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This paper considers the relationship between risk preferences and the willingness
to pay for stochastic improvements. We show that if the stochastic improvement
satisfies a double-crossing condition, then a decision maker with utility v is willing
to pay more than a decision maker with utility u, if v is both more risk averse
and less downside risk averse than u. As the condition always holds in the case of
self-protection, the result implies novel characterizations of individuals’ willingness
to pay to reduce the probability of loss. By establishing a general result on the
correspondence between an individual’s willingness to pay, and his optimal
purchase of stochastic improvement when there is a given relationship between
stochastic improvements and the amount paid for them, we further show that all
results on the willingness to pay can be applied directly to characterize the con-
ditions under which a more risk averse individual will optimally choose to buy
more stochastic improvement. Generalizations of existing results on optimal choice
of self-protection can be obtained as corollaries.
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Introduction

Most decisions under risk can be thought of as decisions on paying for
stochastic improvements.1An insurance policy, for example, pays a sum to
offset part or all of a loss depending on the realized size of the loss and thus
effects a stochastic improvement for the purchaser. Whether an individual
will buy an insurance policy depends on whether his willingness to pay for
the improvement exceeds the premium demanded by the insurer. The same
can be said for decisions ranging from buying a burglar alarm to investing
in a financial asset to get a college degree. How do an individual’s risk

1 A stochastic improvement here is meant mainly to be a first-degree stochastic dominant

improvement in established terminology, but it can also be one in higher degrees.
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preferences relate to his willingness to pay for a stochastic improvement?
Is a more risk averse individual (in the Arrow-Pratt sense) always willing to
pay more for, say, an insurance policy?2 It has long been established that if
the improvement in distribution satisfied a single-crossing condition, then
a more risk averse individual is indeed always willing to pay more for
the improvement (Hammond, 1974; Diamond and Stiglitz, 1974). Diamond
and Stiglitz (1974) and Jewitt (1989) also provide necessary and sufficient
conditions on the distributions for a more risk averse individual to be always
willing to pay more for the change in distribution. And these conditions do
describe well many real-world stochastic improvements that individuals pay
for. For example, if the risks faced by an individual are all insurable, then it
can be easily shown that the stochastic improvements effected by practically
all real-world insurance policies satisfy the single-crossing condition and
hence are worth more to a more risk averse individual. Nevertheless, it has
also been demonstrated in the simplest setting where individuals either
suffer a loss of a given size or they do not, a more risk averse individual in
the Arrow-Pratt sense may not always be willing to pay more to reduce the
probability of loss.3 In this simple setting, subsequent authors further obtain
interesting characterizations and interpretations of the relationship between
risk aversion and the willingness to pay for (or optimal purchase of ) such
an improvement. But studies on the subject matter have so far focused
exclusively on the simple case with just two possible outcomes mainly for
reasons of tractability. The magnitude of the financial loss to a home owner
in the event of a burglary, for example, is rarely, if ever, certain and the
purchase of a burglar alarm or similar equipments may reduce but not
eliminate the likelihood of the largest possible losses. In cases like this, it can
be easily shown (as will be in the text) that the necessary and sufficient
conditions of Diamond and Stiglitz (1974) and Jewitt (1989) are never
satisfied and hence a more risk averse individual’s willingess to pay for such
equipments may not be greater.

This paper first addresses the question of a more risk averse individual’s
willingness to pay for a general stochastic improvement that does not satisfy

2 In its original definition, an individual’s risk premium is his willingness to pay for complete

insurance for a zero-mean risk. A fundamental result in Pratt (1964) establishes its equivalence

with the degree of risk aversion.
3 This is, of course, the self-protection problem first studied by Ehrlich and Becker (1972) who

have given hints on its peculiar relationship with risk aversion by showing that self-protection

can be attractive to both risk lover and risk averter, and market insurance and self-protection

can be complements. Dionne and Eeckhoudt (1985) show explicitly that a more risk-averse

individual does not always purchase more self-protection. Briys and Schlesinger (1990) first

relate the choice of self-protection to downside risk aversion.
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the necessary and sufficient condition of Diamond and Stiglitz (1974). We
find that an individual’s willingness to pay for such an improvement may
be determined not only by his risk aversion, but also by his downside risk
aversion, a concept first introduced by Menezes et al. (1980) and extended by
Keenan and Snow (2002, 2009).4 Specifically, we show that if the stochastic
improvement satisfies a double-crossing condition, then a decision maker
with utility v is willing to pay more than a decision maker with utility u, if v
is both more risk averse and less downside risk averse than u. As the
condition always holds in the case of self-protection, the result implies novel
characterizations of individuals’ willingness to pay to reduce the probability
of loss. Another corollary of the result gives conditions for an individual
who is both risk averse and downside risk averse to be willing to pay more
than the fair price (i.e., the increase in expected value) for a stochastic
improvement.

When there is a given relationship between stochastic improvements and
the amount paid for them, the correspondence between an individual’s
willingness to pay for a stochastic improvement and his optimal purchase of
stochastic improvement is intuitive but has never been established formally.5

By establishing a general result on such a correspondence under regularity
conditions usually assumed, we show that all results on the willingness to pay
can be applied directly to characterize the conditions under which a more risk
averse individual will optimally choose to buy more stochastic improvement.
In particular, generalizations of existing results on optimal choice of self-
protection can be obtained as corollaries.

The rest of the paper is organized as follows: Section 2 sets out the basic
notation and reviews established concepts and results on increases in risk and
downside risk. Section 3 analyses the relationship between risk aversion and
individuals’ willingness to pay for stochastic improvements. Section 4 char-
acterizes the conditions under which a more risk averse individual will optimally
choose to buy more stochastic improvement. Section 5 concludes.

4 A downside risk averse individual dislikes an increase in riskiness in the lower possible values

of his prospective wealth distribution combined with a decrease in riskiness in the higher

possible values such that the variance remains the same and is characterized by a positive

third derivative of his von Neumann-Morgenstern utility function, if he is an Expected

Utility maximizer. Keenan and Snow (2002, 2009) define an individual to be more downside

risk averse than another, if the former dislikes a compensated increase in downside risk for

the latter.
5 Some authors (e.g., Ross, 1981) consider regularities of an individual’s willingness to pay (i.e.,

risk premium) and his optimal choice of stochastic improvement as distinct results to be derived

separately, while others (e.g., Jewitt, 1989; Jullien et al., 1999) appear to take the equivalence of

the two for granted.
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Preliminaries and changes in risk and downside risk

Throughout the paper, F(x) and G(x) etc. denote (cumulative) distribution
functions and their variances are denoted by s2(F(x)), s2(G(x)), etc., and their
density functions, if they exist, are denoted by f(x) and g(x) etc. The supports
of all distributions considered are contained in the interval [a, b]. Individuals
preferences over distributions are represented by von Neumann-Morgenstern
(VNM) utility u( ), v( ), etc., which are assumed to be strictly increasing and
concave and at least three times differentiable. [(y, p)(z, 1�p)] denotes a
Bernoulli distribution that gives y with probability p and z with probability
(1�p).

