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Abstract We study the moduli space I, , of rank-2r symplectic instanton vector
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1 Introduction

A symplectic instanton vector bundle of rank-2r and charge n on the projective 3-space
PP is an algebraic vector bundle E = Ej, of rank-2r on P*> which is equipped with a
symplectic structure ¢: E —> EV, ¢ = —¢ and satisfies the vanishing conditions
h%(E) = h'(E ® Op3(—2)) = 0. The Chern classes ¢ (E) and c3(E) vanish, and we
also assume c2(E) = n > 1. We shall denote by 1, , the moduli space of symplectic
(n, r)-instantons.

Rank-r symplectic instantons on P3 relate in a natural manner with “physical”
Sp(r) instantons on the four-sphere S% i.e., connections on principal Sp(r)-bundles
on S* with self-dual curvature [1]; the moduli spaces of the former are in a sense
a complexification of the moduli spaces of the latter. This relation is expressed by
the so-called Atiyah—Ward correspondence [1,3], which relies on the fact that the
projective space P is the twistor space of the four-sphere S* The present paper and
its companion [7] are the first to study the geometry of the moduli spaces 1, .. While [7]
studied the case n = r (mod 2), with n > r, the present paper deals with the other
case, n = r + 1 (mod 2), with n > r + 1. The main result of this paper is that a
component I,; . of I, , that is singled out by a certain open condition (which rules out
some “badly behaved” monads) is irreducible.

We exploit as usual the monad method [2,4-6,8, 11, 12], which allows one to study
instantons by means of hyperwebs of quadrics. Namely, we realize I, , as the quotient
space of a principal GL (H,)/{£id}-bundle =, ,: MI,, — I, ,, where M1, , is a
locally closed subset of the vector space S, of hyperwebs of quadrics (precise defini-
tions will be given later on). The tame locus I}, being open in I, ,, its irreducibility
is equivalent to that of M1}, = 7, ) (I, )- The key ingredient of our approach is the
reduction of the last problem to that of certain sets Z,_,41 (see Sect. 3). The sets Z;
as locally closed subsets of some vector spaces related to S,, were first defined in [9].
It is shown in [9, Section 9] that Z; can be interpreted essentially as open subsets of
certain affine bundles over the monad spaces Mg;[_l of 't Hooft rank-2 mathematical
instantons of charge 2i — 1—see more details in Sect. 3.2. Thus the irreducibility of
Zn—r+1, hence that of I,/ is reduced to the irreducibility of the moduli spaces of
't Hooft instantons of fixed charge, which is well known; see references in [9]. This
nontrivial relation between the spaces /,;, and the moduli of 't Hooft instantons is
crucial for the results in this paper. Note that this process of reduction from Iy, to
the moduli of 't Hooft instantons somewhat resembles Barth’s approach in [4] to the
proof of irreducibility of the moduli space I of instantons of charge 4. In that paper,
Barth reduces the problem to the irreducibility of the space Q,, of commuting pairs of
(good in some sense) pencils of quadrics for n = 4. In our case the role of spaces O
is played by the moduli spaces of 't Hooft instantons.

Notation and conventions. Throughout this paper, we consider an algebraically closed
base field k of characteristic 0. All schemes will be Noetherian. By a general point of
an irreducible (but not necessarily reduced) scheme X we mean a closed point of a
dense open subset of X. An irreducible scheme is generically reduced if it is reduced

@ Springer



Symplectic instanton bundles on PP3 and 't Hooft instantons 75

at all general points. We follow the notation of [9]. So, we fix an integer n > 1, and
denote by H, and V fixed vector spaces over k of dimension n and 4, respectively,
and set P> = P (V). Furthermore, S,, (the space of hyperwebs of quadrics) will denote
the vector space 5anv QNVV. A hyperweb of quadrics A € S, is a skew-symmetric
homomorphism A: H,®V — H,’®V", and we denote by W, the vector space
H, ®V /ker A and by c4 the canonical epimorphism H,® V — Wj4. A choice of A
induces a skew-symmetric isomorphism g4: Wa —> W), and A is the composition

. oY
H®V 5wy 2 wy A HY VY.

