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Abstract
We consider the SQG equation with dissipation given by a fractional Laplacian of
order o < % We introduce a notion of suitable weak solution, which exists for every

L? initial datum, and we prove that for such solution the singular set is contained in a
compact set in spacetime of Hausdorff dimension at most ﬁ (%(1 —2a) + 2).
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1 Introduction

Fora € (O, %] we consider the following fractional drift-diffusion equation
90 +u-Vo =—(—A)“6 0
divu =0,

where 6 : R? x [0, o0) — R s an active scalar, u : RZ x [0, 00) — R2 is the velocity
field and (—A)® corresponds to the Fourier multiplier with symbol |£]?*. The system
is usually complemented with the initial condition

o(-,0) = 6. 2)

We will be particularly interested in the surface quasigeostrophic (SQG) equation
where the velocity field u is determined from 6 by the Riesz-transform R on R?.
More precisely, we require

u=vVi—A)16 =R, 3)

There is a natural scaling invariance associated to the system: whenever (6, u) solves
(1), then so does the pair

0,(x, 1) = r 7 00x, r*t)  ur(x,t) = Yulrx, r?%). 4)

1.1 Main Result

Our main result shows that for every L? initial datum and every o € [%, %), there
exists an almost everywhere smooth solution of the SQG equation and, more precisely,
it provides a bound on the box-counting and Hausdorff dimension of the closed set of
its singular points.

Theorem 1.1 Let ag := %ﬁ For any a € (ao, %) and any initial datum 6y €
L2(R?) there is a Leray—Hopf weak solution (8, u) of (1)~(3) (see Definition 3.1) and
a relatively closed set Sing 6 C R? x (0, 00) such that

o 0 € CP(IR? x (0,00)] \ Sing#),

e Sing6 N [R? x [1, o0)] is compact with box-counting dimension at most
% (l'g—“(l —2a) + 2)f0ranyt > 0,

e the Hausdorff dimension of Sing 6 does not exceed ﬁ (H‘T"‘(l —2a) + 2) .

Remark 1.2 We will in fact prove a slightly stronger statement, namely that all suitable
weak solutions 6 of (1)—~(3) on R2 x (0, 00) (see Definition 3.4) satisfy the estimate
on the dimension of the spacetime singular set Sing 8; in particular, they are smooth
almost everywhere in spacetime. Moreover, the set Sing 6 is compact as soon as the
initial datum is regular enough to guarantee local smooth existence.
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Estimate on the Dimension of the Singular Set Page3of62 6

The regularity issue for the equation (1)—(3) is fully understood only in the subcrit-
ical and critical regime, namely for o > % The critical case (without boundaries) is
now well-understood thanks to Kiselev, Nazarov and Volberg [21] and Caffarelli and
Vasseur [3] (see also [11]) and one even has a description of the long time behaviour of
the system [12,13]. On bounded domains, the critical case has been well-studied in a
series of works initiated by [8]. In the supercritical range o < % the global regularity
of Leray—Hopf weak solutions to the SQG equation is an open problem related to
the problem of global existence of classical solutions: in fact, it is well-known that
Leray—Hopf weak solutions coincide with classical solutions as long as the latter exist.
Constantin and Wu [9,10] obtained partial results by extending the program of [3] to the
supercritical regime. In [3] the technique of De Giorgi for uniformly elliptic equations
with measurable coefficients is adapted to prove the smoothness of Leray—Hopf weak
solutions in three steps: the local boundedness of L? solutions, the Holder continuity
of L®° solutions, and the smoothness of Holder solutions. While the L°°-bound for
Leray—Hopf weak solutions still works in the supercritical case [9], only conditional
regularity results are known regarding the second and third step of the scheme. For
instance, Holder solutions in C? are smooth for § > 1 — 2, while for § < 1 — 2« this
is left open [10]. On the negative side, [1] established non-uniqueness of a class of
(very) weak-solution for the system (1)—(3), even for subcritical dissipations. In this
context Theorem 1.1 is, to our knowledge, the first a.e. smoothness / partial regularity
result.

1.2 An g-Regularity Theorem

The estimate on the dimension of the singular set in Theorem 1.1 follows from a simple
covering argument and a so-called e-regularity result: in order to fix the main ideas,
we present the latter in a simplified version in Theorem 1.3 below. In what follows we
denote by 6* the Caffarelli-Silvestre extension of 8 and by M the maximal function
with respect to the space variable (see Sects. 2.4 and 2.6); K, as defined in (51),
is a constant depending on the local-in-time LIOOL)‘{ (R?) estimate of 6 (recalled in
Sect. 3.1).

Theorem 1.3 Let a € [cxo, %) q > 8and p = ITTQ + L. There exists a universal
e = &(a) > 0 such that the following holds: Let (0, u) be a suitable weak solution of
(1)~(3) on R? x (0, T) (see Definition 3.4) satisfying

o122
LO(R2Zx[t—r2 t4r2e])

rp(1-20)+2

(/ VP [V6* 2 dz ds dy +/ M ((Da,z 0)2) dz ds) <& 5
C*(x,t;r) C(x,t;r)
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6 Page4of62 M. Colombo, S. Haffter

whereC(x,t;r) == B, r2a-2/g (x) X (t—r2 t4r2), C*(x, t;r) := [0, 1) xC(x, t; 1)
and

Nl—

_ / 2 2
(Dar )z, 5) = (/RZ 0(z,5) — 02, 5)| dz’) ‘ ©)

|z — Z/|2+20c

Then 6 is smooth on By jg(x) x (t — r2 /16, t + r2*/16).

The integral quantities present in (5) are two non-equivalent localized versions of
the dissipative part of the energy, i.e. the L2((0, T), W*2(R?))-norm of 6, and are
globally controlled through the latter. At this point, the careful reader will object that
Theorem 1.3 cannot be used in a covering argument since the maximal function is not
bounded on L. This issue represents a mere technical difficulty though: it is resolved
by introducing a suitable variant of the sharp maximal function which leads to the
more involved e-regularity criterion of Corollary 6.6. Theorem 1.3 is a consequence
of the e-regularity Theorem 5.3 (which holds for every a € (}T’ %)) whose smallness
requirement features an L”-based excess quantity and can be met at some small scale
by requiring (5). Theorem 5.3 on the other hand is obtained via an excess decay result
and a linearization argument, in analogy with [24] for the classical Navier—Stokes
equations and with [7] for the hyperdissipative Navier-Stokes equations. Nevertheless
there are some novelties in our approach with respect to the corresponding results for
Navier-Stokes:

e Our e-regularity result relies on the crucial observation (previously used in [3,10])
that the equation (1) is invariant under a change of variables which sets the space
average of u to zero. Indeed, the scaling (4), in contrast to the analogous situation
for the Navier-Stokes equations, does not guarantee any control on the average of
u on B, in terms of the average of the rescaled solution u, on By as r — 0. The
lack of control on the averages introduces a challenge to iterate the excess decay,
since at each step we need to correct for this change of variable, in a similar spirit
to [10].

e Asasecond ingredient, we introduce a new notion of suitable weak solution which
enables us to perform energy estimates of nonlinear type controlling a potentially
large power of 6. Such nonlinear energy estimates exploit the boundedness of
Leray—Hopf weak solutions in an essential way and are not available for the Navier-
Stokes equations. The freedom of choosing a suitable nonlinear power on the other
hand is crucial in the context of the SQG equation: Indeed, the classical (local)
energy controls naturally 6 € L*°((0, T), L2(R%)) N L2((0, T), W*2(R?)) and
hence, by interpolation, 6 € L2+ (R2 % (0, T)). Yet, since 2(1 + o) < 3 for
o< %, this is not enough to conclude a strong enough Caccioppoli-type inequality
which accounts for the cubic nonlinearity in the local energy.

e On one side, Theorem 1.3 may be seen as an analogue of Scheffer’s result [27] for
Navier-Stokes, providing e-regularity criterion at a fixed scale. On the other side,
in order to give an estimate on the dimension of the singular set, the smallness
(5) must be required in terms of differential quantities of 8, as it happens in the
more refined result by Caffarelli, Kohn and Nirenberg for Navier-Stokes [4]. In
the context of the SQG equation, the easier Corollary 6.1 below may be seen as
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the full analogue of Scheffer’s result. Although Corollary 6.1 still establishes the
compactness of the singular set, it does, in contrast to Navier-Stokes, not yield any
estimate on the dimension of the singular set.

Using the “continuity” of the aforementioned e-regularity Theorem 5.3 under strong
convergence in L?, an immediate consequence is the stability of the singular set in
the fractional order o € (%, %] which in particular recovers the following theorem of
[35] (see also [5,6] for related results in other contexts).

Corollary 1.4 (Global regularity for slightly supercritical SQG) Let 8y € H?*(R?)
with ||0p|| g2 < R. Then there exists ¢ = €(R) > 0 such that (1)—(3) has a unique
smooth solution 6 € L52 ([0, 00), H*(R?)) N L}, (0, 00), H*T*(R?)) for all frac-

tional orders a € [é — 8, é] .

loc

Remark 1.5 The corollary could be set in any H'!*3(R?) for § > 0 which is subcritical
for orders « close to % and there admits a (quantified) short-time existence of smooth
solutions. In [35] the assumption [|6y||z2 < R is replaced by the scaling invariant

assumption ||6p||¢ 12 ||90||l % < R. The latter statement can be reduced to ours by

applying a first rescahng which renormalizes the L?-norm of the initial datum to 1.

Moreover, by the decay of the L°°-norm of solutions (see Theorem 3.2 below), the &-
regularity criterion is verified for large times and we recover the eventual regularization
of suitable weak solutions from L?-initial data for o € (}1 , %) previously established

for Leray—Hopf solutions in [30] for « close to % and in [14,20] for any « € (0, %).

1.3 A Conjecture on the Optimal Dimension Estimate

Theorem 1.1 leaves open the question of whether or not the estimate on the dimension
of the singular set, as well as the range of « for which it is valid, is optimal. We believe
that a natural conjecture for an optimal estimate of the dimension of the spacetime
singular set is

1
dimp(Sing0) < — (4 — 4a), (7)
200
and
. . 1
dim(Sing 0) < 2—(4 — 40{). (8)
o

In (7), P is the parabolic Hausdorff measure that is, for ¢ < %, the Hausdorff measure
resulting from restricting the class F of admissible covering sets to the spacetime
cylinders Qr (x, t) = B, /00 (x) X (¢t — r, t]. We refer for instance to [7] for its con-
struction for o > 5 The cylinders Q, (x, t) are the natural choice for o < because
their diameter is less than 4r, at difference from the classical parabolic cyhnders
B, (x) x (t — r2¢_t] whose diameter is of the order of r2¢

The conjecture (7) is based on a dimensional analysis of the equation : We may
assign a “dimension” to any function f (@) of 6 via the exponent 8 of the rescaling
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6 Page6of 62 M. Colombo, S. Haffter

factor 1/r# which makes the spacetime integral of f(6) on O, dimensionless, i.e.
scaling-invariant with respect to (4). The number appearing on the right-hand side of
(7) corresponds then to dimension of the energy, whose dissipative part is the globally
controlled quantity in the form of a spacetime integral which scales best. This would
correspond to the result of Caffarelli, Kohn and Nirenberg [4] ) for the Navier-Stokes
system (see [7,22,33] for fractional dissipations of order o € [%, %)) who proved that
suitable weak solutions of the latter are smooth outside a closed set of dimension 1.
In fact, for the Navier-Stokes system this bound on the dimension of the singular set
is what the scaling of the equations and boundedness of the energy suggest.

Notice that the right-hand side of both (7) and (8) does not converge to 0 as « — %:
this is due to the fact that the quantity that dictates the scaling-criticality of the equation,
namely the L°°-norm of 0, is not of integral type and hence cannot be used in a covering
argument of the type that we do in the proof of Theorem 1.1. In turn, this covering
argument finds his pivotal quantity in the dissipative part of the energy, which has a
worse scaling than the L°°-norm of 6.

In the proof of Theorem 1.1, it is natural to consider the classical Hausdorff mea-
sure, since the tilting effect of the change of variables, which sets the space average
of u to zero, forces us to work on balls in spacetime (rather than parabolic cylinders,
see Sect. 6.4 and in particular Step 3 of the proof of Corollary 6.6). This effect of the
change of variables constitutes a serious obstacle for any parabolic Hausdorff dimen-
sion estimate. However, our estimate is nonoptimal: to obtain the optimal estimate,
one should replace 1:‘;—“ by 2 in the estimate of the dimension of the singular set in
Theorem 1.1; however, the integrability exponent lfT"‘ represents the least possible
exponent for which we are able to use a “nonlinear” localized energy inequality in
an excess decay argument (cf. Lemma 3.8). An analogous difficulty appears for the
ipodissipative Navier-Stokes equations for low fractional orders o < % where the
Caccioppoli-type inequality as described before fails to be strong enough to control
the cubic nonlinearity and indeed no estimate of the dimension of the singular set is
known.

1.4 Structure of the Paper

The paper is structured as follows. After recalling some technical preliminaries in
Sect. 2, we discuss in Sect 3 the global and local energy inequalities of the SQG equa-
tion and we define the notion of suitable weak solutions. The key compactness property
of the latter is proven in Sect. 3.5 and leads to an excess decay result established in
Sect. 4. The iteration of the excess decay on all scales is performed in Sect. 5 and
requires to introduce a change of variables which sets to 0 the average of the velocity
u on suitable balls. This excess decay yields the basis for several e-regularity results,
in particular Theorem 1.3, which are deduced in Sect. 6. The proof of Theorem 1.1 is
given in Sect. 7. In Sect. 8, we discuss the stability of the singular set with respect to
variations of the fractional order of dissipation.
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2 Preliminaries
2.1 Notation

We use the following notation for space(time) averages of functions or vector fields f
defined on R? x [0, 00): For bounded sets E C R? x [0, co) and F C R?, we define

(HE :=][Ef(x,t)dxdt and [fOlF ::7[Ff(x,t)dx.

We introduce the spacetime cylinder adapted to the parabolic scaling (4) of the equation
Q0 (x, 1) i= By(x) x (t = r**,1].

In the upper half-space ]RfL we define B¥(x) := B,(x) x [0, r) and we define the
extended cylinder

QF(x, 1) 1= B¥(x) x (t — r**, 1].

We will omit the center of the cylinders whenever (x,t) = (0, 0). Moreover, we
use the following convention to describe spacetime Holder spaces: For «, B € (0, 1)
and Q0 C R? x R we denote by C @B (Q) the functions which are a- and B-Holder
continuous in space and time respectively, namely such that the following semi-norm
is finite

10(x, 1) —6(y, )] x
lx =yl +[s —]f

||0||Caﬁ(Q) = Sup{ ?t)7 (yas) € Q Wlth ()C, t) # (y7s)}

Whenever « = 8, we denote the above space just by C*(Q). Furthermore, we will
also work with spatial Sobolev spaces of fractional order: For 2 € R",s € (0, 1) and
1 < p < oo, we denote by

lf ) — fOI

WSP(Q) == {f eLP(Q): T
lx — y|»

e LP(Q x Q)}.

Correspondingly, we define for f € W*7(Q) the Gagliardo semi-norm by

1

_ p »

Flwsrioy = ( / dedy> '
eJa

=y

In the special p = 2, we will sometimes denote W% by H* and we recall that for
= R" the Gagliardo semi-norm coincides, up to a universal constant, with the semi-
norms (9). Finally, we will consider the Bochner spaces L7 ((0, T), X) for1 < g < oo
and for some Banach space X (here: X = LP(R?) or X = W*2(R?)). Whenever we
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6 Page8of62 M. Colombo, S. Haffter

work on a parabolic cube Q, (x, t), we will use the short-hand notation
LPW*2(Q,) := LI((t — r**, 1), W*?(B,(x))).

