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Abstract The aim of a study of the presented paper is the differential subordination
involving harmonic means of the expressions p(z), p(z) + zp'(z), and p(z) + ZZ (g‘)
when p is an analytic function in the unit disk, such that p(0) = 1, p(z) # 1. Several

applications in the geometric functions theory are given.
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1 Introduction

The harmonic mean, known also as the subcontrary mean, is one of several kinds
of average, and is the special case power mean. It is used for the situations when
the average of rates is desired and has several applications in geometry, trigonome-
try, probabilistics and statistics, algebra, physics, finance, computer science, etc. The
harmonic mean is one of the Pythagorean means, along with the arithmetic and the
geometric mean, and is no greater than either of them. The harmonic mean H of
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the positive real numbers x1, x2, ..., X, is defined to be the reciprocal of the arith-
metic mean of the reciprocals of x1, x2, ..., x,
—1
l— 1
H:(—Z—) ) (1.1)
n = X
For the special case of just two numbers x| and x», the harmonic mean can be written
2x1x2
xi+x2

In this special case, the harmonic mean is related to the arithmetic mean

_ X1+ x2

A , and the geometric mean G = /x1x3,

by H = %2, or G = v AH meaning the two numbers’ geometric mean equals the
geometric mean of their arithmetic and harmonic means.

Several concepts of the classes involving arithmetic and geometric means were
appeared in the literature (see e.g. [1-9,11-14,16,17], for the extensive studies, we
refer to the Miller and Mocanu monograph [10]).

The purpose of this paper is to study the harmonic mean, as a supplementary to
the well-known arithmetics and geometric Pythagorean means. In addition, a new
mean brings along a wide range of new possibilities for exploiting harmonic ideas in
connection of several quantities or functionals in the geometric function theory.

In order to prove our main results, we introduce some fundamental notions and
notations.

Let A be the class of all analytic functions f in the open unit disk D =
{z € C: |z| < 1}, of the form:

f@ =24 a. (1.2)
k=2

If f and g are two functions analytic in D, we say that f is subordinate to g, written
as f < gor f(z) < g(2), if there exists a Schwarz function w (i.e., analytic in D, with
w(0) =0and |w(z)| < 1, for all D) such that f(z) = g(w(z)), z € D. Furthermore,
if g is univalent in D, then we have the following equivalence:

f(2) < g@ & f(0) =g(0)and f(D) C g(D).

Definition 1.1 [10, p. 21] Denote by Q the set of functions ¢ that are analytic and
injective on D \ E(g), where

E(g) = [{ e oD : lirr}q(z) = oo],
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such that ¢’ (¢) # 0 for ¢ € 9D\ E(q).

If g € O then A = g(D) is a simply connected domain.
In order to prove our main results, we will need the following lemma:

Lemma 1.1 [10, p. 24] Let g € Q, with q(0) = a, and let p(z) = a + a,7" + - -
be analytic in D with p(z) # a and n > 1. If p is not subordinate to q, then there
exist points 7o = roet® e D and to € 0D\ E(g) and an m > n > 1 for which
p(Dy,) C q(D),

(1) p(zo) = q(o),
(2) zop'(z0) = m&oq’ (Co),

"
3) p0P @) Lo msn[

P'(z0)

0q" (%0) n 1} .
q’(%0)

2 Harmonic Mean

Let p(z) = 1 +ajz+--- be analytic in D with p(z) # 1. Then p(z) +zp'(z), p(z) +

Zg,(—iz)) has the same normalization and play an important role in the theory of differential

subordination. Let f € A and set p(z) = @ Then p(z) + zp'(z) = f/(z), and if

p(z) = Z; /( iz)) ,then p(z)+ %—i? =1+ Z]{,N((ZZ)) . Extremal properties of such expressions,

as well as several relations, were frequently considered in the theory of univalent
functions. In this section, we study the differential subordination involving harmonic
means of such expressions, and present some applications in the geometric functions
theory.