G is said to be a first-degree stochastic dominant (FSD) improvement of F,
if G(x)pF(x) for all xA[a, b] and G is said to be a mean-preserving spread
(MPS) of F, and F a mean-preserving contraction (MPC) of G if

1.
R
a
b [G( y)�F( y)]dy¼ 0;

2.
R
a
x [G( y)�F( y)]dyX0 for all x[a, b].

It is well-known that an FSD improvement is desirable to any Expected
Utility (EU) maximizer whose VNM utility function is increasing and any EU
maximizer whose VNM utility function is concave is averse to MPSs.
Following Menezes et al. (1980), G is said to be a downside risk increase of
F if and only if

1.
R
a
b [G( y)�F(y)]dy¼ 0;

2.
R
a
b
R
a
y [G(s)�F(s)]dsdy¼ 0;

3.
R
a
x
R
a
y [G(s)�F(s)]dsdyX0 for all xA[a, b].

Menezes et al. (1980) show that conditions (i) and (ii) are equivalent to F and G
having the same mean and variance, and condition (iii), together with (i) and
(ii), means that the shift from F to G can be decomposed into an MPS and an
MPC with the MPS “coming before” the MPC and thus corresponds to a
dispersion transfer from higher to lower wealth levels. They further show that
any EU maximizer whose VNM utility function has a positive third derivative
dislikes any increase in downside risk, and that an increase in downside risk
implies an increase in skewness, as measured by the third central moment.

Extending the definitions and analysis of Menezes et al. (1980) and Diamond
and Stiglitz (1974), Keenan and Snow (2002, 2009) define the concept of
“compensated increase in downside risk” for an individual u and show that
another individual v dislikes a compensated increase in downside risk for u
and thus more downside risk averse than u, if and only if v(x)¼T (u (x)) and
T 000( )X0. In our notation, u�1( ) being well-defined given u ( ) being strictly
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increasing, the shift from F(x) to G(x) is a compensated increase in downside
risk for u if

1.
R
u (a)
u(b) [G(u�1(s))�F(u�1(s))]ds¼ 0;

2.
R
u(a)
u(b)

R
u(a)
t [G(u�1(s))�F(u�1(s))]dsdt¼ 0;

3.
R
u(a)
u

R
u(a)
t [G(u�1(s))�F(u�1(s))]dsdtX0 for all uA[u(a), u(b)],

where G(u�1(u)) and F(u�1(u)) are u’s utility distributions induced by G(x) and
F(x), respectively. Thus, the conditions (i)–(iii) mean that the shift from F (x) to
G(x) induces a downside risk increase in u’s utility distribution, which can be
interpreted as a compensated downside risk increase from u’s viewpoint since
condition (i) means u is indifferent to the shift.

As will be seen in the sequel, paying for stochastic improvements may not
always result in just a change in risk or just a change in downside risk but a combi-
nation of them. We next characterize a mean-preserving change in distribution,
which can be decomposed into a change in risk and a change in downside risk.6

Proposition 1 Let F,G be distribution functions with the same mean.

1. There exists a distribution function H(x) such that G(x) is a downside
risk increase of H(x) and H(x) an MPC of F(x), if and only ifR
x
b
R
a
y[G(s)�F(s)]dsdyp0 for all xA[a, b].

2. There exists a distribution function H(x) such that G(x) is a downside
risk increase of H(x) and H(x) an MPS of F(x), if and only ifR
a
x
R
a
y [G(s)�F(s)]dsdyX0 for all xA[a, b].7

We next show that if F and G have the same mean and
R
a
xG(y)dy crossesR

a
xF ( y)dy only once, then the shift from F to G can always be decomposed into

a change in risk and a change in downside risk.

Proposition 2 Suppose F and G have the same mean and
R
a
xG(y)dy crossesR

a
xF(y)dy once from above. Then

1. If s2(F(x))ps2(G(x)), then
R
a
x
R
a
y[G(s)�F(s)]dsdyX0 for all xA[a, b].

2. If s2(F(x))Xs2(G(x)), then
R
x
b
R
a
y[G(s)�F(s)]dsdyp0 for all xA[a, b].

Clearly if G and F cross twice and have the same mean, then
R
a
xG(y)dy andR

a
xF(y)dy cross once.

6 Proofs of all new formal results not proved in the text can be found in the Appendix.
7 The proof of the Proposition in the Appendix contains an example illustrating the

construction of the distribution H(x), which should be helpful for understanding the

conditions (i) and (ii).
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Willingness to pay for stochastic improvements

Suppose an individual u with initial prospective wealth distribution F(x) can
pay to secure an FSD improvement in F(x) and the improved distribution is
denoted by G(x). Then the maximum u is willing to pay for the improvement,
p u, is such that

Zb

a

uðyÞdFðyÞ ¼
Zb

a

uðy� puÞdGðyÞ ¼
Zb

a

uðyÞdGðyþ puÞ: ð1Þ

Will a more risk averse individual in the Arrow-Pratt sense v necessarily
be willing to pay more (or less) for the same improvement? That is, letting
v(x)¼T(u(x)) and T 00( )p08 and pv be such that

Zb

a

vðyÞdFðyÞ ¼
Zb

a

vðy� pvÞdGðxÞ: ð2Þ

Will we necessarily have pvXpu (or pvppu )? It has long been established that if
G(xþ pu) crosses F(x) exactly once, then the answer is definite (Hammond
(1974) and Diamond and Stiglitz (1974)). Diamond and Stiglitz (1974) and
Jewitt (1989) further provide necessary and sufficient conditions for pvXp u

when the distributions do not necessarily cross only once. The existing results
are summarized as follows.

Proposition 3 For any distributions F and G and premia pu and pv satisfying
(1) and (2),

1. pup(X)pv for any v(x)¼T(u(x)) such that T 0( )>0 and T 00( )p0, if
G(xþ pu) crosses F(x) once from below (above);

2. pup(X)pv for any v(x)¼T(u(x)) such that T 0( )>0 and T 00( )p0, if and only
if
R
u(a)
u [G(u�1(s)þ pu)�F(u�1(s))]dsp(X)0 for all uA[u(a), u(b)].9

In the simple self-insurance problem considered by Ehrlich and Becker
(1972), where F(x) is the distribution function for [(w�l, p)(w, 1�p)] and G(x)
for [(w�lþ y, p)(w,1�p)], G(xþ p) clearly crosses F(x) once from below for

8 It is well-known that v(x)¼T(u (x)) and T 00( )p0, if and only if (� v 00(x)/v 0(x))X(�u00(x)/u 0(x))
for all x.

9 Since (1) holds, the condition
R
u
u (a)[G(u

�1(s)þpu)�F(u�1(s))]dsp(X)0 for all uA[u(a), u(b)]

indicates that G(xþ pu) is a mean-utility-preserving contraction (spread) of F(x).
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pA(0, l ).10 We thus have the following:

Corollary 1 (Self-insurance) Let F(x) and G(x) be the distribution functions
for [(w�l, p)(w, l�p)] and [(w�lþ y, p)(w, l�p)], respectively, where yA(0, l ) and
premia pu and pv satisfy (1) and (2). Then, puppv for v(x)¼T(u(x)) such that
T 0( )X0 and T 00( )p0.

It is instructive to note that a necessary condition for a more risk averse v to
be always willing to pay more (less) than u for the FSD improvement from F(x)
to G(x) is that G(xþ pu) crosses F(x) for an odd number of times first from
below (above).

Proposition 4 For any distributions F and G and premia pu and pv satisfying
(1) and (2), if

R
a
bu(y)dF(y)¼

R
a
bu(y�pu)dG(y) and

R
u(a)
u [G(u�1(s)þ pu)�

F(u�1(s))] dsp(X) 0 for all uA[u(a), u(b)], then G(xþ pu) crosses F(x) an odd
number of times first from below (above).

