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THE ARRANGEMENT OF LONG AND SHORT ROOT SUBGROUPS IN A CHEVALLEY
GROUP OF TYPE G2

V. V. Nesterov UDC 512.542.6

The subgroups generated by a long and a short root subgroup in a Chevalley group of type G 2 are described, and the
orbits of the group acting on such pairs by simultaneous conjugation are classified. Bibliography: 18 titles.

§1. Introduction

In this paper, we describe subgroups generated by a pair of subgroups that consists of a unipotent long and a
unipotent short root subgroup in a Chevalley group of type G2. Also we classify the orbits of a Chevalley group
acting on such pairs by simultaneous conjugation.

For unipotent long root subgroups, such a description has long been known (see [7, 10, 13]). That result played
an important role in studying irreducible subgroups generated by long root subgroups and in other questions
related to generations in a Chevalley group (see also [9, 17, 18]).

The geometry of short root subgroups is far from being properly understood. To the best of my knowledge,
the results are few in number. The irreducible subgroups generated by short root subgroups are classified in [15]
and [16] for orthogonal and symplectic groups. The pairs of short root subgroups in Chevalley groups of types
B`, C`, and F4 are described in [5].

In fact, the present paper pursues the papers of N. A. Vavilov [1, 2] and the author [5]. In [1, 2], Vavilov
calculated the Bruhat decomposition of root elements. Using these results, he obtained a classification of the
pairs of long root subgroups and classified the pairs consisting of a long and a short root subgroup in Chevalley
groups of types B`, C`, and F4. A similar method was applied to the pairs of short root subgroups in [5].

In the present paper, we take the next step and obtain our result, using the idea of calculating the Bruhat
decomposition [2] and the method developed in [5]. Our description of pairs consisting of a long and a short
root subgroup in a group of type G2 is little different from an analogous one for groups of types B`, C`, and F4.
However, in our case Chevalley’s commutator formula is more complicated and the proof of Theorems 1 and 2
(the cases in which the characteristic is different from 3 and is equal to 3) requires more refined and cumbersome
calculations.

In the next paper, we describe the pairs of short root subgroups in a Chevalley group of type G2.
One can find further details related to these problems, as well as many additional references, in surveys [3, 4,

14].

§2. Statement of results

All properties of Chevalley groups used in the sequel can be found in [6] or [8]. We fix the notation. Let
Φ be a reduced irreducible root system, and let G = G(Φ,K) be a Chevalley group of type Φ over a field K.
For each root α ∈ Φ and each element t ∈ K, one denotes by xα(t) the corresponding elementary unipotent
root element. Further, Xα = {xα(t) | x ∈ K} is the elementary unipotent root subgroup corresponding to α
and Hα = {hα(t) | x ∈ K} is the elementary semisimple root subgroup. Here, for α ∈ Φ and t ∈ K∗ we set
wα(t) = xα(t)x−α(−t−1)xα(t) and hα(t) = wα(t)wα(1)−1.

Now fix an ordering on Φ. Let Φ+ and Φ− be the corresponding sets of positive and negative roots. Then
the subgroups U , V , and H of G are defined as follows:

U = U (Φ,K) = 〈xα(t), α ∈ Φ+, t ∈ K〉,

V = V (Φ,K) = 〈xα(t), α ∈ Φ−, t ∈ K〉,

H = H(Φ,K) = 〈hα(t), α ∈ Φ, t ∈ K∗〉.
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Here, for a subset X of G one denotes by 〈X〉 the subgroup of G generated by X. The Weyl group of the system
Φ is denoted by W = W (Φ).

In the sequel, we deal with the root system of type G2:

G2 = {±α,±β,±(α+ β),±(2α + β),±(3α + β),±(3α + 2β)},

where α and β are fundamental roots, α is a short root, β is a long root, δ = 3α+ 2β is a maximal (long) root,
and ρ = 2α+ β is a maximal short root.

We denote also by ρ2 = 3α+ β and ρ3 = δ = 3α+ 2β the roots strictly larger than ρ.
A subgroup X is called a unipotent long root subgroup if it is conjugate to Xδ and a unipotent short root

subgroup if it is conjugate to Xρ. The elements of X are called unipotent long or short root elements, respectively.
In the sequel, we omit the word “unipotent” and say simply “long(short) root subgroup(element).”

