ R( )R2 Rd

0

∞

∫
N
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�����,=

R〈 〉
4π

N
����� ρ R( )R3 R, R2
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0

∞

∫
4π

N
����� ρ R( )R4 R.d
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∞
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The fitting of the total energies of the clusters by expression (1).
The values of the coefficients A

v
, As, Ac and the corresponding

standard deviations are given in Kelvin

Coefficients Values of the 
coefficients Standard deviations

Only para�molecules at T = 1.5 K

A
v

–76.8 ±0.84 (1.1%)

As 198 ±3.8 (1.9%)

Ac –133 ±4.1 (3.1%)

Only para�molecules at T = 3 K

A
v

–80.0 ±1.1 (1.4%)

As 218 ±6.0 (2.8%)

Ac –156 ±7.8 (5.0%)

Only para�molecules at T = 4.5 K

A
v

–82.3 ±1.9 (2.3%)

As 240 ±11 (4.6%)

Ac –185 ±16 (8.6%)

Three ortho�molecules at T = 1.5 K

A
v

–79.5 ±0.99 (1.2%)

As 211 ±4.9 (2.3%)

Ac –150 ±6.0 (4.0%)

Three ortho�molecules at T = 3 K

A
v

–80.3 ±1.2 (1.4%)

As 220 ±6.2 (2.8%)

Ac –159 ±8.2 (5.1%)

Three ortho�molecules at T = 4.5 K

A
v

–83.7 ±2.0 (2.4%)

As 248 ±12 (4.9%)

Ac –199 ±18 (9.1%)

Five ortho�molecules at T = 1.5 K

A
v

–80.0 ±1.0 (1.3%)

As 214 ±5.2 (2.4%)

Ac –154 ±6.4 (4.1%)
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central molecule in the cluster. In turn, the latter is
also caused, in the long run, by the geometry of the
energy�minimal configurations of classical particles
with pairwise interaction [46, 47, 52, 53]. The radial
densities of the clusters (para�H2)N at zero absolute

temperature for all the N values from 3 to 50 are pre�
sented in the papers [14, 17, 22].

On the other hand, an analysis of the radial density
profiles ρpara(R) and ρortho(R) proves that in hydrogen
clusters containing ortho�molecules, the latter exhibit
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Fig. 2. The uppermost line represents quantities (3) divided by 10. The lower part of the figure presents the chemical potentials (2)
of hydrogen clusters without ortho�molecules (the dashed line), with three ortho�molecules (the solid line), and with five ortho�
molecules (the dashed�and�dotted line) at temperature T = 1.5 K. The standard deviations are shown only for the chemical
potentials of the clusters (para�H2)N–3(ortho�H2)3; in the two other cases, the standard deviations are almost the same.
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Fig. 3. The uppermost line represents quantities (3) divided by 10. The lower part of the figure presents the chemical potentials (2)
of hydrogen clusters without ortho�molecules (the dashed line) and with three ortho�molecules (the solid line) at temperature
T = 3 K. The standard deviations are shown only for the chemical potentials of the clusters (para�H2)N–3(ortho�H2)3; in the case
of the clusters (para�H2)N, the standard deviations are almost the same.
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a larger probability (compared to the para�molecules)
to reside in the central region of the cluster and a
smaller probability to be located near its surface. This
partial spatial separation of the ortho� and para�com�
ponents of the cluster is explained by the fact that the
potential energy of the orthohydrogen molecule inter�
action is larger on the average (in absolute value) due

to the presence of the anisotropic quadrupole�quadru�
pole term. The function ρortho(R) is larger than ρall(R)
for small distances R (smaller than a certain value R0),
whereas ρall(R) exceeds ρortho(R) for R > R0 (the calcu�
lations show that the “critical” distance R0 increases
with N). For the density profiles ρpara(R), the situation
is opposite. Figures 6–8 present typical examples for
T = 1.5 K. In all the cases, the general behavior of the
functions ρpara(R) and ρortho(R) is similar on the whole
to the shape of the function ρall(R). The radial separa�
tion of the ortho� and para�components of the cluster
is enhanced as the number m of ortho�molecules in
the cluster increases (this effect is very clear in Figs. 6–
8), the total number N of molecules grows (within the
ranges sampled in this work), and the temperature T is
lowered.

The trend of orthohydrogen molecules to concen�
trate in the central region of the cluster can be esti�
mated by computing the ratio of the mean squares of
the distances of the para� and ortho�molecules from
the cluster center of mass:

(5)

The calculation results are presented in Fig. 9. This
figure shows that ratio (5) exceeds unit in all the cases.
Moreover, the higher the temperature, the smaller this
ratio, as a whole. At T = 1.5 K, ratio (5) is noticeably
larger for the clusters with five ortho�molecules than
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Fig. 4. The uppermost line represents quantities (3) divided by 10. The lower part of the figure presents the chemical potentials (2)
of hydrogen clusters without ortho�molecules (the dashed line) and with three ortho�molecules (the solid line) at temperature
T = 4.5 K. The standard deviations are shown only for the chemical potentials of the clusters (para�H2)N–3(ortho�H2)3; in the
case of the clusters (para�H2)N, the standard deviations are almost the same.
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Fig. 5. The rotational energies of the clusters. The three
upper lines correspond to clusters with three orthohydro�
gen molecules at temperatures T = 4.5, 3, and 1.5 K (from
top to bottom). The standard deviations do not exceed a
few millidegrees Kelvin. The lowermost line corresponds
to the clusters (para�H2)N–5(ortho�H2)5 at temperature
T = 1.5 K. The standard deviations do not exceed one or
two centidegrees Kelvin.
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for the clusters with three ortho�molecules. On the
whole, this ratio increases as the total number of mol�
ecules in the cluster rises. At the magic value N = 13,
ratio (5) at T = 1.5 K attains a local maximum for the
clusters (para�H2)N–3(ortho�H2)3 as well as for the
clusters (para�H2)N–5(ortho�H2)5.