For any morphism of Ox-sheaves f: F — F we denote by the same letter f the
induced morphismid® f: U®F — U ®F’, and analogously, for any homomorphism
f: U — U’ of k-vector spaces, the induced morphism f®id: U®F — U'®F. For
A € S, we denote by a4 the composition

HY®Ops (1) 5 H,®V@0ps —2 W4 ®Ops,

where u is the tautological subbundle morphism. By abuse of notation, we denote by
the same symbol a k-vector space, say U, and the associated affine space V(U"Y) =
Spec(Sym*UVY).

2 Explicit construction of symplectic instantons
In this section we provide some examples and recall some facts about M1, ,, in partic-
ular, its relation with the moduli space I, , of symplectic instantons, see [7, Section 3].

Let us consider the set of (n, r)-instanton hyperwebs of quadrics

() tk(A: H,®V — H/®VY) =2n+2r,
MI,, =1 A€S,: (i) themorphismay: W,/ ® Ops — H, ® Op3 (1) is surjective, § (1)
(iii) #O(Epr(A)) = 0, where Ey, (A) = ker(a 0g4)/ima

Theorem 2.1 (i) For each n > 1, the space M1, , of (n,r)-instanton nets of
quadrics is a locally closed subscheme of the vector space S,, given locally
at any point A € M1, , by

2n — 2r 5
( ) ):211 —n@r+1D)+rQ2r+1) 2)

equations obtained as the rank condition (i) in (1).
(i1) The natural morphism

Ty My, = Ly, A [Ex(A)],
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is a principal GL (H,)/{£id}-bundle in the étale topology. Hence I, , is a quo-
tient stack M1, , /(GL(H,)/{£id}), and is therefore an algebraic space.

The fibre Fig) = nn_l([E 1) over a point [E] € I, , is a principal homogeneous space
of GL(H,)/{+£id}, so that the irreducibility of (1, )rea amounts to the irreducibility
of the scheme (M1, ,)red- Besides, (2) yields

dimy M1, , > dim$, — (2n° —n(@r + 1) +r2r + 1))

2 3

=n"+4n(r+1)—rC2r+1)
at all points A € MI, . Thus, dimg1,, = 4n(r + 1) — r(2r 4+ 1) at all points
[E]l € I, ,,as M1, , — I,, is an étale principal GL(H,,)/{£id}-bundle.

2.1 Symplectic (n + 1, n)-instantons

We give a construction of symplectic (n+ 1, n)-instantons and describe their relation
to usual rank-2 instantons with second Chern class ¢, = 2n. This will be established at
the level of spaces of hyperwebs of quadrics M1, 11 , and M1y, |, regarded as spaces
of monads.

Denote by Isom,, 1 ,—1 the set of all isomorphisms

¢: Hn—i—leaHn—l — Hyy,. (4)

This is the principal homogeneous space of the group GL(2n). Moreover, for any
¢ € Isomyq1,—1, let pr: Sy — Su41 be the induced epimorphism, and, for any
monomorphism i : H, < Hp,41, let Pry): S,+1 — S, be the induced epimorphism.

Note that M1, ;1 is irreducible [10, Theorem 1.1], and one has the following
result [10, Theorem 3.1].

Theorem 2.2 There exists a dense open subset Mlz*n,] of My, 1 such that for any
hyperweb A € MIz’"n’1 and a general { € Isom, 41 ,—1 the rank of the homomorphism
B = p;(A): Hy41QV — H,:/_H®Vv coincides with the rank of A: Hy, @V —
Hy,®@V":

tkB=1rkA=4n+2. 5

Set Way, 42 = Hr, ® V /ker A and define the skew-symmetric isomorphism g4 : W42
- szz 4o and the morphism of sheaves a4 : Hzn ® Ops (—1) — Wap12® Ops with
H», and Wy, 4> taken instead of H,, and W4, respectively. The morphism a4 and its
transpose ‘aq = ayoqa: Wap2®Ops — H,, ® Ops (1) yield a monad

