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REPRODUCING KERNELS AND EXTREMAL FUNCTIONS IN
DIRICHLET-TYPE SPACES

S. M. Shimorin UDC 517.54

Some identities are established for reproducing kernels and extremal functions in Dirichlet-type
spaces. In certain cases, these identities are characteristic. A new proof of Aleman’s theorem
on extremal functions as contractive multipliers is obtained. In contrast to the original one, this
proof can be extended to vector-valued spaces. Bibliography: 11 titles.

§1. Introduction

It is well known that reproducing kernels are a widely used tool for the study of Hilbert
spaces of analytic functions. They allow one to determine the rate of growth of functions
near the boundary; their properties are closely related to embedding theorems, sampling and
interpolation sets, and other topics. Recently, a number of papers have appeared dealing with
extremal functions along with reproducing kernels. Extremal functions may be considered as
analogs of inner functions. Like inner functions in Hardy spaces, they determine, in many
cases, properties of z-invariant subspaces.

We recall basic definitions. Let X be a Hilbert space of analytic functions in the unit disk
D = {z ∈ C : |z| < 1} of the complex plane C. A function KX(z, λ), z, λ ∈ D, is called a
reproducing kernel of the space X if

(a) KX(·, λ) ∈ X for any λ ∈ D;
(b) f(λ) = (f,KX (·, λ)) for any f ∈ X.
Let X be invariant with respect to Mz, the operator of multiplication by an independent

variable. For simplicity, in what follows, closed and invariant with respect to the operator
Mz subspaces of X will be called z-invariant. Let I be a z-invariant subspace of X such that
f(0) 6= 0 for some f ∈ I. An extremal function ϕI for the subspace I is defined as a solution
of the following extremal problem:

sup{Re g(0) : g ∈ I, ‖g‖ ≤ 1}.

If we consider I as an independent Hilbert space of analytic functions, then it is easily seen
that

ϕI =
KI(·, 0)

KI(0, 0)1/2
.

Extremal functions ϕI possess the property (ϕI , znϕI) = 0 for any n ≥ 1. This leads to the
following definition.

Definition 1. A function ϕ ∈ X is said to be extremal if ‖ϕ‖ = 1 and (ϕ, znϕ) = 0 for any
n ≥ 1.

In the case of the Hardy space H2(D), extremal functions coincide with inner functions. In
certain other Hilbert spaces of analytic functions, extremal functions, like inner functions in
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the Hardy space, are important for characterization of z-invariant subspaces, isolation of zeros
of functions, factorization, spectral synthesis, and so on. For more details see [1–4, 7, 10, 11].

This paper is devoted to reproducing kernels and extremal functions in Dirichlet-type spaces
(D(µ)-spaces). These spaces were introduced by Richter [6] (in the case µ ∈ M+(T)) and by
Aleman [1] (in the general context µ ∈ M+(D̄)). They can be described as follows. Let µ be a
nonnegative finite Borel measure on D̄. Consider the following weight function Uµ(ζ), ζ ∈ D:

Uµ(ζ) =
∫

D
log

∣∣∣∣1− z̄ζ

ζ − z

∣∣∣∣2 dµ(z)
1− |z|2 +

∫
T

1− |ζ|2
|ζ − z|2 dµ(z).

Here T = ∂D, D̄ = D ∪ T. The space D(µ) is defined to be the space of functions analytic in
D and such that

‖f‖2D(µ) := ‖f‖2H2 +
∫

D
|f ′(ζ)|2Uµ(ζ)dm2(ζ) < +∞

(dm2 is the normalized area measure in D). If dµ = dm1, the normalized arc measure on T,
then the space D(µ) coincides with the classical space of functions with finite Dirichlet integral.
Another, more convenient, formula for the norm in D(µ) can be obtained if we use the local
Dirichlet integral introduced by Richter and Sundberg [8].

To any function f ∈ H2, we assign the function

(Df(u))(ζ) :=
f(ζ) − f(u)

ζ − u
, ζ ∈ T. (1)

The function (Df(u))(·) is considered as an element of H2. For u ∈ D, no problems with
the definition arise; in the case u ∈ T, the function Df(u) is defined if f has a nontangential
boundary value f(u) and quotient (1), considered as a function in ζ, lies in H2. The H2-norm
of the function Df(u) is called the local Dirichlet integral of f at the point u. It is shown in
[6] (in the particular case µ ∈ M+(T)) and in [1] (in the general case) that the local Dirichlet
integral of any f ∈ D(µ) is well defined and finite almost everywhere with respect to µ and, in
addition,

‖f‖2D(µ) = ‖f‖2H2 +
∫

D̄
‖Df(u)‖2H2 dµ(u). (2)

In what follows, the notation ‖·‖ (without indices) stands for the norm in H2; ‖·‖µ corresponds
to the norm in D(µ). Similar notation is used for inner products.

