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Abstract

Heterogeneity in communities is a key factor to consider when modelling the transmission of an
infection or implementing strategies to control its transmission. Heterogeneity in the level of infec-
tiousness of individuals can arise in a number of ways. For example, it can arise through the structure
of a community with, say, households, through the nature of a disease that may include superspreaders
and others who are hardly infectious (like SARS), or through mixing and behaviour patterns that
can be altered by interventions. Lloyd-Smith et al. (Lloyd-Smith, Schreiber, Kopp and Getz (2005))
observed that, under certain specific assumptions, greater heterogeneity, leads to a greater probability
of disease elimination. In this paper we explore the impact of heterogeneity on the probability of dis-
ease elimination more generally. We show that, for many commonly arising distributions in ecology
and epidemiology, an increase in heterogeneity, when the mean is fixed, leads to a reduction in the
probability of a local outbreak. This result has important consequences for health care strategies, such
as choosing strategies that increase heterogeneity for the same mean level of infectivity thereby delay-
ing, or possibly preventing, an outbreak. However, while broadly true, including for most offspring
distributions common to epidemic and ecological situations, the result is not in general true as we
show by counter–examples for each of the types of heterogeneity considered. We conjecture a general
principle determining when the result holds, but it remains an open question precisely when greater
heterogeneity leads to an increase in the probability of extinction.
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1. Introduction

Lloyd-Smith et al. (Lloyd-Smith, Schreiber, Kopp and Getz (2005)) and James et al.
(James, Pitchford and Plank (2007)) note that, for a disease such as SARS, there exists
a significant disparity in the level of infectiousness between individuals. Certain infected
individuals infect few or no susceptibles, while others act as superspreaders infecting great
numbers. They point out that increasing heterogeneity of infectivity among individuals
tends to increase the probability that an outbreak initiated by a single introductory case
fades out early, rather than becoming a major outbreak. They come to their conclusion
by assuming the distribution for the number of individuals infected by an infective, i.e.
the offspring distribution, to be a negative binomial distribution and considering the effect
of an increasing variance within that family of offspring distributions. If true in general,
this result would have considerable public health implication for policy concerned with
preparedness for outbreaks of emerging infections, such as SARS and pandemic influenza.
While our motivation is a deeper understanding of epidemics, the result also has implications
in ecology; for example, for the control of weeds subject to the accidental, or deliberate,
importation of seeds.

In this paper we explore this result for a wide class of offspring distributions. For con-
venience, our discussion is presented in the context of importation of an emerged infectious
disease. We will also assume that the infection is imported by a single case, although re-
sults easily extend to multiple importations. Suppose then that a single newly–infected case
arrives into a community where most people are susceptible to this new infectious disease.
During the early stages of the resulting ‘outbreak’, i.e. before there is appreciable deple-
tion in the number of susceptibles, one can approximate the growth in the population of
infectives by a branching process. The probability of extinction of the branching process
is a good approximation for the probability that the epidemic fades out before the outbreak
becomes large. Our main interest can therefore be expressed as “How does dispersion in
the offspring distribution affect the probability of extinction of the branching process?” To
answer this question it suffices to consider the branching process in terms of generations, i.e.
the Galton–Watson process. The probability of extinction of a branching process tends to
decrease as the infectivity of the infectious disease increases, so when looking at the effect
of dispersion on this probability we keep the mean of the offspring distribution fixed.

While we show the result that increased heterogeneity decreases the likelihood of an out-
break is true for wide classes of distributions, we also show that it is not generally true. For
each type of heterogeneity we considered, we could construct a counter–example. However,
for the distributions most commonly attributed to epidemic and ecological situations, our
analysis demonstrates that the result holds.

We look at heterogeneity in the infectivity of cases in four different ways. In Section 2
we simply reflect increasing heterogeneity by an increasing variance within a large family
of offspring distributions. In Section 3 heterogeneity is reflected, more mechanistically, by
a mixture of distributions. In Section 4 we consider a family of compound distributions,
which provides an alternative mechanistic model possibly reflecting heterogeneity arising
from community structure. The heterogeneity considered in Section 5 is motivated more
directly by the notion of superspreaders. Sections 2 to 5 consider four different types of het-
erogeneity and show that the effect of heterogeneity in infectivity increases the probability
of extinction of the branching process in wide set of distributions. However, in Section 6
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we show that there is also a diverse range of counter–examples for this result. Finally, we
provide some concluding remarks in Section 7.

