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Abstract The classification of the Lie point symmetries of the nonlinear wave equa-
tions with dissipation give a generic case and eight special cases. In this article we
show that in seven of the eight cases the action of the Lie symmetries can be globalized
via induced representations of a family of solvable Lie groups. In one special case,
we show that the action of the Lie symmetries can be globalized by using an induced
representation of GL(2, R).
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1 Introduction

Symmetry methods in the analysis of differential equations have been extensively
studied. References in the literature abound; the reader can be referred to [1,7–9] for
some extensive treatments of the subject. Lie’s original prolongation algorithm pro-
vides infinitesimal generators for the symmetry groups of differential equations. It is
well known that the actions of these generators exponentiate to one-parameter local
Lie groups, c.f. [9]. However, these actions seldom exponentiate to a global action of
a Lie group. Hence, many of the tools from Lie theory cannot be used. However, in
a groundbreaking article Craddock discovered that by restricting to a special subset
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of the solution space of a partial differential equation, the local actions generated by
its symmetry Lie algebra could be globalized, c.f. [2]. This started the study of the
the globalization problem for the action of symmetry groups of differential equations.
In [5,6,10,13], this problem is solved by using the representation theoretic technique
of parabolic induction. Using this method, spaces of solutions to the different partial
differential equations are constructed. These spaces consist of smooth functions on
which the actions of the Lie symmetries globalize. Themost refined results are attained
when considering linear equations. However, this problem has also been studied for
nonlinear equations in [5,11,12]. In this article, most of the symmetry groups are solv-
able. In the special case of nilpotent groups, Craddock and Dooley studied the heat
equation on nilpotent groups in [3]. As a result, they studied a very similar equation
as the one that concerns us in this article.

Here we consider the globalization problem for the family of nonlinear wave equa-
tions with dissipation of the form

utt + ϕ(u)ut = (
f (u)ux

)
x . (1)

It is well known [7] that the infinitesimal generators
{
X1 = ∂t , X2 = ∂x

}

of the symmetry group form an Abelian Lie algebra. It is also well known that the
symmetry algebra extends in five special cases of f , and some special cases of ϕ. The
special cases of f are

f (u) = 1, f (u) = ± eu, f (u) = ± uσ, f (u) = ± u−4,

f (u) = ± u−4/3,
(2)

whereσ ∈ R
×. In all these cases, with the exception of a special case (2), the symmetry

Lie algebra is extended by an operator of the form

X3 = αx∂x + βt∂t + (γ u + κ)∂u,

where α, β, γ and κ are constants and γ ·κ = 0. Following the ideas in [5,10,11],
we construct a space of solutions on which the action of a solvable group globalizes
the action of the one-parameter subgroups generated by the symmetry group of the
corresponding differential equation. In the special case of (2) the Lie algebra spanned
by the Lie symmetries is isomorphic to sl(2,R) and the analysis is more interesting.
In the end, we are able to globalize the action of the symmetry group of each of the
special cases of the nonlinear wave equations with dissipation on a space of smooth
functions. For more on Lie symmetry analysis of equations with sl(2,R)-symmetries
see [4], where equations with equivalent Lie symmetries are studied.

2 Solvable group

To construct a space of functions on which the action of the symmetry group can be
globalized we consider the family of solvable Lie groups
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Gα,β =
⎧
⎨

⎩
gq,t,x =

⎛

⎝
qβ 0 t
0 qα x
0 0 1

⎞

⎠ : t, x ∈ R, q ∈ R
>0

⎫
⎬

⎭
, α, β ∈ R,

and the subgroup

Pα,β = {
gq,0,0 : q ∈ R

>0}, α, β ∈ R.

On this subgroup, we define the family of characters parametrized by γ ∈ R,
χγ : Pα,β → C

× by

χγ (gq,0,0) = q−γ.

Then, the induced representation of Gα,β by this character on Pα,β is given by

Iα,β,γ = Ind
Gα,β

P (χγ )

= {
ϕ ∈ C∞(Gα,β) : ϕ(gp) = χ(p)−1ϕ(g), g ∈ Gα,β, p ∈ Pα,β

}
,

where the action of Gα,β on this space is given by left translation.
The subgroup

Nα,β = {g1,t,x : t, x ∈ R}

is canonically isomorphic to R
2. Using this isomorphism, we can define a represen-

tation of Gα,β isomorphic to Iα,β,γ by restricting the domain of the maps in Iα,β,γ to
Nα,β . More specifically, we define the space

I ′
α,β,γ = {

f ∈ C∞(
R
2) : f (t, x) = ϕ(g1,t,x ), (t, x) ∈ R

2, for some ϕ ∈ Iα,β,γ

}
.

