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PAIRS OF SHORT ROOT SUBGROUPS IN THE CHEVALLEY GROUP OF TYPE G 2

V. V. Nesterov UDC 512.542.6

The paper is devoted to a description of the pairs of unipotent short root subgroups in the Chevalley group of type
G2 over a field of characteristic different from 2. Namely, the subgroups generated by a pair of short root subgroups
are described, and the orbits of the Chevalley group, which acts by simultaneous conjugation on such pairs, are
classified. Most of the calculations are valid for fields of characteristic 2. Bibliography: 14 titles.

1. Introduction

The present paper in essence completes the series of papers devoted to a description of the pairs of root
unipotent subgroups in Chevalley groups. Namely, for the Chevalley group of type G2 over a field of characteristic
different from 2 we describe the subgroups generated by a pair of short root unipotent subgroups and classify
the orbits of the Chevalley group, which acts by simultaneous conjugation on such pairs.

Most of the results of this paper hold for the characteristic 2. However, in some cases we need more subtle
calculations to understand the structure of a subgroup. It will be carried out in a subsequent paper.

Such a description for a pair consisting of long root subgroups first appeared in [7]. At a later time, it was
reproved in [9, 11]. This description played an important role in the understanding of the structure of subgroups
generated by long root subgroups and elements (see, for example, [8, 11]).

In [1, 2], N. A. Vavilov calculated the Bruhat decomposition of root unipotent elements. Using these results,
he classified the orbits of a Chevalley group on the pairs of long root subgroups [1] and obtained a description
of the pairs that consist of a long and a short root subgroup for the types B�, C�, and F4 (see [2]).

Based on these ideas, the author classified the pairs of short root subgroups in Chevalley groups of type B�,
C�, and F4 (see [5]). More recently, in [6] a description of the pairs that are composed of a long and a short root
subgroup in the Chevalley group of type G2 has been obtained.

In the case of short root subgroups, the result is much more complicated. The main reason for this is that
a short root subgroup (unlike a long root one) does not lie in the center of the unipotent radical U of a Borel
subgroup, so that the conjugations by elements of U lead to much more complicated configurations of roots.

Thus, every pair of long root unipotent subgroups (X1, X2) is conjugate to a pair of elementary subgroups
of the form (Xα, Xβ). The orbits of the Chevalley group G on such pairs are determined solely by the angle
formed by α and β. Thus there exists five possible configurations of roots. Some of them may lead to two or
three orbits.

In the case of a long and a short root subgroup, there exists six possible configurations of roots for the groups
of type B�, C�, and F4 and five configurations for the group of type G2. The orbits of G on such pairs are
determined either by the angle between a long and a short root or by two angles formed by a long root and a
pair of roots that consists of long roots or a long and a short root.

In the case of short root subgroups, we have 12 possible configurations for the group of type B�, 16 configura-
tions for the group of type C�, 21 configurations for the group of type F4, and, as we prove in the present paper,
10 configurations for the group of type G2. Moreover, in some cases infinitely many orbits (for an infinite field)
parametrized by a continuous parameter arise. Mutual arrangement of two short root subgroups is determined
by 2–5 roots.

In characteristic 2 and for the groups of type B�, C�, or F4 and in characteristic 3 and for the groups of type
G2, the short root subgroups behave precisely in the same way as do the long root subgroups.

One can find further details related to problems concerning the generation in Chevalley groups, as well as
some applications and many additional references, in reviews [3, 4, 12].

2. Statement of the results

All the necessary notions and the standard notation are given in [6]. Here we do not repeat them and introduce
only our notation.
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In the sequel, we deal with the Chevalley group of type G2 over a field K. The root system of type G2 is as
follows:

G2 = {±α,±β,±(α + β),±(2α + β),±(3α + β),±(3α + 2β)},

where α and β are fundamental roots, α is a short root, β is a long root, δ = 3α + 2β is a maximal (long) root,
and ρ = 2α + β is a maximal short root.

We also denote the roots strictly larger than ρ by ρ2 = 3α + β and ρ3 = δ = 3α + 2β.
The set of positive (negative) roots is denoted by Φ+ (Φ−, respectively).
A subgroup X is referred to as a unipotent long root subgroup if it is conjugate to Xδ and as a unipotent

short root subgroup if it is conjugate to Xρ. The elements of X are called unipotent long or short root ele-
ments, respectively. In the sequel, we omit the word “unipotent” and say simply “long (short) root subgroups
(elements).”

For a subgroup X � G(Φ, K) of G, we denote by Λ(X, K) and Ω(X, K) the sets of short and long root
subgroups lying in X, respectively.

As usual, |A| is the cardinality of the set A, X ∼ Y means that the subgroups X and Y are conjugate in G,
and X1 × X2 and [X1, X2] denote the direct product and the mutual commutator subgroup of the groups X1

and X2, respectively.
In our calculations, we use the matrix representation of the group of type G2 as a subgroup of Ω(7, K) (see

[6, 10]).
For this representation, Chevalley’s commutator formulas take the form

[xα(t), xβ(s)] = xα+β(ts)x2α+β(2t2s)x3α+β(−t3s)x3α+2β(2t3s2),

[xα(t), xα+β(s)] = x2α+β(−2ts)x3α+β(−3t2s)x3α+2β(−3ts2),

[xα(t), x2α+β(s)] = x3α+β(3ts),

[xβ(t), x3α+β(s)] = x3α+2β(−ts),

[xα+β(t), x2α+β(s)] = x3α+2β(3ts).

