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Abstract

In this paper, we study the linear stability properties of perturbations around the homo-
geneous Couette flow for a 2D isentropic compressible fluid in the domain T x R. In
the inviscid case there is a generic Lyapunov type instability for the density and the
irrotational component of the velocity field. More precisely, we prove that their L?
norm grows as ¢'/2 and this confirms previous observations in the physics literature.
On the contrary, the solenoidal component of the velocity field experiences inviscid
damping, namely it decays to zero even in the absence of viscosity. For a viscous com-
pressible fluid, we show that the perturbations may have a transient growth of order
v~1/6 (with v=! being proportional to the Reynolds number) on a time-scale v—!/3,
after which it decays exponentially fast. This phenomenon is also called enhanced
dissipation and our result appears to be the first to detect this mechanism for a com-
pressible flow, where an exponential decay for the density is not a priori trivial given
the absence of dissipation in the continuity equation.

Keywords 2D Compressible Euler - Couette flow - Shear flows - Linear stability -
Hydrodynamic stability

Mathematics Subject Classification 35Q31 - 35Q35 - 76N99

B Michele Dolce
m.dolce @imperial.ac.uk

Paolo Antonelli
paolo.antonelli @ gssi.it

Pierangelo Marcati
pierangelo.marcati @ gssi.it

1 GSSI - Gran Sasso Science Institute, Viale Francesco Crispi 7, 67100 L’ Aquila, Italy
2 Department of Mathematics, Imperial College London, London SW7 2AZ, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40818-021-00112-3&domain=pdf
http://orcid.org/0000-0002-6254-2070

24 Page2of53 P. Antonelli et al.

1 Introduction

We consider the isentropic compressible Navier-Stokes system

op+div(pu) =0, for(x,y)eT xR, >0, (1.1)
1
0 (pu) + div(pu @ u) + mVp(ﬁ) = vAu + AVdiv(u), (1.2)

in a periodic strip where T = R/Z. Here, p is the density of the fluid, u the velocity,
p(p) the pressure, M is the Mach number and v,A > 0 are the shear and bulk
viscosity coefficients respectively. The shear viscosity is proportional to the inverse
of the Reynolds number. When v = A = 0 we are reduced to the Euler system.

A stationary solution to (1.1)—(1.2) is given by the homogeneous Couette flow,
namely a shear flow with a linear velocity profile ug = (y, 0) with constant density
pe = 1. We are interested in studying the linear stability properties of this flow.
Therefore, we consider a perturbation around it which is given by

pP=pe+p, uwu=ug+v,

for p, u satisfying (1.1)—(1.2).
The linearized system around the homogeneous Couette flow reads as follows

0rp + yoxp +div(v) =0, for(x,y)eT xR, >0, (1.3)

vy

&v+y&v+<0

1 .
) + mv,o = vAv + AVdiv(v), (1.4)

where we set p’(1) = 1.

The study of linear stability properties of particular solutions to the equations gov-
erning the motion of a fluid is a classical topic in hydrodynamic stability theory [25,61].

For an incompressible fluid, the linear analysis for the Couette flow was already
studied by Kelvin [44] in 1887. Other classical results have been obtained via an
eigenvalue (or normal mode) analysis in many different cases, however, the classical
stability analysis in general does not agree with the numerical and physical observa-
tions [25,58,61]. For instance, Trefethen et al. [58] observed that a common feature
in these problems is the non-normality of the operators involved. In particular, this
implies the possibility of large transient growths (which are not captured via a pure
eigenvalue analysis) that can take out the dynamics from the linear regime before the
stability mechanisms takes over. The Couette flow is the simpler flow where these
phenomena are present, therefore the stability analysis of this particular case is the
prototypical example to understand some of the mechanisms involved in the dynamics.

The analysis of the full nonlinear problem is extremely challenging even in the
simpler cases. For an incompressible and homogeneous fluid in the Euler regime,
Arnold [2] obtained an elegant stability result for a particular class of shear flows.
However, some relevant flows, such as the Couette, do not belong to this class. In the
last ten years, the problem received a renewed attention. For the Couette flow, Lin and
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Zeng [48] showed the existence of stationary solutions which are not shear flows and
are arbitrarily close to the Couette flow in a sufficiently low regularity space (H /%" for
the vorticity), meaning that a perturbation around Couette may not converge towards a
shear flow. A breakthrough in the understanding of the nonlinear stability properties for
the planar Couette flow was achieved by Bedrossian and Masmoudi [7]. In particular,
in the domain T x R they proved the asymptotic stability for the vorticity in a high-
regularity space (Gevrey-21) which implies the inviscid damping for the velocity field.
Namely, the vorticity is mixed by the background flow and the velocity field strongly
converges in L2 to a shear flow close to Couette with polynomial rate of convergence.
This phenomenon shares analogies with the Landau damping [8,14,33,55]. For more
general shear flows the analysis is highly non-trivial even at a linear level [40,59,60,63]
and nonlinear inviscid damping results have been obtained only very recently [39,53].
Linear inviscid damping results are available also for the Couette flow [62] and shear
near Couette in a 2D inhomogeneous incompressible fluid [10].

When viscosity is present more stability results are available, for instance the non-
linear Couette case was studied by Romanov in the *70s [56]. The stability mechanism
present at the inviscid level can also combine with the dissipation and one observes
an enhanced dissipation of some components of the perturbations around the equilib-
rium. This is possible as the advection causes an energy cascade towards small spatial
scales where dissipation takes over. In addition, due to the observed transient growths,
a question of great interest in the viscous problem is a quantification of transition
thresholds, namely how small the initial perturbation has to be with respect to the
viscosity parameter. On this side, several numerical studies predicted a power law
dependence and estimated the exponents below which stability is possible. In the last
ten years, enhanced dissipation and transition thresholds results have been proved in
several cases and we refer to [5] for a detailed literature review on the known results
until 2017. More recent results, including vortices, inhomogeneous incompressible
fluids and passive scalar problems related to fluid dynamics can be found in [6,17-
23,29,47,52,64,65].

In the compressible case the literature is significantly less developed with respect
to the incompressible one. The extension of the standard stability analysis to the com-
pressible case has been already considered starting from the *40s [11,12,24,27,45,57].
In the review paper [37] there is the extension of Arnold’s method for a 2D isentropic
compressible fluid. However, at least to our knowledge, a complete non-modal math-
ematical analysis of the Couette flow was not considered previously in the literature.
The linearization around the Couette flow in the 2D isentropic compressible Euler
dynamics was instead considered in the physics literature, both from the numerical
point of view and from the theoretical one, a highly incomplete list of papers includes
[3,15,16,35,36] and references therein. In particular, the 2D inviscid problem (with an
additional Coriolis forcing term) has been considered as a first model to understand
the formation of spiral arms in a rotating disk galaxy by Goldreich and Lynden-Bell
[31,32]. In [32, Sec. 5-6] they directly consider the linearized initial value problem
and they derive a second order ODE satisfied by the density in the Fourier space.
From this equation, appealing to some formal approximation, they deduce an insta-
bility phenomenon that appears specifically due to the compressibility of the flow.
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More precisely, they obtain that |p (£)| ~ O(t'/2). The problem (without the Coriolis
force) was then studied also by Chagelishvili et al. in [15,16] where, with analogous
computations, it is observed that

(O] + o) ~ O@'/?).

In [13] the analysis of Goldreich and Lynden-Bell was revisited, supplemented with
numerical simulations and are also highlighted similarities to the case studied in [16].
Recently, more refined numerical simulations and analysis can be found in [3,36],
where the results are justified with some formal asymptotic expansion. We notice that
in the results mentioned above the asymptotic expansions are formally justified if
M <« 1, whereas in astrophysical applications the interesting regimes are for M > 1
[13,50].

For the viscous compressible plane Couette flow, Glatzel in 1988 [30] investigated
linear stability properties via a normal mode analysis, see also [26,38]. Hanifi et al. in
[35] have numerically investigated a transient growth mechanism in the non-isothermal
case, showing that the maximum transient growth scales as O (v~2) and increases
with increasing Mach number, see also the more recent result [51]. Then, Farrell and
Ioannou in [28] considered the linear problem (1.3)—(1.4) and showed a rapid transient
energy growth, that at large Mach numbers greatly exceeds the expected one in the
incompressible case, which is then damped due to the effect of viscosity. By some
heuristic argument, the authors have also observed that the transient growth is due to
purely inviscid and compressible effects in agreement with [15,16]. In addition, in the
numerical simulations shown in [28, Fig. 1] the authors consider as parameters M =
{0, 50} and v—! = 5000 (where M = 0 correspond to the incompressible dynamics)
and in both cases the perturbation decays on a time-scale much faster with respect to the
standard diffusive one (which is O (v™")). In the viscous incompressible case it is well
known [5] that the dissipation becomes effective on a time-scale O (v_%), whereas for
the compressible case a precise quantification of the time-scale is not known. Lastly,
in the mathematics literature we mention the more recent results obtained by Kagei
[41,42], where the Couette flow is generated by the top plate of an infinite channel,
in dimension n, moving along the x-direction with constant velocity and with the
bottom plate fixed. The author proves an asymptotic stability result for small Mach
and Reynolds numbers. The conditions on the parameters have been relaxed by Li and
Zhang [46] imposing Navier-slip boundary conditions at the bottom plate.

1.1 Statement of the results

In this paper, we confirm and make more precise the linear inviscid instability phenom-
ena found in the above mentioned literature. In particular, we are able to prove that the
solenoidal component of the velocity field experiences inviscid damping, whereas the
irrotational component and the density have a linear Lyapunov instability for a resid-
ual set of initial data. Then, in the viscous case, we confirm the observations made in
[28] by showing that the dynamics is qualitatively the same to the inviscid case up to

. _1 . . . . .
a time-scale O (v~ 3), after which viscosity becomes effective and the perturbations
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decay exponentially fast. This is not a priori trivial in view of the absence of viscosity
in the continuity equation.
Before stating our main result, for any velocity field v, we denote
o =div(v), w=V"t .
The Helmholtz projection operators are defined in the usual way, namely

v=0% ) =VvA la + VA" \w = Qv] + P[], (1.5)

where V4 = (—0y, 9:)7. System (1.3)—(1.4), written in terms of (p, &, w) reads as

0:p+yoxp+a=0, for (x,y) e Tx R, t >0, (1.6)
1

0o + yora + 20,07 + WA,O =W+ MAa, (1.7)

0w + yoyw —a = vVAw. (1.8)

The second component of the velocity v in (1.7) can be recovered by means of the
Helmholtz decomposition (1.5),

v = 3y(A D + 3, (A Do, (1.9)

hence (1.6)—(1.8) is a closed system in terms of the variables (p, o, ). Notice that
when v = 0 one has

(0 +yo)(p+w) =0, (1.10)

namely, there is an extra conservation law along the flow. We comment about this
important feature in the sequel.
In the following, we are going to denote

1
fo(y)=—2 /f(x,y)dx. (1.11)
T JT

For the sake of brevity, we do not explicit the dependence of the bounds with respect
to the Sobolev norms of the initial data. We simply write C;,, = C;, (p'", a'", 0'™) to
indicate a suitable combination of Sobolev norms of the initial data. Those constants
may also depend on quantities increasing with respect to the Mach number, namely
(1+M)P or exp(M #) for some g > 1. A more precise statement of the theorem below
will be given in Sections 3 and 4.