Let Λ(G) and Ω(G) be the sets of short and long root subgroups, respectively. For a subgroup X 6 G(Φ,K)
of G, we denote by

Λ(X) = {Y 6 X | Y ∈ Λ(G)},

Ω(X) = {Y 6 X | Y ∈ Ω(G)}

the sets of short and long root subgroups lying in X. As usual, |Λ(X)| and |Ω(X)| are the cardinalities of these
sets. Finally, X ∼ Y means that the subgroups X and Y are conjugate in G, whereas X1 × X2 and [X1, X2]
denote the direct product and the mutual commutator subgroup of the groups X1 and X2, respectively.

In our calculation, we use a matrix representation of a group of type G2 as a subgroup of Ω(7,K).
Let I be the identity matrix of size 7. For 1 ≤ i, j ≤ 7, we denote by eij the respective standard matrix unit,

i.e., the matrix that has 1 at the position (i, j) and zeros in all other entries. As usual, XT denotes the transpose
to X.

Then we have the following representation for charK 6= 2 (see [12]):

xα(t) = I + t(2e45 − e12 + e67 − e34) − t2e35,

x−α(t) = I − t(2e43 − e54 − e76 + e21) − t2e53,

xα+β(t) = I + t(2e46 + e13 − e57 − e24)− t2e26,

x−(α+β)(t) = I − t(2e42 − e64 + e75 − e31)− t2e62,

x2α+β(t) = I + t(2e47 − e14 + e36 − e25)− t2e17,

x−(2α+β)(t) = I − t(2e41 + e52 − e63 − e74) − t2e71,

xβ(t) = I + t(e56 − e23), x−β(t) = xβ(t)T ,

x3α+β(t) = I + t(e15 − e37), x−(3α+β)(t) = x3α+β(t)T ,

x3α+2β(t) = I + t(e16 − e27), x−(3α+2β)(t) = x3α+2β(t)T .

For this case, Chevalley’s commutator formulas take the form

[xα(t), xβ(s)] = xα+β(ts)x2α+β(−t2s)x3α+β(−t3s)x3α+2β(2t3s2),

[xα(t), xα+β(s)] = x2α+β(−2ts)x3α+β(−3t2s)x3α+2β(−3ts2),

[xα(t), x2α+β(s)] = x3α+β(3ts),

[xβ(t), x3α+β(s)] = x3α+2β(−ts),

[xα+β(t), x2α+β(s)] = x3α+2β(3ts).
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If charK = 2, then Ω(7,K) is isomorphic to Sp(6,K) as an abstract group, and we have the representation
(see [11])

xα(t) = I + t(e12 + e34 + e56),

xα+β(t) = I + t(e13 + e25 + e46),

x2α+β(t) = I + t(e24 + e16 + e35),

xβ(t) = I + t(e23 + e45),

x3α+β(t) = I + t(e14 + e36),

x3α+2β(t) = I + t(e15 + e26).

The matrices for x−γ(t), γ ∈ Φ+, are the transposes to the matrices for xγ(t).
A set of roots S ⊂ Φ is called closed if, whenever α, β ∈ S and α+ β ∈ Φ, then also α+ β ∈ S. For a closed

set of roots S, we put E(S) = 〈Xα | α ∈ S〉. We have E(S) = E(Sr)E(Su), which is the semidirect product
of a reductive and a unipotent subgroup of E(S), where Sr = {α ∈ S | −α ∈ S} and Su = {α ∈ S | −α /∈ S}.
If Sr consists only of two roots, say, γ and −γ, we have an isomorphism E(Sr) ' SL2(K) (the group is simply
connected). We write E(Sr) ' SLρ

2(K) for a short root γ and E(Sr) ' SLδ
2(K) for a long root γ. It is clear that

these groups are not conjugate.
Now we are in a position to formulate the main results of the present paper.

Theorem 1. Let X be a long root subgroup and Y a short root subgroup in a Chevalley group G(G2,K).
Suppose charK 6= 3. Then

1) X and Y generate one of the groups (LS1) – (LS5) listed below;
2) pairs (X,Y ) are conjugate in G if and only if they belong to one and the same case.

(LS1) 〈X,Y 〉 = X × Y , |Λ| = |K|, |Ω| = 1;

(LS2) 〈X,Y 〉 = X × Y , |Λ| = 1, |Ω| = 1;

(LS3) 〈X,Y 〉 = XY Z, Z = [X,Y ] ∈ Ω, (Y, Z) is as (LS1);

(LS4) 〈X,Y 〉 = U (G2,K) if K 6= F2; a subgroup of U (G2,K) of index 2 if K = F2;

(LS5) 〈X,Y 〉 ∼ SLδ
2(K)E(S), where S = {α, β, α+ β, 2α + β, 3α + β} if K 6= F2; a subgroup of SLδ

2(K)E(S)
of index 2 if K = F2.