2.2 Singular Points

We call a point (x, £) € R?x (0, oo) aregular point of a Leray—Hopf weak solution 6 of
(1)-(3) (see Definition 3.1) if there exists a neighbourhood of (x, ) where 6 is smooth.
We denote by Reg 0 the open set of regular points in spacetime. Correspondingly, we
define the spacetime singular set Sing 6 := [R? x (0, 00)] \ Reg6.

2.3 Riesz-Transform

We recall that the Riesz-transforms admit a singular integral representation. Indeed,
for f : R*? — [0,00) andi = 1,2

Rif(x) = cp.v./ ngf(z)dz.
R2

lx — z|

By Calderon—Zygmund they are bounded operators on L? for 1 < p < oo and from
L to BMO.

2.4 Caffarelli-Silvestre Extension

We recall the following extension problem. We use the notation V, A for differential
operators defined on the upper half-space ]R:’fl.

Theorem 2.1 (Caffarelli-Silvestre [2]) Let 6 € H*(R"™) with a € (0, 1) and set

b := 1 — 2a. Then there is a unique “extension” 6* of 0 in the weighted space
H! (R1+1, yb) which satisfies

_ _ b 1,
Apd*(x,y) i= AO* + —3,0* = —div (y*V6*) =0
y g

and the boundary condition
0*(x,0) = 0(x).

Moreover, there exists a constant ¢, o, depending only on n and o, with the following
properties:

(a) The fractional Laplacian (—A)®*6 is given by the formula

(=8)"0(x) = —Cp o lim y08,0% (x, y).
y—)
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(b) The following energy identity holds
| icayiordn= [ jePpeR de=ena [ T Pdxdy. ©)
Rn Rn Rrrrl
(c) The following inequality holds for every extension n € H' (RT’I, vy of 0:
/ V0% dx dy < / V0l dx dy.
Ri+l Rn++1

2.5 Poincaré Inequalities

Letax € (0,1),1 < p < s and p* = ana' There exists a universal constant

C = C(«, n, p) such that for every f € W*P(R"),q € [p, p*], x e R" andr > 0

1
( /B M@= [f]B,-(x)|qu)q < Cr T D flwerg iy (10)

We will also need a weighted Poincaré inequality in the spirit of the classical work
[17] for @« = 1 (where on the other side much more general weights are admissible).
Let w € C°(IR") be a radial, non-increasing weight such that o = 1 on B, 2(x),
w = 0 outside B, (x) and |[Vo| < % pointwise. We introduce the weighted average

—1
[flo.B &) = </3 ( )w(z) dz) /B( )f(z)w(z)dz.

The following weighted Poincaré inequality is classical for « = 1 (see [23, Lemma
6.12]) and it is established for ¢ = p in [16, Proposition 4]: Their proof extends to
the other endpoint ¢ = p* and hence to the range g € [p, p*] by interpolation.

Lemma 2.2 Under the above assumptions, we have the weighted Poincaré inequality

1

( /B ()|f(Z)—[f]w,Br(x)lqw(Z)dZ>q < GG D fyer (1)

where C = 22~o+n/pC.

In the case p = 2, we can rewrite the right-hand side of (10) and (11) in terms of the
extension as follows.

Lemma23 Letn >2 a € (0,1),0<r <s, f € W2(R") and g € C'(R). Then
there exists C = C(n, o) such that

(g o flwae2ep,) = C(/B* Y IVIg(f)11* dx dy
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6 Page 10 of 62 M. Colombo, S. Haffter

1

oo [ (s o) (12)

2n
n—2ua

and forany 2 < q <

1_1

leo Flua = o070 (02 [ TR aray

s

1
2
2 (s — )2 / V(g2 dx dy + / (g(f))zdx> NCE)
BA\B; 5,

In particular, for any x € R"

1

4
3" — 2
[flwe2s, @) = C(/ / YV 2z, y) dz dy) . (14)
0 JBy )
3

Proof Letn >2,a € (0,1),0 <r < s and g € C'(R). By approximation we may
assume that f is Schwartz. Fix a smooth cut-off function ¢ € C2° (RZ’FH) such that
0<¢<1,¢=1o0nB} suppy C B and W(pl <C(s—r)" . Fora € 0, 1) we
use the minimizing property of the extension to write

_ 2
[gof]%amZ(B,):/B/B 18(f(x) — g(f () drd-

|X _Z|n+2a
- / / (8 0 fely=0)(x) — (g 0 fely=0)(2)I? dx dz
n JRe |x — z|nt2e

—aua [, 2"V o Pl F drdy
+

< tne / VI dx dy
Rn+l

+

<2na / Y IVIg(f)11Pe* dx dy
Rt’:’l
b K\\2 (T 12
200 [ GV dxdy
+

and thus (12) follows. The estimate (13) follows from (12) via Sobolev embedding
and interpolation. As for (14), we may assume x = 0 and denoting by ¢ the weighted
average of f* with respect to the weight yb on By,/3 x [0, 4r/3], we have by the
weighted Poincaré inequality of [17] (with the Muckenhoupt weight w (x, y) = y” €
AyonR3)

r72/
0
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The estimate (14) follows then from (12) (applied to f — c and s = 4r/3) and (15). O

2.6 (Sharp) Maximal Function
For a function f : R? x [0, 00) — R we introduce the maximal function (in space)

Mf (1) = sup][ 0l dz
B (x)

r>0

as well as the sharp fractional maximal function (in space)

o= Supr_“]i ( )If(z, H—=1f®]Bwldz

r>0

and for g > /2 the following variant

_ —1/g2 _1/,2
f3 G 1) o= sup 2=l >]£ ( )If(z,t)—[f(t)]B,(x)lz(l Y4V dz.  (16)
(X

r>0

In order to use a spacetime integral of 93’ 4 1 a covering argument, we need to know
that it is globally controlled; to guarantee the latter, we are forced to choose ¢ < oo.

Lemma24 Leta € (0,1), f € W 2(R") and q € (v/2, 00). Then there exists a
constant C = C(n, q) > 1 (which is uniformly bounded for g bounded away from oo)
such that

#)2 # 1 1+1/(g>-1) 2
”fa ”LZ(R”) + ||fa‘q”Ll+l/(‘f2_l)(R") S C[f]wal(Rn).

For o = 1, the equivalent of Lemma 2.4 is a simple consequence of the Poincaré
inequality and the maximal function estimate. Indeed, by Poincaré we have almost
everywhere the pointwise estimate

FE SMAVIDE  ff 0 S MV FRIY) )

—_ 2 . . . .
for f € WIIO’C1 and [ € Wlla’cz(1 Va® respectively. Integrating in x and using the
boundedness of the maximal function on L and L'*+!/ (‘12’1), we obtain the equivalent

of Lemma 2.4.
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6 Page12of 62 M. Colombo, S. Haffter

Proof We give the proof for fjf - We estimate the quantity in the supremum in (16)

2(1-1/4%) _ 2 1-1/42
7[ dz§7[ (7[ |f (@) 2af(y)l dy) dz
J By (x) J By (x) J By (x) r

_ 2 1-1/¢%
SC][ (/ | f(2) fg)l dy) dz
B(x) \ JB.(x) 12— yl"T

<c f (D f )7z, (17)
By (x)

][ f@)—f dy
By (x)

r(l

where Dy > f is the n-dimensional version of (6), i.e. for z € R"

1
([ L@Q=f@P )\’
(Doc,2 f)(Z) = (/R” Iz — Z/|n-§—204 dZ) :

By taking the supremum over r > 0, we deduce from (17) that for almost every x
£ @) < CM((Dap PI714) () (18)

and hence by the maximal function estimate on L!*+1/@*=1
# ) 1+1/(¢>-D) 2(1-1/g%) | 1+1/(g*=1)
||fa,q||L1+1/(qz,1)(Rn) < C|[(Da,2 f) ”LI“/(QLI)(R")
_ 2 _ 2
- C”Da,z f”LZ(Rn) - C[f]WC(,Z(RIl)'

3 The Local Energy Inequalities
3.1 Leray-Hopf Weak Solutions

We recall the notion of Leray—Hopf weak solutions.

Definition 3.1 Let6y € L?(R?). A pair (6, u) is a Leray—Hopf weak solution of (1)—(2)
onR? x (0, T) if:

(a) 6 € L™®((0, T), L*(R*) N L*((0, T), W**(R?));
(b) 6 solves (1)—(2) in the sense of distributions, namely divu = 0 and
/«&W+MHV¢—&AWW>Mdh:—/%uy¢&xMx (19)
for any ¢ € C°(R? x R).
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(c) Thefollowinginequalities hold forevery ¢ € (0, T') and for almostevery s € (0, T)
and every ¢ € (s, T) respectively:

IA

t
%/Qz(x,t)dx+/ /|(—A)%9|2(x,z)dxdr
0

t
%/|9|2(x,t)dx+/ /|(—A)%9|2(x,r)dxdr

Correspondingly, we say that 6 is a Leray—Hopf weak solution of (1)—(3) if additionally
(3) holds.

; / BP0 dx  (20)

IA

1 2
§/|6| (x,s)dx (21)

Observe that from the weak formulation (19) it follows that for all ¢ € C2° (]R?F X
[0, 7))

/Q(x,t)(p(x,o, t)dx—/@(x,s)(p(x,o, s)dx

t
=/ /(Qargoly:o—i—(uO)-Vg0|y=o—6’(—A)°‘g0|y=o)dxdr
N

t t
:/ /(08,(p|y:o+(u9)~V¢|y=o) dxdt —ca/ /3 yV6* - Vedxdydr
s R R+
(22)

for s = 0 and almost every ¢t € (0, T) and for almostevery 0 < s <t < T (with ¢y
given by Theorem 2.1). Indeed, the equality between the last term of the second line
and the last term of (22) holds for every 6 € L2((0, T), W*2(R?)); in the smooth
case this equality is a consequence of Theorem 2.1 which one recovers for general 6
through regularization.

We recall that any Leray—Hopf weak solution is actually in L* for ¢ > 0.

Theorem 3.2 ([10] Theorem 2.1) Let 6y € L*(R?) and let (6, u) be a Leray—Hopf
weak solution of (1)—(2). Then there exist a universal constant, independent on u,
such that for any t > 0

sup [0(x. )| < Cll6oll 21~ % (23)

xeR2

In the particular case (3), where u = R0, we obtain as a consequence that for any
t>0

_1
luC. Ol ppro) < Cllfoll 2t~ % (24)

Remark 3.3 In [10] Theorem 3.2 is proven for Leray—Hopf weak solutions of the
coupled system (1)—(3). However, in the proof of (23) only the energy inequality on
level sets together with the assumption div # = 0 is used; the structure (3) is only used
to deduce (24) from (23).
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6 Page 14 of 62 M. Colombo, S. Haffter

3.2 Suitable Weak Solutions

We are now ready to give our definition of suitable weak solution. Both this notion and
the one of Leray—Hopf solution are given without requiring the coupling (3), since, in
the proof of Theorem 1.3, we will need to work on a larger class of equations, where
u is obtained from 6 by means of the Riesz transform and a temporal translation.

Definition 3.4 A Leray—Hopf weak solution (6, u) of (1)~(2) on R? x (0, T) is a
suitable weak solution if the following two inequalities hold for almost every ¢ €
(0, T), all nonnegative test functions! ¢ € Cfo(Ri x (0, 7)) with 9y¢(-,0,-) = 0in
R2 x (0, T),forall g > 2 and every linear transformation of the form n := (6 —M)/L
with scalar L > 0 and shift M € R:

t

/(p(x,O,t)nz(x,t)dx—l—an// Yo IV P dx dyds
R? 0 JRY

t t

S//(n23t<p|y=0+un2~V(p|y=0)dxds+ca// Y Bppdxdyds,  (25)
0 JR? 0 JR3
t

/w(x,O,t)Ian(x,t)dx+4(l—é)ca// VIV |2 e dx dy ds
R2 0 JRY

t t
< / /2(|r]|‘78,g0|y:0+u|17|q ~V<p|y:o)dxds+ca/ /3 Yo |"App dx dy ds, (26)
0 JR 0 ]R;r

where the constant ¢, depends only on o and comes from Theorem 2.1.
Correspondingly, we say that 0 is a suitable weak solution of (1)—(3) if additionally
(3) holds.

Remark 3.5 In the classical notion of suitable weak solutions for the (hyperdissipative)
Navier-Stokes equations, the local energy inequality (25) is asked to hold only for 6
and not for every linear transformation n := (@ — M)/L. However, it can be proved
(see for instance [7]) that the class of suitable weak solutions is stable under this
transformation. Here on the other hand, since we use a “nonlinear” energy inequality
(26), it is no longer obvious that the class of suitable weak solutions is stable under
linear transformations; hence we require it already in the definition. The class of
suitable weak solutions contains smooth solutions (see Sect. 3.3) and is non-empty
(see Sect. 3.4) for any L? initial datum.

3.3 Local Energy Equality for Smooth Solutions

Itis not difficult to see that (25) and (26) hold with an equality for every smooth solution
of (1)-(2). Indeed, let f € C*(R). We multiply (1) by f'(0)¢|y=o and integrate in

! That is, the function ¢ vanishes when |x| + y + |7] is large enough and if ¢ is sufficiently close to 0, but
it can be nonzero on some regions of {(x, y,t) : y = 0}.
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space to obtain for ¢ € [0, T']

t
/ FO)(x, Dly=o(x, 1) dx — / / [f(0)dply=0 +uf(0) - Voly=oldxds
R2 0 JR?

t
=—//(—A)“@f/(9)¢|y:0dxds.
0 JR?2

By means of the divergence theorem, we compute for fixed time ¢

/Rz(—A)“G(x,t)f’(Q)(x,l)fﬂlyzo(x,t)dx

= —cy lim ybayé’*(x, v, 1) (f/(é’*)(p) (x,y,t)dx
y—=0t JR2

= o / @GO 6")) dx dy

Ry

=ca/ y”ﬁe*ﬁf”(e*)wxdy—ca/ Yy £ (6% App dx dy,
R} R}

where we integrated by parts in the third equality and used that the boundary terms
vanish due to the hypothesis d,¢(-, 0, -) = 0. We obtain that for f € C 2(R)

1
/f(@)(x,l)(ply:()(x,t)dx+CO,// Yy IVO*)2 £ (0%)p dx dy ds
R? 0 JRY
t t
= [ [ @b+ ur@) - Vool arvdsvea [ [ 370" B dxavas.
0 JR? 0 JR3

Observe that if f is moreover convex and nonnegative, both the left- and the right-
hand side of the above equality have a sign. In particular, we obtain (25) with an

equality when choosing f(x) = ("*LM )2 (since f” = 2L~?) and (26) when choosing
f) =32 |"forg > 2.

3.4 Existence of Suitable Weak Solutions

For any o € (0, %) the existence of suitable weak solutions can be established from
any initial datum 6y € L*(R?) by adding a vanishing viscosity term e A8 on the
right-hand side and letting ¢ — 0. The key argument is a classical Aubin-Lions type
compactness argument that we sketch in Appendix C.

Theorem 3.6 For any 6y € L2(R?) there is a suitable weak solution of (1)—(3) on
R? x (0, 00).
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6 Page 16 of 62 M. Colombo, S. Haffter

3.5 Compactness

We establish the compactness of a sequence of suitable weak solutions with vanishing
excess. Let (6, u) be a solution of (1)—(2) on R2 x (0, T). For r > 0 and O,(x,1) C
R? x (0, T), we define the excess as

E@,u;x,t,r):=ES@;x,t,r)+ EV (u; x, 1, )+ ENL(0; x,1,7)

where

1
P
ES@©:x,t,r) = (][ 10(z, s) — (9)Q,(x,t)|pd2ds)
QO (x,1)

1

<f lu(z, ) — [u($)1p, 0 |7 dzdS>p
0, (1)

2p 1
! op ; 3 »
7[ sup (%) (][ |9<z,s)—[9<s)13,(x)|%dz) ds>,
1—r2 gz \R Br(x)

for p € (3, 00) and o € (0, 2«) yet to be chosen. Observe that both parameters serve
as (hidden) parameter for now and will be chosen in the very end to close the main
e-regularity Theorem (see also Remark 5.4). Whenever (x, t) = (0, 0), we will denote
the excess simply by E (0, u; r).