Theorem 1.1 Let v, . > 0 and M > 0 be such that v + A < 1/2 and M < min{(v +
7L )f%, v*%}. Let p'" € H'(T x R) and o', o™ € HO(T x R). Then, the x-
average of the solution of system (1.6)—(1.8) satisfies

1
[0 @12 + 37 1P0®llz2 + o ®llz2 < Cin (1.12)
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1 Cin
leo®liz + 2= [dvp0®] 2 + |00 ] 1 = —— (1.13)
1+vr)2

t)2

For the fluctuations around the x-average the following inequalities hold:

1 '
1(Q[v] — O[v]o) (DIl 2 + i (o — po) (DIl2 < (1)% —axY i "Cin, (1.14)
_1,%, — Ly 3,
|(PIol* = PIOID®) 2 < Mg:;é Cin + (H in 4 pin ) (1.15)
eiév%t e7L2 1
| Pl )] ,. < M ] Cin+ 12 (Ha) + i H2>' (1.16)

Letv = A = 0ands > 0. For a residual set of initial data pi”, o™ W' e HS (T x R)
one has

1
1(Q[v] = Qlvlo) (@)l 2 + m (o = po) (DIl 2 = ()2 Cin. (1.17)

Notice that when M = 0 (and o' = p'" = 0), formally the estimates (1.15)—(1.16)
give the same result that one has in the incompressible case [5].

We remark that the dynamics of the x-averages decouples with respect to fluctu-
ations around it, as we will show in Section 2 where we comment more about the
evolution of the zero x-mode.

In the following, we discuss the results given in the theorem above and we outline
the strategy of proof by considering separately the inviscid and the viscous case, which
we investigate in Section 3 and Section 4 respectively.

1.2 Inviscid case

For v = A = 0, the estimates (1.14) and (1.17) give the first rigorous justification to
the growth predicted in [3,15,16,36], where, in order to implement a WKB asymptotic
analysis, the authors had to restrict themselves to a small Mach number regime. The
result in the inviscid case was announced in our unpublished note [1]. We emphasize
that the result stated in Theorem 1.1 is actually more general since it removes the
smallness assumption on the Mach number. We also see that only the density and the
irrotational part of the velocity field are growing, whereas in (1.15)—(1.16) we show
an inviscid damping result for the solenoidal component of the velocity, with slower
decay with respect to the incompressible case. Indeed, this slow down of the inviscid
damping originates from the time growth of the compressible part of the fluid, as we
explain in Remark 1.3 below.

Remark 1.2 For some particular initial data the lower bound in (1.17) may not be
valid. However, as we shall see in Proposition 3.8, we are able to explicitly construct
an arbitrary small perturbation of the initial data, at any fixed frequency k, n, for
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which the lower bound holds true. Therefore the set to exclude is nowhere dense in
any Sobolev space in which the initial data is taken, which implies a Lyapunov type
instability for a residual set of initial data.

Remark 1.3 (On the conservation of p + w) As observed in (1.10), when v = 0 then
p + w is conserved along the Couette flow, namely

(p+w)(t,x +yt,y) = (o™ + &) (x, y). (1.18)

This relation was clearly observed also in [3,15,16,31,32,36]. In particular, in [13,16]
the authors notice that this conservation law causes an “emergence of acoustic waves
fromvortices”. Indeed, (1.18) immediately connects compressible and incompressible
phenomena. Namely, an increase of the vorticity corresponds to a decrease for the
density and the other way around. In addition, Theorem 1.1 implies that the density
and the irrotational part of the velocity exhibit a growth in time even when the initial
perturbation satisfies p/” = /" = 0. This can be seen from the linearized equations
(1.6)—(1.8), where the identity (1.9) for v” yields a source term, depending on the
vorticity, in the equation for the divergence (1.7). This interplay between density and
vorticity is also the cause of the slow-down of the inviscid damping for the solenoidal
component of the velocity with respect to the homogeneous incompressible case.

We also point out that (1.18) can be seen as the linear analogue of the potential
vorticity, i.e. @/p, being transported along the flow, where @ = V- - u for 7, u
satisfying (1.1)—(1.2). Indeed, a direct computation show that

5 <§)+u-v<§> —0. (1.19)
p p

Then, since we are considering perturbations around the Couette flow we have
o=-1+ow, p=1+p.
Consequently, writing down (1.19) in Lagrangian coordinates we deduce

1— in(s. in(y. in(y.
Wt X (xin 1)) + =2 Em) 4 X (i, 1) = LX)+ O (Xin)
1+ " (Xin) 1+ " (Xin)

where X is the flow associated to u, given by

d
T (0 %in) = w(X(1, X))

X(0, x;5) = Xjp.

Assuming that we are in perturbative regime, namely || < 1and |p"| < 1 one has
(1 —=e")/(1 + p') = 1. Hence, by the previous heuristic argument at the nonlinear
level, we see why, at least formally, the conservation of p + @ can be considered as
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a linear approximation of the conservation of the potential vorticity for perturbations
around the Couette flow with constant density.

The exact conservation along the Couette flow of p 4+ w plays a central role in our
analysis in the inviscid case.

Strategy of proof

Let us now briefly discuss the strategy of proof for the Theorem 1.1 whenv = A = 0.
First of all, we remove the transport terms by defining the change of coordinates
dictated by the background shear. Then, on this reference frame we have the exact
conservation of the quantity p 4+ w, so that we are able to reduce the degrees of freedom
for the system (1.6)—(1.8) and write a 2 x 2 system only involving the density and the
divergence in the moving frame. Taking its Fourier transform in all the space variables,
it can be studied as a 2 x 2 non-autonomous dynamical system at any fixed frequency
k, n. Performing a suitable symmetrization via time dependent Fourier multipliers,
we can infer an energy estimate useful to deduce some property of the associated
solution operator. Once the dynamics at any fixed frequency is understood, Theorem
1.1 follows as a consequence and can be proved by going back to the original variables.

We present a more precise statement of Theorem 1.1 in Theorems 3.5 and 3.7,
where we consider separately the upper and lower bounds respectively.

1.3 Viscous case

Theorem 1.1 for v > 0 gives a rigorous mathematical justification for the observations
made in [28]. At least to our knowledge, it appears to be the first enhanced dissipation
estimate in the compressible case. In the bound (1.14) we see the possibility of a large

transient growth of order 0(1)_%) on a time scale O (v~ 3). This growth is due to the
instability mechanism found in the inviscid case. Instead, the bounds (1.15)—(1.16)
combines inviscid damping and enhanced dissipation for the solenoidal component of
the velocity.

The numerical observations made in [28,35,51] show that the transient growth
increases as the Mach number increases, see for example [35, Fig. 9]. In Theorem
1.1 we do not have an explicit dependence since, as previously mentioned, we are
neglecting constants which can grow exponentially fast with respect to the Mach
number. It would be interesting to estimate the dependence on the Mach number in
an optimal way. For instance, improving the constants up to O (M#) for some g > 1,

would imply that the density may experience a transient growth of order O (M#+1v~ 3 ).

Remark 1.4 (Restrictions on the Mach number) In Theorem 1.1 we have to restrict our

analysis to the case of Mach numbers satisfying M < min{(v + A)’] , )ﬁ% , v’% }. For
v, A < 1 the last assumption is not really restrictive since in most physical applications
M < 1 and in the astrophysical context M ~ 10—50 [13,50]. However, as we explain
in Remark 4.7, the condition can be easily relaxed to

M < min{(+x)"", 1272, 87173
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forany 0 < § < 1, at the price of deteriorating the decay rates by a factor § !, namely

instead of V3 g one has e ~sev3t . The hypothesis M < min{(v + )", A~ 2} on the
contrary, is more rigid.

Remark 1.5 (Absence of shear viscosity) If we set v = 0 and & > 0 the dissipation
is present only in the equation for the divergence and Theorem 1.1 gives us the same
estimates as in the inviscid case. As we discuss more precisely in Remark 4.2, the
bounds can be actually improved in this particular case, even though an exponential
decay is not true in general.

Remark 1.6 (Regularity of the initial data) In Theorem 1.1, since we want to state our
main result for both the viscous and inviscid dynamics at the same time, we are not
interested in providing sharp regularity assumptions on the initial data. It is indeed
natural to trade regularity for time decay in the inviscid problem, as also observed in
the incompressible case [5].

In view of the previous remark, we stress that in the viscous case it is not necessary
to lose regularity and we are actually able to infer the following.

Theorem 1.7 Letv > 0, A > 0 and M > 0 be such that v + X < 1/2 and M <
min{(v + )=\, A"2, v=3). Assume that pi" € H'(T x R), &', 0" € L2(T x R).
Then

1
(e — o))z + I V(o = po) DIl 2 + [[(@ — wo) (D)l 2

l v’g
— t
Svirenw (

a' (x(')”

1 . .
L R

o)

(1.20)

In addition, the following inequality holds

1
1@ = o)D)z + 5 1(p = PO) D) 2

L

in
bt e -

)

(1.21)

L2

In the bound (1.20), at the price of having worst estimates with respect to the one in
Theorem 1.1, we see that we do not lose derivatives to get the exponential decay for
the quantities on the left-hand side. Then, the bound (1.21) does not straightforwardly
follow by (1.20). It is indeed a consequence of a careful choice of some Fourier
multipliers used to prove (1.20). In addition, since (t)% < v_% exp((v%t) /64), the
bound (1.21) agrees with (1.14) in terms of order of magnitude of the maximal possible
growth. The estimates and the method of proof of Theorem 1.7 can be useful to extend
this linear result to prove a transition threshold in Sobolev spaces for the fully nonlinear
case, which we aim at studying.
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Strategy of proof

We now comment about the strategy of proof of Theorem 1.1 and Theorem 1.7. Being
similar, we outline here the main ideas in both cases.

When viscosity is present, we have to overcome two main difficulties. First of all,
as can be seen by summing up (1.6) and (1.8), the conservation of p + w along the
Couette flow no longer holds, which is a crucial point in the inviscid case. Therefore,
we cannot reduce the analysis to the study of a 2 x 2 system. The second point is
that, since we do not have a dissipative term in (1.6), it is not a priori trivial to have
decay for the density. However, we will be able to recover the exponential decay via a
weighted energy estimate where it is crucial to exploit the coupling between p and «,

As done in the inviscid case, we first remove the transport terms via the standard
change of coordinates and we perform the Fourier transform in both space variables,
leading us to the study of a 3 x 3 system in the Fourier space. It is then crucial to replace
the vorticity with another auxiliary quantity, i.e. p +w — vM?a, which satisfies a more
complicated equation than w but has a better structure to make use of this variable in
energy estimates. Then, we are able to define a weighted energy functional in terms
of (p,a, 0 +w—VvM 2oz) for which we can infer a Gronwall’s type estimate. The
weights are suitable time-dependent Fourier multipliers. The main difference between
the proof of Theorem 1.1 and Theorem 1.7 is the choice of the weights.

Outline of the paper

We begin our analysis with the study of the dynamics of the x-averages in Section 2.
In Section 3 we consider the inviscid problem in order to prove Theorem 1.1 when
v = A = 0. In Section 4 we turn our attention to the viscous case. Here, we first
prove Theorem 1.1 in Subsection 4.1. Then, in Subsection 4.2 we present the proof of
Theorem 1.7.

Notations

In this paper, when using the symbol < we are neglecting constants which do not
depend on v but may depend on (1 + M)# or exp(M*) for some B > 1. However, we
keep track of constants which go to zero as M — 0.

When it will be clear from the context whether we are working in the physical space
or in the frequency space, by an abuse of notation, we will not distinguish between
pseudo-differential operators and their own symbols.

We denote the Fourier transform as

-~

1 w
Pl = o [ /T T f(x, yddy,
X

1 . PN
flx,y) = o Z/Rez(kxﬁmf(k’ ndn,

keZ
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We say that f € Hy'Hy* whenever

1A e = 2 / ()" ()| f12 k. ) < +oc,
i k

where (a) = (1 4+ a?)!'/? for any a € R. With a slight abuse of notation, we denote
(a,b) = (1 +a® + b*)1/2 for any a, b € R. The norm in the usual H*(T x R) space
is defined as

171 = 3 [ om 7Pk mn,
k

Let Z(t) = (Z1(t), Zo())T : [ty, +00) xCE — C2and L(7) : [1g, +00) x C2*2 —
C?*2. Given the following 2D non-autonomous dynamical system

d
—Z=LMZ
G Z=L0nz,

we define the standard Picard iteration

o
DLt t0) =1+ Y Tyt t0),
n=1 (1.22)

t t
Tyar(t, 10) = / LEOT@ )de, Tt i) = / L),
i) to

® - is the solution operator associated to £. In particular it satisfies the group property,
Dp(t,tg) = Pp(t, s)Pr(s, tp) forany £, s > 0.