In characteristic 3, we have the following result.

Theorem 2. Under the assumptions of Theorem 1, let charK = 3. Then the following cases occur:

(LT1) 〈X,Y 〉 = X × Y , |Λ| = 1, |Ω| = 1; the pairs (X,Y ) are divided into two orbits;

(LT2) 〈X,Y 〉 = U (G2,K) if K 6= F3; a subgroup of U (G2,K) of index 3 if K = F3.

The rest of the paper is devoted to the proof of Theorems 1 and 2.

§3. Preliminary lemmas

The Bruhat decomposition of a short root element for a group of types Bl, Cl, and F4 was calculated in [2,
Theorem 1]. Using the idea of the proof of that theorem, we obtain the following lemma.

Lemma 1. Let gXρg
−1 be a short root subgroup. Then one of the following statements holds:

a) there exists a u ∈ U and a short root γ such that

gxρ(t)g−1 = uxγ(±t)u−1, t ∈ K.

b) Let charK 6= 2 in the case of B`, C`, and F4 and charK 6= 3 in the case of G2; then there exists a u ∈ U ,
s, r ∈ K, a short root σ and a long root λ that form an angle of π/4 for B`, C`, F4 or π/6 for G2, and σ > λ
such that

gxρ(t)g−1 = uxσ(st)xλ(rt)u−1, t ∈ K.

3037



Proof. Assume that x = gxρ(t)g−1 for some g ∈ G. Recall that the reduced Bruhat decomposition asserts that
any element g ∈ G can be uniquely represented in the form g = u0hwv, where u0 ∈ U , h ∈ H, w ∈ W , and
v ∈ U−

w = U ∩ w−1V w. Then we have

vxρ(t)v−1 = xρ(t)
∏

xρi(ai), ρi ∈ Σ,

where Σ is the set of dominant roots and the quotients ai/aj do not depend on t. If charK = 2 (respectively,
3) for B`, C`, and F4 (respectively, for G2), then the commutator formula implies that all of the ai are equal to
zero. Thus, there is nothing to prove in this case.

Otherwise,
hwvxρ(t)v−1w−1h−1 = xγ(±t)

∏
xwρi(bi), γ = wρ.

Assume that wρj > wρi and bj, bi 6= 0. Then we conjugate the above expression by elements of the form
xwρj−wρi (∓bj/bi) from U . This leads to the relation

x = gxρ(t)g−1 = u0u1xγ(±t)xλ(r)u−1
1 u−1

0 ,

where t/r ∈ K∗ depends only on a root subgroup that contains x and u1 ∈ U .
If λ > γ, take u2 = xλ−γ(∓r/ct) with c = 2 for Bl, Cl, and F4 and with c = 3 for G2. Hence, x =

u0u1u2xγ(t)u−1
2 u−1

1 u−1
0 .

If λ < γ, it remains only to note that the angle between ρ and ρi is π/4 or π/6 and the same angle is made
by σ = wρ and λ = wρi. Put u = u0u1u2 or u = u0u1. This completes the proof of the lemma.

Throughout the rest of the paper, we assume that G is a Chevalley group of type G2.
As in [5], Lemma 1 is the starting point and it allows us to obtain the following key result.

Lemma 2. Let X be a long root subgroup and Y a short root subgroup in G(G2,K). Suppose charK 6= 3.
Then there exists g ∈ G such that

gXg−1 = Xδ,

gY g−1 = Xγ or gY g−1 = Xσ,λ = 〈xσ(s)xλ(s), s ∈ K〉 ,

where the roots γ, σ, and λ have the same meaning as in Lemma 1.
If charK = 3, then gXg−1 = Xδ and gY g−1 = Xγ .

Proof. There is z ∈ G such that zXz−1 = Xδ . By Lemma 1, one may pick u ∈ U such that u−1zY z−1u coincides
with Xγ or {xσ(s)xλ(ks) | s ∈ K}, where k is a fixed element from K∗. In the first case, we put g = u−1z; in
the second one, g = hτ (k−1)u−1z. The root τ should be chosen so that the angle between σ and τ is π/2 and
between λ and τ is π/3. This is always possible.

If charK = 3, we have only the first case. The lemma is proved.

§4. Representatives of orbits

It follows from Lemma 2 that each pair (X,Y ) under consideration can be reduced to that of the forms
(Xδ , Xγ) or (Xδ , Xσ,λ) (the latter is only for charK 6= 3).