EV(u;x,t,r):

ENE@ x,t,r) = (

Remark 3.7 (Rescaling of the excess) The excess behaves nicely under the natural
rescaling (4). Indeed, for r > 0 we have

E@,u;x,t,r) =r'"2E@@,, u,; x,1,1).
Lemma 3.8 (Compactness) Let & € (0, 3], o € (0,2a) and p > 2. Let (6, up)
be a sequence of suitable weak solutions of (1)—(2) on R2 x [—1, 0] with

o limy oo E(Ok, ux; 1) =0
o and [ui(s)]p, =0 foralls € [-1,0].

Set Ey := E(0k, ux; 1) and define ni = (6 — (Or) 0,)/ Ek.
Then there exists n € Li{f(Rz X [—1, 0]) such that, up to subsequences, ng—n
weakly in Lg/z(R2 x [—1, 0]). Moreover,

loc
Mk — 1 strongly in LP(Q3/4)
and n solves
n+ (=A)*n=00n Q34
with ES(n; 1) + ENE(n; 1) < 1.
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We will need the following auxiliary Lemma.

Lemma 3.9 (Tail estimate) Let a € (0, %] ,0 € (0,2a) and 1 < p < oco. Then there
exists a universal constant C = C(«, o, p) > 1 such that for every 6 € LP(B;) with

1 4
Su O(x)|dx < 400,
R;; R””(]iRl (x)1 )

we have the estimate

1 p
/ y”|9*<x,y>|f’dxdysc(/ 19(r) [P dx + sup (]1 |0<x>|dx) )
B} B, r>1 R°P \ /B,

Proof We set 61 := 01p, and 6; 1| = 9(]11_z;2i+1 — ]lel.) for i > 1. Recall that for
y > 0 the extension is, up to a normalizing dimensional constant, given by 6*(x, y) =
(P(-,y) % 0)(x) for P(x,y) = y**/(|x|* + y*)!T%. We estimate

1
p
/B* y”|9*|”dxdy§/3* yblé’l*lpdxdy—i-/o (X006 leasy)” .
1

1 i>1

The first term is estimated using Young and the fact that ||[P(-, y)|| LIR2) =
I P(, DIlL1r2) = Cq is a universal constant (see for instance the appendix of [7]).
Indeed,

1
/y”|9r|”dxdy=/0 YN0 % PCoYIY 5, dY
B

1
< [ S UPCN o I001 o dy < 2 [ 0 .
2

Fori > 1, we estimate, using the fact that for x € By and z € Byit1 \ By we have
[x —z| > 2i=1 and thus P(x — z, y) < PR, y) uniformly in z,

2a
0
Yol dx

1671 ¢, W lLee(B)) < P(Zifl,)’)/ 0] dx S/ oo 4,
i+1 (B1) By \By B 22(1+a)(1—1)

hi+1\Byi

so that

2
SN0 iy < Y s I
i o YNLeBY) = 2 50a—a)i—D) B\B, 227D
2l 2’

i>1 i>1

1 1
2a - -
<Cy (Z 2(2(1—0)([—1)) ;‘ipl RO ]iRIQI dx.

i>1

We obtain the claim by raising the previous inequality to the power p. O
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6 Page 18 of 62 M. Colombo, S. Haffter

Proof of Lemma 3.8 Observe that uy — 0in L?(Q) and thus, we may assume that

sup llugllLr(gy < 1.
k=1

Moreover, by construction the pair (1, uy) is a distributional solution to
Ok 4+ ug - Vi + (=A)%n =0

with E (ny, :‘E—’]‘(; 1)=1.

Step 1: We prove the uniform boundedness of ny in (LOOL2 N L>*W*2 N
L(pfl)(1+0t))(Q3/4)'
Fix a test function ¢ € C?(Ri x (0,00)) such that 0 < ¢ < 1, suppgy C Q;/s
and ¢ = 1 on Q3 /32 Moreover, we assume that ¢ is constant in y for small y, that

is dy¢ = O for {y < %}. From the local energy inequality (25) we deduce that for
t € [—(13/16)%,0]

t
[ oweonarsra [ [ P dxdyds
By1/32 —(13) >

i B7/3

8

t
5/ ni(x, De(x, 0, r)dx+2ca/ / Y IVnEP(x, v, 9)e(x, v, s) dx dy ds
Byg ,(z) B

t
< / " / (7 3:¢ly=0 + uxnp - Vely=o) dx ds
(3 S

t
+ca/(7)m/* Y (i) Apg dx dy ds

8 B7/8

2
5/ ('7/%+|77k|”"+|uk|p)dXdS+/ W) dx dy ds.

07/8 073

Using Lemma 2.3, the previous inequality and Lemma 3.9, we deduce that for 7 €
[—(13/16)*, 0]

16

t
/ e, 1) dx + / Oy, ) ds
Bi3/16 _(;)

To B37/32

t
< / P2, 1) dx + 2c / 5 / V(TP + )?) dx dy ds
Ba7/32 7(13> 5

2p
5/ (0 + Il 7T+ lug|P) dx ds
01

0 1 2
+/ SUP—(][ [k (x,5) — [nk(s)]B Idx> ds
_1r=>1 R\ /g, !
<1

’
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where we used in the last inequality that % < p together with the fact
E(ny, "‘E—‘A 1) = 1. Taking the supremum over ¢ € [—(13/16)%*, 0], we deduce that
uniformly in k > 1

16

0

2 2

sup / N (x, t)dx +/ 20 [T () a2 ds < C.
rel—(13/16)2.01  Bi3/16 _(13) W*=(B13/16)

-1
We now consider vy = |17k|pT . Using Lemma 2.3 applied with r = %, s = %,

g(x) = |x| p%l, the local energy inequality (26) for v and proceeding as before, using
also that p > 3, we thus have for any 1 € [—(13/16)>*, 0] that

16

_ ! = el
5/ Il ‘<x,r>dx+/ / VTl P dx dy ds
B7/32 —(ZJ) B

'
/ Iﬂ,g(x, t)dx + / 20 [k (S)]W“vz(Bm/m) ds
Bi3/16 *(ﬁ)

X
3 27/32

+/ Yo n1P~ dx dy ds
0

X
27/32

S/ (InkP~" + nk]? + lux|?) dx ds
07/8

+/* ybInZIP_ldxdyds

073

S /Q (I P~ + Ik)? + lux|?) dx ds
1

0 1 p—1
+/ Sup—<][ |77k(xvs)—[’7k(5)]|dx> ds
_1r>1 RP=Do Jp,
<1.

Taking the supremum over ¢t € [—(13/ 16)2*, 0], we obtain as before the uniform-in-k
bound

I

0
Sup /B W}?(X, t) d}C + / (13)20, [I/Ik(s)]%V"‘vz(Bu/lﬁ) dS S C
13/16

te[—(13/16)2¢ 0] -

From Sobolev embedding W2 < L% , we obtain by interpolation that
|k ||L2(l+oc)(Ql3/l()) < C uniformly in k¥ > 1 and hence in particular
SUPg> 1 1Mkl Lo-va+a)(0,5,10) < C-

Step 2: We use an Aubin-Lions type compactness argument to deduce strong conver-
gence of ni in LY(Q3y4) foreveryl < g < (p—1)(1+a). Since (p—1)(1+a) > p
by hypothesis, we deduce in particular that i — n strongly in L?(Q3/4).
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6 Page 20 of 62 M. Colombo, S. Haffter

We may assume g € [2, (p — 1)(1 + «)). Since the excess uniformly bounds the

L?/z—norm of ny, there ex1sts by Banach-Alaoglu a limit n € L%/z(IR2 x [—1,0])

loc
such that ny—n weakly in L Toe (R2 [—1, 0]), up to extracting a subsequence. By
the uniform boundedness established in Step 1, we may assume, up to extracting a
further subsequence, that n;—n weakly in L9(Q13/16). We now claim that the latter
convergence is in fact strong on the slightly smaller cube Q3/4. Indeed, fix ¢ > 0 and
a family {¢s}s~0 of mollifiers in the space variable. For k, j > 1 we estimate

Ik —njllacoss) < e — nk * PsllLa(sq)
Hlnj —nj* sllLacose) + 110k — 1) * ¢sllLa(Qs)-

We claim that the first two contributions converge to 0 as § — 0, uniformly in k and
Jj. Indeed, we compute for § small enough by Holder and the uniform boundedness of
Mk in L2W*2(Q13/16)

0
Ik — nk * @sll3 =/ /
L2(Q3/4) _(%)2 By
0 2
[k (x) — ne (V)] )
< . s dy
/—(3>2 /B3/4( |x — y|2+2 s

Py

( / $20x — y)lx — y2H2 dy) dxdi

_ 2
< 7182a||¢||%oo/ W[ Oy dxar
B3/4+s J B3jats lx — yl=+=

< 78 |p IR /

2

/(nk(X) — i (Y)ps(x — y)dy| dxdt

2
2a[nk(t)]wa 2(313/16)d CS 057 (27)

(%)

where C does not depend on k > 1 by Step 1. Since 7y is uniformly bounded in
L(1+“)(p_1)(Q13/16), we have by interpolation for some ¢ € (0, 1] and C > 1 that

Ik = nk * sl La(sa) < C8*7.

We now fix § small enough, independently of k, such that this contribution does not
exceed % As for the third term, we consider for fixed § > 0 small, the family of curves
{t — ni * ¢s}i>1. From the equation, we have the identity

O (M * ¢s) = —(ug - Vi) * ¢s — (=A) e * ps.
Observe that uy - Vi = div(ugni) so that

ug -V
|k - Vi) ¢>5||Lp+q( 347,01, W0 By )
= luicliLecosa Inellacsp dsll 2 ra 2T (B’
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As for the last term, we have that for x € B34

|<—A>°‘¢a<x)|=ca‘ %d'
dy
g T
stee [ o+ Wstos [ e
C()
Tl x[2e

Analogously, [(—A)*V¢s(x)] < —C@) _ We estimate the convolution on dyadic

1_Hx|2+2a
balls for fixed time. We set i ; := nx(1p — ]lef) for i > 0 and estimate

i+l

I~ A)“m*nknwm(m)sc<6>< / e A)“¢a*nkl||wm<3m>)

i>0

For i > 0 we observe that for x € B34 and z € Byi+1 \ B,i we have |x —z| > 2i=2
so that

1
S =AY s il < cmZm /B el dy

i>0 Hi+1\Byi

7k |
=C©) Z 2([—2)(20{—0) /t;,-+]\3 5 +0)-2) dy

i>0

SC(S)(SUPF][ Ink—[nk]lldy+/ Inkldy>-
R>1 B

We conclude by integrating in time that

(=25 % il Lo 1 34y, 00, Wi (s ) < C(6) (ES<nk; D+ ENE (e 1)) :
Summarizing, we have shown that

10 (i * @s)Il - _pa =C®

LPFT ([—(3/4)% 01, W1-2°(B34))

uniformly in k£ > 1. Hence the family of curves {t +— 7y *¢s}x>1 is an equicontinuous
sequence with values in a bounded subset of W!*°(B; /4). By Arzela-Ascoli there
exists a uniformly convergent subsequence (which we don’t relabel), and in particular,
there exists N = N(§) > O such that for any k, j > N we have

™

||(7)k—77j)*¢3||Lq(Q3/4 5

hence ||k — njllze(Qs) < € forallk, j = N which proves the claim.
Step 3: Conclusion.
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By Step 2 we can pass to the limitin the equationin Q3,4 and deduce thatn € L?(Q3/4)
is a distributional solution of 9;n 4+ (—A)*n = 0 in Q3/4. Moreover, by weak lower
semicontinuity ES(n; 1) + ENL(n; 1) < 1. o

4 Decay of the Excess

In this section, we prove the self-improving property of the excess, namely that if
the excess is small at any given Q, , there exists a small, fixed scale ug € (0, %),
independent of r, at which the excess decays between Q, and Q, - provided that
the velocity field has zero average on B,. This requirement is crucial to guarantee the
decay of the excess related to the non-local part of the velocity (see EV (v,%; W) in the
proof of Proposition 4.1). More generally, one could prove this excess decay at scale
o under the weaker assumption that the average of the rescaled velocity u, on Bj is
bounded uniformly in r for r € (0, 1). However, since all L”-norms are supercritical
with respect to the scaling (4) of the equation, we will not be able to guarantee such an
assumption. In this section, we will also for the first time make use of the structure of
the velocity field (3). Similar arguments should apply for velocity fields determined
from 6 by other singular integral operators.

Proposition 4.1 (Excess decay)

Let a € (0, %), o € (0,2a) and p > max{%, %‘1} For any ¢ > 0 and any
y € (0,0 — 270‘) there exist universal g = eo(a, 0, p,c,y) € (0, %) and py =
wola, o, p,c,y) € (0, %) such that the following holds: Let Q,(x,t) C R2 x (0, 00)
and let (0, u) be a suitable weak solution to (1)—(2). We assume that the velocity field
satisfies [u(s)]p, () = 0 forall s € [t — r2* t] and is obtained from 0 by

u(y,s) = R0(y, s) + f(s) (28)

for some f € LY([t = r®*, 1]). Then, ifE©O,u;x,t,r) < rl=2%¢, . the excess decays
at scale o, that is

E@©,u;x,t, uor) < cuo” E@,u; x,t,r).

Remark 4.2 1f in (28) f = 0 we recover simply the SQG equation. We will need the
freedom to subtract a function of time f from the velocity field « in order to satisfy
the zero-average assumption (see Lemma 5.1).

We will need the following auxiliary Lemma.

Lemma 4.3 Assumef € leoc (R2) with suppf < (Eg/g)c and that for some o € (0, 1)
we have

1

sup —— B |6(x)|dx < +o0.
R

R>1
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Then R16 e C°(B3,3) and there exists a universal C = C(o') > 0 such that

1
||DR 9||Loo(31/4) <C sup R_ |60(x)|dx.
Bg

Proofof Lemma 4.3 Observe that from (—A)2RL6 = 0 on B /8, we infer that
R0 € C>®(B3 /8). Moreover fori, j = 1,2 and x € Bj4, we notice that the integral
representation is no longer singular and we can compute by integration by parts

Xi

8ﬂ€i9<x)=/ L, e(z)dz_—/ 9; (’“"_ )e(z)dz,
23 x =zl =3 \lx—zf

8

where we used that the boundary terms at {|z| = %} and at infinity vanish. Observe
that for x € Byy4 and z € Byi+1 \ By we have [x — z| > 2i — % > 21 forj > —1.
Thus

)e(z))dz

10,R10(x)] </% ‘a ( )9(2)‘dz+ Z / Byiii\By |x— E
( |9(z)|dz+2/ 5 zlff)ll) )

i=—17 Byi+1\B,

< ~ 20-D{T-) 1)(1 ) (S“ﬁ Ra][ |9(Z)|dz)

| /\

m}

Proof of Proposition 4.1 By translation and scaling invariance, we may assume w.1.0.g.
(x,1) = (0,0) and r = 1. We argue by contradiction. Then there exists a sequence
Ok, uy) of suitable weak solutions to (1)—(2) such that

E Ok, u; ) > e’ E@, ug; 1) forall € (0, 1),
limg s 00 E(Ok, ug; 1) =0,

[ur(s)]p, =O0forall s € [—1,0] and forall k > 1,
ur(y,s) = R0y, s) + fi(s) forsome fi € L'([—1,0]).