2. A family of distributions with increasing variance

A simple way to represent increasing heterogeneity in the infectivity of infectives is to
consider a family of offspring distributions with increasing variance. Here we consider a
family of power series distributions, and show they have the property that, with the mean
held fixed, an increase in variance implies an increase in the probability of extinction of
the branching process. Our family of distributions includes binomial and negative binomial
distributions as particular cases.

The power series distribution for a random variable X has (Johnson, Kotz and Kemp
(1993); Becker (1974))

Pr(X = x) =
a(x)�x

A(�)
, �X =

�A′(�)

A(�)
and �2

X = �
d�X

d�
,

where x ∈ � , with � a subset of the nonnegative integers, a(x) > 0 and A(�) = � x a(x)�x.
Its probability generating function is given by

�X (s) = E
(
sX)=

A(�s)
A(�)

.

Our interest is in the probability of extinction (q) of the branching process whose offspring
has such a power series distribution. This probability q is given by the smaller root of the
equation

s = �X (s).

To study the effect of an increasing variance in the number of offspring on q, we identify
an indexed family of distributions with increasing variance. First note that

�2
X = �X (1−�X)+�2 A′′(�)

A(�)
.

Farrington and Grant (Farrington and Grant (1999)) identified a subclass of the power series
distribution with the property

A′′(�)

A′(�)
= �

A′(�)

A(�)
(2.1)

where � does not depend on �. This includes Poisson, geometric, binomial and negative
binomial distributions. For this class the variance is

�2
X = �X (1−�X)+��2

X , (2.2)

which, for fixed �X , increases with �. The probability generating function for this class can
be expressed as

�X (s) =
A(�)

A(�)
+ (s�−�)

A′(�)

A(�)
+

(s�−�)2

2!
A′′(�)

A(�)
+

(s�−�)3

3!
A′′′(�)

A(�)
+ . . .
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= 1 +�(s−1)
�X

�
+�2 (s−1)2

2!

(�X

�

)2
�+�3 (s−1)3

3!

(�X

�

)3
�(2�−1)

+�4 (s−1)4

4!

(�X

�

)4
�(2�−1)(3�−2)+ . . .

= [1− (�−1)(s−1)�X ]−1/(�−1) , � �= 1. (2.3)

The case � = 1 corresponds to the Poisson distribution for which �X(s) = e�X (s−1).

For s in the range (0,1), equation (2.3) is positive, and an increasing function of � for
� ≥ 0. Since, for constant mean, an increase in variance is associated with an increase in �
(equation (2.2)), this implies that the probability of extinction increases with the variance.

For the Binomial(n; p) distribution � = 1− 1/n. Thus increasing n leads to an increase
in �, an increase in variance (equation (2.2)) and a greater probability of extinction (Fig-
ure 2.1(a)). For the NegBinomial(k; p) distribution � = 1+1/k. Thus decreasing k leads to
an increase in �, an increase in variance and an increase in the probability of extinction. The
latter result supports the observations of Lloyd–Smith et al. (Lloyd-Smith, Schreiber, Kopp
and Getz (2005)) and James et al. (James, Pitchford and Plank (2007)) (Figure 2.1(b)).
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Figure 2.1. (a) The probability generating function �(s) is plotted for the binomial distribution with
�X = 1.5 and n = 1.6 or �2

X = 0.09 (solid curve), n = 3 or �2
X = 0.75 (dashed curve) and n = 50

or �2 = 1.5 (dotted curve). Clearly the solution to s = �(s) increases with increasing variance
(increasing n).