The spaces D(µ) were studied in [1, 6, 7]. For µ ∈ M+(T), the operator Mz is a 2-isometry
in the space D(µ), i.e., for any f ∈ D(µ) we have

‖M2
z f‖2µ − 2‖Mzf‖2µ + ‖f‖2µ = 0. (3)

In the general case µ ∈ M+(D̄), the operator Mz satisfies the following convexity inequalities:

n∑
k=0

(−1)k
(

n
k

)
‖Mk

z f‖2µ ≤ 0 for any n ≥ 2. (4)

In some sense, the operators Mz in the spaces D(µ) are the simplest examples of operators
satisfying relations (3) or (4). More general examples can be obtained considering vector-valued
spaces D(µ) (possibly, for operator-valued measures).
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Aleman [1] established the following characterization of z-invariant subspaces in D(µ). If
I ⊂ D(µ) is a z-invariant subspace and ϕI is an extremal function for I, then

I = ϕID(|ϕI |2dµ),

i.e., f ∈ I if and only if f = ϕIg for some g ∈ D(|ϕI |2dµ); in this case, we have the following
equality of norms:

‖ϕIg‖µ = ‖g‖|ϕI|2dµ. (5)

In the same paper, the following remarkable fact was established.

Theorem (Aleman). If ϕ is an extremal function in the space D(µ), then |ϕ(z)| ≤ 1 for any
z ∈ D.

This theorem implies that extremal functions in the spaces D(µ) are contractive multipliers.
Next, it follows from the characterization of z-invariant subspaces and Aleman’s theorem that,
for any z-invariant subspace I ⊂ D(µ), the restriction operator Mz

∣∣
I

is unitarily equivalent to
the operator Mz in a certain space D(ν) with dν ≤ dµ (since dν = |ϕI |2dµ).

Because of the importance of extremal functions in the theory of the spaces D(µ), the
problem of their description is of basic significance. In [9], for the case of the classical Dirichlet
space (i.e., for the space D(dm1)), an identity is established for extremal functions. This
identity involves values of extremal functions and values of their local Dirichlet integral; it
is characteristic for extremal functions. Nevertheless, the description of extremal functions
in terms of some free parameter representation remains an open problem, even in the case
dµ = dm1.

The notion of an extremal function admits a natural generalization to the case of vector-
valued spaces D(µ). (One may consider vector-valued extremal functions as well as matrix-
valued ones.) At the same time, the proof of Aleman’s theorem for scalar extremal functions
cannot be extended to the vector-valued case, since it is based on special properties of the
scalar Riesz–Nevanlinna factorization. Therefore, it is desirable to find an alternative proof of
this theorem, applicable to both scalar and vector-valued cases.

The present paper is devoted to the further study of reproducing kernels and extremal
functions in D(µ). In Sec. 2, we establish for them a number of identities characteristic in
certain cases. Section 3 is devoted to the study of the structure of reproducing kernels in D(µ).
In particular, the results of Secs. 2 and 3 yield an alternative proof of Aleman’s theorem. This
proof can be extended to the vector-valued case. A detailed treatment of this case will be the
subject of a forthcoming paper.

§2. Identities for reproducing kernels and extremal functions

First, we recall some properties of the local Dirichlet integral.

Lemma 1. Let f ∈ H2, f = θF , where θ is an inner function and F ∈ H2 (F is not necessarily
outer). If ‖DF (u)‖ < +∞ for some u ∈ D̄, then

‖Df(u)‖2 = ‖Dθ(u)‖2 · |f(u)|2 + ‖DF (u)‖2.

Here we follow the convention 0 · ∞ = 0.

For a proof, see [8, Lemma 3.4].
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Lemma 2. If θ is an inner function, then
(a)

‖Dθ(u)‖2 =
1− |θ(u)|2
1− |u|2 for u ∈ D;

(b) Dθ(u) is well defined for u ∈ T and it is of finite norm if and only if θ possesses a finite
angular derivative θ′(u). In this case,

‖Dθ(u)‖2 = |θ′(u)|.

Proof. We prove (a) by direct calculation. For a proof of (b) see, e.g., [8, Proposition 3.5].

In particular, we have

‖D(zf)(u)‖2 = |f(u)|2 + ‖Df(u)‖2,

hence
(zf, zg)µ = (f, g)µ +

∫
D̄

f(u)g(u) dµ(u). (6)

Further, S∗ will denote the standard operator of backward shift:

S∗f(z) =
f(z) − f(0)

z
, f ∈ H2.

Lemma 3. Let f ∈ H2 and let u ∈ D̄. Then

‖Df(u)‖2 =
∑
n≥1

|(S∗)nf(u)|2. (7)

Proof. First we check identity (7) for polynomials. This identity is obvious if f = const. Now,
let f = p with deg p = n + 1. Then p(z) = p(0) + z(S∗p)(z) and degS∗p = n. Hence,
Dp(u) = D(zS∗p)(u) and

‖Dp(u)‖2 = ‖D(zS∗p)(u)‖2 = |S∗p(u)|2 + ‖D(S∗p)(u)‖2

= |S∗p(u)|2 +
∑
n≥1

|(S∗)nS∗p(u)|2 =
∑
m≥1

|(S∗)mp(u)|2.