In order to remove the transport term from the equations, we will always make the
following change of coordinates

X=x—yt, Y=y (1.23)
In particular, the differential operators change as follows

ax = 8X7
8y = dy — 1x. (1.24)
A= Ap = dxx + By —10x)>.

In the new reference frame, which we shall often refer to as the moving frame, we also
define the functions

Rt, X, Y)=p@, X +1Y,Y),
A, X,Y)=a, X +1Y,Y), (1.25)
Qt,X,Y)=w(t, X +1Y,Y).
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We denote the symbol associated to —Ap as
p(t.k,n) =k*+ (n — kt)?. (1.26)
Moreover
O p)(t, k,m) = =2k(n — kt) (1.27)

is the symbol associated to the operator 20y (dy — tdx).

2 Dynamics of the k = 0 mode

In this section, we investigate in detail the dynamics of the x-averages of the perturba-
tions. Due to the structure of the shear flow and the fact that the equations are linear, it
is clear that the zero mode in x has an independent dynamics with respect the to other
modes. Consequently, in our analysis we can decouple the evolution for the £k = 0
mode from the rest of the perturbation.

The system (1.6)—(1.7) when projected onto the k = 0 frequency, recalling (1.11),
reads as follows

30 = —a, 2.1
1

0o = (v + A)dyyorg — Wayyloo, (2.2)

0rwp = ap + vdyywp. 2.3)

When v = A = 0 the dynamics of (pg, «p) is given by a standard 1-D wave equation,
namely

ditpo — M 2dyypo =0, inR, 2.4)
and adding (2.1) to (2.3) we get

9 (po + wo) =0,
hence wy = p(")” + a)f)" — po. Therefore, when v = A = 0 the dynamics of the k = 0
mode is completely determined by solving (2.4). By the explicit representation formula
for (2.4), we know that there is not decay for the zero modes.

When v > 0, under L! integrability assumptions, it is well-known [43,54] that the
system (2.1)—(2.2) has the same decay rates as the 1- D heat equation in L? for p > 2.
In Theorem 1.1, we are only assuming that the initial data of (2.1)—(2.3) belongs to
L? based spaces though. We are then going to derive decay properties of the k = 0
mode using an energy method similar to the one employed by Guo and Wang in [34].
In addition, to perform energy estimates, it will be convenient to replace the equation

@ Springer



Linear stability analysis of... Page 13 0f53 24

(2.3) with
0; (o + wy — szozo) = vdyy(po + wo — szao) — )»szayyao, 2.5)

from which we will recover the desired bounds on wg. In particular, we have the
following.

Theorem 2.1 Letv, A > Oand pi", ', @' be the initial data of (1.6)—(1.8). Then, the
solution (p, o, w) can be decomposed as p = po+ px, & = g +ax, ® = Wy + wx
where (px, o+, wx) satisfies (1.6)—(1.8) and (po, ap, wo) satisfy (2.1)—(2.3). For the
k = 0 mode we have the following: for any £ > 0, let

sf(t)—Ha‘a ol +Ha‘—‘a (r)H2 +Ha‘(w + po — vM2a )‘2
= |90 @] , + |8y o]+ |3y (@o + po 0|,
1 +1 2 l 2
+ (o], + o] ).
where By_loto = v();. IfM@W+Xx) <1and Efn, Eion < +0o0 then
4&t
) <———n (2.6)

WCEt+ DY

where C?n = 0 and Cfn = C max{l, (Efn/é’&)%}for £ > 1 and some constant C

which does not depend on £, v, ,. In addition we have that

pi’ = af' = wf' =0 = po(t) = ag(t) = wo(t) = 0. 2.7
Remark 2.2 In view of the theorem above, it is equivalent to study the dynamics of
(o — po, & — 0, @ — wp) or (p, &, ) assuming that py" = o' = wy"' = 0. In the rest

of the paper, for simplicity of notation, we will always consider the second case.

Remark 2.3 For any N > 0, from the previous theorem we infer that

N
v gin
(1+v6)?
||vg(l)||HN + ool v + oo @l g S/ EN,

1
leo @iy + 37 19520 v + [0y 000 |

whence proving (1.12)—(1.13). Notice that cg and dyp0p have the same decay as if
00, vg had satisfied the standard 1-D heat equation, see for instance [34, Theorem
1.1]. For what concerns wy, considering o in (2.3) as a source term one may think
that this would lead to a lif-up effect, i.e. a large transient growth, similar to what
happens in the 3D incompressible and homogeneous case [4]. However, we crucially
exploit the structure of the system to replace the equation (2.3) with (2.5), leading to
decay estimates on wg without any lift-up effect.
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For the sake of completeness, let us also recall the L°° decay-rates that can be obtained
assuming more integrability on the initial data of (2.1)—(2.3).

Proposition2.4 Let £ > 0, v+ > 0, M(v + 1) < Ll and pi', v}, 0l € L'(R) N
HY2(R) be the initial data of (2.1)~(2.3) . Then

37 ]+ o1 w0
M y L y L

1 1y . ‘
S w1 0 2.8
((v+)\)t)% (M POl pimggen + ’ao lem) (2.8)
1
Ha wo(t)H R —
(v + 1))
in in in

(Ha)o LInH! + ‘ Po LIAHH B2 Ho‘o leHmeHl) , 2.9)

where 8y_l(xo = v(y).
The proposition above can be proved using (essentially) the same energy method
applied by Kawashima to prove [54, Theorem 3.A.3]. Notice that the bound on wq
requires more regularity on the initial data with respectto (2.8). This further assumption
is due to the fact that, in order to handle the last term in (2.5), we need to control also
ap and hence 9y 0.

In the sequel, we first present the proof of Theorem 2.1 and then the one of Propo-
sition 2.4.

Proof (Proof of Theorem 2.1) First of all, (o, @, w+) satisfy (1.6)—(1.8) since
dx(fo) = 0. The proof of (2.7) follows by the linearity of the system (2.1)—(2.3).
To prove (2.6), we define

1 v+2)
EY () = 5 (6%) — = (@00, aﬁaom)) :
Since M (v + 1) < 1 we have
1y ¢ ¢
15 (1) <E"(t) <&°(1), (2.10)
namely the functional E* is coercive. Then, by a direct computation we get

2
L2

LB + w4 (Ha“‘ao\ L+

dr

Haf+1 ‘

+Ha 0

4M2

+v Haﬁ“(po + wo — vM?

v+ A 2 (w4 a)?
= [t A e

+wM? <a§+1a0, 8+ (po + wo — vM2a0)>.

@ Springer



Linear stability analysis of... Page 150f53 24

Using again that M (v + 1) < 1, we have

WA+ e e G et |I?
) |<3y o, 0y, ,00>|§ Ha Ot‘L2
2
+ M+ [ )|
W +A) | et W+ e P
=73 Hay aO‘L2+ 8M?2 Ha 2’

and since M < L7172 we get

Vv
a0 o, 0+ (po + w0 — vMZa0)) | <3 |5+ ao

L2

v
+ 5 HB;ZH(,OO + wy — vM?

Consequently we infer

d A 2
Qg ¢ A +Ha ao‘ +—Ha‘+1p H
dr 8 L?
(2.11)
42 ) H
Therefore, combining (2.10) with (2.11) we prove that for any £ > 0
iy < &L (2.12)

To prove (2.6), we need to reconstruct some power of the energy functional by
providing lower bounds for the positive terms appearing in (2.11). Hence, we first
recall the following interpolation inequality, see [34, Lemma A.4],

a“lf |If| o (2.13)

]

.

In addition, by (2.12) we know that

2 |12 2 2 |12 0
laols + o5 o, + =75 ool + 0 + w0 — vi2ao |, S &6, @2.14)
Therefore, for £ > 1 from (2.13) and (2.14) we get
0+1 t+1 N ~% -1
Jestia] |+ =5 [ot 0], 2 [oto] - et + 5 ot ool
41

~|

1 4
. TOn Haypo

> ol
2 ([3eo],

Lz)lﬂ) (€D
(2.15)
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Similarly we have

)
H 8},(10‘ L2

H 8f“(,oo + wp — vM?

— H a£+1(a;lao)‘

L2NH

GRS

, 2 Haf(po +wy — vM?

In account of (2.12), we observe also that

1+4

o+l
— H 9," po

H al+1

0+1 Tt
‘ay Po L2

L? ;00‘ L?

1+ s L
E

i

In particular, combining the estimates (2.15)—(2.16) we infer
5“0‘
2 (Joteol,

2 2
Jo¢+1e0
L2

Haulpo

+ H gt (,00 + wy — szoco)‘

L2
1

D))

+

+ Hae 1010‘

2M2 H y'oo‘

1+1
f(,Oo—i-wo—vMZOto)‘LZ‘Z

0 —x o1 |17 Vi) (et -7
(£0) "+ Gy o5 o] ()

1

1414 7
2(&w) " (maxiel, £01)
Consequently, appealing to (2.10), combining the bound above with (2.11) we have

%E‘(x) +vC(max{El,, EX N TE ()T <0,

where C is a constant independent of £. Hence, from Gronwall’s Lemma we get
E'(r) < EL (wCle+ 178,
where an = C(Efn)%(max{é'fn, 50 1)~ ¢, whence proving (2.6) in view of (2.10).
O
We now turn our attention to the proof of Proposition 2.4.

Proof (Proof of Proposition 2.4) First, observe that the system (2.1)—(2.3) decouples in
frequencies when taking the Fourier transform in y. Then, to prove the bound (2.8), we
provide different energy estimates for the low and high frequency part of the solution,
c.f. [54]. Recalling that By_ lyg = vé, define the energy functionals
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M Lse e L P00 f 1
E<i(t,m) = 2 | 3alpol" + g I = S v+ Minpovg | (6. m), for [n] <1,

(v+4)

1 | -~
Exr(t,n) = 5 (mwz + vy 1> — lpovo) (t,n), for|n| > 1,

which are coercive since M (v + A) < 1. Direct computations show that

d v+ 1 ~

TEa+ n (Wlpolz—i-lngz) <0 (2.17)

d w+2r)

i T( —51o0l* + |v0|2) <0. (2.18)

Hence, we deduce
VA2
| -~ 1 “iny e~ g Tt if In| <1

—o+v’)t, §< +vy> ) = (2.19
<M|p| lvgl ) @, m) MI 0+ | ) (m) e if|n|>g. )

Thanks to the inequalities above, recalling that vg = 9y 'ag and using ||f|| Lo <
Il we get

[~ 500, 05 )] oo 5 M 0505", B3 g / ey

_ {v+01)
+e s / |n|@< 7% |+|v’”’|)(n>dn
[n]>1

< 1 - ‘(M la(pm 8571()[(1-)”) l
(v + )»)t)T L
(+01) .
+eo % ‘( Mol pi, 0l 0") e (2.20)

whence proving (2.8).
To prove (2.9), in analogy with the proof of Theorem (2.1), for || < 1 we define

Esl(t»n) =3
Lo~ 0~~~ 2~ 1 L=
Wlay,ool + laol” + [po + wo — vM " —§(v+l)ln3y,000t0 ),
while for || > 1 let

E.i(t,n) =1
(v+A)

(315l + @0 + 150 + @0 — vM?@o > — 52185 g0 ) (1. ).