(b) The probability of disease elimination q as a function of the mean (�X ) for the negative binomial
distribution. As the variance �2

X increases (k decreases), so the probability of disease elimination
increases

3. Mixed distributions

A more mechanistic way to accommodate heterogeneity is to use a mixture of distri-
butions. This approach is often adopted in ecology and epidemiology, and explains the
prominent role of the negative binomial distribution in the analysis of data and in studies
based on modelling (Lloyd-Smith, Schreiber, Kopp and Getz (2005); James, Pitchford and
Plank (2007)).

Begin by considering a Poisson offspring distribution. Models formulated to describe
the transmission of an infectious disease often assume that an infective makes infectious
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contacts according to a Poisson process. Therefore the number of offspring generated by
an infective has a Poisson distribution when the duration of the infectious period is non–
random, i.e. the same for everyone. If we allow the duration of the infectious period to vary
we obtain a mixture of Poisson distributions for the offspring distribution.

Let the conditional distribution X |T be Poisson(T ), with T a random variable having
an undefined distribution on (0,�). The probability generating function of the offspring
distribution is then given by

�X (s) = E(sX ) = E[E(sX |T )] = E[eT (s−1)], (3.1)

with �X = �T and �2
X = �T +�2

T , so that a mixed Poisson distribution has the same mean,
but an increased variance, when compared with the Poisson distribution. From Jensen’s
inequality we have

E[eT (s−1)] ≥ eE(T )(s−1),

since eT (s−1) is a concave upwards function of T . We deduce that the probability of extinc-
tion for the branching process with the mixed offspring distribution, which is given by the
smaller solution of s = E[eT (s−1)] is greater than when the offspring distribution is Poisson.
This is true irrespective of the distribution of T , and so the observation of Lloyd–Smith et
al. (Lloyd-Smith, Schreiber, Kopp and Getz (2005)) holds irrespective of their assumption
that T has a gamma distribution.

The above result applies to a comparison with two different offspring distributions, namely
the Poisson distribution and a mixture of Poisson distributions. We now look at the case
when both offspring distributions are mixtures of Poisson distributions, with the same means
but different variances.

Consider the conditional distribution X |T ∼ Poisson(T ), where T is distributed according
to one of a certain exponential family of distributions given by probability density function

Pr(t ≤ T < t + dt) =
e−�t

B(�)
dF(t), t > 0.

This class includes distributions for continuous random variables, such as the gamma distri-
bution, as well as distributions for discrete random variables with a power series distribution.
The mean and variance of T are given by

�T = −
B′(�)

B(�)
and �2

T = −
d�T

d�
.

The probability generating function of X is then given by

�X (s) = E(sX ) = E[E(sX |T )]

= E[eT(s−1)]

=

∫ �

0
et(s−1) e�t

B(�)
dF(t)

=
B(�− s+ 1)

B(�)
.
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This holds for the discrete Bernoulli, binomial, Poisson, geometric, negative binomial and
logarithmic series distributions, as well as the continuous gamma and exponential distribu-
tions. With the exception of the logarithmic series distribution, these distributions satisfy
the condition (analogous to (2.1))

B′′(�)

B′(�)
= �

B′(�)

B(�)
. (3.2)

Expanding as in equation (2.3), with condition (3.2) and for � �= 1,

�X (s) = [1− (�−1)(s−1)�T ]−1/(�−1) .

This function �X (s), as well as the variance �2
X = �T +�2

T = �T + (�− 1)�2
T , increases

as � increases. Thus, if the offspring distribution is a mixture of Poisson distributions with
mixing distribution given by the assumed exponential family with condition (3.2) then, if the
mean is held fixed, an increase in variance is accompanied by an increase in the probability
of extinction of the branching process.

The negative binomial distribution is an example of a mixed Poisson distribution, where
the mean of the Poisson distribution has a gamma distribution. We note that the Gamma(a;k)
distribution belongs to the assumed exponential family with � = 1 + 1/k. Thus, as a con-
sequence of the above analysis, the result holds for the negative binomial distribution. Al-
though this result appears in Section 2, we have shown here that it arises naturally by taking
a more mechanistic approach to incorporating heterogeneity.