Ma: 0 = Hyy®O0ps(—1) B Wip2®0ps —> HY,®@Op3(1) — 0
with the cohomology sheaf E2(A), [E2(A)] € 24,1, see Theorem 2.1.
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Leti;: Hyy1 < Hp, be the monomorphism defined by the isomorphism (4). The
composition

i
ap: Hy11®@0p3(—1) < Hy, @ Ops(—1) g, Win42® Ops

and its transpose ‘ap = ajoq yield a monad

Mp: 0 = Hys1®0ps(—1) B Wiai2®0ps 5 HY  ®0p(1) — 0
with the cohomology sheaf
E>,(B) = ker'ap/imap, c3(Ey(B)) =n+1.
The symplectic isomorphism g4 : Wapo —> W, 4o induces a symplectic structure

on Er,(B),
¢B: Exn(B)—> Ez,(B)". (6)

Moreover, (5) implies an isomorphism H, 11 ® V /ker B >~ Wy,4>, hence a monomor-
phism of spaces of sections

t
h'(ag): Wanp2®0p —> HyY, @V

in the monad M g. Hence for this monad one has h°(E», (B)) = 0. This together with
(6) means that E», (B) is a symplectic instanton

[E2n (B)] € In+1,n-
Note that, by construction, the monads M4 and Mp fit into the commutative diagram

Vv
a q a
0 —> Hpp1®0p3 (=1) —5 Wiy 2@ Op3 —> Wy, ®0ps —> HY, 1@ 0p3(1) —> 0

=~ IIVT
\2

a

A A A
00— H2n®o]p3 =) — W4n+2®O]P’3 - W4vn+2®op3 I H2vn®oﬂ:°3(1) — 0.

~ v

i w

)

In view of (6) and the canonical isomorphism Hy, /i, (H,41) >~ H,_1, this diagram
yields the quotient monad

Mag: 0 = Hy 1®0pa(—1) 5 Esy(B) 25 Eay(B)”
aip v
— H,  ®0ps(1) = 0
whose cohomology sheaf is E2(A) = ker (aX,Boqu)/im as.
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78 U. Bruzzo et al.

2.2 A special family of symplectic (2n —r +1, r)-instantons
For any integer r, 2 < r < n, with n > 2, consider a monomorphism
T: Hyy 1 = Hoy

such that
T(Haon—r+1) D ig(Hpy1). (8)

The image of A € M1y, 1 under the projection Sy, — S2,,—,41 induced by t produces
a hyperweb of quadrics A; € Sp,—,+1. This corresponds to a monad

Me: 0 = Hapeyp1®O0pa(—1) <> Wips2® Ops
areda Hy, 1 ®0Ops(1) — 0,
whose cohomology is the rank-2r bundle
E>-(A;) =ker(a; 0q4)/imax, 9)
where a; = agot. The bundle E3,(A;) has a natural symplectic structure
¢r: Ear(Ar) = Ezr(Ar)Y (10)
induced by the antiselfduality of the monad M, . Moreover, by (8), the monad M, can

be included into diagram (7) as a middle row, thus obtaining a three-row commutative,
anti-self-dual diagram. Thus, in addition to the monad M4 g, we also have the monads

M.: 0 = Hy,®Ops(—1) > En(B) % Exn(B) L5 HY @0ps(1) — 0,

with the cohomology E,(A;) = ker (a’; 0o¢)/ima., and

"

M2 0 = Hy 1 ®0p (1) <> Ey(Ar) 25 Ea(Ap)
a//;/ v
— H ,®0p(1) — 0,
with the cohomology E(A) = ker (a”; o¢)/ima’.
Since E»,(B) is a symplectic instanton, hO(E2n(B)) = h'(E2,(B)(=2)) = 0, and
the monad M, yields
hO(Ex (Ar)) = W' (B2 (A0)(=2) =0, i 20, ca(Ex(Ar))=2n—r+1.

