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Abstract

For a given pre-cubical set (L-set) K with two distinguished vertices 0, 1, we prove
that the space P(K )0 of d-paths on the geometric realization of K with source 0 and
target 1 is homotopy equivalent to its subspace p! (K )0 of tame d-paths. When K
is the underlying U-set of a Higher Dimensional Automaton A, tame d-paths on K
represent step executions of A. Then, we define the cube chain category of K and
prove that its nerve is weakly homotopy equivalent to P (K )(1,.
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1 Introduction

A directed space, or a d-space (Grandis 2003), is a topological space X with a distin-
guished family of paths l;(X ), called d-paths, that contains all constant paths and is
closed with respect to concatenations and non-decreasing reparametrizations. Directed
spaces serve as models in concurrency: points of a given directed space represent possi-
ble states of a concurrent program, while d-paths represent possible partial executions.
It is important to know the homotopy type of the space P(X)} of d-paths beginning
at the point x and ending at the point y. If x and y are the initial and the final state
of the program, respectively, it represents the “execution space” of the program mod-
eled by X. Also, calculation of some invariants of d-spaces, e.g. component categories
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Fig.1 The d-path in the left-hand picture is tame; it represents an execution which can be divided into two
steps: in the first, a and c are performed and, in the second, b is performed. No such division is possible for
the d-paths in the right-hand picture

(Raussen 2007; Ziemiariski 2019b) and natural homology (Dubut et al. 2015), requires
knowledge of the homotopy types of d-path spaces between two particular points.

In this paper, we consider this problem for d-spaces that are geometric realizations
of pre-cubical sets, called also [I-sets. [-sets play an important role in concurrency:
Higher Dimensional Automata introduced by Pratt (1991) are U-sets equipped with
a labeling of edges, and then executions of a Higher Dimensional Automaton can
be interpreted as d-paths on the geometric realization of the underlying [J-set. van
Glabbeek (2006) has shown that many other models for concurrency (e.g. Petri nets)
can be translated to Higher Dimensional Automata and, therefore, to [-sets.

The problem of calculating the homotopy types of d-path spaces between two
vertices of a [J-set was studied in several papers, e.g. Raussen (2010, 2012) and
Ziemianski (2017, 2019a). All these results work only for special classes of [1-sets,
like Euclidean complexes or proper [I-sets, i.e., those whose triangulations are sim-
plicial complexes. There are some interesting examples of [J-sets that do not fall into
any of these classes; notably, the universal labeling [J-sets ! ¥ introduced by Goubault
(2002), see also Fahrenberg and Legay (2013). In this paper, we consider [J-sets in
their full generality.

For an arbitrary [-set K with two distinguished vertices 0, 1, we prove that the
space of d-paths P(|K |)0 with source 0 and target 1 is homotopy equivalent to its sub-
space p! (/1K |)0 of tame d-paths (Theorem 6.1). A d-path is tame if it can be divided
into segments each of which runs from the initial to the final vertex of some cube (see
Fig. 1). Then we define the cube chain category of K, denoted Ch(K), and prove that
the geometric realization of the nerve of Ch(K) is weakly homotopy equivalent to the
space of tame d-paths on K (Theorem 7.5). This provides a combinatorial model for
the execution space of K (Theorem 7.6), which can be used for explicit calculations of
its homotopy type. All these constructions are functorial with respect to K, regarded
as an object in the category of bi-pointed [J-sets. These theorems generalize the results
of Ziemianski (2017).

Theorem 6.1 is interesting in itself. In terms of Higher Dimensional Automata,
tame d-paths represent synchronized executions: at every step, a number of processes
performs one complete step while the others remain idle. As a consequence of The-
orem 6.1, not only homotopy classes of synchronized executions of a given Higher
Dimensional Automaton are the same as homotopy classes of all executions but also
the respective execution spaces are homotopy equivalent. Thus, one may expect that all
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phenomena concerning executions of Higher Dimensional Automata can be observed
as well after restricting to synchronized executions only.

Organization of the paper and relationship with Ziemiarski (2017). The paper consists
of two parts. The main goal of the first part (Sects. 3—6) is to prove the tamification
theorem (Theorem 6.1), that of the second part (Sects. 7-10) is to prove Theorems 7.5
and 7.6. The general outline of this paper resembles that of Ziemiariski (2017) but we
need to use more subtle arguments here.

Fix a bi-pointed U-set K with initial vertex 0 and final vertex 1. All d-paths o €
I3(K )(1) have integral Ll-lengths (Raussen 2009), and the spaces of d-paths having
length n, denoted f’(K ; n)(l], will be handled separately for every n € Zxo.

In Sect. 3 we define tracks, which are sequences of cubes such that for two subse-
quent cubes, some upper face of the preceding cube is a lower face of the succeeding
one. Tracks were investigated by Fahrenberg and Legay (2013); they called them cube
paths. Then we prove that every d-path o € P (K )0 is a concatenation of d-paths
contained in consecutive cubes of some track. In Sect. 4, we define the set of actions
that correspond to a given track €. In Sect. 5, we introduce progress functions of tracks
and investigate the relationship between progress functions of a track € and d-paths
contairled in €. Then in Sect. 6, we construct, in a functorial way, a self-map of the
space P(K; n)(l) that is homotopic to the identity map and maps all natural d-paths (i.e.,
parametrized by length) into tame d-paths. The proof of the latter statement makes
essential use of progress functions. Since the space of natural d-paths is homotopy
equivalent to the space of all d-paths, this implies Theorem 6.1.

This argument is essentially different from the one used in the proof of the tamifica-
tion theorem in the previous paper (Ziemiariski 2017, Theorem 5.6). That one follows
from a similar result for d-simplicial complexes (Ziemiariski 2012), which was proved
by constructing a certain self-deformation of a given d-simplicial complex. This self-
deformation was given by a direct but complicated and non-functorial formula and it
is not clear how to interpret it in terms of concurrent processes. While a general outline
of the argument is similar, the tamification via progress functions is more intuitive:
a d-path « contained in a track € is deformed to a tame d-path by “speeding up” the
executions of the actions of €.

In the second part, we introduce cube chains: sequences of cubes in K such that
the final vertex of the preceding cube is the initial vertex of the succeeding one. They
constitute a special case of tracks. Then, we formulate the main result of the second
part of the paper stating that the nerve of the category Ch(K) of cube chains on K is
weakly homotopy equlvalent to the space of natural tame d-paths on K (Theorem 7.5).
A natural d-path o € N (K )0 is tame if and only it is contained in some cube chain,
i.e., it admits a presentation as a concatenation of d-paths contained in consecutive
cubes of a given cube chain c. Such a presentation is called a natural tame presentation
of «; the difficulty that arises here is due to the fact that o« may have many natural tame
presentations in ¢. This is essentially more complicated than the situation considered
in Ziemianski (2017), where there is a good cover of the space of natural tame d-paths
N'(K )(1) indexed by the poset of cube chains on K, and the analogue of Theorem 7.5
can be proven using the Nerve Lemma.
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48 K. Ziemianski

Instead of a good cover, we need to investigate the functor G := ](/[o,n](Dv(_))(l] :
Ch(K) — Top, where G(c) is the space of natural tame presentations in ¢, equipped
with a map FK : colim G — N 4 (K ) In Sect. 8, we investigate properties of
natural tame presentations. In Sects 9 and 10 we apply the results of Sect. 8 to prove
that the middle and the right-hand map in the sequence (7.5)

FK
|Ch(K)| «— hocolim G —> colim G —> Ny ,;(K)g

are weak homotopy equivalences. This is easy for the left-hand map, so Theorem 7.5
follows.

2 Preliminaries

In this section we recall definitions and introduce notation that is used later on. See
Fajstrup et al. (2006) or Fajstrup et al. (2016) for surveys which cover most of these
topics.

2.1 d-spaces

Gran_giis (2003) defines a d-space as a pair (X, ﬁ(X )), where X is a topological space
and P (X) is a family of paths on X (with domain [0, 1]) that contains all constant paths
and which is closed with respect to concatenations and non-decreasing reparametriza-
tions. In this paper, it is more convenient to use a slightly different, though equivalent,
definition. A d-space is a topological space X equipped with a d-structure. A d-structure
on X is a collection of families of paths { ﬁ[a,b] (X)}a<beRr,

Prap)(X) € Plap)(X) := map([a, b], X),

called d-paths, such that

e every constant path constx :[a,b] >t +— x € X is a d-path,
e for every non- decreasmg functlon f i la,b] — [c,d] and every d-path « €
Pie,a1(X), thepathaoflsadpath 1e aof € P[abJ(X)
o ifu <b<canda € Pu,b (X),B e P[b,c (X) are d-paths such that o (b) = B(b),
then the concatenation of @ and B:

a(t) for t €la,b],

(axp)(1) = B(t) fort € [b,c).

is a d-path, i.e.,a x B € f’[a,c](X).

This definition is equivalent to the original definition by Grandis: if (X, {ﬁm p1(X)}a<b)
is a d-space, then (X, Pjp,11(X)) is a d-space in Grandis’ sense. If (X, P(X)) is a d-
space in Grandis’ sense, then by letting

Pan(X) ={la, bl 3t — a((t —a)/(b—a)) € X | a € P(X)}
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we obtain the d-space as defined above. We will occasionally write P (X) for P?[o, 11(X).