4. Compound distributions

An alternative way to accommodate heterogeneity is to consider compound distributions.
Let the number of offspring of a typical infective be X = �N

i=1 Yi, where N is a random vari-
able taking values in {0,1,2, . . .} and, given N, the Yi are independent identically distributed
random variables also taking values in {0,1,2, . . .}. The probability generating function of
the offspring distribution is

�X (s) = �
n

E(sX |N = n)Pr(N = n)

= �
n

[E(sY )]n)Pr(N = n)

= �N(�Y (s)). (4.1)

Denoting the mean and variance of N by �N and �2
N , and those for Yi by �Y and �2

Y , re-
spectively, we are able to deduce that the mean and variance of the offspring distribution are
�X = �N�Y and �2

X = �N�2
Y +�2

Y�
2
N .

In the context of infectious diseases, compound distributions allow us to take the structure
of the community into account. For example, N might be the number of individuals an
infective infects in the general community and Yi might be the size of the household outbreak
resulting in the household of a randomly selected person who is infected (Ball and Becker
(2006)).
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We restrict attention to the case where N and Yi have power series distributions, each
subject to condition (2.1). Then

�2
X = �X (1−�X)+�2

X

(
�N

�N
+�Y

)
,

which, subject to a fixed mean �X will increase by increasing �N/�N +�Y . This may be
done by increasing �N , decreasing �N or increasing �Y . However, it can also be achieved in
other ways including a combination of these.

We consider two specific families of distributions in more detail.

4.1. A Poisson distribution for N

Assume that N ∼ Poisson(�N) and Y has a power series distribution with condition (2.1)
and �Y non–negative, fixed and not equal to 1. Then

�X (s) = e
�N

([
1−(�Y−1)(s−1)

�X
�N

] −1
�Y −1 −1

)
,

which increases for every s in (0,1) as �N decreases. Therefore q, the probability of extinc-
tion of the branching process increases as the variance �2

X increases.

Proof. Setting f1 equal to the exponent of �X (s), we have

d f1

d�N
=

[
1− (�Y −1)(s−1)

�X

�N

] −�Y
�Y −1

(
1− (s−1)�Y

�X

�N

)
−1.

Define f2 as d f1/d�N + 1 noting that f2 ≥ 0, lim�N→� f2 = 1,

d f2

d�N
=

[
1− (�Y −1)(s−1) �X

�N

] −1
�Y −1

�Y (s−1)2�2
X

�3
N

(
1− (�Y −1)(s−1) �X

�N

)2 ,

and that this derivative is positive since �N > 0 and �Y ≥ 0. Thus f2 is an increasing function
of �N , bounded above by 1, and hence d f1/d�N < 0. This implies that f1, which is negative,
is a decreasing function of �N , so that �X (s) is increasing with decreasing �N (equivalently,
increasing variance) and the result holds.

Comment: From this result we can deduce that, for example, the Pólya–Aeppli distribution
(where Y has a geometric distribution and �Y = 2) has the property that increased variance
leads to an increase in the probability of extinction.

4.2. A Poisson distribution for Y

Alternatively, assume that Y ∼ Poisson(�Y ) and that N has a power series distribution
with condition (2.1) and �N non–negative, fixed and not equal to 1. Then
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�X (s) =
[
1− (�N −1)(e�Y (s−1)−1)�N

] −1
�N−1

,

which increases as �N decreases. Therefore q increases as the variance �2
X increases.

Proof. The quantity f = (e�Y (s−1)−1)�N is a decreasing function of �N since

d f
d�N

= e
�X
�N

(s−1)−�X(s−1)

�N
+

(
e
�X
�N

(s−1)
−1

)
= e

�X
�N

(s−1)
[

1 +
�X

�N
(1− s)− e

�X
�N

(1−s)
]

= e
�X
�N

(s−1)

[
1 +

�X

�N
(1− s)−1−

�X

�N
(1− s)−

(
�X

�N
(1− s)

)2

/2!− . . .

]
< 0. (4.2)

Thus �X (s) is decreasing with increasing �N . This implies that increasing variance is ac-
companied by an increase in the probability of extinction.