Recall that the angle between short roots can take the values 0, π/3, 2π/3, and π. The angle between a short
and a long root is π/6, π/2, and 5π/6.

Denote by θ the angle between δ and γ, θ = ∠(δ, γ), and by (ψ1, ψ2) the corresponding pairs of angles
(∠(δ, σ),∠(δ, λ)). All possible cases of such angles and roots are listed in Tables 1 and 2.

Table 1

N (θ) γ

1 (π/6) 2α+ β, α+ β

2 (π/2) α, −α

3 (5π/6) −2α− β, −α− β
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Table 2

N (ψ1, ψ2) (σ, λ)

4 (π/6, π/3) (α+ β, β)

5 (π/2, 2π/3) (α,−β), (−α,−3α− β)

6 (5π/6, 2π/3) (−2α− β,−3α − β)

7 (5π/6, π) (−α− β,−3α− 2β), (−2α− β,−3α− 2β)

Now, using Tables 1 and 2, we are in a position to construct a list of pairs (X,Y ) that contains a representative
of every orbit of G acting on the pairs of long-short root subgroups.

Note that variants 1–3 arise in the case of an arbitrary field and variants 4–7 for a field of characteristic
different from 3.

First, we make two reduction steps.
Each pair (X,Y ) corresponds to one of the variants listed above in Tables 1 and 2. We say that a pair of

subgroups belongs to variant N if it has the same configuration of roots as that in variant N of Tables 1 and 2.
A pair of sets of roots occurring in the description of X and Y in Lemma 2, where (X,Y ) belongs to variant N ,

is called a coppia of variant N , 1 ≤ N ≤ 7. A coppia may have one of the following two possible forms: ({δ}, {γ})
or ({δ}, {σ, λ}). It follows from the next lemma that a variant determines its coppia uniquely up to conjugation.

Lemma 3. All coppie belonging to one and the same variant in Tables 1 and 2 are conjugate by an element of
the Weyl group.

Proof. In all cases (variants 1, 3, 5, and 7), we can take wα ∈W .

It follows from this lemma that the pairs of subgroups belonging to the same variant are conjugate. Thus,
the pairs of subgroups are parametrized by the angles θ and (ψ1, ψ2).

Lemma 4. Variants 1 and 4 and 3 and 6 are conjugate in G.

Proof. Indeed, in variants 4 and 1 we have (charK 6= 3)

x−α(±1
3)Xδx−α(∓1

3) = Xδ,

x−α(±1
3){xα+β(s)xb(s)}x−α(∓1

3 ) = Xρ.

In variants 6 and 3,

x−α−β(±1
3
)Xδx−α−β(∓1

3
) = Xδ ,

x−α−β(±1
3 ){x−2α−β(s)x−3α−β(s)}x−α−β(∓1

3 ) = X−ρ.

Thus, to complete the proof of Theorem 1 we must identify the spans of pairs of a long and a short root
subgroup 〈X,Y 〉 in five cases.

The cases listed in Table 3 are precisely the cases of Theorem 1. They occur if charK 6= 3. If charK = 3
(Theorem 2), only variants 1, 2, and 3 arise, which correspond to cases (LS1), (LS2), and (LS4). We mark them
by “∗”. In the next section, we analyze all the cases under the assumption that the characteristic of the ground
field is different from 3. Note that in cases (LS2) and (LS4), the arguments do not depend on the characteristic
of a field (in the latter case, K 6= F3). Thus, it only remains to consider (LS1) for charK = 3 and (LS4) for
K = F3. This will be done in §6.

Put xτ = xτ (t) and collect representatives of orbits in the following table.
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Table 3

Case Variant Representative

(LS1)* 1, 4 {x3α+2β} {x2α+β}

(LS2)* 2 {x3α+2β} {xα}

(LS3) 5 {x3α+2β} {xαx−β}

(LS4)* 3, 6 {x3α+2β} {x−2α−β}

(LS5) 7 {x3α+2β} {x−2α−βx−3α−2β}

§5. The proof of Theorem 1

In this section, we study the spans 〈X,Y 〉, where X is a long root subgroup and Y is a short root subgroup.
Namely, we determine these subgroups up to isomorphism; moreover, we calculate the number of long and short
root subgroups lying in 〈X,Y 〉.