Now, if u ∈ D, then the validity of (7) can be verified by the standard passing to the limit,
since both sides of the formula are continuous with respect to f ∈ H2.

Assume that u ∈ T. Without loss of generality, we may take u = 1. If the left-hand side
of (7) is finite, then f ∈ D(δ1). Therefore, by Proposition 2.4 of [8], f = (I − S∗)g for some
g ∈ H2, and we have

‖g‖2 = |f(1)|2 + ‖Df(1)‖2.
Then f(1) = ĝ(0) and (S∗)nf(1) = ĝ(n), which implies (7). If the right-hand side of (7) is
finite, we put

g(z) =
∑
n≥0

(S∗)nf(1) · zn.

Here g ∈ H2 and f = (I − S∗)g, hence, again by Proposition 2.4 of [8], f ∈ D(δ1). Therefore,
the left-hand side of (7) is finite, too, and this completes the proof.
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Corollary 1. If ‖Df(u)‖ < +∞ for some f ∈ H2 and u ∈ D̄, then

‖Df(u)‖2 = |S∗f(u)|2 + ‖D(S∗f)(u)‖2. (8)

Remark. The comparison of formula (7) with the definition of the operator ∆−1 belonging
to the family of operators ∆α introduced in [11] shows that

‖Df(u)‖2 = ∆−1|f |2(u)

for f ∈ H2.
Now we turn to the study of extremal functions and reproducing kernels.

Definition 2. Let ϕ ∈ D(µ). A function r ∈ H2 is said to be associated with ϕ with respect
to the norm in D(µ) if

(ϕ, q)µ = (r, q)

for any polynomial q.

Remark. Not all functions ϕ ∈ D(µ) possess associated functions in H2. In a sense, the
existence of an associated function r implies some additional smoothness properties of ϕ.

Proposition 1. Assume that ϕ ∈ D(µ) and let r ∈ H2 be the function associated with ϕ
with respect to the norm in D(µ). Then

(ϕp, q)µ − (rp, q) =
∫

D
ϕ(u)(Dp(u),Dq(u))dµ(u) (9)

for any polynomials p and q.

Proof. We use induction on n = max(deg p,deg q). First, the definition of the norm in D(µ)
and that of an associated function imply that

ϕ(0) = (ϕ, 1I)µ = (r, 1I) = r(0).

Therefore, identity (9) holds in the case deg q = 0, since the right-hand side of (9) vanishes.
Similarly, in the case deg p = 0, (9) holds by the definition of an associated function.

Now let max(deg p,deg q) = n+1. Then identity (9) is valid for the functions S∗p and S∗q.
Taking (6) and (8) into account, we have

(ϕp, q)µ − (rp, q) = (ϕp(0), q)µ − (rp(0), q) + (zϕS∗p, q)µ − (zrS∗p, q)

= (zϕS∗p, zS∗q)µ − (zrS∗p, zS∗q)

= (ϕS∗p, S∗q)µ − (rS∗p, S∗q) +
∫

D̄
ϕ(u)S∗p(u)S∗q(u)dµ(u)

=
∫

D̄
ϕ(u)(S∗p(u)S∗q(u) + (DS∗p(u),DS∗q(u)))dµ(u) =

∫
D̄

ϕ(u)(Dp(u),Dq(u))dµ(u). �

Further, let P+ and P− denote the standard Riesz projections defined by

P+f(z) =
∑
n≥0

f̂ (n)zn and P−f(z) =
∑
n<0

f̂(n)zn

for f ∈ L1(T), f(z) =
∑
n∈Z

f̂ (n)zn.
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Proposition 2. Assume that ϕ ∈ D(µ) and let r ∈ H2 be the function associated with ϕ
with respect to the norm in D(µ). Then

P+(r̄ϕ) = P+(|ϕ|2 + Hϕ), (10)

where

Hϕ(ζ) =
∫

D̄

∣∣∣∣ϕ(ζ)− ϕ(u)
ζ − u

∣∣∣∣2 dµ(u), ζ ∈ T.

Proof. We take a polynomial p. Consider the function D(ϕp)(u) − ϕ(u)Dp(u) as an element
of H2:

D(ϕp)(u)(ζ) − ϕ(u)Dp(u)(ζ) =
ϕ(ζ)p(ζ)− ϕ(u)p(u)

ζ − u
− ϕ(u)

p(ζ)− p(u)
ζ − u

= p(ζ)
ϕ(ζ)− ϕ(u)

ζ − u
= p(ζ)Dϕ(u)(ζ)

(here u ∈ D̄ is such that this function is well defined). Moreover, it follows from (9) and from
the definition of the norm in D(µ) that∫

D̄
(Dϕ(u),D(ϕp)(u) − ϕ(u)Dp(u))dµ(u)

= (ϕ,ϕp)µ − (ϕ,ϕp)− (ϕ,ϕp)µ + (ϕ, rp) = (ϕ, rp) − (ϕ,ϕp).