Theorem 2.1 Let p(z) = 1 +ajz + --- be analytic in D with p(z) # 1. Then

2p(2) [p(2) + 20’ ()] ,
9 9 . 2.1
st{ 2p(2) + zp'(2) ] > 0= Rpi2) >0 @1
Proof Let
4@ == 22)

with A = g(D) = {w : Rw > 0}, g(0) =1, E(q) = {1} and g € Q. Then, we can
rewrite the condition (2.1) as

5 | 2P [P(x) + 20’ ()]
‘ 2p(2) + z2p/(2)

] > 0= p) <q©).

Suppose that p(z) 4 q(z).Then, from Lemma 1.1, there exist a point zop € D and a
point ¢y € 9D \ {1} such that p(z0) = g(¢o) and R p(z) > O for all z € Dy,,. This
implies that R p(zg) = 0, therefore we can choose p(zg) of the form p(zg) := ix,
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where x is a real number. Due to symmetry, it is sufficient to consider only the case
where x > 0. We have

p(zo) — 1

_ 1 _
to=q (p(zo) = e 1

then zop'(z0) = moq’ (Co) = —m (x> +1)/2 ;= y, where y < 0.
Thus, we obtain:

/ - 2
. [ 2p(20) [p(z0) + zop (Zo)]} 5 [21x(1x + y)} 2x“y -o.

2p(z0) + z0pP'(z0) 2ix+y | AxZ+y?

This contradicts the hypothesis of the theorem, therefore p < ¢ and the proof of
Theorem 2.1 is complete. O

Remark 1 We only note that the expression of the left hand side of (2.1) is of the
harmonic form of two elements x| = p(z) and xo = p(z) + zp'(z) (z € D).

Setting p(z) = AC in the previous theorem, we obtain the following corollary:

Corollary 2.1 Let f(z) =z + azt+ - be analytic in D. Then

Y AT O RPN (OB

T @ +zf(2) z

Theorem 2.2 Let p(z) = 1 +ajz+ - -+ be analytic in D with p(z) # 1. Then

[ 2p(2) +22p'(2)

1+ p2(2) + ZP(Z)p’(z)j| > 0= %p(z) > 0.

Proof Following the same steps as in the proof of Theorem 2.1, setting p(z9) =
ix, x > 0and zop'(z0) =y, y < 0, we obtain:

2p(20) + 220p' (20) [ 2ix+2y 2y
2 =0 24 - 72 22 <0
1+ p=(z0) + z0p(20) P’ (20) l—x?+ixy| (1—x%)%+xy
which completes the proof. O

Setting p(z) = & we obtain
b4

Corollary 2.2 Let f(z) =z + @zt + - be analytic in D. Then

z
2——f'(2)

N # >0:>§){@>0.
m"‘f(z)
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Theorem 2.3 Let p(z) = 1 +ajz+ - -+ be analytic in D with p(z) # 1. Then

2 [p(z) + P (Z)]
% p(2)
zp'(2)
p2(2)

> 0= NRp(z) > 0.

Proof We only need to show that p < ¢, where ¢ is given by (2.2). As in the proof
of Theorem 2.1, there exist a point zg € D such that p(zg) = ix, x > 0 and
z0p' (z0) =y, y < 0. Therefore, we have

20p'(20)
2 [P(zo) + p(z | ] 5 (ix n ._)
i P0 =9 ix/ | —0<o.

zop'(20) 2 Y

p*(z0) x
and the proof of Theorem 2.3 is completed. O

!/
Setting p(z) = M we obtain
f(z)

Corollary 2.3 Let f(z) = z + a»xz> + - - - be analytic in D. Then

zf'(2) zf"(2)
2 1+
@ [ f’(z)} w2 @)
N Py >0= Eh—f(z) > 0.

1+

@ T

Theorem 2.4 Let p(z) = 1 +ajz + - - - be analytic in D with p(z) # 1. Then

2 [p(z) IS (Z)]
p(2)

1+ p2(2) +2p'(2)

> 0= Np(z) > 0.

