Schwab, Stein Res Math Sci (2022) 9:36

: .
https://doi.org/10.1007/s40687-022-00327-1 o ResearCh In

the Mathematical Sciences

RESEARCH

: . ®
Deep solution operators for variational s

inequalities via proximal neural networks

Christoph Schwab and Andreas Stein*

"Correspondence:
andreas.stein@sam.math.ethz.ch

Seminar for Applied : . .
Mathematics, ETH Zarich, Zirich, Following Bauschke and Combettes (Convex analysis and monotone operator theory in

Switzerland Hilbert spaces, Springer, Cham, 2017), we introduce ProxNet, a collection of deep neural
networks with ReLU activation which emulate numerical solution operators of
variational inequalities (VIs). We analyze the expression rates of ProxNets in emulating
solution operators for variational inequality problems posed on closed, convex cones in
real, separable Hilbert spaces, covering the classical contact problems in mechanics,
and early exercise problems as arise, e.g., in valuation of American-style contracts in
Black-Scholes financial market models. In the finite-dimensional setting, the Vis reduce
to matrix VIs in Euclidean space, and ProxNets emulate classical projected matrix
iterations, such as projected Jacobi and projected SOR methods.

Abstract

1 Introduction

Variational Inequalities (VIs for short) in infinite-dimensional spaces arise in variational
formulations of numerous models in the sciences. We refer only to [7,17,26] and the
references there for models of contact problems in continuum mechanics, [20] and the
references there for applications from optimal stopping in finance (mainly option pric-
ing with “American-style,” early exercise features) and [4] and the references there for
resource allocation and game theoretic models. Two broad classes of approaches toward
numerical solution of VIs can be identified: deterministic approaches, which are based
on discretization of the VI in function space, and probabilistic approaches, which exploit
stochastic numerical simulation and an interpretation of the solution of the VI as condi-
tional expectations of optimally stopped sample paths. The latter approach has been used
to design ML algorithms for the approximation of the solution of one instance of the VI
in [3].

Deep neural network structures arise naturally in abstract variational inequality prob-
lems (VIs) posed on the product of (possibly infinite-dimensional) Hilbert spaces, as
review, e.g., in [5]. Therein, the activation functions correspond to proximity operators of
certain potentials that define the constraints of the VI. Weak convergence of this recurrent
NN structure in the limit of infinite depth to feasible solutions of the VI is shown under
suitable assumptions. An independent, but related, development in recent years has been
the advent of DNN-based numerical approximations which are based on encoding known,
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iterative solvers for discretized partial differential equations, and certain fixed point itera-
tions for nonlinear operator equations. We mention only [9], that developed DNNs which
emulate the ISTA iteration of [6], or the more recently proposed generalization of “deep
unrolling/unfolding” methodology [22]. Closer to PDE numerics, recently [11] proposed
MGNet, a neural network emulation of multilevel, iterative solvers for linear, elliptic PDEs.

The general idea behind these approaches is to emulate by a DNN a contractive map, say
®, which is assumed to satisfy the conditions of Banach’s Fixed Point Theorem (BFPT),
and whose unique fixed point is the solution of the operator equation of interest. Let us
denote the approximate map realized by emulating ® with a DNN by ®. The universality
theorem for DNNs in various function classes implies (see, e.g., [16,25] and the references
there) that for any & > 0 a DNN surrogate ® to the contraction map exists, which is
e-close to @, uniformly on the domain of attraction of ®.

Iteration of the DNN & being realized by composition, any finite number K of steps
of the fixed point iteration can be realized by K-fold composition of the DNN surrogate
®. Iterating @, instead of ®, induces an error of order O(e/(1 — L)), uniformly in the
number of iterations K, where L € (0, 1) denotes the contraction constant of ®. Due
to the contraction property of ®, K may be chosen as O(| log(¢)|) in order to output an
approximate fixed point with accuracy € upon termination. The K-fold composition of the
surrogate DNN @ is, in turn, itself a DNN of depth O(depth(®)|log(e)|). This reasoning
is valid also in metric spaces, since the notions of continuity and contractivity of the map
® do not rely on availability of a norm. Hence, a (sufficiently large) DNN & exists which
may be used likewise for the iterative solution of VIs in metric spaces. Furthermore, the
resulting fixed-point-iteration nets obtained in this manner naturally exhibit a recurrent
structure, in the case (considered here) that the surrogate @ is fixed throughout the K -fold
composition (more refined constructions with stage-dependent approximations {®®*) }f: 1
of increasing emulation accuracy could be considered, but shall not be addressed here).

In summary, with the geometric error reduction in FPIs which is implied by the con-
traction condition, finite truncation at a prescribed emulation precision ¢ > 0 will imply
O(| log(¢))) iterations, and exact solution representation (of the fixed point of ®) in the
infinite depth limit. In DNN calculus, finitely terminated FPIs can be realized via finite
concatenation of the DNN approximation ® of the contraction map ®. The corresponding
DNNss exhibit depth O(| log(€)|), and naturally a recurrent structure due to the repetition
of the Net @ in their construction. Thereby, recurrent DNNs can be built which encode
numerical solution maps of fixed point iterations. This idea has appeared in various incar-
nations in recent work; we refer to, e.g., MGNet for the realization of Multi-grid iterative
solvers of discretized elliptic PDEs [11]. The presently proposed ProxNet architectures
are, in fact, DNN emulations of corresponding fixed point iterations of (discretized) vari-
ational inequalities.

Recent work has promoted so-called Deep Operator Nets which emulate Data-to-
Solution operators for classes of PDEs. We mention only [19] and the references there. To
analyze expression rates of deep neural networks (DNNSs) for emulating data-to-solution
operators for VIs is the purpose of the present paper. In line with recent work (e.g., [19,21]
and the references there), we take the perspective of infinite-dimensional VIs, which are
set on closed cones in separable Hilbert spaces. The task at hand is then the analysis of
rates of expression of the approximate data-to-solution map, which relates the input data
(i.e., operator, cone, etc.) to the unique solution of the VI.
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1.1 Layout

The structure of this paper is as follows. In Sect. 2, we recapitulate basic notions and
definitions of proximal neural networks in infinite-dimensional, separable Hilbert spaces.
A particular role is taken by so-called proximal activations, and a calculus of ProxNets,
which we shall use throughout the rest of the paper to build solution operators of VlIs.
Section 3 addresses the conceptual use of ProxNets in the constructive solution of VIs. We
build in particular ProxNet emulators of convergent fixed point iterations to construct
solutions of VIs. Section 3.2 introduces quantitative bounds for perturbations of ProxNets.
Section 4 emphasizes that ProxNets may be regarded as (approximate) solution operators
to unilateral obstacle problems in infinite-dimensional Hilbert spaces. Section 5 presents
DNN emulations of iterative solvers of matrix LCPs which arise from discretization of
unilateral problems for PDEs. Section 6 presents several numerical experiments, which
illustrate the foregoing developments. More precisely, we consider the numerical solution
of free boundary value problems arising in the valuation of American-style options, and
in parametric obstacle problems. Section 7 provides a brief summary of the main results
and indicates possible directions for further research.

1.2 Notation

We use standard notation. By £(H, K), we denote the Banach space of bounded, linear
operators from the Banach space H into K (surjectivity will not be required). Unless
explicitly stated otherwise, all Hilbert and Banach-spaces are infinite-dimensional. By
bold symbols, we denote matrices resp. linear maps between finite-dimensional spaces.
We use the notation conventions Z?:l - =0and 17 |- = 1 for the empty sum and
empty product, respectively. Vectors in finite-dimensional, Euclidean space are always
understood as column vectors, with T denoting transposition of matrices and vectors.

2 Proximal neural networks (ProxNets)

We consider the following model for an artificial neural network: For finite m € N, let
‘H and (H;)o<i<m be real, separable Hilbert spaces. For every i € {1,...,m}, let W; €
L(H;—1, H;) be a bounded linear operator, let b; € H;, let R; : H; — H,; be a nonlinear,
continuous operator, and define

Ti:Hi-1 —> Hi, x> Ri(Wix + b;). (1)

Moreover, let Wy € L(Ho, H), Wir1 € L(Hu H), bir1 € H and consider the neural
network (NN) model

W:Ho—H, x> Wox+ Wyr1(Tyo--- 0 T1)(x) + byyt1. 2)

The operator Wy € L(Ho, H) allows to include skip connections in the model, similar to
deep residual neural networks as proposed in [12,13]. This article focuses in particular on
NNs with identical input and output spaces as in [5, Model 1.1], that arise as special case
of model (2) with Ho = H,, = H and are of the form

d:H—>H x> 1—=ANx+ATpo---oT)x), (3)



36 Page4of35 Schwab, Stein Res Math Sci (2022) 9:36

for a relaxation parameter A > 0 to be adjusted for each application. The relation Hy =
‘H,» = H allows us to investigate fixed points of ® : H — H, which are in turn solutions
to variational inequalities. The nonlinear operators R; act as activation operators of the
NNs and are subsequently given by suitable proximity operators on H;. We refer to ¥
and ® as proximal neural networks or ProxNets for short and derive sufficient conditions
on the operators T;, resp. W; and R;, so that @ defines a contraction on H. Hence, the
unique fixed point x* = ®(x*) € H solves a variational inequality, that is turn uniquely
determined by the network parameters W;, b; and R; for i € {1,..., m}. On the other
hand, any well-posed variational inequality on H may be recast as fixed-point problem for
a suitable contractive ProxNet ® : H — H.

Asan example, consider an elliptic variational inequality on H, with solutionu € K C H,
where K is a closed, convex set. The set of contractive mappings on H is open; therefore,
we may construct a one-layer ProxNet ® : H — H, such that # is the unique fixed-point
of ®. Therein, W7 € L(H) stems from the bilinear form of the variational inequality,
A > 0is a relaxation parameter chosen to ensure a Lipschitz constant below one, and R;
is the H-orthogonal projection onto I, see Sect. 4.1 for a detailed construction.

This enables us to approximate solutions to variational inequality problems as fixed-
point iterations of ProxNets and derive convergence rates. Due to the contraction property
of @, the fixed-point iteration x, = ®(x,—_1),n € N converges to x* = ®(x*) for any
xo € H at linear rate. Moreover, as the set of contractions on H is open, the iteration is
stable under small perturbations of the network parameters. As we show in Sect. 5.3 below,
the latter property allows us to solve entire classes of variational inequality problems using
only one ProxNet with fixed parameters.