We set Ey := E(0k, ug; 1) and My := (6k)p,. We will consider the rescaled and
shifted sequence

O — My ug
Nk ;= ——— and v = —.
Ej Ej

By construction, (nx)g, = 0 and E(n, vg; 1) = 1. In particular, we have for all
1 € (0, 3) that

E(n, vis ) > e’ (29)
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We will now take the limit k — oo and argue that (29) contradicts the excess decay
dictated by the linear limit equation. Indeed, by Lemma 3.8, the sequence 1, converges

3/2(R2 x[—1, 0]) and moreover, ny — n strongly in L”(Q3,4). Hence

loc

we have for i € (0, %)

weaklytonin L

ES(p; 1) = lim ES (g ).
k—o00

We also know from Lemma 3.8 that n € L”((Q3/4) solves the fractional heat equation
n—+(=A)*n =0o0n Q34 with ES(n; 1)+ ENL (n; 1) < 1. In particular, we deduce
from Lemma A.1 that n is smooth (in space) on Q1,2 and that 5 € Cl_l/p(Ql/z) with
the estimate

0l Lo (1—(1/2)2 01.¢1 By 2)) + ||n||C17%(Q|/2) <CEmD+EN@m 1) <C.
(30)

In particular, we infer that for u € (0, %)

1
2a(1-3)

lim ES(n; ) = ES(p; ) < Cue 31)
k— 00

Let us now consider the non-local part of the excess. We split

[~

P 1

0 o 3 P
ENL(’?k§M)§<][ sup (%) p(f |nk(x,r>—[nk<z)13u|3dx) dr)
2 R Br

o« 1
W h<R<jz

0 o 3 ZTP 1%
+<][ sup (%) "( : |nk(x’f)—[ﬂk(t)]BH|édx> dr) .

2 1
23 REZ

We estimate the second term by adding and subtracting [n (¢)]p, for fixed time ¢. In
the sequel C’ = C’(«, o) will denote a universal constant which may change line by
line. Using that ENL(nk; 1)+ ES(nk; 1) <1 for all kK > 1, we obtain that

0 o * \7
(7[ _sup (%) p(][ |nk<x,r>—[nk<t>]BM|3dx> dr)
*MaRzﬁ Bg

0

1
<)V Eme D+ (4u)"<][ ()15, — [nk(t)]Bu|pd’>p

_uZ(x

o 0 ’
<y (4;&’(( 7[ e @)]s, = [m(r)]m/zl”d‘)

_,uot

0 :
+ <][ , k()18 — [nk(t)]BMIpdt) )
_/“l‘ o

@ Springer
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0 1

<) O ES s D + (4,u)”(][ N1, = k(015,17 df) ,,

—u
2a
SO’ + @)’ <][

—

: ;
, |[77k(f)]31/2 - [nk(l)]BM|pdt> .

We infer, using the strong converge of ny — n in L”(Q3,4), that

NL o2 0 %
liminf EN (s p) < '~ 7 + (4p)° <][ ()18, — [U(I)]B,det)
k— 00 — 2

(&)

P

0 o 3 %
+<7[ sup (%) ”( : |n<x,r)—[n(r>]gﬂ|3dx)3dr) :

200 1
W G<R<jz

Using (30) again, we obtain that |[n(t)]3# — [r;(t)]B,/2 | < C uniformly in time as well
as

2p

0 2p 1
UN\OP ][ 3\ 3\7
sup (% .0 = ol 1) )

<~7{ll2a L<R<i <R) < Br ?

1

<(f g ()" w) <en

_MZa % SR<%
We conclude that
2a
liminf ENE (e ) < C'u” " 7. (32)
k—o00

Finally, let us consider the part of the excess which is related to the velocity vy. We
observe that, using the structure of the velocity (28),

1

EY (v p) = (][ [RH(E ) (e 1) — [RE(E 60) (0] g, |7 dx dt)p

i

We write R+ (E © lGk) = v,l + v,% where we introduce

vi =R (ex)

for some cut-off x between B3;g and By, . Correspondingly, we write

EY (o ) < (][ ol - [vé(r)]B,A"dxdr)” 4 (fQ W7 — [vi(z)]g,m’dxdt)".

i
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6 Page 26 of 62 M. Colombo, S. Haffter

By Calderon—Zygmund estimates, we infer that v,l — RLt(nx) =: v! strongly in
L?(Q3/4). Moreover by Schauder estimates [29, Proposition 2.8], we have for fixed
time

< C'lln@xl b = C'lln@|l o3 <C’C

[v! ],, < <
()1 ®?) 7 (R?) 7y

uniformly in¢ € [—(1/ 2)% 0] by (30). We conclude that

1

. 1 1 p L 1 1 p r ;o1-1
lim lvg — v (D], |7 dx dt = lv" —[v ()]p,|" dx dt <Cu »r.
k—o00 0 0

w n

We now come to the excess related to v,%. By construction,

o O RL _ My
=R (Ek nkx) (ﬂk(l X)+Ek)-

Correspondingly, we define wk p = =R — X)Xp) and wk p = =Rt (E Xp) for
some radially symmetric cut-off x, between B, and Bp+1 By Calderon—Zygmund,
we have for fixed time 7 that w,l’p(t) + w,% p(t) — vy 2(t) as p — 00 strongly in

LP(R?). In particular,

<][ v — [VE(D)]1p, |7 dx dt>p
0

i
1

. 14
= lim (7[ lel’p + w,%’p — [(w,lgp + w,%’p)(t)]BUP dx dt)
Ou

pP—>00

< lim sup (][ lei’p - [w,lyp(t)]gﬂp dx dt) '
Q//,

pP—>00

V4
+ lim sup (][ lwi, — Wi ,(0)]g,|” dx dt)
By

p—>00

Let us consider first w ,i . We apply Lemma 4.3 to wk to deduce that for fixed time ¢

O lhign 0 = €' st Ro]l Il (v, 1) dx

SC'<SHP —][ 7k (x, t)_[nk(f)]31|dx+/ k| (x,s t)dX)

R>1 Re

Integrating in time, we infer that uniformly in p > 1
”w/i,p”Lf’([fl,O],Lip(BIM)) <’ (Es(nk; 1)+ ENE (s 1))~
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Estimate on the Dimension of the Singular Set Page27of62 6

We deduce that for u € (0, %) we have

1

lim ( ][ |wé,p(x,z)—[wé,po)]guif’dxdr)" <C'. (33)
Qu

pP—>00
We now come to the contribution of w,% o Observe that (—A)!/2 w,% o = 0 in B for

p > 1 such that wk is smooth in the inside of B;. Recall moreover, that we have the
integral representatlon (in the principal value sense)

(w?,) () = _C_/|x ko) dy

so that, by spherical symmetry of x,, we immediately infer w,%’ p(O) = 0. Moreover,
for x € By, we have

| M| y
i ()| =c =3 Xp(x — y)dy
k.p Ey p<|x—yl<p+1 |)’|3 g
| | 2 2 -2 /|Mk| -1
<c 02—ty (2) 7 = el
=L )" =p7) > Eq P

Thus for fixed £ > 1, we have
lim [[w? |l 1o (8,,,) =0,
p—0 P 12
so that excess associated to vy 2 is controlled by (33). Collecting the terms (31) and

(32) and taking the limes inferior k — oo in (29) we have obtained, for a universal
constant C' = C'(«a, o) > 0, that

2a 2a
C,bLy < C/Ma—7 — MVC/MO_Y_V'

for all u € (0, ‘l‘). We reach the desired contradiction for

5 Iteration of the Excess Decay

In this section, we prove the decay of the excess on all scales. We iteratively define
shifted rescalings of (6, u) verifying the zero average assumption of Proposition 4.1
as well as (28) and therefore allowing the decay of the excess when passing at scale
1o. From the decay of the excess on all scales, we deduce Holder continuity by
means of Campanato’s Theorem. In contrast to Navier-Stokes, we need our estimates
to be quantitative, since it is not known whether local smoothness for SQG follows
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6 Page 28 of 62 M. Colombo, S. Haffter

from a mere L*°-bound; instead we need to prove spatial C®-Holder continuity of the
velocity foraé > 1 — 2« (see Lemma B.1). The main mechanism of the iteration is
the invariance of the equation under the following change of variables realizing the
zero average assumption on By /4. The latter has been exploited previously in [3,10].

Lemma 5.1 (Change of variables at unit scale)

Let x € (4—1‘, %) and o € (0,2x). Let (0, u) be a suitable weak solution of (1) on
R? x [—42%,0]. Fix (x,1) € Qy. Define 6y(y,s) := 0(y + x + xo(s), s + 1) and
uo(y,s) :=u(y +x + xo(s), s +t) — xo(s) , where

Xo(s) =][ u(y +xo(s) +x,s +1)dy
By (34)
x0(0) = 0.

Then (6y, ug) is a suitable weak solution of (1) on R? x [—1, 0] with [uo(s)]31/4 =0
fors € [—1, 0]. Moreover, there exists universal €1 = €1(p, a) € (0, %) and C; > 1

such that if
1
P
(7[ Iulpdde> <el, (35)
Q1(x,1)

then
1
E 90,uo;;L <CiE®,u;x,t,1).

Remark 5.2 (Change of variables at scale r)

Under the hypothesis of Lemma 5.1, the rescaled pair (6,, u,) is still a suitable
weak solution for » € (0, 1) (see (4)) and we can apply the change of variables of
Lemma 5.1 to it. More precisely, we define for (x, t) € O

0,00y, 5) 1= r**710(r(y + x0(s) +x), (s + 1))
and
w00y, 8) = r**lu(r(y 4+ xo(s) + x), 72 (s + 1)) — o (s),

where xo(s) = rzo‘_lme u(r(y + xo(s) 4+ x), r>%(s + 1)) with xo(0) = 0. Observe

1=20 (), we can write

that equivalently, by considering xo(s) :=r
6r.0(y,8) :=r>*7'0(ry + r*Fo(s) +rx, r%(s + 1))

and

uro(y,s) = ple-l (u(ry + 250 (s) + rx, r2%(s + 1)) — )Lco(s)) .
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Estimate on the Dimension of the Singular Set Page290of62 6

Proof By Peano, the ODE (34) admits a solution and we claim it is unique since the
vectorfield generating the flow is log-Lipschitz and hence satisifies the Osgood unique-
ness criterion [34, Chapter I1.7 and II1.12.7-8]. Indeed, we know from Theorem 3.2
that & € L°(R? x [—2,0]) and u € L®([—2, 0], BM O (R?)). We estimate for fixed
time t as long as [§ — ¢| < }1, using also the bound |Bi(§)AB% (©)] £ 1€ —¢| onthe

volume of the symmetric difference,

‘7[ u(y+x,r)dy—][ u(y—i—x,r)dy‘
B}‘(S) B%(Z)

5|s—c|][ u<y+x,r>dy—7[ u<y+x,r>dy’
B;{(S)\B%(C) B%(f)\le[(S)

< _ — .
~ C|<]{91 ©\B1 () 1y 2. 0) = [ A5 Dy (4 e | DY
3 3

+][ lu(y +x,7) = [uC-+x, D)l 1 }dy).
BL@O\BL® Bys(3(6+70))

Recall from the John-Nirenberg inequality [19] that BMO functions are exponentially
integrable, that is for every f € BM O (R?) there exist constants c1, ¢ > 0 such that
for any ball B in R?

ltx € B:|f —[f18] > M| < crexp(—call £l 50)1 B

As an immediate consequence, we observe that for A > C|| f||pyo and any ball B
in R?

I/ =Lf1pl
sup+ e 4 dx < +oo0.
B JB

We now estimate the last two contributions, setting z := x + %(S + ¢) and using
Jensen

lu(y +x,7) = [u(-+x,0)lp, 1 | dy
]{3}‘@)\3}‘@) 3/8(5(6+¢))

1 —
SIulwo log (18,©\ By f  AHOI ol gy)

3(2)
3

S lu@lpmo log(ClE —¢|7h).
We infer that the function & +— o Buja(®) u(y,s + t) is log-Lipschitz in space for
s € [—1, 0], uniformly in time, and there is a unique solution to (34). Observe also that

the dependence with respect to the point (x, #) € Qg is log-Lipschitz. The functions
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6 Page 30 of 62 M. Colombo, S. Haffter

6o and ug as in the statement are now well-defined. We remark first that, in the sense
of distributions, div #y = 0 and

9560 + uo - Vybo = (3,6 + xo(s) - V9)|(y+x+xo(s),s—&-t)
+ - VO = 300) VO (o540
=—(=MN)*0(y +x +x0(s),s +1)
= —(=A)%6,
so that (6p, ug) is a distributional solution of (1). It is straightforward to check that

(6o, uo) is in fact a suitable weak solution. Moreover, ug(y, s) = R169 (y,s) — xo(s)
and

[MO(S)]B% =]i u(y +x +xo(s), s +1)dy — xo(s) =0
1
i

by construction. Assume now that (35) holds for an g1 € (0, %) yet to be chosen small
enough. As long as xo(s) € B34 we estimate

1

1 1
r 2 P
|Xo(s)| < <][ Iul”(ery,ert)dy) §4P< Iul”(x+y,s+t)dy> ,
B +xo(s) B
i
so that for s € (—1, 0]

) 1 2 7 1
[x0(s)] < IXollLr—1,0nls|” 7 <47 lul?dydt ) Is|" 7.
0

1(x,1)

2
Choosing g1 < %4_5 the assumption (35) guarantees that xo(s) € B3/16 C B34 for
s € [—1, 0]. We then estimate, using again that B4 + xo(s) € B; fors € [-1, 0],

1

1 »
ES<90; Z) < <][ Oy +x +XO(S)qS+f)—(9)Q1(x,t>|pdyds> +100)o, — @) o0l
0 E}

1
7
1

() . ;
8 2<7Z ]Z 16Cc+y.s 40 — (Q)Ql(x,t)\”dyds>
—(/4% JBy +x0(s)

1
1
< 24(“2")7(][ 10— 0)0, 0| dyds)p
01 (x,1)

<8ES®©;x,1,1).

Proceeding analogously, we have that EV (u0; }t) <16 EV (u; x, t, 1). As for the non-
local part of the excess, we observe that for R > 1]—6 we have Bg(xo(s)) € Bry3/i6 €
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Estimate on the Dimension of the Singular Set Page310of62 6

B4g and hence

2p

1 0 1 \op 3o\
ENE (90; Z) < ( £ s {(ﬁ) ( 60— 1013, 0)1? dy)
—(1/4)% R>L Bg

1
+ [6olB, — [9]81(x)|p} ds)’

i

0 1 \opr 3
<38 ][ sup (ﬁ) ][ 0(y + x5 +1) — [0]5,00]2 dy
—(1/47% g L Bur

+4° M ES@: x,1,1)

1

4
ds)

o

< 16(ENL(9;x, 1. 1)+ ES@O: x. 1, 1)).