If G(xþ pu) and F(x) cross each other an odd number of times first from
below, then their densities, g(xþ pu) and f(x) if they exist, cross each other
an even number of times first from below and hence the support of g(xþ pu)
is contained in that of f(x). Thus, for a more risk averse v to be always
willing to pay more for the improvement, G(xþ pu) needs to have a “smaller
spread” than F(x) (in the sense of the support of g(xþ pu) being contained in
that of f (x)). The results in Proposition 3 can thus potentially apply to
stochastic improvements resulting in G(xþ pu) having a smaller or larger
spread than F(x).

What Proposition 4 also indicates, however, is that the results in Proposition 3
never apply to one of the simplest risk management problems. Specifically, in the
basic self-protection problem where F(x) is the distribution function for
[(w�l, p)(w, 1�p)] and G(x) for [(w�l, p�e)(w, 1�pþ e)], G(xþ p) crosses F(x)
twice (first from above) for pA(0, l ) as illustrated below.

That is, in this problem the necessary condition for a more risk averse indivi-
dual to be always willing to pay more for an improvement is violated.11 In the
case where there are many different possible outcomes, paying for a stochastic

10 More generally, if F(x) is the distribution function for x̃¼w�l˜ and the improvement takes the

form of an insurance policy that pays an indemnity I(l)̃ such that both I(l)̃ and [l�̃I(l)̃] are non-

decreasing, a condition satisfied by practically all real-world insurance policies, then a more risk

averse individual will always be willing to pay more for the policy because it can be shown that

G(xþ pu) always crosses F(x) once from below.
11 It is thus not surprising that a more risk averse individual has been shown not to always choose

more self-protection.
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improvement can also easily result in a new distribution that crosses the old
twice. For example, if the magnitude of the financial loss to a home owner in the
event of a burglary is uncertain and a burglar alarm reduces, but does not
eliminate, the likelihood of the largest possible losses as alluded to in the Intro-
duction, then if f(x) and g(x), the density functions of the wealth distributions
before and after installing a burglar alarm (which have a mass point at w, the
wealth level if no burglary occurs), are as illustrated below, paying a price p for
the improvement will result in G(xþ p) crossing F(x) twice first from above.
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Since the usual self-protection problem corresponds to the special case where
the magnitude of the loss is certain, the problem illustrated above where
the new distribution crosses the old twice first from above can be thought
of as a “generalized self-protection problem”. On the other hand, the stoch-
astic improvement, say the effect of a marketing campaign on a firm
owner’s profit, can take the form of eliminating the possibility of the worst
outcomes and significantly extending the range of possible good outcomes as
illustrated below, also resulting in G(xþ pu) crossing F(x) twice, albeit first
from below.

We next show that if G(xþ pu) crosses F(x) twice, then whether a more risk
averse individual is always willing to pay more (or less) for the improvement
depends also on whether he is also more (or less) downside risk averse.

Given u 0( )>0, we clearly have u�10( )>0. Hence for pu as defined in (1), u’s
utility distributions induced by G(xþ pu) and F(x), G(u�1(u)þ pu) and
F(u�1(u)), cross each other the same number of times as G(xþ pu) and F(x).

W. Henry Chiu
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Since (1) is equivalent to

ZuðbÞ

uðaÞ

udGðu�1ðuÞ þ puÞ ¼
ZuðbÞ

uðaÞ

udFðu�1ðuÞÞ

or G(u�1(u)þ pu) and F(u�1(u)) have the same mean, if G(xþ pu) crosses F(x)
twice first from above and hence G(u�1(u)þ pu) crosses F(u�1(u)) twice first

from above, then
R
u(a)
u G(u�1(s)þ pu)ds crosses

R
u(a)
u F(u�1(s))ds once from

above. If s2(F(u�1(u)))Xs2(G(u�1(u)þ pu)) in addition, then, by Propositions

1 and 2, there exists a distribution function Ĥ (u) such that G(u�1(u)þ pu) is a
downside risk increase of Ĥ(u) and Ĥ(u) is an MPC of F(u�1(u)). We thus
have

Zb

a

vðy� puÞdGðyÞ �
Zb

a

vðyÞdFðyÞ ¼
Zb

a

vðyÞdGðyþ puÞ �
Z�x

0

vðyÞdFðyÞ

¼
Zb

a

TðuðyÞÞd½Gðyþ puÞ � FðyÞ� ¼
ZuðbÞ

uðaÞ

TðuÞd½Gðu�1ðuÞ þ puÞ � Fðu�1ðuÞÞ�

¼
ZuðbÞ

uðaÞ

TðuÞd½Gðu�1ðuÞ þ puÞ � ĤðuÞ� þ
ZuðbÞ

uðaÞ

TðuÞd½ĤðuÞ � Fðu�1ðuÞÞ�X0

if T 00( )p0 and T 000( )p0, which implies pvXpu.

Proposition 5 For any distributions F and G and premia pu and pv satisfying
(1) and (2), suppose G(xþ pu) crosses F(x) twice first from above (below). Then

1. pup(X)pv for v(x)¼T(u(x)) such that T 0( )X0,T 00( )p0, and T 000( )p0 if
s2(F(u�1(u)))X(p)s2(G(u�1(u)þ pu));

2. puX(p)pv for v(x)¼T(u(x)) such that T 0( )X0, T 00( )p0, and T 000( )X0 if
s2(F(u�1(u)))p(X)s2(G(u�1(u)þ pu)).

Note first that for F(x) and G(x) being any two distributions, the change in
overall riskiness from u’s viewpoint (as measured by the variance of u’s
utility) brought about by the change in distribution from F(x) to G(xþ pu ) is
either positive or negative, that is, either s2(F(u�1(u)))Xs2(G(u�1(u)þ pu )) or
s2(F(u�1(u)))ps2(G(u�1(u)þ pu)) must be true. The result says that in the
case where G(xþ pu) crosses F(x) twice first from above and the overall
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riskiness from u’s viewpoint is reduced, a more risk averse individual v will
pay more for the improvement if v is also less downside risk averse than u as
is defined by Keenan and Snow (2002, 2009), that is, T 000( )p0. On the other
hand, in the case where G(xþ pu) crosses F(x) twice first from above and the
overall riskiness from u’s viewpoint is raised, a more risk averse individual v
will actually pay less for the improvement if he is also more downside risk
averse. The intuition for the result can be gleaned from its derivation: If
G(xþ pu) crosses F(x) twice first from above and the variance of u’s utility is
reduced, the induced change in u’s utility distribution is a combination of
an MPC and a downside risk increase (by Propositions 1 and 2). Thus, a
more risk averse and less downside risk averse v will be willing to pay more
for such a change.

Proposition 1 and the reasoning for Proposition 5 clearly indicate that we
can have a more general result which gives the necessary and sufficient
condition for a more risk averse but less downside risk averse individual to be
willing to pay more for a stochastic improvement. The result can be seen as a
generalization of Keenan and Snow (2002, 2009) and is given in the Appendix.

Considering the case where u is linear, Proposition 5 immediately implies
the following result, which provides a sufficient condition on a stochastic
improvement for a more risk averse but less (more) downside risk averse
individual to be willing to pay more (less) than the fair price (i.e., the increase in
expected value) for the improvement. In stating the formal results that follow,
we shall denote by pGF the fair price for the improvement from F to G,R
a
byd [G(y)�F(y)].

Corollary 2 Suppose G(xþ pGF) crosses F(x) twice first from above (below).
Then

1. If s2(F(x))X(p)s2(G(x)) and v 000( )p0, then pvX(p)pGF;
2. If s2(F(x))p(X)s2(G(x)) and v 000( )X0, then pvp(X)pGF.

That is, in the case where G(xþ pGF) crosses F(x) twice first from above,
a risk averse v will pay more than the fair price for the improvement from F(x)
to G(x) if the improvement reduces the variance and he is also downside risk
loving. On the other hand, if the improvement increases the variance and he is
downside risk averse, he will be willing to pay less than the fair price for the
improvement.