A set of roots S ⊂ Φ is said to be closed if whenever α, β ∈ S and α+β ∈ Φ we also have α+β ∈ S. For a closed
set of roots S, we put E(S) = 〈Xα | α ∈ S〉. We have E(S) = E(Sr)E(Su), which is the semidirect product
of a reductive and a unipotent subgroup of E(S), where Sr = {α ∈ S | −α ∈ S} and Su = {α ∈ S | −α /∈ S}.
If Sr consists only of two roots, say, γ and −γ, we have an isomorphism E(Sr) � SL2(K) (the group is simply
connected). We write E(Sr) � SLρ

2(K) for a short root γ and E(Sr) � SLδ
2(K) for a long root γ. It is clear that

these groups are not conjugate.
If there are two root lengths in Φ and just one root length in ∆, then ∆ may be embedded in Φ in two

essentially different ways: onto long roots and onto short roots. To distinguish these cases, we write ∆̃ ⊂ Φ for
the short root embedding and ∆ ⊂ Φ for the long root embedding.

For a field K, denote the algebraic closure of K by K.
Finally, the notation (LS1), (LS2) corresponds to the cases from [6, Theorem 1] of the mutual arrangement

of long and short root subgroups.
The following theorems are the main results of this paper.

Theorem 1. Let X1 and X2 be two distinct short root subgroups in the Chevalley group G(G2, K). Assume
that charK �= 3 and char K �= 2. Then

(1) X1 and X2 generate one of the groups (S1)–(S10) listed below;
(2) the pairs (X1, X2) that belong to different cases are not conjugate in G, and the number of orbits under

conjugation action of G on the pairs of the same case is equal to d (we omit d = 1).

(S1) 〈X1, X2〉 = X1 × X2, |Λ| = |K|, |Ω| = 1;

(S2) 〈X1, X2〉 = X1 × X2, 2 ≤ |Λ| ≤ 4, |Ω| = 0;

(S3) 〈X1, X2〉 = X1X2Z, Z = [X1, X2] ∈ Ω, |K|+ 1 ≤ |Λ| ≤ 3|K|+ 1, |Ω| = 1, (X1, Z) is as in (LS1), (X2, Z)
is as in (LS2), d = |K| − 1;

(S4) 〈X1, X2〉 = X1X2Z, Z = [X1, X2] ∈ Ω, |Λ| = 2|K|, |Ω| = 1, the (Xi, Z) are as in (LS1), i = 1, 2;
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(S5) 〈X, Y 〉 � E(Φ+ \ {β}), d = 2;

(S6) 〈X1, X2〉 = U(G2, K), d = 2;

(S7) 〈X1, X2〉 = SL2(K);

(S8) 〈X, Y 〉 � SLρ
2(K)E(Φ+), d = 2;

(S9) 〈X, Y 〉 � SLδ
2(K)E(S), where S = {−β, α, 3α + β };

(S10) 〈X1, X2〉 = G2(K), d = |K| − 1.

If char K = 3, we have the following result.

Theorem 2. Under the assumptions of Theorem 1 but with charK = 3, we have

(T1) 〈X1, X2〉 = X1 × X2, |Λ| = |K|+ 1, |Ω| = 0;

(T2) 〈X1, X2〉 � U(Ã2, K);

(T3) 〈X1, X2〉 = SL2(K).

The remaining part of the paper is devoted to the proof of Theorems 1 and 2.

3. Configurations of roots

Throughout the rest of the paper, we deal only with the Chevalley group G of type G2.
The starting point of our work is the following lemma proved in [6].

Lemma 1. Let gXρg−1 be a short root subgroup. Then one of the following statements holds:
(a) there exist u ∈ U , a short root γ, and ε ∈ K∗ such that

gxρ(t)g−1 = uxγ(εt)u−1, t ∈ K.

(b) if charK �= 3, then there exist u ∈ U , s, r ∈ K, and a short root σ and a long root λ that form an angle
of π/6 and satisfy the condition σ > λ such that

gxρ(t)g−1 = uxσ(st)xλ(rt)u−1, t ∈ K.

This lemma enables us to obtain the following key result.

Lemma 2. Let X1 and X2 be short root subgroups in G. Suppose that char K �= 3. Then there exists an
element g ∈ G such that

gX1g
−1 = {xρ(t)xρ2(c2t)xρ3(c3t), t ∈ K},

and one of the following statements holds:

(a) gX2g
−1 = Xγ ,

(b) gX2g
−1 = Xσ,λ = {xσ(s)xλ(s), s ∈ K},

where γ, λ, and σ are as in Lemma 1 and c2, c3 ∈ K depend on X1 and X2.
If char K = 3, we have gX1g

−1 = Xρ, gX2g
−1 = Xγ .