Note that

(Dϕ(u),D(ϕp)(u) − ϕ(u)Dp(u)) = (Dϕ(u), pDϕ(u)) =
∫

T
p(ζ) ·

∣∣∣∣ϕ(ζ)− ϕ(u)
ζ − u

∣∣∣∣2 dm1(ζ).

Therefore,∫
T

r̄ϕ· p̄ dm1 =
∫

T
|ϕ|2 · p̄ dm1+

∫
T

p(ζ)·
∫

D̄

∣∣∣∣ϕ(ζ)− ϕ(u)
ζ − u

∣∣∣∣2 dµ(u)dm1(ζ) =
∫

T
(|ϕ|2+Hϕ)· p̄ dm1.

Since p was arbitrary, this proves (10). �

Now we consider ϕ = K(·, λ), where K(·, ·) = KD(µ)(·, ·) is the reproducing kernel of the
space D(µ). Then, as is easy to check, the function associated with K(·, λ) with respect to the
norm in D(µ) coincides with the reproducing kernel of the space H2, i.e., with the function

eλ(z) =
1

1− λ̄z
.

In this case, identity (10) takes the form

P+(ēλK(·, λ)) = P+(|K(·, λ)|2 + HK(·,λ)). (11)
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For n ≥ 0 we have ∫
T

eλ(ζ) ·K(ζ, λ)ζn dm1(ζ) = λnK(λ, λ),

hence

P−(ēλK(·, λ))(ζ) =
λζ̄

1− λζ̄
K(λ, λ),

and we may rewrite (11) in the form

K(ζ, λ)
1− λζ̄

− λζ̄

1− λζ̄
K(λ, λ) = P+(|K(·, λ)|2 + HK(·,λ))(ζ).

Taking complex conjugation, we see that

K(ζ, λ)
1− λ̄ζ

− K(λ, λ)
1− λ̄ζ

= P−(|K(·, λ)|2 + HK(·,λ))(ζ),

which leads to

2Re
K(ζ, λ)
1− λζ̄

− Pλ(ζ) ·K(λ, λ) = |K(ζ, λ)|2 + HK(·,λ)(ζ).

Here Pλ is the Poisson kernel:

Pλ(ζ) =
1− |λ|2
|1− λ̄ζ|2

.

Finally, we obtain the following identity for the reproducing kernels in D(µ):

1
|1− λ̄ζ|2

=
(1− |λ|2)K(λ, λ)

|1− λ̄ζ|2
+

∣∣∣∣K(ζ, λ) − 1
1− λ̄ζ

∣∣∣∣2 +
∫

D̄

∣∣∣∣K(ζ, λ)−K(u, λ)
ζ − u

∣∣∣∣2 dµ(u). (12)

The first consequence of this identity is the boundedness of reproducing kernels in D(µ).

Corollary 2. If K(·, ·) is a reproducing kernel in the space D(µ), then

|K(z, λ)| ≤ 2
1− |λ|

for any z, λ ∈ D.

The next proposition establishes some more identities involving reproducing kernels K(·, λ).

Proposition 3. Let p, q be polynomials. Then the following identities are valid:

(pK(·, λ), q)µ + (p, qK(·, λ))µ −
1

K(λ, λ)
(pK(·, λ), qK(·, λ))µ

= (p, q) +
∫

D̄

(
2ReK(u, λ) − |K(u, λ)|2

K(λ, λ)

)
(Dp(u),Dq(u))dµ(u); (13)
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(pK(·, λ), q)µ + (p, qK(·, λ))µ − (p, q)µ

=
∫

T
p(ζ)q(ζ) · Pλ(ζ)dm1(ζ) +

∫
D̄
(2Re K(u, λ)− 1)(Dp(u),Dq(u))dµ(u); (14)

1
K(λ, λ)

(pK(·, λ), qK(·, λ))µ

=
∫

T
p(ζ)q(ζ) · Pλ(ζ)dm1(ζ) +

∫
D̄

|K(u, λ)|2
K(λ, λ)

(Dp(u),Dq(u))dµ(u). (15)

Proof. Identity (13) can be proved by induction on n = max(deg p,deg q). For p = const
or q = const, this identity follows from the reproducing property of the kernel K(·, λ) and
from the relation K(z, 0) ≡ 1 (see the definition of the norm in D(µ)). Now assume that
max(deg p,deg q) = n + 1. Then (13) is valid for the polynomials S∗p and S∗q, and we have

(pK(·, λ), q)µ + (p, qK(·, λ))µ −
1

K(λ, λ)
(pK(·, λ), qK(·, λ))µ

= p(0)q(0) + (zS∗p ·K(·, λ), q)µ + (zS∗p, qK(·, λ))µ −
1

K(λ, λ)
(zS∗pK(·, λ), qK(·, λ))µ

= p(0)q(0)+(zS∗pK(·, λ), zS∗q)µ+(zS∗p, zS∗qK(·, λ))µ−
1

K(λ, λ)
(zS∗pK(·, λ), zS∗qK(·, λ))µ

= p(0)q(0) +
∫

D̄

(
2ReK(u, λ) − |K(u, λ)|2

K(λ, λ)