The sets ﬁ[a,b] (X) are topological spaces, with the compact-open topology inherited
from the space of all paths P, ;)(X) = map([a, b], X).

Given two d-spaces X, Y, a continuous map f : X — Yisad-mapif fou €
};[a p)(Y) forevery d-patha € ﬁa p1(X)andforalla < b € R. The family of d-spaces
with d-maps forms the category dTop, which is complete and cocomplete.

For a d-space X and x, y € X, denote by Pa b] (X)1 C P[a »1(X) the subspace of
d-paths o such that «(a) = x and (b)) = y.

A bi-pointed d-space is a d-space X with two distinguished points: an initial point
0x and a final point 1x € X. A bi-pointed d-map is a d-map that preserves the initial
and the final points. The category of bi-pointed d-spaces and bi-pointed maps will be
denoted by dTop}.

2.2 Directed intervals and cubes

. . . — g — .
Lets <t € R. The directed interval is the d-space [s, f] such that Py, p)([s, f]) is the
—

space of non-decreasing continuous functions [a, b] — [s, t]. The d-space [ = [0, 1]
will be called the directed unit interval.

The directed n-cube 1 I" is the categorical product of n copies of the directed unit
interval. A pathon / ["isad- -path if all its coordinates are d-paths in Iie. , they are non-
decreasing functions. Points of / I" will be denoted by bold letters, and their coordinates
are distinguished by upper indices, so that, for example x = (x1, x2 x*) eI In
A similar convention will be used for d-paths: for g € P(I ”) B e P(I ) denotes the
ith coordinate of . We will write |x| for Y 7, x'.

Whenever T or I" are considered as bi-pointed d-spaces, their initial and final points
are0,1 e Tand0=(0,...,0),1=(,...,1) € f”, respectively.

2.3 Quotient d-spaces

Let X, Y be topological spaces and let p : X — Y be a quotient map. Assume that
X is equipped with a d-structure {13[51,;,] (X)}a<ber. The quotient d-structure on the
space Y is defined in the following way: a path & € P4 5(Y) is a d-path if and only
if there exist numbers a = fy < --- < t, = b and d-paths §; € F’[,,._l,tl.](X) such that
a(t) = p(Bi(®)) for t € [ti_1, t;]. The quotient d-structure is the smallest d-structure
on Y such that p is a d-map. The space Y with this quotient d-structure will be called
the quotient d-space of X.

2.4 [I-sets

A pre-cubical set,or all-set K is asequence of disjoint sets (K [1]),>0 with acollection
of face maps (df :K[n] > Kn—1]) forn > 0,e € {0,1},i € {1,...,n} such
that dfd;l = d?_ldf forall e,n € {0, 1} and i < j. Elements of the sets K[n] will
be called n--cubes or just cubes and O-cubes will be called vertices. The dimension of
a cube c is the integer dim(c) such that ¢ € K[dim(c)]. For O-sets K, L, a O-map
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50 K. Ziemianski

f : K — Lisasequence of maps f[n] : K[n] — L[n] that commute with the face
maps. The category of U-sets and []-maps will be denoted by [ISet.

An example of a [-set is the standard n-cube [1", such that [1"[k] is the set of
functions {1, ...,n} — {0, 1, x} that take value * for exactly k arguments. The face
map d; converts the ith occurrence of * into &. The only element of [1"[n] will be
denoted by u,. For any Ul-set K, there is a 1-1 correspondence between the set of
n-cubes K [n] and the set of (J-maps [1" — K: for every ¢ € K[n] there exists a
unique map f, : 1" — K such that f.(u,) = c.

The kth skeleton of a U-set K is the sub-[J-set Ky € K given by

K[n] formn <k,
K = 2.1
il {@ forn > k. @D

The boundary of the standard n-cube is JL1" := D’(’n_l).
Given a [J-set K, asubset A = {a; < --- < a;} € {1,...,n}and e € {0, 1},

define the iterated face map
di::dglodaszo-nodjk:K[n]—)K[n—k]. 2.2)

Denote d¢ := dfl’_._!n} : K[n] — K|[O]. Foracube c € K[n], do(c) and dl(c) will be
called the initial and the final vertex of c, respectively.

A bi-pointed [-set is a triple (K, Ok, 1;), where K is a [l-set and Og, 1x € K[0]
are distinguished vertices; we will write 0 and 1 for 0g and 1x whenever this does
not lead to confusion. The category of bi-pointed [J-sets and base-points-preserving
O-maps will be denoted by CISet.

2.5 Geometric realization

Let K be a U-set. The geometric realization of K is the quotient d-space

Kl=|]]&mIxI"|/~. (2.3)
n>0
The relation ~ is generated by (c, &7 (x)) ~ (d; (c),x) foralln > 1,i € {1,...,n},

e€{0,1},c e K[n]andx € I"~!, where

87 m's Lo e el e X ) e "
is the coface map. For ¢ € K[n] and x = (xl, xMh e i", [c; x] € |K| denotes
the point represented by (c, x). Every point p € |K| admits a unique canonical

presentation p = [cp; X, such that x; # 0, 1 for all j. The cube ¢, will be called
the carrier of p. Each presentation of p has the form

p=Ic, Sfll(. .. (5;3:(Xp)) 1
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where ¢’ € K[dim(cp,) + r] is a cube such that dgll( (de’ ()...)=cp.

ForA={a; <---<a} C{l,...,n}and ¢ € {0, 1}, ' the iterated coface map is
defined by the formula
85 =85 08 o---08 1I"K " (2.4)
Notice that if

={a; < - <au—k}={1,...,n}\A,
and x = (xl, ...,x"_k) € i"_k, then

; g forieA
5 (x)' = . B 2.5
A) x/ fori=aj € A. (2.5)

Also, we have [df (c); X] = [c; 6% (x)] for all ¢, x and A.
EveryU-map f : K — L mduces the d-map

121Kl 3 [e;x] = [f(c);x] € [L]. (2.6)

Thus, the geometric realization defines the functors | — | : OSet — dTop and | — | :
OSet: — dTop;.
We will usually skip the vertical bars and write P(K) for P(|K]|).

2.6 Presentations of d-paths

Let K be a [I-set. A presentation of a d-path « € I;[u,b] (]K]) consists of
e asequence (Ci)§=1 of cubes of K, and
e asequence (B; € [_”[,ifl,,i](lqdim("f)))ﬁzl of d-paths,

such that

ea=ty<HH<---<tj_1 <t =b,and
o (1) = [c,,ﬂ,(t)] foreveryi € {1,...,[}andt € [tj_1, t;].

We write such a presentation as

o ="cr: Bl % e Pal % - " e gl (2.7)

It follows immediately that every d-path in | K| admits a presentation.

2.7 Length

Let K be a [(-set. The L'-length, or just the length of a d-path « € 13[“,1,] (K) is defined

as
[ dim(c;)

!
len(@) = Y 1B — 1Bl =Y > Bl@)—p i1, (2.8)

i=1 j=1
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for some presentation (2.7) of «. The length was introduced by Raussen (2009, Sec-
tion 2). This definition does not depend on the choice of a presentation, and defines,
for every a < b € R, a continuous function len : P(K )a,y) — Rso (Raussen
2009, Proposition 2.7). If x, y € |K| and d-paths o, o’ € Pa b] (K)Y are d-homotopic
(i.e., they are contained in the same path-connected component of Pu p)(K )Y) then
len(a) = len(a ). Furthermore, if K is a bi-pointed U-set, then the length of every
d-patha € P[a (K )0 is an integer. As a consequence, there is a decomposition

Plan(K)g = | [ Prasi(K: g, 2.9)

n>0
where ﬁ[a,b](K ; n)(l) stands for the space of d-paths having length n.

2.8 Naturalization

We say that a d-path @ € };[a,;,](K) is natural if len(a|ic,q1)) = d — c for every
a<c<d=<hb.Let ﬁ[a p(K) C ﬁa p1(K) denote the subspace of natural d-paths.
Natural d-paths were introduced and studied by Raussen (2009). He proved that for
every d-patho € P[a »](K) there exists a unique natural d-pathnat(«) € N[o len(a)] (K)
such that
a(t) = nat(a)(len(a|q,))- (2.10)

Furthermore, for a bi-pointed [I-set K, the map
natX : Pl (K;n)d 3 a > nat(a) € Njo.(K)§ (2.11)

is a homotopy inverse of the inclusion map (Raussen 2009, Propositions 2.15 and
2.16). The map natX is functorial with respect to K € CISet;.

2.9 Tame paths

A d-path ¢ € ﬁ[a, b (K )(1) is tame if it admits a presentation (2.7) such that, for every
ief{l,...,l —1}, a(t) is a vertex, i.e., has the form [v; ()] for some v € K[0]. This
definition generalizes the earlier definitions for d-paths on d-simplicial complexes
(Ziemianski 2012) and on proper [l-sets (Ziemianiski 2017).

If « is tame, then one can impose an even stronger condition on its presentation. For
every i, all coordinates of B;(t;) are either O or 1; if ,Bij (t;) = 0, then :31‘] (t) = 0 forall
t € [t;_1, t;]. Hence the segment [c;, B;] may be replaced by [d?(ci), B;1, where B; is
the path obtained from g; by skipping its jth coordinate. By repeating this operation,
we obtain a presentation such that g;(z;) = (1, ..., 1) for all i. In a similar way, we
can guarantee that 8;(t;—1) = (0, ..., 0). A presentation (2.7) such that 8; (t;_1) =0
and B;(z;) = 1 for all i will be called a tame presentation of «.