Proof. There is a z ∈ G such that zX1z
−1 = Xρ. By Lemma 1, we can take u ∈ U such that u−1zX1z

−1u
coincides with Xγ or {xσ(s)xλ(s), s ∈ K}, k ∈ K∗. In the first case, we put g = u−1z, and in the second case
we put g = hτ (k−1)u−1z. The root τ should be chosen so that the angle between σ and τ is π/2 and between λ
and τ is π/3. This can always be done.

It remains to note that uXρu
−1 = {xρ(t)xρ2(c2t)xρ3(c3t), t ∈ K}, and if charK = 3 we have c2 = c3 = 0.

The lemma is proved.

For every pair of short root subgroups (X1, X2), denote by RJ the set of ρi that occur in the decomposition of
the elements of gX1g

−1 with nonzero coefficients ci from Lemma 2. By J ⊂ {2, 3} we denote the set of respective
indices i. We put

Xρ,J = {xρ(t)xρ2(c2t)xρ3(c3t), t ∈ K}.

If RJ �= ∅, we may assume that ρ3 = δ ∈ RJ , because wβρ = ρ and wβρ2 = ρ3.
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Case 1. gX1g
−1 = Xρ,J and gX2g

−1 = Xγ .
First suppose that RJ = ∅, i.e., gX1g

−1 = Xρ. Note that this case occurs for a field of an arbitrary characteristic.
The other cases hold for a field of charK �= 3.

Denote by θ = ∠(ρ, γ) the angle between ρ and γ. The possibilities for γ are listed in Table 1 below.
Table 1

(θ) γ

1 0 2α + β

2 π/3 α, α + β

3 2π/3 −α, −α − β

4 π −2α − β

Now assume that RJ �= ∅. Let θ = ∠(ρ, γ) and ψ = ∠(δ, γ). The possible roots γ and the maximal sets RJ

corresponding to them are listed in Table 2.
Table 2

(θ, ψ) γ RJ

5 (0, π/6) 2α + β ρ2, ρ3

6 (π/3, π/6) α + β ρ3

7 (π/3, π/2) α ρ2, ρ3

8 (2π/3, π/2) −α ρ3

9 (2π/3, 5π/6) −α − β ρ2, ρ3

10 (π, 5π/6) −2α − β ρ2, ρ3

Case 2. gX1g
−1 = Xρ,J and gX2g

−1 = Xσ,λ.
Assume that RJ = ∅. Then the possible roots (σ, λ) are determined by the angles (θ1, θ2), where θ1 = ∠(ρ, σ)
and θ2 = ∠(ρ, λ) (see Table 3).

Table 3

(θ1, θ2) (σ, λ)

11 (π/3, π/2) (α,−β), (α + β, β)

12 (2π/3, 5π/6) (−α − β,−3α − 2β), (−α,−3α − β)

13 (π, 5π/6) (−2α − β,−3α − 2β), (−2α − β,−3α − β)

If RJ �= ∅, we introduce additional notation (ψ1, ψ2) = (∠(δ, σ), ∠(δ, λ)).
The possible roots (σ, λ) and the maximal sets RJ corresponding to them are given in Table 4.

Table 4

(θ1, θ2), (ψ1, ψ2) (σ, λ) RJ

14 (π/3, π/2), (π/6, π/3) (α + β, β) ρ3

15 (π/3, π/2), (π/2, 2π/3) (α,−β) ρ2, ρ3

16 (2π/3, 5π/6), (π/2, 2π/3) (−α,−3α− β) ρ3

17 (2π/3, 5π/6), (5π/6, π) (−α − β,−3α − 2β) ρ2, ρ3

18 (π, 5π/6), (5π/6, 2π/3) (−2α − β,−3α − β) ρ3

19 (π, 5π/6), (5π/6, π) (−2α − β,−3α − 2β) ρ2, ρ3
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4. Representatives of orbits

In this section, using Tables 1–4 we list representatives of the orbits of the action of G on the pairs of short
root subgroups (X1, X2).

Lemma 3. Let X1 and X2 be short root subgroups in G. Then there exists f ∈ G such that fX2f
−1 = Xγ

or Xσ,λ and one of the following statements holds:

(1) fX1f
−1 = Xρ,

(2) fX1f
−1 = Xρ,c = {xρ(t)xδ(ct), t ∈ K}.

Proof. By Lemma 2, there is a g ∈ G such that gX1g
−1 = Xρ,J and gX2g

−1 = Xγ or Xσ,λ.
In variants 1–4 and 11–13, we take f = g because J = ∅.
Suppose J �= ∅. Then we take f = xτ (kτ)g, τ ∈ Φ, and kτ ∈ K∗ such that τ + γ or τ + σ and τ + λ are not

roots. Thus
xτ(kτ )Xγxτ(kτ)−1 = Xγ and xτ (kτ)Xσ,λxτ(kτ )−1 = Xσ,λ.

Then we can eliminate some of the xρi(cit) in Xρ,J , varying the roots τ and kτ ∈ K∗.
In variants 6 and 14, we set τ = α + β and kτ = ±1

3
ci and obtain (1).

In variants 5, 7, 9, 10, 15, 17, and 19, we set τ = β and kτ = ±ci and have (2).
In variants 8, 16, and 18, RJ consists of one root δ, and we obtain (2) immediately. The lemma is proved.