)
S∗p(u)S∗q(u)dµ(u) + (S∗pK(·, λ), S∗q)µ

+(S∗p, S∗qK(·, λ))µ −
1

K(λ, λ)
(S∗pK(·, λ), S∗qK(·, λ))µ = p(0)q(0) + (S∗p, S∗q)

+
∫

D̄

(
2ReK(u, λ)− |K(u, λ)|2

K(λ, λ)

)
(S∗p(u)S∗q(u)

+(DS∗p(u),DS∗q(u))dµ(u) = (p, q) +
∫

D̄

(
2Re K(u, λ)− |K(u, λ)|2

K(λ, λ)

)
(Dp(u),Dq(u))dµ(u);

this is the required result.
Identity (14) is an immediate consequence of formula (9) in view of the equality

eλ(ζ) + eλ(ζ)− 1 = Pλ(ζ).

To prove identity (15), subtract (13) from (14).

Corollary 3. The functions K(·, λ) are multipliers of the space D(µ).

Proof. Indeed, taking p = q in (15), we see that

‖pK(·, λ)‖2µ = K(λ, λ)
∫

T
|p(ζ)|2Pλ(ζ)dm1(ζ) +

∫
D̄
|K(u, λ)|2 · ‖Dp(u)‖2dµ(u),

and the last expression is bounded by C(λ) · ‖p‖2
µ by Corollary 2. It remains to use the density

of polynomials in D(µ) [6, Corollary 3.8]. �
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Corollary 4. Formulas (13)–(15) are valid if p and q are arbitrary functions from D(µ).

Now assume that ϕ ∈ D(µ) is an extremal function. It follows directly from the definition
that (pϕ,ϕ)µ = p(0) for any polynomial p. Let [ϕ] denote the cyclic invariant subspace
generated by ϕ:

[ϕ] =
∨
{znϕ : n ≥ 0}.

Then for any function r such that rϕ ∈ [ϕ] we have (rϕ,ϕ)µ = r(0). In particular, the same
is true for r = K(·, λ), since the inclusion K(·, λ)ϕ ∈ [ϕ] follows from [1, Theorem 4.3] or [8,
Corollary 5.5] (in the case µ ∈ M+(T)). Therefore, we have

(K(·, λ)ϕ,ϕ)µ + (ϕ,K(·, λ)ϕ)µ − (ϕ,ϕ)µ = 1,

which proves, together with identity (14), the following theorem.

Theorem 1. If ϕ is an extremal function in the space D(µ), then∫
T
|ϕ(ζ)|2 · Pλ(ζ)dm1(ζ) +

∫
D̄
(2ReK(u, λ) − 1)‖Dϕ(u)‖2dµ(u) = 1. (16)

In the particular case dµ = dm1, formula (16) was obtained by Richter and Sundberg [9,
formula (5.1)]. In this case, K(u, λ) =

∑
n≥0

(λ̄u)n

n+1 and

2Re K(u, λ)− 1 =
∫ 1

0

Prλ(u)dr for u ∈ T.

Aleman’s theorem (the inequality ‖ϕ‖H∞ ≤ 1 for extremal functions ϕ) follows immediately
from identity (16), provided that we verify the inequality

2ReK(u, λ) − 1 ≥ 0

for any λ, u ∈ D.
The next section is devoted to a more detailed treatment of the last property of reproducing

kernels.
Extremal functions in D(µ) satisfy the identity ([1, Theorem 4.9 or 6, Theorem 7.1])

‖ϕp‖2µ = ‖p‖2 +
∫

D̄
|ϕ(u)|2 · ‖Dp(u)‖2dµ(u)

(p is a polynomial). It can be proved in the same manner as identity (9) or (13). Together
with Aleman’s theorem, our last identity shows that extremal functions in D(µ) are contractive
multipliers.

In conclusion, we verify that formula (16) is characteristic for extremal functions under
certain additional conditions.
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Proposition 4. If a function ϕ ∈ D(µ) is a multiplier of D(µ) and satisfies (16) for any λ ∈ D,
then ϕ is an extremal function in D(µ).

Proof. Let a ∈ D and let r ∈ (0, 1). We put λ = reiθ in (16), multiply both sides by 1
1−āeiθ ,

and integrate with respect to θ ∈ [0, 2π]. This gives the equality∫
T
|ϕ(ζ)|2 · 1

1− ārζ
+

∫
D̄

K(u, ra) · ‖Dϕ(u)‖2dµ(u) = 1,

which is equivalent, in view of (9), to the relation

(K(·, ra)ϕ,ϕ)µ = 1.