Let Pa b](K )0 (resp N (K )0) denote the space of all tame (resp. natural tame)
d-paths on K from 0 to 1
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3 Tracks

Let K be a bi-pointed [I-set. Every d-path o € IB(K )(1) is a concatenation of d-paths
having the form [c; B8], where ¢ is a cube of K and § is a d-path in 74m©  We will
show that we can impose extra conditions on the cubes and the paths which appear in
such a presentation.

Definition 3.1 A frack € in K is a sequence of triples (¢;, A;, Bl-)le, where

e C|,...,cy are cubes of K,
o A;, B; C{1,...,dim(c;)}

such that
(a) dY (c1) = Ok,
(b) dj (c)) = 1k,

() dj (¢ci) = dgm(c,»ﬂ) foreveryi € {1,...,1—1}.
(d) the sets Ay, By and B; U A; 41 are non-empty.

Remark Tracks are equivalent to cube paths introduced by Fahrenberg and Legay
(2013, Section 3).

Proposition 3.2 Foreverytrack € = (¢;, A;, Bi)ﬁ=1 we have 25:1 |Ai| = 25:1 | B;|.

Proof. Conditions (a), (b) and (c) imply that dim(c1) = |A1[, dim(c;+1) = dim(c;) —
|B;i| + |Ai+1| and dim(c;) = | B;|. We have

1 -1 1 -1
|Bi| = dim(c;) = dim(c1) + Y _|Ail = Y [Bil = ) |Ail = ) _|Bil. =
i=2 i=1 i=1 i=1

The integer Y |A;| = >_ | B;| will be called the length of the track € and denoted
len().

Definition 3.3 Let ¢ = (¢;, A;, B;)/_, be atrack in K and letar € Py, p)(K)3. Denote
e = dll?i (c;) = dgm (ci+1). A presentation

t()[

Il ty -1 1
a= [c1; Bl *[c2; B2l % -+ * [c1; Br]

is a C-presentation of « if there exist points x; € fdim(e’), ief{l,...,1—1}suchthat
for all i:

(1) Bi(t) = 8 (xi),

) Bis1(t) =85, (X))

We say that o« is contained in € if it admits a C-presentation. The space of d-paths
contained in € will be denoted by P, (K, €).

Proposition3.4 Ifa € f’[a,b](K; &), then len(a) = len().
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54 K. Ziemianski

Proof. Choose a €-presentation of «, as in Definition 3.3. Forevery i € {1,...,[} we
have

len(elys;_y.1;1) = len(Bi) = |Bi ()| — |Bi i) = |Bi| + [Xi] — [Xi—1],

when assuming [Xo| = |x;| = 0. Thus,

I !
len(e) = > len(@li;_, 1) = Y |Bi| = len(€). O

Fajstrup proved (Fajstrup 2005, 2.20) that if K is a geometric L-set (Fajstrup 2005,
2.8) then every d-path o € P(K )0 is contained in a track called the carrier sequence
of «. Below we prove an analogue of this result for arbitrary [I-sets.

Proposition 3.5 Every non-constantd-patho € };[a,;,] (K)(l) is contained in some track.

Proof Choose a presentation

I{ t 5 [/ 17
a="lei; fil*[ca: fal %+ % [cri Bl -
such that the integer / + Zi:l dim(c;) is minimal among all presentations of «. Then:

(D) ,Bij(tl-) > Qforalli € {1,...,1},j € {l,...,dim(c;)}. Otherwise, there exist i, j

such that B/ (1;) = 0, which implies that 8/ (r) = 0 for all ¢ € [;_1, ;]. Hence,
the segment [c;, B;] may be replaced by

[d?(ci), (,3,-1, R ,Bij_l, IBij+17 o ﬂlfiim(ci))]’

which contradicts the assumption that / + » dim(c;) is minimal.

2) ,Bl.j(ti_l) < 1foralli e {1,...,1},j €{l,...,dim(c;)}; the argument is similar.
(3) Foreveryi € {1,...,I—1},thereexists j € {1, . dim(c,-)}suchthat,Bl.j ) =1,
or there exists k € {1, ..., dim(c;+1)} such that ,Bl +1(fi) = 0. Assume otherwise;

since 0 < ,Bij (1), ﬁl."+1(ti) < Iforall j, k,[ci, Bi(t;)] and [¢;j+1, Bi+1(¢)] are both
canonical presentations of the point «(¢;). Thus, ¢; = ci+1, Bi (t;) = Bi+1(t;) and
the two segments [c;; Bi] and [c;+1; Bi+1] may be replaced by the single segment
[cis Bi * Bit1]-

(4) dim(cy), dim(c;) > 0. Otherwise the segment [cy; B1] (resp. [c;, Bi]) could be
merged with [c2; B2] (resp. [¢;—1, Bi—1]), which exists since « is not constant.

Let

Ar={j efl,....dim(c)} | B (ti1) = 0}
Bi={jefl,...,dim(e)} | B (1) =1}.
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We will check that € = (¢;, A;, B,-)f:1 is a track. We have 0x = [c1; B1(a)] and
,Bij (a) < 1 forall j; thus, ,Bl.j (a) = 0 (since a(fy) = Ok is a vertex). Therefore, A| =
{1,...,dim(cy)} and d9\1 (c1) = 0g. Similarly, B; = {1, ..., dim(c;)} and dtl}, (c)) =
1k . Thus, conditions (a) and (b) of Definition 3.1 are satisfied. Condition 3.1.(d)
follows from (3). It follows from (1) and (2) that, for every i, there exist:

o aunique x; € I4mC)=IBil such that 8}, (x;) = B: (1)), and

e auniquey; € Jdim(ci+)=14i411 guch that 8gi+l(yi) = Bir1(t).

We have

alt) = [ci; Bi(t)] = [eis 8, (xi)] = [dj, (ci): xi]

alt) = [civt; Biv1 ()] = [ei1; 8%, (y)] = [dy,, (cip1); yil.

All coordinates of both x; and y; are different from both O and 1. Thus, [d é’, (c¢i); x;]and
[dz?lm (ci+1); yi] are both canonical presentations of the same point and, therefore, they

are equal. As a consequence, dé, (ci) = dg " (ci+1), which proves that Definition 3.1.
(c)is satisfied. Thus, € is atrack. Moreover, the points x; = y; fitinto the Definition 3.3;
hence, « is contained in €. O

4 Actions

Every d-path « between vertices of a [J-set K having length n can be interpreted as
a performance of n different actions. This is an easy observation if K is a Euclidean
complex in the sense of Raussen and Ziemiariski (2014). In this section we will show
how to interpret actions when K is an arbitrary [J-set.

Fix a bi-pointed [J-set K and a track € = (¢;, A;, Bi)§=1 in K having length n. For
i e{l,..., I}, denote

gi = dim(¢;) — |B;| = dim(ci+1) — |Ai+1],
Ai=1al <a} <---<a'y={1,...,dim(c))\A;,
B ={b} <b} <--- <bT}={1,...,dim(c;)\B;. 4.1)
Consider the set of pairs (i,r) such thati € {1,...,[},r € {1,...,dim(¢;)}. We
will call these pairs local €-actions (or local actions if € is clear). Let ~ be the
equivalence relation on the set of local €-actions generated by
(b))~ G +1,a,) 4.2)
foralli e {1,...,1—1},je{l,...,qi}.

Definition 4.1 A €-action (or an action if € is clear) is an equivalence class of the
relation ~. The set of all €-actions will be denoted by T (&). The €-action represented
by (i, r) will be denoted [, r].
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The following proposition justifies the definition above.

Proposition4.2 Fixi € {l...,1 —1}. Let x = (x', ... xdim)y ¢ jdim@c) v —

', ..., ydimeirDy g pdim(cis)) pe points such that
o x/ =1forevery j € B,
° y’f = 0foreveryk € Aj41,
o x/ = yk whenever [i, j] =[i + 1, k].

Then [ci; X] = [ci+15 Y]
Proof. Since x/ = 1 for all j € B; and yk =0forallk € A;y1, we have

P i g
1

hl ~1 -2 -
X = 81191_ (xbi ,X LX), y= 8gi+l i+, yliv, Lyl

Forallr € {1, ..., q;}, we have [i, 15{] =[i+1, Zl{H]. Therefore,

il n2 i
[eix] = [dj (c;): (P, xP, .0 xP)]

=1 =2 ~qj
= [dS. . (civ1); %1, Y3, o y®5en)] = [eiq1, Y.

i+l

Let us collect some basic properties of €-actions:

(1) Foreveryi e {1, ...,] — 1}, the sequences of actions

([i, rDreqt,...dimenHn g and  ([i + 1, sDse(1,....dim(ciy D\ Ari1

are equal.

4.3)

2)

3)

Every action p € T(€) has at most one representative having the form (i, r) for
a fixed i. If such a representative exists, its second coordinate will be denoted by
r(p,i), so that p = [i,r(p,i)]. In such a case we will say that the action p is
active at the ith stage.