2.1 Proximal activations

Definition 2.1 Leti € {0,..., m} be a fixed index, ¥; : H; — R U {oo} and dom(;) :=
{x € H;i|yi(x) < oo}. We denote by I'g(H;) the set of all proper, convex, lower semi-
continuous functions on H;, that is

To(H;) :=

{l/fi : H; —> RU{oo}| liminf y;(y) > ¥;(x) for all x € H; and dom(v/;) # 0)},
J/*)x
For any y; € T'o(H;), the subdifferential of ¥; at x € H; is
ix):={veHilg—xv)+flx) <f(y) forally e H;} C H;, x€H,;

and the proximity operator of v; is

, Il — 512,
proxy, : H; — Hi, x> argminy;(y) + ————.
yEH, 2

(4)

It is well-known that prox,, is a firmly nonexpansive operator, i.e., 2prox,, — id is non-
expansive, see, e.g., [2, Proposition 12.28]. As outlined in [5, Section 2], there is a natural
relation between proximity operators and activation functions in neural networks: Virtu-
ally any commonly used activation function such as rectified linear unit, tanh, softmax,
etc., may be expressed as proximity operator on H; = R%, d € N, for an appropriate
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Y € To(H;) (see [5, Section 2] for examples). We consider a set of particular proximity
operators given by

A(H;) == {R; = prox,, | ; € T'o(H;) such that ; is minimal at 0 € H,}, (5)

cf. [5, Definition 2.20]. Apart from being continuous and nonexpansive, any R; € A(H;)
satisfies R;(0) = 0 [5, Proposition 2.21]. Therefore, in the case H; = R, the elements in
A(R) are also referred to as stable activation functions, cf. [10, Lemma 5.1]. With this in
mind, we formally define proximal neural networks, or ProxNets.

Definition 2.2 Let ¥ : Hy — H be the m-layer neural network model in (2). If R; €
A(H;) holds for any i € {1, ..., m}, ¥ is called a proximal neural network or ProxNet.

2.2 ProxNet calculus
Before investigating the relation of ® in (3) to variational inequality models, we record
several useful definitions and results for NN calculus in the more general model ¥ from

Eq. (2).

Definition 2.3 Letj € {1,2}, m; € N, let HY, Hg), ceos ng) be separable Hilbert spaces
such that H?) = Hél), and let W; be m;-layer ProxNets as in (2) given by

Ui > O, we Wi (T oo 1Y) @)+ B,

The concatenation of V1 and W, is defined by the map
. 4@ 6]
Ve Hy' — HY, x> (W 0W)(x) (6)

Remark 2.4 Due to Wé’ ) = 0, there are no skip connections after the last proximal acti-
vation in Wj; hence, W1 e W3 is in fact a ProxNet as in (2) with 2m layers and no skip
connection.

Definition 2.5 Let m € N, j € {1,2}, let HY), 'Hg), - (,L) be separable Hilbert spaces
such that Hgl) = ng), and let W; be m-layer ProxNets as in (2) given by

v Hg) > HD, x> Wéj)x + w

D (T8 oo 1) () + )

m+1°
The parallelization of ¥; and Wy is given for Hy := Hél) = HE)Z) by
P(W1, W) : Ho — HY @ HP, x> (W1(x), Ua(x)).

Proposition 2.6 The parallelization P(V1, W,) of two ProxNets V1 and Vy as in Defini-
tion 2.5 is a ProxNet.

Proof We set HEQH = HV forj € {1,2}, fixi € {1, ..., m} and observe that Hgl) @ 'Hl(«z)
equipped with the scalar product (-, ) MW ep® = (- ')H(.l) + () e is again a separable

i

Page 5 of 35
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Hilbert space. We define

Wo : Ho — HY @ H®, x> (Wél)x, Wéz)x),

Wy Ho > HY @ HP, x> (W wy),

Wi HY, o H? > HY o 1P, ) > W% WPy, ic(2..,m+1}
b= B, 0% e HY @ 1P, ie{l,...,m+1),

R:HYoH? » HYoH?, @y ®RY5RPy), ic{01...,m)

Note that all W; are bounded, linear operators. Moreover, if jo) = prox g € A(Hy))

2

holds for wi(j) € FO(HY)) andj € {1,2}, then R; = prox,,, where y; € FO(HL(.I) &) HEZ)) is
defined by (%, y) := Ipl,(l)(x) + wi@) (y). Hence, R; € A(HED @ Hl(.z)) and it holds that

P(¥1, W2) : Ho — HV @ HP, x> Wox + W1 (T o - - 0 T1®) + byut1,
with T; := R;(W; - +b;) for i € {1, ..., m}, which shows the claim. O

3 ProxNets and variational inequalities

3.1 Contractive ProxNets

We formulate sufficient conditions on the neural network model in (3) sothat ® : H — H
is a contraction. The associated fixed-point iteration converges to the unique solution of
a variational inequality, which is characterized in the following.

Assumption 3.1 Let ® be a ProxNet as in (3) with m € N layers such that W; €
L(H;_1,H;), b; € Hij,and R; € A(H;) for all i € {1,...,m}. It holds that A € (0,2)
and the operators W; satisfy

m
Lo := [ [ IWill (r¢_y,7¢) < min(1, 2/4 — 1).
i=1

Theorem 3.2 Let ® beasin (3), letx° € H and define the iteration k1= o (xk), k € Ny.
Under Assumption 3.1, the sequence (x*, k € No) converges for any x° € H to the unique
fixed-point x* € H. For any finite number k € N, the error is bounded by

D) — 0

I =l < LY, Lon=I1—Al+ALe €[0,1). (7)
— L]\

It holds that
(o, a) = (T, (Te o T1)x, .., (Ty—1 0 -+ - 0 T)x™, x*) € Hy X -+ X Hyp

is the unique solution to the variational inequality problem: find x1 € Hy, ..., %0 = %y €
H,, such that

Wixi—1+b; —x; € 0Yi(x;), ie{l,...,m} (8)
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Moreover, x* is bounded by

m m
s < C | TT 1Willogoumg | 1Bl
i=1 \j=i+1
o — <oo, Ae(0,1],
’_ A
m < 00, S (1, 2)

Proof By the non-expansiveness of R; : H; — H; for i € {1,...,m}, it follows for any
xyeH

[®x) — PWIn < 11— Alllx = ylln + AN (Tmo-- 0o T1)x — (T o -+ 0 T1)ylln,,
<1 —Allle =yl
+ AW o(Tp—r10---0T1))x — (W o (Tjy—10---0 Tl))y”Hm
<11 —=Alllx —ylln
+ MWl ey 1) I(Tp—1 0 -+ 0 T1)x — (Ty—1 0 - - © T1)Y M,y
m
S =Allx —=yllx +2 (1_[ ||VVL‘||£(H,-1,HZ-)) llx — yll#,
i=1
= (1 = Al 4+ ALo) llx — ¥ll»-
—_—

=Lg,

AsX € (0,2) and Ly < min(1,2/A — 1) by Assumption 3.1, it follows that Lg,, < 1, hence,
® : 'H — 'H is a contraction. Existence and uniqueness of x* € H and the first part of the
claim then follow by Banach’s fixed-point theorem for any initial value x* € H.

By [2, Proposition 16.44], it holds for any i € {1,...,m}, x;, y; € H; and ¥; € To(H;)
that

X = proxy, (yi) & yi— % € Iilx;).

Now, let x§ := x* and x} := (T; 0 --- o T1)(x*) for i € {1,..., m}. This yields ®(x;) =
(1 —A)x* + Ax),, = x* and hence, %}, = x*. Recalling that R; = prox,, with ¢; € To(H;)
foralli € {1,..., m}, it hence follows that

Wixi |+ bi — x} € dyi(x]),
cf. [5, Proposition 4.3]. Finally, to bound x*, we use that

Il < D) — @O)llo¢ + PO < Lapallx™ 3¢ + AT 0 - 0 T1)(0) 134,

36
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As R; € A(H,;), it holds R;(0) = 0 and therefore, ||R;(x)|%, < llx|l%;, for all x € H;, which

in turn shows

I(Tm o -+ 0 TOr,, < IWinll £y 1) (Tm—1 0 - 0 T (O)I34,_y + 16l 4,
= IWinll £+, Hom)
(IWn=1ll 21 ) 1(Trmn=2 0 -+ © T(OV 24,y + 16m—113n_1) + 1bmll 71,

m m
<Y TT Wllzay-omg) | 16009
i=1 \j=i+1

The claim follows with Ly < min(1, 2/A — 1), since

A1 —Lo) >0 Ae€(0,1]

1—Lo, =
2—A1+Lyp) >0 Are(L2).

3.2 Perturbation estimates for ProxNets
We introduce a perturbed version of the ProxNet @ in (3) in this subsection. Besides
changing the network parameters W, b; and R;, we also augment the input space H and
allow an architecture that approximates each nonlinear operator Tj itself by a multilayer
network. These changes allow us to consider ProxNet as an approximate data-to-solution
operator for infinite-dimensional variational inequalities and to control perturbations of
the network parameters. For instance, we show in Example 3.4 that augmented ProxNets
mimic the solution operator to Problem (8), that maps the bias vectors by, .. ., by, to the
solution x1, . . ., x.

Let 7?{0, s ﬁm,1 be arbitrary separable Hilbert spaces and let H = ﬁo. Then, for
i €{0,...,m—1}thedirect sum H; @ﬁi equipped with the inner product (-, -)», + (- )5,
is again a separable Hilbert space. For notational convenience, we set ')'N{m = {0 € H;,}
and use the identification H,,, ® ﬁm = H,, = H. We consider the ProxNet

~

SHOH—-MH ®% > 1—x+MTpno---oT1)x), 9)

where we allow that the operators T;areitself multi-layer ProxNets: Foranyi € {1, ..., m},
let m; € N and let Hg) =Hi1 6 ﬁt—b Hﬁ‘), cees Hfﬁﬁl,H% =H; ® 7‘7;' be separable
Hilbert spaces. For j; € {1, ..., m;}, consider the operators f}ii)(.) = R}(?(VV/,E” . +b}(,f)) given
by

RY e AHY), WP et 1), 5P en?.
We then define i as

TiiHia ®@Hio1 —> Hi®Hi,  (rie1,%i-1) (%y(,z o0---0 %fi))(xi—l: Xi—1),

which in turn determines ® in (9). By construction, ® is a ProxNet of the form (2) with
o —1 i = m layers. As compared to ®, we augmented the input and intermediate spaces
by Hl The composite structure of the maps T allows to choose input vectors ¥;_; € Hl 1
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such that the first component of i- (xi—1, %;—1) approximates T;(x;—1) uniformly on a subset
of H;_1. As we show in Sect. 5.3 below, this enables us to solve large classes of variational
inequalities with only one fixed ProxNet ®, that in turn approximates a data-to-solution
operator, instead of employing different fixed maps ® : H — H for every problem.