These results clearly apply to the basic self-protection problem where F(x)
is the distribution function for [(w�l, p)(w, 1�p)] and G(x) for [(w�l, p�e)
(w, 1�pþ e)] and G(xþ p) crosses F(x) twice first from above for pA(0, l ) as
shown earlier. Thus, if the variance of u’s utility is reduced by the
improvement, then a more risk averse but less downside risk averse v will be
willing to pay more for the improvement.

W. Henry Chiu
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Corollary 3 Let F(x) and G(x) be the distribution functions for [(w�l, p)
(w, 1�p)] and [(w�l, p�e)(w, 1�pþ e)], respectively, and premia pu and pv

satisfy (1) and (2). Then

1. puppv for v(x)¼T(u(x)) such that T 0( )X0, T 00( )p0, and T 000( )p0 if
s2(F(u�1(u)))Xs2(G(u�1(u)þ pu));

2. puXpv for v(x)¼T(u(x)) such that T 0( )X0, T 000( )p0, and T 000( )X0 if
s2(F(u�1(u)))ps2(G(u�1(u)þ pu)).

Moreover, a risk averse and downside risk loving individual will pay more than
the fair price for the improvement from F(x) to G(x) if the improvement
reduces the variance.

Corollary 4 Let F(x) and G(x) be the distribution functions for
[(w�l, p)(w, 1�p)] and [(w�l, p�e)(w, 1�p þ e)], respectively. Then,

1. If s2(F(x))Xs2(G(x)) and v000( )p0, then pvXpGF;

2. If s2(F(x))ps2(G(x)) and v000( )X0, then pvppGF.

Corollaries 3 and 4 offer novel characterizations of the relationship between
risk aversion, downside risk aversion, and the willingness to pay for self-
protection that illuminate existing results on the matter. It was first pointed
out by Briys and Schlesinger (1990) that purchasing self-protection does
not result in a reduction of risk in an individual’s wealth distribution in
the sense of an MPC. Instead, if the price paid for reducing the loss
probability is fair and hence the mean of the wealth distribution is kept the
same, the effect of self-protection is in fact a downside risk increase
provided the overall variance is also kept the same. The overall variance,
however, as they also point out, does not in general stay the same. Chiu
(2000) explicitly examines the relationship between risk aversion and the
willingness to pay for self-protection and finds, among other things, that if
the initial loss probability p is below a threshold level, then a risk averse
individual will be willing to pay more than the fair price for self-protection
and the threshold is determined by both risk aversion and downside risk
aversion. This result can be better understood in the context of Corollaries 3
and 4 as the effects of purchasing self-protection on the variances of an
individual’s wealth distribution and his induced utility distribution are
determined in part by the initial loss probability p. In particular, since it
can be easily shown that s2(F(x))Xs2(G(x)) for all eA(0, p) if and only if
pp1/2, Corollary 4 implies the following that complements Chiu’s (2000)
result.
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Corollary 5 Let F(x) and G(x) be the distribution functions for [(w�l, p)
(w, 1�p)] and [(w�l, p�e)(w, 1�pþ e)], respectively. If pp1/2 and v000( )p0,
then pvXpGF.

The effect of self-protection on the variance of an individual’s induced utility
distribution as a function of the initial loss probability is more complex. But, as
will be shown in the next section, if the changes in the loss probability are
small, then the variance of an individual’s utility is an increasing function of
the initial loss probability, which explains the important role played by the
initial loss probability in determining the relationship between risk aversion
and the optimal choice of self-protection expenditure uncovered in previous
studies (to be discussed in the next section).

Optimal purchase of stochastic improvements

There have so far been few attempts to characterize the relationship between
risk aversion and optimal purchase of stochastic improvements in a general
setting with more than two possible outcomes and the results obtained by Lee
(1998) and Jullien et al. (1999), for example, do not go beyond applications of
known properties of single-crossing distributions. In this section, we consider
a more general and yet less complex model12 and show all our earlier results
on the willingness to pay for stochastic improvements can be applied directly
to obtain more general characterizations on optimal purchase of stochastic
improvements. In particular, by first establishing a general result on the
correspondence between an individual’s willingness to pay and his optimal
purchase of stochastic improvement when there is a given relationship between
stochastic improvements and the amount paid for them, we show that a more
risk averse but less downside risk averse individual will optimally choose to buy
more stochastic improvement if a marginal change in the amount of stochastic
improvement purchased entails a new distribution crossing the old twice and
reduces the overall riskiness as measured by the variance of the less risk averse
individual’s utility. Given that the double-crossing condition is satisfied
globally in the self-protection problem, a corollary of this result significantly
generalizes an existing result on the relationship between downside risk
aversion (or equivalently prudence) and the optimal choice of self-protection.

Denote an individual prospective wealth distribution by F(x, y) and for
y2>y1, F(x, y2) is an FSD improvement of F(x, y1). Individuals can pay a sum e

12 The general model encompasses paying for stochastic improvements, which reduce both the

probability of loss and the severity of loss considered by Lee (1998).
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to secure an FSD improvement. So y¼ y(e) and y0(e)>0. Individual u will thus
choose e to maximize

EUðeÞ ¼
Zb

a

uðx� eÞdFðx; yðeÞÞ:

It is assumed that the functions u(x), y(e), and F(x, y) are such that the second-
order condition EU 00(e)p0 holds and the solution is internal and hence u’s
optimal choice eu is given by the first-order condition

EU0ðeuÞ ¼ �
Zb

a

u0ðx� euÞdFðx; yðeuÞÞ þ y0ðeuÞ
Zb

a

uðx� euÞdFyðx; yðeuÞÞ ¼ 0:

For notational simplicity, we define yu� y(eu).
We now show that an individual’s optimal purchase of stochastic

improvement will be larger than another’s if and only if, given the latter’s
optimal purchase, the former’s marginal willingness to pay for a small
additional improvement, which may be positive or negative, is greater than the
latter’s (in absolute value). To state the formal results that follow, for DyAR,
the functions Deu¼Deu(Dy) and Dev¼Dev(Dy), which represent, respectively,
u’s and v’s marginal willingness to pay for an additional improvement Dy are
defined respectively by the following equations:

Zb

a

uðx� eu � DeuÞdFðx; yuþDyÞ ¼
Zb

a

uðx� euÞdFðx; yuÞ;

Zb

a

vðx� eu � DeuÞdFðx; yuþDyÞ ¼
Zb

a

vðx� euÞdFðx; yuÞ:

Lemma 1 evXeu, if and only if there exists d>0 such that for DyA(�d, d),
|Deu(Dy)|p|Dev(Dy)|.

The result allows for direct application of the results on the willingness to pay
to characterize the conditions under which a more risk averse individual
optimally chooses to purchase more stochastic improvement. The result of
Diamond and Stiglitz (1974) is first used to give a necessary and sufficient
condition for a more risk averse individual to optimally choose to purchase
more stochastic improvement.

The Geneva Risk and Insurance Review

14



Proposition 6 evXeu for all v(x)¼T(u(x)) such that T 0( )40 and T 00( )p0 if

and only if there exists d>0 such that, for DyA(�d,d), Dy
R
u(a)
u [F(u�1(s)þ

euþDeu,yuþDy)�F(u�1(s)þ eu, yu)]dsp0 for all uA[u(a), u(b)].13

The result generalizes those of Lee (1998) and Jullien et al. (1999), which can be
seen as applications of the following corollary to Proposition 6.