For a given action p, the set of stages at which p is active forms a (non-empty)
interval, i.e., has the form

{i: beg(p) <i <end(p)} (4.4)
for some integers 1 < beg(p) < end(p) < [. Denote

T (@) = {p € T(®) | end(p) < i}
T}(@) ={p € T(¢) | beg(p) <i < end(p)}
TY(@) = {p e T(€) | i <beg(p)}. (4.5)

These are the sets of actions that are finished, active and unstarted, respectively,
at the ith stage.
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(4) For every i, the following pairs of conditions are equivalent:

beg(p) =i & p=1i,r]forsomer € A;
end(p) =i < p=1[i,r]forsomer e B;. (4.6)

(5) We have

{,....0 2T 2@ 2--- 2T =0
P=T' @O CTH@C - CTOC,....I}. @7

5 Progress functions

In this section we introduce progress functions, which provide a convenient descrip-
tion of d-paths contained in a given track €. Fix a bi-pointed [J-set K, a track
¢ = (¢, Aj, B,-)f:1 in K and numbers a < b € R.

Definition 5.1 A progress function of € is a sequence f = (f*)per(e) of non-
decreasing continuous functions [a, b] — [0, 1] such that there exist numbers

a=f=hH = =hk=

such that for every p € T(€)

o fP(t) =0fort < tyeg(p)—1»

o fP(t) =1fort > tend(p)-
Let PF|,,51(€) be the space of progress functions of the track ¢, with the compact-open
topology.

For every progress function f € PF|, ;)(¢) and an action p € T(¢) we have
fP(a) =0and fP(b) = 1. Thus, f? can be regarded as a d-path in P[a,b](l)(l), and
PF4.51(€), as a subspace of Pjg (17 ®). The support of fP, defined by

supp(f7) :={t €la,b]10 < fP(t) <1}

is an open interval. We will denote its endpoints by afp and bf so that

o supp(f?) = (af , by),
e fP(t)=0fort €la,afl,
e fP(t)=1fort € [b},b].

For any sequence of numbers (#;) satisfying Definition 5.1 we have
p p
teg(p)—1 < Gy < by =< fend(p)- 5.1

The support of a progress function f is the set

supp(f) = |_J supp(f7). (52)

peT (0)
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In the remaining part of this section we will describe the relationship between
progress functions of € and d-paths contained in €. Let f = (f?) ,er(e) be a progress
function of €. Our goal is to construct a d-path of € IB(K ; (’Z)(l, that corresponds to f.
Foreveryi € {1,...,1}let

af == max bf, bf:= min af. (5.3)

PeT; (€) PETY(€)
If T1(&) = ¢ (resp. T(€) = @), we take af = a (resp. bf = b). The interval [af, bf]

is the maximal one that is disjoint from the supports of functlons  fP for actions p that
are not active at the ith stage. For every i define a d-path ,8 € P af B (Tdimfe; ) by

Bl o) = (f110), f2@), ..., plidimedlyy), (5.4)
and let of = [¢;; Bf1 € Pyt yt,(K) .

Proposition 5.2 For every progress function f € Fi4 p)(€):

@ [a,b] = Uiylaf, bf]

) of (1) —af(t)foralll jandt € [af, bf1N [af bf]

Proof By (4.7)wehavea = a{ < ag <... < alf andbf < bg <... < blf = b.Choose
asequence (t,-)ﬁz0 satisfying the condition in Definition 5.1. Foreveryi € {1,...,[—1}
we have

¢ ¢ (5 5 4.5 @5
a; = max bp max fepd(p) < 4 =< M Ifpeg(p)—1
T, (@) peT, (@) peT(€)
(5.1)
<  min af, = bf.
peT(€)

This implies (a). To prove (b), it is enough to check that a; fo) = a 41 (2) for every

t e [alH,bf]. Forr € {1,...,dim(c;)} we have

reB Y end(i =i = e T @ = df,, = b

= i@l ) =1.
Thus, f71(t) = 1 for all r € B;. As a consequence,
P, . ey = sk (PR, L R ),
where l;l.j and g; are defined in (4.1). Finally,
ol (1) = [ci; (SN @), ..., fEEmED ()] = [¢;; 8 (FOP @), ... T2 )]
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= [d}, (c: (FUP @), fEP o)),

In a similar way we can show that
. —1 . ~di
af (1) = 1dy,, (cipr): (FUFHEal@), L pUFR AR ),

Since dgm(c,-ﬂ) = dzla,- (¢;) and [i, l;,.j] =[i+1, Zzl.jH] for all j, the conclusion
follows. o

Definition 5.3 The d-path associated to a progress function £ € PFp, p1(€) is the
unique d-path of € Pla,p)(K; €) such that a(f) = af(t) for every t € [al.f, bf].
Proposition 5.2 guarantees that of exists and is determined uniquely.

The construction presented above defines the map
Re : PR (€) 3 F > af € P (K ©), (5.5)

which can be shown to be continuous. We skip a proof of this fact since it is tedious
and not necessary for proving the main results of this paper.

Now we will construct a progress function associated to a given d-path o €
13[,1, p1(K; €). Choose a €-presentation

o ="lcr: il lca: ol % - "5 [ern g1 (5.6)

Proposition5.4 Let p € T(C). Then

@ A" @) = I8V (1) whenever beg(p) < i < end(p),
® BIP(ti-1) = 0 fori = beg(p),

© ﬂ;(p’i)(ti) = 1fori = end(p).

Proof Assume that beg(p) < i < end(p). Then r(p,i) ¢ B; and there exists j €

{1,....q;} such that r(p, i) = b]. Furthermore, r(p,i + 1) = a/,,. Letx; € € 9 be
a point such that g; (t;) = 8}31, (x;) and Bi+1(t;) = 50i+l (x;). We have
B0y = B ) = s osob XDk D 89 e
ﬂ,rl‘ ) = BLn 0 ).
Ifi = beg(p),thenr(p,i) € A; and
BP0 (1) = 6, (xi) P = 0.
A similar argument shows (c). O
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For an arbitrary action p € T (€) let us define the function

0 fort < Theg(p)—1
fPila bl st 1817 @) for beg(p) <i <end(p)andt € [1i_1, 1] (5.7)
1 fort > Tend(p)

and letf, = ( f(f ) peT(¢)- Proposition 5.4 implies that this definition is valid.
Proposition 5.5 f, is a progress function on €. Moreover, a'* = a.

Proof. The sequence (¢;) from the presentation (5.6) satisfies the conditions required
in Definition 5.1. Notice that [1;_1, ;] C [a'®, b}], for all i € {1, ...,1}. Then, for
every t € [ti_1, t;], ozl.f"‘ (1) is well-defined, and

£, . S
(1) = oy (1) = [ei; (S V@), ., fLEA™D @)
= lei (B[ @), IO 1))
dim(c;
= leis (B1 @), BIS Y O)] = [ei3 Bi(0)] = (o). o
The function f, will be called the progress function of o € f’(K ; ©) with the
presentation (5.6). Proposition 5.5 implies that the map R is surjective. This map is

not, in general, a bijection: f* depends not only on the d-path « but also on the choice
of its presentation, as shown in the example below.

Example 5.6 Let K be the [J-set having exactly one cube in dimensions 0, 1, 2 and
no cubes in higher dimensions. Let e be the only 2-dimensional cube and let € =
(c1 = e, A1 = {1,2}, By = {1,2}). Leta € 13[0,2](1() be the d-path given by the
C-presentation o = [e; B], where

(t,0) fort € [0, 1]

p) = {(m— 1) forte[l,2].

Then T'(€) = {[1, 1], [1, 2]} and the progress function of « is given by

fort € [0, 1] 0 fort € [0, 1]
ARIPR L (1,21 (/) —
Ja® {1 fort € [1,2].° Jarm® {t—l forr € [1,2].°

But o has another €-presentation, namely a = [e; 8'], where

ron ]0,0) fort € [0, 1]
ﬂ(t)_{(t—l,l) forr € [1,2],

which gives the progress function with fogl’l] and fOEM] swapped.
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The following observation, which relates the progress function of a d-path with
its L1-length, plays an important role in the succeeding section. It is an immediate
consequence of the definitions.

Proposition 5.7 Fixa € ﬁ[a,b] (K; €) and its €-presentation (5.6). Foreveryt € [a, b]
we have

len(alia) = Y L.

peT (¢)

In particular, if « is natural, then fY is a 1-Lipschitz function for every p € T(€). 0O

6 Tamification theorem

In this section we will use the results obtained above to prove that the spaces of d-paths
and of tame d-paths are homotopy equivalent. The main result is the following:

Theorem 6.1 Foreveryn > 0and every K € [ISet?, all the inclusions in the diagram

D .\ S5
Plo.n (K5 n)g — Pon(K:n)j

c 6.1)

NO (KL — S N (KO
10,215 10,n1(K)p

are homotopy equivalences.

For the vertical maps this follows from Raussen (2009) The main idea of the proof
of Theorem 6.1 is to construct a functorial self—map of P[o (K n)0 that is homotopic

to the identity and maps N (),,,](K)0 into P’O (K n)o.
Any d-map g : I — I that preserves 0 and 1 induces a self-d-map gX of | K| such
that
gh(esh's 1) =T g(hY), . g (W] (6.2)

for every k > 0, ¢ € K[k]. Furthermore, a homotopy g; between gp =idand g; = g
induces a homotopy between gX and the identity map on | K|. Below we introduce a
“path-length-parametrized” analogue of this construction.