]

Theorem 5.3 Leta € (le %), o€ (0,2a),p> max{lﬂ 2—“} andy € [1—-2a,0 —

o o
27"). There exists ey € (0, %) (depending only on «, o, p and y ) such that the following
holds: Let (6, u) be a suitable weak solution to (1)~(3) on R? x (=42, 0]. Assume
that for any (x,t) € Q1 it holds that

1
E <90,M0; Z) < &, (36)
where (6y, ug) is obtained from 6 through the change of variables of Lemma 5.1. Then

5,215 . 1 200
0eC” r»°(Q1) where 8.—)/——1 1—2a+ —|. (37)
p— p

Remark 5.4 (Role of the parameters) The parameter p is crucial since it determines
the dimension of the singular set (see proof of Theorem 1.1): the lower the power p,
the better the dimension estimate. All the other parameters are of technical nature;
yet, the range of admissible parameters is sufficiently large to allow us to conclude the
desired estimate on the size of the singular set for all fractional orders for which the
latter is meaningful (i.e. for @ > g, see Remark 6.7). We deliberately choose to leave
all the parameters free to increase the readability of the paper; but one could also read
the paper fixing the parameters as in the proof of Theorem 1.3. Let us now comment
on the role of the single parameters in more detail:

e p cannot go below the threshold % : This corresponds to spacetime integrability
that guarantees the compactness of the (p — 1)-energy inequality (see Lemma 3.8)
which in turn is the crucial ingredient of the excess decay. The requirement p > %7“
on the other hand is purely technical and harmless for o close to 2c.

e o captures the decay at infinity of the non-local part of both the fractional Laplacian

and the velocity and should be thought arbitrarily close to 2«.
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6 Page32of62 M. Colombo, S. Haffter

e y describes the decay of the excess when passing to the smaller scale pp. In
order to apply the excess decay of Proposition 4.1 iteratively, we have to verify its
smallness requirement along a sequence of by u := % rescaled solutions which
is possible only if the decay rate beats the supercritical scaling of the excess (see
Remark 3.7),ie. y > 1 — 2a.

e The exponent of the local Holder continuity in space, § , is obtained from y , but
considerably worsened. This stems form the fact that in order to use the decay of
the excess on all scales to deduce Holder continuity via Campanato’s Theorem,
we have to control the effect of the flow of Lemma 5.1. This loss in the Holder
continuity exponent is peculiar to SQG and is not observed in the similar results
for Navier-Stokes.

Proof Let &1 > 0, C; > 1 be the universal constants from Lemma 5.1.

The proof relies on an iterative construction. We fix (x,¢) € Q1. We obtain the
suitable weak solution (6, ug) by applying Lemma 5.1 to (6, u) at the point (x, t).
This first change of variables does two things: It translates (x, ) to the origin (0, 0)
and it produces a new suitable weak solution whose velocity uq has zero average on
B\ 4. Hereafter, the excess will always be centered in (0, 0).

Let u := % e (0, %) where o, g0 € (0, %) are given by Proposition 4.1 with
¢ = (16C))~'. Fork > 1 we iteratively define a new suitable weak solution (6, uy)
which we obtain from (0;_1, ui—1) by first rescaling it at scale u according to (4), i.e.
we set

O 10 (y, ) = 2 Oy, 1s) g (e 8) o= 2 gy (uy, ;12%)
and second, by applying the change of variables of Lemma 5.1 to (6x—1 ., tx—1,,.) at
the point (0, 0). This change of variables produces a new suitable weak solution, which
we call (6, ux) , that evolves along the flow x; and whose velocity u has zero average

on By,4. Indeed, setting Xz (s) := w 2% x, (s) (compare also with Remark 5.2), we
define iteratively for k > 1

O (v, 8) 1= Ok 1 (v + x(5), 8) = > Gy (uy + 23k (s), p*s)  (38)
and

up(y, s) 1= w1, (y + xx(s), 8) — xx (s)
= 12 gy (uy + p2 5 (s), W2%s) — 3 (s)), (39)

where
X(s) = ][ ug—1(py, p**s)dy
uz""l,\?k(s)—&-B%
X (0) =0.

Observe thatby Lemma 5.1 and scaling invariance, (0, uy) are suitable weak solutions
of (1) for all kK > 0 and [uk(s)]gl/4 =0foralls € [—1,0].
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Next, we want to deduce the Holder continuity of 6 assuming (36) is enforced. To
this end, we break the parabolic scaling and we consider in Step 3 a new excess of 6y
made on modified cylinders. This in turn is helpful to get sharper estimates at the level
of the change of variable, performed in Step 2, since the translation has less time to
act. Finally, we rewrite this decay in Step 4 in terms of 6 rather than 6y, and we apply
Campanato’s Theorem to deduce the Holder continuity of 6 in Step 5.

Step 1: excess decay on the sequence of solutions after the change of variable.
Let o, 0, p and y as in the statement. There exists a universal constant gy € (0, %)
(depending only on «, o, y and p) such that if €3 € (0, &] and if (0, u) is a suitable
weak solution to (1) on RZ x (—22“, 0] with (36), then for every k > 0 the excess of
Ok, uy) (see (38)—(39)), decays at scale i:

E O, ug; p) < Cy ' FFD e, (40)

1
E Ok, uk; ) < plr—(4=2a0k g, 1)

where C| is the universal constant from Lemma 5.1.
We proceed by induction on k£ > 0.

The casek = 0. Letey € (0, &2] for some g2 € (0, %) to be chosen later and assume
that (36) holds. We only need to show (40). If

gy <42 g,
then by Proposition 4.1 and (36)

v 1
E (6o, uo; 1) = E(6, uo; %) < Cfl (%) E (6’0, uo; Z) < Cfl,uﬂ’ez.

The inductive step. By the inductive hypothesis, we can assume that

o E@k—1,up—1; ) < Cy ' pkr pk=hea=Dgy
o E@ruj_r: b) < plDo—1-200)

We recall that (6, uy) is obtained by applying the change of variables of Lemma 5.1
t0 (Ok—1,u, Ux—1,,) at the point (0,0). Using the inductive assumption and that
[uk—1(s)]B,,y = O for s € [—1,0], we can verify the smallness assumption of
Lemma 5.1. Indeed,

1
P P
(][ \uk_l,ﬂlpdyds) =/ﬁ“*‘(][ |uk_1|”dyds)
Ql Qu

< 2o (g0} (7[

(5]
7

1
|“k—l|pdyd5> !
1
- )L P
N T ( ][ k-1 (v, 8) — [ug—1()]g, 17 dy ds)
01 4
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6 Page 34 of 62 M. Colombo, S. Haffter

_ —@+20)1 1
= 12 (@40 EY (”k—ﬁ Z)
1
< MZa—] (4M)—<2+2a); &,

Choosing &, even smaller, namely,

1
B2 1= min {42 e, 1! 7 (@) 7 61}

we have

1
P
(][ |uk—1,/4|pdyds> <é€1.
[

By Lemma 5.1, Remark 3.7 and the inductive hypothesis, we deduce that

1 _ (-
E (ek, ug; Z) < CYEB—1, s k1,13 1) = CLu®* T VE @1, uge—ys ) < pkr=07200 g

showing the second inequality and, recalling the choice of ¢, € (0, &2), showing in
particular that

1
E <9k, 7 Z) < 42a_180.

Since by construction [ug (s)]p, 4= 0 for s € [—1, 0], we infer from Proposition 4.1
and the inductive assumption that

_ 1 _ (- _ _
E@ui 1) < C7' ' E (ek, i Z) < Oy k=020 gy = ¢ty kGl g,

Step 2: bound on the translation in the change of variables. We observe that 0y, is
just a shifted and rescaled (by p*, according to the natural scaling (4)) version of 8.
Indeed, notice that by construction, one can verify inductively for k > 1

Oc(y.s) = 0y i (v + 1 ri(s), 9), (42)
where 6 ,k(y,s) = k=D (uky, u**s) and
k . .
re(s) = w2 Y w7 (s,
Jj=1
We claim that the center of the cylinders don’t move too much, namely fors € [—1, 0]

_1 T 2
75 (s)] §C82|S|1 pMZGk(l p) ¢! 2a+p).
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Indeed, for j > 1 we estimate as long as x;(s) € By/s

2 4
HOE (][ Iujfu(y,MZ“S)l"dy)
thj(f)-O—B%

_2 P
<ur (f luj—1 (v, 1>s) — [uj—1 (W**5)]s, |de) ,
B 7
%
where we used that [u;_4 (,uz"‘s)] By = 0 uniformly in time. In particular,

B _2 2 1 _2 1
IXilr(—1,0y < 74 7 EV (ujl; Z) <wu PE (9]'1, uj_1; Z)

and hence for s € [—1, 0] we have, using (41),

- _2 1 -1 1—1
[Xj(s)| <p PE <9j1,uj1; Z) Is|” 7 <eals| Pu ».
Collecting terms, we have

k
2 1\,
k(=) 21, =5 3 (=200
j=1
)

1—1
[re(s)] < ealsl” 7

1-1 2 17l 1-2
< Ceyls|'Tp 2ot mp) =2t

Step 3: Decay of a modified excess of 0. We claim that for every r € (0, u?)

1
3 _ _ 1 20:_,’_
<][ P= 1 ][ |90 - (90) X(*rpgl 0]|pdyds> = 8Cl ll’L 2},7/ [p : p(p 1):| £2.
—r Br ’
I

(43)

Observe that by the scaling of the excess ,uz"‘_l ES(6; w) =E s (O, ;i3 1) and by (42)
Ok (v, 8) = Og it (v + 1~ C TV (1?%s), ).

We introduce the set

D)Ly 20
If s € I 41 we can ensure, by an appropriate choice of &, that r; (u*%s) € B3 +1 4.
Indeed

_1 a2
|rk(M2aS)| < Ce» M2a(k+1)(1 )—(1—20+2 ) (k+1)(1 2a)M(k+1)p _ng ,U« - 2<x+;,)’
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for s € Ix4+1 by Step 2. It is thus enough to choose ¢, (if necessary) even smaller, or
more precisely, we set

3 a2
&) 1= min{éz,ZC_lu(l 2a+p)}.

We now estimate, by adding and substracting (6, ,) ¢, and Holder

1
P
<][ ][ |90,;,Lk+1 (yv S) - (QO,l,LkJrl)Bl X Tk41 |P>
Iy+1 /By 4
by
1
P
< 2(7[ ][ 160, ik +1 (5 8) — Ok ) 0, 1P dy dS>
Tkt B%

Since = *®*tVr(u?*s) € B3 we have Bia  u=®tVr(u?*s) + By as long as
s € Ir41, so that

1
P
(f ][ 60, ui+1(y5 8) — Ok, 1) 0, Ip)
T+ B%

2 P
<4r (7[ ][ |90’Mk+l (v, 8) — (6,1 0, |” dy ds)
Iig1 J = ®FD g (u22s)+ By
1

2 _ P
=4 ( 7[ 100,41 (0 4+ 1~ E Ve (us), 8) = Ok) 0,17 dy ds)
lx+1 Y/ By

1
<4”|1k+1| ”<][ 1Ok, (v, §) — (QkM)Qllpdde>
— 47 L1 | PES Gy 1) = 47| I |7 2 ES (01 ).

Combining the previous inequality with Step 1 and observing that p*+D2«p | =
P
( — u(kﬂ)f’*l , O], we deduce that for k > 1

1
p
16 (y, s) — (6o) ey, |7 dyds
<]{*(k+”2‘llk+1 ]{g] 1 B%#kJrl X[k Tt
1

1
B P
= M(k-i—l)(l 205)(][ ][ |90,Mk+1 (y, s) — (QO,M"“)Bl s |[’)
Tk+1 let 4

_ 1 _ 1 1-2a
S 4C1 1|Ik+l| p'u(k+1)]/82 — 4C1 IM(k+ )( |:p 1 +p(1’ l)]>82.

k+2

This gives (43) for r = p**! for some k > 1. Forr € (u wkt1y instead, we

observe that
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1

0 ¥
: 00 — (6 P dyds
(]{rﬁ B,lo (O)Bﬁw—r%,ml Y )
I

L+ 2@+, 0 :
<2 ][ B 160 — (60) e, 1P dyds)
( r ) ( *M(H””*l B et B%ukﬂx( #(+)” r.o0]
7

Loy p
k+1N pCH551) 1-2¢

< ¢! (M ) M(k+1)( [+ ”])52
r

< 8C1_1 u‘zr(” [1 e T “]),92.

Step 4: Decay of a modified excess of 6. There exists aro = ro(||lu||zp+1 (Q3/2)) >0
such that for every r € (0, ro) and for every (x,t) € Q

1

t P
][ P ][ 16— (0) o Pdyds) <32p7H77 [P+ ”} €.
f—r =1 g(x) B}rg(x)x(tfrpfl,t]

Since by Theorem 3.2 u € L>°([—(3/2)**, 0], BMO(R?)), we haveu € LY (R? x
[—(3/2)%,0]) for any g € [1,00). Fix (x,1) € Q1. As long as xo(s) € Bj/4 and
Is] < % , we have the estimate

1——L
o) < 151" 7 ull L1 s - (44)

In particular for 0 < |s| P < min {4 ||u||Lp+1(Q3/2), 5 7T } the estimate (44) holds.
Let now

-4 21
. 2 (1, 1 (1 P
ro i=mmqu-, Z||M||LP+I(Q3/2) ) §||u||Lp+l(Q3/2) .

Recalling that ,uz < 6i4, we observe that for all » € (0, rg), (x,1) € Q1 and s €
(—r7-T,0] (44) holds and we have

(45)

oo =

2 1
s 5
2_ —1
[xo(s)] < ||M||L1J+1(Q3/2)’”” b<r (||M||L11+1(Q3/2)V(f ) =

Hence we can estimate by the triangular inequality and Holder, by (45) and by Step 3
1

1
t P
(]1 7[ 16— () b |”dyds)'
t—r 71 JBr (x) Br (x)x(t—rp=1.1]
8
0 »
<2 7[7][ 0G5+ —(60) o |Pdyds
_pp1 %(x) Bi x(r P=1,0]
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1

0 G
<4 ][ ) ][ 0(y. s 4+ 1) — (60) r I”dde)
( T r (x+x0(s) By x(r?=1,0]

1-2a 2o
<32 Mfzryf[ pT +1’(P*”]82.

Step 5: By Campanato’s Theorem, we deduce that 0 is Holder continuous in Q1.
By a variant of Campanato’s Theorem [18, Theorem 2.9.], we deduce from Step 4 that
(37) holds. Indeed, observe that the sets B, (x) x (t — r?/P=D ] are nothing else but
balls with respect to the metric d((x, 1), (y, s)) := max{|x — y|, |t — s|?~D/P} on
spacetime where in time, as usual for parabolic equations, we only look at backward-
in-time intervals. The proof of this version of Campanato’s Theorem follows, for
instance, line by line [28, Theorem 1] when replacing the parabolic metric by d.

O

6 £-Regularity Results and Proof of Theorem 1.3

In this section we prove some e-regularity results, including Theorem 1.3 and its more
precise version in Corollary 6.6, by meeting the smallness requirement of Theorem 5.3.
As a first result, we deduce in Corollary 6.1 an e-regularity criterion in terms of a
spacetime integral of 6 and u that constitutes an analogue of Scheffer’s Theorem [27]
for the Navier-Stokes system. As in the case of Navier-Stokes, it implies that the
singular set of suitable weak solutions is compact in spacetime (see Step 1 in the proof
of Theorem 1.1). In the context of the SQG equation though, in contrast to Navier-
Stokes, Corollary 6.1 cannot be used to obtain their almost everywhere smoothness
(or any estimate on the dimension of the singular set): The fact that the L°°-norm is
a controlled quantity necessitates to rely on spacetime integrals of derivatives of 6 to
show local smoothness. In order to pass from Theorem 5.3 to an e-regularity criterion
involving only fractional space derivatives of 6 ,which are globally controlled through
the energy, we need to overcome the following difficulties:

e The excess ES related to 6 involves the spacetime average of #. In particular, in
order to use a standard Poincaré inequality (10) to pass to a differential quantity,
we would need some fractional differentiability in time too. Using the parabolic
structure of the equation, we will be able to circumvent this and to establish in
Lemma 6.2 a Poincaré inequality which is nonlinear but involves only fractional
space derivatives.

e The e-regularity criterion of Theorem 5.3 features the composition of 6 with the
flow xo, so that we need some control on the tilting effect of the flow. We will
see that at scale r, the flow shifts the center of the excess in space by at most
r22=2/4 |y ||z ra (see (55)). As a consequence, at scale r, all quantities related to
the excess of 6 will no longer live on parabolic cylinders but rather on modified
cylinders Q(x, £; r) in spacetime, approximately of radius ¢ in time and r>*~2/4
in space. Morally ¢ = oo; however, since the Riesz-transform is bounded from
L*® — BMO and not from L*° — L°°, we introduce the parameter ¢ which
should be thought to be arbitrarily large.
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e We set the excess in L? for p > lfT“ in order to gain the compactness of the

(p — 1)-energy inequality. In order to exploit the L?W®2-control given by the
energy via the nonlinear Poincaré inequality described in the first point, we are
lacking some higher integrability in time. We bypass this issue by factoring out
p — 2 powers of 6 in L*°.