By a coppia of a variant N , where 1 ≤ N ≤ 19, we mean a pair of sets of roots occurring in the description of
X1 and X2 in Lemma 3, where (X1, X2) belongs to the variant N . It follows from Lemma 3 that a coppia may
be one of the following four possible forms:

variant coppia

1, 2(6), 3, 4 ({ρ}, {γ})
5, 7 – 10 ({ρ, ρi}, {γ})
11 – 14 ({ρ}, {σ, λ})
15 – 19 ({ρ, ρi}, {σ, λ}).

The next lemma shows that a variant determines its coppia uniquely.

Lemma 4. All coppie that belong to one and the same variant in Tables 1–2 are conjugated by an element of
the Weyl group.

Proof. In all cases we can take wβ as such an element.

It follows from this lemma that variants 2 and 6 and variants 11 and 14 can be identified, because the
corresponding coppie have the same form up to conjugation.

Lemma 5. Let X1 and X2 be short root subgroups. Then, except for variants 15 and 19, there exists a g ∈ G
such that

gX1g
−1 = Xρ or Xρ,δ = {xρ(t)xδ(t)},

gX2g
−1 = Xγ or Xσ,λ = {xσ(s)xλ(s)}.

Proof. In variants 5, 7–10, 16, and 17, we put τ = β; in variant 18, we put τ = 3α + 2β. Then

hτ (c−1){xρ(t)xδ(ct)}h−1
τ (c−1) = {xρ(t)xδ(t)}.

At the same time, hXγh−1 = Xγ and hXσ,λh−1 = Xσ,λ.

Lemma 6. The pairs of subgroups that belong to variants 7 and 11 (14), 9 and 12, 10 and 13 are conjugate in
G.

Proof. To variants 7, 9, and 10 correspond the pairs of subgroups of the form (Xρ,δ , Xγ), where γ is one of the
roots α, −α − β, and −2α − β, respectively.
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To variants 11, 12, and 13 correspond the pairs of subgroups of the form (Xρ, Xσ,λ), where (σ, λ) is one of the
pairs (α,−β), (−α − β,−3α − 2β), and (−2α − β,−3α − 2β), respectively.

For each pair of variants in the lemma, we specify w ∈ W such that

wXρ,δw
−1 = Xσ,λ and wXγw−1 = Xρ.

In variants 7 and 11, we put w = wα+β; in variants 9 and 12, we put w = w3α+2β; in variants 10 and 13, we
put w = w2α+βwβ. The lemma is proved.

Now we are in a position to list explicitly representatives of the orbits in every case from Theorems 1 and
2. They are pairs of subgroups that belong to variants not identified by Lemmas 3–6. Put xτ = xτ(t) and
xτ (c) = xτ (ct), and collect the representatives of orbits in Table 5.

The majority of cases arise only for a field of characteristic different from 3. In the sequel, the cases arising
for an arbitrary field (independently of the characteristic) are labeled by ∗.

Table 5

Case variants representative

(S1) 5 {x2α+βx3α+2β} {x2α+β}

(S2) 7,11,14 {x2α+βx3α+2β(3)} {xαx−β}

(S3) 15 {x2α+βx3α+2β(c)}, c �= 3 {xαx−β}

(S4)* 2,6 {x2α+β} {xα}

(S5)∗1 3 {x2α+β} {x−α}

(S5)2 8 {x2α+βx3α+2β} {x−α}

(S6)1 9,12 {x2α+βx3α+2β} {x−α−β}

(S6)2 16 {x2α+βx3α+2β} {x−αx−3α−β}

(S7)* 4 {x2α+β} {x−2α−β}

(S8)1 10,13 {x2α+βx3α+2β} {x−2α−β}

(S8)2 18 {x2α+βx3α+2β} {x−2α−βx−3α−β}

(S9) 17 {x2α+βx3α+2β} {x−α−βx−3α−2β}

(S10) 19 {x2α+βx3α+2β(c)}, c �= 0 {x−2α−βx−3α−2β}

The cases listed in Table 5 precisely correspond to the cases of Theorem 1. In the next sections, we prove
that two pairs that belong to different cases are not conjugate in G. In cases (S3) with c �= 3 and (S10) with
c �= 0, the orbits of pairs of subgroups are parametrized by an element c of the field K. Thus, each element c
corresponds to exactly one orbit.

5. Structure of spans

In Sec. 5, we study the subgroups generated by each pair of short root subgroups, assuming that the char-
acteristic of the field is different from 2 and 3. Namely, we determine these subgroups up to isomorphism and,
moreover, describe the root subgroups lying in them. It is clear that if either the isomorphism class or the number
of long or short root subgroups in two spans are distinct, then the corresponding pairs are not conjugate. The
cases where the spans of pairs of short root subgroups coincide are considered in Sec. 6.

For each representative (X1, X2) of an orbit given in Table 5, we denote by X = 〈X1, X2〉 the subgroup
generated by the pair (X1, X2). Counting the root subgroups that lie in X, in all nontrivial cases we need to deal
with the unipotent radical U(G2, K). For this purpose, we cite the forms of all root elements lying in U(G2, K).