For the functionals defined above one can readily prove bounds analogous to (2.17),
(2.18) and (2.19), where (pg, vg) arereplaced by (9y 00, o, po+wo— vM2ap). Finally,
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using that || < |60 + @0 — vM>ag| + 5ol + [vM>ap| the proof of (2.9) follows as
done to obtain (2.20). O

3 Theinviscid case

In this section we investigate in detail the inviscid case. We are going to prove the
results stated in Theorem 1.1 when v = A = 0, for which it is convenient to treat
separately the analysis for the upper and lower bounds, respectively given in Theorem
3.5 and Theorem 3.7. As observed in Remark 2.2, we can remove the x-average from
the dynamics, so we will prove the results only for initial perturbations without the
k = 0 mode, namely ,oé” = af)” = a)f)” =0.

To proceed with the analysis of the system (1.6)—(1.8), we eliminate the transport
term with the change of coordinates (1.23) and we use the notation defined in (1.24)-
(1.25).

Adding (1.6) to (1.8), we find out that p + w is transported by the Couette flow.
Hence, defining

2(t,X,Y):= R(t, X, Y) + Q(, X, Y),
we have that 9, & = 0. Consequently

Q, X,Y) = E"(X,Y) — R(t, X, Y), (3.1)
where " = w" + pi". In view of (1.9), we also have

VY =0y —13x)AL A+ axAL'Q
=@y —13x)A; A+ ax A ET — ax AR

We can thus rewrite the system (1.6)—(1.8) in the moving frame only in terms of A
and R as follows

R =—A, (3.2)
_ 1 .
A = —=20x(dy —1x)(ALHA + (—WAL + 23XX(AL1)> R

—2dxx (A HE™. 3.3)

We stress again the importance of the identity (3.1), which not only allow us to study
the system in terms of density and divergence but also relates compressible and incom-
pressible effects, see Remark 1.3.

In view of the particular choice of the domain, it is now natural to perform the
analysis in the Fourier space.
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3.1 Fourier space analysis

We first take the Fourier transform in both space variables of the system (3.2)—(3.3),
which becomes a non-autonomous 2 x 2 dynamical system at each fixed frequency
(k, n). Then, by properly weighting the density and the divergence we characterize
the solution operator of the associated homogeneous problem, i.e. E” = 0, which is
a key point in order to prove Theorem 1.1.

Taking the Fourier transform of the system (3.2)—(3.3), recalling the notation intro-
duced in (1.26)—(1.27), we get that

yR=—A (3.4)
- p~ 262\ ~  2k% .,
9 A=2P +(i+—)R——E'”. (3.5)
2
p M p p

Since in what follows we consider &, 1 as fixed parameters, we will omit their depen-
dence for the quantities under study. In Figure 1 we show some numerical simulations
of the system above.

Remark 3.1 (Transient decay) From (3.5), since fort < n/k one has d; p < 0, the first
term in the right-hand side of (3.5) acts as a damping term for A. Instead, d:p > 0 for
t > n/k, hence it induces a growth on A.Inthe incompressible case, the velocity may
experience a transient growth, here, we see that the divergence may have a transient
decay, see Figures 1c and 1f. To balance the growth generated by this term we need
to properly weight Rand A.

Remark 3.2 (Wave equation for R ) Combining the equations (3.4)—(3.5) we have that

9 22\~ 2k% ..
aR—2Pa R+ < P ) Xogin,
P P

In the physics literature the equation above is solved approximately for M « 1
[3,15,16,32,36], for example in [3] is used a WKB approximation. Indeed, for 2" = 0
and assuming M < 1 one can say that the previous equation is approximated by

then, making a WKB ansatz, i.e. R:,p,, (t) = exp(6™ ! Z+°° 8"S, (1)), a first order
approximation satisfy

Rapp () % $10) = p3(0) (c103 o VPO 4 oo o VP0T) - 3.6)

In particular, recalling that p = k* 4+ (n — kt)?, the previous formal analysis suggest
that |R|? should grow linearly in time. In the following, we essentially prove the
validity of this asymptotic behaviour without the aid of any formal approximation.
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(A M =1 B)M =1

o 5 10 15 Ed 3 )
t

(D) M =50 (E) M = 50 (F) M =50

Fig. 1 Numerical simulations of the system (3.4)—(3.5) at fixed frequencies k = 3, n = 21 for different
values of the Mach number. The red lines are the expected asymptotic behaviours. In the figures 1a, 1b, 1d
and le we consider R = A" = 0 and 8" = 5. In the figures 1c and 1f we set Ri" =20, A" = 50 and
Zin = 5. Notice the transient decay for the divergence, see Remark 3.1, up to times close to the critical
one, namely t = 7. Numerical simulation performed with MATLAB R2019

3.1.1 Symmetrization

In order to study the system (3.4)—(3.5), we want to look for a proper symmetrization
of the system above. So we define

T

(O] . (3.7)

A

Z(t) = (Z1(1), Zo(t)T = A)
Mp3*

"EMI >)

Observe that if we are able to get a uniform bound on | Z|, in view of the weight on R,
we will match the asymptotic behaviour predicted by (3.6). With a direct computation
we find that Z (¢) satisfy

izm—Lmzm+F(r>"'",

(3.8)
Z(0) =z,
where
Lo P 0
Lo=| 5 B oy | FO= = (3.9)
p

M PP ap
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and

(3.10)

T
Zin — 1 lRll’l, 1 - Azn X
M(k* + )3 (k2 +n?)3

A key property coming from the choice of the weights on R, A given in the definition
(3.7) is that the matrix L(¢) is trace-free.

We now have to deal with a non-autonomous 2D dynamical system. The solution
of (3.8), given by Duhamel’s formula, is

t
Z(t) = ch(z,O)(zl’" +/ (0, s)F(s)@'"ds>,
0

where @y, is the solution operator defined in (1.22). Notice that &y # exp(L) since
L(t)L(s) # L(s)L(t). Therefore, everything is reduced in studying properties of the
operator ®;, which is equivalent to the study of the homogeneous problem associated
to (3.8).

Properties of @,

=in

In order to investigate properties of (3.8) when E'" = 0, let us first consider the
following toy example

d —a —b
Z(0) =z,

where a, b, d e R, b,d # 0, bd > 0 and Z" € R2. Then, one can check that

d b
E@t) = \/;zl () + \/;Zzﬂ(r) + 2\/%21 () Za2(1) = E(0).

In particular, if /bd > a then a trajectory in the phase space is an ellipse determined
by the equation above. In the non-autonomous case, we cannot expect to immediately
have a conserved quantity. However, we have the following lemma which plays a
crucial role in our subsequent analysis.

Lemma 3.3 Ler Z(t) be a solution to (3.8) with Bin = (. Define

19,p N JP | 2ME?
)=-—, bt)y=-"——, dit)=-—+—7+. 3.11
at) =77 0 ==y =37+ m (3.11)

and

E(t) = ‘—l|zl|2 (1) + é|zz|2 ) +2( —=Re(Z1Z2) ) (). (3.12)
b d Jdb
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Then, there exists constants cy, C1, ca, C2 > 0 independent of k, n such that

ciEQ) = E@t) = CLE(0), (3.13)
and

alZ"| < |Z®)] < C2|Z™). (3.14)

In addition, let Re(Z1(t)) = r(t) cos(0(t)) and Re(Z»(t)) = r(t)sin(6(t)) (or the
imaginary part), then we have

d /P 2MK , 1dp .
Ee(t)—ﬁ—i- i cos(0(1)) +4_17 sin(26(t)). (3.15)

This lemma shows that the trajectories of the homogeneous problem associated to (3.8)
are contained inside an annular region of the Z-plane and they rotate with an angular
velocity given by 6. In particular, since d/b — 1 and a/v/db — 0 ast — oo, the
limit cycle is a circle. Approximating (3.15) and retaining the leading order terms one
may infer a dispersion relation like M~!\/k2 + ( — kt)2, which was also observed
in [3,36] and is the one suggested by the WKB approximation, see (3.6). However,
dispersive properties require a more delicate analysis which we do not pursue here.
We now present the proof of the Lemma 3.3.

Proof The main idea of the proof is to provide a Gronwall’s type inequality for E (¢),
where it is crucial to exploit the good properties of the time-dependent coefficients
appearing in (3.12). More precisely, define

2,2\ 2 2\ 2
‘- €=<1+2M2">, ﬂ:¢w:<i+%>. (3.16)

b p M?
First notice that
1<¢?<1+2M> (3.17)

Then, since |0, p| < 2|k|,/p, one has

1
5o -1
lal _ 113;p] (LQJr&) LM Vo 1 (3.18)
B 4 p \M p 2./P 2kl 232
Defining
E®) = ¢€1ZiH® + €20,
from (3.12) and (3.18) we obtain
IEI<Et<3Et 3.19
5()_ ()_5(). (3.19)
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Combining (3.17) with (3.19) we get that E(¢) is coercive. In order to compute 9, E,
we rewrite the system (3.8) with the notation introduced in (3.11) and (3.16) as

d
CEL =—atZ) — B2, (3.20)
1d a
——7Zr,=BZ —2Z, 3.21
dr 2=p 1-Ir§ 2 (3.21)

where we have also used 2" = 0. Now we multiply (3.20) by Z1,(3.21) by 7> and
we add the two equations to get

~—|Z —— || = — Z11° — =72 . 3.22
2dt| 1l +2§dt| 2l al ¢z (;I 2| (3.22)

Then, since the matrix L is trace-free, just observe the following
d - , 1 5
5R6(2122)=ﬁ(4“|21| —lezl )- (3.23)

Plugging (3.23) into (3.22) we have

Cd iz L9 2+ 2 Y Re(z1Z) = 0
2 I ——Re =0.
2ar Y T2ca ™ T ar 12

From (3.12), (3.16) and the identity above we get

d d , d 1\1 2 d/a -
—E= —<10g(§)>§|21| +_(10g(2)>2|22| +2_<E) Re(Z125).

dr dr dr dr
(3.24)
Combining (3.24) with (3.19), we infer
dp < og@)| + | (£)|) E
a” =2 a9 e\ B ’
(3.25)
<2 (1L 100 + | L (2)]) £
=4 \|ar % dar \ B '
Analogously, we have
d 1 d d [a
—E>—1(|—1 — = E. 3.26
e =3 (o] [5 (5)) a2

In order to apply the Gronwall’s Lemma, it remains to provide a uniform bound for
the integral in time of the terms in bracket of (3.26). For the first one, we observe that,
since 9;¢%2 = —4M?k*(3; p) p—> changes sign only in r = n/k (if n/k > 0), one has
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©1d
/0 ‘alog(é“)

dt

1 [*®]d
dt =~ — log(2?
o= [ | o

1 /Y 1 t2(n/k)
551°g< 22(0) >+El°g<c2(+oo))

< log(1 +2M?), (3.27)

where we have also used (3.17). For the one involving a /8, a direct calculation show
that

@p)? _ 2k*@p)?
d <a)_ L2 1@p? 1 —
8 P

ar \ g 263

2pB 4 pPB

(3.28)

Since (3; p)® < 4k%p, an immediate bound gives |3;(a/B)| < 2k*/(pp), which is
integrable in time with fooo 2k?/(pB)dt < M. The factor M, coming from g, would
lead to an exponential dependence of the constants with respect to the Mach number in
the Lemma 3.3, whereas (3.27) implies only a polynomial dependence. To overcome
this technical issue, from (3.28) we observe that 9, (a/B) can be rewritten as ¢ /(p* 8°)
where ¢ is a polynomial in time of order (at most) 8. We are only concerned with
t >0,s0let0 <t <t <--- < tg be the positive roots of g (if there are any).
Let jo = 0if g(0) < 0 and jo = 1 otherwise. Then, defining tp = 0, f9 = 400, in
account of (3.18) we have

0< el d a‘d_g Ditio (& a
<[ fa (5l = v (oo - )
10
5

i=1
. |al
<2 —(t:) < 3.29
_jizoﬂ(p_f (3.29)

Therefore, combining (3.25), (3.26) with (3.27) and (3.29) and applying Gronwall’s
Lemma we infer

c1E0) = E(t) = CE(0), (3.30)
whence proving (3.13). In addition, in view of (3.19), from (3.30) we get
HE©) < E() < GE(0). (3.31)
Then, thanks to (3.17) we know that
A+2MHE@) < |Z(0))? < (1 +2MHE@®), (3.32)
and combining the inequalities above with (3.31) we prove (3.14).
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To prove (3.15) observe that the coefficients of the system (3.8) are all real valued.
Therefore, being the system linear, the real and imaginary part decouples. Then (3.15)
directly follows by the fact that 720 = xy — % y. O

Remark 3.4 From the proof of Lemma 3.3, in view of the bounds (3.27) and (3.32),
we also observe that the constants appearing in (3.14) satisfy ¢, C2 & (M)# for some
B > 1 explicitly computable.