6.1 An Analogue of Scheffer’s Theorem

We provide a first e-regularity result featuring spacetime integrals of 0 and u. Observe
that in agreement with the previous discussion, smooth solutions of (1)—(3) do, in
general, not verify the e-regularity criterion (46) at any small scale.

Corollary 6.1 Given a € (}1, %) there exists ¢ = e(a) > 0 such that if p = p(a) :=
% and 0 is a suitable weak solution of (1)~(3) on R* x (t — (4r)%*, t + r?* /4]
satisfying

p
2

1 / ( 5
- M6 ) (2,9) + |u|P(z, ) dzds <&, (46)
r(172a)p+2+2a Q4r(x,t+r2°‘/4)

then 6 € C? (Qr(x, t+ r2°‘/4)) . In particular, 0 is smooth in the interior of
Orp(x, t+ r2®/4) D By (x) x (t — r2% 4t + r2* /4) and hence (x, 1) is a regular
point.

Proof of Corollary 6.1 Letw« and p as in the statement. By translation and scaling invari-
ance, we can assume w.l.o0.g. that (x, t+r2e /4) = (0,0)andr = 1, so that we assume
that

(MODE (x, 1) + u|P (x, 1) dx dt < e.
04

for an ¢ yet to be chosen small enough. We observe that p > max{ITT"‘, 2(7—“} for any
o > é. We define accordingly o := %‘)‘ + % and y := %"‘ + % Since o € (%, 2a) and
y €[l —2a,2a — 27"‘), this is an admissible choice of the parameters of Theorem 5.3

-1
and we infer from the latter that § € C*" PTS(Ql) , with & given by (37), provided the

smallness requirement (36) holds for any (x, 7) € Q1. Since for @ € (zlt’ %)

2 4a? —Ta+3
S=1—2at@a—n (=TT oy
37 30a-1)

we deduce from Lemma B.1 that 6 is smooth in the interior of Q1,2. We observe that
for any (x, 1) € Q1 we have Q(x,t) € Q4 and hence

1

1

3 1 3 1

(7[ |u|”dzds>p < |Q1|_P</ |u|”dzds>, <er.
Q1(x,1) 04
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6 Page 40 of 62 M. Colombo, S. Haffter

Requiring ¢ < 8{7 , we thus deduce from Lemma 5.1 that E(6p, ug; }‘) <
C1E,u; x,t, 1) and hence (36) is enforced for any (x, t) € Q if

sup  E@,u;x,1,1) < C; e, (47)
(x.0EQ

where ¢, > 0 is given by Theorem 5.3. Using #% < M6? pointwise almost every-
where, we have

1 1
1
ES(Q;x,t,l)—I-EV(u;x,t,l)§2</ |9|pdzds>p+2</ Iulpdzds)p§4gp.
Q4 (on

As for the non-local part of the excess, we estimate, using again 92 < M6? almost
everywhere,

1
P
ENL(G;x,t,l)E(][ <][ 02dz> s) +Cl®) 0@l
t 1R> Br(x)
l 1
el ) )
r— 1R> Rev BI(X) Byr(z)

+ C( 1017 dz ds)
04

n 1
! 1 5 » 1 1
< C(][ sup —( MO%(Z, s) dﬂ) ds) +Cer < CNEgo
=1 g1 RPN )
T

Hence we reach (47) by choosing ¢ < min {(81)17, 4+ CNL)_ICflsg)P} . O

6.2 Nonlinear Poincaré Inequality of Parabolic Type

We introduce the following scaling-invariant quantity which should be understood as
a localized version of the dissipative part of the energy:

1

EO;x,1,r) = —/ yIVO* |2z, y, s)dz dy ds.
r2(1=20)+2 05 (r.0)

The following Lemma and its proof is inspired by [32], where a parabolic Poincaré
inequality is obtained for the classical, linear heat equation, and by [26], where a
nonlinear Poincaré inequality of similar nature is also crucially used in a e-regularity
result.

Lemma 6.2 (Nonlinear Poincaré inequality of parabolic type)
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Let o € (0, 1). There exists a constant C = C(a) > 1 such that the following
holds: Let Q,(x,t) C R2 x (0, 00) and let (0, u) be a Leray—Hopf weak solution of
(1)—(2). We assume that the velocity field is obtained by

u(z,s) = RJ‘G(Z, s)+ f(s)

for some f € L}OC(R) and that it satisfies [u(s)]p, ) = O forall s € [t — (2r)%® 1]
Then we have for any q € [2 L] that

L EY

2 1
1 ! q 2 1
_ 6(z,s)— (6 94 d <C(E@;x,t,3r)2
r<1—20‘)+§+“(/z—r2u </B,(x)| (z,5) — (@) o, x.nl Z) S) <C(&O;x r)

1

1 2 1
+ (m/ |M(Z,S)—[M(S)]Bzr(x)lzdzds> g(e;x,t,3r)2).
r Qo (x,1)

Proof By translation and scaling invariance (with respect to (4)), we may assume
(x,t) =(0,0) and r = 1.

Step 1: By means of the weighted Poincaré inequality (11), we reduce the Lemma to
an estimate on weighted space averages computed at two different times. To this aim,
let w € C* (Ri) be a weight such that w|y—o is a radial non-increasing function,
O<w<landw=1o0onB; x[0,1] and w = 0 outside By x [0, 2).

We estimate for fixed time

1
q q
(/ |9(X,l)—(9)Q1|qu> 5(/ |9(xyt)—[9(1)]w|y=0,32|qw(x,O)dx)
By By

1
A (|[9(’)]wly=0,32 - (e)wl),:o.,Qz‘ + |(9)wly=0,Q2 = ®)9, D ’

where we used (-, 0) = 1 on Bj. Reusing this fact and Holder, we bound the last
term by

1

0 z 2
|(9)w\y:o,Q2 - (9)Q1| = (/1 <fB 10 — (e)w\y:o,Q2|q dx) dl)
- 1

1

" !
gnq(/‘< |9—wam%ﬂmﬂwuﬂnh) M>
—1 \JB;

0 2
+(/Nmmwﬂ&—wmﬁg#m),
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6 Page42of 62 M. Colombo, S. Haffter

so that we deduce by the weighted Poincaré inequality (11)

1

0 % 2 0 %
(/1 (/B 0(x. 1) = ©) g, | dx) dt) < C|: </1[9(z)]3w,2(32) d;)
_ . _
0 !
+ </1|[6(I)]w|y=0,32 - (Q)wy=o,Q2|2dt> :I

The first term on the right-hand side can be expressed in terms of the extension by
(14). Since the weight w is independent of time, the second term can be estimated by

0 3
( / 1|[9(r)]w|y=0,192 — (9)w|,=0,Q2|2dr>

0 0 2
= (/ / |[9(t)]u)|y=(),32 - [9(5)]w|y=0,32|2ds df) .
22 J_92«

Step 2: We use the equation to estimate the difference of two weighted space averages
computed at different times.
We use the weak formulation (22) of the equation with time-independent test function
o(x,y) = sgn([0 (t)]a,‘y:O,B2 — [0 (s)]wb:o,gz)a)(x, y). We estimate the right-hand
side of (22) from below and the left-hand side from above for s, t € [—22"‘, 0]. As for
the lower bound, we have

/ O, 1) — 0(x, $)p(x, 0 dx = [10)]u)y_o. 5, — 06 o—o.5:] /B o(x. 0) dx
2
> T |[9(t)]w\y:0,32 - [e(s)]w|y:0,32|

since w(-,0) = 1 on Bj. As for the right-hand side, we estimate by Holder

t
/ /R3 y'Vo* - Veodxdydr
s +

Since u is divergence-free and [u(t)]p, = Ofor 7 € [—22¢ 0] by assumption, we
can estimate the nonlinear term by Holder and the Poincaré inequality (10) combined
with (14)

t
/ /u@ -Voly—odx dt
N

2
<27 w| a1 |Q2|% (/* Y2 |VO* |2 dx dy dr) .

&

t
/ / W = [u(0)]5)(O — [0(D)]8,) - Volyoo dx d

1
2
< lwllc (/ lu — [u(t)]p, |* dx d‘L’)
0)

(/ 10 — [0()]B,|* dx dr>2
02

@ Springer



Estimate on the Dimension of the Singular Set Page430of62 6

1
2

<C ( lu — [u()]p,|* dx dr)
(03]

(L

Collecting terms, we have for almost every s, ¢ € [—22"‘, 0] that

1

2
y|Vo* 1> dx dy dt) .

%
3

o 2
i[e(t)]aﬂy:o,Bz - [9(5)]w|y:0,32| § </‘Q* yb|V9*|2dx dy dt)
3

1
(1 + < lu — [u(t)]32|2dxdt)z> )
(%)

Combining this estimate with Step 1, we conclude. O

6.3 The Non-local Part of Excess

We recall from the proof of Proposition 4.1 that the excess related to the velocity can
be estimated in terms of 8. More precisely, we have the following:

Lemma6.3 Let & € (§,%), Qr(x,1) € R? x (0,00) and 6 € LP(R> x [t —
(3r/2)2°‘, t]). Consider a velocity field of the form u(z,s) = Rle(z, s) + f(s) for
some f € L (R). There exists C = C(p) = 1 such that

loc

1

P 3
EV(u;x,t,r) < C((][ 16(z, $)—[0(s)]B;, 0P dz dS) p+ENL(6’; X, t, —r)>.
03 (x.1) 7 2
2

After reducing the Lemmator = 1 and (x, ) = (0, 0), the proof follows line-by-line
the estimate of E" in the proof of Proposition 4.1. We now bound the quantity EN
in terms of a variant of the sharp maximal function introduced in Sect. 2.6.

Lemma6.4 Leta € (3, %), Qr(x,1) € R?x(0,00) andf € L®(R?x [t —r?*, 1])N
L2([r = r2, 1], W2 (R?). If (p, ¢, 0) € (112, 00) x [2,00) x (0, 2a) satisfy the
admissibility criterion

2
ap—(2+2a)—q2_1>0, (48)
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then there exists a constant C = C(p) > 1 such that

MENL(Q; x,t,r)?f

1617 s 2 -
oO(tro‘tx]R) I+
=C p(1—2a)+2 /tr /'(x) ,q(Z’S)| @l dzds.

Proof By translation and scaling invariance, we may assume (x, t) = (0, 0)andr = 1.
By factoring out p — 2 powers in L, by adding and subtracting [6(s)], , for fixed
time s and radius R, and by reabsorbing [[0(s)]p, — [0(s)], | in the supremum, we
have

ENE@; )P < QUI01 o @xi-1.01)" >

0 1 op 3 %
/ sup <E> ( [0(x,s) —[0(s)]p |2 dx) ds
J—1 Rz% J Br

4
0 1\°? 3 3
< ||0||LOC(RZX[ 1,0]) / ;upl (E) ( Bkle(xvs) - [9(5)]3% |2 dx) ds.
>1
e

We estimate the argument of the supremum for fixed time s and radius R > }‘ by the
triangular inequality and Holder

i 1+#
(][ |9—[9<s)131|3dx)352((][ |9—[9(S)]BR|2(I]/q2)dx>
Br 1 Br

+ 116, ~ [9(s>]BR|2>

1+ 5
<4 ((4R)2]£ 16— [0()1 5, 1207174 dx) o
' (49)

For z € By4 it holds Bg C Bsg(z), so that by the triangular inequality and by

averaging over z € By/4, we have

][|9(x,s)—[9(5)]BR|2<1*‘/42>dx54][][ 10x. 5) — [0(5)] Byer |24 dx dz
Br B J Byr(2)

<3 R2a<1*1/42>]£ 6f (2. 5)dz. (50)
1
k3
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1

We combine (49)—(50) and use Holder to bring the power 1 + pea

We obtain

inside the integral.

0 1
_2 I+——
ENLO: 1) < CIOIT 2o /_I/Blleg)q(z,s)l P deds,
I

provided

1 op—(2+2a)—qz%l
sup | — < +00.

R>} R

Observe that this is ensured through (48) and that the supremum can be estimated
from above by 47 such that the constant of the Lemma depends only on p. O

6.4 Proof of the Theorem 1.3

The following Corollary of Theorem 5.3 gives a different version of the e-regularity
criterion in terms of 6 rather than its composition with the flow 6y. Theorem 1.3 will
be an immediate consequence. To this aim, we introduce the following modified balls
and cylinders (backwards and centered in time respectively) which are enlarged in
space in accordance with the “intrinsic effect” of the flow (see (55)):

Bx;r) = Bqu2a72/q (x) and B*(x; r) := B(x;r) x [0, r),
O(x, ;1) := Blx;r) x (t —r?®, t]and Q*(x, t:7) := B*(x;r) x (t — r®, 1],

Clx,t:7) :=B(x;r) x (t — 2t + %) and C*(x, 15 7) := B*(x; r) x (t — r2®, 1 + r2%),
where
Kq = Kq(l/l, x,t, r) ;= 2 max [”u||LOO([t_rZUt’l_j’_rzu]’Lq(RZ)), r1_2°‘+2/q} . (51)

To shorten notation, we will often omit the dependence of K, onu and r , and whenever
(x,1) = (0,0), we will omit to specify the center of the balls and cylinders. The
following remark justifies that one should really think of 5(x; r) as a enlarged balls
of radius r2%—2/4,

Remark 6.5 (Upper bound on K,;) For 0 < r < (¢ /Z)i by Calderon—Zygmund,
Theorem 3.2 and the energy inequality (20) of Leray—Hopf weak solutions

—La-2
Neall oo (r—r2e g2y, La@2yy = CNON Loo(r—r2e 141201, La®2)) < C2lloll 21 2 (1=2/49)
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. 1 (g /(12 +2/a)
such that for 0 < r < ro := min | (t/2) 2%, (C2||90||th 2 1 ) and
any x € R?
Ky(u;x,t,r) < 2C2||90||th_i(1—2/q).
Corollary 6.6 Let ap := %ﬁ, o € [oo, %), g > 8 and p = p(q) = % 4+ L

There exists a universal ¢ = ¢(a) € (0, 1) such that the following holds: If (0, u) isqa
suitable weak solution to (1)—(3) on R? x [t — (4r)%*, 1] satisfying

-2
1017 % g2 > L
20 (R2 x[1—(4r)2.1]) / biSo%2 P
¥ |IVe*| dzdyds+/ 0y 1 ‘dzds) <e,
(4r)p(-20)+2 ( Q% (x,1;4r) ownn 1
(52)

then 0 is smooth in the interior of Q,2(x, 1).

Remark 6.7 (Justification of «g) o is the threshold until which both the smallness
hypothesis of Corollary 6.6 is verified, at sufficiently small scale, for smooth solutions
at any point (x, ) in spacetime and the dimension estimate of Theorem 1.1 is non-
trivial. Indeed, for o > « it holds

1 /1
—< T~ 2a) +2) <3
20\ o

Before proceeding with the proof, let us show that Theorem 1.3 is an immediate
consequence of Corollary 6.6.

Proof of Theorem 1.3 Let o, p and ¢ as in the statement and assume that (5) holds.
Observe that C(x,t;r) 2 Q(x,t + r>*/16; r). By (18) and Hélder we deduce the
pointwise estimate

6 (2, 5) < M((Da2 )77 )2, 9) = [M((De20)*)] ™ 2, ).