Therefore, we have
(K(·, λ)ϕ,ϕ)µ = 1 = K(0, λ)

for any λ ∈ D. Now we can approximate any polynomial p by finite linear combinations
of the type

∑
k

ckK(·, λ) in the norm of D(µ). Since ϕ is a multiplier of D(µ), we see that

(pϕ,ϕ)µ = p(0), which is the desired conclusion. �

Remark. The additional condition that ϕ is a multiplier of D(µ) seems to be unessential. It
can be dropped if any polynomial can be approximated in D(µ) by finite linear combinations
of the form

∑
k

ckK(·, λ) with uniformly bounded H∞(D)-norms. This is the case, for example,

in any D(µ)-space with a radial measure µ.

§3. Structure of reproducing kernels

The aim of this section is the study of the structure of reproducing kernels in the spaces
D(µ). The following theorem is valid.

Theorem 2. If K(·, ·) is the reproducing kernel in the space D(µ), then

2ReK(z, λ) − 1 ≥ 0 (17)

for any z, λ ∈ D.

This theorem is itself a simple corollary of Aleman’s theorem. Indeed, consider a z-invariant
subspace Iλ in D(µ):

Iλ = {f ∈ D(µ) : f(λ) = 0}.

A direct computation shows that the extremal function ϕλ for the subspace Iλ is given by the
formula

ϕλ(z) =
1−K(λ, λ)−1K(z, λ)√

1−K(λ, λ)−1
.

By Aleman’s theorem, |ϕλ(z)|2 ≤ 1 in D, which is equivalent to

2ReK(z, λ) − 1 ≥ K(λ, λ)−1|K(z, λ)|2.
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Nevertheless, keeping in mind the subsequent study of the vector-valued case, we give in this
section an independent proof of inequality (17).

If X is an arbitrary Hilbert space of analytic functions in the disk D, then its reproducing
kernel KX(·, ·) presents a typical example of a positive-definite function in two variables, i.e.,
the function KX(·, ·) possesses the property∑

j,k

KX(zj , zk)cj c̄k ≥ 0 (18)

(here (zj)j≥1, zj ∈ D, and (cj)j≥1, cj ∈ C, are arbitrary finite sequences). On the other
hand, since the function KX(z1, z̄2) is analytic in the bidisk D×D, it admits the power series
expansion

KX(z, λ) =
∑

n,k≥0

K̂X(n, k)znλ̄k, (19)

where
K̂X(n, k) =

1
rn+k

∫
T

∫
T

KX(rζ, rη)ζ̄nηkdm1(ζ)dm1(η)

for any r ∈ (0, 1)). A standard check shows that the matrix (K̂X(n, k))n,k≥0 is positive definite.
This means that all finite summatrices (K̂X(n, k))0≤k≤N are positive definite. More generally,
the positive definiteness of some function A(z, λ) in variables z, λ ∈ D which is analytic in z

and analytic in λ, is equivalent to the positive definiteness of the matrix (Â(n, k))n,k≥0 in the
expansion

A(z, λ) =
∑

n,k≥0

Â(n, k)znλ̄k.

In what follows, the positive definiteness of a function A will be denoted by A < 0; similarly,
Â < 0 denotes the positive definiteness of the matrix (Â(n, k))n,k≥0. The relation A < B
means that the difference A −B is positive definite.

We need the following lemma.

Lemma 4. Assume that X and Y are Hilbert spaces of functions analytic in D such that
Y ⊂ X and

‖f‖X ≤ ‖f‖Y

for any f ∈ Y . Then KX < KY .

Proof. Consider the metric complementary to the metric ‖ · ‖Y in the space X, i.e., put

‖x‖2Z := sup
y∈Y

{‖x + y‖2X − ‖y‖2Y }

for any x ∈ X. Consider the Hilbert space Z = {x ∈ X : ‖x‖Z < +∞} supplied with the
norm ‖ · ‖Z . It is known that Z is a Hilbert space of functions in D continuously embedded to
X and that the reproducing kernels of the spaces X,Y , and Z satisfy the relation

KY (u, λ) + KZ(u, λ) = KX(u, λ),
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which implies KX −KY < 0. For more details, see, e.g., [5]. �
Consider operators σ and σ∗ defined on infinite matrices a = (a(n, k))n,k≥0 by the formulas

(σ∗a)(n, k) := a(n + 1, k + 1),

(σa)(n, k) :=
{

0 if min(n, k) = 0,

a(n − 1, k − 1) otherwise.

It is easily seen that the operators σ and σ∗ preserve the property of positive definiteness of a
matrix and that σ∗σ = I.

The next proposition reduces the proof of inequality (17) to verification of certain special
properties of the matrix K̂.

Proposition 5. Assume that a matrix a = (a(n, k))n,k≥0 satisfies the conditions

a < 0, (I − σ∗)a < 0, (I − σ∗)2a < 0; (20)

a(0, 0) = 1, a(0, n) = a(n, 0) = 0 for n ≥ 1. (21)

Then
2ReA(u, v) − 1 ≥ 0, (22)

where
A(u, v) =

∑
n,k≥0

a(n, k)unv̄k

for u, v ∈ D.