To formulate reasonable assumptions on ®, we denote for anyie{l,...,m—1} by

Py, Hi @ His Hy  (0,%) — x
Py Hi & Hivs Hy (0%) — %

the projections to the first and second component for an element in H; & H;, respectively.
Moreover, we define the closed ball By) = {x; € Hil lxilln; < r} C H; withradius r > 0.

Assumption 3.3 Let ® and ® be proximal neural networks defined as in Egs. (3) and (9),
respectively. There are constants Ie (0,1),8 > 0and ®; > By > Oy > 0 such that

1. & satisfies Assumption 3.1 with A € (0, 1] and Lg < Le(01).
2. It holds that

L m m
ie{gﬁfm}ﬂ||vvj||g<ﬁ,_l,ﬁ,> ®o+Z H 1Wjll 2rgy1,0) | (1Bill2e, + 8) < O,
j=1 i=1 \j=i+1
m
ST 1Willeagmy | 1Bill < (1= T)0y,
i=1 \j=i+1
as well as

8 m m
%2+ 5 Z)Z [T IWllzay .m0 | < O
T =1 \y=it1

3. Thereisavectorxy € 7-70, such thatfori € {1,...,m},anyx;_; € B((f):l) C H;—1 and

X = Pﬁi T,’(xi_l, 36}_1) it holds

~

I Ti(xi—1) — Py, Ti(im1, Xim1) 124, < 8.

Before we derive error bounds, we provide an example to motivate the construction of

® and Assumption 3.3.

Example 3.4 (Bias-to-solution operator) Let ® be as in Assumption 3.1 with m = 2 layers
and network parameters R;, W, b; for i € {1, 2}. We construct a ProxNet ® that takes the
bias vectors by, by of ® as inputs to represent ® for any choice of b; € H; and therefore,
may be concatenated to map any choice of b1, by to the respective solution (x1, x3) of (8).
In other words, we approximate the bias-to-solution operator

Obias : H1 ® Ha — Hi @ Ha, (b1, b2) > (x1, x2).

36
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To this end, we set ﬁo =H;1 & Ho, ﬁl =Hy,m =my=1,b;1 =0 H; ® ﬁ,’ and

W H®H @ Hy — Hi @ Ha, (% 1, %2) > (W1x + 21, %2)
W HL @ Hy — Ho, (w1, %2) > Waxy + 2,

R(ll) :H1 ® Hy — H1 @ Ho, (%1, %2) = Ri(x1) + %2,

R? . Hy — Hy, x> Ro(x2).

Note that R(ll) = proxwiu with wil)(xl, x2) = Y1(x1) for any (x1, x2) € H1 @ Hy, where y;

determines Ry = prox,, . Hence, R(ll) c A(H1 & ﬁl), and it follows with X := (b1, b;) €
‘H1 @ Hy for any x € H and x; € H; that

Ty (x) = Ry (Wix + b1) = Pryy (Ry(Wix + by), ba) = Py, RD (W (3, %)) = Py, T (6, %o),
Ta(x) = Ro(Wany + b) = RP (W (x1, b2)) = Py, RP (W (1, Py, T (31, %o)).

Therefore, the last part of Assumption 3.3 holds with § = 0 for arbitrary large ®; > 0 and
hence, the constants g, ®1, ©2 do not play any role in this example. The generalization
to m > 2 layers follows by a similar construction of ®.

Now, let (x1, x2) be the solution to (8) for any choice (b1, by) € H1 @ Hy. It follows from
Theorem 3.2 that the operator

Objas : H1 ® Ha — H, (b1, b2) > (-, b1, by) e - - - @ D(-, by, by)(x°)

k times

satisfies wy ~ 5bias(b1: by) and x; ~ T1(5bias(b1, b,)) for any fixed x° € H and any tuple
(b1, ba) € H1 @ Ha, for a sufficiently large number k of concatenations of <T>(~, by, by).

The augmented ProxNet ) may also be utilized to consider parametric families of
obstacle problems, as shown in Example 4.4 below. Therein, the parametrization is with
respect to the proximity operators R; instead of the bias vectors b;, and we construct an
approximate obstacle-to-solution operator in the fashion of Example 3.4. In the finite-
dimensional case (where the linear operators W; correspond to matrices), the input of
) may even be augmented by a suitable space of operators, see Sect. 5.3 below for a
detailed discussion. We conclude this section with a perturbation estimate that allows us
to approximate the fixed-point of ® by the augmented NN ®.

Theorem 3.5 Let ® and ® be proximal neural networks as in Eqs. (3) and (9) that satisfy
Assumption 3.3, and denote by x* € H the unique fixed-point of ® from Theorem 3.2. Let
%0 e B(Cf))i be arbitrary, let %o be as in Assumption 3.3 and define the sequence ¥+ =
5(%’3 %o) for k € No, where 3° := x°. Then, there is a constant C > 0 which is independent

of § > 0 and Xy, such that for any k € N, it holds
I =%l < C (T +3),

where Ly = (1 — 1) + AL < 1.
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Proof Letx € B(G())()) and let Xy € ﬁo be as in Assumption 3.3. We define vy := x, v; :=
Py (Tio---oT1)x %) € Hiforie{l,...,m—1},and vy, := (Ty, 0 - - - 0 T1)(%, %) € H.
With X; := Py, JN"i(x,'_l, %i—1) and the convention that Py, = id, we obtain the recursion
formula

vi = Py, T;(vie1, %i1), i€ {L,...,m). (10)

We now show by induction that ||v;|l, < ®1 for i € {0,..., m}. By Assumption 3.3 it
holds

Ivollre = llxlln

< O
0 0 0

= TT1Wjllcay 1) | @0+ D TT 1Wel oo | bl + )
j=1 j=1 \£=j+1

<0

Now, let

i i i
Willre < [ TTIWilleagoir | ©0+ Y| TT 1Wellzeevr | Ubjling + 8)
j=1 j=1 \t=j+1

hold for a fixed i € {0, ..., m — 1}. Assumption 3.3 yields with Eq. (10)
I Ti41 (V) = Vit ey = 1 Tie1 () = Prigoy Tip1 (v To)ll 345, < 8-

Using ||Ri31(®)ll3;,, < lxll%,,, for x € H;y1 then yields together with the triangle
inequality and the induction hypothesis

WVir1llry =8+ 1T 1 (vl

< 8+ Witall ey o) 1Villmg + 1Dika i

i+1 i+1 i+1

< TT1Willcog oy | @0+ D TT 1Wellcow o | (Bl + )
j=1 =1 \j=I+1

§®11

and hence, v; € B((f))l foralli € {0,..., m}. With Assumption 3.3 and Eq. (10), we further
obtain for each x € B((_())())

1 ~
Xllfb(x) — ®(x, %0)l74,,
= (T o---oT1)x) = vimlln
< (Tmo---0oT1)x) = TimWm-Dlln + 1 Tn(Vim—1) — Tm(melf 9~5m71)”7—(

< MWl e, 1) 1 (Tin—1 0 - - 0 T (%) = Vin—1ll1,_1 + 65

36
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and by iterating this estimate over i € {1, ..., m}

m
1) — Bl Fo)ll,, <A52 [T IWjllzay o) | = 28Ca. (11)
i=1 j=i+1

Now, let x* € H be the unique fixed-point of ® as in Theorem 3.2, letxk = <I>(xk ~yand
7 = dGk1, %) for any k € N and a given initial value x° = X° € H with [|x°||3; < ©,.

We obtain as in the proof of Theorem 3.2

I 120 < 12(x°) — D(0)ll3¢ + [I1P(0) 1%

m m
< Lol + 2D | TT 1Willcog omp | 1Bl
i=1 \j=i+1

(12)
m m
<=0+ [Z02+ Y | T IWillcoy_iry | 1bill2
i=1 \j=i+1
< ®2)

where we have used that Ly, = (1—A)+ALy < (1—1)+ AL and Assumption 3.3. Hence,
we have [|x¥|| 1 < O, inductively for all k € N. In the next step, we show that |||y < ©q
by induction over k. First, we obtain with [|x°|| < ®; < @, (11) and (12) that

1717 = 1B, Fo)llg < 1P, Fo) — @) 3¢ + 1) I3 < 26Cq + Oa.

Thus, |# || < ©p follows with Assumption 3.3 on the relation of ®g and @5 as A(1—L) <
1. Using the induction hypothes1s %% — 2Kl < A8Co Z —0 Llcm for a fixed k € N,
%% ]13¢ < ©9,and Lo, < Ly := (1 — 1) + AL < 1 yields 51m11arly

I e < IBGE, Fo) — PE) 1 + 1PGE) — @@ lIr + |Gl
< A8Co + Lo |7 — 2|l + O,
k
<18Co Y I, + Oy
j=0

and hence, ||%¥||3 < A8Cqo/(A(1 — L)) + ©5 < O holds by induction for all k € N. We
apply the bounds from Theorem 3.2 and (11) and conclude the proof by deriving

o = 3K < la* — K|+ [ DEFY) — @E )|+ |e@E ) — dE LRI
et — 20| e
< Lk A Lol =%y + 28Cs
1 —Lq:.)L ’
k—1
®(x0) —
< 1965 — 2% ||Lk+A8C DA
1 —L
j=0
200, AC ~
- max(269, ACo) (T +9).
1—1L,
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4 Variational inequalities in Hilbert spaces

In the previous sections, we have considered a ProxNet model and derived the associated
variational inequalities. Now, we use the variational inequality as starting point and derive
suitable ProxNets for its (numerical) solution. Let (H, (-, -)7¢) be a separable Hilbert space
with topological dual space denoted by H’, and let 7/ (-.-)3; be the associated dual pairing.
Leta : H x H — R be a bilinear form, let f : H — R be a functional, and let £ C H be a
subset of H. We consider the variational inequality problem

findue K: aluv—u)>flv—u), VYvek (13)

Assumption 4.1 The bilinear form a : H x H — R is bounded and coercive on H, i.e.,
there exists constants C_, C+ > 0 such that for any v, w € H it holds

a(v,w) < Cylvlinliwlly and a(v,v) > C_||v||3,

Moreover, f € H' and K C H is nonempty, closed and convex.

Problem (13) arises in various applications in the natural sciences, engineering and
finance. It is well-known that there exists a unique solution # € K under Assumption 4.1,
see, e.g., [14, Theorem A.3.3] for a proof. We also mention that well-posedness of Prob-
lem (13) is ensured under weaker conditions as Assumption 4.1; in particular, the coerciv-
ity requirement may be relaxed as shown in [8]. For this article, however, we focus on the
bounded and coercive case in order to obtain numerical convergence rates for ProxNet

approximations.