Corollary 6 evXeu for all v(x)¼T(u(x)) such that T 0( )>0 and T 00( )p0 if
there exists d>0 such that for DyA(�d, d), Dy �F(xþ euþDeu,yuþDy) crosses
Dy �F(xþ eu, yu) once from below.

Clearly if the single-crossing condition holds “globally”, as in the case of self-
insurance (where F(x,y) is the distribution function for [(w�lþ y, p)(w, 1�p)]
and w>l>0), then a more risk averse individual always chooses to buy more
stochastic improvement.

Corollary 7 (Self-insurance) Let F(x, y) be the distribution function for
[(w�lþ y, p)(w, 1�p)] where w>l>0. Then, eupev for v(x)¼T(u(x)) such that
T 0( )X0 and T 00( )p0.

Proposition 5, together with Lemma 1, implies that a more risk averse but
less downside risk averse individual will optimally choose to buy more
stochastic improvement if a marginal change in the amount of stochastic
improvement purchased entails a new distribution crossing the old twice and
reduces the overall riskiness, as measured by the variance of the less risk averse
individual’s utility.

Proposition 7

1. evXeu for v(x)¼T(u(x)) such that T 0( )>0 and T 00( )p0 and T 000( )p0 if
there exists d>0 such that for DyA(�d, d), Dy �F(xþ euþDeu, yuþDy)
crosses Dy �F(xþ eu, yu) twice first from above and Dy � s2(F(u�1(u)þ euþ
Deu,yuþDy))pDy s2(F(u�1(u)þ eu, yu));

2. evpeu for v(x)¼T(u(x)) such that T 0 ( )>0 and T 00( )p0 and T 000( )X0 if
there exists d>0 such that for DyA(�d, d), Dy �F(xþ euþDeu, yuþDy)dy

13 The condition Dy
R
u
u(a)[F(u

�1(s)þ euþDeu,yuþDy)�F(u�1(s)þ eu, yu)]dsp0 for all uA[u(a), u(b)]

simply means that for D>0,
R
u
u(a)[F(u

�1(s)þ euþDeu, yuþDy)�F(u�1(s)þ eu, yu)]dsp0 for all

uA[u(a), u(b)], and for Dyo0,
R
u
u(a)[F(u

�1(s)þ euþDeu, yuþDy)�F(u�1(s)þ eu, yu)]dsp0 for all

uA[u(a), u(b)]. The same device is used in the statements of other results that follow to make the

descriptions less tedious.
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crosses Dy �F(xþ eu, yu) twice first from above and Dy � s2(F(u�1(u)þ
euþDeu, yuþDy))XDy � s2(F(u�1(u)þ eu, yu)).

Again, the condition on the number of crossings between the distributions is
required only for small deviations from u’s optimal choice. The same results of
course obtain in cases where purchasing any amount of stochastic improve-
ment within the range of feasible choice entails a new distribution crossing the
old twice. This is clearly the case in the basic self-protection problem where
F(x, y) is the distribution function for [(w�l, p�y)(w, 1�pþ y)] and F(xþ e, y2)
crosses F(x, y1) twice first from above for all y2,y1A(0, p) such that y2>y1 and
eA(0, l). Furthermore, there is a monotonic relationship between the change in
the variance of u’s utility caused by a marginal change in the amount of self-
protection purchased and the probability of loss given u’s purchase of self-
protection, as is shown in the following lemma.

Lemma 2 Let F(x, y) be the distribution function for [(w�l, p�y)(w, 1�pþ y)]
where w>l>0. Then, there exists p�uA(0,1) such that sDy

2 (F(u�1(u)þ euþ
Deu(Dy), yu Dy))|Dy¼ 0o(¼ ,>) 0 if p�yuo(¼ ,>)p�u.

We are thus able to characterize the condition under which a more risk
averse but less (or more) downside risk averse individual chooses to purchase
more self-protection solely in terms of the loss probability.

Corollary 8 Let F(x, y) be the distribution function for [(w�l, p�y)
(w, 1�pþ y)] where w>l>0 and v(x)¼T(u(x)) and T 00( )o0. Then there
exists p�uA(0, 1) such that

1. if p�yupp�u and T 000( )p0, then eupev;
2. if p�yuXp�u and T 000( )X0, then euXev.

The result is a characterization of the relationship between risk aversion
and the choice of self-protection that highlights the role of downside risk
aversion in determining the relationship. Its derivation from more general results
also serves to make plain the intuition for the importance of downside risk
aversion and the probability of loss and thus illuminates existing results
involving the probability of loss. Specifically, McGuire et al. (1991) and Jullien
et al. (1999) show that an individual v more risk averse than u will choose more
self-protection, if and only if the probability of loss given u’s optimal choice is
less than a critical value. This critical value, however, depends on both v and u,
as well as eu. Lemma 2 and Corollary 8, on the other hand, show that the crucial
role played by the probability of loss is due to its effect on the variance
of u and whether a more risk averse individual is also more (or less) downside
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risk averse is also important in determining whether he will purchase more self-
protection.14

Noting that p�u¼ 1/2 when u is linear,15 Corollary 8 is also a generalization of
the main result obtained in Eeckhoudt and Gollier (2005), which states that a
prudent, or equivalently downside risk averse, individual optimally chooses to
purchase less self-protection than a risk neutral individual if the initial loss
probability is less than one-half. The result corresponds to the special case of
Corollary 8 where u is risk neutral as stated in what follows.

Corollary 9 Let F(x, y) be the distribution function for [(w�l, p�y)
(w, 1�pþ y)] where w>l>0, v(x) be concave and u(x) linear. Then,

1. if p�yup1/2 and v 000( )p0, then eupev;
2. if p�yuX1/2 and v 000( )X0, then euXev.

Conclusions

This paper addresses the question of whether a more risk averse individual is
always willing to pay more for a stochastic improvement. We show that if the
stochastic improvement satisfies a double-crossing condition, then whether a
more risk averse individual is willing to pay more (or less) depends also on
whether he is less downside risk averse. As the condition always holds in the
case of self-protection, the result implies novel characterizations of individuals’
willingness to pay to reduce the probability of loss. Corollaries of these results
give conditions for a risk averse individual to be willing to pay more than the
fair price (i.e., the increase in the expected value) for a stochastic improvement.
By establishing a general result on the correspondence between an individual’s
willingness to pay and his optimal purchase of stochastic improvement when
there is a given relationship between stochastic improvements and the amount
paid for them, we further show that all results on the willingness to pay can
be applied directly to characterize the conditions under which a more risk
averse individual will optimally choose to buy more stochastic improvement.
Corollaries of the results generalize, and provide intuitive explanation for,

14 A crucial difference between our result and McGuire et al. (1991) is that their threshold depends

on u and a specific v. Ours, on the other hand, applies to any v who is more risk averse and less

downside risk averse.
15 As can be seen in the proof of Lemma 2, in the case where u(w)¼w,

qs2

qDy
jDy¼0 ¼ w2

2 � w2
1 � 2½pw1 þ ð1� pÞw2�ðw2 � w1Þ

¼ ðw2 � w1Þ2ð2p� 1Þ4ð¼;oÞ0 if p4ð¼;oÞ 1
2

:
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existing results on how risk aversion, downside risk aversion and the initial loss
probability determine an individual’s optimal choice of self-protection.
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Appendix

Proofs

Proof of Proposition 1

(i) () ) Since
R
a
b
R
0
y[G(s)�H(s)]dsdy¼ 0 and

R
a
x
R
a
y[G(s)�H(s)]dsdyX0 for all x,

we have
R
x
b
R
a
y[G(s)�H(s)]dsdyp0 for all x, which together with

R
a
x[H(y)�

F(y)]dyp0 for all x, implies
R
x
b
R
a
y[G(s)�F(s)]dsdyp0 for all x.