Proof As in the proof of Theorem 2.1, there exist a point zg in ID such that p(zg) =
ix, x >0and z0p'(z0) =y, y < 0. We have:

z0p'(20)

2 |:p(zo) 4 P20 ] 2 (ix + l)

p(ZO) — ix =0
1+ p%(z0) + zop' (20) 1—x24y '

which completes the proof. O
/
Setting p(z) = J@ we obtain

f @)
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Corollary 2.4 Let f(z) = z +axz> + - - - be analytic in . Then

f@ [ zf”(z)}
2 1+
2f'(2) () 2f'(2)
% 0= w2 .
fo o | T e T

1
Yo o

Theorem 2.5 Let p(z) = | + a1z + arz% + - - - be analytic in D with p(z) # 1, and
let0 < M < % Then

2p(2) [P(Z) + ZP/(Z)]
! -1 : 2.
2p(z) + 20/ (2) <M=lp@)—1<M 2.3)
Proof Let
q(z) =1+ Mz, (2.4)

with A =¢gD) ={w:|lw—1] < M}, q(0) =1, E(q) = @ and g € Q. Then, the
condition (2.3) can be rewritten as

2p(2) [p(2) + 20 ()]
2p(2) +2p'(2)

=1 <M= p(z) <q2).

Suppose that p(z) 4 g(z).Then, from Lemma 1.1, there exist zo € D, {p € 0D and
m > 1 such that p(zo) = ¢q(Zo) and |p(z0) — 1| < M for all z € Dy,. This implies
that |p(zo) — 1] = |q(&o) — 1| = M, therefore we can choose p(zp) of the form
p(zo) =1+ Me'?, where 0 is a real number. We have

o =q""(p(z0) = [p(zo) — 11/M,
then
20p'(z0) = méoq' (Go) = mMe'®, m > 1.
We can write:

2p(z0) [P(z0) +200"(z0)]
2p(z0)+zop'(z0)

1

_ ‘2172(10) +2p(20)z07'(20) — 2p(20) — 20p' (20)

B 2p(z0) + zop'(z0)

2Me'? + 2M%e0 + mMet® + 2mM2e2i?
24+ 2+ m)Mei?

) 1 Mi9
= M| 1+m(+—6)_
24+ 2 +m)Mei?
1+ Mei?
_ml g A EMe) |
24+ 2+ m)Met?
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In order to obtain the contradiction it suffices to show that the last expression is greater
or equal to M that is equivalent to the fact

m(l + Me'?)
24+ 2+ myMel®

‘1+

or

12 12
}2+m +20m + HME?| > (2+ 2 + m)Me'®

The last inequality holds by virtue of the inequality
M*GBm+4)+4Q+m)Mcos@ +m +4 > M*Gm +4) —4Q+m)M +m +4 > 0

or

Gm + 4)(M 1)(M 4er)>0
mt - T 4t3m) "

Since M does not exceed % the above expression is positive for every m > 1. This
contradicts the hypothesis of the theorem, therefore p < ¢ and the proof of Theorem
2.5 is complete. O

f(@)

Let p(z) = ——. Then the previous theorem reduce to the following corollary:
z

Corollary 2.5 Let f(z) = z+axz>+- - - be analyticinD, and let 0 < M < 1. Then

Y AN ISV FAC V)
) zf'(2) z
_l’_

f@)

For the case, when p(z) = f’(z), the Theorem 2.5 gives

Corollary 2.6 Let f(z) = z+axz>+- - - be analyticinD, and let 0 < M < 1. Then

2 / "
F@Q+S" D | )y — 1] < m.
2y zf"(2)
'@
Also, letting p(z) = Zf(—gz)) in Theorem 2.5, we conclude:
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Corollary 2.7 Let f(z) = z+axz> +- - - be analyticinD, and let 0 < M < 1. Then