Recall that in U(G2, K), any long root element has the form uxµ(t)u−1, where µ is a long positive root (see
[1]), and any short root element coincides with uxγ(t)u−1 or uxλ(t)xσ(kt)u−1, where γ, σ, and λ have the same
meaning as in Lemma 1 and are positive.
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Let u = xα(c1)xβ(c2)xα+β(c3)x2α+β(c4)x3α+β(c5)x3α+2β(c6), where ci ∈ K. Then the long root elements in
U(G2, K) have the form

x3α+2β(t), (1)

x3α+β(t)x3α+2β(−c4t), (2)

xβ(t)xα+β(c1t)x2α+β(−c2
1t)x3α+β(−c3

1t)x3α+2β(c5t). (3)

The short root elements U(G2, K) are as follows:

xα(t)xα+β(−c4t)x2α+β(2c2t + 2c1c4t)x3α+β(f1)x3α+2β(f2), (4)

xα+β(t)x2α+β(−2c1t)x3α+β(−3c2
1t), (5)

x2α+β(t)x3α+β(3c1t)x3α+2β(3c2t), (6)

xβ(kt)xα+β((c1k + 1)t)x2α+β(−(c2
1k + 2c1)t)x3α+β(−(c3

1k + 3c2
1)t)x3α+2β(f3), (7)

where f1 = f1(t) = −3c3t + 6c1c2t + 3c2
1c4t − 3c2t

2 − 3c1c4t
2 + c4t

3, f2 = f2(t) = 3c3c4t + 3c2
2t + 3c2c4t

2 +
3c1c

2
4t

2 − 2c4t
3, and f3 = f3(t) = −3c3t + c5kt + 3c1t

2 + k2c3
1t

2 + 3c2
1kt2.

Now we pass to a case-by-case analysis of orbits.
(S1) Here, X = 〈xρ(t)xδ(t), xρ(s)〉 = X1 × X2. The one-parameter subgroup {xρ(kt)xδ(t)} is a short root

subgroup if k �= 0 and a long root subgroup if k = 0.
(S2)–(S3) For arbitrary c ∈ K, we have

X = 〈x2α+β(t)x3α+2β(ct), xα(s)x−β(s)〉.

Since
[x2α+β(t)x3α+2β(ct), xα(s)x−β(s)] = x3α+β((c − 3)ts),

it follows that for c = 3 the subgroups commute with each other (case (S2)); if c �= 3, the commutator subgroup
is a long root subgroup (case (S3)).

Since the root subgroups are additive one-parameter subgroups, we consider an arbitrary one-parameter
subgroup and compare it with expressions (1)–(7) at the beginning of Sec. 5.

In place of the group X, it is more convenient to take a subgroup conjugate to X, namely,

〈xα+β(t)xβ(ct), x2α+β(s)x3α+β(s)〉 ⊂ U(G2, K).

The one-parameter subgroups of this subgroup are of the form{
xα+β(at)xβ(act)x2α+β(bt)x3α+β(bt)x3α+2β

(
kt +

1
2
abct2 − 3

2
abt2

)}
,

where a and b are arbitrary elements of the field and k = 0 and c = 3 in case (S2), k is arbitrary and c �= 3 in
case (S3).

Calculations show that if k = 0 and either a = 0, b �= 0 or b = 0, a �= 0, we have two short root subgroups; if
a, b = 0 and k �= 0, we have a long root subgroup X3α+2β in case (S3); if a = 0 and b, k �= 0, we obtain |K| − 1
short root subgroups in case (S3); if b = 0 and a, k �= 0, a one-parameter subgroup is not a root subgroup.
Let k = 0 and a, b �= 0. Compare the elements of the given subgroup and the elements of (7). Equating the
corresponding coefficients we arrive at a quadratic equation. If this equation is solvable, we has one or two short
root subgroup in cases (S2) and (S3). Finally, suppose that a, b, k �= 0. In the same manner, depending on the
solvability of the quadratic equation, we obtain in addition 0 or (|K| − 1) or 2(|K| − 1) short root subgroups in
case (S3).

(S4)∗ Here, we have
X = 〈x2α+β(t), xα(s)〉 = X1X2Z,

where Z = [X2α+β, Xα] = X3α+β .
The pairs (X2α+β, X3α+β) and (Xα, X3α+β) are conjugate in G and are related to case (LS1) (see [6]). The

one-parameter subgroups are of the form{
xα(at)x2α+β(bt)x3α+β

(
kt − 3

2
abt2

)}
,
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where a, b, and k are arbitrary elements of the field.
Compare the given subgroup and the form of root subgroups in U(G2, K) (see the beginning of Sec. 5). We

conclude that if k = 0 and either a = 0, b �= 0 or b = 0, a �= 0, we have two short root subgroups X2α+β and
Xα; if a, b = 0 and k �= 0, we obtain the long root subgroup X3α+β ; if k �= 0 and either a = 0, b �= 0 or b = 0,
a �= 0, we have 2(|K| − 1) short root subgroups. If a, b �= 0 and k is an arbitrary element of the field, then this
subgroup is not a root subgroup.