Recall that any long root element is conjugate in U to an element of the form xµ(s), where µ is a long root
(see [1], Theorem 1). In counting the root subgroups lying in 〈X,Y 〉, we work with elements of the group U .
We proceed as follows: we take an arbitrary element of the one-parameter subgroup {x(t), t ∈ K} and try to
solve the following equations with respect to u ∈ U :

ux(t)u−1 = xµ(s), (1)

ux(t)u−1 = xγ(s), (2)

ux(t)u−1 = xσ(s)xλ(s), (3)

where µ is a long positive root and the roots γ, σ, and λ have the same meaning as in Lemma 1 and are positive.
Now we pass to the case-by-case analysis of orbits.

(LS1) Here D = 〈xδ(t), xρ(s)〉 ∼ X × Y .
The subgroups of the form {xδ(kt)xρ(t)}, k ∈ K, are one-parameter and short root subgroups.

(LS2) D = 〈xδ(t), xα(s)〉 ∼ X × Y .
Consider the following equations in u ∈ U :

ux3α+2β(kt)xα(t)u−1 = one of the right-hand sides of (1), (2), and (3)

It is easily seen that two root elements are not annihilated by such conjugation and in no case does xβ(∗) occur
in this expression. Thus, |Λ| = |Ω| = 1.

(LS3)D = 〈xδ(t), xα(s)x−β(s)〉 ∼ XY Z, where Z ∼ [Xδ, Xα,−β] = X3α+β .

(LS4) D = 〈xδ(t), x−ρ(s)〉 ∼ 〈xβ(t), xα(s)〉 ' U (G2,K).
Calculation of the commutators of elements of D yields that the root subgroups X3α+β , X3α+2β , and

{xα+β(ts)x2α+β(−ts2), t, s ∈ K} lie in D.
If K 6= F2, it is not difficult to deduce that Xα+β and X2α+β are in D as well.
Let K = F2. Then D contains the element xα+β(1)x2α+β(1), but does not contain xα+β(1) and x2α+β(1).

Hence, D is a subgroup of index 2 in U (G2,K).

(LS5) D = 〈xδ(t), x−ρ(s)x−δ(s)〉.
Put x(t) = xδ(t) and y(s) = x−ρ(s)x−δ(s). Now consider the elements of the form w(t) = x(t)y(−t−1)x(t),

h(t) = w(t)w(−1) and calculate the following products:

u1(t, s) = w(t)x(s)w(−t)y(t−2s) and u2(t, s) = h(t)h(s)h(t−1s−1).

We have

u1(t, s) = xβ(−t−2s)x−α(t−2s)x−2α−β(−t−2s)x−3α−β(−t−4s2 − t−3s),

u2(t, s) = xβ(g1(t, s))x−α(g2(t, s))x−3α−β(g3(t, s)),
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where g1(t, s) = 4ts − t2s2 + t − ts−1 − 8 + 2t−1 + 3s−1, g2(t, s) = 3 − ts − t−1 − s−1, and g3(t, s) = ts − 1 −
t−1 + t−2 − t−1s−1 + t−1s−2.

Now assume that K 6= F2. In this case, we can obtain X−3α−β calculating [u1(t, s), u2(t′, s′)] and varying t
and s.

We have [Xδ, X−3α−β] = Xβ and conclude that D is generated by Xδ, X−δ, and Xγ , where γ ∈ S and
S = {α, β, α+ β, 2α+ β, 3α+ β }. Thus, D is isomorphic to SLδ

2(K)E(S).
If K = F2, the subgroup is generated by the subgroups Xδ , X−3α−β , and Xβ and the elements x−δ(1)x−ρ(1),

x−ρ(1)x−α(1), and x−ρ(1)xα+β(1). Thus, D has index 2 in the subgroup SLδ
2(K)E(S).

§6. Proof of Theorem 2

In this section, we consider the case of charK = 3. It follows from Lemma 3 that we need to consider only
variants 1–3.

Variants 2 and 3 (K 6= F3) are considered in §5 in cases (LS2) and (LS4) (see also the remark at the end of
§4).

In variant 1, we have X × Y ∼ 〈Xδ , Xρ〉. The one-parameter subgroups {xδ(kt)xρ(t)} with k fixed are not
root subgroups, because Xρ and Xδ−ρ commute (cf. the discussion in case (LS1)). Hence variants 1 and 2 have
the same span X × Y . They belong to case (LT1).

Let the field K = F3 in variant 3. Calculate the commutators of the elements of the group D ∼ 〈xβ(t), xα(s)〉.
We see that D contains the subgroup of the form {xα+β(ts)x3α+β(2ts3), t, s ∈ K} and does not contain Xα+β

and X3α+β. Hence the result follows.

The proofs of the theorems are complete.

Translated by V. V. Nesterov.
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