Of course, all the effects listed hold also for the
ratios 〈R〉para/〈R〉ortho of the mean distances of the para�
and ortho�molecules from the cluster center of mass.
We have preferred to consider the ratios of the mean
squares of the distances because in the framework of
the liquid drop model, the quantity 〈R2〉 is used more
often than 〈R〉 (for instance, the so�called equivalent
uniform radius of a drop is equal to (5〈R2〉/3)1/2 [49]).

A heightened concentration of orthohydrogen
molecules in the central region of the cluster agrees
with the remarks of the work [29] as well as with the
observations of the paper [7], where an analogous
effect was noted for paradeuterium molecules in the
cluster (ortho�D2)10(para�D2)3 at T = 1 K. On the
other hand, the data of the work [20] imply that the
radial density profile ρortho(R) of the ortho�molecule in
the cluster (para�H2)24(ortho�H2)1 at T = 1 K almost
coincides with the radial density profile ρ(R) for the
pure parahydrogen cluster (para�H2)25 at the same
temperature. This does not contradict the conclusions
of the present paper: the smaller is the number of
ortho�molecules in a cluster, the weaker is the spatial
separation of its ortho� and para�components. More�
over, since the interaction between a hydrogen ortho�

molecule and a para�molecule is almost the same as
the interaction between two para�molecules [7], the
presence of a single ortho�molecule in a cluster cannot
affect its structure at all.

Of course, the tendency of orthohydrogen mole�
cules to be closer to the cluster center compared to
parahydrogen molecules can be observed also while
analyzing the distributions of the pairwise distances
between molecules. For the distribution function g(r)
of pairwise distances r between particles in a cluster,
the optimal normalization is given by the equation
[14]

Figure 10 presents the ratios 〈r2〉para/〈r2〉ortho of the
mean squares of the pairwise distances between ortho�
molecules and between para�molecules. The ratios are
found by a formula analogous to (5). As one sees in the
figure, these ratios exceed unit in all the cases and
exhibit the same trends as ratios (5) of the mean
squares of the distances of molecules from the cluster
center of mass.

Our calculations also imply that the distribution of
the angles in the triangles whose vertices coincide with
the location of molecules in the cluster is determined
only by the total number N of molecules and does not
depend on the temperature and the number of ortho�
hydrogen molecules almost at all.
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Fig. 6. The radial density profiles of clusters of 13 hydrogen molecules at temperature T = 1.5 K with various numbers m of ortho�
molecules. The nine lines presented correspond to the following functions (from top to bottom in the region R ≤ 1 Å). The three
dashed�and�dotted lines show ρortho(R): m = 4 and 5 (the densities of ortho�molecules in these two cases are undistinguishable
in the figure scale); m = 3 and 6 (the densities of ortho�molecules in these two cases are also undistinguishable in the figure scale);
m = 2. The solid line shows ρ(R) for m = 0 and ρall(R) for 2 ≤ m ≤ 6 (all these six functions are undistinguishable in the figure
scale). The five dashed lines show ρpara(R): m = 2, 3, 4, 5, and 6.
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The results of the present paper show that the pres�
ence of several ortho�molecules in a parahydrogen
cluster affects slightly, as a whole, the energy and
structural properties of the cluster. On the other hand,
the relative density of orthohydrogen molecules turns

out to be higher near the cluster center than near its
surface, the magic numbers for the rotational energy
and the chemical potential coinciding. These observa�
tions seem to be in no way connected with any special
features of the Lennard�Jones potential for the inter�

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0 87654321

Distance R to the center of mass [Å]

D
en

si
ty

 ρ
(R

) 
[Å

−
3 ]

Fig. 7. The radial density profiles of clusters of 26 hydrogen molecules at temperature T = 1.5 K with various numbers m of ortho�
molecules. The five lines presented correspond to the following functions (from top to bottom in the region of the left “hump”:
R ≈ 2.25 Å). The two dashed�and�dotted lines show ρortho(R): m = 5 and 3. The solid line shows ρ(R) for m = 0 and ρall(R) for
m = 3 and 5 (these three functions are undistinguishable in the figure scale). The two dashed lines show ρpara(R): m = 3 and 5.
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Fig. 8. The radial density profiles of clusters of 38 hydrogen molecules at temperature T = 1.5 K with various numbers m of ortho�
molecules. The five lines presented correspond to the following functions (from top to bottom in the region of the two left
“humps”: 1 Å ≤ R ≤ 3 Å). The two dashed�and�dotted lines show ρortho(R): m = 5 and 3. The solid line shows ρall(R) for m = 3
and 5 (these two functions are undistinguishable in the figure scale). The two dashed lines show ρpara(R): m = 3 and 5.
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molecular interaction and, moreover, are expected to
hold also if one takes into account more accurately the
intermolecular exchange effects (in particular, super�
fluidity).
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