Proof. First, the condition (I −σ∗)a < 0 implies that a(n, n) ≥ a(n+1, n+1). Therefore, any
entry of a satisfies the estimate

|a(n, k)| ≤ a(n, n)1/2a(k, k)1/2 ≤ a(0, 0),

i.e., the entries are bounded.
For each r ∈ (0, 1), we consider the matrix ar defined by ar(n, k) := rn+ka(n, k), and we

put
Ar(u, v) =

∑
n,k≥0

ar(n, k)unv̄k.

Obviously, it suffices to prove inequality (22) for all functions Ar with r ∈ (0, 1). Now we
show that the matrix ar also satisfies the assumptions of the proposition. Indeed, (21) is valid
(which is obvious), and (20) follows from the equalities

(I − σ∗)ar = (r2(I − σ∗)a + (1 − r2)a)r

and
(I − σ∗)2ar = (r4(I − σ∗)2a + 2r2(1− r2)(I − σ∗)a + (1 − r2)2a)r ,

where br(n, k) = rn+kb(n, k) for an arbitrary matrix b = (b(n, k))n,k≥0.
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Therefore, without loss of generality, we may assume that the entries of the matrix a vanish
at a rate of rn+k for some r ∈ (0, 1) as n, k →∞. Hence, we can write the following expansion:

a =
∑
l≥0

(l + 1)(σ∗)l(I − σ∗)2a = (I − σ∗)−2(I − σ∗)2a. (23)

Here, the series converges, for example, in l1(Z+ × Z+).
For u, v ∈ D, consider the matrix

Eu,v(n, k) = unv̄k, n, k ≥ 0.

Then
A(u, v) = 〈a,Eu,v〉,

where 〈·, ·〉 denotes the natural pairing of matrices:

〈a, b〉 =
∑

n,k≥0

a(n, k)b(n, k).

Therefore, for any matrix h = (h(n, k))n,k≥0 such that

h(0, 0) = 0 and h(n, k) = 0 for min(n, k) ≥ 1, (24)

we may write, in view of (21),

2ReA(u, v) − 1 = 〈a,Eu,v + Ev,u −E0,0 + h〉

(we take into account the relation A(u, v) = A(v, u) which follows from the condition a < 0).
In view of (23), we have

2ReA(u, v) − 1 = 〈(I − σ∗)2a, (I − σ)−2(Eu,v + Ev,u −E0,0 + h)〉.

Since (I − σ∗)2a < 0, it suffices to show that there exists a matrix h satisfying conditions (24)
such that the matrix b = (I − σ)−2(Eu,v + Ev,u − E0,0 + h) is positive definite. If we pass to
the function

B(z, λ) =
∑

n,k≥0

b(n, k)znλ̄k,

then it suffices to show that there exist functions H1 and H2 analytic in D and such that
H1(0) = H2(0) = 0, and the function

B(z, λ) =
1

(1− λ̄z)2

(
1

(1− uz)(1 − vλ)
+

1
(1− vz)(1 − uλ)

− 1 + H1(z) + H2(λ̄)
)

is positive definite. Now we put

H1(z) =
1

(1− uz)(1 − vz)
− 1

1− uz
− 1

1− vz
+ 1
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and H2(λ̄) = H1(λ). Then we have

B(z, λ) =
1

(1− λ̄z)2

(
1

1− uz
+

1
1− ūλ̄

− 1
)(

1
1− vz

+
1

1− vλ
− 1

)
=

1
(1− λ̄z)2

· 1− |u|2λ̄z

(1− uz)(1 − uλ)
· 1− |v|2λ̄z

(1− vz)(1 − vλ)

=
1

(1− uz)(1 − vz)
·
(

1− |u|2
1− λ̄z

+ |u|2
)(

1− |v|2
1− λ̄z

+ |v|2
)

1
(1 − uλ)(1 − vλ)

,

and this function is obviously positive definite. Proposition 5 is proved.

We turn to the reproducing kernels K(·, ·) in spaces D(µ). To prove Theorem 2, it suffices
to verify the conditions of Proposition 2 for the matrix K̂ in expansion (19).

First, we write the decomposition

D(µ) =
⊕
n≥0

(znD(µ) 	 zn+1D(µ)). (25)

Each subspace znD(µ) 	 zn+1D(µ) is one-dimensional; therefore, there exists an orthonor-
mal basis (en)n≥0 of D(µ) subordinated to this decomposition. A standard expression for
reproducing kernels shows that

K(z, λ) =
∑
n≥0

en(z)en(λ).

It follows immediately from the definition of the norm in D(µ) that the function 1I evaluates
functions at the origin, i.e.,

(f, 1I)µ = f(0)

for f ∈ D(µ). Hence, K(z, 0) = 1I = e0(z), and

K(z, λ) = 1 +
∑
n≥1

en(z)en(λ). (26)

Therefore, conditions (21) of Proposition 5 are fulfilled. To verify (20), we consider the func-
tions

K ′(z, λ) =
∑

n,k≥0

(σ∗K̂)(n, k)znλ̄k

and
K ′′(z, λ) =

∑
n,k≥0

(σ∗2K̂)(n, k)znλ̄k.