We infer that 6 satisfies (52) at the radius r/4 and the point (x, t + P2 /16). We
deduce from Corollary 6.6 that 6 is smooth in the interior of Q,/g(x,t + r2/16)
which contains the open ball B, /g(x) x (t — r2 /16,1 + r2*/16). O

Proof of Corollary 6.6 By translation and scaling invariance, we assume (x, t) = (0, 0)
and r = 1.
Step 1: We tune the free parameters o and y .
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We define 0 1= 20 — lz Observe that with this choice the triple (o, p, g) satisfies
q

the hypothesis of Lemma 6.4. Indeed, recalling that by assumption o > o > % we
have for ¢ > 8 that

2 1 1/1 1 242 1 5
3 :7(20{—7( +a+7+ 2q >)>f(2a—7)>0.
-1 q g\ « qg q-—1 q 4
We introduce also y = 2a — 4o

T4 € [l — 20,0 — 2a/p), so that the triple
(o, p, y) satisfies the hypothesis of Theorem 5.3. We conclude from the latter that
0 e CU=1P¥ 0,y € L®((—1,0); C°(By)), with § given by (37), provided

—(2+20a) —

1
sup E (90, uo; —) < e, (53)
x,10e0) 4

where for (x, ) € Q1 fixed, we define Oy (z, s) = 0(z +x0(s) +x,5 +1), up(z,s) =
u(z + xo(s) + x, s +t) — xo(s) and xq is the flow given by Lemma 5.1. We have

1 2a 402 202
=y ——— |1 -2+ — | > 20— —o |l —2a+ ,
p—1 )4 4+« l+o

where the right-hand side exceeds 1 — 2« for o > J2—1,s0in particular for @ > «y.
We deduce from Lemma B.1 that 6 is smooth in the interior of Q1/>. We are thus left
to verify that (53) can be enforced by requiring (52).

Step 2: We bound the full excess SUP(x e 0, E (6, ugp; }‘).
For (x, 7) € Q; fixed, we estimate by factoring out p —2 powers in L°°, by Lemma 6.2,
by Holder and Young

1\? _ 3 1
ES (90; Z) S60lP% | E@o: )+||eo||” 2 EBo; DE o 5)?
(o) (o)

2
+ p—2

1
||eo||LOQ(R2 €0 D+ (1001 o) @03 D)
EY (ug: =)P.
+ E" (uo 2)

Moreover, by Lemma 6.3 and (10) combined with (14), recalling that ug = R0y —
Xo(s), we have

1 3
EV(uo; )P < / |60 — [60(5)], | dzds + EN"(60; =)P
2 03 7 4
iy

< ll6ol

3
Lm(QB)s(eo; D+ ENE 0 PP
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Collecting terms and applying Lemma 6.4, we deduce that for every (x, ) € Q1 with
a constant C = C(«) > 1 ( observe that p cannot exceed lfT"‘ +1)

14525

1 _2 _2 2
E (60, uo; )" = C(neoHQ’N(RZX[_LODS(%; D+ (||eo||ﬁw(sz[_1,0D8(eo; n)
0 1
p=2 # It
F 160117 oo 2 (1,07 /4 /31 [B0)g,ql 47 dzdS>.
I
(54
Step 3: We estimate the tilting effect of the flow. To this aim, introduce a parameter

q > 8 (to ensure that 2a — 2/q > 1/4 > 0).
For (x,t) € Q1 and s € [—1, 0] we have by the definition of the flow (34)

_1
[xo(s)] < |B%| Nullpoo 1,0, La®2y) < 2lull oo (—a2e 07, La(r2)) < Kq(u; 4).
Hence the center of the excess in space can be shifted by at most

sup  sup |xo(s)| < Ky(u; 4). (55)
(x,t)eQq s€[—1,0]

Since 6y is just a spatial translation of 6, we estimate |[|0pllpoom2x[—1,07) =

el Lo (R2x[—422,0]) for (x,t) € Q1. Recall that the extension is obtained by con-
volution with a Poisson kernel. Since translation and convolution commute, we have
©0)*(z,y,s) =0"(z+ xo(s) + x, y, s + t) and hence

EB: 1) = / YIVO* 12 (z + xo(s) + x, y, s + 1) dzdy ds

0

= / Yo IVO* (2, y,5) dzdy ds. (56)
Q*4
We used in the last inequality that for (x, ) € Qj itholds t — 1 > —4°* and
1 1
Bi(x) +xo(s) € B2 + Bk, u:4) € 28(4) + 4_ZTZ/qB(4) C B4) (57)

for any s € [—1, 0] by (55). As for the remaining term in (54), we observe that
(90)§’q(z, s) = Qg’q(z + xo(s) + x, s + t) and we reuse (57) to estimate

0 L 1
/ / @)%, dzds < /Q 68,1 dzds. (58)
~1JB) @
7

Combining (54), (56) and (58), we reach (53) by requiring (52). O
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7 The Singular Set and Proof of Theorem 1.1

We recall the box-counting dimension of a (compact) set S C R3 :For everyd € (0, 1)
we denote by N (8) the minimal number of sets of diameter § needed to cover S. We
then define

dimp (S) = lim sup — logz (N (8)).
§—0

It is well-known that the box-counting dimension controls the Hausdorff dimension
dimypy, i.e. dimy S < dim, S.

Proof of Theorem 1.1 Step 1: Fix t > 0 and define S := Sing6 N [R2 x [t, oo)] . We
claim that S is a compact set in spacetime.

From the definition it is clear that S is closed and we claim that it is also bounded.
Indeed, let p be as in Corollary 6.1 and let p’ > p. From the maximal function estimate
and Calderon—-Zygmund

o0 ’ o0 ,
/ /(Mgz)l7 Tl dxds 5 / /W dxds S 1017255 o1
Jt o Jt o

Lo (R2x[t,00)) L2040 (R2 x[1,00))

P =2(1+a)

= ClGollp2)e™ 2,

by Theorem 3.2 and the global energy inequality (20) of Leray—Hopf weak solutions.
By the absolute continuity of the integral we deduce that for every ¢ > 0 there exists
M=M@®,¢)>0and T* = T*(||0|| 12, €) > 0 such that

o0 o0
/ / (MO T + [ul? dx ds +/ / (MODE + |u|P dx ds < e,
t ]RZ\BM T* R2

which, by choosing ¢ as in Corollary 6.1, means that S C By44(0) x [0, T* + 4%¥].
Step 2: Let o € (o, %) (otherwise the dimension estimate is trivial by Remark 6.7).
We show that for every q > 8 we have

dimy § < —— ((”“ +1) (1—2a)+2> = B(@).
2 o q

Indeed, fix ¢ > 8 and define p,; := Ito 4 ql. From Corollary 6.6, we know that if

o

(x,s) € S, then for every r € (0, (t/Z)i) it holds

1 / b1Tp* |2
- VP [V0* 12 dz dy dt
rPq(1=20042 C*(x,s;r)

+ 68 17T dzde > elo) 02 =:2¢
C(x,s:r) o LO@xli/200) " T3
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6 Page 50 of 62 M. Colombo, S. Haffter

where ¢ = ¢(«) > 0 is universal and in particular independent of r. By Theorem 3.2,
the threshold €3 depends on ¢t > 0 and ||y || ;2 only. Following Remark 6.5, we observe
that with the notation of Remark 6.5

Ko (u; x, s, 7) < max {2C2||90||L2fi<‘*2/‘1>, 1} =L,
for r € (0, §g], where
o 1= min {(¢/2)%, (Ly/2)"/0 =242/ 1}

Observe that L, depends only on [|6yl|;2 and t > 0. For § € (0, 8p), we define
the collection I's containing balls B VAL, 5224 (x, s) centered at some point (x, s) €

R? x [t, 00) satisfying

/ Y IVo* 1> dzdy dt +/ 24
C*(x,s;9) C(x,s;8)

Observe that {I's}s is a family of coverings of S consisting of Euclidean balls in
spacetime. By the Vitali covering Lemma, there exists for every 4 a countable, disjoint
family {B'};<; such that

14+ —— -
q| 2-1 dZdT > & 8pq(l 20()-‘1-2.

Sc| JsB

iel
and B! € Ty, in particular Bl = BﬁL s2e-2/ (Xi, 8;) for some (x;, 5;) € R2 x [z, 00).
q

Observe that by Lemma 2.4, Theorem 2.1 and the global energy inequality (20) for
Leray—Hopf weak solutions, we have the global control

> biT %2 > N
/ / V[ V0%| dzdyds+/ /|9an 71 dz ds
0 JRY o Jrz
o 2 2
<c /0 [0, ds < Clléo]2.

Therefore, setting n := ZﬁLqSZ“_z/ 9 and using the disjointness of {B'};¢; , we can
estimate the minimal number N () of sets of diameter  needed to cover S by

Ppq(1-20)+2
Cl6ol?, Cli6oll?,(v2Ly) 221
0 L _ L 4q
Nm <H() < ergPi (20042 pg(1—20)12
3 8377 2a—-2/q
We conclude that
pg(1 —20) +2

dimp S = lim sup —log, N(n) <
n—0 ! 200 = 2/q
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Step 3: Conclusion.
By taking the limit ¢ — oo in Step 2, we conclude that

14+«
o

dimy (Sing 8 N [t, 00)) < Zi < (1 —2a) + 2)
o

for every ¢ > 0. Writing Sing & = [, Sing6 N [R2 X [% oo)] , we deduce that

dimy(Sing 6) < sup dimyy (Sing6 N [R? x [£, 00)])

n>1

1 /1
<_< +“(1—2a)+2>. 0
o

~ 2a

8 Stability of the Singular Set

This section is devoted to the proof of Corollary 1.4. We observe that the e-regularity
criterion is “continuous” under strong L”-convergence. This convergence result
together with the observation that smooth solutions satisfy the e-regularity criterion
of Theorem 5.3 will allow to deduce the required stability.

Lemma 8.1 Let o, € (4—11, %) be such that o, — o € (}1, %] and consider a sequence
of suitable weak solutions 0, to (1)—(3) witha = «;, on R2 x [—2, 0] such that 6, — 0
strongly in LP (R2 x [—2,0]) and assume that 0 is a classical solution to (1)—(3) on
R? x [—2, 0]. Then, there exists a universal constant C > 0 such that uniformly for
any (x,1) € Qi

1 1
lim E(0y,0,un0; -) < CE <90, uo; —)
n— 00 ’ 4 4

where we denote by 0, o and u, o (and 6y and u respectively) the change of variables
of Lemma 5.1 as applied to 6,, (and 6 respectively).

Proof We fix (x,t) € Q1 and apply the change of variables of Lemma 5.1 to 6, and 6
respectively. We denote the corresponding flow by x, o and xo. Moreover, we estimate
fors € [—1, 0]

1

P
1

0
17
[xn,0(s) —x0(s)| < Is| 7 (/ 7[ lun(y, 0 +1) —u(y, o +t)|pdyd0)
Js o B%(X+xn,o(a))

0
+/][ 4(y + xn.0(6), & + 1) — u(y + x0(0), & + )| dy do
s JBjp(x)
I
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6 Page52of 62 M. Colombo, S. Haffter

1
2 1 t » 0
<4»r |s|1 » (/ /|un —ulPdy da) + sup [u(G)]Lip(Rz)/ [xn,0(0) — xp(0)|do.
t—1 1 K}

oelt—1,t

By Calderon—-Zygmund, the strong convergence of 6, implies that u,, — u strongly
L?. Calling C = sup, ¢, ;j[u(0)]ipr2) we deduce by Gronwall’s inequality that
uniformly in s € [—1, 0]

2 ! »
lim |, 0(s) — x0(s)| < lim 47 (14+Ce ) ( / / I —u|f’dyda)” =0.
n—o00 n— 00 —1
(59)

We now claim that 6, 0 — 6p strongly in LP(R2 X [—(1/4)2"‘, 0]). Fixe > 0. We
split as before

0
/(l)za /|9n,0 —60l”(y, s)dyds
—\4

0
=/ l)h/|9n(xn,o<s)+y,s+r)—e(xn,o<s>+y,s+r>|”dyds
7

y

0
+/ l)za/|9(xn,0(s)+y,s+l)—9(X0(S)+y,s+t)|pdyds.
1

y

Using the strong convergence of 6, in L? (R? x [—2, 0]), the first term on the right-
hand side doesn’t exceed § for n big enough. Using (59) and absolute continuity, there
exists R > 1 such that for all n big enough

0
&
/ zq/ 10 (xXn,005) + v, 8 +1) —O0(xo(s) + y, s + )P dyds < <.
) Jvizr 3

,(%

By the regularity of 6 and (59), we estimate the remaining contribution of the integral
p P :

over the set {|y| < R} by [O]Lip(RZx[z—(1/4)2a),z]) et — ”||L1'(R2x|z—1,r])Rp , which by

the strong L”-convergence does not exceed 5 for n bigenough. The strong convergence

of 6,0 — 6y in LP(R? x [—(1/4)**,0]) implies also that u, o — uq strongly in

LP(R? x [—(1/4)%*,0]). As an immediate consequence we obtain

limESG'l + lim EV . —E59'1)+EV(-]
=00 VL,O! 4 =00 un,()s 4 - 0, 4 uOv 4 .
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and

1 1 0 1 !
lim ENE(6,0: - ) < lim {ENL (6y; - ][ 7][ 00 — O0|”
RS (”’0 4) N”Lnolo{ 3) T\ L jae roy GRT PR

; ;
+ (f 16015, — 16nols, |f') }
—me i
1
= ENL (60, Z) .

m}

Proof of Corollary 1.4 We argue by contradictionand welet p := 6 Ta—7ando = ;‘—i—é
as in the proof of Corollary 6.1. We may assume that there is a sequence of orders
o, € (zlt’ %) and initial data 6,, o € H 2 such that

o lim, .o, = % )

e 16n0ll 22y < R foralln > 1,

e the local smooth solutions 6, to (1)—(3) with « = «,, and initial data 9_,, 0, Which
exist on an interval [0, 71], with T} = C ||6‘_n,0||;% > CR~2 bounded from below
uniformly in n (see [35]), blow-up in finite time.

Since 6, € L>®([0, T1], H?) implies, for instance, that V6, € L2([0, T1], L%y,
0, satisifes the weak-strong uniqueness criterion of [15]2 and hence 6,, coincides on
[0, T1] with the unique suitable weak solution to (1)—(3) with « = «,, and initial data
0,.0. We have the uniform bound

SUP |16, || oo (R2 x (71 /2,00)) T SUP||9 Lo 11y /2.00). 12R2)) = € (60)

n>1

given by (20) and Theorem 3.2. Up to subsequence, we have that 6, o — 6y strongly in
L*(R?).Fix T > 0.By (60), 6, is uniformly bounded in L>(R? x [T /2, T]) and hence
6,—6 weakly in L?. The strong convergence in L? (R2 x [T1/2, T]) is established as
in the proof of Lemma 3.8, Step 2, using an Aubin-Lions type argument. The strong
convergence for any 7 > 0 is enough to pass to the limit the equation as well as the
global energy inequalities (20)—(21) and hence 6 is a Leray—Hopf solution to (1)—(3)
with o = 5 and initial datum 6. This Leray—Hopf solution is smooth by [3]. The
blow-up of the strong solutions means that there exists (x,, t,) € Sing6, forn > 1.
By Theorem 1.1 (and more precisely, noticing that Step 1 in its proof can be made
uniform in n), there exists M > 0 such that for alln > 1

(Xns tn) € By x [Ty, M].