To see that this restriction map defines an isomorphism, we notice the easily checked
fact that

gq,t,x = g1,t,x ·gq,0,0.

Thus,

ϕ(gq,t,x ) = ϕ
(
g1,t,x ·gq,0,0

) = qγ ϕ(g0,t,x ) = qγ f (t, x).

Hence, the value of ϕ at gq,t,x is completely determined by the value of f (t, x). Thus,
the restriction map is surjective and it is clearly injective. To see that the isomorphism
intertwines with the action of Gα,β we define the action of Gα,β on I ′

α,β,γ by

gq1,t1,x1 . f (t, x) = qγ
1 f

(
(t − t1)q

−β
1 , (x − x1)q

−α
1

)
(3)

and it is routine to check that the vector space isomorphism is indeed intertwining.
At this point, we compare the action of the Lie algebra gα,β of Gα,β with the

actions of the symmetries of (1). The Lie algebra gα,β is spanned by the matrices
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{ξ1 = e1,4, ξ2 = e2,4, ξ3 = e2,2 + e3,4}, where ei, j is the 3×3 matrix with zeros in
all positions except for a one in the i, j-th position. Using (3), we can calculate the
action of the one-parameter groups generated by {ξ1, ξ2, ξ3}. We obtain

(
exp(sξ1) · f

)
(t, x) = f (t − s, x),

(
exp(sξ2) · f

)
(t, x) = f (t, x − s),

(
exp(sξ3) · f

)
(t, x) = esγ f

(
e−sβ t, e−sαx

)
.

(4)

We use these to show the following theorem.

Theorem 2.1 The action of the groups Gα,β on I ′
α,β,γ globalizes the action of the

one-parameter groups generated by the Lie symmetries of the equation

utt + ϕ(u)ut = (
f (u)ux

)
x

in the following cases:

f (u) ϕ(u) α β γ

1 uσ 1 1 −1/σ
±uσ 1 1 0 2/σ
±uσ uν 1 − σ/(2ν) 1 −1/ν
±u−4/3 uν 1 + 2/(3ν) 1 −1/ν

where σ �= −4/3.

Proof To obtain this result one needs to differentiate the actions (4) and note the fact
that a vector field of the form

V = τ(t, x)
∂

∂t
+ ξ(t, x)

∂

∂x
+ φ(t, x, v(t, x))

∂

∂v

generates a one-parameter group such that

d

ds

∣∣∣∣
s=0

(
exp(sV ) · f

)
(t, x) = −τ(t, x)

∂ f

∂t
(t, x) − ξ(t, x)

∂ f

∂x
(t, x)

+ φ(t, x, f (t, x)),

c.f. [9]. Then a case by case analysis of the table shows that the action of the one-
parameter subgroup of ξi on I ′

α,β,γ corresponds with the action of Xi in each particular
case as desired. ��

So far, we have just considered the cases when γ �= 0. Now, let us consider the
cases for which the extension has κ �= 0 (and correspondingly γ = 0). In this case
the action of Gα,β on I ′

α,β,0 becomes

gq1,t1,x1 . f (t, x) = f
(
(t − t1)q

−β
1 , (x − x1)q

−α
1

)
.
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Unfortunately, this action does not globalize the action of the one-parameter group
generated by X3 whenever κ �= 0. To obtain the desired globalization, we define the
map θκ : Gα,β × I ′

α,β,0 → I ′
α,β,0 by

θκ(gq1,t1,x1) · f (t, x) = f (t, x) + κ ln q1.

This map defines an action of Gα,β on I ′
α,β,0, indeed

(
θ2

(
gq1,t1,x1 ·gq2,t2,x2

) · f )(t, x) = f (t, x) + κ ln q1q2
= f (t, x) + κ ln q1 + κ ln q2

= (
θ2(gq1,t1,x1) ·

(
θ2(gq2,t2,x2) · f

))
(t, x).

Using this, we can define an action γκ : Gα,β × I ′
α,β,0 → I ′

α,β,0 by

(γκ(g) · f )(t, x) = (
θκ(g) ·(g · f ))(t, x).

This action can be explicitly calculated; we obtain

γκ(gq1,t1,x1) · f (t, x) = f
(
(t − t1)q

−β
1 , (x − x1)q

−α
1

) + κ ln q1.

Nowwe can calculate the action of the one-parameter groups generated by {ξ1, ξ2, ξ3};
we obtain

(
exp(sξ1) · f

)
(t, x) = f (t − s, x),

(
exp(sξ2) · f

)
(t, x) = f (t, x − s),

(
exp(sξ3) · f

)
(t, x) = f

(
e−βs t, e−αs x

) + κs.