LetR : [0,n]x I — Ibean arbitrary d-map such that R(t,0) = Oand R(7, 1) = 1
for all t € [0, n]. For every k > 0, R induces the map

RF:[0,n] x I* 5 (t; hY, ... %) — (Rt BY, ..., R(@t, WY e I*.
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The maps R* are compatible with the face maps, i.e., for every ¢ € {0, 1}, K > 0 and
ief{l,...,k+ 1}, the diagram

— s S RK .
[0,n] x I¥ —— [*

id xéfl laf (6.3)

— - R -
[0, 7] x [T —— [k+1

commutes. As a consequence, forevery K € [ISet, the maps R* induce the continuous
d-map

RK . [0.7] x |K| — |K]. (6.4)
such that
RK(t, [c; x]) = [c; Rk(t, X)] = [c; R(t,x1), ..., R(t, x)] (6.5)
forc € K[k, x = (x1,..., xk) e I,

For s € [0, 1], define the map R : m xI1 — 1 by the formula R(¢, h) =
sR(t, h) + (1 — s)h. The collection of maps RSK : [07)] x |K| — | K| induced by the
maps R; is a homotopy between RX and the projection on the second factor.

These maps define, for 0 < a < b < n, the following self-maps of d-path spaces:

R: ﬁ[a,b](l_') — ﬁ[a,b](i)
I ﬁ[a,h](ik) - ﬁ[a,b](fk)
RX ¢ Py p)(K) — Plap)(K)
such that R()(r) = R(t, a(t)), R*(@)(t) = R*(t, a (1)), R¥ () (t) = R¥ (1, a(1)).

All these maps are homotopic to the respective identities via the families of maps Rj,
Rf and RSK that are defined in a similar way.

Now assume that R : [0, n] x I — T satisfies the following conditions:
(a) R(t,h) =0forh € [0, 1],
(b) R(t,h) =1forh e [3,1],
(c) Forevery h € [0, 1], the support of R(—, h),

supp(R(—, h)) ={t €[0,n] |0 < R(t, h) < 1}

is an interval having length less or equal to ﬁ.

Such a function exists; an example is given by the formula (Figs. 2, 3)
R(t, h) = min(1, max(0, (4nt + 12n°h — 8n2))).

These assumptions imply the following properties of R:

Proposition 6.2 For every o € l;[o,n](f)(l), the support of R(w) is an open interval
having length less or equal to ﬁ.
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Fig.2 A contour plot of the h

function R (not up to scale).

Values between 0 and 1 are 1

taken only in the narrow stripe . <&

R(t,h) =1

.

R(t,h) =0 1

e

Fig. 3 If a [-set K is simple enough and « is a natural d-path on K, then RX (&) = Q o « for a certain
self-map Q of |K|. The map Q sends the shaded areas into vertices

Proof Obviously R()(0) = R(0,(0)) = 0 and R(e)(n) = R(n,a(n)) = 1.
Assume that s < ¢ € supp(R)(«),i.e.,0 < R(x)(s) < R(x)(t) < 1. Then
0 < R(@)(s) = R(s, a(s)) < R(t,a(s)) < R(t, «(t)) = R(a)(r) < 1.

Hence s, ¢t € supp(R(—, «(s))), which implies that r — s < ﬁ. O

Proposition 6.3 Assume that o € ﬁ[o,n](f)(l) is a I-Lipschitz function. If t €
supp(R(a)), then [t — .t + 11 C supp(a).

Proof Assume that ﬁ(a(t)) = R(t,a(t)) > 0. By condition (a), we have «(¢) > le

which implies that o (r — }‘) > (. Using condition (b) we obtain that « () < % and,
therefore, o (¢ + 4—1‘) < 1. O
Proposition 6.4 If o € Nio (K)}, then RX () is tame.

Proof Denote w = RX (a). Choose a track € = (¢;, A;, B,~)f:1 containing «, and a
C-presentation

o ="Tcr; pi1 %% e 1" 6.6)

Immediately from the definition follows that
o(t) = [ei; RY™D (1, B;(1))] ©.7)
foralli e {1,...,1},t € [ti—1, t;]. Thus,

w = "ler; RO g 1% - [ RE™@) ()" (6.8)
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is a ¢-presentation of w. Let fy = (f) per(e) and f, = (f) per(e) be the progress
functions of & and w associated to the presentations (6.6) and (6.8), respectively.
Clearly £} = R(f}) for all p € T(€). Recall that

supp(f) = | J supp(fD) = () (of .bf).

peT(¢) peT ()
Let
supp(f,) = (x1, yD U+~ U (xp, yr) € (0, 1)
be the decomposition into the union of connected components, ordered increasingly.
Let yo =0, x,41 = n.Forevery s € {1,...,r}, let A; C T () be the set of actions

p such that supp(fi5) < (x5, ys); clearly,

T@=A0--UA,.

For every s € {1,...,r} pick an index i(s) € {1,...,[} such that [#;5)—1, ti(5)] N
(x5, y5) # . Choose a sequence (Zs);:o suchthatzg = 0,z, = nand y; < z; < X441
fors € {1,...,r — 1}. Forevery s € {0, ..., r}, o(zs) is a vertex.

Our goal is to show that

20 fo 21 fo 22 -1 fo Zr
w = [Ci(l); /3,'(1)] * [Ci(Z)Z ,3,'(2)] * ook o ﬂi(r)] *)

is a tame presentation.

By Proposition 6.2, for every s € {l1,...,r} the length of the interval (x;, ys) is
less than ﬁ |Ag] < Zl;- Since £} is a 1-Lipschitz function for every action p (Proposi-
tion 5.7), by Proposition 6.3 we have

(x5 35) € ) supp(£D).

PEA;s
Forevery s € {1, ...,r} choose us € [ti5)—1, ti¢s)] N (Xg, Ys).
Fixs € {1,...,r}. Assume that p € Tl.l(s)((’l). For every s’ > s we have

L= f7(ti—1) = [ (us) = f (ug).
Therefore, uy ¢ supp(f), which implies that p ¢ Ay. As a consequence,
peEAIU---UA;
and then bi} < ys—1. Therefore, for all s we have

fo  _ f,
Qj(y) = Max bpw < Ys_1.
pel,) (&)
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A similar argument shows that also

fo _ : 14
bi(s) = rr})m ag = Xsil.
pETi(x)(G)

. fm f(lJ
Since [z5-1, 251 S [Vs—1, Xs+1] S [a;;), by 1, we have

Prop. 5.5 £, f, fe
wl[Zsfl»ZS] = o |[Zs71’ZS] = a[’(j‘)“:ZS*lsz] = [Ci(s); ﬂi(s)|[Z.T717ZS]]’
which shows that (*) is a tame presentation of w. O

Proposition 6.5 For every s € [0, 11, RK (P}, ,(K)b) € Pl (KD},
0] 31 -1 . .
Proof If o« = [cy; B1]*--- * [cy; Bi] is a tame presentation, then also
— 1 _ o t -1 = di 1
RE (@) = "lers RE™D (B -+ % [ops RIMED (B))]

is a tame presentation, since Rgim(ci)(ﬂi)(t,-_l) = 0 and Iégim(c")(ﬂi)(ti) =1
for all i. O

Proof of Theorem 6.1 By Proposition 6.4, the diagram (6.1) can be completed to the

diagram

D S
P[t(),n](Kv ”)0 — P[O,n](K§ ”)(1)

RK

NO (KOY — S N (K)L
10,,1(5)9 10,,1(K)p

Since RX : Pyo.(K; n)y — Pon(K; n)4 is homotopic to the identity via the maps
RX, the right-hand triangle of the diagram commutes up to homotopy. For similar rea-
sons, Proposition 6.5 implies that also the left-hand triangle commutes up to homotopy.
Both vertical inclusions are homotopy equivalences: their homotopy inverses are the
naturalization maps (see Sect. 2.8), since the a naturalization of a tame d-path is tame.
Now an easy diagram-chasing argument shows that all the maps in the diagram are
homotopy equivalences. O

Let Tam,’f : 13[0,,,](1(; n)(l) — 1\7[’0’"](1()(1) be the composition
> g natX o 1 RE =, 1oty S 1
Po.n)(K; n)g —> Njo.n)(K)g —> P ,)(K;n)g — Nig (K- (6.9)
The following is an immediate consequence of Theorem 6.1:
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Corollary 6.6 For everyn > 0 and every bi-pointed O-set K € OSet?, the map TamX
is a homotopy inverse of the inclusion if : ﬁ[’o’n](K)(l) - 13[0,,,](1(; n)(l). Further-
more, the maps Tamf are functorial with respect to K, i.e., they define the natural
transformation 13[0,,1](—; n)‘l) = 1:7[’0”1](—)(1) of functors CSet’: — Top.

7 Cube chains

In this section we define the cube chain category Ch(K) of a bi-pointed [-set K, and
formulate the main results of the paper.

Definition 7.1 Let (K, 0k, 1x), (L,0z,1;) be bi-pointed [-sets. The sequential
wedge, or the wedge of K and L is a bi-pointed [l-set (K Vv L,0kvr, 1xvr) such
that

(K v L)[n] = K[n]]]L[n] forn > 0,

(K v D)[0] = (K[O1[] L[O])/1k ~ O,

the face maps of K Vv L are the disjoints unions of the face maps of K and L,
Ogve =0k, 1gve =1;.