4.1 Fixed-point approximation by ProxNets
Theorem 4.2 Let Assumption 4.1 hold, and define H1 := Ho := H. Then, there exists
a one-layer ProxNet ® as in Eq. (3) such that u € K is the unique fixed-point of .
Furthermore, for a given u® € 'H define the iteration u* .= ®(u*1), k e N,

Then, there are constants Lg,, € (0, 1) and C = C(u°) > 0 such that

lu—uk| < Lk, keN (14)

Proof We recall the fixed-point argument, e.g., in [14, Theorem A.3.3], for proving exis-
tence and uniqueness of u since it is the base for the ensuing ProxNet construction:
Assumption 4.1 ensures that a(v,-),f € H' for any v € H. The Riesz representation
theorem yields the existence of A € L(H) and F € H such that for all v, w € H

(Av,wyy =a(v,w) and (FEv)y =f().

Since K is closed convex, the H-orthogonal projection P : H — K onto K is well-defined
and for any @ > 0 there holds

u solves (13) = u = Px(w(F — Au) + u).
Hence, u is a fixed-point of the mapping

Ty :H —> H, vi> Pc(o(F —Av)+v).
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By Assumption 4.1, it is now possible to choose @ > 0 sufficiently small, so that 7, is a
contraction on H, which proves existence and uniqueness of u. The optimal relaxation
parameter in terms of the bounds C_, C; is w* = C_/ Ci, leading to || T,
1- C%/Cg) < 1, see, e.g., [14, Theorem A.3.3].

To transfer this constructive proof of existence and uniqueness of solutions to the

2 —
* ”[,('H) =

ProxNet setting, we denote by (i the indicator function of IC given by

0, ifvelk,
[}C:H—)(—OO,OO], Vi
0o, otherwise.

Since K is closed convex, it holds that (x € I'g(H) and prox,. = Pg (cf. [2, Examples
1.25 and 12.25]). Now, let m = 1, H; = ‘H, W7 :=1 — wA € L(H), by := oF € H, and

R; := prox,,_, where w > 0 is such that I — wA is a contraction.

e?
The ProxNet emulation @ of the contraction map reads: for a parameter A € (0, 1],

O:H—->H, v 1=-2ANv+AR(Wiv+by).
—_— ——

=T1(v)

Since || W1l £(#) < 1, Assumption 3.1 is satisfied for every A € (0, 1]. Theorem 3.2 yields
that the iteration uf := ®(u*~!) converges for any u° € H to a unique fixed-point
u* € 'H with error bounded by (14) and Lg,5 = (1 — 1) + A[|Willz3) € (0, 1). Since
®(v) = (1 — A)v + AT1(v), it follows that u* is in turn the unique fixed-point of 77, hence

u = u*, which proves the claim. O

Remark 4.3 In the fashion of Example 3.4, we may construct an augmented ProxNet
& : H® H — H such that (v, F) = d(v) for any v € H, where F € H is the Riesz
representer of f € H' in Problem (13). The only difference is that F has to be multiplied
with w in the first linear transform to obtain b; = oF instead of F as bias vector. The
parameters of @ in this construction are independent of F; hence, Theorem 3.5 yields that
for any f € H’ (resp. F € H) and x° € H it holds

lu - < CLY,, keN

where ¢ .= ®uk—L, F). O

The previous remark shows that one fixed ProxNet is sufficient to solve Problem (13)
for any f € H'. A similar result is achieved if the set K C H associated Problem (13) is
parameterized by a suitable family of functions:

Example 4.4 (Obstacle-to-solution operator) Let H be a Hilbert space of real-valued func-
tions over a domain D C R? such that C(D) N H is a dense subset, eg, H = L*(D)
or H = HYD), and let K := {v € H|v > g almost everywhere} for a sufficiently
smooth function g : D — R. With this choice of K, (13) is an obstacle problem and
Px:(v) = max(v, g) holds for any v € HN C(D). We construct a ProxNet approximation to
the obstacle-to-solution operator Oups : H — H, g + u corresponding to Problem (13)
with I = {v € H|v > g almost everywhere}.
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Assume ®(v) = P (Wyv + by) for Wi € L(H) and by € H are as in Theorem 4.2 and
let ICp := {v € H|v > 0 almost everywhere}. To obtain a ProxNet that uses the obstacle
g € 'H as input, we define

S:HOH—>H, g~ Ting) =T o TV, g)
via T"j(ll)(v, g) = R}(ll)(Wj(ll)(v, 2+ b;ll)) which are, for j; € {1, 2}, defined by

Wl(l) THOH - HOH, (vi,2) = (Wiv1 —vo, 12),
B =0 e HaH, RY =prox o, Y1 1.g) = ()

Wz(l) THOH — H, (vi,v2) = vi + vy, b(zl) =0¢cH, R(Zl) = id € A(H).

Note that this yields W € £(H & H), WiV e £(H), and R (vi, v2) = (Picyv1, v2)
for all vi,vo € H. It now follows for any given v,g € H and K := {v € H|v >
g almost everywhere}

®(v) = Pc(Wiv + b1)
=Pi,(Wiv+b1—g)+g
= RVWD (Prey(Wiv + b1 — g), ) + b))
= T3 ((Prco(Wrv + b1 — g),9))
=T o @ W) + b))
=, g).

As in Example 3.4, we concatenate ® to obtain for a fixed choice of x° € H the operator
Opps : H—H, g+ [B(-g) e 0 D(,0)] ().

Convergence of 5obs(g) to u for any g € H (with arbitrary a-priori fixed xX° € H) with a
contraction rate that is uniform with respect tog € ‘H is again guaranteed as the number of
concatenations tends to infinity. Therefore, as in Example 3.4, there exists one ProxNet ®
that approximately solves a family of obstacle problems with obstacle ‘parameter’ g € H.O

A combination of the ProxNets from Remark 4.3 and Example 4.4 enables us to consider
both, f and K in (13), as input variables of a suitable NN ®:HdHDH — H. This
allows, in particular, to construct an approximation of the data-to-solution operator to
Problem (13) that maps (F, g) € H @ H to u.

5 Example: linear matrix complementarity problems

Common examples for Problem (13) arise in financial and engineering applications, where
the bilinear form a : H x ‘H — R stems from a second-order elliptic or parabolic differ-
ential operator. In this case, H C H*(D), where H*(D) is the Sobolev space of smoothness
s > 0 with respect to the spatial domain D C R”, n € N. Coercivity and boundedness of
a as in Assumption 4.1 often arise naturally in this setting. To obtain a computationally
tractable problem, it is necessary to discretize (13), for instance by a Galerkin approxima-
tion with respect to a finite dimensional subspace H,; C H. To illustrate this, we assume
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thatdim(H,) = d € Nisasuitable finite-dimensional subspace with basis {vy, . . ., v;} and
consider an obstacle problem with = {v € H|v > g almost everywhere} for a smooth
function g € H.

Following Example 4.4, we introduce the set Ky := {v € H|v > 0 almost everywhere}
and note that Problem (13) is equivalent to finding u = up + g € K

with ug € Ko such that:  a(ug, v —uo) = f(v —up) —algv —ug), VYveKo (15)

5.1 Discretization and matrix LCP

Any element v € ‘H,; may be expanded as v = Zflzl w;v; for a coefficient vector w € R%.
To preserve non-negativity of the discrete approximation to (15), we assume that v € Ky if
and only if the basis coordinates are nonnegative, i.e., if w € R‘io. This property holds, for
instance, in finite element approaches. We write the discrete solution as Uy = Z?lzl XiVi.
Then, u, € Ko if and only if x € RZ . Consequently, the discrete version of (15) is to

findx e R%: (y—x) Ax>(@—2)'c VyeRL, (16)
where the matrix A € R?*? and the vector ¢ € R are given by
Aj:=a(v,v) and ¢ =y (fviyy—algv), ijef{l,....d}. (17)

Problem (16) is equivalent to the linear complementary problem (LCP) to find x € R
such that for A € R%*? and ¢ € R? as in (17) it holds

Ax>¢ x>0 x (Ax—c)=0, (18)

see, e.g., [14, Lemma 5.1.3]. If a : H x H — R is bounded and coercive as in Assump-
tion 4.1, it readily follows that

C_lxl3 <xTAx < Cyllxl3 xR, (19)

where the constants C; > C_ > 0 stem from Assumption 4.1 and ||-||, is the Euclidean
norm on R?. This implies in particular that the LCP (18) has a unique solution x € R?,
see [23, Theorem 4.2]. Equivalently, we may regard Problem (16), resp. (18), as varia-
tional inequality on the finite-dimensional Hilbert space R% equipped with the Euclidean
scalar product (-, -)2. Well-posedness then follows directly from Assumption 4.1 with the
identification H = R? and the discrete bilinear form a : R x R — R, (x,y) — x " Ay.

5.2 Solution of matrix LCPs by ProxNets

The purpose of this section is to show that several well-known iterative algorithms to
solve (finite-dimensional) LCPs may be recovered as particular cases of ProxNets in the
setting of Sect. 2. To this end, we fixd € N and use the notation H := R for convenience.
We denote by {ey, ..., ez} C R? the canonical basis of . To approximately solve LCPs
by ProxNets, and to introduce a numerical LCP solution map, we introduce the scalar and
vector-valued Rectified Linear Unit (ReLU) activation function.
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Definition 5.1 The scalar ReLU activation function g is defined as o : R - R,x —

max (%, 0). The component-wise ReLU activation in R¥ is given by

Remark 5.2 The scalar ReLU activation function o satisfies o = prox

d
@RISR x> ) ol ednen (20)

i=1

Loy With t[o,00) €

Io(R) (see [5, Example 2.6]). This in turn yields 0@ e AR?) for any d € N by [5,
Proposition 2.24].

Example 5.3 (PJORNet) Consider the LCP (18) with matrix A and triangular decompo-

sition

A=D+L+1, (21)

where D € R?*4 contains the diagonal entries of A,and L, U € R?*4 are the (strict) lower

and upper triangular parts of A, respectively. The projected Jacobi (PJOR) overrelaxation

method to solve LCP (18) is given as:

Algorithm 1 Projected Jacobi overrelaxation method

Given: initial guess x° € R¥, relaxation parameter & > 0 and tolerance & > 0.
1: fork=0,1,2,... do

2 & = max ((I; — ©D'AK + wD 1 0)
3. if |aft1 — xK||y < ¢ then

4 return xFt1

5: end if

6: end for

The max-function in Algorithm 1 acts component-wise on each entry of a vector in R¥.

Hence, one iteration of the PJOR may be expressed as a ProxNet in Model (3) with m = 1,
A =1and 0 from Eq. (20) as

Ppjor : RY — Rd, x> T1(x) = Q(d)((ld — a)D_lA)x + a)D_lc).
— —— ~———

=W ::b1

If A satisfies (19) for constants C; > C_ > 0, it holds that

W12 24

Il; — wD A3

= sup 2 x—wx DVAT + A)x + 0*(xD7'A) "D 1Ax
x€RY, ||x]l2=1

: 1 2 1 2
<1—2w min —C_ 4+ ®”° max E”AHZ
125

ie{l,...d} Ajj iefl,...,d}

C- Al
<1—-20w— + a)zw =: Alw).