3.1.2 Upper and lower bounds

We can now present a more precise statement of the Theorem 1.1 in the inviscid case
by considering separately the upper and lower bounds. Regarding the upper bounds
we have the following.

. . . _1
Theorem 3.5 Let ,0”’, o' € H1 H)% and o' € H, Li be the initial data of (1.6)—
(1.8) with ,00 = a)o = ozo = 0. Then the following inequality hold

1
IIQ[v](t)IILz + o7 1Pl S

7 ( H " ) (3.33)
H!
For the solenoidal component of the velocity we have
HP[v]X(t)”LZ s (” ‘am HJ%HV’1 ' H;%H\% )
— | p" + ™" , 3.34
+<r>‘p M G39
PP (¢ < ‘am +‘ in+win
PP @) ,2 S 2(” . 1H1 HX,%L% P HxéHz
1 in in
— . 3.35
+(t)2 ‘p to Hy'H? (3-35)

In view of the analysis in the frequency space that can be given through the Lemma
3.3, it is also possible to give an estimate on general Sobolev norms. Consequently,
we could choose a suitable Sobolev space where also the acoustic part decays, which
in particular implies a mixing phenomenon.

Corollary 3.6 Lets > 1/2, o', W' e H*™% and o' € H*™2 be the initial data of
(1.6)—(1.8) with po = a)’” = otf)” = 0. Then

1 L .
QIO g + i leOllp-s = C(p™, o, ™),

Bf—

(1)
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where the constant depends upon Sobolev norms of the initial data.

We will not prove the corollary above since its proof can be directly deduced by the
proof of Theorem 3.5, which we present in detail.

We now turn our attention to the lower bound (1.17). To state the results it is
convenient to introduce

. . o~ t o~
IYLZM,Eﬁ::Z"+/n¢“Qsﬂ%ﬂ3mw. (3.36)
0

We then have the following.

Theorem 3.7 Let p'", ' € L)ZCH and o € Hy H 2 with p(i)" = a)é” = oe(")” =
0. Then the solution of (1.6)—(1.8) with initial data p'™ i”, in satisfy

in min
’Z , o ) -1/2°

10112 + — lpOll,2 = 1)}
L M L ~

LZH,

where Z" is defined as in (3.7) and B" = p'" + o',

Clearly, looking at (3.36), if 2" = 0, namely p'" = —w'", we immediately have a
growth in time for non trivial initial conditions. When E”* # 0, it may happen that I’
is zero for some ¢ and the lower bound in Theorem 3.7 is then trivial. For this reason, in
the following proposition we show that the set of initial data for which the right-hand
side of the bound in Theorem 3.7 vanishes at some time has empty interior in any
Sobolev space in which the initial data are taken.

Proposition 3.8 Let s; € R and s, > —1/2. Given p'", 0" € H}' Hy* and ol
S1—

3 _3 . . .
H, ZH;Z '2 let T'(¢, Z’” E'™) be defined as in (3.36), where Z'" is defined as in
(3.7) and E" = p'" + o'’ '
Then, for any € > 0 suﬁ‘iczently small, there exists ,0 ’” ! such that
in ’-‘ll’l

and, defining Z", E]"" accordingly, the following inequality holds

in in in in
S1 452 + Ha) - C()e o - aE
H," Hy

in

o™ = pl

+|
Hy' H)?

-3 o-3 <2, (3.37)
H' 2H,

€
a2 3 (3.38)

€ Se

Remark 3.9 In the proof of Proposition 3.8, given at the end of this section, we
construct the perturbation (p}", !, @!") at any fixed frequency k, n, satisfying a
non-degeneracy condition related to (3.38).

In the following, we prove Theorem 3.5 and Theorem 3.7.
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Proof (Proof of Theorem 3.5) We first prove the bounds for the solenoidal component
of the velocity field, namely (3.34) and (3.35). By (3.1), we have

1QI(t, k, ) < |R|(t, k. ) + B | (k. ).

Then, thanks to the Biot-Savart law, we prove (3.34) as follows,

[PEF®]7: = | @

—kt)? ~
=¥ [P ok
X P
(n— k)2 | R()
§Z/M2 32
k

Mp1/4
Mz ~ 1 ~.
< —(Z" P+ [E"?) + —|E™dn.
Xk:/ VP p

(n — k1)
p2

r—wlnl dn

Now since (n/k — t) (n/k) = (t) observe that

1 1 (n/k) {n)

- = 5__

1
Pkl n/k—1) (n/k) ™ (1)

—
~

Hence, recalling the definition of Z in see (3.10), we infer

[ PLoF @[ < (H

.+H

2
L |
He TH?

HH1

2

El

- in in
+ (t)2 H'O to H ' H)

Similarly for P[v]”, we prove (3.35) as follows

| PP o). =
R |?

k2
2
X[ s

(oo
N<Z)3 M H. 2HI

1 +‘Ol

k2
g%%

2 ) 2
n 1 mn n 1 3
H %12 H 2 HY

2
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To prove (3.33) first of all we observe that, thanks to Lemma 3.3, we have

/OO DL, ) F(s)lds < /oo |F(s)lds
0 0

1 0o ds o1 1 (3.39)

TkiE o a4k —»F Tk

N\Ln

Hence, recalling the definition of Z, see (3.42), combining Lemma 3.3 with (3.39) we
infer

\Z(t, k, m| < 1Z™k, )| + |E™(k, n)| forany ¢ > 0. (3.40)

Then, by the Helmholtz decomposition we have

Q1117 ton sl

+ 25 P @I

-y @)1, k., )
B k2 +n?

|A()[? | PN
— Zf (t.k.n) + — RO k. ndy.
k p M

1
+ mm(mza, k, mdn

Therefore, by (3.40) and the fact that p < ()2 (k, 77)2, we get

R(t)
Mpl/4

A
1O + — M2 o7 —Z/f( 3(2

=Z/ﬁ|2<t>|2dn
k

2
Jo

.12 . .12
n 1243 n
oz, + e+,
— l) ﬂ + Hain 2 + H in +win 2
B M|, PRI ')’
(3.41)
hence concluding the proof of Theorem 3.5. O

We now prove Theorem 3.7.

Proof (Proof of Theorem 3.7) Recall that the solution of (3.8) is given by the
Duhamel’s formula as
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t
Z(t) = ®.(1,0) <Zl’” +f @, (0, s)F(s)@'"ds) =&, 00, 2™, E™),
0
(3.42)

where we have also used the definition of I' given in (3.36). By Lemma 3.3 we have
HOIERINGrANCIOlE

hence, combining the bound above with the identity in (3.41) we get
117, + ||p<r)||L2 > Z / JPIT @, 2™ E™)2dn
2 Z/(n — k)|, 2™, B™)dny
k
1 . )
20 [ ire.zrzmPan
Xk: (m

where in the last two lines we have used that \/p > (n — kt) and (n — kt) () 2 (kt).
Therefore we have

120IOIZ: + 177 M2 lp®I2 20 |re, z7, &™)

LzH—l/Z

and the proof is over. O

Finally, we present the proof of the Proposition 3.8.

Proof (Proof of Proposition 3.8) With a slight abuse of notation, from the definition
(3.36) we have

t
Tt k,n) =Z"(k n) +/ ®L(0,5)F (s, k, n)E"(k, n)ds. (3.43)
0

Now, let us fix the frequencies k, 7. In this way,  — I'(¢) is a curve in C2. We now
want to construct a perturbation of the initial data. If gin (k, n) = O there is nothing
to prove. So we assume that gin (k,n) #0.

First of all, by a computation similar to (3.39), we know that lim;_, o, ' (¢, k, n) =
' (k, n). Let us first consider the case I'*® # 0.

We claim that in this case I' (¢, k, ) vanishes at most in a finite number of times #;
fori =0,...,n

Indeed, since |[I'*°| > 0 and the integral in (3.43) is converging, see (3.39), there is
aT =TI, k,n) > 0 such that

1
T, k, )| > zll"oo(k, m| fort=T. (3.44)
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Hence, we know that I" may vanish only for ¢ € [0, T']. Then, by (3.43) and the bound
(3.14) in Lemma 3.3, we have

19,0 (t, k, )| =|DLO, VF(t, k, )E™ (k, m)| = C|F(t, k, ) E" (k, )|
>C(T, k, )|E™ (k, n)l,

where, from the definition of F' given in (3.9), we define

N

—1
C(T,k,n) =C min_|F(t, k,n)| =2C <|k|2 max (n/k —t 2) > 0,
1€[0,7] €[0,71

and the last inequality follows since (k, n) are fixed, |k| > 1 and T < +o0.
Consequently, since in the compact set [0, T] there are no points 7* such that
r¢*) = o,I'(t*) = 0, exploiting also the continuity of 9,I", we have that I" van-
ishes at most in a finite number of times in the interval [0, T].

Now we can construct the perturbation of the initial data. The main idea is to define
anew curve ['“ by shifting the curve I" on a suitable direction so that ' never vanishes.
To find this direction, consider the set {0,"(¢;, k, n)} := {9, (¢;)} fori = 0,...,n
and where I'(#;) = 0. Since I" a regular curve, in a small neighbourhood of the origin
it can be approximated as straight lines passing through the origin in the directions
{0:"(#;)}. Then, since {9;I"(#;)} is a finite set, we can choose a direction not parallel
to any of the 9,I'(#;) to move our curve away from the origin. More precisely, there
is an € < min{|["*°|/2, 1} and at least one unit vector v¢(k, n) = (ve1 (k,n), vez(k, n))
which is not parallel to any 9,I'(¢;), fori =0, ..., n, such that

1
IT(, k, ) + ee®F 0y (k. )| > Eee_(k2+"2). (3.45)
Choosing

@1k, n) = @" (k. ). + (k2 + D) ie ®FV2k ),
Bin e, n) = Pk, ) + €M + nP)se )] (k)
B k) = &k, 1) — MK+ )™ E vk,

we clearly satisfy (3.37). In addition, we have
2k, m) = 2" e m) + e CH e, Bk, ) = BTk, ).
Consequently

t
L@t k,nm) = 2" (k, n)+/ @10, 5)F (s, k, n) B (k, n)ds
0

=T, k, n) + ee~®+0_(k, ).
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Combining (3.44) with (3.45) we get that
IT<(t, k, )| > %min (|F°°(k, ml, ee_(k2+’72)) foranyr > 0.  (3.46)
Let us now turn to the case I'*°(k, n) = 0. First we choose
ol = " 4 (K + n?)ie KT, (3.47)

. 2,2 . .
so that for the corresponding ' we get [T'H®(k, n)| = ee* 417 At this point, we
can repeat the previous argument.