(( ) Suppose
R
a
xG(y)dy crosses

R
a
xF(y)dy n times and x1, x2,y, xn are the

crossings.
R
x
b
R
a
y[G(s)�F(s)]dsdyp0 for all xA[a, b] clearly implies thatR

a
xG(y)dyp

R
a
xF(y)dy for xA[xn, b] and

R
a
xG(y)dyX

R
a
xF(y)dy for xA[xn�1,xn].

Consider first the case where
R
a
xG(y)dy crosses

R
a
xF(y)dy first from above.

H(x) is constructed as follows: (a) H(x)¼F(x) for xpx1; (b) if
R
a
x1
R
0
y[G(s)�

H(s)]dsdyþ
R
x1
x2
R
a
y[G(s)�F(s)]dsdyo0, then for xA[x1,x2], let H(x) be such

that min{F(x),G(x)}pH(x)pmax{F(x),G(x)},
R
a
xG(y)dyp

R
a
xH(y)dypR

a
xF(y)dy, and

R
x1
x2
R
a
y[H(s)�G(s)]dsdy¼

R
a
x1
R
a
y[G(s)�H(s)]dsdy; otherwise,

H(x)¼F(x); (c) for xA[x2,x3], H(x)¼F(x); (d) if
R
a
x3
R
a
y[G(s)�H(s)]dsdyþR

x3
x4
R
a
y[G(s)�F(s)]dsdyo0, then for xA[x3,x4], let H(x) be such that

min{F(x),G(x)pH(x)pmax{F(x),G(x)},
R
a
xG(y)dyp

R
a
xH(y)dyp

R
a
xF(y)dy,

and
R
x3
x4
R
a
y[H(s)�G(s)]dsdy¼

R
a
x3
R
a
y[G(s)�H(s)]dsdy; otherwise,H(x)¼F(x)y

for xA[xn�1,xn], H(x)¼F(x); (such construction and
R
x
b
R
a
y[G(s)�F(s)]

dsdyp0 for all x imply that
R
0
xn
R
a
y[G(s)�H(s)]dsdyþ

R
xn
b
R
a
y[G(s)�F(s)]dsdyp

0 since, by the construction, there exists a crossing xmpxn�1 of
R
a
xG(y)dy

and
R
a
xF(y)dy such that

R
a
xm
R
a
y[G(s)�H(s)]dsdy¼ 0 and H(x)¼F(x) for

xA[xm, xn], which, together with
R
xm
b
R
a
y[G(s)�F(s)]dsdyp0, gives

R
a
xn
R
a
y[G(s)�

H(s)]dsdyþ
R
xn
b
R
0
y[G(s)�F(s)]dsdy¼

R
a
xm
R
a
y[G(s)�H(s)]dsdyþ

R
xm
b
R
0
y[G(s)�F(s)]

dsdyp0) for xA[xn, b], let H(x) be such that min{F(x),G(x)}pH(x)pmax
{F(x),G(x)},

R
a
xG(y)dyp

R
a
xH(y)dyp

R
a
xF(y)dy, and

R
xn

b
R
a
y[H(s)�G(s)]dsdy

¼
R
a
xn
R
a
y[G(s)�H(s)]dsdy. We thus have

R
a
x
R
a
y[G(s)�H(s)]dsdyX0 for all x,R

a
b
R
a
y[G(s)�H(s)]dsdy¼ 0, and

R
a
b[G(y)�H(y)]dy¼ 0 (by our constructionR

a
bH(y)dy¼

R
a
bG(y)dy¼

R
a
bF(y)dy given that G(x) and F(x) have the same

mean),
R
a
x[H(y)�F(y)]dyp0 for all x and

R
a
b[H(y)�F(y)]dy¼ 0. That is,

G(x) is a downside risk increase of H(x) and H(x) is an MPC of F(x).
The construction of H(x) in the case where F(x) is an uniform distribution
and

R
a
xG(y)dy crosses

R
a
xF(y)dy three times first from above is illustrated

graphically in Figure 1. H(x) coincides with F(x) for xA[a, x1]. Since
R
a
x1
R
a
y

[G(s)�H(s)]dsdyþ
R
x1

x2
R
a
y[G(s)�F(s)]dsdyo0 as depicted (in the lower

panel), H(x) for xA[x1,x2] is constructed so that min{F(x),G(x)}pH(x)p
max{F(x),G(x)},

R
a
xG(y)dyp

R
a
xH(y)dyp

R
a
xF(y)dy, and

R
x1

x2
R
a
y[H(s)�G(s)]

dsdy¼
R
a
x1
R
a
y[G(s)�H(s)]dsdy and its graph is illustrated by the dotted

curve (in the upper panel). H(x) then coincides with F(x) for xA[x2, x3]
and for xA[x3, b] is again represented by the dotted curve.

W. Henry Chiu
Risk Aversion, Downside Risk Aversion and Paying

19



If
R
a
xG(y)dy crosses

R
a
xF(y)dy first from below, let x̂1 and x̂2 be two

consecutive crossings of G(x) and F(x) such that x̂1ox1ox̂2 and G(x)�
F(x)X0 for xA[x̂1, x̂2]. H(x) is constructed as follows: (a) for xpx̂1,H(x)¼
G(x); (b) for xA[x̂1, x̂2], let H(x) be such that F(x)pH(x)pG(x), andR
x̂1

x̂2[H(y)�F(y)]dy ¼�
R
a
x̂1[G(y)�F(y)]dy; (c) for xA[x̂1, x̂2],H(x)¼F(x); (d)

if
R
a
x2
R
a
y[G(s)�H(s)]dsdyþ

R
x2
x3
R
a
y[G(s)�F(s)]dsdyo0, then for xA[x2, x3],

let H(x) be such that min{F(x),G(x)}pH(x)pmax{F(x),G(x)},
R
a
xG(y)

dyp
R
a
xH(y)dyp

R
a
xF(y)dy, and

R
x2

x3
R
a
y[H(s)�G(s)]dsdy¼

R
a
x2
R
a
y[G(s)�H(s)]

dsdy, otherwise, H(x)¼F(x). The rest of the proof is the same as the
case where

R
a
xG(y)dy crosses

R
a
xF(y)dy first from above.

(ii) The proof is completely analogous. &

Proof of Proposition 2

(i) Let m be the common mean of F and G. It can be shown by integration by
parts that F and G have the same mean, if and only if

R
a
byd [G(y)�F(y)]

¼�
R
a
b[G(y)�F(y)]dy¼ 0.

Figure 1. The construction of H(x).
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s2ðGðxÞÞ � s2ðFðxÞÞ ¼
Zb

a

ðy� mÞ2d½GðyÞ � FðyÞ�

¼
Zb

a

y2d½GðyÞ� � FðyÞ �
Zb

a

2ymd½GðyÞ � FðyÞ�

þ
Zb

a

m2d½GðyÞ � FðyÞ�

¼
Zb

a

y2d½GðyÞ � FðyÞ�

¼ y2½GðyÞ� � FðyÞ�jba �
Zb

a

2y½GðyÞ � FðyÞ�dy

¼ �2

Zb

a

yd

Zy

a

½GðsÞ � FðsÞ�ds

¼ �2y

Zy

a

½GðsÞ � FðsÞ�jba þ 2

Zb

a

Zy

a

½GðsÞ � FðsÞ�

�dsdy ¼ 2

Zb

a

Zy

a

½GðsÞ � FðsÞ�dsdy:

Thus, s2(F(x))s2(G(x)), if and only if
R
a
b
R
a
y[G(s)�F(s)]dsdyX0.