Comment: For the special case when both distributions are Poisson, that is, N ∼ Poisson(�N)
and Y ∼ Poisson(�Y ), we have �N = 1 = �Y so that

�X (s) = e�N(e�Y (s−1)−1).

The exponent is a decreasing function of �N (equation (4.2)) and so �X(s) increases with
increasing variance (equivalently, decreasing �N). Thus the Neyman Type A distribution, a
compound of two Poisson distributions, has this property.

5. Superspreaders

Superspreaders, that is, infected individuals who infect a disproportionate number of
susceptibles, are observed to play an important role in determining the heterogeneity and
dynamics of a number of diseases. For example, for a disease such as SARS, certain in-
fective individuals infected no susceptibles, while others acted as superspreaders (Lloyd-
Smith, Schreiber, Kopp and Getz (2005)). Lloyd et al. (Lloyd-Smith, Schreiber, Kopp and
Getz (2005)) proposed the use of the negative binomial offspring distribution as a way to
accommodate superspreaders. However, a more direct way to incorporate heterogeneity of
the form envisaged by the notion of superspreaders is to move probability mass directly to
extremes of the offspring distribution. We now show that, by moving probability mass from
any one point of an offspring distribution to the extremes, or other points of the distribution,
in a way that keeps the mean constant but increases the variance, we increase the probability
of extinction of the branching process. The use of a distribution-free argument is new to this
approach.

Consider random variables X1 and X2, with probability generating functions

�1(s) = p0 + p1s+ p2s2 + . . .+ pcsc and

�2(s) = p0 + . . .+(pi +�i)s
i + . . .+(pk −�k)s

k + . . .+(p j +�j)s
j + . . .+ pcsc,
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respectively, where 0 ≤ i < k < j ≤ c and �i,�k,�j > 0. Since probabilities sum to 1, �k =
�i +�j, and with the mean held fixed it follows that

i�i − k�k + j�j = 0 ⇒ (i− k)�k = (i− j)�j. (5.1)

The variances of X1 and X2 are related by

�2
2 = �2

1 + i2�i − k2�k + j2�j

= �2
1 +(i− k)(k− j)�k

so that �2
2 > �2

1 if i < k < j (or j < k < i).

The probability generating functions of X1 and X2 are related by

�2(s) = �1(s)+�k
(i− j)(si − sk)− (i− k)(si− s j)

i− j
,

so that, if (i− j)(si − sk) < (i− k)(si − s j) for s ∈ (0,1), or equivalently

k− i
j− i

<
si − sk

si − s j =
1−sk−i

1−s
1−s j−i

1−s

=
1 + s+ s2 + . . .+ sk−i−1

1 + s+ s2 + . . .+ sk−i−1 + . . .+ s j−i−1 , (5.2)

then �2(s) > �1(s). Note that, at s = 0, (si−sk)/(si−s j) = 1 > (k− i)/( j− i) since i < k < j.
Then, since (si − sk)/(si − s j) is decreasing (clear from the last expression in (5.2)) and
approaching (k− i)/( j− i) as s → 1 for s ∈ [0,1], the inequality of (5.2) holds.

Thus, for a shift of probability mass in a way that keeps the mean fixed and increases the
variance we obtain an increase in the probability of extinction of the branching process.

Comment: This result holds for mass shifted from a single point; however, it could be
followed by a sequence of such shifts, thereby facilitating a very complex shift of probabil-
ity mass for which increased heterogeneity leads to an increased probability of extinction.
Specifically, we can add probability mass beyond the extremes. In this way we can accom-
modate the usual notion of superspreaders.

6. Counter examples

In the previous four sections we identified families of offspring distributions, with the
same mean, for which an increasing variance implies an increase in the probability of ex-
tinction of the branching process. Some of these families have considerable generality and
some construct heterogeneity by a natural mechanism. They also include the distributions
commonly applied in epidemiology and ecology and thus these results might suggest that
the property holds quite generally; yet this is not the case as we now show. One can find,
for each of the above four types of heterogeneity, examples where the property is not true.