Resuming, using Plancherel’s Theorem, from the bound (3.46) we obtain (3.38).
O

4 The viscous case

In this section, we study the system (1.6)—(1.8) in presence of viscosity, namely we
assume that v > 0 and A > 0. As done in the previous section, we will prove the
results only in the case ,oé” = a{)" = a)f)n = 0, since the dynamics of the zero mode
decouples with respect to fluctuations around it, see Section 2.

To remove the transport terms, we again consider the change of coordinates (1.23)
and we use the notation introduced in (1.24)—(1.27). Defining u© = v + X and taking

the Fourier transform of the system (1.6)—(1.8) in the moving frame, we have

&R = —A, 4.1)
~ dp~ ~ 2k2
A= —A—upA+ —5pR—-— —Q,
p
»Q=A4—vpQ. 4.2)

In the inviscid case, the conservation of & = R + 2 was crucial in order to have a
closed system in terms of R, A, which allows us to deal with a 2 x 2 non-autonomous
system of ODE’s in the Fourier space. Also in the viscous case it turns out that it is
convenient to replace 2 with another auxiliary variable, however, the conservation of
& no longer holds since

%2 =—vpE+vpR. (4.3)

In addition, the last term in the right-hand side of (4.3) may be a problem to perform
energy estimates. Indeed, it is not possible to directly control v p R in a straightforward
energy estimate since we do not have a similar dissipative term for R.
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The good unknown

To overcome this difficulty, we observe that

3;(@ — szx) = — vp(@ — szx) +v(p — v)szA\

p ~ k2 o~ PR
SN Vel e Ny el (: _ vM2A>
p

P (4.4)

kK2 . k2
—20M*=R+2’M*—A4,
p P

where we have also used 2 = E — R. Although the equation (4.4) looks more
complicated with respect to (4.3), it has a better structure to make use of & — vM?A
as an auxiliary variable in an energy estimate. To explain why, let us look at the terms
on the right-hand side of (4.4): the first term gives us dissipation. The second term,
thanks to the extra factor v, can be controlled with the available dissipation for A
(notice that if A = 0 this term does not appear). The remaining terms are lower order,
in the sense that we will be able to exploit some integrability in time. Hence, the key
point of using & —vM 2 A instead of E is that we trade the problematic term v pR with
v(u — v)M2pA.

Remark 4.1 One of the main difficulties to obtain an enhanced dissipation estimate
is the absence of a diffusive term in the continuity equation, because otherwise it
would have been sufficient to combine the equation (4.3) with an adaptation of the
energy estimates given in the inviscid case. Instead, we need to take advantage of the
underlying wave structure in the system. More precisely, we will be able to exploit
the coupling between the density and the divergence to gain a dissipative term for the
density. A similar strategy, inspired by the classical paper of Matsumura and Nishida
[43], has been already exploited by Guo and Wang [34] to prove decay time rates for
the compressible Navier-Stokes equations with smooth and small initial data.

Remark 4.2 (The v = 0 case) When v = 0 we have 9; E = 0 as in the inviscid case.
This implies that we can replace Q with 2 — R in (4.2) so that the system is closed in
terms of R and A. The system to study is then much simpler but the exponential decay
is not valid in general. Indeed, if 2/ # 0 the forcing term appearing in the equation for
the divergence gives us the convergence towards an asymptotic state which is different,
in general, from zero. If 2" = 0 we have the exponential decay as in Theorem 1.1
with X replacing v in the bounds. We do not detail this case since it can be deduced
with the same method that we are going to present in the general scenario.

This section is organized as follows. In Subsection 4.1 we prove Theorem 1.1 whereas
in Subsection 4.2 we prove Theorem 1.7.
Throughout this section we make use of the following notation

in in
Cin,s = M o

1
’ 4.5)

+|

—~in _UMZam
H

Hs+!1 HS
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4.1 Combining the dissipation enhancement with the inviscid mechanism

In this subsection, we prove Theorem 1.1, which combines the dissipation enhance-
ment generated by the presence of the background shear flow with the inviscid
dynamics. More precisely, our goal is to obtain estimates such that in the limit v — 0
we recover the bounds of the inviscid case. However, as previously discussed, when
viscosity is present there is the loss of a conservation law, meaning that we will need
to consider a 3 x 3 system in the Fourier space.

The key estimate which allows us to prove Theorem 1.1 is given in the following
proposition.

Proposition4.3 Letr s > 0, 0 < u < 1/2, M > 0 be such that M <
min{~!, A72, v3). If o € HTU(T x R) and o', ™ € H*(T x R) then

iR ol + )],

(4.6)
o (G

L3
—=z5V31
e 3 Cin,x,

o)
|
<
<
[\e)
=)
S—"
N

where Cip s is defined in (4.5).

In accordance with the inviscid case, one should not expect any weight on the auxiliary

variable 8 — vM2A. However, the weight p~4 is introduced for technical reasons,
since it helps to control the second term in the right-hand side of (4.4), which is not
present if A # 0. We discuss more about this point in Remark 4.8.

To recover a bound on the vorticity one could exploit the fact that 2 = (E —
vM?A) + vM?A — R and use the previous proposition to infer estimates on P[v].
This procedure, since A and E — vM?A have slower decay rates with respect to R
(formally, think of p~! as r=2), would lead to worst decay rates with respect to the one
given in Theorem 1.1 for the solenoidal component of the velocity. In particular, one
cannot recover the estimates in the nonviscous and incompressible case performing
the formal limits v — 0 and M — 0 respectively.

Instead, solving the equation for E, see (4.3), via Duhamel’s formula, from Propo-
sition 4.3 we infer the following.

1

=

Corollary4.4 Lets > 0, u < 1/2, M > 0 be such that M < min{,ufl, A2, v 3L
If pi" e H“'%(’]T x R) and o', »'" € H”’%(T x R) then
1o_1% 114,
QOO gs S M(r)ze 32Y Cin’H% + M(t)2 e" " Cm’H% wn
P . . ’
—|—€_ﬁv§t o' _I_pm
H’

Remark 4.5 Observe that in Proposition 4.3 and in Corollary 4.4 we are losing deriva-
tives. The loss in (4.6) comes from the technical obstruction that forces us to introduce

the weight p’% for the variable £ — vM?A. For A = 0 one does not have this loss
of derivatives, see Remark 4.8. Instead, the loss of derivatives in (4.7) seems to be
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necessary in view of the last term in the right-hand side of (4.3), where we can control
time-growth by paying regularity.

In the following, appealing to Proposition 4.3 and Corollary 4.4 we first prove Theorem
1.1, while the proofs of the proposition and the corollary are postponed to the end of
this subsection.

Proof (Proof of Theorem 1.1) We start with the proof of (1.14). From the Helmholtz
decomposition (1.5) we have

2
10101 + 5 IOl = (-a)72 (z)\L2+

2
— lp®I3,

+o7 IR .

where in the last line we have done the change of variables X = x — yf, Y = y. By
the Plancherel’s Theorem and the fact that p < (t)2 (k, n)z, we get

I N Lo 1
1QRIOE: + — o012 = |2 (p R a0

M2 llp
<o (o 1D0[], + 41 |0 B0, )

1
< 16 (Cin 1),
where in the last line we have used (4.6), hence proving (1.14).

We now turn our attention to the solenoidal component of the velocity in order to
prove (1.15) and (1.16). By using again the Helmholtz decomposition, we have

[Py ®],. =

y

<[

Therefore, since p% (kt) > (n — kt) (kt) = (n), we get

1
— 1@

[PRrol. <

and combining the previous bound with (4.7) we prove (1.15). The bound (1.16)
follows analogously. O

In order to prove Proposition 4.3, we have to control a weighted energy functional.
From the bounds on this energy functional the proof of Proposition 4.3 readily follows.
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4.1.1 The weighted energy functional
We need to introduce the following Fourier multiplier, already used in [4,5,9,64],
1
2v3
V3 (% — t)2 +1

m(0, k, n) =exp(2 arctan(v% %))

dm(t, k,n) = m(t, k., n),

which is explicitly given by
m(t, k,n) =exp(2 arctan(v-%(t — %)). 4.8)

Clearly m and m ™" are bounded Fourier multipliers, therefore they generate an equiv-
alent norm to the standard L2,
The multiplier m is introduced since it enjoys the following crucial property

3
vpt ko) + k) = v5 foranyr >0, ke Z\ {0}, neR, (4.9)
m

which compensates the slow down of the enhanced dissipation mechanism close to
the critical times r = n/k. We then consider the system given by (R, A, 8 —vM 2A)
namely the equations (4.1), (4.2) when replacing Q with ( —vM 2A) + vM 24— R
and (4.4). Clearly, for the system under consideration the dynamics decouples in k, n,
therefore we can perform estimates at each fixed frequency. Let s > 0, we define the
following weighted variables

1 ~ ~
1) = o (k. n)’ m ' pARY(1). Zo() = (ko) (m ' pTIAN@),

Z3(t) = (k. n)* (m~ p~i (B — vM2A)(1).

(4.10)

Besides the multiplier (k, n)* m~', we remark that Z,, Z, are the quantities also used

in the non viscous case in order to symmetrize the system, see Section 3. Instead, Z3,
as explained, is introduced as an auxiliary variable to close the energy estimate.

Then, let 0 < y = y(M, v) < 1/4 be a parameter to be chosen later and consider
the following energy functional

1 3 p)>
EQ@) = 5( (1 T 2! ;’Z) ) ARGEIVARGERVARO! (4.11)
<—— Re(Z1Z2)(1) — 2y p~* Re(zlzz»m) (4.12)
pz
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Since |9;p| < p, it is immediate to check that the previous energy functional is
coercive, namely

1 2
R (O e A A IR e
2 (3ip)? 2 2 2
£@) < (402 2EDNZE +12:P + 1252 ), (4.14)

Since m is a bounded Fourier multiplier, we also have
> [ oan~ g ok, + | R0, + [iE - whol,
k70 L VER I ws P g NP TRV Hs

The latter equivalence tells us that a suitable estimate on E(¢) will imply the bound
(4.6) in Proposition 4.3. In particular, we aim at proving the following

Lemma 4.6 Under the assumptions of Proposition 4.3, let E (t) be defined as in (4.11)

M
andy = VT, then

1
> [ Ewan s e € (4.15)
k

where C;), ¢ is defined in (4.5).

Thanks to the previous Lemma, we conclude the proof of Proposition 4.3 as follows
1 [piRo H2 +|p7iAwm H2 + |G- v D H2
M2 p HS p HS p = v HS
1
v3
<Y / E(t)dn S e 1" (Cin,s)*.
k

We now have to prove Lemma 4.6.