2 The authors of [15] state their result in the form of an asymptotic stability result with respect to pertur-
bations of the initial datum and the right-hand side; however, in absence of any perturbation their energy
yield the corresponding weak-strong uniqueness statement, as previously observed for instance in [25].
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6 Page 54 of 62 M. Colombo, S. Haffter

Up to subsequence, we may assume that (x,, t,) — (X, 1) € By x[T1, M]. Rescaling
the sequence of solutions by one single factor (related to 77) and translating them, we
may assume that 7] = —2 and that (x,7) = (0,0) € Q. By a further n-dependent
temporal translation (by 2f, — 0), we may assume that 7, < 0. By the continuity of
translations in L”, we still have in this way that 6,, — 6 strongly in L? (R2 x [—2, 0]).
We claim that there exists r € (0, 1] such that for any (x,7) € O

1 159
E <9r,()a Ur.0; Z) < 7 , (61)

where we denote by 6, ¢ and u, o the change of variables of Lemma 5.1 applied to
(6, ur) (see Remark 5.2) and by ¢, the constant from Theorem 5.3. This now gives
rise to a contradiction: Indeed, by Lemma 8.1, uniformly for every (x,¢) € Q1, we
have the lower semicontinuity lim,— oo E((65)r,0, (tn)r,0; %) < CE(6r,0, ur0; %)
such that for every n big enough, the smallness requirement of Theorem 5.3 holds and
we deduce that 6, ,- is smooth in Q1,2, namely 6, is smooth in Q,>. This contradicts
the fact that the singular points (x,, ;) € Q2 for n big enough. We are thus left to
prove (61). Indeed,

2a !
I B r2y _
55 (M ,) el 100, 5) =2 @.0)¢, |7 dy ds
4 rer—(4)™ B (rx+rxo(r2® (s—1)) !

< O @ - r2.0p -

where we used again, as in the proof of Lemma 8.1, the fact that the flow x¢ is Lipschitz
for aregular solution 6. Similarly, E" (u, o; %) < r (] ((—2ry22, 01 Lip(R2)) - Finally
for the non-local part of the excess, we rewrite

NL 1 20—1 0 r\P 2a 20
EVE (605 5 ) = e 2 (G7) 7 (000 + 20005770
—(5 R> 15 Br(x

1
2p P
3

3
—r172“[9r,0]3% 12 dy) ds

For fixed time s € [—(r/4)*¥, 0], we estimate the supremum splitting it on the two
sets {41'1 >R > {¢}and {R > %}. We get that

1
NL .
E (90,r, Z) < CroP(B)Lip@2 x(—@r2e.0p T 101 Loo®2x[—2r)2a.07))-0
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Appendix A. Local spacetime regularity of the fractional heat equation
LemmaA.l Let « € (0,1) and p > 2. Consider n € L/>(R? x [—1,0]) with
(Mo, = 0and ES(n; 1) + ENE(n; 1) < 400 which solves 3,1 + (—A)*n = 0 in
Q3/4. Then n is smooth with respect to the space variable and n € Cl_l/p(Ql/z) in
spacetime. Moreover, there exists C > 1 such that

Inllzeq-appeoncrayy + Iy o 0= CES(m: 1) + ENE(p; 1)).

The constant C can be chosen uniform in o as long as « is bounded away from 0.
Proof Using the linearity of the equation, we can assume by a standard regularization
argument that n € C®(R? x (—1, 0)). We multiply the equation by n¢| y=0 Where @ is

a smooth cut-off between Q7 /16 and Q3 /4 with 9,¢(-, 0, -) = 0 and obtain, arguing
as in Lemma 3.6,

t
/le(x,t)go(x,O, t)dx—i—ZCa/ /yb|Vr]*|2g0dxdyds
0
t
=/ /UZ(X,S)3z§0(x,0,s)dxds
0

t
+Ca/ /yb(n*)zAwdxdde-
0

Taking the supremum over ¢ € [—(11/16)>*, 0] and recalling the support of ¢, we
obtain by Lemma 3.9 that

sup / n*(x,1)dx < C / 772dxds+/ Y in* 1> dx dy ds
re[—(11/16)2¢,01 Y B11 0 0%

3
16 z 7

= C(ESor 12+ EVE i 1?) (62)
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Let now p(x,t) be the fractional heat kernel on R? x (0, co) with explicit form
¢~IE71 in Fourier space. By scaling invariance, p(x,t) = =V pr=1/C0x 1) and
p is C* and bounded for r > 0. Let now P*(x,y) := [p(, D]*(x,y) be the
Caffarelli-Silvestre extension to Ri of x — p(x, 1) and observe that from scaling,
pr(x,y, 1) =t~ V/epr= /GO 1=1/C0y) Fix a cut-off ¢ between Bf‘/m and B;“/g
which is radially symmetric in x and y. We define p(x, y, t) := p*(x, y, H)e(x, y).
We proceed as in [31, Proposition 4.1] to obtain for (x, t) € Bs/g

NG, 1) = / DG — G/ plx — 2.1 + (3142 (x — 2, 0)dz
B3

I

t
‘|'/ / Yot (x, y, )AL p(x — 2, y, 1 — T)dzdy dr.
~G/47 /By
1

We argue as in [31, Proposition 4.1] that ybxbﬁ(x, y, 1) = m(ybgﬁ(x, y, 1)) is a
smooth function in x and y supported in B} /8 \ Bi/16* which remains bounded as
t — 0. We conclude that for any multi-index 8 with || > 0 we have, using (62) and
Lemma 3.9, that

1
2

198nlLec0s) S Inllper2oy) + / Y dxdydr | < ES(p 1)+ EVE(ps 1),
8 1 0%

(63)

To get the spacetime regularity, we observe that for x € B/, we can write (for fixed
time)

[(=2)*n(x, 1) =/

5
vl<3

<[7I(t)]Lip(B5)+§ e / ‘ dy
~ “Da— —1
3 = 2(—=1)Q2a—0) Byii1\By 2(i—1)(n+0)

|x _ y|n+2a |x _ y|n+2tx

In(x,t)—n(y,t)ldw/ In(x,t)—n(y,t)ld
IvI>3

+/ In(x, 1) = n(y,Dldy < [n(0)]Lip® 5)
BI\B% 8

1
+SUP—G][ n(x, ) —[n@®Ohldx + [ [In(x, t)dx.
r>1 R? /s By

Using (63) and the equation, we conclude

nllrreo,) < ES D+ ENEps 1),
2

1
which proves that n € leﬁ([—(l/Z)z"‘, 0], L°°(B%)) recalling that W7 (R) —
1
c'r(R). o
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Appendix B. C%-Hélder continuous solutions are classical for § > 1-2a

In [9] it is proved that solutions of (1)—(3) with u € L*°([0, T, C3(R%)),8 > 1 —2a,
are smooth. The following Lemma provides a localized version of this result.

LemmaB.1 Ler 0 : R? x (—1,0] — R be a bounded solution of (1)-(3). If 0 €
L%°((—1,01, C*(By)) for some § > 1 —2a, then § € C19~1=2%) (B ;, x (—1/2,0])
in spacetime and in particular, is a classical solution.

Proof Step 1: We show that 6 € L>°([—1/2,0], C10=(1=20) (B »)).

This follows from showing that u € L*°((—1, 0], C%(B))) and the general result on
fractional advection-diffusion equations [31, Theorem 1.1]. Let us write u = u1 +u»,
where u; = R0 x) anduy = RE(0(1— x)) for x asmooth cut-off in space between
B3> and By. We estimate by Schauder estimates [29, Proposition 2.8]

iz —1.01.c0) = CNOX N Loo((—1,01.c8) = ClIOlLoo((~1,01,c8(B,))-
Regarding u,, we observe that [u2(f)]« is bounded, uniformly in ¢ € (—1, 0], for all

k > 1. Indeed, consider for instance k = 1: For x € Bj and fixed time, by integration
by parts (the boundary term at infinity vanishes using the uniform boundedness of 6)

8Ru2(x)—c/| |3a<(1 X262 dz

so that, using that for x € By and z € B§/2 we have |x — z| > %, we have

1
ROl = Clols [ dz < oo,
le—z|>1 ¥ — 2]

We have obtained that
Nl ooc=1,01,05B1)) = CUBI Loo((—1,01,¢5(Ba)) F N0l Loo®2x (~1,07))-
Step 2: We show that 0 € C1-9=(1=20)((—1/2, 0], L>°(B2)).
Observe that 6 solves a heat equation with right-hand side
u-Veo e L®((—1/2,0], C2=1=20 (B 5)), so that
86 € Lo((=1/2,01, C°~ 129 (By ).
In particular, 6 € Lip((—1/2,0], C®~(—20) (B, ,2)). Repeating the argument, we

obtain that 6 € Cl"s’(l’z“)(Bl/z x (—1/2,0]). Higher regularity then follows from
energy estimates. O
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Existence of Suitable Weak Solutions

Proof of Theorem 3.6 Fix 0y € L*(R?). For € > 0, we consider the system with added
vanishing viscosity term

9,0 +u - VO + (—A)*0 = e Af
{,—f-u +(=A) € o

u=vi—a)i0,

complemented with the initial datum 6(-, 0) = 6y . For any € > 0, the system (64)
admits a global smooth solution 6, : R2 x (0, 00) — R. Moreover, for any ¢ > 0,
0c(-, 1) € L>*(R?) and for any 0 < s < r, we have the energy equality

t
/af(x,z)derz/ /[\(—A)%9€|2(x,I)+6|V9€|2(x,r)] dxdt = /93(x,s)dx.
(65)

Theorem 3.2 also applies to (64), so that 6 is in L* for t > 0 with the uniform-in-¢
bound

1
10 (@)L < Cr 2|60 .2 (66)

Finally, with the obvious modifications of the computation in Section 3.3, we have for
any nonnegative test function ¢ € C2° (Ri), locally constant in y in a neighbourhood
of y = 0, any nonnegative and convex f € C>(R) and any ¢ > 0 that

t
/ 9(x,0.1) f(0) (x, 1) dx +ca/ / YIVOEP £7(0)g dx dy ds
R2 0 JRY
t
= /0 /Rz [f O (@ ply=0 + € Agly=0) + e f(Be) - Vly=0] dx ds
t
+ Cq / / ¥ FO) Dpp dx dy ds
0 JRY
=:C(e) + D(e).
We want to pass to the limit € — 0. From (65) with s = 0 and the Sobolev embed-
ding of W*2(R2) — LT (R2), we infer by interpolation that the family {0, }¢~¢ is
uniformly bounded in

L0, 00), L?) N L?([0, 00), W%?) < L2UFTO(R2 x [0, 0)).

By Banach-Anaoglu, for any fixed time 7 > 0, there exists 6 € LZ(JR2 x [0, T])
and a subsequence ¢, — 0 such that 6, —6 weakly in L2(R? x [0, T]). We now
claim that this convergence is in fact strong via an Aubin-Lions type argument in the
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same spirit as Step 2 of the proof of Lemma 3.8. Fix n > 0 and a family of mollifiers
{ps}s=0 € Cf"(Rz) in space. For k, j > 1 we estimate

10c; = Oc ll 22 x10.77) < 10; — Oc; * @sllL2 + 10, — Oc * @sll2 4 1(Bc; — Ocr) * b5l 2.

The first two contributions converge to 0 independently of k and j due to a bound of the
form ||0¢, — Oc, * Ps H%Z(RZX[O,T]) < (8% obtained as in (27) with n replaced by 6, .
We now choose § small enough such that this contribution does not exceed g Having
S fixed, we claim that the family of curves {t — 6, (-, f)}x>1 is equicontinuous and
equibounded with values in W' Indeed, by the energy equality (65) with s = 0
and the Calderon-Zygmund estimate |[u¢, l|;2®2x0,77) < CllO¢ |l L2®2x[0,77)> WE
estimate

[10;0e;, * ¢8\\L2([0,T],W1~00) < |\ div(ue,Oe ) * Psll L 2roo + [16¢, * (=) sl 200
+ €kl * Adsl 2100

< (lue 2@ xjo.rp 160l 2 + 20106 | L2 @2 xj0.77)) 1951 w30
< ).

By Ascoli-Arzela the sequence {6k * ¢s}k>1 converges uniformly on R2 x [0, T]
and by uniqueness of limits, we infer that this limit must coincide with 6 * ¢s.
We can therefore choose N > 1 big enough such that for any k, j > N we have
1@e; — Oc) * dsllL2@2xp0,77) = g We conclude that for k, j > N there holds
16, — 96_/|| L2®2x[0,T]) = 1- Since 1 was arbitrary, we conclude by uniqueness
of limits that 6, — @ strongly in L?>(R? x [0, T]). By the uniform boundedness
in L20+9(R? x [0, 00)) and by (66) we also deduce that 6 — 6 strongly in
L"(R? x [0, T]) for any 2 < r < 2(1 + «) and strongly in L" (R? x [, T]) for any
7 > 0and any 2 < r < 0o. By Calderon-Zygmund, we infer that u, — u := R0
strongly in L?(R? x [0, T]) (and L” respectively). Passing to the limit k — oo in the
equation (64), we infer that 6 is a distributional solution to (1)—(3). We are left to pass
to the limit in the global and local energy (in-)equality. Consider first (65). By Banach
Anaoglu and uniqueness of limit (—A)%Gek—\(—A)%G weakly in L*(R? x [0, T])
and by weak lower semicontinuity

t t
/ /|(—A)79|2(x,f)dxdr < likminf/ /|(—A)79€k|2(x,t)dxdr
s = Js

forany 0 < s < t. For almost every ¢t € [0, T] we can extract a further subsequence
such that 6, (-, t) — 6(-, t) strongly in L2(R?). By passing to the limit in (65), we
thereby obtain (20) and (21) for almost every 0 < s < ¢. We obtain it for every ¢ > 0
(and almost every 0 < s < t) by observing that up to changing € on a set of measure
0, we may assume that 6 is continuous with respect to the weak topology on L?(R?).

We are left to pass to the limit in the localized energy inequality for f(x) = O‘*L—”z”z

and f(x) = |sz |9 for ¢ > 2 respectively, with some L > 0 and M € R. Let
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us denote n; := (B¢, — M)/L, n := (0 — M)/L and let us fix , R > 0 such that
suppe € Br(0) x [0, R] x [z, T]. From the strong convergence established before,
we infer that n;y — 7 strongly in L;OC(R2 X [7, T]) for2 <r < oo. Up to extracting
a further subsequence and a diagonal argument, we obtain that n; (f) — n(¢) strongly
inLj, (R?) for almost every > 0 and any r € Ns,. By interpolation, the former
statement holds in fact for every 2 < r < co. We deduce that for almost every ¢ > 0,

forg =2 and any g > 4

lim/ 9(x,0,1) f(0e)* (x, 1) dx = lim/ @(x, 0, )il (x, 1) dx
k—o0 JR2 k—o0 JR2
=/ @(x,0,0)[n|?(x, 1) dx
R2
t
lim C(ek)=// [I7170:0ly=0 + ulnl? - Voly=o] dx ds.
k— 00 0 JR2

We recall that from the Poisson formula Oe*k (x,y,t) = (P(,y) * 0 (-, 1)) (x) and
Young’s convolution inequality

Hee*k ||Lq(R2X[0¢R]><[LTJ,yb) < C(R|P(, ‘)HLI ”0€]< ”L‘I(]szlr.TJ) =C(R, a)”@ek ||L‘1(R2><lT.TJ) s

where we used that || P(-, y)[[,1 = [[P(-, D1 for y > 0. We deduce that 67, — 6*

%

: 2 b ; ; w_ M * *
strongly in L9(R” x [0, R] x [z, T'], y”). By linearity, n; = —— so that n; — 7
strongly in L (Bg x [0, R] x [z, T1, y?). Hence

t
lim D(ek)z// Y |9Ape dx dy ds.
k—o00 0 Ri

Moreover, we also deduce Vi}—Vnp* andV|n,’<“|%—\V|n*|% weakly in L?(Bg(0) x
[0, R] x [7, T], yb) and we infer by weak lower semicontinuity and the positivity of
¢ that

t t
/ / YV Pedxdyds < 1iminf/ / Y2 IVt 2o dx dy ds
0 JR} k—oo Jo JRrY

t t
// ybﬁm*ﬁwdxdydssnminf// W TInt1E e dx dy ds
0 JRY k—oo Jo JR3

for any ¢ > 0. Passing to the limit k¥ — oo, we obtain (25) and (26) for almost every
t > 0. O
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