Remark The sequential wedge operation is associative but not commutative. Similarly,
one can define the “parallel” wedge of K and L by identifying 0x with 07 and 1
with 17 in K [ ] L. This will not be needed here; in this paper we use only sequential
wedges.

Let Seq(n) be the set of sequences of positive integers n = (n1, ..., n;) such that
ni+---+n; =n.Forn € Seq(n),

In| = n is the length of n,
I[(n) = [ is the number of elements of n,
= le=1 njfori €{0,...,1(n)} is the ith vertex of m,

Vert(n) = {tlp}ﬁ(:n()) is the set of vertices of n.
Definition 7.2 Let n € Seq(n). The wedge n-cube is the bi-pointed [J-set
gvm.=0OnvOev...vOm,

where [ is regarded as a bi-pointed [J-set by taking (l =(@,...,0,1=(1,...,1).
The geometric realization of [1Y™ will be denoted by IV™. Fori € {0, ..., I(n)},

v =10y = 0 € OV[0]

is the ith vertex of (V™.

Let OCh,, be the full subcategory of (Set’ with objects V™ for n € Seq(n). We
will introduce a notation for some morphisms of LJCh,,. Let u,, € (0"[n] be the unique
top dimension cube. For a partition

{1,....,m +m}=AUB, |Al=my>0, |Bl=m >0,
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let pap : O™ v O™ — "M be the unique bi-pointed [J-map such that

(PA,B(Uml) = dg(uml—t-mz) and ¢’A,B(“m2) = d};(”m1+m2)- For n € SCQ(”),
ic{l,....Imyand AUB ={1,...,n;}let

Siap M v...vOu-tvOAy OBy Ot v O

ldD”l \% ldD"’z—l V(pA_BVIanH_] \ Vlan[ D"l

Vv Ot-ty O v O+ v .0 = OV, (7.1)

Fix a bi-pointed (-set K € CISet}.

Definition 7.3 A cube chain in K (of length n) is a bi-pointed C-map ¢ : O™ — K
for some n® € Seq(n). The multi-index n = n® will be called the type of ¢. For short
we denote /(¢) = [(n®), tf = tin°.

There is a 1-1 correspondence between cube chains in K and sequences of cubes
(c1,...,c7) such that d%(cy) = 0k, d'(¢;) = 1k and d'(¢c;) = d°(c;41) for all
i € {1,...,1 —1}. Indeed, a cube chain ¢ : OY™ — K determines the sequence
(c(udim(cl.)))ﬁzl, and a sequence (c,-)iz | determines the unique [J-map

¢ : Odimen) \, Ly pdime) g (7.2)

such that €¢(ugim(c;)) = ¢;. This shows that the notion of a cube chain defined here
coincides with the definition introduced in Ziemianski (2017). Below, we will identify
cube chains ¢ and the corresponding sequences (cq, ..., ¢;) satisfying the conditions
above.

Definition 7.4 The length n cube chain category Ch(K; n) of K is the slice category
OCh, | K. In other words, objects of Ch(K; n) are cube chains of length n, and
morphisms from a to b are commutative diagrams

|:|\/l‘la 421’ K

<Pl l= (1.3)

|]\/llb —b> K

in OISet}. The full cube chain category of K is Ch(K) := [ [,~o Ch(K; n).

Forc e Ch(K;n),i € {1,...,Im%}and AUB = {1, ...,nf}denote d; 5 p(c) =
cod; A p. The morphism d; 4 p(c) — ¢ of Ch(K; n) that is given by the composition
with §; 4, will be also denoted by §; 4, 5.

There is a forgetful functor dom : Ch(K; n) — [ISet] that assigns to every cube
chaine : Y™ — K its domain (0™ This s equipped with the natural transformation
dom — constg, which is induced by the chains themselves. For every n > 0, this
transformation induces the map

FE: colim  Niom(@"™)§ — Ny, (Kb (7.4)
aeCh, (K:n)}
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into the space of tame d-paths, since all d-paths in ]\q/[o,n](Dv“a)(l) are tame; see the
discussion in the beginning of the next section for details.
Consider the sequence of maps

AK nK - 1
|Ch(K; n)| <~ che%ch(()}g%N(Dv" ) On, cecccal(llr(nn)N(DV“ ) — N (K)gs
(15)

where AX is the composition

hocohm N(Dvn )0 — hocohm{*} | Ch(K; n)],
ceCh(K;n)

and QX is the natural map from the homotopy colimit to the colimit of the functor
N(Dvn(_))l
0

Theorem 7.5 For every K € USet:, all the maps in the sequence (1.5) are weak
homotopy equivalences.

Proof Itfollows from Ziemiariski (2017, Proposition 6.2.(1)) that the space ﬁ[o, 1 (DV“)(I)
is contractible for every n € Seq(n). As a consequence, the map Af is a weak homo-
topy equivalence by Dugger (2008, Proposition 4.7). The maps Q,If and FnK are weak
homotopy equivalences by Propositions 10.4 and 9.7, respectively. O

As an immediate consequence, we obtain the main result of this paper.

Theorem 7.6 The functors

OSet’ 5 (K, 0,1) — P(K)§ € hTop
and

OSet} > (K, 0,1) — | Ch(K)| € hTop

are naturally equivalent. In particular, for every bi-pointed U-set K, the spaces P (K )(1)
and |Ch(K)| are homotopy equivalent.

Proof For every K € OSet], there is a sequence of maps

- C - -

Ch(K)| = Ch(K; t K; 1 —_ P(K; 1 = P(K 1

ICh(K)I = ]—[l (K:n)l Theorem 75, Nio.m (K n)y Theorem 6.1 (K5 mo (2.9 Ko
n>0 >0 n>0

which are all functorial weak homotopy equivalences. O
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8 Natural tame presentations

In this section we study properties of presentations of natural tame paths on an arbitrary
bi-pointed [J-set K. Fix an integer n > 0, which will be the length of all d-paths
considered here.

If

o ="lcr: Bil kleas ol %% 1 1 @.1)

is a tame presentation of a tame natural d-path o € ]\7{0 n](K )(1), thenc = (¢, ..., )
is a cube chain in K, and

B=P1%prx- %P e Nomd ™) (8.2)

is a natural d-path such that @ = [¢; B] = |c| o B. For every pair (¢, B) such that
c € Ch(K;n)and 8 € N[o,n](K)(l) we can associate the presentation (8.1) when we

take B; = '3|[tic—l'tic]’ regarded as a natural d-path in 1 - IV2° This is construction
is correct: since ﬂ(tic) = vl!‘c, the whole segment f; lies in the ith cube of the wedge

cube 7Y™ This identifies tame presentations of natural paths having length n with
elements of ]_[ceCh( k) Niom (1 V“c)(l) that are mapped into « by the composition

- e - - Froo
[T Nom@™)§— colim NiouT¥™)§ = Niy,y(K)g. (8.3)
’ ceCh(K;n) ’ ’
ceCh(K;n)

Thus, elements of ]_[ceCh( K:n) 1(7[0,,,] (f nc)(l) will be also called natural tame presenta-
tions, or nt-presentation_§ for short.
For any d-path « € P4,5(K) denote

Vert(a) = oz_l(|K(o)|) = {t € [a, b] | x(?) is a vertex}. (8.4)

Note that if o € ]V[o,,,](K)(l), then Vert(e) € {0, 1, ..., n}. If additionally o admits a
natural tame presentation &« = [c; §], then Vert(n®) C Vert(«).

Definition 8.1 A natural tame presentation « = [c; 8] is

(a) minimal if Vert(o) = Vert(n®),

(b) regula;; if for every i € {1,...,(c)} there exists t € [t |, ] such that B;(¢) €
0, )",

(¢c) equivalent to a natural tame presentation o :_)[c/ ; B'] if both (e, ) and (¢, B')
represent the same element in colimeech(k:n) Njo,n]( vnc)(1).

Equivalently, « = [c; 8] is not regular if B; € ﬁ[tffl,lf](afn?) for some i €
{1,...,1(c)}.

The set of equivalence classes of nt-presentations of « is just (F I’é)’l(a). The
example below shows that there may exist non-equivalent nt-presentations of a given
natural tame path.
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Example 8.2 Let K = [1° Uyrs [1° be the union of two standard 3-cubes, glued along
their boundaries. Denote the 3-cubes of K by ¢ and ¢’ and choose ad-patha € N I 3)'1)
that is not tame. But « regarded as a d-path in K is tame; it has two different tame
presentations: [c; o] and [¢’; @], which are not equivalent. The two presentations are
not regular.

Proposition 8.3 Assume that o« = [c; 8] is an nt-presentation. Assume that k €
Vert(a)\ Vert(n®). Then there exists an nt-presentation o = [¢/; B'] that is equiv-
alent to [¢; B] such that Vert(n®) = Vert(n®) U {k}.