(S5) Here, we have
X = 〈xρ(t)xδ(εt), x−α(s)〉,

where ε = 0 or 1 in cases (S5)∗1 and (S5)2, respectively.
Calculate the commutators

[xρ(t)xδ(εt), x−α(s)] = xα+β(2ts)xβ(−3ts2)x3α+2β(−3t2s),

[xα+β(2ts)xβ(−3ts2)x3α+2β(−3t2s), x−α(r)] = xβ(−6rts)],

[xα+β(2ts)xβ(−3ts2)x3α+2β(−3t2s), xρ(r)xδ(εr)] = x3α+2β(6rts).

Hence it follows that X = E(S), where S = {−α, β, α + β, 2α + β, 3α + 2β }. Note that the group E(S) is
conjugated by an element of the Weyl group to the group E(S1), where S1 = {α, α+β, 2α+β, 3α+β, 3α+2β }.

(S6) Here,
X = 〈xρ(t)xδ(εt), x−α(s)x−3α−β(s)〉,

where ε = 0 or 1 in case (S6)1 and (S6)2, respectively.
Put x1(t) = xρ(t)xδ(εt) and x2(s) = x−α(s)x−3α−β(s). Calculate the commutators

x3(t, s) = [x1(t), x2(s)] = x−α(ts)xβ(3ts2 − 3t2s2 − 2t3s2 − εts)xα+β(2ts + t2s)x3α+2β(−3t2s − t3s),

[x1(1), [x1(1), x3(t, s)]] = x3α+2β(−6ts), [x3α+2β(t), x2(s)] = xβ(−ts).

It follows immediately that Xβ , X3α+2β, and {x−α(ts)xα+β(2ts + t2s)} lie in X. Then X−α, Xα+β , and
X3α+2β also lie in X. Thus, X � U(G2, K).

(S7)∗ Clearly, 〈Xρ, X−ρ〉 � SL2(K).
(S8) Here,

X = 〈xρ(t)xδ(t), x−ρ(s)x−3α−β(εs)〉,

where ε = 0 or 1 for (S8)1 and (S8)2, respectively.
Each element of the group X can be represented as a product yu, where y ∈ 〈Xρ, X−ρ〉 � SLρ

2(K) and u ∈ U0.
Here, U0 is the kernel of the homomorphism yu �→ y of X to SL2(K).

Set x(t) = xρ(t)xδ(t), y(s) = x−ρ(s)x−3α−β(εs), and

w(t) = x(t)y(−t−1)x(t), h(t) = w(t)w(−1),

u1(t, s) = w(t)x(s)w(−t)y(t−2s), u2(t, s) = h(t)h(s)h(t−1s−1).

Then U0 = 〈u1(t, s), u2(t, s)〉.
Calculations show that

u1(t, s) = x−3α−β(f1(t, s))x−α(f2(t, s))xβ(f3(t, s))xα+β(−s(ε + t−1)),

u2(t, s) = x−3α−β(f4(t, s))xβ(f5(t, s))x3α+2β(f6(t, s)),

where fi(t, s), 1 ≤ i ≤ 6, are polynomials over the field K. Then

u1(t) = u1(t, t) = x−α(−ε + t−1)xβ(3ε − tε + t−1)xα+β(−1 − tε), [u1(t), u1(1)] = xβ(3(ε + 1)(1 − t−1)).

Hence, it follows that Xβ lies in X.
Now,

[y(s), u1(t)] = x−3α−β(−3s(stε + s + ε − t−1)x−α(−2s(tε + 1)xβ(3s(tε + 1)2),

[y(1), [y(s), u1(t)]] = x−3α−β(−6s(tε + 1)).
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It follows that X−3α−β and X−α lie in X. Considering the decomposition of u1(t, s), we easily conclude that
Xα+β is also a subgroup of X.

Calculating respective products of given elements and u2(t, s), we can extract the entire subgroup X3α+2β in
X, varying t and s. Thus U0 = E(S), where S = {−3α−β,−α, β, α +β, 3α +2β }. Finally, the theorem follows
from the conjugacy of the set of positive roots Φ+ and S.

(S9) Here,
X = 〈xρ(t)xδ(t), x−α−β(s)x−δ(s)〉.

The line of arguments in this case is similar to that of case (S8). The group X is isomorphic to the semidirect
product SLδ

2(K)U0.
Put x(t) = xρ(t)xδ(t) and y(s) = x−α−β(s)x−δ(s).
Upon calculation, we have

u1(t) = x−β(−t + 3t−1 − 2t−2)xα(t−1 − t)x3α+β(3t − t−1 + 2t2),

[u1(t), x(s)] = x3α+β(−2s(t − t−2)), [u1(t), y(s)] = x−β(−2st−1(1 + t3)).

This implies that U0 = E(S3), where S3 = {−β, α, 3α + β }.
(S10) In this case, we need the following statement.

Lemma 7. Let g = uhwv be the Bruhat decomposition of an element g ∈ G(G2, K). Suppose a matrix A = (aij)
corresponds to the element g in the matrix representation. Then this matrix has the entries

A0 =
(

a61 a62

a71 a72

)
of the form described below, up to multiplication by an element h ∈ H(G2).