This, together with (10), means that [E2,(A7)] € lon—r+1.r
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Remark 2.3 The maps 7 lie in the set
Ny, = {t € Hom(Hzy— 41, Hap) : T is injective and im T D im i, }

which, for fixed A € M, 1(¢), parameterizes a family of hyperwebs A; from
MI,—r41,,. Now, Ny, is a principal GL(H2,—,4+1)-bundle over an open subset
of the Grassmannian Gr(n —r, n—1), so it is irreducible. As a result, the family of
the three-row extensions of diagram (7) is parameterized by the irreducible variety
M, 1(¢) X Ny, . This in turn implies that the family D,, , of isomorphism classes
of symplectic rank-2r bundles obtained from these diagrams by (9) is an irreducible,
locally closed subset of I2,—,41,. It is not clear a priori if the closure of D, , in
Ipp—r+1,r 1s an irreducible component of I, 41 .

Let 2 < r < n. For every monomorphism i : H, < H»,_,11, denote by B(A, i) the
image of A € MIy,_,+1,, under the projection So,—,+1 — S, induced by i. It may
be regarded as a homomorphism B(A,i): H,®V — H,/’®V".

Definition 2.4 We say that A € MIp,_,y1,, satisfies property (x) if there exists a
monomorphism i : H, < Hj,_,41 such that B(A, i) is invertible.

This is an open conditionon A. By Theorem 2.1, w2, 41, : Mp—ry1.r = Dp—ri1.r
is a principal bundle, so that, if an element A € nz_nl_ il +([E2;]) satisfies (), then
any other point A" € nz_nl_ vt ([E2r]) satisfies (x). A symplectic instanton E5, from

D>y —r41,r s said to be tame if some (hence all) A € 7'[27n17rJrl - ([E2r]) satisfies property
(). This is an open condition on [Ey,] € Ipp—r41,r-

Remark 2.5 Using (8), we see that any [E2,] € D is tame. We define
Ly = Iy U+ Uly,

where I(1), ..., I are the irreducible components of I5,_,11, whose general

points are tame symplectic instantons. As D, » C I3, _, ., . by definition, /5, .,
is nonempty. If we define MI3 ., = 7[2_nl—r+1 r(IZ*n—r—i-l r), then the map

Ton—r41.r " MIz*n_er — Iikn—r+1,r is a principal GL(Hz,—,+1)/{%1}-bundle.

3 Irreducibility of I

n—r+1,r

3.1 A dense open subset of M1} . Lr

We want to obtain the irreducibility of Iy . by reducing it to that of X}, ,, a dense open
subset of MIZ*n—r S The subset X, , is a locally closed subset of the product of an
affine space and an affine cone over a Grassmannian. Given an integer n > 1, we
define the following dense open subset of S,;:

S0 = {AeS,:A: H,®V — H,/®V" aninvertible map}.
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80 U. Bruzzo et al.

We need some more notation. By definition, an element B € Sg is an invertible anti-
self-dual map H,®V — HY®V". Its inverse B~': HY®V" — H,®V is also
anti-self-dual. Consider the vector space X, , = H," L®H'® A*VV. An element

C € X, , can be viewed as a linearmap C: H,_,;+1®V — an® VYV, and its dual
CV:H,QV — var+l ® VY. As the composition C¥o B~ 1o C is anti-self-dual, we

n
can consider it as an element of /\Z(an 1 ® VV) ~ S,,_r+1€]9/\2HnV_r+1®S2VV.

Thus the condition -
D—CYoB 'oCeSy 1. DeN(HY ., 0VY),

makes sense.
Under an arbitrary direct sum decomposition

&: Hy® Hy—r1 —> Hon—r41 (11)
we can represent the hyperweb A € Sy,,—,41, regarded as a homomorphism
A: Hy@V®H,—,11®V - H/QVY®H, . @V,

as the (8n — 4r +4) x (8n — 4r 4+ 4)-matrix of homomorphisms

o A1(&) Ax®)
A= (—Az(f)v A3(5>)’ 12

where
A1(§) €Sp. A2(E) € By = Hom (Hy, HY ) @NVY, A3(6) € Suzpp.
With this notation, decomposition (11) induces an isomorphism
E: S i1 = 8@, B8 11, A (A1), A2(E), A3(£)). (13)

LetIsom, , be the set of all isomorphisms & in (11). According to Definition 2.4, there
exists & € Isom,, , such that the set