Cy c?

The choice w* := CE/(C+||A||%) minimizes A such that A(w*) < 1. Moreover, A(0) = 1,
A is strictly decreasing on [0, @*], and increasing for @ > w*. Hence, there exists @ > 0

36
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such that forany w € (0, @) the mapping ®pjor : RY — R isa contraction. An application
of Theorem 3.2 then shows that Algorithm (1) converges linearly for suitable @ > 0 and
any initial guess x°. In the special case that A is strictly diagonally dominant, choosing
o = 1 is sufficient to ensure convergence, i.e., no relaxation before the activation is

necessary.

Example 5.4 (PSORNet) Another popular algorithm to numerically solve LCPs is the
projected successive overrelaxation (PSOR) method in Algorithm 2.

Algorithm 2 Projected successive overrelaxation algorithm

Given: initial guess x° € R?, relaxation parameter » > 0 and tolerance & > 0.
1: fork=0,1,2,... do
22 fori=12...,ddo

3 y{f‘H - A%, <Ci — Z}l;(l) Aijxll.(+1 _ Zﬁ:i-ﬂ-l Ai}'x]]-()
4 xf“ = max((1 — a))xf‘ + wyf“, 0)

5 end for

6. if |kt —xk|5 < ¢ then

7 return xft1

8 end if

9: end for

Torepresent the PSOR-iteration by a ProxNet as in (3), we use the scalar ReLU activation
o from Definition 5.1 and define fori € {1, ..., d}

d
Ri:RY 5 RY x> o((x ei)r)e; + Z xje;. (22)
j=1j#i

In contrast to 0¥ in Eq. (20), the activation operator R; takes the maximum only with
respect to the ith entry of the input vector. Nevertheless, R; € A(R%) holds again by [5,
Proposition 2.24]. Now, define b; € R? and W; € R?*% by

l1-w l=j=i

ci 1 Il=jef{l,...,d}\{i}
bi=(,...,0 a)A—’”,O,...,O), (W) = Ay N '
ii —a)A—i’l_, I=4jef{l,...,d)\i}
ith entry 0, elsewhere,

and let T;(x) := R;(Wx + b;) for x € R?. Given the kth iterate x* and xll(‘H, e xffll from

the inner loop of Algorithm 2, it follows for Zhi-1 .= (xlf"H, e xfj'll, xf, e aci;)T that

dk L= R kb = TR, e {1, d) ke N (23)

As zk=1d — 7k0 — xk for k € N, this shows K1 = & pgor(xX) for

Dpsor : RY > RY x> (Tgo---0T1)(x). (24)
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Provided (19) holds, we derive similarly to Example 5.3

2 T @ T PR 2
W5 = sup X x—2A”x Apxi + 2(x A
1l

x€RY, || x|l2=1 ii

<1-2wtc 4 o e
et £ O A
- Aji A2

ii

where A[;; denotes the ith row of A. Hence, ™ := C3 /(C4|A| %) is sufficient to ensure that
®psor is a contraction, and convergence to a unique fixed-point follows as in Theorem 3.2.

Remark 5.5 Both, the PJORNet and PSORNet from Examples 5.3 and 5.4, may be aug-
mented as in 3.4 to take ¢ € R? as additional input vector, and therefore to solve the
LCP (18) for varying c. That is, concatenation of the PJORNet/PSORNet again yields an
approximation to the solution operator Ogys : RY — R%, ¢ > x associated with the
LCP (18) for fixed A. This is of particular interest, for instance, in the valuation of American
options, where a collection of LCPs with varying model parameters has to be solved, see
[14, Chapter 5] and the numerical examplesin Sect. 6. Recall that ¢; :==¢ (f, vi)n —a(g v;) if
the matrix LCP stems from a discretized obstacle problem as introduced in the beginning
of this section. Hence, by varying c it is possible to modify the right hand side f, as well as
the obstacle g, of the underlying variational inequality (cf. Example 4.4 and Sect. 6.3). O

5.3 Solution of parametric matrix LCPs by ProxNets

In this section, we construct ProxNets that take arbitrary LCPs (A, ¢) in finite-dimensional,
Euclidean space as input, and output approximations of the solution x to (18) with any
prescribed accuracy. Consequently, these ProxNets realize approximate data-to-solution

operators

O:{A e Rd2| there are C_, C; > 0s.t. A satisfies (19)} x R? - R, (A, ¢) — x.
(25)

The idea is to construct a NN that realizes Algorithm (1) that achieves prescribed error
threshold ¢ > 0 uniformly for LCP data (A, ¢) from a set 2o, meaning the weights of
the NN may not depend on A as in the previous section. To this end, we use that the
multiplication of real numbers may be emulated by ReLU-NNs with controlled error and
growth bounds on the layers and size of the ReLU NN. This was first shown in [27], and
subsequently extended to the multiplication of an arbitrary number # € N of real numbers
in [24].

Proposition 5.6 [24, Proposition 2.6] For any §o € (0,1), n € N and © > 1, there exists
a ProxNet ]_[Z(),@ : R" — R of the form (2) such that

n ~n
sup l_[xi — 1_[8 G)(xl, e Xp) < 8o,
(*1,...%,)€[—O,0]" i=1 0
\ _ (26)
ess sup sup Oy | | xi — 0Oy (1. x0)| < b0
1) €[00 jE(Lm) | E ’HBO)@
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where dy; denotes the weak derivative with respect to x;. The neural network ]:[ZO)@ uses only
ReLUs as in Definition 5.1 as proximal activations. There exists a constant C, independent
of é0 € (0,1), n € Nand ® > 1, such that the number of layers m,s, 0 € N ofﬁgo’(a is
bounded by

@Vl
Mo < C <1 + log() log (”8 )) (27)
0

Remark 5.7 For our purposes, it is sufficient to consider the cases n € {2, 3}; therefore,
we assume without loss of generality that there is a constant C, independent of §y € (0, 1)
and ® > 1, such that for # € {2, 3} it holds

®
Mps,0 < C <1 + log (8_>>
0

Moreover, we may assume without loss of generality that my 5, 0 = m3,s,0, as it is always
possible to add ReLU-layers that emulate the identity function to the shallower network
(see [24, Section 2] for details).

With this at hand, we are ready to prove a main result of this section.

Theorem 5.8 Let © > 2 be a fixed constant, d > 2 and define for any given © > 2 the
set

Ao = { (A, ¢) € R¥*? x RY A satisfies (19) with® > Cy > C_ > 07! >0,
' and |Iclos < ©

(28)

For the triangular decomposition A = D+L+U asin (21), definezp := vec(D™'+L+U) €

R, where vec : R?4 — R4’ is the row-wise vectorization of a R _matrix. Let x* be

the unique solution to the LCP (A, c), and let 3° € R? be arbitrary such that |3°|, < ©.
For any ¢ > O, there exists a ProxNet

3:RIHRY HRY > RY (29)
asin (9) and a k; € N such that
le* =%y < e

holds for the sequence ¥ = ®X 1, za, c) generated by ® and any tuple (A,c) € Ueo.
Moreover, k, < Ci(1 + |log(e)|), where C1 > 0 only depends on ® and & has m <
Ca(1 + |log(e)| + log(d)) layers, where Cy > 0 is independent of ©.

Proof Our strategy is to approximate ®pjor from Example 5.3 for given (A, ¢) € g by
®(, za, ¢). We achieve this by constructing ® based on the approximate multiplication
NN from Proposition 5.6 and show that ® pjor and ) satisfy Assumption 3.3 to apply the
error estimate from Theorem 3.5.
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We start by defining the map 3 :RI@RY @RY > R? via

a)(x; ZA» C)i =

~3 1 ) 1
max | (1 —w)x; — w Z 1_[50’@ (xj, A_ii, Aij) + a)l_[%’@ (A—”, Ci) ,01,

j=Lj#i

forie{l,...,d),0<w:=0"%< C—’z = w* and 8¢ € (0,d~3/%].
CHIAR
We show in the following that ® is indeed a ProxNet. To bring the input into the

correct order for multiplication, we define for i € {1,...,d} the binary matrix W% ¢
RQd+1)x(d?+2d) by

1 I=jel{l,....d}
W 1 lel{d+1...,2d},j=d+di—-1)+(—4d)
y 1 =24+ j=d+d*+i
0 elsewhere.
Hence, we obtain
x 1 T
i T
W lza | = <x (Ay), i A (Ai). i Ci) :
c

Now, let ey, ..., es5.1 C R?*! be the canonical basis of R***! and define Egi) =

e € R1x(2d+1), E}(i) = l¢j equs ed+j]'|' e R3XQA+D) for i e {1,...,d}\{i} and ES)H —

~3 ~2
leqyi e2qr1]’ € R2X(4+D) By Remark 5.7, we may assume that [ 15,0 and [[5, o have
an identical number of layers, denoted by ms, ¢ € N. Moreover, it is straightforward to
construct a ProxNet Id,;;; , : R — R with m;,e layers that corresponds to the identity
map, i.e., Idy; o (x) = x for all ¥ € R. We use the concatenation from Definition 2.3 to
define

8 = 1dy,, o VWD) RT+2 R
~o T2 .y
&) =1, o e W R SR e (L. d\)
~3 . .
&0y =1, oo €W : R R
06

Note that this yields

~ ~ ~3 1 ~ ~32 1
<1>§l)(x, ZA, C) = Xj, @;L) (% za, €) = 1_[50 o <xj, v Aij) , q’glrl(x, ZA, C) = 1_[50 o (r; Ci) .
d 1 o A

Furthermore, we set 1 := ms, e + 1 and define YN",(nt’i) (R R, x — Q(W(+’i)X),
where ¢ : R — R s the (scalar) ReLU activation and W9 ¢ R*@+1) s given by

l-—w  j=i
w1 jefl ..., d\{i),
o j=d+1

36
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= (i) = (i)
As @y, .. ch+1

no skip connections, we may parallelize as in Definition 2.5 to ensure

have the same input dimension, the same number of m, ¢ layers, and

~ ~2 1
D(x, za, €); = max ( 1—-owx—o Z 1—[5 © (x,, Al,) 1—[50 o (;, c;’) , O)
d 14

J=1j#i
= (Tfnt'i) oP (513({), o CAISSLI)) (%, za, ©).