We first present the counter–examples, and then suggest a general phenomenon which
characterises them, and distinguishes them from the case in which increased variance leads
to an increase in the probability of extinction.
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6.1. A larger variance is not enough

Consider two random variables, X1 and X2 with probability generating functions

�1(s) = 0.1 + 0.8s2 + 0.1s4 and (6.1)

�2(s) = 0.5s+ 0.5s3, (6.2)

respectively. Then �1 = 2 = �2 but �2
1 < �2

2 with �2
1 = 0.8 and �2

2 = 1. The probability of
extinction for the distribution of X2 is zero while that for the distribution with the smaller
variance, is greater than zero since Pr(X1 = 0) > 0 (Figure 6.1(a)). Thus increased variance,
with a constant mean, does not imply increased extinction probability.
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Figure 6.1. Graphs of �1(s) (dashed curve) and �2(s) (solid curve) together with the line �(s) = s
(dotted line) for (a) system (6.1)–(6.2) and (b) system (6.3)–(6.4). Clearly the solution to s = �2(s)
is lower than the solution to s = �1(s) in both cases for s ∈ [0,1)

The above example has the feature that Pr(X2 = 0) = 0, which forces the probability of
extinction to be zero. However, the counter–example does not rely on this condition, as the
following alternative shows (Figure 6.1(b)). Replace �1 and �2 by

�1(s) = 0.2 + 0.1s+ 0.4s2+ 0.2s3 + 0.1s4 (6.3)

�2(s) = 0.1 + 0.45s+ 0.35s3+ 0.1s4. (6.4)

The mean is 1.9 in each case, �2
1 = 1.49 < 1.59 = �2

2 and the probabilities of extinction are
q1 = 0.256 > 0.2 = q2.

6.2. Mixed distributions

Does the result hold generally when the offspring distributions are members of the same
family of mixed distributions? Consider two mixed Poisson processes with equal means
and differing variances. Specifically, suppose X1 ∼ Poisson(T1) where T1 has probability
generating function (6.3), and X2 ∼ Poisson(T2) where the distribution of T2 is defined by
(6.4). Then the means are equal (since �1 = �T1 = �T2 = �2) and �2

1 < �2
2 since �2

1 =



Impact of Dispersion in the Number of Secondary Infections on the Probability of an Epidemic 155

�T1 +�2
T1

and �2
2 = �T2 +�2

T2
(Section 3). From

�X (s) =�
t

et(s−1)Pr(T = t),

we have that q1 = 0.432 > 0.427 = q2 (Figure 6.2(a)). That is, for a mixed Poisson process
with fixed mean, an increase in variance can be accompanied by a decrease in the probability
of extinction.
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Figure 6.2. (a) A counter–example when the offspring distributions are mixed Poisson: The proba-
bility generating function �(s) is plotted against s for random variables X1 (smaller variance) and
X2, where Ti has the distribution described by equations (6.3) (dashed line) and (6.4) (solid line),
respectively. Clearly q1 > q2.

(b) A counter–example when the offspring distributions are compound Poisson: The probability
generating function �(s) is plotted against s for random variables X1 (smaller variance) and X2,
where Yi has the distribution described by equations (6.3) (dashed line) and (6.4) (solid line), re-
spectively. Clearly q1 > q2.

6.3. Compound distributions

Does the result hold generally when the offspring distributions are members of the same
family of compound distributions? Let X = �N

i=1 Yi, with N ∼ Poisson(�N), the distributions
of Yi identical and independent, and also independent of N. The probability generating
function is given by (from (4.1))

�X (s) = e�N(�Y (s)−1)

with �X = �N�Y and �2
X = �N

(
�2

Y +�2
Y

)
. Assume now two forms for the random variable

Yi, one with a distribution defined by (6.3) and the other defined by (6.4). The offspring
distributions then have the same mean but the variance is larger in the latter case, i.e. �2

1 <
�2

2 . However, as illustrated in Figure 6.2(b), the probability of extinction is smaller in the
latter case, with q1 = 0.221 > 0.199 = q2.