R
a
xG(y)dy

crossing
R
a
xF(y)dy once from above means there exist x̂ such that

R
a
x
R
a
y[G(s)�

F(s)]dsdy is non-negative and non-decreasing for xA[a, x̂] and is non-increasing
for xA[x̂, b]. s2(F(x))ps2(G(x)) therefore implies

R
a
x
R
a
y[G(s)�F(s)]dsdyX0 for

all xA[a, b].
(ii) The proof is completely analogous. &

Proof of Proposition 4
Note first that

R
a
bu(y)dF(y)¼

R
a
bu(y�pu)dG(x) is equivalent to

R
u(a)
u(b)[G(u�1(s)þ

pu)�F(u�1(s))]ds¼ 0. Second, if
R
u(a)
u [G(u�1(s)þ pu)�F(u�1(s))]dsp0 for all

uA[u(a), u(b)], then G(xþ pu) clearly must cross F(x) first from below. Now
suppose G(xþ pu) crosses F(x) n times first from below and n is even. Then,
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letting xn be the nth crossing, G(xþ pu )�F(x)p0 for xA(xn,b) with the inequality
strict for some subinterval(s) of (xn, b). Equivalently, [G(u�1(u)þ pu)�
F(u�1(u))]p0 for uA(u(xn), u(b)) with the inequality strict for some interval(s)
of (u(xn), u(b)), which, given

R
u(a)
u [G(u�1(s)þ pu)�F(u�1(s))]dsp0 for all uA[u(a),

u(b)] and hence
R
u(a)
u(xn)[G(u�1(s)þ pu)�F(u�1(s))]dsp0, implies

R
u(a)
u(b)[G(u�1(s)þ

pu)�F(u�1(s))]dso0. &

Proof of Lemma 1
Since the first-order condition can be written as

1

y0ðeuÞ
¼

R b

a uðx� euÞdFyðx; yðeuÞÞR b

a u
0ðx� euÞdFðx; yðeuÞÞ

and given the second-order condition, evXeu if and only if

�
Zb

a

v0ðx� euÞdFðx; yðeuÞ þ y0ðeuÞ
Zb

a

vðx� euÞdFyðx; yðeuÞÞX0;

we have evXeu if and only if

R b

a uðx� euÞdFyðx; yðeuÞÞR b

a u
0ðx� euÞdFðx; yðeuÞÞ

p
R b

a vðx� euÞdFyðx; yðeuÞÞR b

a v
0ðx� euÞdFðx; yðeuÞÞ;

which we will show to be equivalent to the existence of d with the prescribed
properties. From the definition of Deu,

0 ¼
Zb

a

uðx� eu � DeuÞdFðx; yu þ DyÞ �
Zb

a

uðx� euÞdFðx; yuÞ

¼
Zb

a

½uðx� eu � DeuÞ � uðx� eÞ�dFðx; yu þ DyÞ

þ
Zb

a

uðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�

¼
R b

a½uðx� eu � DeuÞ � uðx� euÞ�dFðx; yu þ DyÞ
Deu

Deu

þ
R b

a uðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�
Dy

Dy
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Deu
Dy

¼ �
R
uðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ��=DyR b

a½uðx� eu � DeuÞ � uðx� euÞ�dFðx; yu þ DyÞ�=Deu
h

2
4

For DyA(0, d), |Deu(Dy)|p|Dev(Dy)| means

Zb

a

vðx� eu � DeuÞdFðx; yu þ DyÞ �
Zb

a

vðx� euÞdFðx; yuÞX0

R b

a½vðx� eu � DeuÞ � vðx� euÞ�dFðx; yu þ DyÞ
Deu

Deu

þ
R b

a vðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�
Dy

DyX0

Deu
Dy

p�

R b

a vðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�
h i

=Dy
R b

a½vðx� eu � DeuÞ � vðx� euÞ�dFðx; yu þ DyÞ
h i

=Deu

For DyA(�d, 0), |Deu(Dy)|p|Dev(Dy)| means
R
a
bv(x�eu�Deu)dF(x,yuþDy)

p
R
a
bv(x�eu)dF(x,yu), which can be similarly shown to be equivalent to

Deu
Dy

p�

R b

a vðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�
h i

=Dy
R b

a½vðx� eu � DeuÞ � vðx� euÞ�dFðx; yu þ DyÞ
h i

=Deu

We thus have

�

R b

a uðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�
h i

=Dy

Zb

a

½uðx� eu � DeuÞ � uðx� euÞ�dFðx; yu þ DyÞ=Deu

¼ Deu
Dy

p

R b

a vðx� euÞd½Fðx; yu þ DyÞ � Fðx; yuÞ�=Dy
h i

Zb

a

½vðx� eu � DeuÞ � vðx� euÞ�dFðx; yu þ DyÞ=Deu
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As Dy-0 and Deu-0, we have
R b

a uðx� euÞdFyðx; yðeuÞÞR b

a u
0ðx� euÞdFðx; yðeuÞÞ

p
R b

a vðx� euÞdFyðx; yðeuÞÞR b

a v
0ðx� euÞdFðx; yðeuÞÞ

16

Conversely, if there exists no d with the prescribed properties, that is, for
all d>0, there exists DyA(0, d) such that

R
a
bv(x�eu�Deu)dF(x, yuþDy)oR

a
bv(x�eu)dF(x, yu) or there exists DyA(�d, 0) such that

R
a
bv(x�eu�Deu)

dF(x, yuþDy)>
R
a
bv(x�eu)dF(x, yu), then clearly we cannot have

R b

a uðx� euÞdFyðx; yðeuÞÞR b

a u
0ðx� euÞdFðx; yðeuÞÞ

p
R b

a vðx� euÞdFyðx; yðeuÞÞR b

a v
0ðx� euÞdFðx; yðeuÞÞ

&

Proof of Lemma 2
It is sufficient to show that sDy

2 (F(u�1(u)þ euþDeu(Dy), yuþDy))|Dy¼ 0 is
increasing in p�yu and is negative when p�yu¼ 0 and positive when p�yu¼ 1.
For DyAR, Deu is defined by (p�yu�Dy)u(w�l�eu�Deu)þ (1�pþ yuþDy)
u(w�eu�Deu)¼ (p�yu)u(w�l�eu)þ (1�pþ yu)u(w�eu)� m Defining pu¼ p�yu,
w1¼w�l�eu, and w2¼w�eu, we have (pu�Dy)u(w1�Deu)þ (1�puþDy)
u(w2�Deu)¼ (pu)u(w1)þ (1�pu)u(w2)� m from which we obtain

dDeu
dDy

¼ uðw2 � DeuÞ � uðw1 � DeuÞ
ðpu � DyÞu0ðw1 � DeuÞ þ ð1� pu þ DyÞu0ðw2 � DeuÞ

s2ðFðu�1ðuÞ þ eu þ DeuðDyÞ; yu þ DyÞÞ
¼ ðpu � DyÞ½uðw1 � DeuÞ � m�2 þ ð1� pu þ DyÞ
�½uðw2 � DeuÞ � m�2 ¼ ðpu � DyÞuðw1 � DeuÞ2