It holds that ®; := T"r(nt’i) o P (q)(') ®21Ll

R¥*+2d _, R and my = ms,e + 1layers forany i € {1, ..., d}. We parallelize once more

and obtain that & := P(®, .. ., 501) is a ProxNet with m15, @ + 1 layers that may be written
1)

) is a ProxNet as in Eq. (9) with 5131- :

as ® = Tl(l) o---0 7",(,411) for suitable one-layer networks Tl( : R%-1 — R% and dimensions
di e Nforj e {0,1,..., m} such that dp = d?+2d and dy,, =d.

We now fix (A, c)€ g and let ®pjor := R(W1-+ b1) beasin Example 5.3 withw = O~°,
Wi = I; — wD7'A and b; := @D !c. This shows that ®pjor has Lipschitz constant
Lo = Wil <v1-20"%108=1-0"%<1and ||b|l2 <wB®? < @4

Note that |¢;|, 1/A;;, |[Ajj] < ® forany i j € {1, ..., d}. Therefore, Proposition 5.6 yields
for Xy := (za, ¢) and any x € R? with ||x]s < © that

|®(x) — D(x, za, )3

= I T1(x) — T1(x za, 0113

d ~ 2

1 Aj 3 1
— 2 _ i . .
=w Z 1_[50 ® ( AL'L') JIZI:#L A” Xj — HSO,@ (At]) Aii’ x/)

< 352
Hence, since &g € (0, d=3/ 2land w = ©7F, ®pjor and o satisfy Assumption 3.3 with

I:=1-0"%€(01), §:=wd?>0  ©0;:=0>2

123
Q=01 — |bill2 -8 >0 — O~ —wd®?s) > @

®°% 123 1

©y:=0—8/(1-1)> o 17

Theorem 3.5 then yields that there exists a constant C > 0 such that for all &, § holds
Ia* =&l = € (T + ).

Here, C < max(2@,, 1)/(1 — Z) <20°is independent of k. Given ¢ > 0, we choose

o [logle) —log20)] o min (L 555) _ min (L %)
‘ log(@) © B2 T B

to ensure |x* — %¢|| < &. Hence, k. < Cy1(1 + |log(e)|), where C; = C1(®) > 0 is
independent of d. Moreover, Inequality (27) in Proposition 5.6 and the choice o< d—3/2
shows that ms,,0 < Ca(1 + |log(e)| + log(d)), where Cy > 0 is independent of ®. The
claim follows since ® has m1 = msy,e + 1 layers by construction. O
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For fixed © and ¢, the ProxNets ® emulate one step of the PJOR algorithm for any
LCP (A, c) € 2p and a given initial guess X°. This in turn allows to approximate the
data-to-solution operator O from (25) to arbitrary accuracy by concatenation of suitable
ProxNets. The precise statement is given in the main result of this section:

Theorem 5.9 Let ® > 2 be fixed, let g be given as in (28), and let the data-to-solution
operator O be given as in (25). Then, for any ¢ > 0, there is a ProxNet Op : Yo — RY such
that for any LCP (A, ¢) € g there holds

IO(A, ) — O:(A, ¢)|l2 < &.

Furthermore, let ||-||p denote the Frobenius norm on RY*4, There is a constant C > 0,
depending only on © and d, such that foranye > 0and any two (AD), cW), (AP, c?)) € Ag
there holds

18:(AY, ) = B (A, ) < T (JAD = AP + e = D). (30)

We give an explicit construction of the approximate data-to-solution operator Os in the
proof of Theorem 5.9 at the end of this section. To show the Lipschitz continuity of O
with respect to the parametric LCPs in 2(g, we derive an operator version of the so-called
Strang Lemma:

Lemma5.10 Let © > 2, d > 2, and let (AW, D), (AP, @) e Ag. For I € (1,2},
let AY = DU 4+ LO 4+ UD pe the decomposition ofA(l) as in (21) and define z,q) =
vec(DO)=1 + LU + U®) ¢ R, For target emulation accuracy ¢ > 0, let ® be the
ProxNet as in (29), let ° € R? be such that |%°|y < © and define the sequences

0K = SEOF 2,0, D), ke N, #D0:=3, le{1,2). (31)

Then, there is a constant C > 0, depending only on © and d, such that for any k € Ny
and arbitrary, fixed ¢ > 0 it holds that

[FOF — %K), < T (JAD = AP + e - D). (32)

Proof By construction of ® in Theorem 5.8, we have for x € R, [ € {1,2}, and i €
{1,...,d} that

D, 240, V)

_ o) Lo
=max | (1 —w)x; —w Z ng(}()( A )—I— 1_[50, ( o € ),0

J=Lj#i u

Therefore, we estimate by the triangle inequality

1B z40), V)i — B, z4), )]

~3 1 —3 1
. 1) 2
Hag,@) (x,, A(I) Al] ) 1_[50@( A(z) A )

ii
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(1) (2)
+ 2 &g - g1
® Hao,@ <A§i1) €i > 1_[50,@ <Af,2) ¢ )
d |~z —_
1 3 NG
=w Z 1—[50)@ (x/’ A(l)’ Aif o l_[(sO,@ A(l) A
j=1,j;éi i i

L o)\ 17 1 @
1_[50 ()( A(l) A ) 1—150() A(Z) A

124

2 1 — 1
I ) ] e
80,0 A(l) 80,0 A(l)

12

@ )
‘1_[50 o) (A(l > n50,<~) (A(Z)’ € )

Since (AY, V) € Ag for [ € {1,2}, it holds for any i,j € {1,...,d} that 1/A;
cy) € [—0, ©]. Hence, for any x with |x[|.c < ® we obtain by ® > 2 and the second

© Z
J=Lj#i

+w

0, A9,

i’
estimate in (26)

1B, 25w, ¢P); — B 25, ¢

d
<o Y (50+ )’A(l) Asz)‘

N
j=Lj#i Ay
) L
j ) )
Aii Aii
)
+ow 80+A(1) = ‘
ij
o 1 1
+o (% +1”) |~ - —
DEENC)
ii Aii
< w2(5,0% + Y Z ‘A D _ 2)‘
I_
4 1/2
2
< w0 +0% a2 Y ‘Al?/.” —AY + e —052)‘

j=1
We have used the mean-value theorem to obtain the bound
1 1

AW A(2

2]

< ‘A

in the second last inequality and the Cauchy—Schwarz inequality in the last step. We recall
from the proof of Theorem 5.8 that w = ©®% and 8y < d~3/%; hence, there is a constant
C = C(®,d) > 0, depending only on the indicated parameters, such that for any x € R¥
with ||x]|oo < ©® it holds

1865 250, ¢) = B 240, cll2 = C (IAD = ADYp + 1V =P 5). (33)
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Moreover, for any x,¥ € R such that ||%]/c0 [[¥]lcc < O, it holds by the mean-value
theorem and the second estimate in (26)

1B, 25w, ¢V); — B, zaw, V)il

\cp(sz )i — By, zqm, V)i — ((ly — 0D A) (& — )

+ (g — DAY (x — )i

(1)
~3 1 A
(1) YR B AT
Z 1_[50()< l] >_1_[50,@ (y/’ A(l)’Aij ) (x, y})
l

(1)
j=Lj#i ii Aii
+((1z — DAY (x — )i
d
<wS Y I —yl+ |1y — oD A) & — ).
j=Lj#i

Hence, Young’s inequality yields for any € > 0 that

1D, 25w, V) — B, zaw, V)13
2

d d
1 _
<> (1 + ;) o®85 [ Y g —yl] + 0 +0lI0;— oD A — )3 (34)
i=1 j=1,j#i

1
< ((1 + g) @*83d(d — 1) + (1 + €)1, — wD1A||§) e — yl3,
where we have used the Cauchy—Schwarz inequality in the last step. From the proof of

Theorem 5.8, we have as before that ® = ©7°, §; < d~3/2, and, furthermore Iz —
oD TA|; <1 — ©% Setting € := ©* therefore shows that ‘5(-, ZA(); D) : R4 5 RY js

a contraction on (R%, | - ||2) with Lipschitz constant L; > 0 bounded by
e-8 7
Li<(@2+08)d'+1-0%"< 1+012- - ‘/I_E(HHE(O’D'

(35)

Note that we have used d > 2 and ® > 2 in the last two steps to obtain (35). Now,
let GWK) for I € {1,2} and k € Ny denote the iterates as defined in (31) and recall from
the proof of Theorem 3.5 that ||, < |ZD%|, < ©. Therefore, we may apply the
estimates in (33) and (34) to obtain

DA 5@k, < | ZOE — SEDEL 2, 0, cD)lg + | BGEDK, 24, V) — 7D,

= Ly RO %@)’k—l 2+ C (1A =A@ + |c® — @5

IA

k—1
C (IAD = AP |p 4 eV — @,) YT

()
= — (1Y = AP + 1V = ).
1—-14
The claim follows for C := 1_C'L°_ < 00, since C = C(0O,d), and I, is bounded indepen-

dently with respect to ¢ and k by (35). ]
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Proof of Theorem 5.9 For fixed ® and ¢, let the ProxNet $:RIOR” @ R? - R and
ke € N be given as in Theorem 5.8. We define the operator O by concatenation of ® via

O:(A,¢) := | D(za,c) - -0 D(,za,¢) | (0), (A c) € Ao

ke -fold concatenation

Note that the initial value ¥° := 0 € R satisfies |%°||oc < © for arbitrary ® > 0.! Thus,
applying Theorem 5.8 with % = 0 yields for any LCP (A, ¢) € 2e with solution x* € R?
that

IO(A, ¢) — Oc(A, ¢)lla = [la* =7l < e.