Ml;n—r+l,r($)
= {A € MI,—r41, : A satisfies property () for the monomorphism

ig: Hy — Hp,_,41 determined byf}
is a dense open subset of MIZ*n—r—H .- Now take A € MIZ"‘n_rJr1 (&) and consider
A as a matrix of homomorphisms as in (12). By definition, the submatrix A{(§) is
invertible. By a suitable elementary transformation we reduce the matrix A to an
equivalent matrix A of the form

i (idHn®V A1(E) oA (®) )
0 AxE)VoA () ToArE) + A3(8))
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Sincerk A =1tk A = 2(2n —r 4+ 1) 4+ 2r = 4n + 2, we obtain the following relation
between the matrices A1(£), A2(&) and A3(&):

tk(A2(5)V0 A1(5) o A (§) + A3(8)) = 2. (14)

Consider the embedding of the Grassmannian

G=Gr(2,H/ ,,®VY) — P(N(H,,,®V")),

n

and let KG C /\2(an—r+1® VY) be the affine cone over G. Set KG* = KG\ {0}.

We can now rewrite (14) as

Ar(§)V0A1(E) 0 Ar(E) + A3(§) € KG, 15)
where
Ar(€) o A1(E) oA (E) € N(H) ;1 ®VY), A3() €Sy 1. (16)
Now consider the set
Xu,={(B,C,D)eSIXE, , xKG*:D—CYoB 'oCeS,,11}. (17

Since for an arbitrary point y = (B,C,D) € )?n the point E_I(B, C,D —
CVoB~lo(C)liesin S2n—r41, it may be considered as a homomorphism Ay : Ho,— 41
RV — szn_r+1®VV of rank 4n + 2, and we have a well-defined (4n+2)-
dimensional vector space W4, 12(y) = Hz,—r+1® V/ker A, together with a canonical
epimorphismcy : Hyp—r+1®V — Wy, 2(y) and aninduced skew-symmetric isomor-
phism gy : Wap12(y) —> Wan12(y)" such that Ay = ¢)/ogyocy. Now, similarly to
the morphism a4 : Hyp—r+1Q@Op3(—1) = Wa,42® Ops (see Sect. 2.1), a morphism
of sheaves

ay = cyou: Hyp 1 1®@0p3(=1) = Wy 12(y)® Ops

is defined, together with its transpose ‘a, = a;/oqy P Win2(0)®0ps — Hy, 1 ®
Ops (1). We now introduce the following open subset X, , of the set fn,r:

(i) ‘ay is epimorphic,

(ii) [Ker'ay/imay] € I} : (18)

Xn,r = [)’ € Xn,r :
2n—r+1,r

Since conditions (i) and (ii) on a point y € }?n,r in (18) are open, from (15) and (16)
we obtain the following result.

Proposition 3.1 There exist a decomposition & € Isom, ., a dense open subset

MI5, ., &) of MI5, .. and an isomorphism of reduced schemes

For: MBy i1, (6) =5 Xy A (A1), A2(6), A3()).
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82 U. Bruzzo et al.

The inverse isomorphism is given by the formula

fott Xoy = MI3, (), (B.C,D)+ & '(B,C,D—C"oB 'oC),
where E is defined in (13).
The following theorem will be proved in Sect. 3.2.

Theorem 3.2 The set X, , is irreducible of dimension 2n — r + D2+4Qn—r+
Do +1)—rQ2r+1).

Proposition 3.1 and Theorem 3.2 imply that M3, 41, 18 irreducible of dimension

(2n—r+1)2+4(2n—r+1)(r+1)—r(2r+1)foranyn22and2§r < n.

Thus, for these values of n and r, the space I;n_r il is irreducible and has dimension

42n —r+ D)(r +1) —r(2r + 1). Substituting 2n — r + 1 +— n, we obtain the main
result of this paper.

Theorem 3.3 For any integer r > 2 and for any integer n > r + 1 such that n =
r + 1 (mod 2), the moduli space 1,/ of tame symplectic instantons is an open subset
of an irreducible component of I, , of dimension 4n(r +1) —r(2r 4 1).