Proof (Proof of Lemma 4.6) We are going to prove the bound (4.15) via a Gronwall’s
inequality. Therefore, we have to first compute the time derivative of E(f).
First of all, observe that

dm 19:p 1

WZi=———Z —-"L7,— —p17,, 4.16

1 Z1 et 2 » 1P (4.16)
a;m 19;p 11 k?

hZyo=—|—Zo+pup|Zo+-——2Zr+ | =p2+2M— | Z; 4.17)
m 4 p M p2

k? k2
— 273 —20M*= 275,
p P
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orm 30 0
9Z3=-— (’— + vp) 23— 2L 75 4o — M pz, —vm* 2L 7,
m 4 p p

k? k? k?
—20M? = Zy + 20M*—Z3 + 20’ M*—Z5. (4.18)
p2 p p

From (4.16) we directly compute that

1d orm 19;p 1 1 -
——Z1 = ———1Z1* - -=51Z11*> — —p2Re(Z1Zy), 4.19
2dt|1| m|1| 4p|1| P e(Z12») 4.19)
and
2d ap ? 2k23; p 3(ap)3 a:m (3; p)?
>3 d z =M2( - >|Z| — M= 7
t p 2 m
) X (4.20)
M@
OGP 7, - P pez, 2.
4 03
By (4.17) we get
1d am s lp o, 1 1 -
-—|z s z -2z —p2ZRe(Z,Z
2dt|2| (m+up)|2|+4plzl+Mp e(Z122)
k> . k? . k?
+2M—5 Re(Z1Z2) — 2— Re(Z325) — 20M*—| 252, (4.21)
pf )4 )4
From (4.18) we have
1d 8,m 2 38[}7 2
-—|Z — = Z3* - =22z
2dt| 512 <m+vp>|3| 4p|3|
- )
F (e — M2 pRe(Z273) — vM?* 2L Re(2,75)
p

k? k?
— 2vM?— Re(Z1Z3) + 21)M2—|Z 1> + 20> M* = Re(Z,73).
pz P
(4.22)

Now we compute the time derivative of the mixed terms appearing in (4.12). The
first term in (4.12) is introduced to cancel the terms with %8, p/p coming from the
summation of (4.19) with (4.21), indeed observe that

Md 3 - M (2k% 3 (3 p)? M 3m 9
=L Rez120) =5 [ - 2 ) Re(Z120) - 22 ;sze(lez)
4 dt pf 4 pz 2 p2 m /

1op M, p
— == (1Za2* — 121 )—M——Re(zlzz)
4 p 4
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k%9
+ M “’|Z| P Re(2123)
2p7
k28
— M3 2P Re(7,Z5). (4.23)
2p2

The second term in (4.12) give us a dissipative term for Z| as follows

d y o p o;m
—y= (P TRZ120)) =L 22 Re(Z122) + 2y—p‘f Re(Z125)
dr 2 pz

kZ
+M|Zz|2 M<1+2M2 >|zl|

1
+yup2Re(Z12Z,)

k2 _ k2 -
p? p?

Hence, rearranging the terms appearing in (4.19), (4.20), (4.21), (4.22), (4.23) and
(4.24) we have the following identity

d o,m 2 om y 2 k2 2
CEwy=— (22 ZoP— (27 L Y (o)) 1z
T E® <m+up>|2| (m+M(+ p2) |Z1]

6

5
d;m
—<t7+vp>|Z3|2+ZDi+ZIi, (4.25)

i=1 i=1

where we define the dissipative error terms as

1 — —
D =%|22|2, D, = yup?Re(Z1Zy), D3 =v(n—v)M*pRe(Z,Z3) (4.26)

9 _ 9
Dy = —vM> 2P Re(Z,73), Ds= ——’—p Re(Z,Z5), 4.27)
P

which we need to control with the negative terms appearing in (4.25). Instead, the
integrable error terms are given by

5k%9 7
I :M2( - (‘p) )|Zl|2, (4.28)
2p 4 p*
I dm D 1@\,
IZZM(E(%—I—)I—p+(2+2 M)——g( Z )RG(ZIZ2)
m p2 p2 pz
k2M3d; p am
—v—Re(lez)+2y—p ZRC(ZIZZ)
2p2
30
I = — Zf—”|z 2 +2vM2—|Z B (4.29)
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2 2
Ti=M (2(1 — sz)k—% — kif’) Re(Z,Z3),
M pi 2p§
k? k? .
s = (-2— + 2v2M4—> Re(Z>Z3),
p p
2 2702
Ts = _M28’7m(a’p—p3)|zl|2—2uk Mz, (4.30)

which all involve Fourier multipliers integrable in time, as we explain below.
Now we proceed by providing suitable bounds on the terms D;. To control Dy, in

view of the property (4.9), we need to choose y such that y /M < V3. Therefore, we
define

(4.31)

and notice that y < 1/4 by assumptions on M. To control the remaining terms, we
also need to exploit the hypothesis

uM <1, (n—v)M>=1M><1. (4.32)
Since y < 1/4 and M < 1, we bound D; as
Y 2 14 2 M 2 14 2
D < = Z —(Mup)|Z < —p|Z —1Z1]°. 4.33
| zl_zupl 2] +2M( wWIZ1” = 8pl 2| +2M| 11 (4.33)
To control D3, in view of the restriction (& — v)M 2 < 1, we have

V V
IDs| < Ep|zz|2 + §P|23|2~ (4.34)

Since |0; p| < 2|k|p%, the bounds on Dy, D5 are given by

v 9, p)? v k2

Dal < UzsP + o O 202 < Vizap v am?S . @ss)
4 P 4 P
0 wM?k?

|Ds| < Rp|zz|2 + 1Z,? (4.36)

Notice that the last terms in the right-hand side of the last two inequalities need not to
be absorbed with the negative terms in (4.25), being k> p~! integrable in time.

We now turn our attention to provide bounds for the terms Z;, where we can exploit
integrability in time of the Fourier multipliers. More precisely, we have two main
contributions, one given by d,m /m, which is clearly integrable in time and can also be
absorbed with the negative terms appearing in (4.25). The second one is the multiplier
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k*p~!, appearing for example in Z3, Zs, whose integral in time is uniformly bounded
with respect to k, 1, namely

t kZ t dt n n
/0 mdr = /0 m = (arctan(% —1) — arctan(;)) .

In addition, for the term Z3, since d;p > O for r > n/k, we have

M2
1Z3]%, (4.37)

30
T3] < —=—=x,-11Z31* +
4 p l<k

therefore we can also integrate in time the first term in the right-hand side of the last
inequality. However, this will be the source of a loss of regularity as it will be clear
later on. 1

Then, since |9; p| < 2|k|p?2 and recalling (4.32), we roughly estimate the remaining
terms as follows

k2
1T1| < clM2;|zl|2, (4.38)

K2 19m
1T5| < <C2(M + M2>— + 5’7) 1Z1* + 1221,

k2
|74 < Ca(1 + M2>;<|zl|2 + 1251,

kZ
1Zs| < Cs(1 +M2);(|Zzlz +12Z31%),

Zs < 0, (4.39)

where we perform the last trivial bound since we cannot gain much from Z¢.
Therefore, thanks to the choice of y in (4.31), the properties (4.9) and (4.13),
combining (4.33), (4.34), (4.35), (4.38)—(4.39) with (4.25) we infer

1
d
T FO=-¢ ((1 +4M? 2)|Zl|2 +12a2)* + |Z3|2>

K 19m 39:p 5
CM—+§— E()———x,<n|23|, (4.40)
m p k

where C)y is explicitly computable from the previous bounds. Then, since

9 p)? k2
a2t “;) <4M>=, (4.41)
p
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and from (4.14) we know that | Z3|> < 2E(¢), by (4.40) we get

d 3 39,p K am
ZE@ < ——E(t) (=57, g A +2— E),
dr 2 p

hence, applying Gronwall’s Lemma we have

GI—

3
~ v3 0)2 ~ v
E(t) < Cye~ 6" r© — E(0) < Cpe T

. 5 “{k. ) E0).
PO x <1 +pn/k)2 50

o

(4.42)

where GM = exp(57 Cyy). Clearly the term (k, n)3 is the one which causes the loss
of regularity, coming from the bound (4.37) as we have stressed previously.

To conclude the proof of Lemma 4.6, summing in k and integrating in 7 in (4.42),
thanks to (4.14) and (4.10) we have

§ 1 . .12
— 3z in in =in 2 4in
Z/E(t)dn<e o (W HR Hm—i-HA —M2A Hs),
k50
therefore, in view of (4.5), we conclude the proof of Lemma 4.6. O

Remark 4.7 Combining the choice of y with the restrictions (4.32) we immediately
recover the hypothesis on the Mach number made in Theorem 1.1, namely M <

min{u_l, )»_%, v_%}. However, choosing y = 6Mvé/4 for 0 < § < 1, it would be
sufficient that M < min{x—', A=2, 813}, while in the exponential bound (4.15)
1

a factor 6 will appear, namely we have e”s%t. Therefore, we could slightly improve

the range of available Mach numbers by deteriorating the decay rates.

In addition, from (4.42) we also see that the constants hidden when using the symbol
< grow exponentially fast with respect to M, which is clearly irrelevant for M ~ 1
but deteriorates extremely the bounds for larger values of M. It should be possible to
improve this dependency up to constants O ({M)#) for some 8 > 1 by considering
exactly the energy functional used in the inviscid case, see Lemma 3.3 and Remark
3.4, plus the terms due to the viscosity.

Remark 4.8 (Regularity in absence of bulk viscosity) When A = 0, namely u = v, it
is sufficient to consider the auxiliary variable

Zs = {k,n)’ m™ (B —vM?A),
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which satisfies the following equation

~ 0 ~ 0
873 =— (’—m + vp) 7y —wm? 2L 7,
m 1
p
k? k% ~ k?
— M7y + 20M*—Z5 + 20’ M* — 7,
pA 14 pA
where Z and Z; are defined in (4.10). We can then proceed as in the proof of Lemma

4.6, clearly defining the new error terms accordingly. For example, the most dangerous
one can be controlled as follows

0 -~ 0 v ~
o2 PP e 2,73 <avm* 2Pl 2,2 L Y702
k| v
<dvM*—|Z5)* + Engﬁ
pZ

since |k| p_% is integrable in time. However, using 23 we will not have the error term
containing the multiplier — % 9;p/ p.see (4.29), meaning that in the bound analogous to
(4.42) there is not (k, ), hence in Lemma 4.6 we do not lose derivatives (consequently
also in Proposition 4.3)

We now turn our attention to the proof of Corollary 4.4.

Proof (Proof of Corollary 4.4) In order to prove (4.7), let

t

Ly, k,n) = v/ p(t, k,n)dr.
0

Since

1 1 1 2 1
K22+ K2+ — nkt = —k2t2 + k2 4+ | =kt — — K2 > —k%2,
e A e A 1 A

we get

g4

ey e T TP (443)

Therefore, solving (4.3) via Duhamel’s formula we have

t
E(t) = L WEm 4 v/ L0 p(r)R(1)dr.
0

Appealing to (4.43), we get

1
L3

1V

[0 <€ g

t 1 R
ot v/o e~ T2V (=T |p(DR@)| ;s dr. (4.44)
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To bound the integrand of the last equation, we exploit the bound obtained on
M~ p~1/4R, see (4.6). In particular, using that p < (r)? (k, n)%, we have

[p©OR®| e =M [piOMp~ 4RO

<M (r)3

MR

Hs+%
1

1
5 1
<M(t)2e 2" TC, 5

where we recall the definition of C;, ¢ given in (4.5). Consequently we get

! 7iv%(t7) 7 ! 7Lv%(t7) 3 —Lys
v/e 2 T ”p(r)R(r)“Hsdr,S MCl.,”Jr;v/ e 12 Nry2ze 2V dr

0 2 Jo

[ T P S NS I
sv()? | em Ty (1) 2em 2 Tdr
2 0
1 B LA A
<MC;, . s5v3 (t)f/ eV 53T
0

Lot 1
< MC. _sv3 (t)% e_é"“/‘ e~ (a3 =) gg
0

1
1
(;)% e wV3l

Combining the previous estimate with (4.44) we obtain

1
_ 1 3t

1
IE@ g Se B E™ |+ M ()2 e eV I C,

m,s—i—%'

., (4.45)

Finally, we directly recover the bound on €2 as follows
12O g <NEO s + IR ps
1 -1 -1
=IEOls +M |pF M pERO)|

1
SIE® s + M(t)2

1 1
M 1p 4R(I)HH“+%'

The proof of the Corollary 4.4 then follows combining the last bound with (4.6) and
(4.45). O

4.2 Dissipation enhancement without loss of derivatives

The purpose of this subsection is to prove Theorem 1.7, where again we assume that
Pin,0 = in,0 = win,0 = 0. In the following, we first present a toy model to introduce
the key Fourier multiplier which is crucial to avoid the loss of derivative encountered in
Proposition 4.3, see also Remark 4.5. Then, in analogy with the previous subsection,
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we present a weighted estimate that follows from the control of a suitable energy
functional. Theorem 1.7 is a consequence of the weighted estimate.