To show the second part of the claim, we set ¥ = %>° := 0 and observe that

xWke x@:ke in Temma 5.10 are given by ke = 55 (AD, D) for [ € {1,2}. Hence, the
estimate (30) follows immediately for any ¢ > 0 and AW, M) (AD), ) e Ag from (32),
by setting k = k. ]

6 Numerical experiments

6.1 Valuation of American options: Black-Scholes model

Toillustrate an application for ProxNets, we consider the valuation of an American option
in the Black—Scholes model. The associated payoff function of the American option is
denoted by g : R>o — Rx(, and we assume a time horizon T = [0, T] for T > 0. In
any time ¢ € T and for any spot price xg > 0 of the underlying stock, the value of the
option is denoted by V(¢ x) and defines a mapping V : T x R>9 — Rs(. Changing to
time-to-maturity and log-price yields the map v : T x R — R, (%) — V(T — ¢ €%),
which is the solution to the free boundary value problem

o2 o2
Btv—yaxxv—<r—7) oxv+rv=>0 in(0,T] x R,
v(t x) > g(e¥) in(0, T] x R,
o2 o2
(atv—Taxxv—<r—7)8xv+rv>(g—v):0 in(0, 7] x R,
v(0, €¥) = g(e¥) inR,

see, e.g., [14, Chapter 5.1]. The parameters 0 > 0 and r € R are the volatility of the
underlying stock and the interest rate, respectively. We assume that g € H!(R>0) and
construct in the following a ProxNet-approximation to the payoff-to-solution operator at
time ¢ € T given by

Opayoff,t :HI(REO) — H' ®R), g (@) (37)

As V and v, and therefore Opayoftt, are in general not known in closed-form, a common
approach to approximate v for a given payoff function g is to restrict Problem (36) to
a bounded domain D C R and to discretize D by linear finite elements based on d

1\We could have also used any other ¥° # 0 € R¥ such that ||]|c < O to define O, for given ® and ¢, but decided to
fix the ®-independent initial guess %° := 0 for simplicity.
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equidistant nodal points. The payoff function is interpolated with respect to the nodal
basis, and we collect the respective interpolation coefficients of g in the vector g € R%.
The time domain [0, T] is split by M € N equidistant time steps and step size Az = T/M,
and the temporal derivative is approximated by a backward Euler approach. This space-
time discretization of the free boundary problem (36) leads to a sequence of discrete
variational inequalities: Given g € R? and ug := 0 € R? find u,, € R? such that for
m e {1,..., M}, it holds -

A1 > Fpy thpi1 =0, (At — Fin)  thny1 = 0. (38)

The LCP (38) is defined by the matrices A := M + AtABS ¢ Rixd ABS .— %S + (§ -
r)B 4+ rM € R%*% and right hand side F,, := —At(AB5)Tg 4+ Mu,, € R?. The matrices
S, B, M € R?*4 represent the finite element stiffness, advection and mass matrices; hence,
A is tri-diagonal and asymmetric if %2 # r. The true value of the options at time km is
approximated at the nodal points via v(Atm, -) ~ u,, + g. This yields the discrete payoff-
to-solution operator at time Atm defined by -

5pay0ﬁgAtm:]Rd|—>]Rd, g um+g me{l,...,M}. (39)
Problem (38) may be solved for all m using a shallow ProxNet
?:RIOR?ORY » R, x> R(Wix + by),

with ReLU-activation R = 0@ : R? — R?. The architecture of ® allows to take g
and u,, as additional inputs in each step; hence, we train only one shallow ProxNet that
may be used for any payoff function g and every time horizon T. Therefore, we learn the
payoff-to-solution operator Opayoff;; associated with Problem (36) by concatenating ®. The
parameters W, € R?*3? and b; € R¥ are learned in the training process and shall emulate
one step of the PJOR Algorithm 1, as well as the linear transformation (g, u,,) +— F, to
obtain the right hand side in (38). Therefore, a total of 3d% +d parame_ters have to be
learned in each example.

For our experiments, we use the Python-based machine learning package PyTorch.? All
experiments are run on a notebook with 8 CPUs, each with 1.80 GHz, and 16 GB memory.
To train ®, we sample Ny € Ninput data pointsx(i) = (xg), g(i), U eR¥ ie{1,...,N;),
from a 3d-dimensional standard-normal distribution. The output-training data samples
y¥ consist of one iteration of Algorithm 1 with w = 1, initial value x° := x(oi ), with A asin
(38) and right hand side given by ¢ := —At(ABS)Tg® + Mu® e R?. We draw a total of
Ny = 2-10* input—output samples, use half of the data for training, and the other half for
validation. In the training process, we use mini-batches of size Np,icn, = 100 and the Adam
Optimizer [18] with initial learning rate 1073, which is reduced by 50% every 20 epochs.
As error criterion, we use the mean-squared error (MSE) loss function, which is for each
batch of inputs (9, g(i/), u(i/)),j = 1,..., Npatch) and outputs (y(if),j = 1,..., Npatch)

Zhttps://pytorch.org/.
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Decay of loss function, d=600 Decay of loss function, d=1000
107! 107
1073 10~
9 107 @ 107
k-] K-J
I w
2 107 2 107
107° 107°
1071 1071
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Number of epochs Number of epochs
Fig. 1 Decay of the loss function for d = 600 (left) and d = 1000 (right). In all of our experiments, the
training loss falls below the threshold of 102 before the 250th epoch, and training is stopped early

given by

Loss ((x(“), g, @) L (N, g Naien), M(z‘Nbatch>)>

Nbatch
1 . . . .
= > 1o, g%, uld)y — 3.
Nbatch =1 - >

We stop the training process if the loss function falls below the tolerance 10~!2 or after
a maximum of 300 epochs. The number of spatial nodal points d that determines the
size of the matrix LCPs is varied throughout our experiments in d € {200, 400, . . ., 1000}.
We choose the Black—Scholes parameters ¢ = 0.1, r = 0.01 and T = 1. Spatial and
temporal refinement are balanced by using M = d time steps of size At = T/M = 1/d.
The decay of the loss-curves is depicted in Fig. 1, where the reduction in the learning rate
every 20 epochs explains the characteristic “steps” in the decay. This stabilizes the training
procedure, and we reached a loss of O(10712) for each d before the 250th epoch.

Once training is terminated, we compress the resulting weight matrix of the trained
single-layer ProxNet by setting all entries with absolute value lower than 1077 to zero.
This speeds up evaluation of the trained network, while the resulting error is negligible. As
the matrix W] in the trained ProxNet is close to the “true” tri-diagonal matrix A from (38),
this eliminates most of the ProxNet’s O(d?) parameters, and only O(d) non-trivial entries
remain.

The relative validation error is estimated based on the Ny, := 10* validation samples
via

err‘z/al _ Z/N:wil (| D (x), ‘g(i,-)’ 'u(i/')) — y(i,-) ||% w0)
Yoy )13

The validation errors and training times for each dimension are found in Table 1 and
confirm the successful training of the ProxNet. Naturally, training time increases in d,
while the validation error is small of order @(107°) for all 4.

To test the trained neural networks on Problem (38) for the valuation of an American
option, we consider a basket of 20 put options with payoff function g;(x) := max(K; —x, 0)
and strikes K; = 10 + 902i0 for i € {1,...,20}. Hence, we use the same ProxNet for 20
different payoft vectors g Note that we did not train our networks on payoff functions,
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Table 1 Training times and validation errors for the ProxNets in the Black-Scholes model in several
dimensions, as estimated in (40) based on Ny, = 10* samples

d 200 400 600 800 1000
Training time in s 6.06 39.38 90.69 311.04 466.87
erfyal 1.15-107° 1.08- 1070 8.88-107/ 1.04- 1070 1.36-107°

The relative error remains stable with increasing problem dimension

but on random samples, and thus, we could in principle consider an arbitrary basket
containing different types of payoffs. The restriction to put options is for the sake of
brevity only. We denote by u,,; for m € {0, . .., M} the sequence of solutions to (38) with
payoff vector g, and ug; = 0 € R? for each i.

Concatenating ® k times yields an approximation to the discrete operator Opayoff Atm
in (39) forany m € {1, ..., M} via

5payoff,Atm : Rd@RanRd g Rd: (%, ’Izm:g) = q)(':g: ﬁm) LA CD(',& ﬁm) (%).

k-fold concatenation

An approximating sequence of (i, m € {0, ..., M}) is then in turn generated by
~ ~ ~ o~ ~ d
Um+1,i = Opayoft, Atm (Um,i> m,i» &) Uo,i = ug,;i =0 € R%

That is, 7,,11,; is given by iterating ® k times with initial input x° = 7, € R and fixed
inputs and g, and 7,,, ;. We stop for each m after k iterations if two subsequent iterates x*
and xK 1 satisfy ||xk — x%1||]y < 1073,

The reference solution u,y; is calculated by a Python-implementation that uses the
Primal-Dual Active Set (PDAS) Algorithm from [15] to solve LCP (38) with tolerance ¢ =
107 in every time step. Compared to a fixed-point iteration, the PDAS method converges
(locally) superlinear according to [15, Theorem 3.1], but has to be called separately for
each payoff function g;. In contrast, the ProxNet ® may be iterated for the entire batch of
20 payoffs at once in PyTorch. We measure the relative error

errirel == Ut — umilla/llumill2

for each payoff vector g, at the end point T = AtM = 1 and report the sample mean

error
1 2

eITyel = o 21: erT; rel. (41)
=

Sample mean errors and computational times are depicted for d € {200, 400, ..., 1000}
in Table 2, where we also report the number of iterations k for each d to achieve the
desired tolerance of 1073, The results clearly show that ProxNets significantly accelerate
the valuation of American option baskets, if compared to the standard, PDAS-based
implementation. This holds true for any spatial resolution, i.e., the number of grid points d,
while the relative error is small of magnitude O(10~3) or O(10~%). Ford > 600, we actually
find that the combined times for training and evaluation of ProxNets is below the runtime
of the reference solution. We further observe that computational times scale similarly
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Table 2 Relative errors and computational times of a ProxNet solver for a basket of American put
options in the Black-Scholes model

d 200 400 600 800 1000

ermrel 2151074 7.89.1074 1.52-1073 241-1073 348.1073
[terations to tolerance 9 13 15 17 18

Time ProxNetin s 0.26 1.16 6.23 15.06 30.45
Time referencein s 4.37 33.17 142.01 350.86 761.10

ProxNets significantly reduce computational time, while their relative error remains sufficiently small for all 4

for both, ProxNet and reference solution, in d. Hence, in our experiments, ProxNets are
computationally advantageous even for a fine resolution of 4 = 1000 nodal points.

6.2 Valuation of American options: jump-diffusion model

We generalize the setting of the previous subsection from the Black—Scholes market to an
exponential Lévy model. That is, the log-price of the stock evolves as a Lévy process, with
jumps distributed with respect to the Lévy measure v : B(R) — [0, 00). The option value
v (in log-price and time-to-maturity) is now the solution of a partial integro-differential

inequality given by
o2
0V — 73”1/ — Y Oxv +/ v(-+2z)—v—0ywv(dz) +rv>0 in(0, 7] x R,
R
v(t, x) > g(e”) in(0, T] x R,
g ¢ (42)
<8zv - 78xxv —yoxv+ / v(-+2z) — v —dvv(dz) + rv) g—v)=0 in(0, 7] x R,
R

v(0, €*) = g(e¥) inR.