For various w in the Bruhat decomposition, we have

w = wα, wαwβ, w3α+β, wα+βwβ , A0 =
(

0 0
0 0

)
,

w = w3α+βwβ, A0 =
(

0 c1

0 −1

)
,

w = w2α+β, A0 =
(

c1 c1d1

−1 −d1

)
,

w = w2α+βwβ, A0 =
(

c1 c1d1 − 1
−1 −d1

)
,

w = w3α+2β, A0 =
(
−1 −c1

0 1

)
,

w = w3α+2βwβ, A0 =
(
−1 −d1

0 0

)
,

w = wα+β, A0 =
(

0 −1
0 0

)
,

where c1 and d1 are the coefficients of xα in the decomposition of the elements u =
∏

xτ (cτ ) with cτ ∈ K and
v =

∏
xτ (dτ) with dτ ∈ K, respectively. Here, the roots τ are positive and are taken in the product in increasing

order.

Proof. Calculations in the matrix representation.

In case (S10), let x(t) = xρ(t)xδ(t) and y(s) = x−ρ(s)x−δ(s). Put g = y(q)x(1)y(p)x(1) for p, q ∈ K and
calculate the element gy(s)g−1 .

Then the entires
(

a61 a62

a71 a72

)
have the form

(
f1(p, q, s) f2(p, q, s)
f4(p, q, s) f3(p, q, s)

)
,
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where f1(p, q, s), f2(p, q, s), f3(p, q, s), f4(p, q, s) ∈ K[p, q, s] are polynomials over the field K.
Consider the system of equations {

f1 = 0, f2 = 0, f3 = 0,

f4 �= 0.

In the algebraic closure K of the field K, this system is solvable in p, q, and s. Thus, by Lemma 7, the element
gy(s)g−1 has Bruhat decomposition of the form uhw2α+βv and the coefficients of xα in the decompositions of u
and v are equal to zero.

Take the pair of subgroups (Xρ,δ , gXρ,δg
−1) of X:

(Xρ,δ , gXρ,δg
−1) ∼ (h−1u−1Xρ,δuh, wρvXρ,δv

−1w−1
ρ ) = (Xρ,δ , X−ρ,−3α−β).

We see that the pair (Xρ,δ , gX−ρg−1) is related to case (S8)1. Since Xδ lies in the group 〈Xρ,δ , X−ρ,−3α−β〉, it
follows that uXδu

−1 = Xδ lies in X as well.
Thus we have

〈X1, X2〉 = 〈Xρ, Xδ, X−ρ,−δ〉 � G2(K).

6. Completion of the proof of Theorem 1

In this section, we focus our attention only on the cases where the structures of the subgroups 〈X1, X2〉 in
the sense of Sec. 5 are identical.

Thus, to complete the proof of Theorem 1 it remains only to show that the pairs of subgroups in cases (S5),
(S6), and (S8) fall into two orbits, and the orbits of the pair of subgroups in cases (S3) and (S10) are parametrized
by an element of the field K.

We begin with a description of the normalizer N(Xρ) of the group Xρ in the Chevalley group G(G2, K).
Recall also that the reduced Bruhat decomposition states that any element g ∈ G can be uniquely represented

in the form g = uhwv, where u ∈ U , h ∈ H, v ∈ U ∩ w−1V w, and w ∈ N and N/H is isomorphic to the Weyl
group W .

Let u =
∏

xτ (cτ ), cτ ∈ K, and v =
∏

xτ (dτ), dτ ∈ K, where the roots τ are positive and are taken in
increasing order.

In this notation, consider the equation gx2α+β(t)g−1 = x2α+β(s) for an arbitrary element g ∈ G. We have

uhwvx2α+β(t)v−1w−1h−1u−1 = x2α+β(s),

hwx2α+β(t)x3α+β(q1t)x3α+2β(q2t)w−1h−1 = x2α+β(s)x3α+β(p1s)x3α+2β(p2s).

It follows that w(2α + β) = 2α + β. Therefore w = 1 or w = wβ. In the first case, v = 1, and in the second
case, v = xβ(d), d ∈ K. In both cases, p1 = p2 = 0. Hence,

u = xβ(c1)x2α+β(c2)x3α+β(c3)x3α+2β(c4). (∗)

Finally, if g ∈ N(Xρ), then g = uh or g = uhwβxβ, where u is of the form (∗).
Now we pass to our cases.
In case (S5), we prove that the pairs (Xρ, X−α) and (Xρ,δ , X−α) are not conjugate (see Table 5). Instead of

the second pair we take the pair (Xρ, X−α,β) conjugate to it. The conjugation of these pairs means the relation

g(Xρ, X−α)g−1 = (Xρ, X−α,β),

which implies g ∈ N(Xρ). Thus, g = uh or g = uhwβxβ. Hence one of the following conditions holds:

uX−αu−1 = X−α,β, uX−α−βu−1 = X−α,β.

Calculations of the expressions on the left-hand side show that these products always include a nonidentity
unipotent, which is absent on the right-hand side. The implies the nonconjugation of the pairs.