3.2 Proof of irreducibility of X,, ,

We prove now Theorem 3.2. Consider the set X n.r defined in (17). Since X, is an
open subset of X, ,, it is enough to prove the irreducibility of X, ,. In view of the
isomorphism S? = (S)°: B > B~!, we rewrite X, , as

Xpr={(B,C,D)e ()%, xKG*:D—CY0BoC €S,_ry1}.
If a direct sum decomposition
H,— H,_, 1 1®H
has been fixed, any linear map
Cex,, =Hom(Hy_ry1, H'QNVY), C:Hy 1 1®V — H'RV",
can be represented as a homomorphism

C: Hy—r11®V > H . \®@VYOH V",

_(9
C= (¢)’ (19)

and also as a block matrix
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with

¢ € Hom (Hy—r41, an_r+1)®/\2Vv= Dpri1,
I/IE‘I’nr—Hom( n—r+1, H, )®/\2VV

In the same way, any B € (8))° C S = S?H,®\*V C Hom(HY®V", H,®V)

can be represented as
_f B A
B (_ " M), 20)

BieS) ., CHom(H/ ®VY.Hy ;1 1®V),
AELy, = Hom(H,  Hyp 1) ONV, peM,_y = S*H, 1 @NV

with
(2D

By (19) and (20), the composition
CVoBoC: Hyy1®V — HY ., ,®@VY, CYoBoC e N(H)/,, ,®VY),
can be written in the form
CYoBoC = ¢ oBjogp + ¢ ooy — YV orYog + vV ouo. (22)
In view of (19)—(21), we have
Sy XTnr =8, 1 XP®u_rp1 X Wy x Ly, xM,_y,
well-defined morphisms
P Xnr = Ly, xM, xKG, (Bi,¢, ¥,k t, D)+ (h, 1, D),
and
p= ﬁ|Y,”: Yn,r — L, xM,_1xKG.

Here Y,“ is the closure of )~(,” in (S,\{)0 x X, r x KG. Moreover, we have

Proposition 3.4 Let n > 2. For any B € (S;{)O and for a general choice of the
decomposition H, >~ Hy,_,+1® H,_1, the block By of B in (20) is nondegenerate.

Proof By applying [9, Proposition 7.3], r times, one obtains a decomposition H,, —
Hy,_y1+19 H,_1 suchthat By : HV_r_H ®VY - H,_,+1®YV in (20) is nondegenerate,

n

thatis, By € (S,/_ r+1)0. O
If X is any irredu_cible component of X, ,, taken with its reduced structure, and X

is its closure in X, ,, we pick up a point z = (B, ¢, ¥, A, u, D) € X not lying
in the components of X, , different from X, and such that the decomposition H, =~
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84 U. Bruzzo et al.

H,_,+1® H,_ is general. Then, by Proposition 3.4, By € (S,Lr H)O. Consider the
morphism

frA' =X, 1t (By, 2, ty, th, 20, t*D),  f(1) =z

This is well defined as a consequence of (22). The _point f(©) = (B1,0,0,0,0,0)
lies in the fibre p~1(0, 0, 0), so that p~1(0, 0, 0) N X # @. In different terms,

0 1(0,0,0) # @, where p = p|X. (23)
By (22) and the definition of X n.r» ONE has

7710,0,0) = {(Bl,¢, ¥) € (S,LH])OX D, 1 xV,, :

§ 24)
¢ oBiop € Sp_r41}.

Now for each i > 1 consider the set Z; mentioned in the introduction. This set Z; is

defined in [9, Section 7] as

Zi ={(B.¢) € (S)x ®; : ¢ 0Bog €8}, (25)

and has a natural structure of closed subscheme of (Siv)ox ®;. The key point in the
sequel is the fact that Z; is an integral scheme of dimension 4i (i +2)—see [9, The-
orem 7.2]. This statement is based on the following relation between Z; for i > 2
and the moduli space of 't Hooft instantons of charge 2i — 1. Fix a monomorphism
j: Hi—1 — H;.For an arbitrary pointz = (B, ¢) € Z;,let Ey; bg a symplectic vector
bundle of rank-2i defined as a cokernel of a morphism of sheaves B: H; ® Op3(—1) —
Hl.v® Qp3 (1) naturally induced by B. Let s(z): H; — HO(E5; (1)) be the composi-
tion of ¢ understood as a homomorphism H; — Hl.v®/\2VV and of the evaluation
map H'® NV — HY(E»; (1)), and let s, be the composition