Introducing jumps in the model hence adds a non-local integral term to Eq. (36). The
drift is set to y := —o?/2 — fR(ez — 1 —2)v(dz) € R in order to eliminate arbitrage in
the market. We discretize Problem (42) by an equidistant grid in space and time as in the
previous subsection, for details, e.g., integration with respect to v, we refer to [14, Chapter
10]. The space-time approximation yields again a sequence of LCPs of the form

ALum+1 >Fu Umi1 =0, (ALum+1 - Fm)Tum+1 =0, (43)

where AL := M + AtALe” ¢ R4*4 with ALe .= %S + A/, and the matrix A/ stems
from the integration of v. A crucial difference to (38) is that A’ is not anymore tri-
diagonal, but a dense matrix, due to the non-local integral term caused by the jumps.
The drift y and interest rate r are transformed into the right hand side, such that F,,;, :=
—At(ALew )Tgm + Mu,, € R?, where g, is the nodal interpolation of the transformed
payoff g, (x) := ge” km (x — (y + r)km). The inverse transformation gives an approximation
to the solution v of (42) at the nodal points via v(km, - — (y + r)T) ~ e "Tuyr. We refer
to [14, Chapter 10.6] for further details on the discretization of American options in Lévy
models.

The jumps are distributed according to the Lévy measure
v(dz) = ApBre P (a0)(2) + A1 = p)f-e P Flpcqi(2), z€R (44)

That is, the jumps follow an asymmetric, double-sided exponential distribution with jump
intensity . = v(R) € (0, 00). We choose p = 0.7, B+ = 25, _ = 20 to characterize the
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Table 3 Training times and validation errors for the ProxNets in the jump-diffusion model, as
estimated in (40) based on Ny = 10* samples

d 200 400 600 800 1000
Training time in s 6.59 37.03 88.22 300.40 461.79
erfyal 1.18-107° 1.09- 1076 9.79- 10~/ 9.96-107° 143.107°

The relative error remains stable with increasing problem dimension

Table 4 Relative errors and computational times of a ProxNet solver for a basket of American put
options in the jump-diffusion model

d 200 400 600 800 1000

elMrel 1.55.107* 497 .10~ 9.62-10* 1.52-1073 2.09-1073
[terations to tolerance 6 7 7 7 6

Time ProxNetin s 0.21 1.04 4.81 11.62 34.27
Time referencein s 4.29 31.52 147.20 354.25 782.45

ProxNets significantly reduce computational time, while their relative error remains sufficiently small for all 4

tails of v and set jump intensity to A = 1. We further use ¢ = 0.1 and r = 0.01 as in the
Black—Scholes example.

We use the same training procedure and parameters as in the previous subsection
to train the shallow ProxNets. As only difference, we compress the weight matrix with
tolerance 1078 instead of 107 (recall that A is dense). This yields slightly better relative
errors in this example, while it does not affect the time to evaluate the ProxNets. Training
times and validation errors are depicted in Table 3 and indicate again a successful training.
The decay of the training loss is for each d very similar to Fig. 1, and training is again
stopped in each case before the 300th epoch.

After training, we again concatenate the shallow nets to approximate the operator
Opayofts in (37), that maps the payoff function g to the corresponding option value v(z -) at
any (discrete) point in time. We repeat the test from Sect. 6.1 in the jump-diffusion model
with the identical basket of put options to test the trained ProxNets. The reference solution
is again computed by a PDAS-based implementation. The results for American options in
the jump-diffusion model are depicted in Table 4. Again, we see that the trained ProxNets
approximated the solution v to (42) for any g to an error of magnitude O(10~3) or less.
While keeping the relative error small, ProxNets again significantly reduce computational
time and are therefore a valid alternative in more involved financial market models. We
finally observe that the number of iterations to tolerance in the jump-diffusion model is
stable at 6-7 for all d, whereas this number increases with d in the Black—Scholes mar-
ket (compare the third row in Tables 2 and 4). The explanation for this effect is that the
excess-to-payoff vector uy has a smaller norm in the jump-diffusion case, but the iterations
terminate at the (absolute) threshold 10~2 in both, the Black—Scholes and jump-diffusion
model. Therefore, we require less iterations in the latter scenario, although the option
prices v and relative errors are of comparable magnitude in both examples.

6.3 Parametric obstacle problem
To show an application for ProxNets beyond finance, we consider an elliptic obstacle
problem in the two-dimensional domain D := (—1, 1)2. We define H := H&(D) and aim
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to find the solution u € H to the partial differential inequality
—Au>f inD, u>g inD, u=0 onadD. (45)

Therein, f € H' is a given source term and ¢ € H is an obstacle function, for which
we assume g € C(D) N H for simplicity in the following. We introduce the convex set
K :={v € H|v > g almost everywhere} and the bilinear form

a:HxH-—->R, (V,W)l—)/VV'Vde,
D

and note that a, f and K satisfy Assumption 4.1. The variational inequality problem
associated with (45) is then to

findu € Csuchthat: a(w,v—u)>f(v—u), VYvek (46)

As for (15) at the beginning of Sect. 5, we introduce Ky := {v € H|lv >
0 almost everywhere}, and Problem (46) is equivalent to findingu = up +g € £

with ug € Ko such that:  a(ug, v — ug) > f(v —uo) —alg v —uo), VveKo (47)

As for the previous examples in this section, we use ProxNets to emulate the obstacle-to-
solution operator

Ops : H—>H, g+ u (48)

We discretize D = [-1,1]%2 for dy € N by a (dy + 2)>-dimensional nodal basis of
linear finite elements, based on (dy + 2) equidistant points in every dimension. Due to
the homogeneous Dirichlet boundary conditions in (45), we only have to determine the
discrete approximation of u within D and may restrict ourselves to a finite element basis
{vi, ..., vy}, ford := dg, with respect to the interior nodal points. Following the procedure
outlined in Sect. 5.1, we denote by g € R? again the nodal interpolation coefficients of
g (recall that we have assumed g € _C(Z_))) and by A € R?*4 the finite element stiffness
matrix with entries A;; := a(v;, v;) for j,j € {1, ..., d} This leads to the matrix LCP to find
u € R? such that

Au>c¢ u>0, u' (Au—c)=0, (49)

where ¢ € R? is in turn givenbyc¢; := f(v;) — (AT g); fori € {1,..., d}. Given a fixed spatial
discretization based on d nodes, we again approximate the discrete obstacle-to-solution
operator

EObS:RdeRd, g—u

(50)

by concatenating shallow ProxNets ® : R? @ R? — R%,

The training process of the ProxNets in the obstacle problem is the same as in Sects. 6.1
and 6.2 and thus, is not further outlined here. The only difference is that we draw the
input data for training now from a 2d-dimensional standard normal distribution. The
output samples again correspond to one PJOR-Iteration with A and c as in (49) and
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Table 5 Training times and validation errors for the ProxNets in the Obstacle Problem, as estimated
in (40) based on Ny, = 10% samples

d 100 400 900 1600
Training time in s 4.34 22.97 259.19 907.07
erfyal 1.11-107° 1.16-107° 9.11-10~/ 1.78.107°

The relative error remains stable with increasing problem dimension

o = 1, where the initial value and g are both replaced by the 2d-dimensional random
input vector. After training, we agaiE compress the weight matrices by setting all entries
with absolute value lower than 1077 to zero. We test the ProxNets for LCPs of dimension
d € {10% 202 302 402} and report training times and validation errors in Table 5. As
before, training is successful and aborted early for each d, since the loss function falls
below 10~12 before the 300th epoch.

Once @ : R @ R? — R4 is trained for given d, we use the initial value zerox = 0 € R4
and concatenate ® k times to obtain for any g the approximate discrete obstacle-to-
solution operator -

Ogbs : RY > RY, g | @(,g) 0 0 D(,g) | (0).

k-fold concatenation

This yields = Ogps(g) & uk = (~)0b5 (g). We test the trained ProxNets on the parametric

family of obstacles (g, r > 0) C 'H, given by

1 1
g-(x) := min (max (e_’l"'% — 5 0>, E) , xeD. (51)

Forgivenr > 0,letg € R¥ denote the nodal interpolation of g, and let u, be discrete solu-
tion to the corresponding obstacle problem. We approximate the solutions u, to (49) for
a basket of 100 obstacles g, withr € R := {1+ g—é| i €1{0,...,99}}. For this, we iterate the
ProxNets ® again on the entire batch of obstacles and denote by uX the kth iterate for any
r € R. We stop the concatenation of ® after k iterations if max,cm, ||g’; — g];_l lla < 1074,
and report on the value of k for each d. The lower absolute tolerance is necessary in the
obstacle problem, since the solutions #, now have lower absolute magnitude as compared
to the previous examples. The reference solution is again calculated by solving (49) with
the PDAS algorithm, which has to be called separately for each obstacle in (g,, € R). A
sample of g, together with the associated discrete solution , and its ProxNet approxima-
tion uX is depicted in Fig. 2.

The relative error of the ProxNet approximation, the number of iterations and the com-
putational times are depicted in Table 6. ProxNets approximate the discrete solutions
well with relative errors of magnitude O(10~%) for all d. However, compared to the exam-
ples in Sects. 6.1 and 6.2, we observe that significantly more iterations are necessary to
achieve the absolute tolerance of 10~%. This is due to the larger contraction constants in
the obstacle problem, which are very close to one for all d. The lower absolute tolerance
of 10~* adds more iterations, but is not the main reason why we observe larger values of
k in the obstacle problem. Nevertheless, ProxNets still outperform the reference solver in
terms of computational time, with a relative error of at most 0.1% for large d.
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°2 9o o
g s
3 &8
Discrete solution
ProxNet solution

Fig.2 From left to right: Obstacle g, as in (51) with scale parameter r = 1.7677, the corresponding discrete
2

solution u, with refinement parameter h := 45 in each spatial dimension (corresponds to d = 402 interior

nodal points in D), and its ProxNet approximation gﬁ based on k = 698 iterations

Table 6 Relative errors and computational times of a ProxNet solver for a family of parametric
obstacle problems

d 100 400 900 1600

eyl 3.69- 1074 589.107% 9.20-107* 1.14.1073
[terations to tolerance 56 206 416 698

Time ProxNetin s 0.01 0.07 0.50 2.71

Time referencein s 0.08 0.51 313 26.67

ProxNets again reduce computational time, while keeping the relative error sufficiently small for all d. The number of
iterations to tolerance is now significantly larger as in the previous examples

7 Conclusions

We proposed deep neural networks which realize approximate input-to-solution opera-
tors for unilateral, inequality problems in separable Hilbert spaces. Their construction was
based on realizing approximate solution constructions in the continuous (infinite dimen-
sional) setting, via proximinal and contractive maps. As particular cases, several classes of
finite-dimensional projection maps (PSOR, PJOR) were shown to be representable by the
proposed ProxNet DNN architecture. The general construction principle behind ProxNet
introduced in the present paper can be employed to realize further DNN architectures,
also in more general settings. We refer to [1] for multilevel and multigrid methods to solve
(discretized) variational inequality problems. The algorithms in this reference may also
be realized as concatenation of ProxNets, similarly to the PJOR-Net and PSOR-Net from
Examples 5.3 and 5.4. The analysis and representation of multigrid methods as ProxNets
will be considered in a forthcoming work.
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