It suffices to verify that K < K′ and K − 2K ′ + K ′′ < 0. Moreover, consider the following
family of norms ‖ · ‖µ,t in the space D(µ):

‖f‖2µ,t := ‖f‖2µ + t

∫
D̄
|f(z)|2dµ(z), t ≥ 0.

The norms ‖ ·‖µ,t are equivalent to the norm in D(µ) since the embedding D(µ) ⊂ L2(D̄, dµ) is
continuous [2, Proposition 4.6]. Let Kt(·, ·) denote the reproducing kernel of D(µ) with respect
to the norm ‖ · ‖µ,t.
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Lemma 5. K′(·, ·) = K1(·, ·).

Proof. Decomposition (26) implies that K′(z, λ) = 1
λ̄z

(K(z, λ) − 1). Next, it follows from (6)
that (f, g)µ,1 = (zf, zg)µ. Hence, we have(

f,
1
λ̄z

(K(z, λ) − 1)
)

µ,1

=
1
λ

(zf,K(z, λ) − 1)µ = f(λ)

for f ∈ D(µ), which proves the lemma. �
Corollary 5. K < K ′.

Indeed, for any f ∈ D(µ) we have

‖f‖µ,1 ≥ ‖f‖µ,

and, by Lemma 4, K < K1 = K ′. �
Lemma 6. K′′ < K2.

Proof. Introduce another equivalent norm in the space D(µ):

‖f‖2µ,∗ := ‖z2f‖2µ −
1

‖z‖2µ
|(z2f, z)µ|2 = ‖f‖2µ +

∫
D̄
(1 + |z|2)|f(z)|2dµ(z) − 1

‖z‖2µ
|(z2f, z)µ|2.

We show that the function K′′(·, ·) is the reproducing kernel with respect to this norm. It
follows from decomposition (26) that

∂

∂λ̄

∣∣∣∣
λ=0

K(z, λ) = e′1(0)e1(z),

i.e.,
(f, e′1(0)e1)µ = f ′(0), f ∈ D(µ).

If we write e1(z) = ze′1(0) + z2g(z), then decomposition (26) implies that

K ′′(z, λ) =
1

λ̄2z2

(
K(z, λ) − 1− λ̄e′1(0)e1(z) − λ̄2g(λ)ze′1(0)

)
.

Hence,

(z2f, z2K ′′(z, λ))µ =
1
λ2

(
z2f,K(z, λ) − 1− λ̄e′1(0)e1(z) − λ̄2g(λ)ze′1(0)

)
µ

= f(λ) − g(λ)e′1(0)(z2f, z)µ

and
1

‖z‖2µ
(z2f, z)µ · (z, z2K ′′(z, λ))µ
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=
1

‖z‖2µ
(z2f, z)µ ·

1
λ2

(z,K(z, λ) − 1− λ̄e′1(0)e1(z) − λ̄2g(λ)ze′1(0))µ = −g(λ)e′1(0)(z2f, z)µ

for any f ∈ D(µ), which leads to the relation

(f,K′′(·, λ))µ,∗ = f(λ).

Now we note that
‖f‖2µ,∗ ≤ ‖f‖2µ,2

for any f ∈ D(µ). Applying Lemma 4, we obtain the desired relation K′′ < K2. �

Therefore, we have the inequality

K − 2K′ + K ′′ < K0 − 2K1 + K2.

To conclude the proof of Theorem 2, it suffices to show that the second difference on the right
is positive definite. This follows from the next lemma.

Lemma 7. ∂2

∂t2 Kt < 0.

Proof. To prove the lemma, we use the standard procedure of differentiation of a reproducing
kernel in a parameter. For fixed z, λ ∈ D, we have

Kt(z, λ) = (Kt(·, λ),Kt+∆t(·, z))µ,t+∆t

and
Kt+∆t(z, λ) = (Kt(·, λ),Kt+∆t(·, z))µ,t,

hence
Kt+∆t(z, λ) −Kt(z, λ) = −∆t

∫
D̄
(Kt+∆t(z, u)Kt(u, λ)dµ(u).

Therefore,
∂

∂t
Kt(z, λ) = −

∫
D̄

Kt(z, u)Kt(u, λ)dµ(u)

and
∂2

∂t2
Kt(z, λ) = 2

∫
D̄

∫
D̄

Kt(z, v)Kt(v, u)Kt(u, λ)dµ(v)dµ(u). (27)

Verifying the positive definiteness of the function represented by integral (27) is a standard
calculation. �

Therefore, the proof of Theorem 2 is complete. This proof can be extended to the vector-
valued case (if one replaces scalar functions, measures, and inequalities by the corresponding
vector-valued and operator-valued ones). A more detailed study of this subject will be pre-
sented in a forthcoming paper.

Translated by S. M. Shimorin.
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