'@ (2+ @) zf/(z))
[ (@) '@ f@ zf'(2)
—1| <M —1| < M.
NCEAR =T T
f'@ @

Theorem 2.6 Let p(z) = 1 + ajz + --- be analytic in D with p(z) # 1 and let
y € (0, 1]. Then

2p(2) [p2) + 20/ (2)] T .
‘ar O+ |27 larg p(2)] <y - 2.5)
Proof Let
1 y

with A = g(D) = {w Dargw| < y%}, q0) =1,E(q) = {1},and ¢ € Q. Then,
the condition (2.5) can be rewritten as

T
<y=- = p@@=<q@Q@).

‘ 2p() [p(2) + 20/ )]
a 2

2p(z) +zp'(2)

Suppose that p(z) # ¢(z).Then, from Lemma 1.1, there exist zg € D, {p € dD \ {1}
and m > 1 such that p(zo) = ¢ (&) and zop’(z0) = m&oq’ (o). This implies that

P(z0) = q(%0) = (ix)? = x7e¥ 7, 2.7

where x is a real number. Due to symmetry, it is sufficient to consider only the case
where x > 0. We have

1
- pzo)” —1
t=q"(p(o)) = ——F—,
p(zo)” +1
and therefore we obtain
' ' y (1) 304
z0p"(z0) = m&oq' (o) = myx 5 )¢’ . (2.8)
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Taking into consideration (2.7) and (2.8),we have

2p(20) [1 4 0P o) (ZO)}
p(20)

z0p'(20)
D(20)

2p(z0) [P(z0) + 20’ (20)]
2p(z20) + z0p' (z0)

= |arg

z0p"(z0)
p(z0)

20p'(20)
p(z0)

1+
= |arg p(zo) + arg

n+ 1+ ui
= — ar
Vo e ST

T arct u
= |y = + arctan ——
Y5 24 u?

T
2 7/51

where

x2+1
u=my o > 0.

This contradicts the hypothesis of the theorem, therefore p < ¢ and the proof of
Theorem 2.1 is complete. O

Setting p(z) = & we obtain the following corollary:
Z

Corollary 2.8 Let f(z) =z + @zt + - be analytic in D. Then

T

arg —
gz <V3

‘arg 2f () f'(2)
f(@)+zf'(2)

Theorem 2.7 Let p(z) = 1 + ajz 4+ --- be analytic in D with p(z) # 1 and let
y € (0, 1]. Then

"(2)
2 |:p(z) + b }
arg ,p(Z) <y = g p@)| <y 2.
we |72 ’
P2(2)

Proof We only need to show that p < g, where ¢ is given by (2.6). As in the proof of
Theorem 2.6, there exist a point zg € D such that the equalities (2.7) and (2.8) holds.
We have
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5 [p (20) + zop’(zo)] z0p'(20)
arg ,p(ZO) = |arg p(z0) + arg —ngzo)
2 zop'(z0) 2 zop'(20)

p?(z0) p?(z0)

2x% + u? + 3ux” sin Y5
4x2 cos? y % + (u + 2x7 siny 3)

= |arg(xi)? + arg

" ux? cosy s
l 9
4x27 cos? y T + (u + 2x7 siny )
2
1
where u = my A > 0.
2x

We notice that for y € (0, 1] the trigonometric functions sin and cos are located in
the first quadrant of trigonometric circle and, therefore, have positive values.
It follows that

20p' (20)
’ [p TS } x ucosy n
arg 7 = |y — + arctan - — | =V,
2+Zop (zo) 2 2xY +urx"Y + 3usiny 5 2
p*(z0)

and this is contradiction with the hypothesis of the theorem. Thus, the proof is com-
plete. O

zf'(2)
f @

Corollary 2.9 Let f(z) = z +axz> + - - - be analytic in . Then

Setting p(z) = we obtain

el
g L Zf/(Z) N Zf//(Z) < VE = 'arg
f(@) f(@)

z2f'(z)
f(@)

T
>

<
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