Proof Leti € {1,...,1(c)} be an integer such that t7 | < k < t7. We have g; (k) €
{0, 1}”19; denote

A={je(l,....nS} | B k) =1}, B={jell,....n}| B/ k) =0}

Obviously A/ I
there exist unique paths y € N[tl_cil’k](lw)(l,, y' e N[k,,ic](l‘m)(l, such that Bi ;e | 1 =

k¢ = Oforall j € B and ,3,‘~/|[k,tf] = 1 for all j € A. Therefore,

5%()/), Biltk.ie) = 8114()/’). As a consequence,

[ei; Bil = [ci3 8% ()] * [eis 84, (N1 = [d%(ci); 1% [d) (ci); v'].
Let

¢ = (et cim1,d3(c), dA (), citls -y Cie) € Ch(K; ),

B =Bix-xBisixy kv % Bigt %% By € Nioay (1™ )3

We have d; 4 p(¢) = ¢/. The map

Nio.n1(8i.4.8)8 : Nioig(I¥™ ) = Ny (I¥™)

induced by the morphism §; 4. : ¢ — ¢ sends B into B’. As a consequence, the
presentations [¢; 8] and [¢, B8] are equivalent. The condition Vert(nc/) = Vert(n®) U
{k} follows immediately from the definition of ¢’. O

Proposition 8.4 Every natural tame presentation is equivalent to a minimal natural
tame presentation.

Proof This follows by induction from Proposition 8.3. O
Proposition 8.5 Every regular nt-presentation is minimal.

Proof Assume that [¢, 8] is a regular nt-presentation. Then,ifor everyi € {1,...,1l(c)}
there exists tl.“jl <t < tl.“c such that B;(r) € (0, 4™ which implies that
Vert(8;) = {t,.“_cl, t,.“c}. Since Vert(a) = | J; Vert(B;), the presentation [c; 8] is mini-
mal. O
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A d-path o € ]\7[’0’"](1{ )‘1) is regular if it admits a regular presentation. To prove
that all nt-presentations of regular d-paths are equivalent, we need the following.

Lemma8.6 Leta, B € P?[a,b](lﬁm) be d-paths such that:

@ (@) = pla) =0, | |

®) a(b) =B0b) ¢ 31", ie,0<al(b) =) <1 forall j,

(c) foreveryt € [a, b), the sequences (' (1), ..., ")) and (B' (1), ..., B (1)) are
equal after removing all 0’s.

Then a = B.

Proof Induction with respect to m. For m = 1 this is obvious. Let s € [a, b] be
the maximal number such that o/ (s) = 0 for some j € {l,...,n}. Condition (c)
implies that «(t) = B(¢) for t > s, since there are no 0’s to remove. By continuity
also a(s) = B(s). If s = 0, then the lemma is proven. Assume s > 0 and let
A={j|al(s) =Bi(s) =0} Leta/, B/ € Pryq(I"™141) be the paths obtained
from a|[4,s) and B][4,s) by removing all coordinates belonging to A. By the inductive
hypothesis, we have &’ = B’ and, therefore, (4,51 = Bla.s]- O

Proposition 8.7 Every regular natural tame d-path « € N[t0 n](K)(l) admits a unique
minimal nt-presentation, which is regular. As a consequence, all nt-presentations of o
are equivalent.

Proof Let @ = [c; B] be a regular nt-presentation and let « = [¢/; '] be a minimal
presentation. By Proposition 8.5, we have Vert(n®) = Vert(«) = Vert(n®) and hence
n¢ = n®. Fixi ¢ {1,...,1(c) = I(c')} and choose ¢ € [tf |, ] such that B;(¢) €
I "?\ai " Now [ci; Bi(¢)]is acanonical presentation of the point o (i ). Since dim(cl’. ) =
dim(c;), also [c], B/(t)] is a canonical presentation of « (), which implies that ¢; = c;
and i (1) = p;(t). Applying Lemma 8.6 we obtain that ;| 1) = B;lp¢ | 1) and the
“opposite” analogue of this lemma implies that §; I, = Bl ] As a consequence,
ci = c¢; and B; = B for all i, and hence ¢ = ¢ and g = p’. Thus, the minimal
nt-presentation of « is unique and all nt-presentations of « are equivalent to it. O

Proposition 8.8 Assume that K C [". Then every natural tame path « € ﬁ[to n (K)ll)
admits a unique minimal presentation.

Proof Let o = [e, B] and @ = [¢/, 8] be minimal nt-presentations. We have n :=
n® =n®. Foreveryi € {1,...,I(c) =I(c)} we have

[d%(ch); 01 = [c}; 01 = [c}, BL(t™ D] = a (™)) = [ci, Bi (tP- ] = [ci, 01 = [d°(ci); O]
[dl(C,{); Ol=Ici; 1] = [}, B/(tMH] = a () = [ci, Bit)] = [ci, 1] = [d'(c;); O

Thus, ¢; = ¢} since they have the same extreme vertices. Furthermore, all the maps

1N

lcil - 1" — I are injective, which shows that 8; = B!. O
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9 Comparison of the colimit and the space of natural tame d-paths

Fix a bi-pointed [l-set K and an integer n > 0. In this Section we investigate the
sequence of surjective maps

N e = ae 4 FLoo
[T MNom"™)§— colim Nigu(I"™)g —> Ny (K- 9.1)
ceCh(K;n) ’
ceCh(K;n)

The spaces appearing in this sequence are, respectively from left to right, the space of
nt-presentations, the space of equivalence classes of nt-presentations and the space of
natural tame d-paths. The main goal of this section is to prove that the map F} is a
homotopy equivalence. Recall that Tam,’f is the tamification map defined in (6.9).

Proposition 9.1 Ler« € 1(7['0’"](1(),1). Assume that Vert(e) = Vert(TamX (a)). Then o
is a regular natural tame d-path.

Proof Let o = [c; B8] be a minimal nt-presentation. Then also
Tam¥ (@) = [¢; Tam{™ (8)]
is a minimal nt-presentation, since Tam,, is functorial, and
Vert(TamX («)) = Vert(a) = Vert(n®).

Assume that « is not regular. Thus, there exists i € {1,...,/(¢)} such that B; €
Nye | 4e1(@1")g. Then

n n

Tam ™ (B); == Tam™ (B)lye 161 € Nge i1 (91"}

is tame (regarded as a d-path in T ”f) and, therefore, k € Vert(Tam,Il:Ivnc (Bi)) for some
tf_; < k < t. This contradicts the assumption, since k ¢ Vert(a). O

Proposition 9.2 Let « € 1\7{0’"](1{)(1). If a = [¢; Bl and o = [¢; B'] are equiv-
alent nt-presentations, then also Tamf () = [c; TamnDvn (B)] and Tam,lf (@) =

[¢; Tam,lljv" (B)] are equivalent nt-presentations.
Proof This follows from the functoriality of Tam,,. O

Below we change decorations at Tam; the upper index in Tam™ stands for the
m-fold composition.

Proposition 9.3 Assume thatm > n. Let « € ](7[’0,,1]([()(1, and let o = [¢; Bl and o =
[¢'; B'] be nt-presentations of o. Then the nt-presentations Tam™ (a) = [¢; Tam™ (B)]
and Tam™ («) = [¢/; Tam™ (B)] are equivalent.

@ Springer



Spaces of directed paths on pre-cubical sets Il 73

Proof We have an ascending sequence of sets

{0, n} C Vert(a) C Vert(Tam(w))
- Vert(Tamz(a)) C ... C Vert(Tam™ («)) € {0, ..., n}.

Hence, there exists » € {0, ..., m — 1} such that Vert(Tam’ («)) = Vert(Tam’ ™! («)).
By Proposition 9.1, Tam” («) is a regular tame path and hence, by Proposition 8.7,
the nt-presentations Tam’ («) = [¢; Tam”(B8)] and Tam” («) = [¢’; Tam" (B’)] are
equivalent. Now the conclusion follows from Proposition 9.2. O

In terms of diagrams, Proposition 9.3 states that for every m > n in the diagram of
solid arrows

colim N[o,n](ivnc)(l)M, colim N’[O’n](i\/nc)(l)

ceCh(K;n) ceCh(K;n)
Kom e e v
FK Fom FX 9.2)
ot 1 Tam™ ot 1
N[o,n](K)o > N[o,n](K)o

there exists a function fX-” that makes the upper triangle commutative. Since FnK is
surjective, also the lower triangle commutes. However, it is not clear whether f% is
continuous. We will tackle with this problem in the rest of this section, starting with
the following lemma.

Proposition 9.4 Let X, Y be metric spaces and let L > 0. Let Lip; (X, Y) denote
the space of L-Lipschitz maps X — Y with compact-open topology and let YX be
the space of all continuous maps X — Y with the product topology. Assume that Y
is compact. Then the inclusion map Lip; (X, Y) S v¥Xisa homeomorphism on its
image.

Proof We need to prove the following statement: for every compact subset K C X, an
open subset U C Y and f € Lip; (X, Y) such that f(K) C U there exist sequences
X1, ..., X, of points of X and Uy, ..., U, of open subsets of ¥ such that

VeeLip, (x.v) (V] g(xi) € Uj) = g(K) € U).