þ ð1� pu þ DyÞuðw2 � DeuÞ2 � m2

16 Given the differentiability of Zb

a

uðxðeÞdFðx; yðeÞÞ

R
a
bu(x�e)dF(x, y(e))with respect to e, as Dy-0, Dev-0, and Deu-0,

R b

a½vðx� e� DeuÞvðx� eÞ�dFðx; yþ DyÞ
Deu

¼
R b

a½vðxe� DevÞ � vðx� eÞ�dFðx; yþ DyÞ
Dev.
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qs2

qDy
jDy¼0 ¼ ½uðw2Þ2 � uðw1Þ2� � 2½puu0ðw1Þuðw1Þ

þ ð1� puÞu0ðw2Þuðw2Þ�
uðw2Þ � uðw1Þ

puu0ðw1Þ þ ð1� puÞu0ðw2Þ

� q
qpu

½qs
2

qDy
jDy¼0� ¼ 2½u0ðw1Þuðw1Þ � u0ðw2Þuðw2Þ�

� uðw2Þ � uðw1Þ
puu0ðw1Þ þ ð1� puÞu0ðw2Þ

þ 2½puu0ðw1Þuðw1Þ

þ ð1� puÞu0ðw2Þuðw2Þ�
½uðw2Þ � uðw1Þ�½u0ðw1Þ � u0ðw2Þ�
½puu0ðw1Þ þ ð1� puÞu0ðw2Þ�2

With [puu
0(w1)þ (1�pu)u

0(w2)]
2 being the denominator, the numerator of

the expression is �2[u0(w1)u(w1)�u0(w2)u(w2)][u(w2)�u(w1)][puu
0(w1)þ (1�pu)u

0

(w2)]þ 2[puu
0(w1)u(w1)þ (1�pu)u

0(w2)u(w2)][u(w2)�u(w1)][u
0(w1)�u0(w2)]¼�2pu

[u0(w1)]
2u(w1)u(w2)þ 2pu[u

0(w1)]
2[u(w1)]

2�2(1�pu)u
0(w1)u(w1)u(w2)u

0(w2)þ 2(1�pu)
u0(w1)[u(w1)]

2u0(w2)þ 2puu
0(w2)[u(w2)]

2u0(w1)�2puu
0(w2)u(w2)u(w1)u

0(w1)�
2(1�pu)[u

0(w2)]
2u(w2)u(w1)þ 2(1�pu)[u

0(w2)]
2[u(w2)]

2þ 2pu[u
0(w1)]

2u(w1)u(w2)
�2puu

0(w2)u(w2)u(w1)u
0(w1)þ 2u0pu(w1)[u(w1)]

2u0(w2)�2pu[u
0(w1)]

2[u(w1)]
2þ 2(1�pu)

u0(w2)[u(w2)]
2u0(w1)�2(1�pu)u

0(w1)u(w1)u(w2)u
0(w2)þ 2(1�pu)[u

0(w2)]
2u(w2)u

(w1)�2(1�pu)[u
0(w2)]

2[u(w2)]
2¼�4u0(w1)u(w1)u(w2)u

0(w2)þ 2u0(w2)[u(w2)]
2u0(w1)þ

2u0(w1)[u(w1)]
2u0(w2)¼ 2u0(w1)u

0(w2)[u(w2)
2þ u(w1)

2�2u(w1)u(w2)]¼ 2u0(w1)u
0

(w2)[u(w2)�u0(w1)]
2>0.

pu ¼ 0 ) qs2

qDy
jDy¼0 ¼ ½uðw2Þ2 � uðw1Þ2� � 2uðw2Þ2

þ 2uðw2Þuðw1Þ ¼ �½uðw2Þ � uðw1Þ�2o0

pu ¼1 ) qs2

qDy
jDy¼0 ¼ ½uðw2Þ2 � uðw1Þ2� � 2uðw1Þuðw2Þ

þ 2uðw1Þ2 ¼ ½uðw2Þ � uðw1Þ�2 > 0 &

A necessary and sufficient condition for a higher willingness to pay for a

stochastic improvement

Proposition 8

(i) pup(X)pv for any v(x)¼T(u(x)) such that T 0( )>0, T 00( )p0, and T 000( )p0,
if and only if

R
u
u(b)

R
u(a)
t [G(u�1(s)þ pu)�F(u�1(s))]dsdtp(X)0 for all

uA[u(a),u(b)];
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(ii) puX(p)pv for any v(x)¼T(u(x)) such that T 0( )>0, T 00( )p0, and
T 000( )X0, if and only if

R
u(a)
u

R
u(a)
t [G(u�1(s)þ pu)�F(u�1(s))]dsdtX(p) 0 for

all uA[u(a),u(b)].

Proof

(i) Given
R
a
bu(y�pu)dG(y)¼

R
a
bu(y)dG(yþ pu)¼

R
a
bu(y)dF(y), which is equivalent

to
R
u(a)
u(b)udG(u�1(u)þ pu)¼

R
u(a)
u(b)udF(u�1(u)), and

R
u
u(b)

R
u(a)
t [G(u�1(s)þ pu)�

F(u�1(s))]dsdtp0 for all uA[u(a), u(b)], there exists Ĥ(x) such that

G(u�1(u)þ pu) is a downside risk increase of Ĥ(u) and Ĥ(u) is an MPC of

F(u�1(u)). Thus, given T 00( )p0 and T 000( )p0,
R
a
bv(y)d[G(yþ pu)�F(y)]

¼
R
a
bT(u(y))d [G(yþ pu)�F(y)] ¼

R
u(a)
u(b)T(u)d [G(u�1(u)þ pu)�F(u�1(u))]¼

R
u(a)
u(b)

T(u)d [G(u�1(u)þ pu)�Ĥ(u)]þ
R
u(a)
u(b)T(u)d [Ĥ(u)�F(u�1(u))]X0. To prove

the converse, by repeated integration by parts and using
R
u(a)
u(b)[G(u�1(u)þ pu)�

F(u�1(u))]du¼ 0, we have
R
a
bv(y)d [G(yþ pu)�F(y)]¼

R
u(a)
u(b)T(u)d [G(u�1(u)

þ pu)�F(u�1(u))]T 00¼ (u(a))
R
u(a)
u(b)

R
u(a)
t [G(u�1(s)þpu)�F(u�1(s))]dsdtþ

R
u(a)
u(b)T 0 00(u)R

u
u(b)

R
u(a)
t [G(u�1(s)þ pu)�F(u�1(s))]dsdt. If it is not true that

R
u
u(b)

R
u(a)
t [G(u�1

(s)þ pu)�F(u�1(s))]dsdtp0 for all uA[u(a), u(b)], that is, there exists an

interval JC[u(a),u(b)] such that
R
u
u(b)

R
u(a)
t [G(u�1(s)þ pu)�F(u�1(s))]dsdt>0

for uAJ, then we can always choose a T( ) such that T 00( )p0 and T 000( )p0

but |T 000(u)| is sufficiently large for uAJ relative to |T 00(u(a))| and |T 000(u)|

elsewhere that T 00(u(a))
R
u(a)
u(b)

R
u(a)
t [G(u�1(s)þ pu)�F(u�1(s))]dsdtþ

R
u(a)
u(b)(u)R

u
u(b)

R
u(a)
t [G(u�1(s)þ pu)�F(u�1(s))]dsdto0 and thus pu>pv.

(ii) The proof is completely analogous. &
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