5ot Hi@0p(—1) 25 HO(Ey (1) @0 (—1) <5 Ey,

where ev is the evaluation morphism. Using the symplecticity of E;;, one obtains an
antiselfdual monad

oj "(s;0j
MZ): 0 — Hi_1®Ops(—1) RNy _Gz0)

HY ®0p(1) — 0

with a rank-2 cohomology vector bundle E>(z) with ¢y = Oand ¢; = 2i — 1. A
standard diagram chase yields a monomorphism H;/j(H;—1) @ Ops(—1) — E2(2)
showing that hO(Ez(z)(l)) # 0, i.e., that E2(z) is a 't Hooft instanton vector bundle.
Thus the association z ~» M (z) yields a morphism of Z; to the space Mgl_l of the
't Hooft monads, which is irreducible since the moduli space of 't Hooft instantons
of charge 2i — 1 is known to be irreducible. It is shown in [9, Section 9] that this
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morphism Z; — Mgl_ | is a composition of a dense open embedding and the structure

map of an affine bundle over Mglf[_l. This implies the irreducibility of Z;.
Now, comparing (25) for i = n — r + 1 with (24), we obtain scheme-theoretic
inclusions

p1(0,0,0) C p7'(0,0,0) C 571(0,0,0) = Zy—r 1 x Wy r. (26)

By the above, Z,,_,1 is an integral scheme of dimension 4(n —r + 1)(n — r + 3).
This together with (26) implies that

dim p~1(0,0,0) < dim p~1(0,0,0) < dim Z,_, 4| + dim ¥, ,
=4dn—-r+1Dn—-r+3)+6(r—DHn—r+1) 27
=m—r+1)@4n+2r+06).

Hence, in view of (23),
dim X < dim p~1(0, 0, 0) +dimL, , + dimM,_; + dim KG
m—r+0DM@n+2r+6)+6(r—Dn—-—r—+1)
+3(r—1Dr+ @n—8r—+5)
=Qn—r+D?4+4Qn—r+ D@ +1)—rQr+1).

<
<
(28)

On the other hand, formula (3)—with n replaced by 2n — r 4+ 1—and Proposition 3.1
show that, for any point x € X such that A = fn_r1 (x) € Mlikn—rﬂ,r@)’

Cn—r+1D>4+4Cn—r+ D@ +1) —rQr +1) < dimy Mlz*n—r+1,r(5) 29
= dim X.

Comparing (28) with (29), we see that all inequalities in (27)—(29) are equalities. In
particular,

dim p~'(0, 0) = &im(Zy—+1 x ¥,,,) = dim X — dim (L., x M, x KG). (30)

Since, by [9, Theorem 7.2], the scheme Z,,_,, is integral and so Z,_, 1 x ¥, , is
integral as well, (26) and (30) yield the coincidence of the integral schemes

p10,0,0) = p~10,0,0) = 5710,0,0) = Z_, 11 XV, .. (31)

We need now the following easy lemma, which is a slight generalization of [9,
Lemma 7.4].

Lemma 3.5 Let f: X — Y be a morphism of reduced schemes, with Y an integral
scheme. Assume that there exists a closed point y € Y such that, for any irreducible
component X' of X,

(a) dim f~'(y) = dim X’ — dim Y,
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(b) the scheme-theoretic inclusion of fibres (f|x/)_1 (y) C f_1 (y) is an isomorphism
of integral schemes.

Then

(i) there exists an open subset U of Y containing y such that the morphism
fli-1wy: F~YU) - U is flat, and
(1) X is integral.

By applying this lemma to X = X,,,, X' = X, Y = L,,xM,_1xKG, y =

(0,0), f = p, also in view of (30) and (31), one obtains that X, , is integral and is
of dimension

Cn—r+1D2>4+4Cn—r+ D +1) —rQr+1).

Theorem 3.2 is thus proved.
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