Since f(K) is compact, the distance d between f(K) and Y\U is strictly positive.
Let {x1, ..., x,} be a family of points of K such that the family of open balls having
radius d /2L and centered at the x;’s cover K. Let U; = B(f(x;), d/2). Assume that
g € Lip; (X, Y) is a function such that g(x;) € U; for all i. For every x € K there
existsi € {1, ..., n} such that disty (x, x;) < d/2L. Therefore,

disty (g(x), f(x;)) < disty(g(x), g(x;)) + disty (g(x;), f(x;))
< Ldisty (x, x;) +d/2 < d.
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As a consequence, g(x) € U, which ends the proof. O
Proposition 9.5 For every n € Seq(n), the space ﬁ[o’n](fvn)(l) is compact.

Proof Since
I(n)
Nio ("™ = [ Nin m "3,
i=1

it is sufficient to prove that N[O,n] (f”)(l) is compact. But 1(/[0,,,] (f")(l) is a closed subset
of Lip;(, I""), with L!-metric on I", so the statement follows from Proposition 9.4.
O

Proposition 9.6 If K is finite, then the map fX-™ (9.2) is continuous for m > n. For
arbitrary K, fX-™ is continuous form > n + 1.

Proof If K is finite, then so is Ch(K; n). Thus, cc(?ll(llr(n ) ]V[o,n](fvnc)(l) is compact by
ce n

Proposition 9.5 and then the left-hand vertical map is a quotient map. As a consequence,
fm 1s continuous for m > n.
Assume that m > n + 1. For any d-path o € N[’0 (K )(1, there exists a finite

sub-[J-set L C K such that o € ﬁ[o,n](L)ﬁ. Let
UL = {x € |K|| dist(x, |L]) < I},

where dist stands for the L-distance on |K|. The set N[to,n](U L)(I) is an open neigh-
borhood of &, which is mapped by Tam into N [’O’ n](L)(l]; this follows from properties

(a) and (b) of R. The restriction of f Kom 1o ]Cf[’o il w )(1] is equal to the composition of
continuous maps

- Tam = fLm-1 . - >uncs 1 . - >unc 1

NL ()Y =5 NY (D)) ———  colim N, IV™)a € colim N I17™),.
10,21 10.11(L)o Solim (0., )y € ol (0., )y

Thus, f%™ it is continuous at every point (d-path) o. O

Asaconsequence, forevery m > n+1(9.2) is acommutative diagram of continuous
maps. Since the horizontal maps are homotopic to the identities on the respective
spaces, we obtain:

Proposition 9.7 The map

FK: colim Nig,(I"™)§ — Ny, (K)g
ceCh, (K)}

is a homotopy equivalence with a homotopy inverse anH' O
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10 Comparison of the homotopy colimit with the colimit

Fix a bi-pointed [J-set K and an integer n > 0.
In this section we show that the map

0K : hocolim N([@"™)} — colim N (@OV™)}§ (10.1)
ceCh(K;n) ceCh(K;n)

is a weak homotopy equivalence. We will use the following criterion due to Dugger
(2008). Let C be an upwards-directed Reedy category (Dugger 2008, Definition 13.6)
and let F : C — Top be a diagram. The latching object of ¢ € Ob(C) is

L F := colimyc . F o dom, (10.2)

where dC |, cistheslice category over the object ¢ with the identity objectid, removed,
and dom : C | ¢ — C is the forgetful functor. The latching object is equipped with the
latching map A. : Lo F — F(c) that is induced by the cocone {F(¢)}(p:a—c)cacyc-

Proposition 10.1 (Dugger 2008, Proposition 14.2) Assume that the latching map A,
is a cofibration for every object ¢ € Ob(C). Then F is projective-cofibrant and so
hocolim¢g F — colime F is a weak equivalence.

The category Ch(K; n) admits a grading deg(a) = n — /(a), which makes it an
upwards-directed Reedy category: for every non-identity morphism ¢ : a — b in
Ch(K) we have [(a) > [(b).

For every ¢ € Ch(K; n), the functor

a coa

|:|\/l'l —_— K
Ch(@™)d > @™ & 0 al J— e Ch(K:n) | ¢ (10.3)

D\/nc _c, K

is an isomorphism of categories: the functor dom : Ch(K;n) | ¢ — [Ch, is its
inverse. Furthermore, the functors N, [0.1] (DV“H )(1) on Ch(OY™) and N[O,n] (DV“H )(1] o
dom on Ch(K; n) | c are naturally equivalent. As a consequence, the latching map
Lcﬁ[o,n](i v“(_)) — N[o’n](DV“c) is related by homeomorphisms to the canonical
map

colim N,y (1™ = Nio.(1™)8. (10.4)

acd Ch(Ovn°)

where o Ch(DV“c) is the full subcategory of Ch(DV“c) with the identity cube chain
OV S O™ removed. In particular, the latching map of ¢ depends only on the type

n¢ of c.
For n € Seq(n) denote
AN, (0Y™8 = {a € Njo,(3"™)8 | Vert(a)\Vert(n) # @ }; (10.5)
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this is the space of all natural tame paths that admit an nt-presentation [¢; 8] such that
¢ is a non-identity cube chain, i.e., ¢ # idvn.

Proposition 10.2 For every n € Seq(n) we have

An = - R
im colim N, FALY PN Y, ") = N vyl
<ce8 Ch(dvm 011 )0 0.1 )> 10,10 g

Furthermore, Ay is a homeomorphism onto its image.

Proof Assume that o ¢ Bl\ql[o,n](DV“)(l) and let « = [c; 8] be a minimal nt-
presentation, which exists due to Proposition 8.4. Since Vert(n®) = Vert(a) #*
Vert(n), ¢ is not the identity cube chain. Therefore, A,(c, f) = o, which implies
that aN[o "] (DV“)0 C im(Ap).

If o € im(Ap), then there exists an nt-presentation @ = [¢, ] such that ¢ 7 idgva.
Thus, Vert(«) 2 Vert(n®) 2 Vert(n) and, therefore, o € aN [0 ,,](Dvn)o

There exists an embedding of DV“ in (0", Then Proposition 8.8 implies that all
nt-presentations of a d-path o € aN, [0, n](DV“)O are equivalent, since they are all
equivalent to a unique minimal nt-presentation. As a consequence, (An)~ () is a
one-point set and, therefore, Ay is a bijection onto its image.

By Proposition 9.5, all the spaces appearing in the colimit are compact. Since the
indexing category d Ch(CJV™) is finite, the colimit is compact and Ay, is a homeomor-
phism onto its image. O

Proposition 10.3 For every n € Seq(n), the inclusion dNio,,(I"™)8 C Ny (V™3
is a cofibration.

Proof Denote for short N := aﬁlo,n,(mvn)},, N = ﬁlo,n](DV“)(l), P =
ﬁ[o,n](DV“)(l). We will prove that IN is a strong neighborhood deformation retract
in N.Ifn = (1,..., 1), then Vert(m) = {0, 1,...,n} and hence 9N = ¢. Assume
thatn # (1 1) and fix an embedding (1™ C D" Forany d-patha € P[O n](I n)0
leta/ € P [0 ,,](I )O denote the jth coordinate of «, regarded as a d-path in / In (via the
chosen embedding 1™ = |[OY1| C |O"| = I").

Denote Free(n) = {1, ..., n — 1}\Vert(n). The function

f: N3ars min max min{ozj(k), 1-— aj(k)} e [0, 1]
keFree(n) je{l,...,n}

is continuous, and f~1(0) = IN.Fix0 < & < % and let U = f~1([0, ¢)); we will
construct a strong deformation retraction of U into aN.

For a € [0,¢] let g(a, —) : I — I be the function such that g(a, h) = 0 for
h € [0,a], g(a,t) = 1for h € [1 —a, 1] and g(a, —) is linear on the interval
[a, 1 — a]. Note that |t — g(a, )] < a forallt € I.

Fors € [0,1],x € N andt € [0, n] let

G(s,a)(t) = (1 —s)a(t) +s(g(f(@), a' (1), g(f (@), a* (1)), ..., g(f (@), a"(1))).
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Ifa/ (1) = nforn € {0, 1}, then g(f (), a’ (t)) = n, which implies that G (s, &) () €
IV foralls e [0, 1]. Thus, this formula defines a continuousmap G : [0, 1]xU — P.
Let us prove that the composition nat oG is a strong deformation retraction of U into
aN. Indeed, for every o € 9N we have f (o) = 0 and, therefore, nat(G (s, @)) =
nat(a) = « for all s € [0, 1]. If @ € U, then there exists k € Free(n) such that

min{e’ (k), 1 — &/ (k)} < f(a)
forall j € {1,...,n},ie.,a/(k) €[0, f(@)]U[l — f(a), 1]. Thus,
Gl a)(k) = (g(f (@), &' (k)), ..., g(f (@), a"(k)))
is a vertex. Furthermore,
|k —len(G(1, e)ljoxn)| = [k — Y g(f (@) e/ (k)
j=1

n

=Yl ) =) g(f(@), el (k)

j=1 j=1

IA

n
> el 0 - g(f@, @l ()| = nf@) < 1.
j=1
Thus, len(G (1, a)|j0,xg]) = k and hence nat(G(1, a))(k) = G(1, a)(k) is a vertex,
which shows that nat oG (1, @) € IN. O

Proposition 10.4 The map
0K hocolim IC/(DV"C)}, — colim N(Dv"c)})
ceCh(K;n) ceCh(K;n)

is a weak homotopy equivalence.

Proof By Propositions 10.2 and 10.3, the assumptions of Proposition 10.1 are satisfied.
|
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