The key Fourier multiplier

In the inviscid case and in the previous subsection it was crucial to properly symmetrize
the system by weighting the density and the divergence with some negative powers
of the Laplacian, see (3.7) and (4.10) and recall that p is the symbol associated to
—Ap. This was essential to balance the growth given by the term 9; p/p present in
the equation for the divergence, see also Remark 3.1. However, in the viscous case
it is possible to balance the growth given by 0, p/p using the dissipation. To explain
this mechanism, we consider a toy model introduced by Bedrossian, Germain and
Masmoudi in [4]. In particular, we consider the following

0
o f = ’7"f —vpf, (4.46)

which is clearly a relevant toy model also in our case, since the first two terms in the
right-hand side of (4.2) have exactly this structure. First of all, for r < n/k we know
that 0, p = —2k(n — kt) < 0, hence we may ignore this term in an energy estimate.
Instead, for t > n/k we have 9; p > 0 leading to a growth on f that is not balanced
by the dissipative term, indeed near the critical times r = 1n/k one has vp ~ vk?.
More precisely, we cannot hope to have a uniform estimate like d;p/p < vp for
t € [n/k,n/k + C,] for some C,. If we are sufficiently far away from the critical
times dissipation overcomes the growth, namely for any 8 > 0 one has

vpl ko) = BvS. il Tz pyTE (44T)

1

0 2
SP k) < < 287 if]r — g| > pu 3, (448)
)4

J1+ G =12

so that for B8 > 2 we see that 9, p/p <vp/4if |t — n/k| > ﬂv_.%.
In order to control the growth near the critical times, for a fixed 8 > 2 to be specified
later we introduce the following Fourier multiplier

0 it g (2, 2+ v
@w)(t, k,n) = <8;7pw> (tkon) ifre D2+ pv3] (4.49)

w(0, k,n) =1,
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which is explicitly given by

1 ifnk>0and0 <1 < 7,
1 if gk <0, |2 > =3 and 1 > 0,
w(t, k,n) = tk, ) (4.50)
! —p(kz m it <r <24 Bus,
1+,32v_% in all the other cases.

This multiplier has been used also in [4,49]. Let us state some properties of this
multiplier.

Lemma 4.9 Let w and m be the Fourier multipliers defined in (4.50) and (4.8) respec-
tively. Then, for any t > 0, n € Rand k € Z \ {0} the following inequalities holds:

1 <wit, k,n) <23, @.51)
1
wp™ Ot k1) <15 (4.52)
In addition, for any max{2(8(B> — 1)1, 471} < dp < 1 one has
0 ) 0
<3ﬁ([—m +vp)+ ’—p> (t k,m) = Sﬂv%, (4.53)
m w p
) 0 0 8
(6ﬁ<’—m+v§>+’—“’—’—”> (t ko) = Lo, (4.54)
m w p 2

Observe that the bound (4.51) is exactly the maximal growth expected by solving
explicitly (4.46). Indeed, solving (4.46) one has

1 gt .
26 va p(t,k,n)dt fm(k, n)’

A& k) =
(p~ O, k,n) o

so that, since p < ()2 (k, n)z, using (4.43) we get

L] . 5 o ,
1 = [P0 < w2emm | i g uiem e pin

Hs

-2

Whereas if we multiply (4.46) by m 2w ™2 f we obtain

1d om  o;w 0
Y { R (e L1 NIV R
2dt m w )4

1
<— 3w 'm P
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where in the last line we have used (4.53). Hence, one has ||w’1m’1f}|Hx <

1
e V3! || i H s~ Then, since m ~ 1, see (4.8), from (4.51) we infer

2 i .
£ 3t | gin
e f

S | _2
£l = [wm@ == )| <07

—1._ -1 < -
wom fHHva

o

Remark 4.10 As shown in the computations above, we see that using the weight p~!

or (mw)~! we obtain the same asymptotic behaviour. The advantage of the weight
w with respect to p it is clearly the uniform bound (4.51), so that we do not have
to pay regularity to translate the estimates from weighted to unweighted quantities.
Notice also that, in view of (4.54), to control the growth given by 9, p/p it is enough
to have a dissipative term with constant coefficients. This property will be crucial for
the density, where we can hope to recover a similar dissipative term by exploiting its
coupling with the divergence, see for example (4.25).

Let us prove Lemma 4.9

Proof The proof of (4.51) and (4.52) readily follows by the definition of w given in
(4.50).
To obtain (4.53) and (4.54), when 9; p < 0, namely 0 < ¢ < n/k, in account of the

property (4.9) there is nothing to prove. When ¢ € [n/k, n/k + ,31)_%] we make use
of the definition of d;w/w, see (4.49), and the property (4.9). In all the other cases we

have |t — n/k| > ,Bv’%. Therefore, appealing to (4.47) and (4.48), we infer
o p 1 2 1 1
Spvp — > vi(8pBT —2B77) = dpv3,

8[3\}% — 8;_]7
p

v

1 -1 5/3 1
vi(ép—27) = SV

where we have also used that 8 > 2 and max{2(8(B> — 1))~!, 4871} < dg =< 1,
hence the proof is over. O

We are now ready to introduce the weighted energy functional.
4.2.1 The weighted estimate and the proof of Theorem 1.7

Having defined the weight w in (4.50), in the following proposition we present the
weighted estimate which allows us to prove Theorem 1.7.

Proposition 4.11 Lets > 0, u < 1/2, M > 0 be such that M < min{u_%, v_%}. If
p" e HSTHT x R) and o™, " € H*(T x R) then

1 301~ 3~ 3o~ —~

e o] +|eido| e FE-vrio)|

M HS HS H’

| (4.55)
g e*&l)gt( Vpin ain pin + a)in _ szain ).

HS

+|
HS

+|
HS
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Notice that with respect to Proposition (4.3) we have replaced the weight p 1 with
w -3 for A and E — vM?A. Instead, for the densny, in view of (4.52) the same

asymptotic behaviour is expected since w -3 p2 P 1.
Appealing to Proposition 4.11, we first prove Theorem 1.7. Then, we present the
proof of Proposition (4.11).

Proof (Proof of Theorem 1.7) To prove (1.20), by the change of coordinates X =
x — yt, Y =y we have

a2 + 2 19502
1
+ lo®lzz = 14O+~ IVLROl 2 + 1202
—~ 1 ~ ~
=AW,z + 57 |PIROO| L + Q0] 2
Then, observe that

IQ < |E — vM?A| + |R| + vM?|A| < |E — vM?A|

—_—

+M - p? 3R+ vM2|A). (4.56)
Hence we get

1
lle@llz2 +57 IVPDIlL2 + @2

SlAo|

< (\

+|@FE -0 )

-0,

1 3 1=
L+ @ iR

where in the last line we have used (4.51), namely w% < v’%. Therefore, (1.20)
follows combining the bound above with (4.56) and (4.55).

On the other hand, the inequality (1.21) is obtained as follows. By the Helmholtz
decomposition and the change of variable (1.23), we first observe that

1
oo 1RO

1
IOl +- 1ol < [ (Veaz' aw| ,+]vEa

1 _1
LﬁﬁHU’

1 ~
= |e Do),
Then, using (4.51)—(4.52) we have
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DOz + 5 90

< |@iuip @ iAo

1 1 1 3~
L it p i) o)

L2

1 31~
+ o @il p i p RO

L2

S ( | Do, + e i)

L2>’

whence concluding the proof combining the bound above with (4.56) and (4.55). O

L2

+ | pi R

It thus remain to prove Proposition (4.11). We do not present the proof in detail since
it will be similar to the one of Proposition (4.3).

Proof (Proof of Proposition (4.11)) Consider the weight defined in (4.8), we introduce
the following weighted variables

l . -~ . -~
P = ok, ) (m " w i pI R, ZY (1) = (k. ) (m w3 A) (@),

4.57)
3
ZY (1) = (k,n)’ (m™'w ™I (B — vM>A))(1).
Notice that with respect to (4.10), for Z}” and Z3’ we have replaced p’% with w1,
Then, in account of (4.1), (4.2) and (4.4), we observe that
8;m 3 3,w 8[[) 18;]) 1 1
Wz =—|—+-(——-—")2Z2} ———2ZV — —p2ZY, 4.58
t £ (m+4(w p) 1 4171 Mpz ( )
3 8tw B,p latp
9,7V = — [ 1= (= Iz g 4.59
23 ( +up+ )7 (4.59)
1 2Mk? k> 2
+ (ﬁpi + = ) ZV —2—7¥ —2vM>—2Z¥,
p2
8tm 3 8;w 2
0 Zy =— (7 + vp) zy — 1723” +v(p— V)M pZy
3 k> k? k>
—oM2 2L 7 M3z f 2uMP Tz 20 MA 2P, (4.60)
p p2 p p

Besides the first term on the left-hand side, the equations (4.58)—(4.59) and (4.16)-
(4.17) have the same structure. The only difference between the equation (4.60) and

39 39
(4.18) is that in (4.60) we have ~7 av whereas in (4.18) there is ~7 l—p Hence, we
w

define the energy functional as done in (4.11)—(4.12), namely
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1 9, p)?
E¥(1) = 5( (1 + Mz(jT’;)) Z0 R0 + 128 P + 122 P
1

Mv
(—— Re(Z{'ZY))(1) — —(If7 Re(Z{'ZY ))(t)>
pz

which is clearly coercive and satisfies the same bounds given in (4.13)—(4.14). As
done to obtain (4.25), we get

d om 3 w0
B0 =- (’— +up+ - ’—”)) zy
t m

1
dm V3 K. 3w 9
—(t—+—(1+2M2—) _(t__’_p)>| 12
m P’

= (7’" )|23|2+ZD"’ +ZI"’

where Dl?” ,fori = 1,...,5, are defined as in (4.26)—(4.27) by replacing Z; with
Z}f’ for j = 1,2, 3. Analogously, Z?, fori = 1,...,6 and i # 3, are defined as in
(4.28)—(4.30). Instead, the term Z3’ is given by

309
v = _Z’—w|z3| +oom2t |Z§”|2. (4.61)

In particular, with respect to (4.29), there is the great advantage that o,w/w > O,
meaning that we can bound Z3’ just with the last term in the right-hand side of (4.61).
Therefore, thanks to (4.61), making the same estimates given in (4.33)—(4.36) and
(4.38)—(4.39) we infer

d 1 0 30 0
ey <— (=2 upy 42 (—”“——’p> 1z 2
16 m

dr
1 (9m ! 3w 9
_<1_6 (’__|_ ) _(’__’_p))|z |2

V3 Mz(a,p)2

z 4.62
s 1Zy|? (4.62)
1 (om kK> 18m

—— (= +vp )1ZVP +4(Cu— + "= ) EY (1),  (4.63)
16 \ m p 2 m

where to obtain (4.62) we have used (4.41), whereas to get the last term in (4.63) we
have used the coercivity properties of the functional, see (4.13)—(4.14). We now have
to exploit the properties (4.53)—(4.54). In particular, in our case we have dg = 1/12,
hence choosing f > 4 in the definition of w, see (4.50), we get
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1

d 1 1 3 M2(8, p)?
Spry <= Tvhizgp - oz - DO g
dr 16 32 8 p3

1 1 K2 19,m

— — VI ZYP 44 Cy— + == ) EY ).
16v|3|+ (Mp+2m> ()
<

1o, K 19m\ .,
— —VIEY() +4(Cy— + =— | E¥ (1),
32 p 2 m

where in the last line we have used (4.14). Therefore, applying Gronwall’s Lemma
we obtain

1
EY(1) < e~V TEY(0). (4.64)

Then, in view of the definition (4.57) and the coercivity of the functional, we also
know that

> [ erom=jutptwof, + [uibol,
. R 2
o t@ el .

hence, thanks to (4.64), the proof is over. O
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