6.4. Superspreaders

In Section 5, heterogeneity was achieved by dispersing probability mass from a single
point at a time, and the result follows. This can be done multiple times. However, if we
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disperse probability mass from two or more points simultaneously we can get, as in Section
6.1, a counter–example.

Comment: It remains an open question precisely when an increase in variance leads to
an increase in the probability of extinction. However, from our analysis and as Figure 6.3
suggests, we conjecture that when variance is increased by moving probability mass towards
the extremes, as for the binomial distribution when n is increased (Figure 6.3(a)) and for
the negative binomial distribution when k is decreased (Figure 6.3(b)), the probability of
extinction will increase. Alternatively, if variance increases by shifting mass towards the
extremes, but simultaneously probability mass close to or at the extremes is reduced, then
the situation can arise where the probability of extinction decreases (Figure 6.3(c) and (d)).
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Figure 6.3. (a) The probability mass function Px for the binomial distribution (Section 2) with mean
� = 5 and n = 10 (solid curve), n = 12 (dashed curve) and n = 16 (dotted curve). Note that variance
increases with n.

(b) The probability mass function Px for the negative binomial distribution (Section 2) with mean
� = 5 and k = 16 (solid curve), k = 12 (dashed curve) and k = 10 (dotted curve). Note that variance
increases with decreasing k.

(c) The probability mass function Px for a counter–example distribution with the case of increased
variance and decreased probability of extinction denoted with open circles.

(d) The probability mass function Px for the counter–example distribution described by equations
(6.3) (dots) and (6.4) (open circles). Variance has increased in the latter case.
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7. Concluding comments

While we have shown in this paper that greater heterogeneity in certain classes of off-
spring distributions results in an increase in the probability of extinction, this result is not
universally true. Counter–examples have been provided to demonstrate its failure, together
with a conjecture concerning a general phenomenon which might characterise this occur-
rence. Fortunately, the class of offspring distributions for which the statement of increased
probability of extinction with increasing heterogeneity does hold, remains sufficiently large
to include most common epidemic situations.

The results of this work strongly suggest that heterogeneity in the level of infectiousness
of individuals is an important phenomenon to consider when modelling the dynamics of an
infection or devising strategies to reduce the transmission of an imported infection. Its im-
plication for epidemiological modelling is that general results that do not take heterogeneity
into account are likely to consistently under–estimate the probability of extinction. This
result also has consequences for health care strategies.

Studying the factors that affect the probability of extinction q, considered here, is im-
portant because it may improve policy for the control of emerging infectious diseases. If
the probability that a newly imported infection fails to lead to a major outbreak is large, or
can be increased by greater preparedness, then importation can potentially be delayed suffi-
ciently long to allow the community to implement public health measures that can mitigate
the impact of a newly–emerged infection, such as pandemic influenza. We have found that,
for broad classes of offspring distributions, q increases as the heterogeneity in infectivity in-
creases, subject to a fixed mean infectivity. This is reassuring because, for practical reasons,
it is often much more convenient and cost effective to carry out preventative measures (such
as masks and medication) non-uniformly to community members. It seems that this pre-
ventative strategy is effective not only because it enables delivery of preventative measures
more quickly, but also because the heterogeneity arising from doing so tends to increase q.
However, we should not overstate this benefit, because counter–examples exist.

Population health officers responsible for preparedness for newly emerging infections are
often concerned about superspreaders, who may play a significant role in transmission, as
was the case for SARS. This concern is justified if one thinks of superspreaders in addition
to other spreaders. In terms of q, however, our results indicate that it is often better to have
an emerged infection with superspreaders than it is to have an emerged infection with the
same mean level of infectivity but where the infectivity is spread uniformly over all cases.

The inclusion of heterogeneity in branching processes, be it a result of disease charac-
teristics, population structure or the application of transmission reducing strategies, may
reduce the probability of a major outbreak considerably. However, it should be noted that,
in the event that an outbreak occurs, when greater heterogeneity is present, it is likely to be
more severe (Lloyd-Smith, Schreiber, Kopp and Getz (2005); James, Pitchford and Plank
(2007)).
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