Differentiating these actions as in Theorem 2.1, we obtain the following theorem.

Theorem 2.2 The action γκ : Gα,β × I ′
α,β,0 → I ′

α,β,0 globalizes the action of the one-
parameter groups generated by the Lie symmetries of the equation

utt + ϕ(u)ut = (
f (u)ux

)
x

in the following cases:

f (u) ϕ(u) α β γ

1 eu 1 1 −1
± eu 1 1 0 2
± eu eku 1 − 1/(2k) 1 −1/k

where k is an arbitrary non-zero constant.
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This completes the globalization problem for the Lie symmetries of the nonlinear wave
equations with dissipation for which the Lie symmetries form a solvable Lie algebra.

3 Case: f (u) = ± u−4/3 and ϕ(u) = 1

This case is fundamentally different than the previous cases. In particular, because in
this case the symmetry Lie algebra is isomorphic to gl(2,R), hence reductive; in all
previous cases the Lie algebras were solvable.

As it is well known gl(2,R) ∼= sl(2,R)⊕R. In this case, a standard sl(2,R)-triple
is given by the set

{
2x∂x −3u∂u, ∂x , −x2∂x +3x(u+μ)∂u

}
and the operator ∂t spans

the center of the Lie algebra. To fully take advantage of the semisimple structure of
sl(2,R), we will continue to realize gl(2,R) as sl(2,R)⊕R and the corresponding
construction at the level of the groups. So let G be the connected component of
GL(2,R) that contains the identity. Then, G can be realized as the group

G =
{((

a b
c d

)
, g

)
: a, b, c, d ∈ R, g ∈ R

>0, ad − bc = 1

}

with the product defined coordinate-wise with matrix multiplication on the first coor-
dinate and scalar multiplication on the second. Consider the parabolic subgroup

P =
{((

a 0
c a−1

)
, 1

)
: a, b, c ∈ R

}

and the subgroup,

N =
{
Nt,x =

((
1 x
0 1

)
, et

)
: t, x ∈ R

}
.

From its definition we can see that N is isomorphic to R2 via the map (t, x) → Nt,x .
We will use parabolic induction to construct a representation of G via a character

χ : P → C
× that we will define by

χ

((
a 0
c a−1

)
, 1

)
= a−3.

The corresponding induced representation of G is

I = IndGP (χ) = {
ϕ ∈ C∞(G) : ϕ(gp) = χ(p)−1ϕ(g), g ∈ G, p ∈ P

}

with the action of G on I given by left translation, that is

g1 ·ϕ(g2) = ϕ
(
g−1
1 g2

)
.
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An element in G can be decomposed as a product of an element in N times an element
in P in the following way:

((
a b
c d

)
, g

)
=

((
1 bd−1

0 1

)
, g

)((
d−1 0
c d

)
, 1

)

provided d �= 0. The set N P forms an open dense set inG. Therefore, a function ϕ ∈ I
is completely determined by its values on N . This implies that the map � : I ′ →
C∞(

R
2
)
given by �(ϕ)(t, x) = ϕ(Nt,x ) is injective. Let I ′ be the image of � in

C∞(
R
2
)
, that is

I ′ = {
f ∈ C∞(

R
2) : f (t, x) = ϕ(Nt,x ), (t, x) ∈ R

2, for some ϕ ∈ I
}
.

Since � is certainly linear, it is a vector space isomorphism between I and I ′. The
space I ′ can be given the structure of a G module such that the restriction map ϕ �→ f
is intertwining. This action can be obtained explicitly as follows

(((
a b
c d

)
, g

)
· f

)
(t, x) =

(((
a b
c d

)
, g

)
· ϕ

)
(Nt,x )

= ϕ

(((
a b
c d

)
, g

)−1

· Nt,x

)

= ϕ

(((
d dx − b

−c a − cx

)
, g−1et

))

= (a − cx)−3ϕ

(((
1 (dx − b)(a − cx)−1

0 1

)
, g−1et

))

= (a − cx)−3 f

(
t − ln g,

dx − b

a − cx

)
.

(5)

By differentiating the action (5), we obtain the following theorem.

Proposition 3.1 An element
((

α β
γ −α

)
, δ

) ∈ sl(2,R)⊕R acts on I ′ by

3(xγ − α)u∂u − δ∂t + (
γ x2 − β − 2α

)
∂x .

In particular, the action (5) of G on I ′ globalizes the action of the one-parameter
groups generated by the Lie symmetries of the equation

utt + ut = (± u−4/3ux
)
x .
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