In case (S6), the pairs (Xρ, X−α,−3α−β) and (Xρ,δ , X−α,−3α−β) are representatives of two orbits. Take the
pair of subgroups (Xρ, {x−α(s)xβ(s)}) conjugate to the second pair. Then, similarly to case (S5), the conjugation
of the former and latter pairs is equivalent to the solvability of the equations

uhX−α,−3α−βh−1u−1 = {x−3α−β(s)x−α(s)xβ(s)},
uhX−α−β,−3α−2βh−1u−1 = {x−3α−β(s)x−α(s)xβ(s)}.
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Straightforward calculations show that the two equations have no solution. Thus, the pairs are not conjugate.
In case (S8), we deal with the pairs (Xρ,δ , X−ρ) and (Xρ,δ , X−ρ,−3α−β).
As in the description of the normalizer of Xρ at the beginning of Sec. 6, solving the equation gXρ,δg

−1 = Xρ,δ ,
we deduce that the normalizer of Xρ,δ consists of g ∈ G of the form g = uh, where

u = xβ(c1)xα+β(c2)x2α+β(c3)x3α+β(c4)x3α+2β(c5).

Thus the question of the conjugation of the above pairs is reduced to the solvability of the equation

uX−ρu
−1 = X−ρ,−3α−β,

which has no solutions.
Now, consider the parametrization of the orbits by an element of the field K. Namely, it remains to prove

the nonconjugation of the pairs

(S3) ({xρ(t)xδ(ct)}, {xα(s)x−β(s)}) and ({xρ(t′)xδ(c′t′)}, {xα(s′)x−β(s′)}),
(S10) ({xρ(t)xδ(ct)}, {x−ρ(s)x−δ(s)}) and ({xρ(t′)xδ(c′t′)}, {x−ρ(s′)x−δ(s′)}).

From the analysis of case (S8), it follows that if g{xρ(t)xδ(ct)}g−1 = {xρ(t′)xδ(c′t′)}, then g = uh, u ∈ U .
Since g must be a normalizer of the second subgroup in these pairs, we conclude that g = h.

Any element h ∈ H(G2) can be factored as h = hα(k1)hβ(k2). The conjugation by this element yields the
following conditions:

(S3)

{
k1t = t′,

k2ct = c′t′
and

{
k2
1k

−1
2 s = s′,

k3
1k

−2
2 s = s′,

(S10)

{
k1t = t′,

k2ct = c′t′
and

{
k−1
1 s = s′,

k−1
2 s = s′.

An easy analysis of the systems shows that c = c′. Thus to each element c corresponds precisely one orbit.
Thus Theorem 1 is proved.

7. Proof of Theorem 2

As has already been noted, cases (S4)∗, (S5)∗1, and (S7)∗ arise only in characteristic 3. They correspond
precisely to cases (T1), (T2), and (T3) in Theorem 2.

In characteristic 3, we have
[xα(t), x2α+β(s)] = 1.

Therefore in case (T1) the subgroups Xα and X2α+β commute with each other. The one-parameter subgroups
of the form xα(at)x2α+β(bt) are short root subgroups for all a, b ∈ K.

In case (T2), we have the commutator formula

[x2α+β(t), x−α(s)] = xα+β(±2ts).

Thus 〈X1, X2〉 = X1X2Y , where Y is a short root subgroup. It remains to note that this group is isomorphic to
U(Ã2, K).

Case (T3) is identical to case (S7).

The proofs of the theorems are complete.

Translated by V. V. Nesterov.

1640



REFERENCES

1. N. A. Vavilov, “Geometry of long root subgroups in Chevalley groups,” Vestn. Leningr. Univ., Mat., 21,
No. 1, 5–10 (1988).

2. N. A. Vavilov, “Mutual arrangement of long and short root subgroups in a Chevalley group,” Vestn. Leningr.
Univ., Mat., 22, No. 1, 1–7 (1989).

3. N. A. Vavilov, “Subgroups of Chevalley groups containing a maximal torus,” Trudy Leningr. Mat. Obshch.,
1, 64–109 (1990).

4. A. S. Kondrat’ev, “Subgroups of finite Chevalley groups,” Usp. Mat. Nauk, 41, No. 1, 57–90 (1986).
5. V. V. Nesterov, “Pairs of short root subgroups in a Chevalley group,” Dokl. Ros. Akad. Nauk, 357, 302–305

(1997).
6. V. V. Nesterov, “The arrangement of long and short root subgroups in the Chevalley group of type G2,” Zap.

Nauchn. Semin. POMI, 272, 273–285 (2000).
7. M. Aschbacher and G. M. Seitz, “Involutions in Chevalley groups over fields of even order,” Nagoya Math. J.,

63, 1–91 (1976).
9. B. N. Cooperstein, “The geometry of root subgroups in exceptional groups,” Geometria Dedicata, 8, No. 3,

317–381 (1979); II, 15, No. 1, 1–45 (1983).
10. B. N. Cooperstein, “Geometry of long root subgroups in groups of Lie type,” Proc. Symp. Pure Math., 38,

243–248 (1980).
12. J. Hurrelbrink and U. Rehmann, “Eine endliche Präsentation der Gruppe G2(Z),” Math. Z., 141, 243–251
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